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Let oY) be the largest eigenvalue of the N x N GUE matrix which is the
Nth element of the GUE minor process, rescaled to converge to the standard
Tracy—Widom distribution. We consider the sequence (v ) }N>1 and prove
a law of fractional logarithm for the lim sup:

AN 1\2/3
limsup ——= = ( —) almost surely.
N—oo (IOgN)2/3 4
For the liminf, we prove the weaker result that there are constants ¢y, ¢y >0
so that
A V)
—c1 <liminf ————= < —¢p almost surely.
N—oo (log N)L/3
We conjecture that in fact, ¢y = ¢y = 4173,
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1. Introduction. Let S, =" | X; be a random walk with i.i.d. increments
of zero mean and unit variance. The celebrated Hartman—Wintner [15] law of the
iterated logarithm (LIL) states that

li Sn 1 1 1

13_1) Solép Jailoglogn almost surely.
(Earlier versions of the LIL for bounded increments were given by Khinchine and
by Kolmogorov.) Since W,, := S,,/+/n is asymptotically standard normal, the LIL
can be considered as a gauge of the extremal fluctuations of sequence {W,,}.

In this paper, we investigate the analogous question for the largest eigenvalue
of the minor (or corner) process of the Gaussian unitary ensemble (GUE) of ran-
dom matrices. We begin by introducing some notation. Let {Z; ; };?3-:1 be a doubly
infinite array of random variables where:

(1) Z; jfori > jisacomplex centered Gaussian of absolute variance % (that s,
the real and imaginary parts of Z; ; are independent centered Gaussian of variance
1/4),

(2) Z;; fori >1is acentered real Gaussian of variance 1/2,

(3) {Z;,j}i>; are mutually independent, and

4) Zij=2Z;; foralli, j>1.

Let A™) be the largest eigenvalue of the N x N Hermitian matrix Gy =
(Z;, j)fY =1 [The latter is a standard GUE(N) matrix.] Center and scale 1N by
defining

AN = AN _ 2N)V2N /S,

A fundamental result in random matrix theory, due to Tracy and Widom [29], is the
statement that M) converge in distribution as N — oo to a Tracy—Widom vari-
able. We study in this paper the analogue of the LIL for the sequence {A(N)}y>1.
The GUE minor process fits within a large class of probability models called
corner processes. Just as the GUE sits at the intersection of two classes of random
matrix models, the complex Wigner matrices and the unitarily invariant ensembles,
the GUE minor process fits at the intersection of two classes of corner processes.
On the Wigner side, one can consider infinite Hermitian arrays of i.i.d. variables,
satisfying the same moment and independence hypotheses as {Z; ;} though with
some other distribution. From the single-N universality principle (see, e.g., [5, 7,
8, 28]), it is natural to expect that Wigner corner processes could display similar
multilevel universality behavior as the GUE minor process. Hence, it is natural to
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conjecture the behavior of the GUE minor process is representative of this entire
class; specifically, we conjecture that the behavior of the upper and lower envelope
of the extremal eigenvalue sequence {A(N ) ~N>1 is the same for any Wigner corner
process, perhaps with adequate moment hypotheses. That is, we conjecture that
Theorems 1.1 and 1.2 below hold for such processes.

On the unitarily invariant side, the GUE minor process is only one among a
class of three classical ensembles, which includes the Laguerre and Jacobi minor
processes (see [11, 12]), and which give rise to a measure on an infinite Gelfand—
Tsetlin pattern. For the Laguerre process, the largest eigenvalue will likely have
similar behavior to the GUE largest eigenvalue, by virtue of sharing the same Airy
process limit (as proven in [12]). However, the smallest eigenvalue of this Laguerre
process, as well as the extremal eigenvalues of the Jacobi minor process, should
exhibit different extremal behavior due to the existence of a hard edge.

Indeed, a natural idealization of the problem we consider here is to study the
largest eigenvalue of the Airy process, a stationary real-valued process on R which
at all fixed points in time is GUE Tracy—Widom distributed. See [9, 12, 17, 25] for
details. This Airy process itself appears as a limit of a large variety of integrable
systems models (see [9] for an overview or [17, 25] for notable examples). In
spirit, the question solved here for the largest eigenvalue of the GUE minor process
has natural adaptations to these integrable models in the Airy process universality
class.

Besides this, we remark there is a sizeable class of integrable probability mea-
sures on Gelfand—Tsetlin patterns that should have related behavior to the sequence
{A(N )} ~>1. In particular, there is the B-Jacobi corner process of [4] and a host of
other discrete ensembles (see, e.g., [3, 10, 14, 18, 23]).

Among those listed, we have mentioned some nondeterminantal probability
measures. Indeed, a very natural question is to ask about the real symmetric ana-
logue of the GUE minor process, the GOE corner process, which does not have
a joint determinantal structure. We focus on the GUE corner process precisely
because of this joint determinantal structure. However, our technique ultimately
reduces to the study of the joint law of the largest eigenvalues of a matrix X and a
submatrix X’. In principle, such estimates are possible without the aid of determi-
nantal machinery. Moreover, one of our goals here is to create an analysis of the
upper envelope and lower envelope of {A(Y)}y~ that requires the simplest pos-
sible random matrix estimates to be made, and which could serve as template of
expected results for the myriad of related models described above.

With that in mind, we turn to formulating our main result. Two ingredients enter
into the proof of the Hartman—Wintner LIL: first, the tail behavior of the sequence
{Wyn}ln>1 (in the moderate deviations regime) is Gaussian and second, the corre-
lation between W, and W,,, begins to decay only when m is of order n. Both
facts change when one deals with the sequence {1 V)}; further, because the Tracy—
Widom has differing (and non-Gaussian) behavior in the upper and lower tails,
extremal fluctuations of {1™)} are not symmetric.
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Our main result for the upper limit of {A‘™)} is a complete analogue of the
Hartman—Wintner LIL, except that the iterated logarithm is replaced by a fractional
power of the logarithm.

THEOREM 1.1. With notation as above, we have

. (N) 1\2/3
(D) li\r/n_)sgop W = (Z) almost surely.

For the lower limit of {AN)}, we have less precise results.
THEOREM 1.2. There are constants cy, ¢y > 0 so that

AV
2) —c1 < liminf

Imind W < —c almost surely.

That the scaling of the logarithm in Theorems 1.1 and 1.2 should be different
is natural: indeed, for the Tracy—Widom law Prw it is known (see [1], Exercise
3.8.3) that

. 1 4
lngo a5 log Prw((s, 00)) = —=

§—> 3’
(3) ! 1
sll)rgo 3 log Prw((—00, —s)) = 1

The different powers of s in the exponent translate eventually to different scalings
for the logarithm.

The proof of Theorems 1.1 and 1.2 relies on the joint determinantal structure
of the eigenvalues of the matrices {Gn}ny>1, which we use only for its explicit
description of the joint law of the largest eigenvalues of two of these matrices.
For general background on determinantal point processes, consider [1] or [16]. We
will give at present a very restricted discussion as we only need a few properties
of these processes.

Let A =N x R. We represent the eigenvalues of the sequence of matrices {G '}
as a point process G on A by representing for every N € N the eigenvalues of Gy
as points on the line { N} x R. The process G, referred to as the GUE minor process,
is determinantal (with explicit kernel K, see (16), and see also [2, 12, 18]).

Endow A with the product measure of counting measure on N and Lebesgue
measure on R. This kernel (or rather a rescaled version, cf. Section 2.1) gives rise
an operator, which we again call K as an abuse of notation, on L2(A) to itself.
This operator is not trace class. However, if for some finite S C N, we let 7 be the
map from L2(S x R) = L%(A) defined by n(f)(n,x) = f(n,x)1{n € S}, then
m*K is a trace class (and in fact finite rank) operator on L2(S x R). Hence, the
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Fredholm determinant exists, and in particular we have the essential identity that
for any Borel set U C § x R

PriGNU = @] =det(I —n/;Kny),

where 7y is defined analogously to w (see, e.g., [1], Lemma 3.2.4, for a proof
of this identity). Importantly, we can express the joint cdf of ANV and A(M2) as
a Fredholm determinant of an operator on L3(R) ® L%(R). Moreover, this is the
only fact about the determinantal process that we will use.

As is the case for the Hartman—Wintner LIL, three ingredients are needed in
proving Theorems 1.1 and 1.2. First, one needs a version of (3) for the distribution
of A in the form

4 Ci(s)e s < Pr(A ™M) € (s, 00)) < Cy(s)e=s™?
o) Ci(s)e™ < Pr(A ™) € (=00, —s)) < Ca(s)e’,

which are uniform in the range s € [0, (log N)?] for appropriate y, and where
cy=4/3,c;=1/12, and | log(C;(s))| = O(logs).

Second, one argues that there is a subsequence Ny = k¢ sufficiently sparse (with
o > 1) so that the events

(6) Fi = [AN0 > ¢ (log Np)*3)
and
(7) &= {20 < —cy(log Ny)'/3)

are approximately independent, that is,
(8) Pr(Fi N Fe) = Pr(Fi) Pr(Fe) (1 + o(1)),
with a similar estimate for &. This leads to a lower bound for lim sup;_, ., (A(M* -

(log Nx)~2/3) and to an upper bound for liminfy_, o (AM) - (log Nx)~'/3). Due to

work of [12], we know that the correlations of A(Y) and A(N+OWN ) are nontrivial
and nondegenerate in the limit. This leads to the choice @ = 3 4 ¢. The challenge
however is to extend the decorrelation to the tail events F; and &.

Third, we must show that along a subsequence Ny = k% with o =3 — ¢, the
behavior of {A(Nk)},fil determines the behavior of {A(V )}%:1. In the case of the
lim sup, this means that only finitely many of the events

Fi=1{3N: N1 < N < Ni, AN > (¢ + 8)log N)?3) 0 F¢
occur almost surely. To do this, we must in effect show that
Pr(F;) < Pr(Fp),

which is to say that AN) for Ny_; < N < Ny are highly correlated. This leads
to the upper bound for limsupy_, o, AN (log N)~2/3. In the case of the liminf,
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for which we are unable to prove a sufficiently sharp decorrelation inequality, we
produce a lower bound for the liminf simply by applying Borel-Cantelli over the
whole sequence (a slight, suboptimal improvement, can be attained easily using
eigenvalue interlacing).

The proof of all three steps rely heavily on the study of the kernel K. The upper
tail (4) is considerably simpler to handle because

Pr(F;) = det(Id —K |7,),

where K|z, is the restriction of K to the single interval Z; := {Ny} x (sx, 00),
while the probability in (8) involves restriction of the kernel to two lines. In ei-
ther case, in handling the upper tail one considers situations in which the kernel is
small, and thus tail estimates of the form (4) and (8) follow from standard approx-
imations of the determinant and (known) asymptotic expansion of the Hermite
polynomials. In contrast, for the lower envelope, substantially more work is re-
quired, and the results are not as sharp. The tail estimates (5) cannot be obtained
just from approximation of the kernel K, since one now restricts to the interval
Jr :={Ni} x (—00, —s), in which the entries of the kernel are not exponentially
small.

The first step, namely the left tail asymptotics in (5), could be obtained with
some (substantial) effort by the method of [6] used to get similar estimates for
the Laguerre ensemble and strong asymptotics of the limiting Tracy—Widom tail.
Since we were unable to obtain a sharp result in Theorem 1.2, we instead use the
following uniform tail bound:

) C e € <P < —] < ce /€

for an absolute constant C > 0 and all t < N%/3; see [21], Theorem 1.4.

More difficult is the proof of the second step, namely the proof of decorrelation
estimates analogous to (8). For the upper envelope, these decorrelation estimates
are relatively straightforward, and we produce essentially sharp results. For the
lower envelope, the fact that direct estimates on the restriction of the kernel K to Jx
are not sharp enough force us to use a sub-optimal sequence Ng; using that yields
Theorem 1.2. Even with this nonoptimal subsequence, obtaining the decorrelation
estimate (8) with & replacing Fj involves a careful analysis which represents
much of the technical work in this article; we detail the main result in Section 2
below, after we introduce some notation.

Finally, for the proof of the third step, which we only do for the upper enve-
lope, we must essentially show how the kernel K restricted to two lines Nj and
N> degenerates when those lines are separated by less than N 12 /3. A more detailed
overview of the argument is provided in Section 6 below, after introducing nota-
tion.

We conclude this Introduction by noting that working with the optimal sequence
Ni = k> would allow one to prove the following.
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CONIJECTURE 1.3. With notation as above,
A)
liminf ———— =
N—oo (log N)l/3

13

Structure of the paper. In Section 2, we define the kernel K, and we state
the decorrelation and correlation estimates that constitute the main technical work
of the proofs of Theorems 1.1 and 1.2. In Section 3, we prove the upper limit
theorem, Theorem 1.1, and in Section 4 we prove the lower limit theorem, The-
orem 1.2 using these estimates. In Section 5, we give a double contour integral
representation of the kernel K the scaled kernel that is approximated by the Airy
kernel. In Section 6, we prove the correlation inequality Proposition 2.3, assuming
Airy type estimates on the kernel K. In Section 7, we prove these Airy type es-
timates, as well as (4), using an approximate Hankel representation of the kernel
and minimum phase deformations. In Section 8, we prove that the portion of K
corresponding to lines {u1} and {u;} where |uy — usz| > u%/ 3 are small, and their
magnitude is controlled by the separation between u| and u>. This forms the basis
of both decorrelation estimates. In Section 9, we show that the other parts of the
kernel remain bounded for well separated u; and u;. In Section 10, we give the
proof of the decorrelation estimates, Propositions 2.1 and 2.2.

2. The kernel and decorrelation and correlation estimates. In this section,
we recall the GUE minor kernel and describe our basic decorrelation estimates in
terms of it.

2.1. The kernel. Define the following table of symbols ([12], equations (4.9)-
(4.13)):

(10) W) (x, y)=0  ifu; > uo,

1
(D U (x,y) = e———lt -0y > x) ifur <uo,
(12) W)= Hi(x)  ifj >0,
(13) lpj(X):ﬁ/xvoo(y—x)_J_le_yzdy 1f]<0,
(14) Nj=2/j\m,
1
(15) q)j(x):Hj(x)/\_/j'

The H,(x) are the Hermite polynomials normalized so that [p W J () Pp(x)dx =
3 k. The GUE minor kernel is given by ([12], equation (4.15))

uy
(16) K (ui,yi:u2,y2) = =" (v, y2) + > Wi, 1 (01) @uy—i (32).
=1
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In the case that u; > u», this simplifies to be

Hu1 -1 (yl)Hug—l (}’2)
Mtz—l ’

u

)
K(ui, y1;uz, y2) =e 1)
I=1

which can be identified as the usual GUE kernel when u1 = u;. Note that we must
2 2

multiply this kernel by eY1/27%2/2 to get the usual self-adjoint GUE kernel, but that

the Fredholm determinants of this kernel coincide with the usual self-adjoint one

/2

e 2h_ 270 . o
as multiplication by ¢¥1/2722/2 is a conjugation of the kernel.

2.2. Decorrelation estimates. Define another kernel

(17) KP(uy, y1;u2, y2) = Huy <un}K (uy, y1; ua, y2).

It is easily verified that K ? induces a determinantal point process G on A, which
on each line {N} x R is distributed as the N-point GUE and for which {G? N
({N} x R)}%7_, are mutually independent. These kernels are not properly scaled
to be comparable, however, so we begin by a scaling. We let J be a scaling factor
[see (34)] and let K be given by

~ J(uz, y2)
K(uy, y1;u2, y2) = ————K(uy, y1;u2,y2) and
J(u1,y1)
(18) J( )
nd u27 2
KPuy, y1uz, y2) = 7yKD(u1, Vii U2, y2).
J(u1,y1)

These scalings do not change the associated Fredholm determinants, and hence the
associated point processes are unchanged.
Define

E(u1, t1; up, 1) = |Pr[A“D > 11 and 12 > 1] — Pr[A 40 > 1] P[22 > 1,]],
and observe that £ can also be expressed as
E(uy, t1; up, 1) = |Pr[AMY <17 and 2.2 < 1] — Pr[A"V < 1] P[22 < 1]].
Write
I={u}x [\/Z—Ltl—i-ufl/étl/ﬁ, 00) U {uz} x [v2us + u;l/(’tz/\/i 00).
Then we have the identity
(19) E(uy, t1;up, 1) = |det(I — K|;) — det(I — KP|;)|.

Hence, by giving pointwise estimates on the kernels and using norm estimates for
the differences of Fredholm determinants, we may in turn estimate £. Our main
decorrelation estimates are the following. For the right tail, we have the following.
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PROPOSITION 2.1. For any R > 0, there are constants C > 0 and ug > 0
sufficiently large so that for all 0 < t; < R(logu1)2/3, all 0 < tp < R(log uy)?3

2/3 2/3
2/ etlogur)

and all uy > ur +u = Uuo,

1712 1/12
Uy Uy eC(logul)S/ﬁ—%(tf
12 12

Uy —Uy

/2, .3/2
|E(ui,t1;u2, )| < C +5'%)

3/2
Note that up to polynomial factors in 1, e_%’l ~ Pr[2@D) > £,1Y/2. For the left
tail, we get the same bound, although we lose a multiplicative factor.

PROPOSITION 2.2. There are constants C > 0 and ug > 0 sufficiently large
so that for all 0 < 1y < (logu1)*/'2, all 0 < t, < (logu2)>/'? and all uy > u>r +

23 (oeu)?/3
uz e( Ogul) 2 uo,

L2, 112 »
|E(uy, —t1; us, —12)| < Cllizec(log”‘) -
/2 1/2

upy —uy

| 23.3. Correlation eivté'mate. We also show correlation estimates for A when
“1/ Lupy —up K ”1/ . It turns out not to be necessary to show an estimate for
smaller values of uy — u1, as for those values we can use eigenvalue interlacing.

Define

F(ui,ti;ur, i) = Pr[)\(ul) > t1 and A2 o l‘2]
= [Pr[A“) <1 and M"Y < 1] — P[22 < 12]].

We seek to show that this is much smaller in order than Pr[A®“1) > £;]. See Sec-
tion 6 for an overview of the approach.
Our main correlation result is the following.

PROPOSITION 2.3. In what follows, we let Au = uy —uy and use u = uy. For
any0< B <é< % and & > 0, there is a C > O sufficiently large so that:

(1) forall uy,uy € N with ul/3+8 <Au < u2/3_5, and
(2) forallt;,tp e Rand 0 < At <1 with

2/3 2/3

1
e(logu)”” <t <tr+ At <t; < —(logu)”'~,
£
we have that

A 3/2
Flui tiyuz, 1) < C[% +Pr[Z > Atu1/3/m]]e—%((n>3/2+t2 ).
u

where Z is a standard normal variable.

The proof is given in Section 6.
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3. Proof of the upper limit, Theorem 1.1.

PROOF OF THEOREM 1.1. Fix o > 3, and define Ny = [k*] for all kK € N. Let
Cy = (%)2/3, and for some fixed ¢ < ¢y define

&= {A(Nk) > c(log Nk)2/3}.

Define Sy = Z/]cv:1 1{&}. We will show that Sy — oo in probability for suffi-
ciently small ¢ by a second moment calculation, from which it follows that in-
finitely many & occur almost surely. Further, we will show that by making o
close to 3, we can take c¢ close to c¢y. Hence, we will have shown that

AV
limsup —————=—= > ¢.
Nﬁoop (logN)2/3 =

By (4) (proven in Lemma 7.3),

_432
Pr(&) = Q(N, ¢ ) = Q3.
Letting 8 = 4¢3/2, which we observe has g < 1,

(20) ESy = Q(N1—¢5+o0),
As for the variance, we have that
Var(Sy) = ES%, — (ESy)?

N N

<ESy+2)_ > [Pr(& N E) — Pr(&) Pr(&y)]
k=1¢>k

N N
=ESy +2 Z Z E(Ny, c(log N3, Ny, c(log N()ZB).
k=1{>k

As a > 3, we may apply Proposition 2.1 to get that for any § > 0
N - _
02/ 12=B/2)a/12=B/2 5)

N
> E(Nk, c(log No*; Ne, e(log Nop*) =3 0( (/2 _ /2
>k >k

Divide this sum into those terms £ < 2k and those terms £ > 2k. For terms less
than 2k, use that £%/2 > k%/% 4 (a/2 — 1)(£ — k)k*/>~!. For terms £ > 2k, just use
that £4/2 — k%/2 = Q (£%/2). Hence, we have that

N pa/12-B/2p0/12-B/2 2k ya/12—B/2pa/12—p/2

<
S ek T = (@2— (k)

N ¢/ 12—B/2) 1=5e /12— /2
0]
o)

= O (k'3 Plogk).
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Hence, applying this to the variance, we have
Var(Sy) < ESy + O(N?7/37F+2%),

As we may shrink § to be as small as desired, it suffices to have 2 — «/3 — 8 <
2 — 2Ba/3 in order to have Var(Sy) = o((ESy)?). Hence, provided that 4¢3/? =
B < 5=, we have that & occur infinitely often. As we may take « arbitrarily
close to 3, we may make c as close to ¢ as desired.

We now turn to showing that

. A

VN Tog My =
Fix a < 3 and define Ny = [k¥]. Fix § > 0 to be chosen later, and define N} =
{Ne — jTN*1:0 < j < NP}, Fix ¢ > ¢, and define

S =1{3j € Ni : 1) > c(log j)*3).
Then from (4) (proved in Lemma 7.3), we have

3/2+5

~3e —a(%e32-5)
Pr(&) = O(N, )=0(k*3 ).

We thus see that for any choice of ¢ > ¢, we can choose « sufficiently close to 3
and § sufficiently close to O that this is summable in k. Hence, by Borel-Cantelli,
only finitely many & occur almost surely.

As we wish to bound the lim sup from above, we need to control of A" for all N.
We do this by first extending control to a denser net of N using Proposition 2.3.
Having done so, we will have a sufficiently dense net that we can apply eigenvalue
interlacing to conclude the upper bound for the full sequence.

Define Ay = {Nx — j[N21—¢N/37:0<j < NS,0<¢ < N7} and

k k— J1 NV k ST NLUSEE N
define A = |J;2 | Ax. We claim that for § sufficiently small, A has the property
that for all n € N larger than some ng, there is a j € A so that j >n > j —2n!/3.
On the one hand, the spacing between consecutive elements of Ay is never more

than [N ,(1 / 31. On the other hand,

2/3-8 1/3—8
k

min A = Ny — +O(N.7).

Hence, by making § sufficiently small, we have that Ny_; > min 4y for all k large.
Thus, for all n with Ny_1 < n < Ny for k sufficiently large, we have shown that
thereisa j € Ay sothat j >n > j — [Nkl/3]. Since Ni/Ni—1 — 1, we may bound
[N kl/ 3'| <2n'/3 for all k sufficiently large.

We will eventually show that for § sufficiently small, there are almost surely
only finitely many j € A so that A0 > (¢ + 8)(log j)*/3. First, we will show how
this implies there are only finitely many n € N so that A" > (¢ 4 28)(logn)?/3.
Using the property shown above for .4, we have that for any n > ng random, there



GUE EXTREMAL EIGENVALUES AND FRACTIONAL LOGARITHM 4123

isajeAwith j>n>j— %n1/3 having 1) < (¢ + 8)(log j)*/3. Recall that the
unscaled eigenvalues satisfy 17" < (), and hence

A < (\/; —V2m)(W2)n' e (c + 8)(logj)2/3<%)1/6

n1/6
2n/2
<24+ 8)(log(n) + 2n_2/3)2/3
< (c+28)(logn)?/3,

23 1/6
<(j—n)——+(c+8)(log(n+ (j —n))) <J)

for all n sufficiently large. Thus, if we show that almost surely only finitely many
J € A, then we conclude that almost surely

2
li  —— 26.
l;gso%p (logn)?/3 — =

As we may make c as close to ¢, and § as close to 0 as we wish, this will complete
the proof.

As for the claim about A, we define for any k € N, any j € N} the set of num-
bers

U j=1J _g[Nkl/3+31 0<t< LN1/3 25“’
and the event
gk,j = {Eln €U, j: NOES (c+ 5)(10gn)2/3 and 1) < c(logj)2/3},

We begin by estimating Pr(& ;). To this end, we will do a dyadic decomposition of
Uy, j. Let uy = minly ; and u* = max Uy, ;. Define ng ¢ = u, and define nye , = u*
for all integers £ > 0. Now define, inductively on £:

e Forall0<i < 26_1, define ny; ¢ =n; 1.
e Forall 0 <i <21, define n2i+1,¢ as a median of Uy j N (n;¢—1,niy1,0-1), if
one exists or ny; 47 ¢ otherwise.

As Uy | < Nkl/3 for all k large, there is a C > 0 so that for all £ > Clog Ny and
all0<i <261, n2i+1,¢ = n2iy2,¢ In particular, we have that

Ue,j S {nais1e:1<€<ClogNy,0<i <21}
Set B = 3/2 1. Set 1ty = c(logj)z/3 and define 1, = 1y + ClOgN for all £ > 0.
Then we have the estimate for all k sufficiently large that

LClog Ny | 2¢-1
Pr&e )< > Y Pr(at210 > gy and 220 <),
=1 i=0
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Applying Proposition 2.3 with 8 =§/2,
< LClog Nel 271 0 n2i+1,6 —N2i42.¢ N—B
= Z Z N2/3238 k
=1 i=0 k
LC log N | 2%
= > o)
=1

< O(Ny " log Ni).

Hence, summing over j € N we have

35—p
3 P& = 0N P).
JeNk
Hence, for § sufficiently small, this is summable in &, and the proof is complete.
g

4. Proof of the lower limit, Theorem 1.2. This proof is nearly identical to the
previous one, but with some small numerical changes to account for the differences
in Propositions 2.1 and 2.2.

PROOF. By the Borel-Cantelli lemma, the existence of ¢ follows from (9).
The proof is therefore devoted to showing the existence of ¢;. This proof is nearly
identical to part of the proof of Theorem 1.1. Let o > 6 be fixed, and define Ny =
[k%] for all k£ € N. For some ¢, > 0 to be determined, define the event

& = (A < —ca(log Np) '3},

Define Sy = lecvzl 1{&}. We will show that Sy — oo in probability for suffi-
ciently small ¢, by a second moment calculation.
From [21], Theorem 4, there is some § > 0 so that

_n3
Pr(&) = Q(N, '?) = QkF).
Hence, we have that for ¢; so that aﬂcg <1,

1) ESy = Q(N'~F),

As for the variance, we have that

N N

Var(Sy) <ESy +2> ) [Pr(& N &) — Pr(&x) Pr(&y)]
k=1{>k

N N

=ESy +2 > > E(Ne, —c2(log No)'/?; Ny, —ca(log Np)'/?).
k=1¢>k
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Applying Proposition 2.2, we have that for any § > 0:

o/ 12)/12 N‘S)

N
ZE(Nk,—CZ(IOgNk)1/3§Ne,—CZ(IOgNﬁ)IB ZO(W

>k

Divide this sum into those terms £ < 2k and those terms £ > 2k. For terms less
than 2k, use that £%/2 > k*/? 4+ (a/2 — 1)(£ — k)k*/?>~1. For terms £ > 2k, just use
that £%/2 — /2 = Q(E"‘/ 2). Hence, we have that

/12512 2k pa/12p1-5/12 N g/ 122/12
=C Eol=)
ke T @2 =D~k ter2

= O (k' logk).
Hence, applying this to the variance, we have

Var(Sy) < ESy 4+ O(N?7%/3+2%),

As we may shrink § to be as small as desired, it suffices to have 2 — /3 <
2 — 2afc3 in order to have Var(Sy) = o((ESy)?). This requires that Sc3 < 1.
Conversely, letting c; be any positive number satisfying a,BcS < 1, we have that
Sy — o0 in probability. [J

5. Contour integral representations for the kernel. We begin with the fol-
lowing identity for W; (x).

LEMMA 5.1. For all integer j,

2] .2
- /sfes 258 s
Jri Je

The contour £ is any vertical line in the complex plane, travelled in the direction
of increasing imaginary part, whose real part is positive.

Vi) =

PROOF. Inthe case that j > 0, this formula is standard. The case j < O follows
from (2) of [19]. O

As for @ (x), we can represent a Hermite polynomial as

2
il e Ty
Hj(x) = L g =
2mi z/ z
where the contour is any that winds once around 0. Thus, we have the representa-
tion

27 Tty
(22) P10 =5 7§ z

7z
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Expand (16) by replacing ¥;(x) and ®;(x) with Lemma 5.1 and (22). This
gives the representation

ot K= Qui—u3 uz ezl —2z1)1 & Zl dZ1d22
=S ] S ()

2mi? 2o oy B 0]
Taking the contours so that the z1 and z; contours do not intersect, and evaluating
the contour integral over z» first, we see, using the analyticity of the integrand, that
the last expression is not changed if the sum is extended to oo. Taking the contours

so that |z1| > |z2], the series is uniformly convergent. As this is a geometric series,
we arrive at the equation:

U=z 21221y Vdzid
23) b+ K= _ ‘¢‘ / e Z 21 22
2mi)? Jop Joy 32 2 =22

The z; integral is taken over a closed loop that winds once around 0, and the z;
integral is taken over a vertical line with real part larger than any part of the z»
contour.

5.1. Contour deformation. At this point, we will deform the contours to be
yi-independent, approximate minimum phase contours (see Figure 1). We will use
these contours, or slight deformations of them, for most of our estimates. For y;
positive, we will also use more exact y;-dependent approximate minimum phase
contours in Section 7.

Fix parameters §; > 0 and §, > O to be determined later (see the proof of
Lemma 8.2). Define the following collection of straight-line contours:

V1=ui/2[1 ! +— o1 ’”/3}

ANV &

1 )
Vf_”i/z( Lo zn/3)+lR+’

NN

(24)

—e %{Z} ,}/e

V2 1
V2

" R{z}

>

—

FIG. 1. The contours over which we will eventually estimate K (w1, yi; up, y2), with u1 > uy. The
values of §1 and &, are fixed positive constants determined in the proof of Lemma 8.2.
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3z} 3z}

R{z}

FI1G. 2.  The contours yf, yzc and y" when uj < uy; the true picture will be one of these.

_ 1/2[1 1 & i271/3]
=Uu _,_+—e ’
- S VAN RN
1 8
Vqu;m(ﬁJF%e’z”B)JrR—-

Define y{ and y; to be the piecewise linear contours (see Figure 2):
Vi =v{ UTTUn Uyf,
vi=vsUnUnuys,

oriented to have nondecreasing imaginary part. Define

2
oui—iu2 e 2an M o dzy
(26) Kotwmiuny =3 — [ [ S5
2(mi) vs Jyf etam 2222 75" 21 — 22

and, define K, = K — K,,.

When u1 > u», it is easily seen that the contours in (23) can be deformed to y{
and y, respectively, so that K, = 0. When u < uz, we would still like to use the
contours yf and yZC, however, these contours cross, so that deforming the contours
contributes a nonzero residue. Further, when u| < u,, we must account for ¢. For
the remainder of the section, we assume that u| < u».

We will begin by giving a representation of ¢ which is useful for our purposes.
The contours | and y; intersect at exactly two points, which are conjugates. Let
7 be the intersection point with positive imaginary part. Let y” be the contour
that follows y, from T to  and which follows the vertical line through 7 and T
outside y». Orient y” to have increasing imaginary part.

Let y be the portion of y" below T and above 7, and let y” be the portion of
y" that follows y;. By adding a half loop to y{ that connects T and T through the
right-most component of C \ y;, we get the identity:

1 e222(n—y1)
27 K-—K,=— | ——dz.
27) b+K—Ky=— /y Gy 42
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We next represent ¢ as an integral. From the residue theorem, we have that

(28) 11 (yy, o) =

1{y> > y1} % eE2—y1) i
2mi ’

%—ug—ul

with the contour positively winding once around 0. As we have that u; < ujy, we
can deform this contour to follow y".3 Additionally setting & = 2z,, we have

(29) U1 (yy, yo) =

1{y> > y1} / e222(n2—y1)
——F—Dpv dz.
14

r (222)”2—”1

Combining (29) and (27), we have the following piecewise representation of K,
when u; <uy — 1:4

1 e222(2—y1)
- = - .. dZ bl > b
300 K : i /Vi @z O 2T
( ) €(u1’ )’1, MZ, )’2) - 1 6222()72_)/1)
dza, Y2 = 1.

i Jyr 2z0)"27"

5.2. Scaling. Define the scaled variables:
- -1/6 1/3 ~ 1/6 2/3
31) Z=22u o — P 5 =2y 2ud

Substituting these variables into the integrand, we have

u u
ulogz+z2 —2zy= 5(log§ + 1) —2uy
(32)

1 e
+ u(log(l +u™ B3z —u Bz —um2P7? %)

[\

Define

Lo G
2 23]

(B4 J(uy,y)=2" exp(%(log% + 1) - \/2141')’1'),

for i =1, 2 so that we may rewrite (26) as

(33)  GiGi.y) =log(l+u; 'Pz)—u; 'z +

; ; and

(35) K,

. 1 J(ui,y1) /f 4161131 dz1dz
T 2(wi)2 J(uz, yo) J) €262 7y — 75

3In the case up = uy + 1, we must take the principal value at infinity.
4Again, principal values at infinity need to be used if up =u| + 1.
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REMARK 5.2. The Airy kernel limit can be seen from this representation (cf.
Lemma 7.1, where a different representation is used). Taylor expanding the log in
G around 7z = 0, one sees

- I ~1/3~
(36) wiGiGi. 5i) = ~%i% + 33 + 0 "F).
noting the error is uniform in y;. On the contours y; and y», as well as their conju-
gates below the axis, one gets that this error is order Z? =o(u; 1). One can argue

that
e G1GI) g7 dzs /30 dzidzy
— =o0(1) + // — — .
ff 262232 71 — 7 ron e300 11— 0

The Airy function, meanwhile, has the following representation (see [22], Equa-
tion 9.5.4):

' 1 Ooeiyt/3 Z3/3_Zy
Ai(y) = i /ooe*i”/3 e dz,

from which point it can be deduced that the kernel in question converges to the

Airy kernel when u| and u, go to infinity with u; — us = o(uf/ 3).

/ 2/3

6. Proof of the right tail correlation estimate for ui 3 Luy—uy Ku

6.1. Overview. Throughout this section, we will assume u» > u; and write
Au =upy —uy and u = uy. Also, introduce the measures u; (dy;) = djz,-/(\/iuil/é)
for i =1, 2. Our main goal is to prove Proposition 2.3.

As in (19), the joint probability can be expressed by det(Id —K ;). It is con-
venient to express the kernel Id -K |7 as a 2 x 2 matrix of kernels. This acts on
vectors of elements of L?(dy;) @ L%(dyy) by first performing matrix multiplica-
tion and then by the usual integration. Define K and ¢ as

J(uz, y2)
J(uy, y1)
J(uz, y2)
J(ui, y1)
Implicitly, we shift and scale the action of these kernels on the L? integrating them
against functions in the ¥; coordinates. Hence, the measures on the underlying >

spaces are now L%(d n1) @ L*(d u2). Let ; denote the multiplication operator by
the characteristic function 1{y; > ¢;} fori =1, 2:

K (uy, 315 u2, 32) = (@112 (yy, y2) + K (u1, y1: u2, y2)),

d(ur, 315 uz, o) = U1 (yy, y2).

1d—K|,

37 1d =i K 1, -5 ur, )y 7w (Plur, 5 uz, ) = K (ur, 5 u2, )
—12K (up, - uy, -)mi Id —m2K (u2, 5 uz, -)mo '
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As we are only interested in the determinant of this operator, we can sub-
tract an operator multiple of the second row from the first. Working in the case
that mymy = w1, we will subtract the left-multiplication of the second row by
m(ﬁ(u 1,-; up, -) from the first. As all the K terms are nearly the Airy kernel (ex-
plicit estimates are given in Section 7), the differences between the various K will
be smaller in norm than the kernels themselves. Further, ¢ behaves like an approx-
imation to the identity for a certain nice class of functions. Hence, after doing this
row operation, the matrix of kernels is approximately lower triangular, and its de-
terminant is hence very nearly the determinant of its lower-right block. This allows
us to estimate

F(uy, t1; uz, 1) = |det(Id — K | ;) — det(Id —m2 K (u2, -5 uz, -)72)|.

Let ¢ denote the operator L?(d ) — L*(dju1) given by

(38) SLFIG) = /R $ur, 51: 12, 52) f Goma(d5).

The exact sense in which ¢ & Id is given by Lemma 6.1. To prove this, we will
pass to Fourier space, and so we state our Fourier transform conventions. Let F
denote the Fourier transform with the normalization:

1 4
FIp)®) = 5= /R eI (x) dix.

1/2

With this normalization, F has L%(dx) — L*(dx) operator norm (27)~ and

its inverse carries no factors of . Define the | - || z2 norm by

12 = 1= D) £l 240

where A is the 1-dimension Laplacian A f(x) = 8)% f(x).Let H 2 denote the cor-
responding subspace of L? given by taking the closure of the C 2° functions under
H?. By considering the Fourier transform, we have that the || - || g2 horm is equiv-
alent to the norm:

e £ e + 105 f @ 2wy + 192 £ 120y -

Recall that the inverse Laplacian (I — A)~! operator on L?(dx) can be defined
as the Fourier multiplier operator:

c
1+¢&2

for some constant c. Alternatively, we can write it in convolution form as

FIU - N7l = FLA1E)

I=A)"'f=celxf

for some other constant c.
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6.2. ¢ is an approximate identity.

LEMMA 6.1 (Approximate identity estimates for ¢). Forany 0 < f <§ < 6,

there is a C > O sufficiently large so that for all uy, uy € N with u'/3+% < Au <
u?/3=38  the following hold:

(i) Forall y;,
- - - Au -
(B, 15 w2, 32)| = CVuexp| =37 (1 +752) ).

(ii) Forany |3i| <uf,i=1,2,

2/3 Au)l/3
\¢>(u1,y1,u2 w|<C,/— eXp<—u—(y1 —y2) )—i—Cexp(_( Lg )

(iii) For any f € C'(R) supported on [—uP, 00) with absolutely continuous
derivative f’,

1111 < uP}SLAO = FON L2

Au
= CMZ/Tﬂ(”f”Lz(uz) + [ f ”LZ(Mz) +] f//”LQ(uz))'

(iv) Forany g € L2(dx) supported on [0, 00),
_ Au
111 =6’} (@ =1 Ad=A) M IO 124, = C g lI8l2uny-

PROOF. From (24), we have that y; and 3, intersect for all u; sufficiently
large. Hence, 7 is given by

Vit i V3
39 T= —
(39) W) 2f(\/ V).
When y; < y;, a deformation of the contour in (29) gives
- _ _ J(ua, y2) 1 /- 22—y
40 ui, yi;uz, = —— ——d2.
(40) d(u1, yi;u2, y2) TGy, 1) 77 Dovssie Qagyia—in 422

Note that in conclusions (ii), (iii) and (iv) of the lemma, we consider |y;| < uP and
Vo > —uP . For the y; and the u; that we consider, we have, using that Au > ul/3+s
in the second inequality,

yi <+V2u; +

/3

«/E 1/6

/3 u?
<2uz;+ —Q( )
«/E 1/6 Mi/6

<+2uz;+

«/E 1/6_
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Hence, expression (40) always holds for these y;. For conclusion (i), the bound
is trivially satisfied in the case y; > y», and hence it suffices to consider the case

Y1 = y2.
Using the definition (34) of J (u;, y;), we have

~ 1 oy NRr\42—n
@) =expl S ) [ e (T g,
Tl JRzp=Nt 22
where
up 2RTI2 uj—up
exp(s(ul,yl;uz,yz))=(ﬂ) : (ﬂ) 2 ey~ T+ Bi
U euy
Expanding these definitions, we have that
NED —«/_m( i )+0<<Au>3>.

+
2 W76 178 u2

42)  E(ur,y1iu2,y2)=—

Conclusion (i) of the lemma now follows from bounding the integral in (41) by
absolute value and (42).

We will eventually truncate the integral over y into [3z2| < R and [3z2| > R,
where R = R(u) to be chosen later satisfies R3Au/u3’/2 = O(1). Note that this
implies that R = o(u'/?).

Define ¢ (w, u) implicitly by

Aul (1+iw)—'A w+A”(w>2+( )
wlog\ 1+ g J=iauge + - \§p ) e

Then for each u, ¢ (w, u) is analytic in w for all w with Sw < Nt and |¢(w, u)| =
O(Au - |w|?/u’/?) uniformly in |w| < 2R. Note that |R¢ (w, u)| = O(Auw*/u?)
for real w. We use ¢ to express (41) as

o . Auy  Aufw
(43) ¢=;/Rexp<—c+zw(2<yz—yl>—@)‘7(@) )dw

Define

Au
(44) H=202—y)— 5

Nt
Using the analyticity of the integrand and the polynomial decay of the integrand
as |Rw| — oo, we may make the replacement w — w + i ’HSA‘—Z in (43), provided
H < Au, to get

- . Auf w2  (HNR7)?
45) ¢=;/Rexp(—§(w+l7{,u)—7<mt> oA, >dw.

We truncate this integral into |w| > R and |w| < R. Let

46) PR = ;—5/_1; exp<—;<w 4 iH, ) — ﬂ( w )2 _ Glmr)z)dw

2 Nt 2Au
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For |#| < R, we have that |z (w + i, u)| = O(AuR3/u’/?) = 0(1), giving

(‘)“r?—t) 2
o° < exp@+0<1> m)/ ( ( ))dw
‘L’

(47) 5
< %exp(s +om - L),
Recalling (44), we have
H=202 - - 3 =V3( 5 v - 2%):
1
Hence, with |3;| < u?, we have that
H= 2 Ga 50+ 0(”/37?6”)

Applying this to (47) and that £ = O (1) for these y;, we have that

-r Nt w3 (5o — 31)?
(48) gﬂexp<0(1)—nf).

As for the portion of the integral with |w| > R, note that by the definition of ¢,
we have

Aufw\?  (HRT)? w—H
N iH, —\ = Aulog|1
1[{(w+17—[ u) + > (E}tr) + AL :| u g‘ —|— . ‘

Hence, we get the pointwise bound:

) ”H
(49) 16— \<_/ ‘ fw —

For |3;| < u?, we have |H| = o(1). Hence, for w > 2%, the contribution of the
integral is O((2 — 0o(1))~2%) as long as R < 2N t. Fix now R = u'/?/(Au)'/3,
which satisfies this condition as well the earlier condition that R3 Au /u/? = O(1).
For w < 2N 7, we have that

—— 2
‘1+””, H’:exp(—sz(ﬂ)Jr v +0(1)).

Nt Nt 2(NT1)?2
Hence, we get that
iw—H

20t —Au R2
/ 1+ dw:exp(—Q(—Au)).
R Nt u

Applying this to (49), we conclude that for |§;| < u”

dw.

(50) - 38| < exp(—sz(%zm)) — exp(—2((am)' 7).

Together with (47), this gives conclusion (ii) of the lemma.
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We now turn to the proof of conclusion (iii). Here, we will need to pick a dif-
ferent function R(u). Let {® = ¢ (w, u)1{|w| < R}, and define ¢p&-¢ by

TR, 1 R .. Au [ w \?2
(51) o (H)=—/exp " +iwH — — dw,
T JR 2\t
noting we have omitted the ¢f from the expression. This has the form of a Fourier

transform of a product of functions evaluated at H. In particular, let us define the
distributions:

(52) U(x) =2m80(x) + F ' [(5C% — 1)1{] - | < R}](x),
B (N1)? _%xz
(53) Vix)= ZnAue .
This allows us to rewrite (51) as
(54) PR = 2.7-"_1[.7-"[U].7-"[V]](H) =2(U x V)(H).

Let ¢R’§ be the operator from Lz(,uz) — Lz(,ul) with kernel ¢~>R*§ defined in
the same way as in (38).
Let ¢ be a Schwartz function and consider the action of ¢®¢ on it. We have that

25 2y 2dy
¢R,;[q](yl)=2/R(U*V)<\/1_/y62 . \/I_/Y61)q(§2)_“/_1/6yz
Uy U Uy

\/55’1>7

Uy

1/6
where G (x) = q(%x).
By considering the Fourier transform, we have that

U 1 i
(VDG = GG 25, = T | @7 FIVIG) = 1) FIGI®) | 1245,

Au 2 ~
< «/Ez(mﬂz [x“FIG1 ] 1241

AuN, ., -
=0\~ 17" GOl L2a5,)-
Hence, by adjusting constants, we have that
/

~ 1/6 ~
[vea(e) ol i)
) w2 @sn)

v sz V251N (Y25
=1V *9\ 16 ) 9\ "1j6
iy Uy

L2(ui(d31))
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=V *q) =G| 12040

Au 2
< 0< )||3 G| 2¢ax)

o ( Au ) (u;/ 6x)
=0(>x=)|g
u2/3 \/i Lz(dx)

0( 7 ) l4" G2 245

1/6
Meanwhile, setting o = % sothat e — 1 = O(Au/u), we have that for |y;| < ub,
1

(55)

1/6 ~
: (%
i1 =uflfaGo - o2t
Uy

L2(u1(dy1))
ub

<[ ( /y y q/(X)dx>2m(d§1)

ub

f (@ — D1 / " (@0 dx s @),
—ub Y1

Changing the order of integration and estimating,

uy 31
Hl{lyll < u’g}‘CI(f’l) —Q( 21/6 )
Uy

L2(u1(d31))

ocuﬁ ox
< (@ @) [ (@—DFiuid5)dx

aul 2 20 1,2
5/ O — 1)2x2(g' (1)) 11 (dx)

—aub
Au 2 - 2
=0 (ul—ﬁ > Hq,(yZ) HLz(duz)'
Finally, as we have that (Au) R*/u? = o(1) it follows that

(U —2780) % @) ()] 12 gy = (5" = D1{Ix] < RYFIGI®)| 12g
(AMR

A
Q

NF®] 20

AuR*
o( 25 a2y
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We will take R = u!/>+%/% /\/Au, so that
u5
(U —2780) * Q)(X)HLZ(dx) = 0(5) ||q(x)”L2(dx)

Au
=05 a0l 2
Combining (55), (56) and (57), we have that for all ¢ in H 2,

11{1 - 1< u”}16"1a10) = g Ol 124

(58) Au ’ "
< 0<m>(nqnmm> 142y + 19" L)

(57)

We now proceed to compare the action of ¢&-¢ with that of ¢. Following a
similar progression as taken in deriving (50) from (49), we have uniformly in y;
that

—Au
dw

- - 1 00 1
- < [T
T JR Nt

< exp(—§2<R72 Au)) = exp(—Q(u®?)).

In particular, we can use this pointwise bound to give an estimate on the Hilbert—
Schmidt norm of the difference of these kernels restricted to 3; > —u” by

7 ~ ~ Vi ) 1 ~ ~ N2
/f ﬁ|¢(u1, 15Uz, Ja) — S GRLE Gy 510wy 5))
i >—Uu

X p1(dyr) ua(dy2)

(59)
—Qd? ~ . 1w, 52) 112
= e TS > -l i = 120
Se—Q(us/z)eO(logu).
Define
. Juz = Jur y2
£2(2) =— 176"

and let £1(¥1) = &(uy, ¥1; un, y2) — £2(32), noting that the right-hand side is inde-
pendent of y;.
By (59), we have that for any g € L?(u1) supported on [—u?, 00):

. . _ 5/2
60)  [lg1() — e VR[] 240y < €GN L2001



GUE EXTREMAL EIGENVALUES AND FRACTIONAL LOGARITHM 4137

For |y1]| < ub, & (y1)] = O(1). Combining this observation with (58), we get
”efl(il)l{wn < uﬂ}(¢R’§[eEZ(')q]()~11) _ 652(51)61@1)) ”Lz(m(dyl))

©1) <D {31 <uP " [e2q] 1) — €2 9GO 1200, w50

A
< 0[5 Jleal o

Observe that for g supported on [—u?, 00), we have that ||e‘§2(x)q(x)||Hz =

O llg o)l g2-
It remains to compare g with 52g. Using that &, (y1) = o(1) for |yi| < uP, there
is a constant C > 0 so that for all these ¥;, [¢5201) — 1| < Cﬁ—;gm |. Hence,

- 5 - Au
62 1M1=} = Dg G gy = O s ) 1) 2,

Combining (62), (61) and (60), conclusion (iii) follows.

For conclusion (iv), note that this does not directly follow from (iii), as f =
(Id —A)~!g generally has full support. However, for g that is supported on [0, 00),
f will be exponentially small on (—oo, —u#], and so the conclusion will follow
from this and ().

To this end, let p € C* be an increasing function that is 0 on (—oo, —u#] and
1 on [—u®? + 1, 00). Then by (iii), we have

B Au
(63) [1{1- 1= u”}@ = 1Dof 1O 12y = € 5775 181210
On the other hand,

sup [(1 — o)) f()| < sup | f ()]
»2€R ya<—ub+1

< sup c/e_lyz_w‘|g(w)|dﬁ)
(64) Jo<—ub+1 JR

<0 P) sup o[ IR lg()|dd
jo<—ub+1 ‘R

_,B
=0 ?)lgll 2,

where in the last step we have applied Holder’s inequality. Hence, by conclusion
(i) and (64), we conclude

©5 {1 = uP}@ — 1[0 = ) F1O] 120, = €90 R lgl 12 00)-

Combining (63) and (65), the conclusion follows. [
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6.3. Proof of correlation proposition.

PROOF OF PROPOSITION 2.3. The domain [/ is given in y; coordinates by
I'=A{u1} x [t1,00) U{uz} x [12, 00).
Define a new domain I’ by
I'={u1} x [t1, uP /2] U {ua} x [£2, 00).
Then we have that
|det(Id —K ;) — det(Id —K /)| < Pr[2(0 > uP /2]
= O(e_Q(”Wz)).

As the bound we produce on F(u1, t1; us, t) for the range of #;, we consider de-
cays no faster than some power of u, we may instead consider bounding:

F(uy, t1; up, ) =|det(ld —K /) — Pr[A"2) > 1]

Recall (37). Subtract a left multiple ;¢ of the second row from the first, and
then apply the Schur complement formula. This gives the identity:

(66)  det(Id —K /) = det(Id —m2 K (u2, -; u2, -)m2) det(Id —D; + D,RM),

where the operators Dy : L?(uy) — L*(uy), Do L?(u2) — L?(u1), M :
L?(u1) = L?(u2) and R : L?(po) — L*(12) are given by

D = | (¢m2K (u2, s u1, ) — K (uy, -5 uy, )7,
D) = 7] (¢m2K (u2, - uz, ) — K (uy, -5 ua, -))m2,
M = K (ua, -5 uy, )7,
R=(Id —moK (u, 2 ua, -)712)_1.
As a consequence, we may bound

F(up, 11; uz, ) <Pr[A“? > 1,]|det(1d =D + D,RM) — 1

9’

and so we turn to estimating the difference of this determinant with 1.
Let || - ||, denote the nuclear norm. For any nuclear operators A and B,

|det(Id +A) — det(Id+B)| < |A — B||,e! TlAlFIBl
(see [26], (3.7)). Hence, we have the bound
(67)  |det(Id —D; +DRM) — 1| = O(|[D1 ]|y + D2 lv [IRllop IMI]l),

provided the ||—D; + D,RM]|, is uniformly bounded. Here, we have used the
Holder inequality for Schatten norms and the bound || - [lop < I| - [|v-



GUE EXTREMAL EIGENVALUES AND FRACTIONAL LOGARITHM 4139

For R, from Lemma 7.1, we have |M3]|, = O(e_%(’Z)M), and hence
1
1 — 72K (u2, - u2, )2 llop

1
(68) < —
I — ||m2K (u2, s uz, )ma|ly

IRllop <

<1+ 0(e 307,
For M, from Lemma 7.1, we have
(69) M), = O (e 3@+ ),

The main work is to estimate the nuclear norms of D; and D,. We give the proof
for Dy. The proof for D, follows from an identical argument. We begin by writing

D =D} + 7] (K (uy, - ur,-) — K(uy, - ui, ),
where
| =mi(¢ — Id)m2K (ua, 5 u1, )i
Then by Lemma 7.2, we have
(70) D) =D |, = 0@,

Let p € C™ be an increasing function which is 0 on (—oo0, t, — 1] and which is
1 on [t2, 00). We can clearly choose p so that its derivatives are bounded indepen-
dently of . We now divide D} =D/ + D}" where

D =7{(¢ —1d)pK (u2, s u1, )7],
D} =n](¢ —1d)(m2 — p)K (u2, -; uy, )7},
For DY, we begin by applying Lemma 6.1, part (iv), to conclude that
Au >
DY, = Cogrg [Md=B)p K (w2, 5y, )

Applying Lemma 7.1 and using the boundedness of the derivatives of p, we have

Au 2 32 32
1 )32+
(71) ||D1 ||V§Cu2/3—ﬁe 57 4127

Define né to be the restriction operator to the interval [f, — 1, 2], and note that
7 (2 - p) =1y — p = (w2 — p)m). Also observe that 77 (2 — p) = 0. Hence, we
may write

[PV, = |79 (r2 = p)K (2, 5 w1, )i

(72) / / ! /
= “7‘[1¢7'[2”0p” (2 — p)Hop“T[ZK(Mz’ sur, ')7[1 ”v
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The operator norm of 7> — p is at most 1, and the nuclear norm of the K term can
be controlled using Lemma 7.1. It just remains to estimate the operator norm of
T @m).

By Lemma 6.1, part (ii), we have a pointwise estimate on the kernel of 7{¢m,
given by

B, 1 12, 32| <c\/7exp(——<y1 ~5) >+Cexp<—(Abgl/3).

As we are working on a domain of ¥; for which |¥;| < u®, the contribution of
the O(e_Q((A”)l/S)) term to the operator norm of ;¢ is still O(e_Q((A“)I/S)),
which can be seen by computing a Hilbert—-Schmidt norm. Hence, we can estimate
_ 1/3
[wigmal £1] 2 = ClO[1f Nl 12 + O™ A fll 2,
where ¢’ is the convolution operator
u2/3

2w Au

By Young’s inequality, the L> — L? operator norm of ¢’ is just given by its L!
norm. Hence,

2B
e >0 — ) % f.

¢'1f1=

16/ llop < Pr[Z > u'P(Aw) =12 Ad],
where Z is a standard normal variable. Hence, we have shown that
(73 |7i¢ab]g, < CPHZ > u'P(Au)"1 2 A1+ O (20,
Combining this equation with (72), (71) and (70), we have

D1y =C +Pr[Z > u'P(Au)” 1/2At]] F 4w

Au

u2/3—B
The same argument shows the same bound for D,. Hence, combining these bounds
with (67), (68) and (69), the proof is complete. [J

7. Sharp uniform estimates of K in the right tail. In this section, we give
some sharp estimates relevant to the right tail of the largest eigenvalue distribution.
Our first estimate is a bound on the nuclear norm of the derivatives of K. In the
case u| = u», these are standard, and the bound here is a small extension of them.

LEMMA 7.1. For each § > 0 and for each integer £ > 0, there is a constant
C > Osothat foralluy, uy € N satisfying lup —u1| = O(Ltl/3 5) andallty, tp > 1,

H ag K (u1, 31; u2, 32)

772” < Ctfe' (uy, 1€ (ua, 1),
ﬁul/6 ) 1

where
32 1/12

f/(ui,l‘i)=C(e_%ti +ei 0,
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The second bound is a quantitative convergence of K to the Airy kernel. Again,
such bounds have been proven in the diagonal case.

LEMMA 7.2. For each § > 0 and for each integer £ > 0, there is a constant
C > Osothat foralluy, us € N satisfying \uy —u| = O(uZ/3 ),andallt;, th > 1,

R w0y o
nlil/ﬁrn - anAiry(uh U, )
\/EMZ v
8
< C(%e—ﬁ((n)mﬂm)m) + e—(logul)z/c)
u

1

The work done for proving Lemmas 7.1 and 7.2 will allow us to give a quick
proof of the following uniform tail bounds for the largest eigenvalue of GUE; these

imply (4).

LEMMA 7.3. There are constants C > 0 and § > 0 so that for all 1 <t <
su'/® and all u e N,

1 ;
Et‘3/2e—%’3/2 <PA® > 1] < Cr¥2e3,

We note that Lemma 7.3 could also be deduced from the uniform Plancherel-
Rotach asymptotics for Hermite polynomials contained in [27, 30]. For complete-
ness, we provide a self-contained proof of the lemma at the end of this section.

Our proofs in this section are based on a different representation of K than the
double-contour integral formulae used in Section 5. Recall from (23) that we have
the representation for ¢ + K:

QUi Zl —2z1y1 Z dZ]dZZ
@+ Ky =5 ¢ [
2(mi) eB=2022 252 21 — 22
U1~ 00 621 221(y1+w)
= dw dZ dZ
(i)? f/‘./ eZZ 322200+ w) z 182
uL—U2 2221 (y1+w) “1
= —; dz1dzadw.
(i)? f 56/ e —222(n4w) z 182
We now scale the w variable, introducing w = ﬁul w. We also recall the nota-
tion G;(z;, y;) used in (33). In terms of these variables, we have

(@ + K)(uy, y1; uz, y2)

_ Sy 1 161G p=201w
/ f/ dzidzadw
J(“2 y2) (mi)? e2G2(22,32) 222w

J(u1 y1) 1 /‘ ¢/ MIGI(ZI,?l)e—(21+u1 3)wd21d22dw
— J(uz, y) (wi)? 202Gty My oy
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Hence, changing the integration to be over w, we arrive at the following expres-
sion for K:

Gy K@njiuw i) 1 e e G1GLI) =0 g7y 47y di
(74) ﬁué/ﬁ B (27-”')2/0 iz /;1 e#2G2(22,32) p—22W+E2(22,W,uy,u2)’
where

- - -~/ 1/6 —1/6 1/3 12 —1/6 ~
(75) £2G1, B, w1, uz) = —20w(uy Cuy V0 = 1) + () — uyPuy ) w.

Recalling that u; G;(z;, y;) — ziw = u; G;(Z;, i + w), we define

= . . Hw >0 L
Kl(yl’ w): % } eulGl(Zlayl+w) le,
Tl 71
5~ 1{w >0 3 o o )
Kz(w,yz):{—'} e usz(Zz,y2+w)e$2(Z2,w,u1,uz) d3.
2mi 7

The y; contour is any vertical line for which fz; > —u}/ 3, and the y, contour is
any closed loop that encloses —ué/ ’ LetK 1 and K be the corresponding operators
from L2(dx) — L2(dx), so that (74) becomes K/(«/Euém) =K - K.

The estimates in this section all in a sense rely on precise comparison between

K; and an Airy function. Recall that the Airy kernel has the representation:
o0
(76) K piry(V1, Y2) = /0 Ai(y1 + w) Ai(y2 + w) dw.

Let Ai be the operator with kernel A(x, y) = Ai(x + y)1{y > 0}. Then A has the
representation:

1{ > 0} [ooe™”

: eZ?/3—21()71+11J) dz,.
2mi ooe—in/3

A(y1, w) = Ai(y + ) =

The minimum phase contour for this integral is given by the hyperbola &

(371)?

+ M) =5 +w

which is asymptotic to the contour used to define Ai as Z; — co. On this contour,
we have

R(Z3/3—21G1 + b))

2(51 + W) N 8(%202)
3 9

_ 2614w 8RT)*Gh W)

< 3 5 .

(77) =—(i+w+ (321)2/3)1/2<
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We will essentially use ﬁl to represent K 1. However, this is a poor choice of
contour for large values of 7;. Hence, let R be a truncation parameter to be deter-
mined later, and let ﬁf be the portion of this contour with imaginary part at most
R in absolute value. Define

1{w > 0}

~3 ~ ~ ~
: i L1/3=0G1+w) d7y.
2mi hR

AGL, )R =

We will parameterize hy by its imaginary part, noting the arc length differential is
uniformly bounded in this parameterization, so that

-~ - ~ ~\R 0 2G+w)3? 82 G+m)!/?
IAGH. ) — AG1, ) |so<1)/ o5 S e
R
78
( ) - 0(1) _26«,1_'_1-’})3/2 _8R2(}~'19+11’)1/2
Y9, .
TG+ w4

Turning to K1, we define a contour fz‘i by extending fzf to +ioco by vertical
lines. We deform the integral in the definition of K| to be over ﬁf:

(79) K 1, W) = M e1G1 1 31+0) d7,
2mwi h¢
and we define
[ZR(yl W) = M 1611 y1+w0) dzy.
b 2wi Jik

We will need some estimates which are useful for large values of Z; to control
the difference of K| and K IR. To this end, let

(80) F(z) = R[log(1 +z) — z + 2%/2],

so that u;N(G;(Z;, yi)) = u; F(ui_mii) — Z;yi. In Cartesian coordinates, we have

N =,

1 2
(81) Fu+u»=5mga+xﬁ+y%_x+ _%ﬂ

We estimate F(x +iy), for x > 0 by

. 1 ) 1 y2 X2 y2
F(x+ly)=§10g((l+x) )+510g l+m —x+7—?

2
(82) < y_<;_1>
2 \(1+x)2

Xy2

14+x
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The real parts of the endpoints of 2%, are at least R/+/3. Hence, on the vertical
portions of the /¢, by (82), we have

R(371)2

—5 — R31/V/3.
1+ Ru, 173

uiR(G1(Z1, ) < —
Ergo

~ - 00 s -
& [RIOLD-K{GLB] <00 [ e )
_ 0(R—I/Z)e—Q(R3)—R(i1+zb)/«/§,
. 1/3
provided we have R = O (u;"").
For K», we begin by representing the Airy function using a rotated contour:

1 > 0} coei2™/3

..,3 ~ ~ ~
- e~ /3+02(ntw) dz».
2 ooe—i2n/3

AW, 52)* = Ai(2 + W) =
Once again, the minimum phase contour for this integral is given by a hyperbola

h> satisfying the same equation:

B (3z22)?
3

+ (N72)? = o + w,

although we now take the branch opening to the left. Letting fz§ be the portion of
the hyperbola with imaginary part at most R and defining A(w, 72)*R to be the
restriction of the integral to 2%, we get exactly the same bound as (78):
o(1) 26 +032  sR2 gy +in/2

9 )

Gr + w) /4

(84) |AGH, @) — A, )| <

Define a contour fzi that extends fz§ first along a vertical line and then along
the circle S, given by |1 + u;1/322| =1- u;1/3 (see Figure 3). On S, we have
9z, < —1. Provided we take R = o(us’>), this is well defined.

For F, we get from (80) or (81) that for Z; on this circle,

13, iy (= P i
(85) F(uy, "2)=log(1—u; ) — 3 =0(u; ).
Hence, we have
(86) —uzaN(G2(22, 2)) = O(1) + 2252 < O(1) — 3.

By (85), and the max-modulus principle, we have for 7, € fzg \ fz§

—usM(G2(Z2, 32)) < O(1) — Ry;.
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hy and hS oy and B

i
— 0y
h§

hs

Rz

(1 +w) /2

FI1G. 3. Contours used to compare 121, I€2 and A.

. - 1/3
As for &, since RZp > —2u2/ , we have

& < (2u;/2uf1/6 — 2u;/3 + u%/3 — u;/zufl/())ﬁ)

<o(" Y
uy

Applying this bound and (86), we get

— N5 z v 7 ~
e M2~71(G2(12,y2+w))e9i€2|dZ2|

R — RE G| < [,
i\ig

(87) < / O D=(R—o(1) (o) | g3, |
Ro\RE

< O(ul/?)e~(R-oG2+D),

PROOF OF LEMMA 7.1. Recall that (74) can be expressed as K/(ﬁuém) =
K, - K,. Hence, we have the estimate:

19K/ (V2 )2 ], < 10 K [y 1K s

(As before, || - ||, denotes the nuclear norm.)

We start with estimating the second Hilbert-Schmidt norm. By (87), we have
that the Hilbert—-Schmidt norm of K, — K2R is at most O (u!/3/R1/2e=0-99R0) A
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for the norm of K 2R, define

T
0 =u2G2(22, $2) + 2252 — gzg-

Expanding G» as in (36) we have ¢, = O(u, 137 4) Hence, on hz, with R =

O(Ltl/l ) we have

~ - - Al (335 7 ~
KX (52, w)| < /}; et gz,

2<y2+w)*/2 82w /2
(88) <eO(1>/ 5 dt
25y +i)3/?
Lome
(2 + W)+

2
Hence, we get that the Hllbert—Schmldt norm of K R is O(e™ 3t2 ) so that
3/2

IKomzllis = O(e™3% + 7" 98y

As for ||7r10K | ||us, observe that we have the kernel representation:
1{w > 0}

2mi 7
Hence, the same truncation approach as used in (83) for the £ = 0 case works
here. Further, the same argument as given for K, shows that ||7118 K| Hstl =

8511(1(?1, w) = ZleG1ELIHD) gz,

32 L2
Op(e™ 5 + e~ 1/C) for some constant C > 0, which completes the proof.
O

PROOF OF LEMMA 7.2.  We can bound the nuclear norm quantity we seek to
estimate as
||7r113(u1, S uz, ) — W1 K Airy (-, )2
= |mK; - Koy — 1 Ad - Ai*ma |
< |7 (Ki — Ab) - Koma |, + |71 (Ad) - (Ky — Ai*)m2 |,
< |71 Ky — Ab) || ys 1Koz l|us + I Aillus | (K2 — Ai*) 2| 4.

(89)

3/2
By Lemma 7.1, we can control the ||Kyms|lus = O(e_%t2 + e_Q(“lm)). From
the standard Airy asymptotic,
(90) Ai() < Ce™ 213,

see [22], Section 9.7.5. This translates immediately into bounds of the form

32
lr1Aillgs = O(e_%tl ). Thus, it only remains to estimate both of |7{(K; —
Ai) ||gs and [|(Kz — Ai*)7|ns-
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To compare K 1R and AR define
/ - = -~ 1~3
G =Gz, y1) + 2131 — 30
Expanding G as in (36), we have ¢ = 0(u1_1/32‘1‘). Provided that R > 971 on
fzf, which forces y; + w < %RZ, we get that {{ = 0(u1_1/3 R%*). Hence, under the
assumption R* = O(u}/3), we have

. L / n=3a = oom -
|AR(y1, W) — KlR(y1, w)| < /ER|e§1 _ 1|ef)1(z1/3 21(y1+w))|dZ1|
1

R 2G5 +)3/2 82 +w)l/?
—1/3 _ 201 _ 1
4 / )/ e 3 9 d

1) < O(R*u; t

—R
2 )32

3

<0 R4M_1/3 eN—N

= O G Sy

By taking R =logu; in (78), (83) and (91), we have that for ¢; > 1,
. - 2 —1/3y _24%3

92) w1 (&) — A | yg < e~ @00 L o (oguy)tu; eI

Finally, for %z, > —ué/S, we have by (75) that %t&; < 0. Hence, on sz, we can

estimate |e52| < 1. Thus, provided that R* = 0(14;/ 3), the same estimates as in
(91) give

2y +i)3/?
~ 3
93 ARG 50) — RRb. )| < O(R*u; )
Taking R = (logu1)? in (84), (87) and (93), we have that for 1, > 1,
_ 2/3
O4) (Ko — Ai*), | s < e~ 240D 1 0 ((loguy)bu;)e55"

Combining (89) with (92) and (94), we have completed the proof. [J

PROOF OF LEMMA 7.3.  We begin by recalling that
Pr{A® < t] = det(Id —7Kn),

where 7 is the restriction map to [z, 00) and K is given by kernel K (u, -; u, -)/
(ﬁu1/6) acting on L?. Note that K (u;, Y1 U2, yz)yzz/z_ylz/2 is self-adjoint and
positive definite, and hence so is the kernel restricted to min|y;| > a for any a.
This implies all the eigenvalues of K are nonnegative, and hence so are all the
eigenvalues of 7K. Thus, we have the representation
&) n
det(Id —nKm) = exp(— Z M),

n=1 n
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which can be seen by considering the eigenvalues of the operator 7K (see
also [13], (3.9)). We also have that all traces are nonnegative and tr((zKmx)") <
tr((Km))". Hence, we get the simple bounds:

1 —tr(wKr) < det(Id —nKr) < ¢~ FTKT)
Turning this around,
(95) (1 — e~ "KMy < pr[A®@ > f] < r(xKrr).

Thus, it only remains to give upper and lower bounds for the trace.
The trace is given by

oo oo 5 o0 oo o - o y B
06 uKm=[ RG.Hdi=[ /0 R0 i) i, 5) di d.
t t
Using (83) and (87), we have that
oo OO -
tr(mKr) =/ / KRG, @) KR, §)db dy + O (e HED),
t 0

Both of K lR (y, w) or I&f (y, w) are real, as their integrands commute with con-

jugation as functions of Z; and the contours {& lR } are conjugation invariant. Recall
¢{ from (91), using which we may write

KRG, w) = / 1T 3=2G+D) gz
ht
As 73/3 — Z(§ + W) is real-valued on /%, and as lef1 — 1) = O(u~'3R*) on iR,
by making R is a sufficiently small multiple of u'/1%, we may make

1 -
EAR@, W) <RKERF, w) <2485, i)

for all y > ¢ and all w > 0. A similar statement holds for IEZR. It then follows that
for R so chosen, we have

U _ [P KRG K 0, 5)dwdy _
for all + > 1. Using (78), we therefore conclude that there is a § > 0 sufficiently
small and a C > 0 sufficiently large so that with R = §u'/12,

1
Etr(nAin) _Ce Ri/C _ Ce_thl/z/C
97)

<tr(nKn) < Ctr(Airn) + Ce RI/C 4 Co—RAC
The trace of the Airy kernel is given by

tr(r Air) = /IOO/OOO AIG + #)2dib d§ = ftoo(s — 1) Ai(s)2 ds.
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Using that Ai(s)sl/ 4e%S3/2 is bounded above and below by constants for s > 0, we
therefore have that

o N2 _3/2 432 “12
/t. (s —1)Ai(s) ds =177 3" (C+0(t™7))

for some constant C. Hence, by the positivity and continuity of the trace, we con-

clude that tr( Ain )3/ Ze%’3/2 is bounded above and below by constants. This and
(97) completes the proof. [J

8. Offdiagonal kernel estimates for u; — uj > ui/ 3. Let I%o and K . be de-
fined analogously to (18), starting from (26).

LEMMA 8.1. Forall y1 >0, all yo >0, and all u; > u»,
1/6 1/6

~ Ml Lt2 / /
|Ko(ui, yi;uz, y2)| < ﬁ%‘ (w1, yD§& (u2, y2),
Uy U

where
2

vy = Cle T 4 ol
é(uz,yl)—c(e 37 +e i )

for some absolute constant C > 0.

PROOF. Recall (35), due to which we may express K, as

~ 1 eulGl(Zl&l)dZ dz
(98) Ry=—— / / O dudn
2(mi)? e2G2(22,52) 7, — 75

where we deform the contours to be the same as those in Lemma 7.1, with w =0
(see Figure 3) and where Z; is given by (31). On these contours, we have that
1/2
21 — z2] = 212y —
the simple estimate:

1/6 1/6
Uy U,

LI eulﬂtG1(Z1,i1)|d§l| e_"ZmGZ(Zz’yZ)leﬂ .
12 12 Jje hS
Ml - M2 1

2

u;/ 2). Hence, changing the integration to be in Z, we have

99) Kol

Thus, to complete the claimed bound, it suffices to show that each integral is
bounded by & for an appropriately large constant C.
Define

If:/,;e FNGIGLID g3 |
1

Ity PRy ~
IlR:/~ e"l'hGl(zl’yl)|dzl|,

R
hl
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and define /5 and 12R analogously. Using the same estimate as (83), we have that
1/3
for R=0(u,""):

(100) 16 — IR| = O(R™V/2) e X R)=RN/V3,

Uniformly for Z; on h1 , we have by (77) that when R* = 0(u1/ 3),

.3/2 ~s 2~1/2
2y; 8(321)7Y, 4 —1/3
3 9 + O(Ru; ).

Hence, integrating over 71, we have

uRG1(21,y1) < —

(101) IR <=5 +0m,

Combining (100) and (101) and taking R = u}/lz, we have

32
/ 1/12 ~

—uy/ 51/V/3+0(1)

2
(102) If<e”

For 15 and IZR, we proceed in the same manner, using the same estimates for 12R

as in / IR and using the estimate from (87) to make the comparison. Again taking

1/12
R=u,"", we get
3/2 1/12 ~

(103) I§<e” = 340 | pmuy)/ P 52/V3H0) 0

LEMMA 8.2. There is an absolute constant ~/2 > ¢ > 0 so that for all y, >

1/2 172

cuy'",all y» > cuy'™, and all uy > u>,

u1/6u1/6
’K (w1, y1; uz, )’2)‘ ﬁé()’l)f()’z),
U

where
=3/2
CeCri, 3 <0,
E(yi) = C .
—, yi>0
I+ yi

for some absolute constant C > 0.

PROOF. Recall (35), due to which we may express K, as

e1G1ELYD gy d
(104) K, = / / S
2(7-”)2 e262(22,52) 71 — 75
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with the contours given in (24) and z; given by (31). On these contours, we have

that |z; — z2| > 21/2(u%/2 — ué/z). Hence, changing the integration to be in z, we
have the simple estimate:

1/6 1/6 o o
(105) |K,| < I;l/lz—l,tzuz[/ eu1mG1(z1,y1)|d21|} [/ e—uszz(zz,yz)wzﬂ]
Uy —iup

Thus, to complete the claimed bound, it suffices to show that each integral is
bounded by & for an appropriately large constant C. Fix two parameters §; > 0
and & > 0 to be determined. In terms of these parameters, define the following
straight-line contours in C, which are just the contours from (24) in the Z; vari-
ables:

7 :[0,816i”/3ui/3], ff:Slei”/suiﬂ—i-iRJr,
7 =10,8:6%7u, ], g5 = 82U LR

By conjugate symmetry, it suffices to show that we have a bound of the form
f?l eMGCLID |47, | < £(F1)/4, appropriately modified for all 4 contours.

We begin with some preliminaries that will determine how to pick §; and 8.
Define F(z) = R[log(1 +z) — z +z%/2]. From the Taylor expansion of the log, we
have that F(z) = R(z> /3) + O(z*). Hence, there are some constants ¢y > 0 and
81 > 0 so that for |z| < §; and arg(z) = /3 we have

F(z) < —colz]’.

Recall from (33) that WG (31, 1) = Fw='/37)) — % Hence, applying this
bound to G(z1, y1) for Z; € y1, we have

(106) NG 11, §1) < —colZi® — Nz 51
Writing z = x + iy, we have that F (x + iy) satisfies
1 X2 2
F(x +iy)==log((1 +x)2+y2) —x+ = - r
2 2 2
Fix some x¢ > 0 and note that for all x > x¢ and y > 0 we have that
. y
oWF(x +iy)=—"—— —
y ( )7) (1 +X)2 +y2 y
_ 3
< 2xoy — y
(1 +x0)% + y?
< —c(x0)y

for some c(xq) > 0. Setting w; = ¢/™/38;, we may integrate the previous inequality
to arrive at

F(w) +iy) < —cod] — c1¥%,
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for y > 0. Applying this bound to G1(Z1, y1) for Z; € y{, which can be expressed
as 71 = a)lu}/3 + it fort e Ry, yields

13
3 1/3 Suy'”
(107) ulmGl(Zl’YI)S_COMI(S?—CUAI/ 2 21 51

Picking 8, requires more effort, as for § too small, G(Z2, y2) on y; can be
negative for a large range of z,. We will see that we can take 6, = 2. Write

2

. 1 tt
= F(e¥3) = —log(1 —t +13) + - — —.
£ (e ) 5 og( + )+2 1

Then we have
1 21243

/
)=—————.
F o 21—t +12
For 0 <t < 2, we can bound tlgis below by f/(t) > %(2t2 — t3). Integrating, we
get that f(¢) > $t3(1 - %t) > % on t < 2. Hence, we have shown that for |z] <2
with arg(z) = 2m/3 we have

(108) F(z) > @
~ 36
Hence, for Z5 € y» we have
B A
(109) UG (22, y2) = 6 Rz232.
Meanwhile, for x < —1 and y # 0,
0. F(x +iy) Hx 1+
x+iy)=—"——F—— — X
T ey
> —1+x.
Setting wy = 2¢/>™/3, and integrating the previous inequality in x from w,, we get
from (108):
Far—0z 245
W)y —X)> -+ —
2TV =9

L/

for all x > 0. Parameterize Z; € y; as 2 = wau, 3 _tforte R so that

1 1
w2 u)?

2 ~ ~
+ —=—w +1y.
) 5 y2 2

. 2
(110) usNGa(z2, y2) = g2 +
The contour y1: We must estimate

I =/ PUNGELTD g3, |

v
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We have, recalling (106), that
NG (1, 31) < —colzi® — Rz

uniformly in Z; € 1 and y; € R. Thus, we have that

51“}/3 V3 3
I
0

When y; > 1, we estimate this integral just by bounding e_CO’3 <l.For—1<y <

1, we estimate the integral by bounding e~ extl < 1. Combining these bounds, and
adjusting the constant C in & we can assure /] < &(y1)/2 for y; > —1.

For y; < —1, we write n =,/ —£§1 and let p(t) = —3c0(§ —n%t) = —cot? —
V3

5= yit. Then we may expand p(t) as
p(t) 1 3 2,23
=== (t—n) —n@— =n.
3 FU—mT =0 =m"+zn

In particular, for ¢ > 0, we have that p(¢) < 3cor;3 —3con(t — n)2. Hence, we have

o 3o [ —3cont?
115/ eP\V dr < 207 / e 0N gy
0 —00
As 7 is bounded uniformly away from O for y; < —1, we can assure I} < &(y;)/4
for y; < —1.
The contour y,: We must estimate

L= / NG5 43, .

V2

-~ o~ %13 -~ ~ ~ .
From (109), we get —uaNG2(z2, y2) < —% + 91Z2y2 on y», and so the previous
proof applies mutatis mutandis.
The contour y{: We must estimate

It = eu1§7fG(Zl,)~’l)|d21|‘
2
We parameterize Z; € y{ by writing 7| = ui/ 3
ei™/38;. From (107),

w + it, where we recall that w =

1/3
- 1/3 Suy"
uRG1(z1,y1) < —Cou15% - Clul/ 1 — TIYI-

Under the assumption that y; > —2C()u%/ 3812, we can pick C > 0 in & sufficiently
large that

5,ul/3

e 3 - el ~
I} <exp| —cou16y] — 2 V1 -/0 e Lodr <&y /4.
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The contour y,: We must estimate
15 — f~ e—usz(Ez,?z)mzzL
Y2

Using (110),

1/3t2

urNG(z2, y2) > gl +

an analogous estimate to that done for /{ holds. [J

— N2 y2,

9. Uniform boundedness of K for all u—ug > ul/ 3. We additionally need

quantitative bounds for the suprema of K, and K, to estimate the difference of
determinants. For K,, we have the following.

LEMMA 9.1.  Let A =4 uz — Ju1) Y_;(yi —~/2ui)— fori =1, 2. There is

an absolute constant C > 0 so that

3
|Ke(ui, yi; u2, y2)| < C%exp(—% + A).

PROOF. We will proceed by producing bounds for K, in terms of 7, which
we recall is the point of intersection of y and y; . This location is not completely
explicit, as it depends on §; and &2, chosen in Lemma 8.2. However, as we chose
8> = 2, which implies that y» runs from the real axis to the imaginary axis, we
have that 7 is a point on y». If y; and y» intersect, they do so at the point:

Jui+Jur V3
111 - _ Y
(111) 70.5 W +12\/§(«/M2 Jur)

Otherwise, y| and y, intersect at some point on y» with real part at least \/u1/2,
and hence they intersect at

Vil + a(Juz — Jur) —a)V/3
(112) Ty = +i
V2 f
for some « in [0, 0.5].
We begin with the case that y; < y, for which

(Vuz2 = uy),

J(u2, y2) 1/ e222(n2=y1)

- —dz.
J@i, y) wi Jyr 2za)"27H

Ke(uy, y1;uz, y2) = —
As we assume that uo — u; > 2, we have that

~ J , N 00 3
(113) |Ke(u1, V1 Uz, y2)| < Memt(yz—yl)zul—uz/ |(T —i—it)|”1 w2 gy
J(uy, y1) 0
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For t € [0, |T|], we bound this integral by taking the supremum. For ¢ > |7]|, we
observe that |t 4+ it]| > \/§|‘L’| + %(l — |7]). Integrating, we conclude that

oo o0
/ | +in]" ™" dr < |77 +~/5/ (V2lel+1)"1 " dt
0 0

< 2|T|u1—u2+l )
Applying this bound to (113) and using the definition of J(u, y), we can bound

|Ke(u1, y1; 12, y2)|
(114) uy

uy 2 2
52|T|(Q) 2 (2|r| )z 2R —yD) =2z y2 /2y

Ui euy

We will now begin the process of substituting t, for T and maximizing over «.
Both y; is not much less than +/2uy, and y; is not much less than /2u,. Recall
that A = 4(/uz — Ju1) >; (yi — ~/2u;)— for i = 1,2, we have the bound that for
all ¢ € [0, 0.5],

2N1o (y2 — y1) — V2u2y2 + v 2u1y

< —2(Juz — Jun)Juz + 20(Juz — Jup)* + A.
Define N («, t) and H (o, t) by

(115)

1 —a\? ) 1 \2
M= (ot 7] #3002 (1= ).
(116)

2t + 12
H(a,t)=log(1+1) — +

log(N(a, 1)) — 1 — (% = 2oe)t2.
Setting 1+ ¢ = 4/u/uy, we see that N satisfies
usN (o, iz Juy — 1) = (a/uz + (1 — ) Ju1)? + 31 — )2 (Juz — Ju1)?
=2|1q|?.
Thus, combining this bound with (114), (115) and (116), we have
(U17) - [Re(ur,yizu, y2)] <3y max explunH (@, uz/uy = 1)+ 4).

We will see that this bound is monotone increasing in « for « € [0, 0.5]. Taking
derivatives, we see that

2t + 12

o H (at, 1) = 21> — 3 (log((1 + 1)>N(a, 1))

t(1+at) —3(1 —a)t?
(14+1)2N(a, 1)

(8o — 160 + Nt 4 (5 — 4a)r?

- (1+1)2N(a, 1) ‘

=212 — (2t +1%)
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This is positive for all (¢, ¢) € [0, 0.5] x [0, 00), and hence we may take o = 0.5
in (117).
Evaluating N and H at o = 0.5, we get that

14+05:\2 3 1 \? t

N(@0.5,1) = 1—-—) =1-— ,

( ) (1+t ) +4( 1+t) (141)2
2t + 12

(118)

H(@©0.5,1) =log(1+1) — (log(N (0.5, 1)) + 1).

We will proceed to bound H (0.5, ) from above using the inequality log(1 + x) <

X — 3 valid for all x > 0:
2 2 2
t t 2t +t
H(0.5,1) <t — —t— = log( 1
( = 2(1 +1) 2+ 2 Og<+1+t+t2)
12 12 2412 t 2t + 12 12

5_2(1+t)_2+ 2 14142 4 (A+02(1+1+12)
=213 — 5t% — 610 — 26

41 +1)2(1+1+1)?
< —cot’ /(1 +1),

for some sufficiently small constant cg > 0. Applying this inequality to (117), we
have that

_ 3
(119) |I€e(ul,y1§u2,y2)}53\/M_26Xp<—c0%+A)’

which is the desired bound.
There still remains to handle the case that y; > y;. We recall that in this case
we have by (30):

dzs,

- J(ua, y2) 1 e222(n2=y1)
Ke(uy, y1iuz, y2) = 7—/
Y

T, y) i Jyr 2z
where we recall that y” is the contour that follows y5 from T to 7. As the integrand
is integrable in the right half-plane, we may replace this by three sides of a large

rectangle whose top and bottom sides are on the lines I3z = 37 and Jz = —J71. As
uz > u1 and y; > yo, this integral is convergent and we get the representation:

J(uz, y2) 2 e222(2=y1)
ez A
J(uy, y1) /r+R+ (2z)127n

We can now bound in the same way that we bounded 126 when y; < y,, that is,

(120)  K.(up, y1;uz, y2) = — dz.

|Ke(ur, yi; u2, y2)|
(121)

uyp—up

3 2
< C|TI<E) ’ <M) g 329”@2—)71)—«/2M2yz+\/2u|y| ,

Ui eur
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for some absolute constant C > 0. Hence, we again get (119) with some other
constant in front, and the proof of the lemma is complete. [

The next lemma estimates the supremum of IEO with u1 <us.

LEMMA 9.2. Suppose that y; > —cu for i=1,2. Let §;(x) =1/(1 +

(x)4), and let u(y1, y2) = max(y/(y1)—, \/(yg),). There are absolute constants
¢, M, T > 0 so that the following hold.

(1) Ifup > Muy, then there is an absolute constant C > 0 so that
|Ko(u1, y1;u2, y2)| < C.

2) If up < Muy and Jur — \Jui > Tué/é,u(yl, ¥2), then there is an absolute
constant C > 0 so that
1/6 1/6

l/t u
| Ko(ui, yi:uz, y2)| <C1/6721/6\/§+(y1)§+(y2)

(3) Ifuy = uy, then there is an absolute constant C > 0 so that

~ 6 ~ ~ - - _ PR
|Ko(ui, yi; uz, y2)| SCM}/ (VE+GDEL () + (G, Fo)eamm 2=y,

PROOF. The contours y are insufficient for this task, as when y; < 0 the
contours y¢ become poor approximations of the true steepest descent contours.
These errors occur in a Z;-neighborhood of 0 of magnitude O (y/—Y¥;), which we
can fix by a simple local contour deformation.

From (36), we have that

-~ o~ 1 )
uiGi(zi, yi) = Zzyz+31 +O(u; ~1/3 )

Fix A with +/3 > A > % a constant to be determined later. Set 1 to be the line

segment of Jz1 = ANz1 + n1 with n; =/(¥;)— for i =1, 2 that connects the real

axis to the line through y;. The point of intersection with the line through y; occurs

1/3

at distance © (771). Hence, on this line segment O (u, ~4) = O(1) by assumption

on y;, and we have uniformly in A > L.

7
1/3
(122) Nt GrGr. 1) < T iz, 4 ¢
V3
for some absolute constant C > 0 and all Z; € ;. Likewise, we define o5 to be the
line segment of IZp = —ANZ, 4 n2. Doing a similar Taylor expansion, we can see
that
(123) N Ga o, ) < 2124 2/(sﬁ )2+ C
—NurGo(z2, y2) £ —————
y 7

for some absolute constant C > 0, all Z, € 6 and all A >

S



4158 E. PAQUETTE AND O. ZEITOUNI

Define o and o3 to be the images of 61 and 67 under the changes of variables
Z1 + z1 and Z > z3. The intersections of o; and the line through y; occur at
distance O(ui1 / 617,-) = O(ui1 / 3). Thus, by taking ¢ > 0 sufficiently small, we can
assure that o; and y; intersect. Let /" be the portion of y; between its intersection
with o1 and y¢, and let o = . Finally, define

of =0fUo]"UsT U0y Uo]" Uot,
05 =0 Uy U Uoy Ua) Uos,

oriented in the same way as y,. For notational convenience, when for either i =
1,2,5: >0,weleto; =, 0/" =y; and of = yf.
Define

~ 1 e#1G1E1LyD) dz1dz
(124) Ko=-— / / o |
2(mi)e Jog Jot e2G2@2,32) 71 — 75

and set & = Igo — Igg.
Fix an & > 0 and define
exp(—emuim(iﬁii)z) if7; eo; Uy,
(125)  ¥iG 3D = yexp(—e (Gl — Z1G4)  ifZieo/"Ual",
exp(—eu, > (1Zi1> + Gi)y))  ifZ €of Ua?,
for i =1, 2. Using (106) and (109) on o;", (107) and (110) on o/ and (122) and
(123) on o3, we get that

161D

1 } <cC.
V121, YyOV2(22,¥2) ) —

provided ¢ > 0 is chosen sufficiently small, C > 0 is chosen sufficiently large.
Recall that 7 is always at least distance Q((\/u2 — 4/u1)) in z; coordinates

from either of \/u; /2 [see (111)], and the intersection of o; and y; occurs at dis-

tance 0(ul-1/677,-). Hence, in the case /uz — \/u1 > Tué/6 -max (v (y1)—, vV2)-),

we may choose 7" > 0 sufficiently large so that the intersections of o; and y; oc-

cur at points of smaller imaginary part than 7. In this case, we can perform the

deformation from y to o without producing any additional residues, so & = 0.
In the case that u; = uy, we may acquire a residue, which will be given by

sup {

urG(Z2,¥
osxot e 2G(22,¥2)

Juy, ) 1 L
(126) B, yisur, o) = — k22 L f[evaz,

J(@uy, y1) i Je
where, after deformation, ¢ is a vertical line segment connecting the intersection
of o1 Uo" and o2 Uoy" to the intersection of o7 U o{" and o3 U 05". Denote the
point of intersection between o1 U oy and o2 U 0" by ¢. If the intersection is
between 0" and 0", it necessarily occurs at ¢ = /u1/2, in which case there
is no residue. Note that each of these contours cross the line Nz = +/u1/2 at
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imu}/ 6 /+/2 and inzui/ 6 /~/2, respectively, as it must be o7 and o that cross this
vertical line. In particular, we have sgn(M¢ — +/u1/2) = —sgn(y2 — y1). Further,
by this observation, we must have J¢ < max(np, ng)u}m/ﬁ.

With these estimates, we turn to bounding E. By a supremum bound of the
integrand of (126), we have

|E (1, yisur, y2)| < 3‘3{ L2V /202=n),
T

Let g: be the position ¢ in Z; coordinates, so that

2 N
[E @1, yi;u1, y2)| < =3¢ - MO0,
T
There are three possibilities for the location of E, at the ints:rsection of o1 N oy,
01" Noy, or o1 Noy'. In each of these cases, we get that )¢ is, respectively, the
first, second or third entry of

(772 —n - m 11 )

20 T3+ VB
If {¢} = o{" N0y, then we have that ¢ > 0. In particular, it must be that o U o{"
crosses N¢1 = /u1/2 below o2 U 03", and hence 1, > n;. Hence, if 7, > 0, we
must have x; < x1. Thus, in this case we conclude, for any values of y;, that

n2 ~ ~ m-n, . ~
2=y = 2=y
Brr WA
The same conclusion holds if instead {¢} = o1 No)". As sgn(E (2 —y1)) <0, we
can therefore bound, in all three cases,

=~ ~ m—nt . -
R —y1) < %+i(y2 -y

RE(F2 — F1) =

Hence, we reach the conclusion
(127) |81, yi: ur, y2)| < uy/® max(ny, ga)ectr—mG2=5)

with ¢ = (v/3+ 1)1
From the definition of yr, we have

V121, yDV2(22, y2) dz1dza
71—22 '

(128) \ka(ul,yl;uz,yy\SC/

o5 xof
We will begin by showing that there is a C > 0 so that

Y121, yDY2(22, y2) dz1dzn
21— 22

(129) /frf xof

< Cuy® + uy®) max(£+ (), £+ (52))

for all uy, up. This combined with (127) will complete the u| = u; part of the
proof.
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Let 1(x) be an absolutely continuous finite measure on R with connected sup-
port and with density at most 1. The following bound holds for all ¢, y > 0 and all
such w:

(130)

du(x) c 2 (R)
R ior —2] = éri%{ZlOg(l e suppw») Re +d(z, supp(p0) }

This can be checked by letting x¢ € supp(u) achieve the minimum distance to z
and dividing the integral into an interval around x( of radius R and the rest of R.

Both of [ ¢ |¥(Z;) dZi| < C&4(;) for i = 1,2 are bounded above by some uni-
versal constant C > 0. For 0;" and 67, this is clear. For o;, the »; in the exponent in
Y¥; may cause worry, but the length of the segment is only O(#;), from which one
can show that the contribution of this segment to the integral is at most O (1/u; Y 12 .
Hence, for z5 ¢ o{, we can apply (130) to each of the 6 straight segments of 01

to get
[ [fprsnda g 1 |
ofl  Z1—22 of 2—1/2141/ Z1+vu1/ —22
1/6 1/6 5
R
13 SC[log(l—i- U _ >+ lbjé §+(O) :|
d(z2,07) Ru,"” +d(z2,07)
1/6 -
Ru §+(O1)
<Cllo (1+ ‘ )+ }
[ U@ op) R

for some absolute constant C > 0 and any R > 0.
Under the same assumptions as in (130), we also have

(132) / log(l + P |>du(x) < (c+ wn(R))log4.

We apply this to the integral of (131) over o;. We show the bound explicitly for
05"; analogous bounds hold for the other segments. Set ¢ € 05" to be the point that
achieves the minimum distance mlnzzegm d(z2,07). This point is unlque and we
have that d(z2, 07) > cod(z2,¢) for some ¢y > 0 and all z> € 0;". Let ;‘ be the
image of ¢ under the change of variables z; — z, Hence, changing variables and
applying (132), there is an absolute constant C > 0 so that

1/6

L wtog(1+ 2 idal
d(z2,07)
1/621/2R
(133) / ¢(12)21/210g<1+m>|dz2|
1/6

< cul* (G + i )
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Combining this with (131), we have

f Y1 (Z1, YDV2(22, Y2) dz1dz2
oy xof
16 $+(§1)5+(§2)>'

71 — 22
1/6 ~
< C(”z/ £4(32) + Ru, R

Taking R = /€4 (31)&€+(32), and noting that we could run the same argument by
integrating over z» first, we find this is equivalent to what we set out to show

in (129). This completes cases (2) and (3), as this for any M > 1, this bound is
equivalent to the stated one in case (2) after adjusting constants.
Finally, we turn to case (1), in whose proof we will determine M. Let V =

(134)

{z1: M u}/ 3 < 71}. By making M sufficiently large, we can assure that for all u, >
Mu1 > ug for some large ug:

() VNof=VN(efUop).

(2) 7 is the intersection of o and 0".

3) 2Mu;” <.

It follows that for any (z1,22) € Q = (6f x 0§) \ (V x (63" U as")), we have
that there is some co(M) so that |71 — z2| > co(M)ué/z. Hence, for z € Q, we have

.. L. 1/6 1/6
(135) / V1@ yDY2(22, o) dzidza | _ ul/ Mé/
0 -2 " 2c0(Myul*

which is negligible. Meanwhile, on either of V N of or o2, we have that |Z;| =
Q(uil/3), fori =1, 2. Hence,

= ~N e C
/ ,|W1(Zl7y1)dzl‘fm’
Vﬂa]‘ ul

e C
/M}KM(ZL y2)d22} =< /6
o 7

2

for some absolute constant C > 0. Hence, for z» # 7, setting R = «/iul_l/ 6 in
v1Gr 302 2u) az)

(130) implies that
_/vnaf 2712u/°% + Jui 2 — 2

/ Y1(Z1, Y1) dzi
Vﬁaf
<C[l (1+ ! >+ ! ]
(0]
=% T G0 T T dGa o)

71 — X2
< C[l (1 + ! ) + 1}
O N
=% T a0
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for some absolute constant C > 0. Thus, by (132), we have that

/ V121, YDV2(22, y2)dz1dz -
VN(of xa3") o

71— 22
for some absolute constant C > 0. Combining this with (134), we have the desired
bound. [J

Cc

10. Decorrelation estimate proofs. In what follows, we set
—-1/6
Iy = U {ui} x (V2u; +u; / [t,-/«/i (logu1)100]).
i=1,2
We also define
Em(uy, ti; u, tp) = |det(I — K|z,,) — det(I — KP1,)].
By Lemma 7.3, for all #; < (logu)'%

(136) |E(ui, ti;uz, 1) — Epy(ui, t1; us, )| < 2Ce™ o8 /C

This is smaller than the bounds we wish to show for E, and hence it suffices to
show the bounds for E ;.

For trace class kernels K, L on L%(I), recall that that the 2-regularized deter-
minant deto (I — K) = det(I — K)e~ "X These determinants satisfy the following
perturbation bound:

|deta(I — K) —deta(I — L)|

(137) i .
<K — Lilus exp(5(1 1K s + 1L 1s) )

see [13], page 196. _
To apply (137), we begin by estimating the Hilbert-Schmidt norm of K 2|,

LEMMA 10.1. Provided that u; > up + u§/3e(1°g”1)2/3, then uniformly in t; >
—(logu;)>/'?,

K — 2/3
1 Kel1y llg = O (e~ S2expllogun) ™)y,

PROOF. For K ¢, we have, in the notation of Lemma 9.1,
—-1/6
A < 8(Jur — uu; " log(uz)>/'?
< Se(logu1)2/3 (log M2)5/12.

I 2/3
The condition that u; > us + u%ﬁe(l"g”l) /

implies that u; > uy + O.SMT/3 X

2/3 . .
elogun™ gpce ug is made sufficiently large, and hence

2/3
(= ) (u—up) s

NG - 8u? 64
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Hence, we have by Lemma 9.1 that | K, (u2, y2; u1, y1)| < e~ exp(dogun*?)) yni-
formly over Ij;. As we may assure that n > %, we have that

o — 2/3
(138) 1Kol 1y Iliig = O (e @Plogun ™))y

as the measure of [y is 0((10gu1)200). O

LEMMA 10.2. Provided that u; > us + u%ﬂe(log”l)m, then uniformly in t; >
—(logu;)>/12,

1Kol 1y, s = O(log(u1)>®).

PROOF. Set 7;(x) = %ui_l/é + &2u;, so that 7;(3;) = y;. Let t, =
(logu1)'%, and consider the following four integrals:

b b o dy dy

~ < 2 4y1dy2

Ii,j=/ / |Ko(ui, ti(31);uj, 1 (32)| 176 1/6

—t; J—tj 2u; u;

for i, j € {1,2}. As ||I€0|1M||12{S = > 1, j, it suffices to show that each of these
integrals has the desired bound.

Bounding 1,1 and I »:

The details of the proof are nearly identical for /1,; and /52, and so we give
the full proof for just I; ;. All bounds on |I€0| that we use come from case (3)
of Lemma 9.2. We break the integral into four parts, according to the signs of y;
which we denote by 1 lili For both y; <0 and y, <0, we have

|K,(u1, T1(51); uy, 11 (52)) 2
1/3
uj

< C+ Cmax(|51], |§2|)e*26(«/|51|*«/|52|)2( I511+4/1521)

for some C > 0. Let s; = (#;)—. Hence, changing variables in 1, | by w+ =
v —Y1 £ +/—¥2 we have, adjusting constants,

2./s1 poo
I < Cs% +/ / Cwie‘zc(w—)zw+ dw_dw,
’ 0 0

5T

2
SCslz—f-C//O w_si_/zdw+=0(s12+sz/4).

For Iffl_, where y; > 0 and y, < 0, we have

|Ko(u1, T1(51); u1, 71 (52)) 2

73 < CEL(51) + ClFale >V,
Uy
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Therefore, changing variables and integrating,
Iy 1 52 [ ~ =
11+1‘ng2/ = d?l-l-C/ / Foe XN G5, dF,
’ o 14y 0o Jo

= O(s2log 1 +s§/2) = O((loguy)*®).

A symmetric argument holds for /;” 1+ .
For If'fr we have

Rolur. iG0): ur. 1 (52) FEs (7
Kolur, nOV: 0. D _ e, (506, 5.
uy

Changing variables and integrating,

todyr )2
i =o( [ 155 ) = oltozey?).

Thus, we have shown that /7 1 = 0((10gu1)5/6).
Bounding I 1:
Here, we use cases (1) and (2) of Lemma 9.2. These integrals are similar to or
simpler than the ones in /1,1 and are easily checked to be O ((log up)>/).
Bounding I »:
Here, we use Lemma 8.2, which when we integrate gives the following:

1/6 1/6
M (gL e

1 72

(Ju1 — Juz)?

for some absolute constant C > 0. By assumption on u# and u», we have /u; —
1 2/3 . .

Jur = Q(ul/ée(log’“) / ) uniformly in u;. Hence, we have

—Q((ogu)*?) 0

(139) Lip <

Lio=e

PROOF OF PROPOSITION 2.2.  The proof follows from (137), Lemma 10.1,
Lemma 10.2 and the observation that by (139), ||K|;,, — KD|1M lus =12 O

PROOF OF PROPOSITION 2.1. The only difference between this case and
the one in_the proof of Proposition 2.2 is that we can sharpen the estimate of
VT2 =K1, — KP|1,, |ns. Using Lemma 8.1, we have that for the range of
considered, there is a constant C > 0 so that

1/6u1/6 5 " Ve
1Kol1y, s < C——L—2 o324+
olly THS (Jig — Mz)z .
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