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THE COMPLEXITY OF SPHERICAL p-SPIN MODELS—A SECOND
MOMENT APPROACH!

BY ELIRAN SUBAG
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Recently, Auffinger, Ben Arous and Cerny initiated the study of critical
points of the Hamiltonian in the spherical pure p-spin spin glass model, and
established connections between those and several notions from the physics
literature. Denoting the number of critical values less than Nu by Crty (1),
they computed the asymptotics of % log(ECrty (1)), as N, the dimension of
the sphere, goes to co. We compute the asymptotics of the corresponding sec-
ond moment and show that, for p > 3 and sufficiently negative u, it matches
the first moment:

E{(Criy )}/ (E{Crty )})* — 1.

As an immediate consequence we obtain that Crty (1) /E{Crty (#)} — 1, in
L2, and thus in probability. For any u for which [E Crty (#) does not tend to 0
we prove that the moments match on an exponential scale.
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1. Introduction. The Hamiltonian of the spherical pure p-spin spin glass
model is given by

Hy (o) := Hy p(0)

(L.1) 1 N N-1
= N2 Z Jit.iyOiy = iy 0 €S (\/N),

[T pzl

where 0 = (01, ...,0n), SN I (V/N) £ {6 eR" : ||o|» = V/N}, and Jiy,...i, are
ii.d. standard normal variables. Everywhere in the paper we shall assume that
p > 3.2 The model was introduced by Crisanti and Sommers [21] as a variant of
the Ising p-spin spin glass model. Unlike the Ising p-spin model, defined on the
hypercube, the spherical p-spin model is defined on a continuous space—a prop-
erty they expected to yield a model amenable to different methods of analysis,
while retaining the main features of the original model. A generalization of the
model called the spherical mixed p-spin spin glass model is obtained by setting
the Hamiltonian to be Hy (o) = szz BpHnN (o), with Hy (o) being indepen-
dent pure p-spin models and B, > 0 (such that the sum is defined).

Recently, Auffinger, Ben Arous and Cerny [5] suggested studying the critical
points of the Hamiltonian of the spherical pure p-spin model in order to understand
its landscape. Their work was later extended [4] to the mixed case. The main results
of [5] on the complexity of the Hamiltonian for the pure p-spin model are as
follows. Let Crty(B) denote the number of critical points of Hy (o) at which
Hy(o)/N lies in a Borel set B C R [cf. (2.2)]. Use the notation Crty x(B) for the
number of such critical points with index k. It was shown in [5] that

(1.2) lim %log(E{CrtN((—oo, w)}) =0,w),

N—o0

2In the case p = 2, the critical points of Hy (o) are exactly the points o € SN _1(\/N ) which

are eigenvectors of the matrix (J;, j, + Ji, i )f\l/ ih=1" In particular, there are exactly 2N such points
almost surely.
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1
(1.3) m v log(E{Crty x((—o00, u))}) = O p x(u),

li

N—o0
where ©,(u) and ©,(u) are known nondecreasing functions (cf. Theo-
rem 10). Moreover, with E;(p) being equal to the unique number satisfying

Opx(—Er(p)) =0,

. —1
Eo(p) > Ev(p) > Ex(p) >+, and  lim Ex(p) = Eoc(p) éz,/”T,

and for each k and closed set B C R such that B and [—Ex(p), —Ecc(p)] are
disjoint, P{Crty x (B) > 0} decays (at least) exponentially in N. In addition, they
showed that for u < —Ex(p), ®,(u) = O o(u), which, in particular, implies that
for any ¢ > 0, with high probability

(1.4) Crty ((—00, —Eo(p) —€)) =0.

The computation of the means is certainly a significant step in the investigation
of the critical points. However, by themselves, the means give very limited informa-
tion on the probabilistic law of the corresponding variables. Essentially, they can
only be used to obtain (by appealing to Markov’s inequality) the upper bounds on
(1.4) stated above. A question that naturally arises is: are the corresponding vari-
ables concentrated around their means? In the general context of spherical mixed
p-spin models, this is not necessarily the case: for a subclass of models termed by
[4] full mixture models, there is a range of levels u, such that the mean number of
critical points in (—o00, 1) is exponentially high, while the probability of having a
critical point in (—o00, u) goes to zero (see [4], Corollary 4.1).

Focusing on the pure case and on the number of critical points of general index
Crty (-), we establish that the answer to the above is positive. This is done, as sug-
gested in [5], page 2, by computing the second moment in addition to the already
known first moment.

THEOREM 1. Forany p >3 andu € (—Eo(p), —Ex(p)),

E{(Crty ((—o0,u)))?}
1m — L
N—oo (E{Crty ((—00, u))})2

(1.5)

As an immediate corollary, we obtain the following.

COROLLARY 2. Forany p>3andu € (—Ey(p), —Exc(p)),

Crty ((—00, u))
m =1,
N—oo E{Crty ((—00, 1))}

in Ly, and thus, also in probability.
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The main motivation for the study of the Gaussian fields Hy (o) is their im-
portance in the physics literature. Nevertheless, the model certainly serves as a
natural setting to investigate a question of pure mathematical interest: what is the
behavior of the critical points of an isotropic random function on a high dimen-
sional manifold? To the best of our knowledge, the corollary above (combined
with the computation of the first moment of [5]) is the first concentration result for
the high dimensional limit.

Computations of moments of the number of critical points were done in other
settings. Closest to our setting are the works of Fyodorov [32, 33] which dealt
with isotropic fields on the sphere SV and on R" and the first moment of num-
ber of critical points and its large N asymptotics. Further away, are the works of
Nicolaescu [37-41], Sarnak and Wigman [44], Cammarota, Marinucci and Wig-
man [11, 12], Douglas, Shiffman, and Zelditch [26-28], Baugher [6], and Feng and
Zelditch [30]. Those concerned Gaussian fields on a fixed space and asymptotics
in parameters of different nature than the dimension, for example, ones related to
roughness of the random field by adding functions of higher frequency to a random
expansion. In [11, 12, 37, 39], concentration results were also derived by second
moment computations. Lastly, we mention works on nodal domains of Gaussian
fields. See, for example, Nazarov and Sodin [35, 36] and references therein.

For any u for which E{Crty ((—o0, 1))} does not tend to 0, we show that the
moments match on an exponential scale.

THEOREM 3. Forany p >3 and u € (—Ey(p), o0),

! 1
(16 A PEE((Crtn (—o0.w))*)) =2 fim 5 log(E{Crty((—00.w)))

=20,(u),
where © ,(u) is given in (3.9).

Connections between the critical points and two important notions from the
physics literature were established in [4, 5]: the Thouless—Anderson—Palmer (TAP)
equations and the free energy. The TAP approach suggests that “pure states” of the
system can be identified with critical points of the so-called TAP functional [50].
One of the main objects of interest in the analysis using this approach is the TAP-
complexity—that is, the logarithm of the number of solutions of the TAP equa-
tions. The TAP-complexity has been extensively studied in the physics literature
in the context of the Sherrington—Kirkpatrick model [3, 10, 15, 18, 23], the Ising
p-spin spin glass model [20, 34, 43] and the spherical p-spin spin glass model [13,
14, 19, 22]. The connection to critical points of the Hamiltonian is based on the ob-
servation of [5] (see Section 6 there for more details) that each critical point of the
Hamiltonian corresponds to exactly two solutions of the TAP equations—meaning
that a study of the critical points is equivalent to a study of the TAP complexity.
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Another interesting link that [4, 5] found is related to the ground state

1
00 . N A . .

(1.7) GS =Nh_r)nooGS —Nh_r)nooﬁrrtl}nHN(a).

The limiting free energy F'(B) is known to exist and is given by the Parisi for-
mula [21, 42], proved in [16, 48]. The formula expresses F (8) through an intricate
variational problem, which is greatly simplified when one-step replica symmetry
breaking (1-RSB) is known to occur (see [49] for a definition of this terminology).
In Section 4 of their work, [4] define the class of pure-like spherical p-spin models
and prove for it that

1 1
(1.8) Eg>—GS® = lim —F(B) < lim —F'®B(B)=E,,
B> B B—oo B

where F!RSB(B) is defined to be the free energy obtained from the Parisi formula
under the assumption that 1-RSB occurs.

Therefore, if 1-RSB is exhibited, that is, the second inequality above holds as
equality, then GS® = —E, and the first moment computation (1.2) gives the
ground state. Using the fact that pure spherical p-spin models are known to ex-
hibit 1-RSB ([48], Proposition 2.2), [5] proved that GS*® = — E(. Note that, since
—Ep < GS®, in order to prove that GS® = —E only a corresponding reversed
inequality is needed. In particular, proving that w.h.p. Crty ((—oo0, —Eg +¢)) > 1,
for any ¢ > 0, is sufficient. Corollary 2 implies this, and in fact since Hy (o) is a
Gaussian field, using concentration inequalities even Theorem 3 is sufficient; see
Appendix D. This gives an alternative derivation of the result of [5] without going
through Parisi’s formula.

Generally, mixed spherical p-spin models do not necessarily exhibit 1-RSB.
But, if we are able to compute second moments and prove (1.6) for some mixture,
then it would follow that GS® = —E( and, by (1.8), that “1-RSB in the zero-
temperature limit” occurs. This will be explored in future work, where we shall
consider part of the mixed case regime.

We finish with a remark about two recent works which build on the concen-
tration result for the critical points which we prove in the current paper. In the
first, Zeitouni and the Subag [47] investigate the extremal point process of critical
points, that is, the point process constructed from critical values in the vicinity of
the global minimum of Hy (0)—and establish its convergence to a Poisson point
process of exponential density. As a corollary, they also obtain that the global
minimum [without normalization, contrary to (1.7)] converges to minus a Gumbel
variable. In the second work, Subag [46] relates the Gibbs measure at low temper-
ature to the critical points and shows that the measure is supported on spherical
“bands” around the deepest minima of Hy (o), that is, those of which the extremal
process consists. This allows one to derive interesting consequences, for example,
the absence of temperature chaos and precise asymptotics of the free energy.
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In the next section, we introduce notation. In Section 3, we outline the proofs of
Theorems 1 and 3 and state several related auxiliary results. The rest of the paper
is devoted to proofs of the theorems stated above and those auxiliary results. When
stating each of the latter, we will also point out where its proof is given. The proof
of Theorem 3 is given is Section 7. Theorem 1 is proved in Section 8.

2. Notation. For any two points o, 6’ on the sphere, define the overlap func-
tion

Rio. o) 2 290 _ Y giof
loll2llo’]l2 N
Adopting the notation of [5], for any Borel set B C R, let ¥ (B) denote the set

of critical points of Hy, at which it attains a value in NB = {Nx : x € B}, and
Crty (B) denote the corresponding number of points:

2.1

’

(2.2) Crty(B):=|€n(B)|:=|{o e S""'(V/N)|VHy(0) =0, Hy(s) € NB)

where V Hy (o) denotes the gradient of Hy (o) (relative to the standard differential
structure on the sphere). We will also be concerned with the number of ordered
pairs (0,0"') € (€n (B))? with overlap in some range. For any subset /g C [—1, 1],
we define

[Crtn (B, I)], 2 #{(0, 0") € (6n(B))*|R (0, 0") € IR}

Note that E[Crty (B, Ig)]> is the “contribution” of pairs with R(o', 6’) € I to the
second moment of Crty (B) (and that, in particular, when Ir = [—1, 1], the full
range of the overlap, it is equal to the second moment). In the sequel, we shall
assume that each of B and Iy is a finite union of nondegenerate open intervals
in R. In this case, we shall say that B (or /) is “nice.”

A random matrix Xy from the (normalized) N x N Gaussian orthogonal en-
semble, or an N x N GOE matrix, for short, is a real, symmetric matrix such that
all elements are centered Gaussian variables which, up to symmetry, are indepen-
dent with variance given by

I/N, i#],
2
E{XN,ij} = .
2/N, i=j.
Denote the surface area of the N — 1-dimensional unit sphere by
2 N/2
N = .
'(N/2)

Let u* denote the semicircle measure, the density of which with respect to
Lebesgue measure is

du* 1
23 = —J4— 221, .
2.3) dx  2n¢ A =2
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and define the function (see, e.g., [29], Proposition 11.1.2)

Q(x) 2 A‘gloglk —xlduF )

x2 1 .
) if 0 < |x]| <2,
24
(2.4) B
4 2
—[m x2—4—lo( ﬁ—l—i-m)} if x| >2
4 E\V 4 2 '
Lastly, set

Wy (r,ur, u2) = 1+ log(p — 1)
1 1—r? 1 1wy

—i-Q( P M1)+Q( p u2>,
p—1 p—1

where Xy (7) is defined in (B.1).

3. Outline of proofs and auxiliary results. As in the calculation of the first
moment [5], or in fact any of the moment calculations for critical points mentioned
below Corollary 2, the starting point of our analysis is an application of (a variant
of) the Kac—Rice formula (henceforth, K-R formula). The formula expresses the
expectation of [Crty (B, Ir)]> as an integral over /g and combined with a study of
certain conditional laws, in particular those of the Hessians of the Hamiltonian at
two different points o and ¢”, yields the following lemma, proved in Section 4.

LEMMA 4. Let (U1 (r),Us(r)) ~N(@O, Zy()) [cf. (B.1)] be a G_aussian vec-
tor independent of Mg\l,)_] (r),i =1,2, defined in Lemma 13. Let Mg\l,)_] (r,Ui(r),
U, (1)) be defined by (4.7). Then for any nice B C R and Igr C (—1, 1),

E{[Cry (B. I0)],} = C [ dr-(G)"F()
R

3.1 X E{ l_[ {det(Mg\i,)_l(r, Ui(r), Ua(r)))|
i=1,2

U (r), Ua(r) eﬁB}},
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where

2w —r2r—2

N —1)(p—1\N-! 1—r2 \2
R L ) L
(3.2) 1

; 1
Fr)=(Gr) (1 =r2)72(1 = (prP — (p — Drr=2)*) 72
The analysis of the ratio of the second to first moment squared splits into two

parts—analysis of the asymptotics on the exponential scale and a refinement to
O (1) scale. We shall now discuss the first part. Lemma 13 implies that the (corre-

lated) random matrices Mg\i,)_l (r, U1(r), Ua(r)) satisfy, in distribution,

M (Ui (). Ua()
Mg\%)—l(’"v Ui(r), Ua(r))

(3.3) 1 P

N_lp_lul(r)uES)_l(r)

1 p ’
Xﬁ)_l(r) — mﬁljz(”)l +E§3)_1(")

where X%)_l(r) are correlated GOE matrices independent of (U;(r), U>(r)) and

X)) —

EX,)_I (r) are random matrices of rank 2 viewed as perturbations. On the exponen-
tial level, the rank 2 perturbations are easily dealt with by upper bounding their
Hilbert—-Schmidt norm (see Lemmas 14 and 15). We remark that in parallel to
the above, in the computation of the first moment of [5] the determinant of a single
shifted GOE matrix appears in the corresponding K-R formula. There, a certain al-
gebraic identity related to the density of the eigenvalues of a GOE matrix, together
with Selberg’s integral formula, is key to the analysis. In our situation, explicit
computations such as Selberg’s formula cannot be used because of the presence
of two correlated GOE matrices. Instead, the main tool we use to upper bound
the product of determinants is the large deviation principle (LDP) satisfied by the
empirical measure of eigenvalues proved in [8], Theorem 2.1.1 (see Theorem 28).
Of course, % log of the absolute value of the determinant is a linear statistic of the

eigenvalues X;, namely, it is equal to % > log|X;|. Combining this with the LDP,
Varadhan’s integral lemma ([25], Theorem 4.3.1, Exercise 4.3.11), and a trunca-
tion argument (to control extremely large or close to 0 eigenvalues), we derive the
following theorem in Section 5. We stress that the fact that the LDP is at speed N>
in contrast to all other quantities involved in the problem, which decay or grow
exponentially with N, is crucial to the proof.

THEOREM 5. For any nice B C R and nice Iz C (—1,1),

1
(3.4) lim sup Nlog(E{[CrtN(B, IR)],}) < sup sup W, (r,uy, u2).

N—o0 relgpu;eB
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Note that the terms involving €2 in the definition of W, (r, u1, u2) can be iden-

tified as the contribution from % log of the absolute value of the determinants,
whose asymptotic behavior is expressed in terms of the semicircle law, and that
the quadratic form in u#| and u; corresponds to the joint Gaussian density of Uy (r)
and U;(r). In order to prove Theorem 3, we need to identify the points at which
the supremum above is attained. The following lemma, proved in Section 6, gives
sufficient conditions allowing to restrict attention to points satisfying u1 = u>.

LEMMA 6. Defining ¥V, (r, u) £ W, (r, u, u) we have the following:
(i) Fornice B C (—00, —Exo(p)), foranyr € (—1,1),
sup W, (r, uy, up) = sup W, (r, u).
u;eB ueB

(i1) For nice B that intersect (—Eo(p), Eo(p)),

limsup%bg(E{[CrtN(B, (=1, D)],}) < sup supW,(r,u).

N—o0 re(—1,1)ueB

We complement the above with the following lemma, also proved in Section 6,
which states for which r the maximum is attained [in one point of the proof we
use computer for the numeric evaluation of certain expressions, see the paragraph
following (6.15)].

LEMMA 7. Setting ugm(p) = \/2% log(p — 1) > Eo(p), for fixed u, ¥, (r) =

W, (r, u, u) can be extended to a continuous function \ifl’ﬁ (r) on [—1, 1], such that:

@A) If lu| < uwn(p), then \I!;‘)(r) attains its maximum on [—1, 1], uniquely, at
r=0.
(1) If |u] > um(p), then \Ifl’ﬁ(r) is maximal on [—1, 1] at any r € {1, (—DHPth
and only there. B
(i) If |u] = um(p), then \IIZ(r) is maximal on [—1, 1] atanyr € {0, 1, (—1)p+1}
and only there.

Combining Theorem 5 and Lemmas 6 and 7 (and using Theorem 10, which
provides a lower bound for [Crty (B, (—1, 1))]2), we prove Theorem 3 as well as
the following corollary in Section 7.

COROLLARY 8. Foranyu € (—Eo(p), —Eco(p)) and & > 0,

lim %log(E{(CrtN((—OO’“)))z})

N—o00

1
= lim Nlog(E{[CrtN((—OO,M),(—L1))]2})

N—o0

1
> lim sup ~ log(E{[Crty ((—00,u), (=1, 1)\ (=&, 8))],}).

N—o00
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We now move on to discuss the refinement of the asymptotics to O (1) scale, that
is, the proof of Theorem 1. Corollary 8 implies that the contribution of overlaps
outside (—¢, ) to the second moment of Crty ((—oo, 1)) is negligible, assuming
u € (—Eo(p), —Ex(p)). By the fact that © ,(u) [see (1.2)] is strictly increasing
for u < 0 and the equivalence of moments on exponential scale (i.e., Theorem 3),
we also have that the contribution of levels outside (u — ¢, u) to either the first or
second moment is negligible. Thus, relying on the fact that the second moment is
larger than the first squared, in order to prove Theorem 1 it is enough to show that
(see Lemma 20)

(3.5) i BICTV (W — ey, ), (—pn oDl _
N—oo  (E{Crix((u —en,u)))?

for any sequences ¢y, py — 0. Using the formula (3.1) and the corresponding
formula for the first moment derived by [5], one finds that proving (3.5) boils down
to showing that uniformly in u; € (u — ey, u) and r € (—pn, pn), as N — oo,

E{[T~, | detMY)_, (r, v/Nuy, v/Nua))|}

[T7= E{detXy—1 — \/@uﬂ)}

where X _1 is a GOE matrix.
Recall the equality in distribution (3.3). As we shall see (in Lemma 24), the

(3.6)

<l+o(l),

perturbations EX',)_ 1 (r) are negligible when computing the expectation above, even
on O (1) scale. That is, it is sufficient to prove (3.6) with its numerator replaced

by
2
. N
det<x§\’,)1(r)— /—Luil> }
N—-1p—-1

(3.7) E{ I1
i=1
where Xg\i,)_l (r) are the correlated GOE matrices in (3.3). Note that in the setting
of Theorem 1 we assume that u is strictly less than —E s, (p). This exactly means
that the shifts —,/ %ﬁui are larger than 2 and, therefore, the eigenvalues of
the shifted GOE matrices in (3.7) are bounded away from O with high probabil-
ity. This will allow us to apply concentration inequalities of linear statistics of the
eigenvalues to % log of the product in (3.7) (truncated) and its derivative in u;.

Using the latter, we will relate (3.7) to

2
) =B TTdet(x9 oy — [N P\
wy (r) {11;[1 et( N1 () N—lp—lu )

We note that with r =0, X\’ | (0) and X{?_ (0) are i.i.d., so that w, (0) coincides
with the denominator of (3.6) with #; = u. Combining the above, at this point what




THE COMPLEXITY OF SPHERICAL p-SPIN MODELS 3395

we will need to show in order to conclude (3.6) is that w, (r) = (1 +o(1))w, (0) as
N — oo, uniformly in » € (—py, pn). The key to proving this will be to show that
wy, (r) is convex in a power of r and bound the ratio |w, (1)/w,(0)| by a constant
independent of N (see Lemma 25).3

We finish with two remarks about generalizations. First, we note that parts of
the current work generalize to the case of general mixed models. Specifically, by
the same method, and a somewhat more tedious algebra, one can obtain an equiv-
alent of Theorem 5. In the general case, however, the function that replaces W, is
more complicated (mainly due to changes in the conditional law of the Hessians
of the Hamiltonian) and its analysis, albeit just “a matter of calculus,” seems to be
substantially more difficult. (Moreover, from the remark made in the Introduction,
we know that the second moment cannot match the first squared for full mixture
models, which implies that for certain mixed models the function W, achieve its
maximum in the interior of the interval [0, 1]. We do not have a characterization
of the mixtures that allow one to carry out the analysis we performed in the pure
p-spin case.)

In another direction, the authors of [4, 5] treat the case of critical points of any
given index. To complete the analysis of the corresponding second moment, note
that the effect of introducing a restriction on the index in (3.1) is simply adding
there the indicator of the corresponding event. By a similar method to that used
in the proof of Theorem 5, this would result in an addition to W, (r, u1, uz) of the
term

lim sup 1 log(P{ (MX,)_1 (r, v Nuj, «/Nuz))izl , are of index k}),

N—oo N ’
and would require both analyzing the probability above and the modified function
W, (r,uy,uz) in order to obtain an upper bound on the logarithmic asymptotics
of the second moment of the number of critical points of index k. We have not
attempted to complete this computation. We remark, however, that for the study
of the Gibbs measure at low enough temperature it is sufficient to understand the
critical points with no restriction on the index; see [46]. In fact, only the critical
points close to —N Eq(p) play a role in [46] and those are typically local min-
ima (e.g., as follows from bounds on critical points of positive index proved in
[5D.

Lastly, we state two results of [5] that will be needed later.

An integral formula and the logarithmic asymptotics of the first moment. We
shall need the following two results borrowed from [5].

3To be precise, wy (r) is convex in a power of r only on [0, 1], and for negative r we will use a
certain relation between wy, (r) and wy (—r).
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LEMMA 9 ([5], Lemmas 3.1, 3.2). Forall p >3,
E{Crty ((—o0, u))}

(3.8) =“’N<p2;l(N_ 1)>N_1
det(MN_l — %ﬁUI)‘I{U < «/Nu}},

where My _1 is a GOE matrix of dimension N — 1 x N — 1 independent of U ~
N(@,1).

<

THEOREM 10 ([5], Theorem 2.8). Forall p > 3,

) 1
Jim - log(E{Crty ((—00, ))})

11 2
(3.9) St yloep-n="re( [S) <o
=0,) = % 2 2 r-l
Elog(p—l) ifu=>0.

4. Proof of Lemma 4. This section is devoted to the proof of Lemma 4. Let
fn (o) be equal to Hy (o) reparametrized and normalized to be a Gaussian field
on

S=sV"1=lceR":|ola=1)}

with constant variance 1,

1
4.1 fN(o)=fN,p(a)=ﬁHN,p(ﬁa)-

The covariance of fy (o) is given by
E{fn(0). fn(a")} =(0.0"),

where (0, 0’) = >N | 60/ is the usual inner product.
Note that

Crty (B) = Crtl,(B)
2 #lo eSSV NV fn(0) =0, fy(0) € VNB],
[Crty (B, Ir)], = [Crt) (B, Ir)],
24#{(0.0") e SV |o.0') € I, ...
Vfn(@)=Vfn(e')=0,
fn(@)e~/'NB, fy(s') e VNB).

4.2)
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Endow the sphere S¥~! with the standard Riemannian structure, induced by

the Euclidean Riemannian metric on R" . Given a (piecewise) smooth orthonormal
frame field E = (E,-)f-V:_l1 on S¥—1, we define

N-1 2 N-1
(4.3) Vfn(o) = (Eifn(0)),_; Vofn(o) = (EiE;jfn(0)); ;=

LEMMA 11. Let E = (Ei),N: _11 be an arbitrary (piecewise) smooth orthonor-
mal frame field on SNV~
IR C (_1’ 1)9

E{[CrtN(B, IR)]Z}

= oo (V= Dpip =)' [ ar-(1-1?)

and use the notation (4.3). For any nice B C R and nice

N-3

X @OV fm),V £ (o)) (0, 0)

V2 f(n) )\ ‘ V2 f(o(r)) ’
Eqi(d - |d
X { et(J(N—l)p(p—l) et(J(N—l)p(p—l))

x 1{fm), f(6(r) e VNB}IVfm) =V f(o(r) = 0}’

(4.4)

where v f(q),v (o) iS the joint density of the gradients V f (o) and V f(¢”), and
where

4.5) o(r)=(0,...,0,y/1 =r2r).

The proof of Lemma 11 is deferred to the end of the section. Clearly, the
left-hand side of (4.4) is independent of the choice of the orthonormal frame E.
Thus, as a corresponding continuous Radon-Nikodym derivative, the integrand
in the right-hand side is also independent of E. Therefore, Lemma 4 follows from
Lemma 11, combined with Lemmas 12 and 13 given below. Their computationally
heavy proof is given in Appendix B.

LEMMA 12 (The density of the gradients and the conditional law of
(f(m), f(a(r)))). Foranyr € (—1,1), there exists a choice of E = (E,-)f-vz_l1
such that the following holds. The density of (Vf(m),V f(a(r))) at (0,0) €
RN-1 x RN=1 s

¢V fm).9 o) (0,0)
(4.6)

_NT—z[

= Q2up) " V=D[1 — 272 1—(pr? —(p- l)rp_z)z]_%,
and conditional on (V f(n), V f (o (r))) = (0,0), the vector (f(m), f(o(r))) isa

centered Gaussian vector with covariance matrix Xy (r) [cf. (B.1)].
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LEMMA 13 (The conditional law of the Hessians). For any r € (—1, 1), with
the same choice of E = (Ei)fv:_l1 as in Lemma 12, the following holds. Conditional
on fm)=uy, fle(r))=uz, Vf(m) =V f(o(r)) =0, the random variable

( V2 f(n) V2f(o(r) )
JIN=Dplp-1D" JIN=-Dp(p-1

has the same law as

1 2
(Mg\]),](ry up, u2)7 Mgvl](r’ ui, MZ)),

where

. . 1 p
ML ) =My, () =\ [ g o=l
4.7)

4 m;(r,uy, uz)
VIN-Dpp—1

en—1.N—1isan N —1 x N — 1 matrix whose N — 1, N — 1 entry is equal to 1

eN—1,N—1;

and all other entries are 0, m; is given in (B.4), and I\A/I%)_l(r) and I\A/Ig\%)_l(r) are
N — 1 x N — 1 Gaussian random matrices with block structure

A () .
38) MO (= [ GV 200
v zPm)" 09
satisfying the following:
(i) The random elements ((A}g\})_z(r), é%)_z(r)), zW (), zP(r)) and
(0 @), Q(z) (r)) are independen;.
(ii) The matrices GV (r) = Gg\’,)_ ,(r) are N —2 x N —2 random matrices such

that ./ %—:é(}(" )(r) is a GOE matrix and, in distribution,

(610 (T
GO/ \ i 2624 26 )

where G = (_}N_z, G = ('}53)_ , and G? = (_}53)_2 are independent and have the
same law as G(i)(r). .
(iii) The column vectors ZV (r) = (Z;l) (r))i.\’:_l2 are Gaussian such that for any

j<N -2, (Z;l)(r), Z;z) (r)) is independent of all the other elements of the two
vectors and

(2" (), 2P @) ~ N, (N = Dp(p— 1)+ £20),

where Xz (r) is given in (B.3).
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(iv) Lastly, 0D (r) are Gaussian random variables with

(@M (), 0P @) ~ N (0. (N = Dp(p— D)™ S (),
where ¥ (r) is given in (B.3).

4.1. Proof of Lemma 11. First, note that from additivity it is enough to prove
the lemma under the assumption that /g is an open interval. By the monotone
convergence theorem, we may also assume that the closure of I is contained in
(—1, 1). Defining

(4.9) SY(Ir) 2 {(0.0") € SV o, 0") € Ig).
we have
[Crtn (B, Ir)], = #{(c,0") € Sy (IR)|V fn(0) =V fy(a') =0,

(4.10)
fn(@), fn(0') e VNB).

Consider the (RN =D _valued) Gaussian field

4.11) (Vfn(0),Vfn(a')),

defined on the [2(N — 1)-dimensional] submanifold 812\, (Ir) (with boundary).

We are interested in the mean number of points in 812\,(1 g) for which the field
(4.11) satisfies the condition in the definition of (4.10). This fits the setting of
the variant of the K-R theorem given in [1], Theorem 12.1.1. The latter requires
several regularity conditions to hold, which we prove in Appendix C. From [1],
Theorem 12.1.1, and an argument along the lines of [1], Section 11.5, we have
that

B{[Crix (B I0)],) = [ do /{ vt e 499V 0.97100.0
x E{|det V* £ (0)]|det V7 £ ()]
x 1{f(a), f(¢') eNB}|Vf(e)=Vf(a') =0},

where do denotes the usual surface area on SV 1.

Denote the north pole n £(0,0,...,0,1) e SN 1. By symmetry, the inner in-
tegral is independent of o. Thus, above we can set ¢ = n, remove the integration
over ¢ and multiply by a factor of wy. Now, note that with & = n, the integrand
depends on ¢’ only through the overlap p(¢’) = (n, 6’). Thus, we can use the
co-area formula with the function p (o) to express the second integral as a one-
dimensional integral over a parameter r [the volume of the inverse-image p~!(r)
and the inverse of the Jacobian are given by wy_1(1 — 1’2)NT_2 and (1 — rz)_%,
resp.]. Doing so yields (4.4), and completes the proof. [
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5. Proof of Theorem 5. This section is dedicated to the proof of Theorem 5.
For this, we shall need the three lemmas below, which are proved in the following
subsections. Throughout the section, we use the following notation. Let

5.1 (U1(r), Ua(r)) ~ N(0, =y (r))
[cf. (B.1)] be a Gaussian vector independent of all other variables and set
1 p

(5.2) Ui(r) =,/ =

U;(r).
N1,V

Also, let Gg\i,)_z(r) be the upper-left N — 2 x N — 2 submatrix of Mgf,)_l (r) =

MY, (r, Ui(r), Us(r)) (cf. Lemma 13). With G} ,(r) as defined in (4.8), we
have

(5.3) GV N 2GY () - Uil
Set

Wi(r) = Win(r)
(5.4)

N-2 ) ) ) ) 1/2
= <2 Z((Mg\l/)—l(r))j,zv—ﬂ +((M§\l/)—1(r))1v—1,1v—1) ) :

j=1
For any « > & > 0, define

he(x) = max{e, x},

and
g if x <e¢, | iy <
(5.5) hE(x)=1{x ifx ele,k], and hX(x)= { 1 =6
. X if x > «,
1 if x > «,

so that A% (x)h2°(x) = he(x). Lastly, define
(5.6) logk (x) =log(h% (x)).
For a real symmetric matrix A, let A ;(A) denote the eigenvalues of A.
The following bounds the determinant of Mg\l,)_l (r) in terms of the eigenvalues

of Gg\i,)_z(r), up to a multiplicative error term depending only on the last column
and row of Mﬁ\’,)_l (r).

LEMMA 14. Under the notation of Lemma 13, for any ¢ > 0, r € (—1, 1),
almost surely,

Wi (r)(W; (r) + &) N7 :
(r)(Wi(r) +¢) T 7e(2 (G ).

j=1

|det(MY)_, (r, U1 (r), Ua(r))] < A
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We shall need the following bound on W; (r).

LEMMA 15. There exists a bounded function v(r) : (—1, 1) — R for which

exist and are finite, such that for any natural m, the nonnegative random variables
Wi (r) satisfy for large enough N

E{(Wi ()™} < v" ().

The following bounds, which are uniform in r, are the last ingredient we need
for proving Theorem 5.

LEMMA 16. For any q > 0 and nice set B, the following hold:

(i) For any € > 0 and k > max{e, 1}, there exists a constant ¢ = c(e, k) > 0,
such that for large enough N, uniformly inr € (—1, 1),

N-2
E{ [T TT (2GR - Ui, Ua(r) € \/NB}}

i=1,2 j=1
<exp{—cN?}
5.7
+E{exp{ qN/logE A —Ui|)dp* +2C]8N}
i=1,2

11U, (r), Ua(r) eﬁB}},

where (" is the semicircle law, given in (2.3).
(i1) For large enough k > 0, uniformly inr € (—1, 1),

(58) !H H S(127 (G M) }52-

i=1,2 j=1

5.1. Proof of Lemma 14. Let M(i) 1(r) denote the matrix obtained from
M(l) 1(r) by replacing all entries in the last row and column by 0. The eigen-
values of MEV)_ 1 (r) are the same as those of va)_z(r), with an extra eigenvalue
equal to 0. For a general symmetric matrix A, }; ; Al% i= 2 )\% (A). Thus,

S AAMY () = MY (1) = WA(r).
J
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Hence, the absolute value of any eigenvalue of Mﬁ\i,)_l (r)— ME\’,>_1 (r) is bounded
by W;(r). Note that MX,)_I (r) — Mg’,)_l (r) has rank 2 at most and, therefore, has
at most 2 nonzero eigenvalues. By an application of Corollary 29, we have that,
almost surely,

Wi (r)(Wi(r) + T,0)) T

det(My ()] < o) [T1%(GN )
i j=1

’

where 7;(r) is the minimal absolute value of an eigenvalue of Gﬁ\i,)_z(r). The
lemma follows from this. [

5.2. Proof of Lemma 15. From symmetry, it is enough to prove the lemma

with i = 1. From Lemma 13, it follows that the law of Mg\}ll (r) is the same as the
law of

V2 f(m)
VIN=Dp(p—-1)

(5.9

conditional on

(5.10) Vfm=Vf(o@r)=0

[where o (r) is given in (4.5)]. We emphasize that here the conditioning is only on
the gradient at the two points and not on the values of the Hamiltonian. The covari-
ance structure of the Gaussian matrix V2 f(m), conditional on (5.10), is computed
in Section B.1. In particular, it is given by (B.5), in which Covv y denotes the con-
ditional covariance. In particular, we have that (W (r))2 is identical in distribution
to

(N—=Dpp—1

n Covv{EN—1EN-1f(n), EN—1EN—1 f(n)}
(N—-Dp(p—1
where the covariances are as in (B.5) and X; are i.i.d. standard Gaussian variables
and where we used the fact that the conditional variance of E; Ey—1 f(n) is iden-
tical foralli < N — 2.

2C0va{E1EN71f(n)7 E1En_1f(n)} NX_:ZXZZ
i=1

2
Xn_1s

Setting
v(r)=2(N—-Dp(p—-1
5.11
S max {Covy f{EiEx—1 f(n), E;En—1 f(m)}},
ie{l,N—1}
by straightforward algebra, using (B.5), we have that
v(l — v(e —1
im 278 gng g 26D
e\0 & e\0 &

exist and are finite, and that v(7) is a bounded function on (—1, 1).
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Since W (r) is stochastically dominated by

\l v(r) 1 X_:

p(p—DN —

we conclude that

2 o(r) " 2
Wi(r) ( ) E X; .
Eil N (N=Dp(p—1) ; ’
Since ZN ! X; 2 is a chi-squared variable of N — 1 degrees of freedom (cf. [45],
page 13),

N—1 m
E{(ZX}) }:(N—l)(N+1)---(N—3+2m).
The lemma follows from this. [

5.3. Proof of Lemma 16. Note that

N-=-2
E{ [T TT R (GRe))) - 1{Ui () € WB}}

i=1,2 j=1

N-=-2 ) B
=E{ [1 eXP{q > logt (|2 (GY_, (1) — Ui(”)|)}

i=1,2 j=1

(5-12) 1{U; (r) eﬁB}}

=IE{ I1 exp{q(zv—2)/1ogg(yx—Ul-(r)|)dL§Q_2(x)}

i=1,2
1{U; (r) e«/ﬁB}},

where L(lz\, » is the empirical measure of eigenvalues of Gg\,) ,(r) [cf. (A.D)].

The function logf (| - — x|) is bounded and Lipschitz continuous, with the same
bound and Lipschitz constant for all x € R. Thus, there exists ¢, > 0 such that
(cf. Appendix A)

a2 U U [frogt 0= e aeh =) > ]

i=1,2xeR

c U {doe® L)) > cei).
i=1,2

(5.13)
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Since logj is bounded from above by log(x) and since on A¢,

[1085 13 = x1) dL 0 = [ 1ogs (1~ x)du G +e.

with
S(r, m,m—exp{qw 2) ) /1og£ | — U(r)!)dul},
i=1,2
Fy(r) 2 {U\(r), Us(r) e VNB),
we have

1 2 1 2
E{S(r, Li,z)v—zv L}(‘,I)\/—Z)IFN(’")} = E{S(r, Lg,z)v—zv L£ 1)\/—2) ) IAEIFN(r)}
1 2
+E{S(r Ly Ny LN ) - 1a, L py )

< exp{2qeN}-E{S(r, u*, u*) 1y}
+exp{2q log(k)N} - P{A,}.
From Theorem 28 and (5.13), setting
1
/ — _ . f
€0k = peButcere)

(where positivity follows from the fact that J is a good rate function with unique
minimizer), one obtains for large enough N,

(5.15) P{A,} < 2exp{—c, N?}.
Combining (5.12), (5.14) and (5.15), we obtain, for large enough N,
N-—2 .
E{ [T TR GRL)) -1{Ur). Ua(r) € ﬁB}}

i=12 j=1

(5.14)

J(u) >0

<exp{2geN}
X E{ 1_[ exp{qN/log’;(M - Ui(r)|)d,u*} {Ui(r) € «/NB}}
i=1,2
+2exp{2g log() Ny exp{—c; N7},

from which part (i) follows.
Define

A(r)=Ay(r)= ma
Jj<N'

25 (G, ).
2

Ir\>><

From a union bound and (5.3),

(5.16) P{A() >t} < Y (P{jinﬁfzf,\j(é%)_z(r))| >1/2} + P{U;(r) > 1/2}).
i=1,2 -
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It is easy to verify that the variance of U;(r) is bounded by 1, uniformly
in r € (—1,1). Recall that ,/%(}5\?_2(1’) is a GOE matrix. Thus, from (5.16)
and Lemma 26, there exists a constant ¢ > 0 such that for large enough ¢ and

any N,
CN 1z
P{A t) < \[=—e 2N,
{A(r) >t} < 2ﬂe

Let Ag ~ N (0, (¢N)~"). For large enough ¥ > 0 and any N,

ol 1T TT 0 uei 0|

i=1,2 1
(5.17) = oN
<P{A(r) <k} +E{(AM) T HAF) > «}}

2qN

<1+ E{A 1{Ag > k}).

From the Cauchy—Schwarz inequality,

E{AM (A > k}} < [E{Ag?N }P(Ao > }]'/?

CK2
Eexp —N T—Cq y

for some c,. Finally, taking « to be large enough, this together with (5.17) yields
(5.8). O

5.4. Proof of Theorem 5. Letk >¢e>0,let2 <m e N and set g =qg(m) =
m/(m — 1). From Lemma 14, the fact that h%(x)h°(x) = he(x) and Holder’s
inequality,

E{ [T ldet™M5 ()] - 1{Ui(r) € «/NB}}
(5.18) i=1,2
< (€)1 EQ M) P EQ )

where
=5 [T TT (68 2<r>>|>>q-1{u,-<r>e¢ﬁ3}},
i=1,2 j=1
N2 _
G efin=E <z°<|xj<G<N”_2<r>>|>>”"}’
i=1,2 j=1
4m 4m
55?,2(r)=[€ <W1(r)(V[;1(r)+e)) }E{<W2(r)(“;2(r)+s)> }
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Substituting this in (3.1) and using Holder’s inequality yields

1/q
E{[Crtn (B, Ir)],} < C [ /1 GV e (r)dr}

1/m
<| [ Fe) o) HEm) Har|

where Cy, F(r), and G(r) are given in (3.2).
Therefore,

1
lim sup N log(E{[Crty (B, Ir)],})

N—o0

1 1
(5.20) < limsup v log(Cy) + lim sup —N log(/l (g(r))‘ngg}g @) dr)
R

N—o0 N—o00

FtimsupCos( || ()" €80 e ar)

N—o0

The first summand is equal to
1 +log(p —1).

One has that F(r) is bounded on any interval (—rg, r9) with 0 < rg < 1, and
that the limits

lim8F(1 —8) and lim8F(S — 1)
5\.0 $\0

exist and are finite. Using Lemma 15, we therefore have that
(F@)" (€)'

is a bounded function of » on (—1, 1). Thus, from part (ii) of Lemma 16, for «
large enough the third summand of (5.20) is equal to 0.

Lastly, we need to analyze the second summand. To do so, we use part (i) of
Lemma 16 and Varadhan’s integral lemma ([25], Theorem 4.3.1, Exercise 4.3.11).
Define

szg(x>é/Rlogg(M—xndu*(A), Nt

Note that, for (U;, Uz) ~ N(O, Irx2),
(UL (), Us(r)) £ (T, T) - (Su () 2.

Let ¢;, i = 1,2, denote the standard basis of R2, taken as 2 x 1 column vectors; so
that (¢1, ©2)e; = t;. Lastly, define

T(B) £ {(r, i1, ii2) : r € (—ro, ro), (ii1, ii2) - (Su(r))/* € B x B).
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Using part (i) of Lemma 16, we obtain that, for large N, assuming « > 1, for
some constant ¢ > 0,

/ GV EV () dr — expl—cN?)

—ro

< [ (gm)‘”E{ [T explaNei (i)}

—ro i=1,2
Ui
. A J%) es})ar
=2r0e2‘18NE{exp{qN'¢§(R’ % 5—%)}
(= % %) c15)||
2 2r0e¥ N 1, o N

where R is independent of Uy, Uy and is uniformly distributed in (—rg, rg), and
where

Q< (r, i1, i12) 210g(G(M) + Y. Q(ypliir,ii2) - (Su(R)? - ).
i=12

Note that ¢¥ is a continuous function on (—1, 1) x R x R. Since G(r) € (0, 1)
and Q¥ is bounded from above by logk, for any ¢’ > 0,

. 1 U, U,
limsup — lo (E{ex { 'N - "<R,—,—>H)§2 "logk.
N%OPN g Pig'N - &, ~ TN q' log

. U, U . . .
The random variable (R, N _«/ﬁ) satisfies the LDP with the good rate function
Jo(r,u ﬂ)——ﬁ%—}——ﬁ%
olr, i1, u2) = = 5

Therefore, from Varadhan’s integral lemma ([25], Theorem 4.3.1, Exer-
cise 4.3.11) combined with (5.21),

lim sup % log(/ro (g(r))"Neg,‘,E (r) dr>

N—o00 —ro

1
< limsup — log(2r0e®?*N ¢, e n)
N—o0 N

~2 ~2
T N )
<2q¢+ sup qog (r,uy, u2) > "o

(r,uy,i2)€T (B)
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Together with our analysis of the two other summands in (5.20), this yields, for
large enough «,

lim sup % log(E{[Crty (B)]3})

N—o0
(5.22) <1l4log(p—1)+2e
1 ﬁQ ﬁ2
+—  sup {qqs"(r,al,az ——1—_2}.
q (riyanerdl 2 2

Letting m — oo, which implies that g = g(m) — 1, we obtain (5.22) with g = 1.
By a change of variables,
~2 =2
. u u
sp Aornan i -3 - 2
(r,ity,u2)€T (B)

= sup  sup {log(g(i’))-l- Y Qypui)

re(—ro,ro) ui,u2€B i=1,72

1 _
— S () ‘(ul,ul)T}.

Letting ¥ — oo and then ¢ — O completes the proof. [

6. Proofs of Lemmas 6 and 7. The bound of Theorem 5 is given in terms of
the supremum of W, (r, uy, uz) on the region Ig X B x B. In order to complete
the proof of Theorem 3, we need to identify the points at which the supremum is
attained. This is the content of Lemmas 6 and 7, which we prove in this section.
The following simple remark is related to the proof of Lemma 6, and will also be
used in the sequel.

REMARK 17. The bound of Theorem 5 holds for any nice Iz C (—1,1). We
are particularly interested in the case where Ig =[—1, 1],
[Crtn (B, [-1, 11)], = (Crty (B))*.
The difference
[Crty (B, [—1, 1])]2 — [Crtn (B, (-1, 1))]2

is simply the number of ordered pairs of points 0 = +¢’ with Hy (o), Hy(0') €
N B. Thus, it is bounded from above by 2 Crty (B).
Therefore, assuming limy _, oo E Crty (B) = o0,

E{[Crty (B, (—1,1) ]2} N>
— 1.

6.1
@D E{(Crty (B))?}
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6.1. Proof of Lemma 6. We begin with part (i). Fix r € (—1, 1). Note that
log(x) is a concave function on (0, 00), and thus €2 (x) [defined in (2.4)] is concave
on (—o0, —2). Since El_]] (r) is positive definite for any r € (—1, 1), we conclude

that, for uy, us < —21/"77_1 = —E(p), the function

u

+Q< p u1>+§2( p u2>
p—1 p—1

1 _
(e1,2) 1> =3 a1, 2) (B 1) 1(”;)
(6.2)

1s concave.
Let # € R and define

Wi (v) =V,(r,u+v,u—v)

=Ty, — %(u +v,u— v)(ZU(r))_1 (Z i_ :j)

+Q<\/Z(u+v))+9( plil(u—v)>,

where 7, , is a constant depending on p, r.
If u € (—o00, —Ex(p)), then for

V€ (Eoo(p) +u, —Eoo(p) —u) = D(u),
the function W' (v) is concave in v [as a restriction of (6.2) to a line in R?, up to
adding the constant 7, ,]. Moreover, by symmetry,
d
—¥*0)=0
ov ©
and, therefore,

sup W (v) =W, (0) =W,(r,u,u).
veD(u)

Hence, for nice B C (—00, —Ex(p)), since
BxBC{(u+v,u—v):ueB,veDu)},
we conclude that

sup W, (r,u1,uz) <sup sup W;(v)=supW,(r,u,u).
u;eB ueBveD(u) ueB

This completes the proof of part (i) of Lemma 6.
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Now, assume that B C R is nice. Let B; and B, be nice disjoint sets whose
union is B. Note that, since x2 + y2 >2xy, forany x,y € R,

[Crty (B, (=1, 1))], < (Crty (B1) + Crty (Ba))*

<2((Crtw (B1)* + (Crtn (B2))?).
Note that (see Remark 17)
(Crtn (B))* = [Crtn (Bi, [—1, 1])],
< [CrtN(Bi, (-1, 1))]2 + 2Crty (B;).
Thus, by Theorem 5,

lim sup 1 log(E{[Crty (B, (=1, 1))],})
N—o00 N

(6.3)
< max{ sup  sup  W,(r,ui, uz)} V lim sup 1 log(E{Crty(B)}),
i=1.24¢(~1,1) uj,ureB; N—>oo N
where x V y = max{x, y}, for any two numbers x, y.

By applying the same argument iteratively, we obtain thatif B;,i =1,...,n,is
an N-independent partition of B to nice sets, then (6.3) holds with the maximum
taken over all i < n.

Let ¢ > 0 and choose a partition By, ..., Byt1, By42 of B such that By, ..., B,
are intervals that form a partition of B’ = B N [—Eo(p), Eo(p)] such that the di-
ameter of B; is less then ¢ and such that

Bu41 = BN (—00, —Ey(p)),
Bui2 = BN (Eo(p). o0).
Then,
lim sup % log(E{[Crty (B, (=1, 1)],})

N—o0

1
§limsupﬁlog(E{CrtN(B)})\/ sup sup W, (r,ui, uz)

N—o00 re(=1,1) uy,upeB’

(64) luy—us|<e

VvV osup sup W, (r,uy,uz)
re(=1,1)u,ur€By41

VvV osup sup W, (r,uy,uz).
re(=1,1)ur,ur€By 2

Since B, +1 C (—00, —Ex(p)), by the first part of the lemma,
(6.5) sup  W,(r,ui,uz)= sup W,(r,u,u).

uy,u2€By 41 u€By 11

By symmetry of W, (r, uy, u2) in (u1, u3), the same holds with B, ;5.
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By concavity considerations similar to those used in the proof of part (i), for
any u1,up € R, setting u = (u1 + uz)/2,

_%(m, uz)(EU(r))_l (’“) = —%(u, u)(EU(F))_I <Z> .

uz
Therefore,

ol ) 2([7E5m) (7 55w)
p—1 p—1 p—1

The function €2 is uniformly continuous on [—Ey(p), Eo(p)]. Therefore, for
any ui, up such that |u; —us| < e,

W, (rouy,u) <Vy(r,u,u)+ O(e) ase — 0.
Therefore,

sup sup  W,(r,up,up) < sup sup W,(r,u,u)+ O(e).
re(=1L1) up,ureB’ re(=1,)uep’
|luy—uz|<e
By letting ¢ — 0, combining the above with (6.5) and the similar equality for
B, 4>, we obtain from (6.4),

lim sup 1 log(E{[Crty (B, (=1, 1)],})
N—o0 N

(6.6)
1
< limsup v log(E{Crtny(B)}) v sup supW,(r,u,u).

N—oo re(—=1,1)ueB

Now, assume that B intersects (—Eq(p), Eo(p)). Since it is nice, the intersec-
tion contains an open interval and by Theorem 10,

lim %bg(E{CrtN(B)}) > 0.

N—o0
By Remark 17, it follows that
1 1
(6.7) limsup — log(E{[Crty (B, (=1, 1))],}) > lim —log(E{(Crty(B))}),
Nooo N N—oo N

meaning that (6.6) is equal to sup,.¢_; 1y sup,cp W (r, u, u). This completes the
proof of part (ii). U
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6.2. Proof of Lemma 7. By straightforward algebra,

2 1 —r2r-2
s L=rP+(p = Drr 21—
—u ,
1—7r2P=24 (p—Drr=2(1 —r?2)

where ¢, , depends only on p and u.

" 1 1—r2
\I—'p(r) =Cputz 10g<7)
(6.8)

Note that
1—r?+(p—DrP2(1 —r?)
1 —r2P=2 4 (p— Drr=2(1 —r?
o ==
I G T By Py T s
and

1—r2P72 4 (p— DrP72(1—r?)
(6.10)

1 24 .4 204
:(1—r2)(p—1)( oAt _|_,,p—2)_

p—1
Forany r € (—1, 1),

L7244 r2p?

> |r‘”_2 , and thus

(6.11)

since these are the arithmetic and geometric means of the same nondegenerate,
nonnegative sequence.

That is, the denominator in (6.8) above is positive for r € (—1, 1). Hence, in
order to see that \IJZ (r) can be continuously extended to [—1, 1] all that is need is
to check that the limits at r = =1 exist. This can be verified using L’Hopital’s rule.

Moreover, for odd p, (6.9) is less then 1 for r € (0, 1) and is greater then 1 for
r € (—1,0). For even p, of course, the expression is symmetric in r. Thus, the
maximum of \il"; (r) is achieved on [0, 1], and if and only if p is even, then the
maximum can be attained at some r* < 0. In that case, it is also attained at —r*.

Set, for r €0, 1),

" Al 1—r2 ) rP — p2p=2
6.12 2 Jog( —— 1
©12) 0, () 2°g(1—r2P—2)+”1—r2p—2+(p—1)rp—2(1—r2)
and
1 1 p—2
“(1) 2 lim Q*(r) = ~ 1 (—) 2 P72
0, (1) rl}r%Q,,(r) PR +u 2= 1)
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We conclude that in order to prove the lemma, it is enough to prove it with
W, (r,u) replaced by Q’;j(r), with [—1, 1] replaced by [0, 1], and with the term
(—1)P*! removed.

Setting, for r € [0, 1),

6.13 = o
(6.13) go(r) = 1—r2P—2+(p— l)rp—z(l_rZ)
and
: p—2
INE =T
go(1) = lim go(r) = 773

we have, for r € (0, 1),

d _prP e [p(p = 1P — (p— 1)(p —2)r3P
(614) Ego(r) - (l _ rzp_z + (p — l)rp_2(1 _ I"2))2

That is, go(r) is strictly increasing in r.

We now show that if part (iii) of the lemma holds, the other two follow. Assume
that part (iii) holds. Let u# € R such that |u| < un(p). For any r € (0, 1], go(r) >0
and

QU (r) < QU (r) < QU (0) = QY%(0).
Similarly, let # € R such that |u| > un(p). For any r € [0, 1),
QY (1) = QU (1) + (u® — ug,(p))go(1) = Q4P (r) + (u* — ug,(p))go(1)
= Q4(r) + (u® — ug, (p)) (g0(1) — go(r)) > QY (r).

All that remains is to prove part (iii). First, we note that

1 1 p—1 p—2
Q"u(P) (1) = 1lo ( )+2 log(p — 1) ——~
6.15) P 22\ —1) T2 B T Ve

—0= Q’/‘[‘)th(p)(())‘

We need to show that for any r € (0, 1), QZ‘h(p ) (r) < 0. First, we assume that
p < 10. We have that £ 03" (0) = 0 and & Q"7 (1), — L, 04" (0) > ¢ for
some cp > 0 (co and 19, &g, to be defined soon, can be computed explicitly). By
a Taylor expansion combined with bounds on higher order derivatives, for some

to > 0, for any r € (0,79) U (1 — 1g, 1), Q?}h(p)(r) < 0. By bounding the absolute

value of the derivative % QI;,‘h(p ) (r) on the interval (79, 1 — 79), we have that for

some &g > 0, in order to prove that Q;’,“‘(p) (r) <0 for any r € (tp, 1 — 1p) it is
enough to verify the same only for a finite mesh g =ry <--- <ry =1 — 1y, with
differences r; 1 — r; that are bounded from above by g9. We verified the latter
numerically using computer (see also Figure 1).
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7
\////
N—A4/
7

-0.25

FIG. 1. The functions Qlf,‘h(p)(r) in the interval [0, 1], for 3 < p < 10. For any r, sz(P)(r)
decreases in p: Q';,‘h(p) (r)> Q;li(fﬁl)(r).

We now assume that p > 10. First, suppose also that r € (0, 0.65]. By (6.11),

S —2)r2
1—r2 =2 p—2

>14+(p—2rP .

X

T valid for x > 0, we then have, for r €

From the inequality log(1 + x) >
(0,0.65], p = 10,

. (1—r2P—2) R N e
0 )
T2 )55 —2r 1= 148-0659

where the last inequality follows since (p — 2) - 0.657~! is decreasing in p, for
p > 10. In addition, for r € (0, 1),

rp —_ rzp_z 1 _ rp—Z

<rP <rP.

1 =72, 24 (p—DrP~2(1 —r2) = 1 —r2r—2—

Thus, for r € (0, 0.65], p > 10,

2

1 1—r
tn(P) () — 2
Q;th P(r)y= > log(l — r2p—2) + (Mth(P))

1 (p—2)yrr7!
~ 21+48-0.65-9

rP — p2r=2

1—r2P=24 (p—Drr=2(1 —r?2)

+ (un(p))*r?
(p—2)
2(1+ 8- 0.65(—9))

We have that 719 < 0 and 7, decreases in p, for p > 10. Hence, for r € (0, 0.65],
p =10,

5rp1{0.65-ut2h(p)— }éfprpl éQp(r).

Ql;)m(l?)(r) <0= QZ{h(P) (0).
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Now, assume that » € [0.65, 1). From (6.11) and (6.10),
2

rP —p2p=2

(p—DrP2(1=r?)

1 <l—r2> 1og(p—1)1—rp—2ZA
1 A

=§log —r2p=2 p—2 1—r2

1
Ql;)th(P) (l’) < 5 10g<1 ) + u%h(]?) D)

— y2p—2

0,(r).

The derivative of O p(r) by p is given, for r € (0, 1), by

P2 2logr L= —log(p—1) 1 —,r2

1 — 202 p—2 -
log(p—1) —rPlogr
p-2 (-r)

72

S -
x [(1 —Tlog(p — D)(1 —rP72) —logr - log(p — 1)r"72].

Therefore, for r € (0, 1), %ép(r) <0if

d ~
%Qp(r):

1-1 -1
%(1 —rP72) —logr < 0.
log(p —1)
Since for any r € [0.6, 1) and any p > 10, % decreases in p, (1 — r?=2)

increases in p, and
1 —log(10—1)

1 — 102y 0,
oglo_1) 7" ) ~loer<
it follows that %Qp(r) < 0, for any r € [0.6,1) and any p > 10. Thus, if

élo(j) < 0 for all » € [0.6, 1), then the same holds for Q';)‘h(p) (r), for any p > 10.
For Q10(r), this was verified numerically using a computer using a similar method
to one described above (see also Figure 2). [J

7. Proofs of Theorem 3 and Corollary 8. The content of this section is in its
title. Our starting point is the bound of Theorem 3 and the main tools we shall use
are Lemmas 6 and 7.

7.1. Proof of Theorem 3. By Theorem 10, denoting u_ = u A 0 = min{u, 0},

+ oe(El(Crty((—o0.0))*)) = 1 log((E{Crty((—o0.1)]))

M ON () =W, (0, u_, u_).
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-0.1

FIG. 2. The function élo(r) in the interval [0, 1].

Combining this with (6.1), it follows that what remains to show in order to prove
the theorem is that

1
(7.1) limsup — log E{[Crty ((—00, u), (=1, 1))],} < W, (0, u_, u_).
N—o00 N
Theorem 35, part (ii) of Lemma 6, Lemma 7, and the fact that \Ill’; (0) is symmetric
in v, yield

lim sup % log E{[Crty ((—00, u), (—1, 1))],}

N—o0

< sup (1)) v sup Ul (0)).
(UG(OO,Mm(P)) p0) <ve[um<p>,u] )

We note that, for v <0, @}; (0) =20,(v) (cf. Theorem 10). Also, the mono-
tonicity of the left-hand side of (3.9) implies that ® , (v) is nondecreasing for v < 0.
Since u € (—Ep, 00), the supremum on the right-hand side of (7.2) is positive.
Hence, (7.1) holds if we are able to show that
(7.3) sup vr (1) <0.

vE(—00,—um(p))

(7.2)

By a straightforward calculation,

0 svoy_ v@p—2) P o] P
(7.4) 5 ="50"1 +2\/p_19<\/p_1v>.

We note that for x < —2,

d 1 1
7.5 Q' :/ —log(A —x)du*()) > inf = )
(7.5) (x) oz dx og(A —x)du*( )_XG(IEZ,Z)X—A —

From the above, one can verify that %@;(1) >0 for v € (—oo, —un(p)).
With v = —uw(p) < —Eo(p), by Lemma 7,

V(1) =W (0) =20,(v) <0.
This proves (7.3) and completes the proof. [J
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7.2. Proof of Corollary 8. The equality follows from Remark 17 and the fact
that u > — Ep(p).

Letu € (—Eo(p), —Eco(p)),let e > 0 and set I, = (—1, 1) \ (—e, ¢). For arbi-
trary i € (—um(p), u), Theorem 5, Lemma 6 and Lemma 7 yield

lim sup % log E{[Crty ((—00, u), I,)],}

N—o0
(7.6) 5( sup sup \Ilp(r,ul,ug))\/<sup sup \Ilp(r,ul,ug))
re(—=1,1) u;,ure(—o0,i) re€le uy,ux€lit,u)
5( sup lTJ};(I)>\/(sup sup W, (r, v)).
ve(—o0,i) relg veli,u)

We note that W, (r, v) is continuous as a function of  at (0, v). In the proof of
Lemma 7, we saw that W, (|r|, v) > ¥, (r, v), thus

sup W, (r,v) = sup W,(r,v).

relg O<rel;

From (6.8), (6.9), with go(r) as defined in (6.13),
W, (0,0) — Wy (r,v) =T, — go(r)v?,

where T, depends only on r. From this and since go(r) strictly increases in » > 0
[see (6.14)] and go(0) = 0, we have that, uniformly in v € [i, u),

V,(0,v) — sup W¥,(r,v)

O<rel;

=W,(0,ii) — sup (W,(r, i) — (@* — v?)go(r))

O<rel,
(7.7) > W,(0,@) — sup W,(r, i)+ (#* — v?) inf go(r)

O<rel, relg

>W,(0,u) — sup W,(r,u)
O<rel;

L6, >0,

where the last inequality follows from Lemma 7.
Therefore,

(7.8) sup sup V¥,(r,v) < sup ¥,(0,v) —ce <¥,(0,u) =20,(u).

rel: veli,u) veli,u)

Recall that (7.3) holds. Thus, since ®,(u) > 0 and \il[l;(l) is continuous in v,
assuming # is close enough to —um(p),

(7.9) sup Wp(l) <20,(u).

ve(—o0,i)
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Equations (7.6), (7.8) and (7.9) give

lim sup % log B{[Crty ((—o0, u), I;)],}

N—oo
1
<20,u) = Nh_r)noo N log E{[Crty ((—o00, u), (=1, 1))],},

where the equality follows from Theorems 3 and 10. [

8. Proof of Theorem 1. The following notation will be used throughout the
section. With X := Xy _1 being a GOE matrix of dimension N — 1, setting u :=

- _ 1 p
UN =\ =1 p=TU> We define for any u < —Exo(p),
N-—1

1
R

8.2) eN(u)sz(pz;l(N—l)) ’ J%e‘N%E{det(X—«/ﬁﬁl)},

@.1) 6w = dp* (),

where u* denotes the semicircle law (2.3). We note that, as follows from a direct
computation, for u < —E~(p),

(8.3) i®p(u) =—(&u)+u)>0.
du

Below we use the standard big- and little-O notation to describe asymptotic be-
havior as N — oo. Often, equations will contain several o(al(\’;) ) terms and will be
said to hold uniformly in some variable (or several), say x € By . Such statements
are to be understood as follows. The equation holds as an equality with each of the
o(al(\l,)) terms replaced by a function hg\l,) () satisfying sup,.c g, |h§\’,) )1/ |a1(\l,)
as N — oo.

| =0

LEMMA 18. Letu < —Eso(p) and suppose Jy = (an, by) is an interval such
that an,by — u as N — 00. Then, as N — o0,

(8.4) E{Crty(Jn)}=(1 +0(1))€N(bN)/J exp{—N (u + Su))(v —by)} dv.

For brevity, we shall use the notation [CrtN(B)]g £ [Crty (B, (—p, p)]2 in the
sequel.

LEMMA 19. Letu < —E~(p) and suppose Jy = (ay, by) is an interval such
that an,by — u as N — o0. Let 0 < py be a sequence such that py — 0 as
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N — o00. Then, as N — o0,
E{[Crty (JN)]5V}

(8.5) >
< (1 o) (en(bw) [ expl-N(u+ S@)w = bw)dv)

LEMMA 20. Letu € (—Eo(p), —Eco(p)), p € (0,1) and & > 0. Then
Jim E{[Crty (u — e, u)]5}/E{ (Criy ((—o0, )’} =1.

In Section 8.1, we prove Theorem 1 assuming Lemmas 18, 19 and 20. The
proof of Lemma 20 only requires bounds on the exponential scale we have already
proved and will be given in Section 8.2. Lemmas 18 and 19 will be proved in
Sections 8.4 and 8.5 after we prove several auxiliary results in Section 8.3.

8.1. Proof of Theorem 1 assuming Lemmas 18, 19 and 20. From Theorem 10,
Lemma 20 and the fact that ©®,(u«) is strictly increasing for u < —Ex(p) [see
(8.3)], there exist positive sequences &y, oy such that as N — oo, ey, oy — 0
and

E([Crty (u —en, w15V} . E{Crix((u—en,u))}
im = lim =1
N—oo E{(Crty((—00,u)))?}  N—oo E{Crty((—o0,u))}
By Lemmas 18 and 19,
E{[Crty (u — ey, w)15™}
im <l1.
N—oo (E{Crty ((u — ey, u))})?

For any N,
E{(Crty ((—00, u)))?} -
(E{Crty ((—o0, u))})? ~
Theorem 1 follows from the above. [

8.2. Proof of Lemma 20. Note that
(Crty ((—00, w)))* — (Crty ((u — &,u)))’
= (Crty ((—00, u — £1))? + 2 Crty ((—o0, u — £])Criy ((u — &, u)).
By Theorem 3 and the Cauchy—Schwarz inequality,

1
lim Nlog(E{(CrtN((—oo,u)))z}) =20, ),

N—o00

lim %log(]E{(CrtN((—oo, u— 8]))2}) =20,(u —¢),

N—o0

lim sup % log(E{2Crty ((—o0, u — &]) Crty ((u — &, u))}) = O, (u) + O, (u — ).

N—o00
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For any u < —Ex(p), by (8.3), ®,(u) is strictly increasing and, therefore, the
expressions in the last two lines above are strictly less than 20, (u). It follows that

Jim E{(Crty (=00, 1)))*} /B (Crtw ((u — e.)))*} = 1.
By Remark 17 and the fact that u > — Eq(p), also

Jim E{[Criy (u — &) ]} /E{ (Crty (e — e.1))*} = 1.
Since

[Crty ((—o0,u), (=1, D\ (=p, p))], = [Crtn (( — &, u), (=1, 1)\ (—p, p))],
Corollary 8 implies that

Jim E{[Crty (e — £.0), (=1, D\ (=p. ) L} /E{[Crty (u — e, W} =0,

and completes the proof. [J

8.3. Auxiliary results. The expectations in Lemmas 18 and 19 are expressed
by the integral formulas of Lemmas 9 and 4, which by further conditioning on the
value of U and U1 (r), U, (r), respectively, can be written as integrals over Jy and
Jn x Jn. In this section, we prove several auxiliary results that are concerned with
the corresponding integrands.

We now discuss elements in the proofs related to the more involved Lemma 19.
We note that the random matrices Mg\’,)_l (r,~Nui,~/Nuz) which appear in
Lemma 4 satisfy, in distribution,

Mg\})_l(r, x/ﬁul,\/ﬁuz)
Mﬁ)_l(r, «/ﬁul,\/ﬁug)

(XG0 = VN I+ ES)
X () = VNl +E |

where i; = ﬁﬁui, ng,)_l(r) are correlated GOE matrices and Eg\i,)_l =

EX,)_I (r, v/Nui, ~/Nuy) are random matrices of rank 2, viewed as perturbations.
We are interested in values of u1 and u; that are approximately equal to some fixed
u and values of r which are close to 0. In order to prove Lemma 19, we will need
to compute the asymptotics of the ratio of

IE{ [T |detmy), r, «/ﬁul,ﬁuzm} and
(8.6) i=1,2
(B{detXy_1 — v/NbyD)})?,
where by = ‘/%ﬁlm and Xy_1 is a GOE matrix. This will be done in

three steps: (1) We will show that the perturbations Eg\i,)_l are negligible, that
is, the expectation on the left-hand side of (8.6) is asymptotically equivalent to
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Elliz12 |det(X§f,)_1(r) — NI )|; (2) relate the latter expectation to the same
without the absolute value and with it; = by ; and (3) prove that taking Xg\l,)_l (r) to

be independent in the expectation with it; = by asymptotically does not affect the
expectation.
The first step is dealt with in Lemma 24 where we bound the Hilbert—Schmidt

norms of the perturbations Eg\’,)_l and relate them to the ratio of the perturbed and
unperturbed determinants. The importance of the assumption in Lemma 19 that
u < —Ex(p), is that for large N, we have that —+/Nii > 2, as in the setting of
Lemma 21 below. The fact that the shifts are greater than 2, and thus the corre-
sponding spectra of the shifted GOE matrices are strictly positive, is crucial to
the proof of Lemma 21 since it allows us to use concentration results for linear
statistics of the eigenvalues. The latter will be applied to (uniformly) control the
fluctuation of the corresponding determinants and their derivatives in the shifts (v;
in Lemma 21, which correspond to —+/Nii; above). Other arguments in the proof
of Lemma 21 are related to large deviations and similar to ones we already used,
for example, in the proof of Lemma 16. Once the bound on the fluctuations of the
derivative in u; is obtained, step (2) above can be completed. Finally, in Lemma 25
we shall exploit certain Gaussian identities to analyze the expectation of a product
related to two shifted GOE matrices, assuming a particular correlation structure. In
the case where the product is of the determinants of the two matrices, the lemma
asserts that the corresponding expectation is convex in a parameter controlling the
correlation. This allows us to relate the situation of low correlation to that where
the matrices are completely independent and complete step (3) above. We now
proceed to state and prove the auxiliary results.

With X; = X; y—1, i <k, being random N — 1 x N — 1 matrices, denote by

EkG(]%,EA the space of probability measures on (RN !N 1)k quch that

P{(X))i<k €} € LEF | <= Vi <k, under P{X; € -} is a GOE matrix.

That is, the collection of probability laws such that marginally each X; is a GOE
matrix, but with no further assumptions on the joint law. For a measure v € E,(:’%E_l ,

we will use (X;)i<k ~ v to denote P{(X;);<k € -} = v(-).

@
J

LEMMA 21. Assume (X;)i<k ~ v with v € ﬁkG(,)VE_l and denote by

eigenvalues of X; :=X; y—1. Let tr > t| > 2 be real numbers. Then:

the

(i) For any § > 0, there exists ¢ > 0 such that, for large enough N, uniformly

n Vi :=Vi N € (—[2, —tl) and v € EkG’(])\]E_la

k .
E{i—l_[1|det(Xi — Uil)|1{rgi]nkg,’) <_2_ 8}}

8.7 )

< e_CNE{l_“det(X,- — U,’I)|},

i=1
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!H|det(X —le)|1{maxk(’)>2+8}}
(8.8) =

k
< e_CNIE{H|det(X,- — v,-1)|}.
i=1

(ii) With u* denoting the semicircle law (2.3), as N — o0, uniformly in v; :=
Vi.N € (=12, —11) and v _vNeﬁkN 1

d il 1 i
(8.9) d—v]log<E{£[1det(X,~ —v,-I)}) =—(1+0(1))N/mdu (1)

PROOF. All the equalities, inequalities and limits in the proof should be un-

derstood to hold uniformly in v; € (—#;, —t1) and v € ESC])VE_I. First, we show that

1 k k
8.10 limsup — log| E det(X; —v; 1 <> Q).
(8.10) imsup g( [1:[1| X l)|}>_; ()
Recall the definition (5.5) of the truncation functions 4% (x) and h2°(x). Fix some
k > & > 0. By the Cauchy—Schwarz inequality,

oo

1

x (E{lillij h2 (x)( A(l)—v,|))2})1/2.

Similarly to part (ii) of Lemma 16, using Lemma 26 and a union bound (over
i < k), one can show that the second expectation above is smaller than 2, assuming
k is larger than some appropriate constant kg. From the LDP for the empirical
measure of eigenvalues of Theorem 28 [similar to the proof of part (i) of Lemma
16], we therefore have that*

1
(8.11) li]\r’n_)sgopﬁlog< il_“det(X —le)|}) <Z/10g8 A —vil)du* (),

where logg (x) = log(h’é2 (x)). By choosing small enough ¢ and large enough « so
thate <t —2 < —v; —2and k >t +2 > —v; + 2, (8.10) follows.

4We remark that uniformity in v; relies on the fact that the LDP for the empirical measure
of the eigenvalues is phrased in terms of the Lipschitz bounded metric and we use the functions
logg (] - —v;j|) which have the same bound and Lipschitz constant for all v;.
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Suppose 8, e,k > 0 satisfy 0 <& <t —2 — 3§ and ¥ > £, + 2 4+ §. Then on the
event

(8.12) A(S) = {2 5<lenx”<1?3xx“<2+3]

all the eigenvalues of X; — v;I,i <k, are in (¢, k) and

k v 1 N-—1 1
/
Hdet(Xl'—v,-I)ze N and N Zm:VN’
i=1 j=1 j 1
with
(8.13) S log(h¥ A’ —v)), Vy & —
P NS reS) — vy
From the LDP of Theorem 28, as N — 00,
@.14)  E{v{}— f ! dp*(2) and i1og Zsz(u
' N A—V N '

where we used the fact that for A in the support of u*, A — v; € (¢, k).

For large enough L = L(g, k) > 0, log(hf(x)) and %(h’bf (x))~! are Lipschitz
continuous with Lipschitz constant L and %L, respectively. Thus, by the concen-
tration of linear statistics of Wigner matrices as in [2], Theorem 2.3.5, and the
union bound, we have that

(8.15) P{|Vy —EVy|>s} <2ke ", P{|V} —EV}|> s} <2e7NC,

for some constant C > 0. By the LDP for the maximal (and by symmetry, minimal)
eigenvalue of X; (see Theorem 27),

(8.16) lim sup % log(P{(A())°]) <0

N—o0

Therefore, using (8.15) and the Cauchy-Schwarz inequality we have that, as

N — o0,
E{Vye"™} =E{VyE{e"V}(1 +o(D)),
(8'17) r Vi /A" 1/2 r vV,
E{Vie ™ Lapye} < E{(Vie")*JP{(A@®) ) o(E{Vye™})

and similarly

(8.18) E{ViLaey} =0E{VY).  E{e"™Lae)}=o(E{™)).

5See Footnote 4.
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Since H 1 ldetX; —v; )| > eVNlA((g), from (8.10), (8.14) and (8.18) we have

o k k
(8.19) Nh_r)nooﬁlog(E{l_[}det(Xi—vil)\}) =;Q(v,~).

i=1

Since k > 1 was general, by taking two copies of each of the matrices in (8.19),
we also have

‘ 1 k k
(8.20) Nh_r)nOO Nlog(IE[iE[l]det(X,- — v,-I)]z}) = 2;9@,-),

and by (8.16) and the Cauchy—Schwarz inequality, the first part of Lemma 21 fol-
lows.

Since det(X; —v; I) is a polynomial function of the Gaussian entries of X; —v; /,
the left-hand side of (8.9) is equal to

E{7; Y} NE{YvZy)
E{Yn} E{ry}

d
do log(E{Yn}) =

where we denote
k N—1 1

YNzndet(X[—Uil) and ZNI—ZT.
i=1 Nj=l )“j — U

By (8.17), (8.18) and (8.14), as N — oo,
E{YnZnlaw) _ E{Vye ¥ 1445}
E{Yn1acs)) E{e¥1 4.5}

=(I+o)E{Vy}=(1 +0(1))/ Iy

where the first equality follows since on A(6) all the eigenvalues of X; —v; 1,7 <k,
are in (g, k). By the first part of Lemma 21, since Yy = |Yy| on A(5),

1 *
du™ (),

BN Raoyd ooy g
E{Yx]} )

What remains to show in order to complete the proof of (8.9) is that

E{Yn14¢)} N—>oo

(8.21) — 1.

E{YNZNn1A@s)} N—oo
— A
E{YNZy}

(8.22) 1.

Note that, for any & > 0,
N-1

IT7e(5 -

IYNZN| <

M| —

I
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and similarly to the proof of (8.10) and (8.11), by letting € — 0, it can be shown
that

. 1
hmsupﬁlog( (YNZN) ZQ(UZ

N—o0

On A(S), Zn € (c1, c2) for appropriate constants 0 < ¢; < ¢3. Thus, from (8.21)
and (8.19),

li 11 (IE{Y Zn1 })— li 11 (IE{Y 1 })—ZQ( )
Nl_{nooNOg NLNLA®) —NgHwNOg NL1A®) =. Vi).

From the Cauchy—Schwarz inequality and (8.16),

E{lYNZN L (a@))c} N—>oo
—
E{YNZN1a(s)}
This implies (8.22) and the proof is complete. [

0.

COROLLARY 22. Letu < —E~(p) and suppose Jy = (an, by) is an interval
such that ay,by — u as N — oo. Assume (X;)i<x ~ Vv with v € ﬁg?vE_l. Then,

uniformly inu; :=u; y € Jy and v :=vy eEkN 1»as N — oo,

k
10g<E[ [ Jldet(X; — «/ﬁﬁ,-l)|}) = log<E[ [ ] detX; — «/Nﬁ,-l)}) +o(1)
i=1

i=1

k
(8.23) =log<E[Hdet(X,- - «/NJSNI)}) +o(1)

i=1

+ NG&u) Z +o(D))(bn — u;),

where by = \/%ij, Ui = ‘/%ﬁui and G (u) is given by (8.1).

PROOF. From our assumption on u, for some 7, > t; > 2, for large N,
VNby,/Niij € (—t2, —1;) for any u; € Jy. On the event A(§) defined in (8.12),
for small enough 4§,

H|det(X VNii; I)|_l_[det(X VNi;I).

i=1

Therefore, the first equality in (8.23) follows from the first part of Lemma 21 which
asserts that, as N — oo,

k k
E H!det(X,- — \/NIZ,'I)‘I(A(S))P} :o(l)E{H]det(X,- — \/ﬁb_til)‘ .

i=1 i=1
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From the second part of Lemma 21,

log(E{ﬁ det(X; — \/Nb_til)D
i=1
:log<]E:1£[det(X,' —~ WBNI)})

i=l

k
+ N2 dp*(0)Y (14 0(1)(by — i),

1
/x—dﬁﬁ =

as N — oo, uniformly in u; € Jy and v € Eg?\,E_]. This completes the proof. [

COROLLARY 23. Letu < —E~(p) and suppose Jy = (ay, by) is an interval
such that ay,by — u as N — 0o. Assume (X; ),<k ~v withv € [ZkG’([)vE_l. Then,

uniformly inu; :=u; y € Jy and v :=vy € .Ck N1
k
(8.24) E{]_[ det(X; — Jﬁﬁil)} <cx HE{det(X,- —V/Nii; 1)},
i=1 i=1

for appropriate constants cy > 0 independent of N, where u; = ./ % ﬁui.

PROOF. From our assumption on u for some t, > t; > 2, for large N,

VNii,/Nii; € (—tp, —t;) for any u; € Jy. Let X;i) denote the eigenvalues of X;
and recall the definition of A(8) given in (8.12). From the first part of Lemma 21
for small 6 > 0, uniformly in u; :=u; y € Jy and v :=vy € Ek N_1»as N — 00,

k
E ]‘[det(xi—dﬁﬁil)} (1+o(1)) {Hdet(X — V' Ni; 1)1A(5)}
i=1

For small enough §,& > 0 and large enough « > 0, on A(§) we have that
k_ det(X; — v/Nit;I) = e"V, where

/N2> S log(hk (1Y) — V/Nii;))

is defined similarly to Vy [see (8.13)]. Similar to (8.15), by the concentration
of linear statistics of Wigner matrices as in [2], Theorem 2.3.5, defining Vy ; =

Z log(h" k(') V/Nii;)), we have for all i <k,
(8.25) P{|Vy.; — EVy.i| > s} < 2ke €,

with some constant C = C(e, k) > 0 that depends on the Lipschitz constant of
log(h% (x)). From the above, (8.24) follows. [
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LEMMA 24. Letu < —Ex(p) and suppose Jy = (qN, bN.) is an interval such
thatay,by — uas N — o0. Let 0 < py = o(1), let Xi(i’(i = Xi(ilci,N—l’ i=1,2,and
Xiid = Xiia,n—1 be three i.i.d. GOE matrices of dimension N — 1, and set

(8.26) XY ) = 1= [r1P=2X0 + (sgn(r)) P/ Ir1P~2Xiia.

Let Mﬁ\i,)_l(r, uy,uy) be as defined in Lemma 13 and set u; = ./ %ﬁui. Then,
as N — oo, uniformly in u; == u; y € Jy andr :=ry € (—pn, PN),

E{ 1_[ \det(Mﬁ\i,)_l(r, VNuy, x/ﬁuz))\}

i=1,2

= (1 o0)&{ [T (6§, ) — VA1) .

i=1,2

PROOF. We start from the representation of Lemma 13. Conditional on
fm) =+/Nuy, f(o6(r)) =/Nus and Vf(n) = Vf(a(r)) =0 we have that, in

distribution,
V2 f(m)
JN=Dpp-D | _ (Mﬁé)wr, Ny, ﬁm)

VZf(G('”)) Mﬁ)_l(r, \/Nul, «/ﬁuz)
VIN=Dp(p—-1

with

mi(r, v/Nuy, v/Nuy)
VN —=Dp(p—1)

Ny GV, zO0)
My ()= N2 Nl
N-1() ((Z(,)(r))T 09 ()

G =1 =1r1P2G + (sgn(r) 7/ Ir|P2G,

where all the Vflrjables are as described in Lemma 13..
Denote by Xg\l,)_l(r) the matrix obtained from Xg\l,)_l(r) [defined in (8.26)] by

replacing every element not in the last row or column by 0 and denote by )_(%)_z(r)

MX;)_I(V, up,up) = M%)_l(l’) — V/Nii; I + eN—1,N—1,

the upper-left N —2 x N — 2 submatrix of XE\’,)_ 1(r). Couple the variables so that,
almost surely,

(8.27) X0, =6V ,0),
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and, denoting by (A); ; the i, j element of a general matrix A,

0) Xz 1) —1Xz12(r)]
Z;(r) =\/

(Xid)jv

p(p—1
Iz
+ (sgn(Tz,12(M))’ lp(zp’l—i(;;l(xiid)j,N—l,
(8.28)
v X)) =X 20| )
Qi(r)= \/ 2p(p— 1) (Xiia) v—1,n-1
1Zo, 20| o
+ (sgn(Zg,12(M))’ ﬁ(xud)Nfl,Nfl-
Define

; A 0 zZ9r\
T§v)_1(l’) = ((Z(i)(r))T Qi(rr) ) — X§V)_1(I’)’
and note that

MY () = X5, () + TR ().

For a general matrix A with eigenvalues A;(A), denote 1,(A) = max; |A;(A)].
Define the event

Evo)= () (N (0 0) <2 0 5 0) <a]).

re(=pn,pN) i=1,2

where 1 > 0, which will be fixed from now on, is such that
A*(Xg\i,)_l(r)) <24n = minkj(X%)_l - «/ﬁﬁ,-l) >,
J

for large N, uniformly in u; € Jy [which is possible to choose since u <
—E~(p)]. Note that

MY ur,u2) =X (1) — v/ Niig I

2D | (r,v/Nuy v/ Nuz)

m;(r,Nuy, ~/Nuy)
V(N =Dp(p—1)
2EQ | (v Nui,v/Nus)

+ T () +

EN—1,N—1-

The rank of EX,) 1 (r, V'Nui,~/Nu>) and, therefore, the number of nonzero
eigenvalues, is 2 at most. On Ey(§), the eigenvalues of E _q(r, VNui,vNus)
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are bounded in absolute value by

sup,,.c 7, [mi(r, VNui, v'Nu)| N—oo
vpp—1

uniformly in u; € Jy and r € (—py, py). From the bound (A.2) of Corollary 29

with C; =D (r, V/Nuy, v/Nua) and C; = EY)_ | (r, v/Nu1, v/Nuz) we obtain
that on Ey (§), for large enough N, for any u; € Jy and r € (—pn, pN),

§+2 3,

2
(8.29) |det(MY)_ | (r, V' Nuy, VNua))| < |det(X)_, (r) = v/Ni; )| - (1+2%>.

In order to conclude the proof of Lemma 24, it will be enough to show that for any
8, uniformly in u4; € Jy and r € (—ppn, PN),

630 nm B2 |det M., N, VNua) H(En 9)°)) _
N=oo E([Timy | detX () — V/Niis DIH{En (8)}}

By (8.19) [which holds uniformly in v; € (—t», —#1) as in the statement of
Lemma 21], uniformly in u; € Jy and r € (—pn, pN),

Nli_r)nw% log<E{ [T ldet(x$)_, ) — ﬁauﬂ})

i=1,2

831) - lim %log< {]‘[ |det(X§f,)_l(r)—\/Nﬁ,-I)|2})

i=1,2

By Lemmas 14 and 15 and the Cauchy—Schwarz inequality, for any ¢ > 0, uni-
formly in u; € Jy and r € (—pn, PN),

L hmsup%log< { I1 |det(MX‘,)71(r,u1\/N, uzx/ﬁ)”z})

(8.32)

<% lglnsup—log< :1—[ 1‘[ (he (%G 5(r) — x/ﬁﬁil)|))4}>’

—x i=1,2 j=I

where h.(x) = max{e, x}. By the same arguments used to derive (8.11) and by
letting ¢ — 0, we obtain that (8.32) is bounded from above by Y ~;_; , 2(,/ %ui).
If we prove that for large N,

(8.33) P{(En(8)) )} < e N
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for some Co = Co(8) > 0, then from the above and the Cauchy—Schwarz inequality
we would have that the limit supremum of % log of the numerator of (8.30) and

the limit supremum of % log of

| T laet(X{, ) — VRmD) 1 (Ev )]

i=1,2

are both asymptotically strictly smaller than }_;_; , Q( /%ui), which together

with (8.31), would imply (8.30).
From the LDP of the maximal eigenvalue of GOE matrices (see Theorem 27)
and (8.26),

]P’{ sup )L*(Xg\i,)_l (r)>2+ n] <e N
re(=ry,ry)
for some C; > 0, for large N. Thus, in order to prove (8.33) it is enough to show
that, for large N,
(8.34) P{ sup A (TV_, (7)) > 5] <e N
re(—=rn,ry)

for some C2 = C2(8) > 0. From (8.28) and the expressions for ¥z and ¢ (B.3),
it follows that any element of Tg\l,)_ 1 (r) in the last row or column can be written as

o1 (N)(X53) ; vy +e2(r) Xiia) jv -1
for some j < N — 1, such that sup;(; 5, ,e( vy 1@ (P — 0, as N — oo. The

variance of the Gaussian elements of lel and Xjjq is bounded from above by
2/(N —1). Also,

N-1 .
2 Z ((Tg\ll)—l(r))N—l,m)z z ()“*(Tﬁxl/)—l(r)))z-

m=1

Using, for example, Cramér’s theorem ([25], Theorem 2.2.3), (8.34) follows and
the proof is complete. [

LEMMA 25. Forany p € [—1, 1], let W (0) and W'}’ (p) be N x N centered
Jjointly Gaussian Wigner matrices with

(835  Cov(W{"(0). Wi} (0)) = (i, jy=thy (1 + 8i=) (p + (1 — p)S—n).-

Let g : RNN 5 R be a smooth function and assume all its derivatives have a
O (|x|") growth rate at infinity. If we define

2(0) 2 E{g(W (0)g(WY (o)),
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then % 2(0) = 0 for all k > 1. In particular, if g(A) is a polynomial function of
the elements of A, then g : [—1, 1] — R is a polynomial function, it is convex on
[0, 1], and for any p € [0, 1] it satisfies

(8.36) 18(=p) — 8(0)| < &(p) — §(0) < p(g(1) — £(0)).

PROOF. In the current proof for any function 4 (A) of a symmetric matrix A,
we denote

dA;; h(A) := th_{%(h(A +1(eij + (1 —8;j)eji)) — h(A))/1,

where ¢;; is the matrix whose only nonzero entry is the (i, j) entry, which is equal
to 1. We will also use the notation

d a
Oiy. ituin. i HA) = h(A).
11,J1 Lky Jk aAiljl aAikjk
Suppose that X¢ ~ N (0, C) is a general Gaussian vector of length k& with density
¢c(x), where C = (C;;) is a nonsingular covariance matrix. From integration by
parts and the well-known fact that for i # j,

Jd 0
acij pc(x) = B_)QEQOC(X)’

one has that, for any function w : R* — R with O(|x|") growth rate at infinity,

Jd d
pc(x)dx = / (——w(x))wc(x)dx.

0x; 0x;

d
E)C,-J-E{w(XC)} =/w(x) 7C,

Therefore, by applying the above with the function (A, B) > g(A)g(B) and
(WE\}) (p), Wg\%) (p)), treated as a vector of the on-and-above elements, we obtain

dv k
T8 = oo JJa+si=p)
P Vi<k:1<ij<ji<N =1

1 2
X E{(ail,].lwnsiksjkg(wg\/)(p)))(ail;jln-wik»jkg(wgv)(p)))}‘

For p =0, WE\P (0) and Wg\%) (0) are i.i.d. and the expectation in (8.37) is equal to

(E{(ail,./'1w-qik,jkg(wg\})(o)))})z’

which proves that % 8(0) > 0. Lastly, the fact that g(p) is a polynomial function

whenever g is, follows from the fact that ng,)(p) are jointly Gaussian and (8.35).
Convexity on [0, 1] and (8.36) are direct consequences since the coefficients of the

polynomial function are equal to % gO)/k!. O
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8.4. Proof of Lemma 18. Lemma 9 expresses E{Crty (Jy)}. By further condi-
tioning on U, substituting (8.23), and using the fact that uniformly in v € Jy, as
N — o0,

v =b% +2u(v —by)(1 4+ o0(1))

(where u and by are related to Jy as in the statement of Lemma 18), we obtain
that, as N — oo,

—1 OIN v
IE{CrtN(JN)}za)N<p27T (N—l)) ’ Ve

x E{det(Xy_i —JNENI)}/J g(v)dv,

where uniformly in v € Jy,
g() =exp{—(14+o(1))N(Su) +u)(v—by) +o(1)}.
Recall that S(u) + u < 0 [see (8.3)]. Thus,

/ g(w)dv=(1 —1—0(1))/ exp{—N(Su) + u)(v — by)} dv,
JIN JN
which completes the proof. [J

8.5. Proofof Lemma 19. By Lemma 4 and with the definitions in its statement,
by conditioning on Uy (r), Ua(r),

0 PN N
E{[Cry U =N [ dr - (Ge) Y Fr) / duy dus
INXJIN

—pN

X @5y ) (V' Nut, v/ Nuz)
X IE{ H |det(M§\i])71(r, VNuy, \/ﬁuz)){},

i=1,2

where by straightforward analysis, as r — 0,
a1 —12 1 -1 T
Psy (U1, u2) = E(det(ZU(’”))) exp —E(ulauz)(EU(”)) (u1,u2)

= (14 0(7) g exp| 3 +13) + y +220( )],

F(r)=1+0(@)and G(r) = ¢~ 27 +00h  Also note that

_ | N
wWN 1/ N Njo1
WwN 2
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and that, as N — oo, uniformly in u; € Jy (with u and by related to Jy as in the
statement of Lemma 19),

u? = b + 2u(u; —by)(14 o(1)).
Combining all of the above, we arrive at

N [P
E{[Crin (N5} = (@n b)) [ o [ dr - =3V #N-00)

27 J—py

X/ duydusg(uy, uz)
JNXJN

iz | et (r, V/Nuy, vVNu2))|}

(E{detXn—1 — v/ NbyI)})?
where €y (x) is defined in (8.2), Xy_1 is a GOE matrix and as N — oo, uniformly
in u; € Jy,

2
g(ui,uz) = (1 —|—0(1))exp{—NZu(u,~ —bn)(1 —I—o(l))}.
i=1
Note that from our assumption that pyy — 0 as N — oo,

lim l/pN dr - e~ 2NIEN-06Y) <
N—oo\ 27 — PN B

Therefore, since G (i) + u < 0 [see (8.3)], Lemma 19 follows if we can show that
as N — oo, uniformly in u; € Jy and r € (—pn, pN),

2 T ey, (VN1 VW) )

i=1,2

(8.38) < (1+0(1))(E{detXy_1 — v NbyD)})*

2
X exp[NG(u) > (14 o) by — ui)}.
i=1

By Lemma 24 and Corollary 22, as N — oo, uniformly in u; € Jy and r €
(=PN, PN,

E{ I1 |det(MY)_, (r, V/Nuy, «/ﬁuz)”}

i=1,2

2 _ .
(8.39) <(1+ o(]))Eindet(Xg\l,)_l(r) — «/ﬁbNI)}

i=1
2
X exp=N6(u) > (1 + o) by — u,-)},
i=1
with XX,)_I (r) as defined in Lemma 24.
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Since for r =0, X%)_l (0) and Xﬁ)_l (0) are i.i.d., defining

2

Dy (r) =Dy n(r) :E{Hdet(XE{,)_l(r) - dﬁle)},
i=1

what remains to show is that ®x(r) = (1 + 0(1))®x(0) as N — oo, uniformly

inr € (—pn, pn). We show this by appealing to Lemma 25. First, suppose that

Wg\’,)_ 1 (r) are defined as in this lemma and set

Dy (r) =Py () = {Hdet(\/_wx)l(r) bel)}

Since, in distribution,

(WL (). XYL, () = (WL (52). WL, (s)),

VN —1
with s(r) = (sgn(r))?,/|r|P~—2, it follows that

Oy (r) = Pw(s(r)).
Thus, it is enough to show that for any pj, > 0 such that pj; — 0, as N — oo,

(8.40) Dy (r) = (1+0(1))Pw(0) uniformly in r € (—py, py)-
Assume p), > 0 is such an arbitrary sequence. By Corollary 23,
(8.41) Oy (1) < CPw(0) = C(E{detXn-1 — «/NBNI)})Z,

where Xy_1 is a GOE matrix of dimension N — 1 and C > 0 is an appropriate
constant.
In the notation of Lemma 25, g(r) = ®w (r) where g(A) = det(

1
: VAT
V/NbyI) is a polynomial function of the elements of the matrix A. Thus by
Lemma 25, uniformly in r € (—p);, py), as N — oo,

[Dw () — Pw(0)] < oy (Pw (1) — Pw(0))
< py(C = DPw(0) =o(1)Pw(0)
and, therefore, (8.40) follows. This completes the proof of Lemma 19. [J
APPENDIX A: EIGENVALUES

LetX; = )LIN ,i=1,..., N denote the eigenvalues of an N x N GOE matrix and
denote by

1 N
A.l Ly=—)> &
( ) N N; )‘zN

the empirical measure of eigenvalues. The following two bounds on the maximal
eigenvalue, both proved in [7], are useful to us.
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LEMMA 26 ([7], Lemma 6.3). For large enough m and all N,

N N2
IP’{maxlA,-I Zm] <e Nm/9,
i=1

THEOREM 27 ([7], Theorem 6.2). The maximal eigenvalues AN T= maxN )LN
satisfy the large deviation principle in R with speed N and the good rate functlon

= {/;\/(z/z)2 —ldz,  x>2,
oo,

otherwise.

Next, we state the LDP satisfied by Ly proved in [8]. Let M (R) be the space
of Borel probability measures on R, and endow it with the weak topology, which
is compatible with the Lipschitz bounded metric dry(:, -), defined by

/fdu /fdu

where JFpy is the class of Lipschitz continuous functions f : R — R, with Lips-
chitz constant 1 and uniform bound 1. The specific form of the rate function in the
LDP is of no importance to us and will therefore not be included in the statement
below.

diu(p, ') = sup
feFLu

THEOREM 28 ([8], Theorem 2.1.1). There exists a good rate function J (i),
for which J(u) = 0 if and only if u = u*, where u* is the semicircle law [see
(2.3)], and such that the empirical measure Ly satisfies the large deviation prin-
ciple on M{(R) with speed N? and the rate function J(11).

We finish with a corollary of the main theorem of [31].

COROLLARY 29 ([31]). Let Cy, Cy be two (deterministic) real, symmetric
N x N matrices and let 1 ;(C;) denote the eigenvalues of C;, ordered with nonde-
creasing absolute value. Suppose that the number of nonzero eigenvalues of Cy is
d at most. Then

).

N
}det(Cl + C2)| < (
i=1

and if |\ (Cp)| > 0,

d
(A2) dei(C1 + €| < faen(Cn| 1+ EXEDLY

[A1(Cy)l
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APPENDIX B: COVARIANCES, DENSITIES AND CONDITIONAL LAWS

In this appendix we study the covariance structure of
{f@). V@), V2 f@m). f(o(r). V(o). V2f (e @)},
where
o(r)=1(0,...,0,{/1—=r2r),

and prove Lemmas 12 and 13.
With the standard notation,

1 ifi = j,
8ij = .
0 otherwise,
in the lemma below we denote 8i=j = 8ij, 8i:j:k = (Sijajk, 5,':]';&1( = 81']'(1 — Sjk),

etc.

LEMMA 30. Foranyr € [—1, 1], there exists an orthonormal frame field E =
(E;) such that

E{fm)f(o()}=r?,
E{fM)E;f(o(r)} =—E{E f(m)f(o(r))}
=—pr? (1 =)y,
E{f)EE f(0(r)} =E{ExE f () f(o(r))}
=p(p— DrP2(1 = rH)81—k=n—1 — prPi=i,
E{E;fM)E;f(o(r)}=[pr’ — p(p — Dr’7>(1 = r*)]81=j=n—1
+ prP SN,
E{E; f ) ELELf(0(r)} = —E{ExEr fM)E; f (o (r))}
=p(p—D(p—2r" (1= r?)?8jmimy—i
—p(p— l)rp—Z(l _ r2)1/2
X [(8jmktN—1 478 jmk=N—-1)81=N—1
+ jmt<N—1+78j=1=N—1)8k=N—1]
— 2P (1 =) P8,
E{EiE; fm)EcE f(o(r)}=p(p—D(p—2)(p—3r’~*(1—r?)
X 8j=j=k=I=N—1
—p(p—=D(p—2r" (1 = r*)[4r8i= jmk=i=N—1

2
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+18i=j0k=1=N—1+1Si=j=N—16k=
+8j=1=N—18i=k£N—1 * Si=k=N—10 j=I£N -1
+8i=1=N—-18j=k£N—1 *+ 8 j=k=N—18i=1N 1]
+p(p = DrP 7 [=2(1 = )iz jn 18—
+ (§j=1N—1 + T8 j=1=N—1)

X (8i=k£N—1+Ii=k=N—-1)

+ BiziN—1 +18i=i=Nn—1)

X (8j—k£N—1+ r8j=k=N—-1)]
+p(p—Dr’™

X [ (1= r?)8i=jS1k=n—1 + r*8i=j8k=l]
— p(p— DrP72(1 = r?)8=Sk=i=n—1

+ prP8i—dk=.

Note that » = 1 corresponds to the case o (r) = n. (This is the case considered
in [5], Lemma 3.2.)

PROOF. We begin by defining the orthonormal frame field E. Let r € [—1, 1]
and let P, : SN~ — RN~ be the projection to RN~1,
Pn(-x]a ---,XN) = (-xla -"9XN—])7
set 0 € [—m/2, w/2] to be the angle such that sinf = r, and let Ry be the rotation
mapping
Rg(x1, ..., xN)
=(X1,...,XN—2,8In0 - xy_1 +cos6 - xy,—cos6 - xy_1+sinb - xy).

Let U and V be neighborhoods of n and o (), respectively. Assuming U and V
are small enough, the restrictions of P, and P, o R_g to U and V, respectively, are
coordinate systems.

On Im(Py) and Im( Py, o R_g), the images of the charts above, define

fi=foPy' and fo=fo(PaoRog) ™"

We let E = (E;) be an orthonormal frame field on the sphere such that [under the
notation (4.3)]°

[f@), Vfm), V2 fm)} ={£(0),Vfi0), V:fi(0)},
[f(@M). VF(a), VEf(e()} = {£0), V0, V? /(0)},

9The fact that such frame field exists can be seen from the following. If we let {%}{V: _11 be

the pull-back of {dix;}zN: _11 by Pp, then {a%i(n)}fv: _11 is an orthonormal frame at the north pole.
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where in R¥~!, V f; and V_2 fi are the usual gradient and Hessian.
Define C(x, y) = Cov{ f1(x), f2(y)} on Im(Py) x Im(Py, o R_g), and note that

Cx,y)=(p(x, 1)’ 2 (P (x), (Pao R_g) ' ()’

N=2
= (Z xiyi +rxn—1yn—1+y1=r2xy_1/1=(y,y)
i=I

+ry 1= ex) 1= (y,y) =1 =ryy_1y/1 = (x,X)>

The lemma follows by a (straightforward, but long) computation of the correspond-
ing derivatives, using the well-known formula [cf. [1], equation (5.5.4)]

p

Clx,y).

d* d! } d* d'
a O

cOv{ i, e

dxil "'d-xik dyi1 "'dyl[ Xij "'dxik dyil "'d)’i,

The variables in Lemma 30 are jointly Gaussian. Now that we have their co-
variances, the required conditional laws can be computed using the well-known
formulas for the Gaussian conditional distribution (see [1], pages 10—11). We shall
need the following notation.

Define, for any r € (—1, 1),

1 1
WO=Lammy PO e - pr -
! _ =D d -
az(r) = Pt as(r) = = (P — (p = Dre=2(1 = r2))2]’

bi(r) = —p+axr)pr (1 =17,
ba(r) = —pr? —ay(r) p’r*? (1= 1?),
b3(r) = ax(r)p*(p — Dr*? (1 = r?)[=(p — 2) + pr?],
ba(r) = p(p — DrP (1 =r?)
—ag(r)p*(p — DHr2P=*(1 = rH)[=(p = 2) + pr?].

For any point in U, we can define an orthonormal frame as the parallel transport of {%(n)}f\lz _11

along a geodesic from n to that point. This yields an orthonormal frame field on U, say E;(0) =

Z?]__ll ai/(a)%(o), i=1,..., N — 1. Working with the coordinate system Py, one can verify
- X J

that at x = 0 the Christoffel symbols Fl/»‘j are equal to 0, and, therefore (see, e.g., [24], equation (2),

page 53), the derivatives %ai./(Pn_l(x)) at x =0 are also equal to 0. If »r =1, that is, 6 (r) = n,
extend the orthonormal frame field E; (o) to the sphere arbitrarily. Otherwise, assume U and V are
disjoint and construct the frame field on V similarly to U and then extend it to the sphere.
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2,2
Define ZU(F) = (EUJ‘]' (r))i,jzl by

_ L) b
-1 200 == (0 nn):

and define 37 (r) = (£2,4j(r); "7, and T (r) = (Tg.;j ()} -, by
Sz =Sznr) =p(p—1) —ai()p*(p — r*P~H(1—r?),
Xz12(r) =Xz.21(r)
(B.2) . B
=plp—D7r"" —p(p—D(p—-2r"
+az(Np*(p — D41 =12),
Yo11(r)=Zonr)=2p(p—1)
—axr)(1=r?)[pp — Dr* = (pr* — (p =)

— (b3(r). ba(r) (Su ()~ (Zig;) '

(B3) Tg12(r) = Bg21(r) = p*r? —=2p(p = 1)(p* = 2p +2)r"
+p(p = D(p =2 (p =3’
+a ()01 =) (pPr? = (p = D(p —2))°

= (B10) + b3 ba) + ba) (B0 )™ (20 TR0,

Lastly, define
my(r, u1, u2) = (b3(r), ba()) (Su ()~ (w1, u2)7

ma(ryuy, up) =my(r,uz, uy).

(B.4)

REMARK 31. By standard analysis 1 & (pr? — (p — 1)r?~2), and thus the
denominators of a; (r) above, are positive for any r € (—1, 1). It is straightforward
to verify that

(EU,ll(”) + EU,lz(r))(l F (prp —(p— 1),,17*2))

24 424
=(1-r})(p- 1)[1 i j:rp_z]
p—1
Thus, from (6.11), Xy 11(r) £ Xy 12(r) > 0 for any r € (—1, 1). Since these are
the two eigenvalues of X (r), it is strictly positive definite for » € (—1, 1). In
Lemma 32, we shall prove that Xz (r) is strictly positive definite for r € (-1, 1).
In the proof of Lemmas 12 and 13, we show that X (r) is positive semi-definite.
Finally, we turn to the proof of Lemmas 12 and 13.
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B.1. Proof of Lemmas 12 and 13. Fixr € (—1, 1) and let E be the orthonor-
mal frame field defined in the proof of Lemma 30. We remind the reader that

Vine) = (Eifn@)is,  Vifn(o)=(EE;fv@) .

Assume all vectors in the proof are column vectors and denote the concatena-
tion of any two vectors vy, vy by (vr; v2). The covariance matrix of the vector
(Vf(m); V f(a(r))) can be extracted from Lemma 30. By standard calculations,
one can prove (4.6) and show that the inverse of the covariance matrix is the block
matrix

G(r) = ar(r) -1+ (a2(r) —a1(r))en—1,n—1  a3(r)In—1 + (as(r) —az(r))en—1,n-1
T\ In_1 + (as(r) —az())en—1,n—1 a1 In—1 + (a2(r) —ai1(N))en—1,n-1 )’

where Iy_1 is the N — 1 x N — 1 identity matrix and where ey_1 y—1 is the
N —1x N — 1 matrix whose N — 1 x N — 1 element is 1 and all others are 0.

For any random vector V, let EV denote the corresponding vector of expecta-
tions. From Lemma 30, denoting by e¢; the 1 x (2N — 2) vector with the ith entry
equal to 1 and all others equal to 0, we obtain

E{fm)- (VFm); Vf(o@r)))=—prP ' (1—r?) ey,

E{f(o(r)- (VFm); V(o)) =prP ' (1—r})"ey_y,
E{E:E;f(m) - (Vf(@m); Vf(o(r))}

0, |{i,j,N—1}|=3,
PPt 1 =) ey, i=j#N—-1,
p(p =P 21 =) Pey 1y, i#j=N-1,

p(p—DrP2(1 =) Pey_1j,  jAI=N-1,
(1=r3) (P37 = p(p = D(p — D" Pean-a,

i=j=N-1,
E{EE;f(o(r))- (V.f(0); Vf(a(r)))
0, (i, j. N —1}| =3,
=P (1= ey, i=j#N—1,
—p(p—DrP2(1 =) Pe;, i j=N—1,

—p(p—DrP 2 (1=r)Pe;, jFEi=N-1,

(=) (3 p(p— 1) (p — P e,

Denoting by Covy ¢{X, Y} the covariance of two random variables X, Y con-
ditional on V f(n) = V f(a(r)) = 0 (and the covariance with no conditioning by
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Cov{X, Y}), we have (cf. [1], pages 10-11)
Covyr{X,Y}
=Cov{X, Y}

— (E{X - (Vf(n); Vf(a(r)))})TG(r)E{Y (Vfm); Vf(or))}.

Thus, under the conditioning, f(n), f(a(r)), sz(n), and sz(o (r)) are
jointly Gaussian and centered and, by straightforward calculations,

Covyr{fm), f(m)}=Covys{f(o(), (o))}
=Zy,11(r),
Covyr{f(m), f(o ()} = Zu12(r),
Covys{fm), E;E; f(n)} =Covy{f(o(r)), E;Ejf(0o(r))}
=8 (b1(r) + i n—1D3(r)),
Covys{f(m), EiE;f(a(r))} =Covvs{f(a(r), EiE; f(m)}
=68ij(b2(r) + i, n—1b4(r)),
Covyf{EiE; f(n), EE; f ()}
(B.5) = Covy/{EiE; f(o(r), ExE f(0(r)}
28ikp(p — 1) — pbi(r) — pb3(r)(8i, N—1 + 8k, N—1)
— i N—18kn—1a2(r) (1 = r?)
x [p(p = Dr" 7 (pr? = (p = 2)T,

— l=,]’k=l’
Xz1(r), i=k#j=IN-1€e{ij}
0, if [{i, j, k. 1} = 3,

COva{EiEif(n), EjEjf(G(r))}

—pba(r) — pba(r)(8i,n—1 + 8 N-1), i #J,
—pba(r) +2p(p — DrP 72, i=j#N—1,
prr? —2p(p — D(p* —2p +2)rP72
+p(p—D(p—2)(p—3)r"™*
+as(r) prPP (1 —rA) (p*r? — (p — D(p — D)),
i=j=N-—1,
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COva{E,' E;f(m), EiE_,'f(G(r))}
{p(p —DrP72 |, N =1} =3,
EZ,IZ(r)v |{l’j’N_1}|:27l#],
Covy ({E;Ejf(m), ExE; f(a(r))} =0, if |{i, j, k, 1}] > 3.

Note that, in particular, this shows that the law of (f(n), f (o (r))) under the con-
ditioning is as stated in the lemma. Also, from the above it follows that Xz (r) is
positive definite for any r € (—1, 1).

Let Cov r,v r{X, Y} denote the covariance of two random variables X, ¥ condi-
tional on

(B.6) Vim=Vf(o@)=0, f@=uy, floe@)=u>

(which is independent of the values u;). Note that

Coviv{X,Y}= Covyr{X,Y}
— (Covy f{X, F)}, Covy X, f(e (M) ) (Zu )™

« COva{X,f(n)}
Covv{X, fle(M)})"

Clearly,
(b1(r), b2(") (B (1)~ = —p(1,0),
(b2(r). b1 (M) (Zu () = —p(0, 1),
Thus,
CovyvlEiEjf(n), ExE f(n)} — Covy f{EE; f(m), ExE; f (n)}
=Covyv{EE;f(o(r). ExEif(o(r)}
—Covw | EiEjf(o(r), ExE f(a(r))}
= —38;8ki(b1(r) + i N—1b3(r), ba(r) + 8i,N—1b4(”))(ZU(”))_1

bi(r) + 8k, n—1b3(r)
ba(r) 4 6k, n—1b4(r)

=68ijk - p[b1(r) + (Bi,n—1 + Sk, n—1)b3(1)]

— 81818 N 18k N—1(b3(r), ba(P)) (Sp (r) ™!

b3 (r)
x <b4(r))’
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COVf’vf{E,' Ejf(n), EkElf(O’ (r))} — COva{E,' E.,-f(n), EkElf(O' (r))}
= —38;8ki(b1(r) + 8i n—1b3(r), ba(r) + 5i,N—lb4(”))(EU(r))il

ba(r) + Sk, N—1ba(r)
x (b1<r> + 5k,N_1b3(r)>

=680k - p[b2(r) + (8i,N—1 + Sk, N—1)ba(r)]

= 888181 (s, By (Eu ) (40

Combining the previous calculations, we arrive at

COVf’Vf{E,‘E,'f(n), EjEjf(n)} = COVf’vf{E,‘E,'f(O'(I’)), EjEjf(o'(l’))}

0, i # .
=12p(p—1), i=j#N-1,
Xo.11(r), i=j=N-1,
% i #J,
CovivAEE f), EJEj fe()} =12p(p— DrP™2,  i=j#N—1,
Xg.12(r), i=j=N-—1.

For the cases of indices that do not appear above, we have

COVf’vf{E,' Ejf(n), EkElf(n)} = COVVf{E,' Ejf(n), EkElf(n)},
COVf’vf{El'Ejf(o'(F)), EkElf(O'(r))} = COva{E,' Ejf(O‘(r)), EkElf(G(r))},
COVf"vf{E,' Ejf(n), EkElf(o’(r))} = COva{E,' Ejf(n), EkElf(O'(r))}.

From the above, it follows that X () is positive semi-definite for any r € (—1, 1).

It is now easy to compare covariances and see that, conditional on (B.6), the law
of

(sz(n) —E{V*f(m)} V2f(a(r)) — E{V2f<a<r>>}>
VNp(p—=1) ~’ VNp(p—1)
is the same as that of

MG (). MY (7).

What remains is to show that the conditional expectation of V2 f(m) and
V2 f(o(r)) under (B.6) are equal to

—purl +my(r,uy, uz)en—1,n—1 and
(B.7)

—puxl +mo(r,uy, u2)en—_1,N—1,
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respectively. Denoting expectation conditional on (B.6) by EL}"’V@‘}{-},

EYCHEE; f(n)

= (Covy ({EiE; f(n), f(m)}, Covy ({EiE; f(m), f(a()}))(Su ()"
x (ur,uz)”

=81 (b1(r) + 8in—1b3(r), ba(r) + 8 N—1ba(M)) (Su (1) ™y, ua)”

= —8;jput +8;;8i n—1(b3(r), ba()) (Su (), u)T .

Similarly,

EYSHEE; f(a(r)}) = —8ijpuz + 818 n—1(b3(r), b)) (Su () o, up)T.

Which gives the required expectation (B.7). This completes the proof. [J

APPENDIX C: REGULARITY CONDITIONS FOR THE K-R FORMULA

In Section 4, we needed to apply the K-R theorem to “count” pairs of dif-
ferent points (0,0’) € SV~ x SN=1 at which V fy(6) = Vfy(¢’) = 0 and
fn(o), fn(o') € /N B. The variant of the K-R theorem we used is [1], Theo-
rem 12.1.1, which in particular accounts for the case where the parameter space
is a (Riemannian) manifold. It requires a long list of technical conditions to be
met [conditions (a)—(g) in the statement of the theorem] which we discuss in this
section. We start by relating our notation to that of [1], Theorem 12.1.1.

In [1], Theorem 12.1.1, f(t) = (f'(?),..., f¥(r)) is a random field on an
N-dimensional manifold M taking values in RY, Vf(r) = (E | f! (t))ﬁ/ =1 is
its Jacobian matrix (where E is a fixed orthonormal frame field), and A(t) =
(h'(1), ..., W% (1)) is an additional random field from M to RX. Those f, V f and
h correspond to our (V fx (o), V fn(0')), J(o,0"), and (fy (o), fn(c)), respec-
tively, where J (o, 0”) is defined as the Jacobian matrix of (V fx (o), V fn(c'))
with respect to the orthonormal frame field E. That is, if E;(o) [resp., E; (o]
is considered as a derivation with respect to the first (resp., second) coordinate of
fn(o,0"), then J(a,a’) is the block matrix

n A , - V2 0
J(o,0")=(Ei(0)Ej (o)) fn(o,0 ))121;]:12 = ( f(;)v(a) szN(a/)) ,

where i’ =i mod N — 1 and similarly for j’, and

o ifi <N-—1,
0= ’ e
o ifi>N-2.
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The manifold M in our case is 812\,(1 r) of (4.9) where I is an open interval
whose closure is contained in (—1, 1).” Conditions (a), (f) and (g) of [1], The-
orem 12.1.1, regarding the continuity, moduli of continuity and moments of the
involved random fields are trivial consequences of the representation (1.1) of the
Hamiltonian Hy (0), Gaussianity and stationarity. The remaining conditions con-
cern the continuity of certain conditional densities.® Below we will prove the fol-
lowing lemma.

LEMMA 32. Foranyr € (—1, 1), the Gaussian array

C.1H {Vim),Vfe@), V2 fm), V2 f(o @)},

is nondegenerate, up to symmetry of the Hessians. That is, if we replace the Hes-
sians in (C.1) by only their on-and-above elements, then the support of the Gaus-
sian density corresponding to (C.1) is R+ (N-D(N=2)

We wish to apply the K-R formula with /N B, the target set of fy (o), fn(0'),
being equal to an open interval or a finite union of such. Suppose that instead of
considering critical points o, ¢’ with fy (o), fx(c’) € /N B, we consider crit-
ical points such that fy (o) + egn (o), fn(o') + egn(o’) € V/NB with gy (o)
being a continuous Gaussian field on S¥~! independent of fy (o) such that
(gn(0), gn(0”)) forms a nondegenerate Gaussian vector for any o’ # +o. In the
latter case with ¢ > 0, the additional regularity conditions, conditions (b)-(e) can
be verified provided that Lemma 32 holds. Then, by letting ¢ — 0 we obtain that
the K-R formula holds for case ¢ = 0, which is what we wish to prove. Thus, what
remains is to prove the lemma.

Proof of Lemma 32. Forr = 0, the lemma can be verified from the covariance
computations of Lemma 30. Fix r € (—1, 1) \ {0}. It will be enough to show that:

i) (Vf(m),V f(o(r))) is nondegenerate and that conditional on (V f(n),
V f(o(r))) =0, and

(i) (V2 f(n), v? f(a(r))) is nondegenerate (in the sense as in the statement of
the lemma).

"In [1], Theorem 12.1.1, it is required that M is compact but going the proof of the theorem it can
be seen that since in our case M = 812\,(1 Rr) has a finite atlas, this requirement can be replaced by
requiring conditions (a)—(g) to hold on the closure of 512\/ (IR).

8Though this is not explicit in the statement of [1], Theorem 12.1.1, from its proof it can be seen
that the support of the density of V f [which in our setting is J (o', 0/)] can be any subspace L C RV
such that is det(V f) has density whose support is R. For example, in our case J (o, ¢’) has entries
which are identically 0.
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The first of the two follows directly from the covariance computations of
Lemma 30. From Lemma 13, we have that second condition follows if we are
able to show that X7 () is invertible and that

{(m1(r, ur, up), ma(r,uy, u2)) s uy, up € R} = R?,
It can verified that
(z1u() £ Tz pne))AFrPh
p(p—1) B
If r > 0 or p is odd, then
o) E1—rP = (p=2r" + (p—2rP? > 0.

1=t (p=2rP L (p—2)rP73.

If p is even, it can be verified that the derivative of @ () has constant sign on
(—1,0), from which it follows, by the fact that @ (0) = 1 and @w (—1) = 0, that
@ (r) > 0 for any r € (—1, 0). A similar analysis shows that

L= (p=2r’ ' = (p—2rP 7 > 0.

This proves that X7 () is strictly positive definite for r € (—1, 1).
By definition [see (B.4)],

my(r,uy, uz)) (b3(i’) b4(r)> -1 (m)
= ) ,
()= (e i) oo™ (i)
where we recall that Xy (r) invertible as shown in Remark 31. Thus, it is enough to

show that b3 (r) &= b4(r) # 0 (and, therefore, the matrix above is invertible). From
straightforward algebra,

rPm2 41
LF@P—(p—Drr=2(1 —r?)’

As mentioned in Remark 31, 1 + (pr? — (p — DrP~2) > 0 and, therefore, the
denominator above is positive. This completes the proof. [J

b3(r) + bs(r) = p(p — DrP72(1 = r?)

APPENDIX D: UPPER BOUND ON THE GROUND STATE FROM
MOMENTS EQUIVALENCE ON EXPONENTIAL SCALE

In this appendix we show how Theorem 3 can be used to prove that

D.1) lim GS¥ = —Ej, almost surely.

N—o0

The fact that (D.1) holds was already proved in [5] based on fact that pure mod-
els are 1-RSB. The proof below is based on the equivalence of second and first
moment squared only on the exponential level—a fact which may be useful when
investigating general mixed models which are not known to exhibit 1-RSB.

The Borell-TIS inequality [9, 17] (see also [1], Theorem 2.1.1) gives, for ¢ > 0,

(D.2) P{|GSY —E{GS"}| > ¢} < exp{—e>N/2)}.
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From the Borel-Cantelli lemma that in order to prove (D.1), it is sufficient to show
that

(D.3) lim E{GS"} = —E,.
N—o0
Note that
(D.4) GSN <u = Crty((—o0,u)) > 1.

Thus, by Markov’s inequality, Theorem 10, and the definition of Ej,
hmsupIP’{GSN <—Ey—¢}= hmsupIF’{CrtN(( 0o, —Ep —¢)) > 1}

(D.S) N—o0

< lim e N =0,

N—o0

for any € > 0, where C, > 0 is a constant depending on ¢.
Now, assume toward contradiction that, for some § > 0, Ny — oo,

liminfE{GS"} = lim E{GS"} < —E( 3.
N—oo k—o00
Then, from (D.2),
lim P{GS™ < —Eo —8/2} > lim P{|GS™ — E{GS"}| <8/4} =1,
k—o00 k— 00

which contradicts (D.5).
Next, assume toward contradiction that, for some § > 0, Ny — oo,

limsupE{GSN} = Jim Ef GSN} > —Eo +36.

N—o0

Then, from (D.2),

1
lim sup F1og(IP>{GS’Vk < —Eo(p) +5/2})

k—o00 k

1
< lim —log(P {|GSNe —E{GSM )| > §/4}) < —8%/32.
—o00 Vg
On the other hand, from the Paley—Zygmund inequality and (D.4),
1
liminf — log(P{GS™ < —Eo(p) +8/2})

k—>oo Nj

1
= liminf — log(P{Crty, ((—00, —Eo + 8/2)) > 1})
k—oo Nj

= hmlnf—l og
k—oo Ny

((E{CrtNk«—oo, —Eo(p) + 8])})2> _o
E{(Crty, ((—00, —Eo(p) +8D)%}/)

which, of course, contradicts the previous inequality. Hence, (D.3) and, therefore,
(D.1) follow.
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