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ON THE BEHAVIOR OF DIFFUSION PROCESSES WITH TRAPS
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We consider processes that coincide with a given diffusion process out-
side a finite collection of domains. In each of the domains, there is, addition-
ally, a large drift directed towards the interior of the domain. We describe the
limiting behavior of the processes as the magnitude of the drift tends to infin-
ity, and thus the domains become trapping, with the time to exit the domains
being exponentially large. In particular, in exponential time scales, metastable
distributions between the trapping regions are considered.

1. Introduction. Let v be an infinitely differential vector field on the
d-dimensional torus T9. (General manifolds, whether compact or not, can also
be considered, but we will stick with the torus for the sake of simplicity of later
notation.) Consider the process X;° defined via

(1) dX;f =v(X{F)dt +JedW,,  Xy©=x,

where ¢ is a small parameter and W is a d-dimensional Wiener process. We are
interested in the large-time behavior of this process when ¢ |, 0.

It will be more convenient to “speed up” the time by the factor ¢, thus consider-
ing the process X; ¢ defined via

1
dX;% = —v(X;%)dt +dW;, Xy© =x,
&

where ¢ is a small parameter and W is a d-dimensional Wiener process. Assume
that the collection of asymptotically stable limit sets of the unperturbed flow con-
sists of n equilibrium points Oy, ..., O,. Let Dy, ..., D, denote the sets that are
attracted to Oy, ..., Oy, respectively. Intuitively, when ¢ is small and ¢ is large,
X7 is located near one of these points with overwhelming probability. The transi-
tions between small neighborhoods of the equilibriums are governed by the matrix

LT .
®) vl-,-=5mf{/0 \ws—v(gos)|2ds,goo=0,-,w=0j}, i jell,....n),
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where the infimum is taken over all 7 > 0 and all absolutely continuous functions
000, T] —> 4. Loosely speaking, for eachi =1,...,n, x € D;, and A > 0 (ex-
cept a finite subset of A’s, as discussed below), there is an index k = k(x,A) €
{1,...,n} such that

3) dist(X;;;(MS), Ox) >0 in probability as ¢ | 0.

The equilibrium Oy is called the metastable state for the process X; *® correspond-
ing to the initial point x and time scale exp(A/¢). The state Oy can be determined
by comparing A with certain linear expressions involving the numbers V;; (see
Chapter 6 of [4]). Typically, there is a finite set A of values of A where transitions
from one metastable state to another happen, that is, the notion of a metastable
state is defined for A € (0, 00) \ A.

On the other hand, for certain geometries of the unperturbed flow, it may hap-
pen that V;;, = V;;, for some j; # j, or, more generally, the sums of two distinct
collections of V;;’s may be equal. The analysis of the asymptotics of X; is then
more intricate. The notion of rough symmetry, of which the simplest examples are
due to geometric symmetries of the flow, was introduced and to some extent ana-
lyzed in [3]. In the presence of rough symmetry, metastable states may need to be
replaced by metastable distributions between the asymptotically stable attractors.

In the current paper, we analyze an interesting situation where V;; do not de-
pend on j. Consequently, X; "¢ is distributed between the neighborhoods of several
equilibriums at exponential time scales. Now this phenomenon is due not to geo-
metric symmetries but to the vanishing of the vector field in certain regions of the
state space. Namely, let Dy, ..., D, be open connected domains with infinitely
differentiable boundaries 0Dy, k =1, ..., n, on the d-dimensional torus T<. The
closures Dy are assumed to be disjoint. Let v be a vector field on T¢ that is equal
to zero on T¢ \ U{_, Dk It is assumed to be infinitely differentiable in the sense
that there is an infinitely differentiable field on T¢ that agrees with v on Ui~ Dk
Assume, for the moment, that all the points of Dy are attracted to an equilibrium
Or € Dy, k=1,...,n (see Figure 1).

The quantities V;; are easily seen not to depend on j since

T
inf{/o |5 — v(gs)|*ds, 9o € dD;, o1 € 8Dj}

T

:inf{f |(,bs|2ds,(p() €dD;, or € aDj}
0

—0,

where the infimum is taken over all 7 > 0 and ¢ € C! ([0, T1, T4 ). There are two
issues involved in understanding the transitions of the process X;® between the
neighborhoods of different equilibriums. The first issue is to describe how the pro-
cess that starts near Oy exits the domain Dy. Fortunately, this questions has been
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D,

FI1G. 1. Torus with multiple trapping regions.

well studied. One needs to look at the quasi-potential:
1. T 2
4 Vilx)= Emf /0 |@s — v(@s)| " ds, 9o = Ok, o1 = x ¢, x € 3Dy,

where the infimum is taken over all 7 >0 and all ¢ € C ! ([0, T'], D). If the mini-
mum of Vi(x), x € d Dy, is achieved at a single point x, then the process starting
near Oy exits Dy in a small neighborhood of x; with probability that tends to one
as ¢ | 0 (see Chapter 4 of [4]). The time to exit is of order exp(Vi(xx)/€). Even if
the minimum is not achieved at a single point, there are cases when the exit from
the domain is well understood (e.g., in the simplest example when v is spherically
symmetric and Dy is a ball centered at Oy, also see [1] and references there). We
will simply assume that for each compact K C Dy, the exit time (appropriately re-
scaled) and the exit location have limiting distributions that do not depend on the
starting point within K, as in the case of a single minimum for the quasi-potential
and in the symmetric case mentioned above.

The second issue concerns the transitions between the domains Dy, that is, the
behavior of the process X;*° on T¢ \ %~ D«.In order to get a meaningful limiting
object, we introduce a new process ¥;"® by running the clock only when X; ¢ €
T4\ U~ Dk. While this process obviously coincides with a Wiener process away
from boundary | J;_; d Dx, the regions Dy still play an important role by trapping
the process when it reaches the boundary and then re-distributing it on 0 Dy. The
description of the limiting behavior of ¥;" is the main result of this paper.

In Section 2, we describe the limiting process. It belongs to a peculiar class of
processes that, it seems, have not been discussed in the literature previously. In
Section 3, we prove the convergence of ¥;"*® to the limit. In Section 4, we describe
the asymptotics of the original process X;® at exponential time scales and make
several additional remarks.

One of the motivations for this paper is the study of cluster formation for par-
ticles moving in a short-range potential (see [5], [7] and references therein). The
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unperturbed motion of particles is governed by the equation
XF=v(X'):=-VA(XY), Xj=xeT?

where A(x) = > j_; Ax(x). Here, Ay, k =1,...,n, are continuous, supported
in Dy, and each has a unique local maximum Oy in Di. By saying that the po-
tential is short-range, we mean that the supports of the functions Ay do not overlap
(see Section 4 for a more general discussion). Since the vector field is potential in
this example, we simply have Vi, = 2A;(Oy) for the quasi-potentials Vj defined
in (4). Therefore, the perturbed process X ©¢, defined in (1), exits Dy in time that
is logarithmically equivalent to exp(2Ax(Ox)/¢) ([4], Chapter 4). The analysis of
the limiting behavior of ¥;"¢ applies in this case. As we discussed, this allows
one to describe the distribution of X T'(s) (and its time-changed version X;°) for
T (e) ~exp(r/e), A > 0.

2. Description of the limiting process. In this section, we define the family
of processes X*, which later will be proved to be the limiting processes for ¥;"* as
el 0.Let D,...,D, C T4 be open connected domains with infinitely differen-
tiable boundaries d Dy, k = 1, ..., n. The closures Dy are assumed to be disjoint.
Let U = T¢ \ |J;_, D. The closure of this domain will be denoted by U. Let
U’ be the metric space obtained from U by identifying all points of d Dy, turning
every 0Dy, k=1, ..., n, into one point dg.

The family of processes X, x € U’, will be defined in terms of its generator.
Since we expect X; to coincide with a Wiener process inside U, the generator
coincides with %A on a certain class of functions. The domain, however, should
be restricted by certain boundary conditions to account for nontrivial behavior of
X7 on the boundary of U. We will use the Hille—Yosida theorem stated here in the
form that is convenient for considering closures of linear operators (see [8]).

THEOREM 2.1. Let K be a compact space, C(K) be the space of continuous
functions on it. The space C(K) is endowed with the supremum norm. Suppose
that a linear operator A on C(K) has the following properties:

(a) The domain D(A) is dense in C(K).

(b) The constant function 1 belongs to D(A) and A1 =0.

(c) The maximum principle: If S is the set of points where a function f € D(A)
reaches its maximum, then Af (x) <0 for at least one point x € S.

(d) For a dense set ¥ C C(K), for every Y € WV, and every A > 0, there exists
a solution f € D(A) of the equation \f — Af =.

Then the operator A is closable and its closure A is the infinitesimal generator
of a unique semi-group of positivity-preserving operators Tz, t > 0, on C(K) with
L1=1|T| <1
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Suppose that we are given positive finite measures vy, ..., v, concentrated on
daDj1, ..., dDy,, respectively. The Hille-Yosida theorem will be applied to the space
K = U'’. Let us define the linear operator A in C(U’). First, we define its domain.
It consists of all functions f € C(U’) that satisfy the following conditions:

(1) f is twice continuously differentiable in U'.

(2) The limits of all the first- and second-order derivatives of f exist at all the
points of the boundary U = (J;_, d Dx.

(3) There are constants g1, ..., g, such that

lim A = gk, k=1,...,n.
yeU,dist(y,0 D)0 f(y) 8k

(4) Foreachk=1,...,n,
(5) /aDk(Vf(x), n(x))ve(dx) =0,

where n(x) is the unit exterior normal at x € d Dy (with respect to U).
For f € D(A) and x € U’, we define

1
SAf@).  ifxel.,

1
Egk, ifx=d,k=1,...,n.

Let us check that the conditions of the Hille—Yosida theorem are satisfied.

Af =

(a) Consider the set G of functions g that are infinitely differentiable and have
the following property: for each k =1, ..., n there is a set Vi open in U’ such that
0Dy C Vi and g is constant on V. It is clear that G C D(A) and G is dense in
c\u).

(b) Clearly, 1€ D(A) and A1=0.

(c) If f has a maximum at x € U, it is clear that Af(x) < 0. Now suppose that
f has a maximum at di. We can view f as an element of C%(U) that is constant on
each component of the boundary, in particular on d Dy. Note that (V f(x), n(x)) is
identically zero on d Dy, since otherwise it would be negative at some points due
to (5), which would contradict the fact that f reaches its maximum on d Dg. Then
the second derivative of f in the direction of # is nonpositive at all points x € d D.
Since f is constant on d Dy, its second derivative in any direction tangential to the
boundary is equal to zero. Therefore, Af (x) <0 for x € d D, thatis, Af (dy) <0,
as required.

(d) Let W be the set of functions ¥ € C(U’) that have limits of all the first-
order derivativeg asy — x,y €U, atall points x € dU. It is clear that W is dense
in C(U’). Let f € C*(U) be the solution of the equation A f — %Af =Y in U,
f =0on dU. Let hy € C2(U) be the solution of the equation

1
khk(x)—EAhk(x)=O, xeU,

hi(x) =1, x € 0Dg; hi(x) =0, x €dU\ dDy.
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Let us look for the solution f € D(A) of Af — Af = ¢ in the form f =
f + > % ckhi. We get n linear equations for ¢, ..., ¢,. The solution is unique
because of the maximum principle. Therefore, the determinant of the system is
nonzero, and the solution exists for all the right-hand sides.

Let A be the closure of A. Let T}, t > 0, be the corresponding semi-group on
C(U"), the existence of which is guaranteed by the Hille—Yosida theorem. By the
Riesz—Markov—Kakutani representation theorem, for x € U’ there is a measure
P(t,x,dy) on (U, B(U")) such that

TN = [ FOPGxd).  fec)

It is a probability measure since 7;1 = 1. Moreover, it can be easily verified that
P(t,x, B) is a Markov transition function. Let X/, x € U’, be the corresponding
Markov family. In order to show that a modification with continuous trajectories
exists, it is enough to check that lim; o P (¢, x, B)/t = 0 for each closed set B that
does not contain x (Theorem 1.5 of [6], see also [2]). Let f € D(A) be a nonneg-
ative function that is equal to one on B and whose support does not contain x.

Then

i 2% B) (Tzf)(x: —fx) — AF(x) =0,

110 t 10

as required. Thus, X} can be assumed to have continuous trajectories.

3. Convergence of the trace of the process. Letr : T — U’ be the mapping
defined by 7 (x) = x for x € U and 7 (x) = dj for x € Dg. In this section, we prove
the convergence of ¥;"¢, obtained from X;"® by running the clock only when the

J— N 7 (x)
process is in U, to the limiting process X; *".

Let v be a vector fEId that is smooth in | J;_; D (i.e., it admits a smooth con-
tinuation from (J;_, Dy to the whole space) and is equal to zero outside [ J;_; Dx.

Let

a(x) =(v(x),n(x)), x €dU,

where 7 is the unit exterior normal to the boundary (with respect to U). We will
assume that a(x) > 0 for all x € U . Recall that the process X; ¢ is defined via

1
dX;* = —v(X;°)dt +dW;, Xyt =nx.
&

For B C T%, let t"¥(B) = inf{t > 0: X;"° € B}. Let 11;"° be the measure on 3 D
induced by X’;;i (D) We will assume that there are measures ug, k =1, ...,n,
such that for each compact set K C Dj and each continuous function ¢ on 90 Dy
we have

6 lim d “:/ d
(6) lim aDkw Wy aDk<p Ik
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uniformly in x € K. Define the measures vy via
(7 we(dx) = (2a(x)) 'ur(dx),  x€dDy.

Let X} be the Markov family of continuous U’-valued processes defined above,
corresponding to the measures vi, k =1, ..., n. As discussed in the Introduction,
if the minimum of the quasi-potential Vi (x) defined in (4) is achieved at a single
point xg, then (6) is satisfied with i being the delta-measure at xz. Then vy is
a constant multiple of the delta-measure, and the integral condition (5) becomes
simply (V £ (), n(xg)) = 0.

Define

st)y=inf(s: A(u:u <s,X* €U)>t),
where A is the Lebesgue measure on the real line, and let

®) Yo = X

Thus, ¥;"¢ is a right-continuous process with values in U, which also can be
viewed as a continuous U’-valued process. It can be obtained from X;** by running
the clock only when X;* is in U. The main result of this section is the following.

THEOREM 3.1. For each x € T?, the measures on C ([0, o), U’) induced by

the processes Y;"*° converge weakly, as € |, 0, to the measure induced by X ;T(X).

The key ingredient in the proof of this theorem is the following proposition.
PROPOSITION 3.2. Suppose that f € D(A). Then
1 rt
©) hmE(f(Yf’s) —f) -5 Af(Y;’8>du) =0
el0 2 Jo
for each t >0, uniformly in x € U.

PROOF. For the sake of notational simplicity, we will assume that there is just
one domain where the vector field v is nonzero. This does not lead to any loss of
generality as the proof in the case of multiple domains is similar. We will denote
the domain by D and will drop the subscript k£ from the notation everywhere. For
example, (5) now takes the form

(10) / (V f(x),n(x))dv(x) =0.
aD
Let S, = {x € U : dist(x,dD) =r} for r >0, S, = {x € D : dist(x, dD) = —r}

for r < 0. These are smooth surfaces if r is sufficiently small. Let [, = {x € U :
dist(x,0D) <r} forr > 0.
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Letoy* =0, 7" =1"*(D), 0, f =inf(r > 17¢: X;* € S/e)s n = 1, while
Tf =inf(r > 0, % : X;"* € 9D), n > 2. Then

( FOE) = F 00— 5 / AF(YE S)du)

ad o /\s(t) e
(11) = g( fn /\ (l) f(X n 1/\s(t) 2/ /\s([) Xu’ )dl/t)
Y.e 1 o As(t) e
+E Z( /\S(f)) f(XTrf’e/\S(f)) 2 e As () Af(Xu’ )du>’

where we put A f 0 on D. The first expectation on the right-hand side is equal
to zero since X;® is a Wiener process on U. Our goal is to show that the second
expectation tends to zero. We separate the proof into several steps, most of which
concern the stopping times o,° and the behavior of the process near 0 D.

(1) In order to deal with the second expectation on the right-hand side of (11),
we need to control the number of terms in the sum.

LEMMA 3.3. Thereis c = c(t) > 0 such that

(12) P(o;"% <s(1)) <exp(—cny/e), xeU,n>2.

PROOF. Since 9D is smooth, there is » > 0 such that the ball of radius r
tangent to D at x lies entirely in U. Let n® be the time it takes a Wiener process
starting inside a ball of radius r at a distance /¢ from the boundary to reach the
boundary. It is easy to see that there is ¢ = ¢(¢) > 0 such that

P(i® <1) < exp(—c/e).
Therefore, if n,i, k > 1, is a sequence of such independent random variables, then

(13) P(nf + - +1n° <t) <exp(—cn/e), n>1.

By our construction, P(z;"® — o,f 51 > le ve) > P(n® > z) for each n > 2 and
—1

z > 0. Therefore, estimate (12), with ‘L’n i 1 nstead of 0,¢, follows from (13) and
the strong Markov property. Thus, the original formula (12) also holds, with a
different constant c. [

(2) Next, we consider auxiliary processes that will appear later, when we ana-
lyze the behavior of X;*¢ in the vicinity of d D. First, consider a one-dimensional
process Z; that satisfies

dZtZ =dB; —VX(_OO,())(ZIZ)dl, Z(Z):Z,
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where v > 0 and B; is a one-dimensional Wiener process. Also consider its pertur-
bation defined via

(14) dZF =dB, — VY (—c0.0)(Z7) dt 4+ AZdt, Zi=1z,

where A7 is a continuous adapted process satisfying |A7| < v/2. It is easy to see
that for each n > 0 there is a zg < 0 such that

(15) P(supZ® > 0) <1,

t>0
while for each zg < O there is a ¢y such that for z € [zp, 1],
(16) P(Z,Z reaches {zo} U {1} before time 79) > 1 — 1.
A direct calculation shows that

P(sup 70> 1) =1+2v)"

t>0
Fix such zg that (15) holds and
(17 P(Zt0 reaches 1 before reaching z()) >(1+ 2V)_1 —n.

By the Girsanov formula, the use of which is justified by (16) with Z,z replaced by
79, there is » > 0 such that

P(Z? reaches 1 before reaching zo)
(18)
€ [(1 + ZV)_1 — 37«)’ (1 +2V)_1 + 377],

provided that |A0| < ». Below we will encounter a related e-dependent process.
Namely, suppose that (Z5¢, Z5%) € R x R4~ satisfy

Az

A; ~
(19) dZZE—dBt——X( ooO)( )dt+—dt Z(Z)’Ezz,

~ o e~ AT ~
(20) dz7* =o(Z27°,27°)dB, + L dt, Zy° =73,
&

where E, is a one-dimensional Wiener process, E, is a d-dimensional Wiener pro-
cess, possibly correlated with By, o is a (d — 1) x d matrix, and z = (Z,%) € RY.
We will assume that there is C > O such that

@1 A5 <v/2,
For A C R, let 7¢¢(A) =inf{t > 0: Z>° € A}.

A < c.

LEMMA 3.4. There are g9 > 0 and L > 0 such that

(22) E(A(t: Z2F €10, el t < 7% ({—/e} U {e}))) < L&,
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provided that € < gq. If, additionally,
(23) |A% <x(e)  whenever |ZF| +|Z)F| < /e, with x(e) | Oase | 0,
then

(24) limP(2%4 ({e}) < 2 ((—v/e)) = (1 +29) 7",

PROOF. Letn e (0,1). Find zg < 0 such that (17) holds and
(25) P(7%0%¢({0}) < 00) <m,

which is possible by (15) and the scaling-invariance of a Wiener process. By (16),
we can find 7 such that for z € [z¢, 1],

(26) P(T%° ({z08} U {e}) < f08%) = 1 — 1.

The combination of these two inequalities and the strong Markov property (the use
of which is allowed since a time-shift of the process A7 is also bounded by v/2)
imply (22). By (19), (20), (23) and (26),

P sup |Z?| < %(8))

1<70¢({z0e}U{e})

>P( sup (| Z)°[+]Z)7]) < Ve)
1 <70 ({z0e}U{e})
>1-2n
for all sufficiently small ¢. Therefore, by (18), which can be applied after re-
scaling,

P(%¢({e}) < T%¢({zoe})) € [(1 +2v) 7! =5, (1 +2v) 7! 4 57].
Together with (25), this implies that
P(T%¢({e)) < T ((—ve)) e[ +2v) L —6m, (1 +2v) ! + 6]
Since n was arbitrary, this implies (24). [

From the presence of a strong drift to the left in (19), it easily follows that there
is L > 0 such that

27) sup  E7¢((—v/e} U fe}) < Le?.
Z€[—/¢,€]
From (19), (20) and (27), it follows that
(28) imP( sup  (|1Z)]+(|2)°)) > e%) =0,
O N <70 (- JBpUe))
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(3) Now we will apply Lemma 3.4 to study the behavior of the process X;*® in
the vicinity of d D. Namely, we will prove the following lemma.

LEMMA 3.5. For each sufficiently small § > 0, there are ¢g > 0 and L > 0
such that

29)  E((t:X;° €U, r <min(t"(S_s), "(Se)))) < Le?,  x€dD,
provided ¢ < gg. Moreover,

(30) liilaP(rx’g(Sg) <t%(S_s))=(1+ Za(x))_1 uniformly in x € 0D.
&

PRrROOF. First, observe that

(31) Lifge—zp(rx’%sg) <1%%(S_5))=0  uniformlyinxeS_

due to the presence of the strong drift inside D. Also, there is L > 0 such that
(32) Emin(c%¢(dD), t*¢(S,)) < Le?,  x €T,

for all sufficiently small &, since X;° is a Wiener process on U.

Let us describe a change of coordinates in a neighborhood of a point x € 9 D. Let
VI =[—4/¢,elx B, C R4, where B, C R4~ is the closed ball of radius r centered
at the origin. Let m, be an isometric mapping of B, to the (d — 1)-dimensional
ball of radius r centered at x in the tangent plane to d D at x. For y € B, we take
the straight line passing through m, (y) and the point on 9 D closest to m (y) [this
line is perpendicular to 0D if m,(y) ¢ 0D; we define it as the perpendicular if
my(y) € dD]. For z € [—+/e,¢] and y € B,, define ¢,(z, y) as the point on the
perpendicular that belongs to S,. If r and ¢ are sufficiently small, then ¢ is a
diffeomorphism from V' to a domain U/ (x) for each x (see Figure 2).

& Ul(x)

~

S_ve

FI1G. 2. The diffeomorphism ¢y .
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r Yo _ —1 9@ . . .
Forz e V], let X;” = ¢~ (X; ") be the process written in the new coordi-
nates (stopped when it reaches the boundary of V). It satisfies

~3€ 1_ ~~<,€ ~Z,€
dXt = EU(XZ )X[—\/E,O]XRdfl(Xt )dt
+B8(XYdt +7(X; ) dW,, X =z
The coefficients v, B, are bounded in C 1(V8’ ) (the change of coordinates and,

therefore, the coefficients depend on x, but the bound is uniform in x) and satisfy:
v1(0) = —a(x), o (0) is an orthogonal matrix. Let

D=

a(z)=(03&) + - +0olz) 2.

Note that this is a smooth function such that «(0) = 1. The process
~ 1, ~
de’e = ga2vX[—\/E,O]XRd_1 (th’e)dt
+a?B(XP°)dt + a7 (X7°)dW,, X¢ =z,

is different from Yf’g by a random change of time. The coefficients of X ¢ can be
extended from V/ =[—./e, &] x B, C R? to [—./e, &] x R?~! by requiring that
they do not vary in the radial direction outside B,. This way the process X #¢ can
be defined until the time it reaches the boundary of [—./e, ¢] x R?~! Let Z,”
be the first coordinate of X “¢ and ZZS be the vector consisting of the remaining
d — 1 coordinates of X>°. Note that the process (Z5°, Z=) can be written in the
form (19)—(20) with the coefficients satisfying (21), (23), provided that r and ¢ are
chosen to be sufficiently small, independently of x.
By (28),

(33) limP(min(tx’g(S_ﬁ), 4(8,)) > t4¢(aU] (x))) =0,
el0
and it is not difficult to see that the limit is uniform in x € 9 D. Since « is bounded

from above and below, from Lemma 3.4 [formulas (22) and (24)] it follows that
there are ¢g > 0 and L > 0 such that

(34) E(Mr:X° €U, t <t™*(dU(x)))) < Le*,  x€dD,
provided that ¢ < g9. Moreover,

(35) P (S < TS p) = (1+ 2a(x))”',  xeaD.

The convergence is uniform in x since the dependence of the process ¥4 e Z =8
on x manifests itself through the value of v = a(x) and through the values of C,
#(¢e) in (21), (23) in a way that does not affect the applicability of (22) and (24).

The strong Markov property of the process X;'°, together with (31), (32)
and (33), allows us to obtain (29) from (34) and (30) from (35). [
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(4) Let us get a bound on EA(u : u < 07"%, X5¢ € U), x € dD. Since X;* is a
Wiener process on U, there are &g > 0 and L > 0 such that

(36) Emin(c*(D), t*(S ;) <Le3,  x €S,

provided that ¢ < g, while
(37) liil(}(E_%P(Tx’g(Sﬁ) <t*¥@D))) =1 uniformly in x € S,.
&

Let 6 be sufficiently small for (29) and (30) to hold. Formulas (36), (37), together
with (29), (30), and the strong Markov property of the process, imply that there are
g0 > 0 and L > 0 such that for all sufficiently small ¢,

(38) Ei(u:u <o, X*€U)<Les, x€dD.

Let&) =A(u:t,° <u<o,° X; %€ U). Formulas (38) and (12), together with
the strong Markov property of the process, imply that there is ¢ = c(¢) such that

o0
(39) EY & Xoreesiy ScVE,  xel.
n=0

(5) The next chain of arguments will relate the stopping times to the coefficient
1/2a(x), which appears in the definition of the measure vy in (7). We claim that
for sufficiently small & there are &g > 0 and L > 0 such that

40)  B(IX5, —x[F TS < TV°(S_s) < L&, xedD,

provided that ¢ < gg. Let us sketch a proof of this statement. First, by observing
the process in the e-neighborhood of 9 D, it is easy to see that

(41) E|X‘)EC;(?S(SS)/\TX*S(S_8) — X|2 < L€2, x €oD.

From the the presence of the strong drift inside D, it follows that there is ¢ > 0
such that

(42) P(r**@D) > 162, 79%(dD) < THE(S_s)) <e, x€0S_¢,t>0,
and consequently,

@3)  E(XS%p —x[F TV 0D) <T7(S_s)) <Le?,  x€dS_,.
Also note that there is ¢ > 0 such that

(44) P(t*%(@D) <1t%%(S-s)) <1 —c, x €0S_;.

By considering consecutive visits of the process to S_ and d D, employing (41),
(43), (44) and using the strong Markov property, we obtain (40).
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Take the compact set K C D such that 0 K = S_s, where § is sufficiently small
for (29), (30) and (40) to hold. Observe that, since X;® is a Wiener process in U,
by (36),

, 2 , ,
E|X-:X?E(8D)ATX’E(S\/§) - x| - d ° E(Tx 8(8D) /\ Tx S(Sﬁ))
(43) 3
< Lg2, x € S,.

Therefore, by (40), (30) and (37), it follows from the strong Markov property that

lim(e~2P(07¢ < T5°(K))) = Z(#)"

el0 — 1+ 2a(x)
(46)

= uniformly in x € dD.

2a(x)

(6) Next, we obtain an estimate on the displacement of the process before the
time olx *#. Combining (30), (37), (40) and (45), and using the strong Markov prop-
erty, we obtain that there are g9 > 0 and L > 0 such that

(47) (X5 —x[% o <" (K)) <Le?,  xedD,

1

provided that ¢ < gg. Therefore,

(48) E(|X 3 —x
g

,07° <1t"%(K)) < Le, x€dD,

provided that ¢ < g, with a different constant L.

(7) Recall that the second sum on the right-hand side of (11) contains the terms
f(x ;’fi/\s o) — X ; nfs/\s (1)) The next lemma will help us bound the expectations
of such expressions. Note that it is precisely in the proof of this lemma where
condition (6) on the distribution of the exit location and condition (5) [in the form
(10)] on the function f are used.

LEMMA 3.6. Let f be the value of f on dD. Then
(49) liﬁ)l(é‘_%E( FX5E) =) =0 uniformly inx € 3D.
& 1
PROOF. Introduce the following two sequences of stopping times: ?)f’g =

t0¢(D), o5 =inf(t > Tp° : X;*° € K), n > 1, while T0° = inf(t > 7, :
X;* €dD),n>2.Then

Ef(Xxfs) - T

g

o0
=Y B((f(X5) = ). T <o <Ty)
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=B((F(X25) ~ 7)o <75°)

o0
+ LB GE) =)ol <Tlol™ > 0,0 )P0y > 7)),

n—1 n—1

By (46) and the strong Markov property of the process, there is ¢ > 0 such that
P(o;* >a0%) < (1 —cy/e)" L.

Also observe that

B (X5 = 7). i <Tiylot = o3|

<sup’E(( f(X ;xs,s)—?)a% <7°)]

xekK

< sup|[B({V f (X75%), X0xe — X)o7 <737
xekK 1 1

+C sup E(|X%E —x|% o <T3F),
xedD 7

where C depends on the C%(U)-norm of f. The second term on the right-hand side

is bounded by C 8% , with a different constant C, using (47). In order to estimate the
first term, we notice thatif x e 9D and y € § NG then, since V f(x) is orthogonal
todD,

V), y —x)+ VeV Fx),nx) <clx -y

for some ¢ > 0, where n(x) is the unit inward normal to the boundary at x (with
respect to D). Therefore, for x € K,

E(VF(X50). X5~ XEC) o <73)
VRV S (X5, (X;l«i)%of" <)

< CE(|X". — XE5E?
o1 i3

1 <?)2C 8)’

where C depends on the C!'(U)-norm of f. The right-hand side is bounded by
C 8%, with a different constant C, using (47) and the strong Markov property. Ob-
serve that
lim sup |~ 2E((Vf( i), (Xfxi)) o1 <7%)[=0
el0xek i

by (6), (7), (10), (46) and the strong Markov property of the process. By (48), we
also have

lim sup |¢~ 2E((f(Xxife) —f), 01" <T3°) | =0.

ed0 xedD il
Combining the estimates above, we obtain (49). [J
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(8) Finally, let us gather all the ingredients and complete the proof of the propo-
sition. Let us examine the second term in the right-hand side of (11). From (39)
and the boundedness of Af, it follows that

) As(t) e _
limE Z f(X;5f)du=0.

s (L)

It remains to show that

X,& .
(50) hmE Z e nsn) = S (X)) = 0.
Introduce the stopping time
§() = o), ifr,f’efs(t)fo;’s,
s(1), otherwise.

Now (50) will follow if we show that

(51) Llil(}E Z » (t) - f)=0,

since the differenc_e between (51) and (50) is estimated from above by
25queSﬁ | f(x) — f|, which goes to zero as ¢ | 0. Let N** =max(n : 0,° <

s'(t)). By the strong Markov property,

supEZ s (z) — f) < supEN"® sup B(f (X %) — f).

xeU p=1 xeU xe€dD !
The right-hand side tends to zero by (12) and (49). This concludes the proof of
Proposition 3.2. [

PROOF OF THEOREM 3.1. Recall that W is the set of functions ¥ € C(U’) that
have limits of all the first-order derivatives as y — x, y € U, at all points x € 9U.
This is a measure-defining class of functions on U’, that is, if ©| and u; satisfy
Sy ¥dur = [y ¥ dpy for every ¥ € W, then pu1 = uo. As shown in Section 2,
for every ¥ € W and every A > 0, there is f € D(A) that satisfies Lf — Af = .
We have demonstrated that (9) holds for f € D(A). The extension of (9) from
x €U to x € T? is trivial. By Lemma 3.1 in Chapter 8 of [4], this is sufficient to
guarantee the convergence if, in addition, the family {¥;"*}, & > 0, x € T, is tight.
The tightness, however, is clear since the processes coincide with a Wiener process
inside U, while all the points of 0U are identified. [

4. Applications, generalizations and remarks.

4.1. The behavior of the process at exponential time scales. Let us now dis-
cuss the behavior, as ¢ |, 0, of the original process X; ¢ (rather than its trace ¥;"°



3218 M. FREIDLIN, L. KORALOV AND A. WENTZELL

on U). If the process starts in a small neighborhood of Oy, then it takes time of or-
der exp(Vy/€) (in the sense of logarithmic equivalence) for it to reach d Dy, where
Vi =infyeyp, Vi(x) and Vi (x) is the quasi-potential defined in (4). Thus, it is rea-
sonable to study the behavior of X7 at exponential time scales, that is, at times
of order exp(A/e) with fixed A.

The transitions between small neighborhoods of the equilibriums are governed
by the matrix V;; defined in (2). In our case, V;; = V; for all i, j, as explained in the
Introduction. Because of this “rough symmetry” ([3]), the notion of a metastable
state [see (3)] should be replaced by that of a metastable distribution between the
equilibriums.

To describe the metastable distribution for a given initial point x € T¢ and time
scale exp(A/e) with A > 0, assume that V| < V, <--- <V, and put Vo =0,
Va+1 = 0o. We introduce the following nonstandard boundary problem, which
will be referred to as the (k, j)-problem on U. Namely, for each 1 <k <n and
k < j <n,letuy ; solve the problem

Auy j(x) =0, xeU;
uk,j(X) = C;( j* X € aDl and / (V”k,j (X), n(X))Uj(dX) =0
’ aD;
for1 <i <k;
up,j(x)=0,  xedD;  fori>k,i#j;
u,j(x)=1,  x€dD;.

The constants c;'C j are not prescribed, that is, solving the (k, j)-problem includes
finding the boundary values of the function on dD;, i < k. As is shown in Sec-
tion 2, the solution exists and is unique in C 2(0).

THEOREM 4.1. Assume that Vi_1 < . < Vi for some 1 <k < n. Suppose that
T (e) is such that limg o(eInT (¢)) = A. Let & € D;, i = 1,...,n, be arbitrary
neighborhoods of O;,i =1, ...,n. Then

(52) Li?ap(x’;(’;) €&j)=uj(x), xeU,j=k
(53) };ifl(}P(X’}’é) €&)=ci ;. xe€Di<k j=k
(54) lgiil(}P(X;’é) €&)=1, xeDj j=k,

where uy,; is the solution of the (k, j)-problem and cfw- is the value of ug j on
OD;. If A > V,, then

(55) ljﬁ}P(X?’é) €e&)=1, xeT’



ON THE BEHAVIOR OF DIFFUSION PROCESSES WITH TRAPS 3219

Observe that >} uy;(x) =1 for x € U, while 37, c};’j =1 for x € D; if
i < k. Thus, with probability close to one, X ’}’é) is located in a small neighborhood
of one of the equilibrium points.

SKETCH OF THE PROOF. Without loss of generality, we can assume that
Ei Cc D;, i =1,...,n. First, consider the case when Vj_; < A < Vi for some
1 < k < n. Observe that T%¢(& i)/ T(e) — 0 in probability as & | O since the
unperturbed system starting at x € D j is attracted to O;. If x € £ j» J =k, then
limg 0 P(X77(,, € &) = 1 uniformly in x € £; and T'(¢) € [T (¢)/2, T (¢)]. Com-
bining these two observations and using the strong Markov property of the process,
we obtain (54).

Now assume that x € |J; ., D; UU. In this case, it is easy to see ([4], Chapter 4)
that the time it takes X;° to reach |J j=k 0D; is significantly smaller than 7'(¢),
that is, 7%¢ (U j=k3dD;)/ T (¢) — 0 in probability as & | 0. Therefore, with proba-
bility close to one, the process will reach 9 D; for some j > k before time T'(¢) /2.
By (54) (applied to T'(¢) € [T (¢)/2, T (¢)] instead of T (¢)) and the strong Markov
property, X)}’(SS) € U=« &; with probability close to one. The choice of &; is de-
termined by the behavior of the process ¥ as ¢ | 0. In fact, the solution of the
(k, j)-problem gives the limiting probability of ¥;"® hitting d D j prior to hitting
dD; with i > k, i # j. This justifies (52) and (53).

Finally, if A > V,,, then at time T (¢) the process will be located in an arbitrarily
small neighborhood of O, with probability close to one ([4], Chapter 6), that is,
(55) holds. [

4.2. Trapping regions with multiple equilibriums. Up to now, we assumed that
there was just one attractor (asymptotically stable equilibrium) inside each trap-
ping region. Let us now consider an example where this is not the case. For sim-
plicity, assume that there is one trapping region D containing two equilibriums
01 and O, and one saddle point S. The structure of the vector v field on D is
assumed to be as shown in Figure 3. As before, the vector field is equal to zero in
U=T2\D.

Let Dy C D and y, C 0D, k =1, 2, be the sets of points that are carried to an
arbitrarily small neighborhood of Oy by the deterministic flow x(¢) = v(x(¢)). Let
A, B € dD be the points that separate y; from y». Let y be the curve that connects
A with B and consists of two flow lines and the saddle point (see Figure 3). The
asymptotic behavior of the process X;® (in exponential time scales) and of the
trace ¥;"* is determined by the numbers V;; defined in (2) and by the values Vj =
infyesp, Vi(x), where the quasi-potentials Vi (x) are defined in (4).

Consider the case when V| < Vi, Vo < V51, and the infimum in the definition
of V is achieved at a unique point x; € yk, k = 1, 2. Then, with probability that
tends to one as ¢ | 0, the process exits D in an arbitrarily small neighborhood of
Xi, provided that it starts in a small neighborhood of Oy, k =1, 2 (see Section 6.5
of [4]).
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Hop)

FI1G. 3. The flow lines of the original and the modified vector fields.

For § > 0, one can consider the following auxiliary system. Let Vs be the §-
neighborhood of y. Let D,‘E C Dy, k = 1,2, be domains with smooth boundaries

such that D,‘E \ Vs = Dy \ Vs, yet D,f Ny = &. Moreover, we can modify the vector
field v (i.e., replace it by a new vector field v?) in such a way that V(x) = v(x)
for x ¢ Vs, while the field v° satisfies the assumptions with respect to the domains
D‘lS and Dg that were imposed on v in Section 3, that is, it is equal to zero outside

D_‘lS U D_g is directed inside each of the domains on the boundary, and all the points
of D,’E are attracted to Oy.
The analysis of Section 3 applies to the process X f’x’s defined via

1
ax}r = ) de k- dW X =xe U,
&

Let X f’x denote the limit of the trace process in T2 \ (D‘lS U Dg). Since x1, x ¢ Vs
for all sufficiently small &, it is not difficult to show that the probability that X f .
enters V; prior to time 7" tends to zero for each finite 7. Moreover, X f’x has a limit
in probability as é | 0. This limit will be denoted by X;. This process is the limit,
as ¢ | 0, of the trace ¥;"® of the original process X;°. A direct construction of
the process X} (in terms of the generator rather that via approximating processes)
seems to be technically complicated and is not presented here.

Another case where the limit of the trace process can be easily described is
when V| < Vpp if we assume that the infimum in the definition of V; is achieved
at a unique point x| € y|, while the infimum in the definition of V, is achieved at
a unique point x3 € ¥ \ 9D (which implies that Vo = V51). Thus, with probability
that tends to one as ¢ | 0, the process exits D in an arbitrarily small neighborhood
of x1, irrespective of whether it starts in Dy or D;. The results of Section 3 then
apply, with the limit of the exit measure p being the point mass concentrated at xj.

A more general situation of several equilibriums within D with various rela-
tions on the quantities V;; and Vi can be analyzed using the construction above
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based on removing the §-neighborhoods of the boundaries of Dy and the results of
Sections 6.5-6.6 of [4] on the hierarchies of cycles.

4.3. Other generalizations. 1f the process X;° is governed by a more general
elliptic operator,

1 ¢ 2
(56) Lf = 3 > aij(x)

i,j=I

d 9 1

gy W g TV

then the results and the proofs are similar. The definition of the numbers V;; and of
the quasi-potential Vi (x) should now be based on the action functional correspond-
ing to the operator L. The definition (7) of the measures v needs to be modified
to account for the variable diffusion coefficients of the process X;*. However, if
the infimum of Vj(x), x € d Dy, is achieved at a single point xi, then vy is still the
§-measure concentrated at xy.

The assumptions on the vector field v that we made in Section 3 do not specify
that D necessarily contains a single equilibrium point. They may hold, for exam-
ple, if D contains a single limit cycle instead. The case of several limit cycles is
technically not different from the case of several equilibrium points that we dis-
cussed above.

The results also apply to processes on general smooth manifolds, not only on a
torus.

4.4. More on the limiting process. 'The nonstandard boundary problem intro-
duced in Section 2 and the corresponding Markov process with jumps at the bound-
ary arise in other situations, not just in the large deviation case. Consider, for ex-
ample, a vector field v with closed flow lines that is equal to zero outside of D
such that d D serves as one of the flow lines (see Figure 4).

We expect that the trace in T? \ D of the process X;*° with generator (56)
converges, as ¢ |, 0, to the process described in Section 2. The measure v on d D

FIG. 4. The flow lines inside D.
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will be defined by the values of v in an arbitrarily small neighborhood of 9 D and
by the diffusion coefficients a;; on 9D and can be calculated explicitly.

(1]
(2]
(3]
(4]

(5]

(6]
(7]
(8]

REFERENCES

DAY, M. V. (1999). Mathematical approaches to the problem of noise-induced exit. In Stochastic
Analysis, Control, Optimization and Applications (W. McEneauey, G. Yin and Q. Zhang,
eds.). 269-287. Birkhduser, Boston, MA. MR1702965

DYNKIN, E. B. (1965). Markov Processes. Springer, Berlin. MR0193671

FREIDLIN, M. (2014). On stochastic perturbations of dynamical systems with a “rough” sym-
metry. Hierarchy of Markov chains. J. Stat. Phys. 157 1031-1045. MR3277758

FREIDLIN, M. I. and WENTZELL, A. D. (1998). Random Perturbations of Dynamical Systems,
2nd ed. Springer, New York. MR1652127

HOLMES-CERFON, M., GORTLER, S. J. and BRENNER, M. P. (2013). A geometrical approach
to computing free-energy landscapes from short-ranged potentials. Proc. Natl. Acad. Sci.
USA 110 E5-E14.

MANDL, P. (1968). Analytical Treatment of One-Dimensional Markov Processes. Springer, New
York. MR0247667

MENG, G., ARKUS, N., BRENNER, M. P. and MANOHARAN, V. (2010). The free-energy land-
scape of clusters of attractive hard spheres. Science 327 560-563.

VENTCELL, A. D. (1959). On lateral conditions for multidimensional diffusion processes. Teor.
Veroyatn. Primen. 4 172-185. MR0106515

M. FREIDLIN A. WENTZELL

L. KORALOV DEPARTMENT OF MATHEMATICS
DEPARTMENT OF MATHEMATICS TULANE UNIVERSITY
UNIVERSITY OF MARYLAND NEW ORLEANS, LOUISIANA 70118
COLLEGE PARK, MARYLAND 20742 USA

USA E-MAIL: wentzell @math.tulane.edu

E-MAIL: mif @math.umd.edu

koralov@math.umd.edu


http://www.ams.org/mathscinet-getitem?mr=1702965
http://www.ams.org/mathscinet-getitem?mr=0193671
http://www.ams.org/mathscinet-getitem?mr=3277758
http://www.ams.org/mathscinet-getitem?mr=1652127
http://www.ams.org/mathscinet-getitem?mr=0247667
http://www.ams.org/mathscinet-getitem?mr=0106515
mailto:mif@math.umd.edu
mailto:koralov@math.umd.edu
mailto:wentzell@math.tulane.edu

	Introduction
	Description of the limiting process
	Convergence of the trace of the process
	Applications, generalizations and remarks
	The behavior of the process at exponential time scales
	Trapping regions with multiple equilibriums
	Other generalizations
	More on the limiting process

	References
	Author's Addresses

