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REGULARITY OF WIENER FUNCTIONALS UNDER
A HORMANDER TYPE CONDITION OF ORDER ONE

BY VLAD BALLY AND LUCIA CARAMELLINO
Université Paris-Est and Universita di Roma Tor Vergata

We study the local existence and regularity of the density of the law of a
functional on the Wiener space which satisfies a criterion that generalizes the
Hormander condition of order one (i.e., involving the first-order Lie brackets)
for diffusion processes.

1. Introduction. Hormander’s theorem gives sufficient nondegeneracy as-
sumptions under which the law of a diffusion process is absolutely continuous
with respect to the Lebesgue measure and has a smooth density. This condition
involves the coefficients of the diffusion process as well as the Lie brackets up
to an arbitrary order. The aim of this paper is to give a partial generalization of
this result to general functionals on the Wiener space. We give in this framework
a condition corresponding to the first-order Hormander condition—we mean the
condition which says that the coefficients and the first Lie brackets span the space.
Roughly speaking, our regularity criterion is as follows. Let F = (F!, ..., F") be
a n-dimensional functional on the Wiener space associated to a Brownian motion
W= (Wl, e Wd). We denote by D' the Malliavin derivative with respect to Wi,
so D'F = (DiFl,...,DiF”), i=1,...,d.Forsome T > 0, we define

d d
(L)  MT) =, Rinl’gl 1<Z(DiTF, &'+ 3 (DyD}F — D} Dy F, 5)2),
eR":|§|=
i=1 i,j=1
in which (-, -) denotes the standard inner product in R”. We fix x and we suppose
that there exist r, A > O such that

(1.2) 1{|F—x|§r}()\(T) — )») >0 a.s.

.Notice that, since s — D";F is defined as an element of L2([O, T]), the quantity
D3 F in (1.1) is not well defined. So, we will replace it by
L' g (DIF)d
- s
8 JT-5 o4
for small values of 6, where [E7 s denotes a suitable conditional expectation [see
(2.3) for details]. Then we actually replace (1.2) with an asymptotic variant; see
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next Remark 2.2 for a discussion on the connection between the intuitive request
(1.2) and the formal hypothesis allowing to state the main result of the paper (The-
orem 2.1).

So, we assume that F is five times differentiable in Malliavin sense (actually in a
slightly stronger sense) and that the nondegeneracy condition (1.2) holds for some
T > 0. Then we prove that the restriction of the law of F to B,/2(x) is absolutely
continuous and has a smooth density.

Hypothesis (1.2) represents our nondegeneracy assumption. In the classical
case, when F = X; is the solution of some stochastic equation, (1.2) is strongly
related to the Hormander condition of order one, which requires the positivity of
the lower eigenvalue of the quadratic form associated to the diffusion vector fields
and to the first-order Lie brackets at x. This connection is discussed in the appli-
cation developed in Section 3. Notice that the standard Hérmander condition is a
deterministic one [there, A(T") plays the role of the lower eigenvalue, which is a
number], while in our general framework A(7') is a random variable. This leads us
to express our assumption as in (1.2): A(T) > A > 0 almost surely, at least locally
ontheset |[F —x|<r.

The analysis of the Malliavin covariance matrix under the nondegeneracy hy-
pothesis (1.2) is based on an estimate concerning the variance of the Brownian
path. This is done by using its Laplace transform, which has been studied by
Donati-Martin and Yor [4]. We employ also another important argument, which
is the regularity criterion for the law of a random variable given in [2]: it allows
one to use integration by parts formulas in an “asymptotic way”.

The main result is Theorem 2.1, and Section 2 is devoted to its proof, for which
we use results on the variance of the Brownian path which are postponed to Ap-
pendix A. In Section 3, we illustrate the result with an example from diffusion
processes with coefficients which may depend on the path of the process.

To the best of our knowledge, there are not many results concerning general
vectors on the Wiener space—except of course the celebrated criterion given by
Malliavin and the Bouleau Hirsh criterion for the absolute continuity. Another cri-
terion proved by Kusuoka in [6] and further generalized by Nourdin and Poly [10]
and Nualart, Nourdin and Poly [9] concerns vectors living in a finite number of
chaoses. All these criterions suppose that the determinant of the Malliavin covari-
ance matrix is nonnull in a more or less strong sense—but give no hint about the
possible analysis of this condition. This remains to be checked using ad hoc meth-
ods in each particular example. So the main progress in our paper is to give a rather
general condition under which the above mentioned determinant behaves well.

2. Existence and smoothness of the local density. Let us recall some no-
tation from Malliavin calculus (we refer to Nualart [11] or Ikeda and Watanabe
[5]). We work on a probability space (€2, F, P) with a d-dimensional Brownian
motion W = (WL, ..., W9) and we denote by JF; the standard filtration associ-
ated to W. We fix a time-horizon Tp > 0 and we denote by DK the space of
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the functionals on the Wiener space which are k times differentiable in L? in
Malliavin sense on the time interval [0, Ty] and we put Dk-o° = N =1 DK-P. For a
multi-index o = (aq,...,ax) €{1, ..., d}k and a functional F € DX-?, we denote
DYF = (D¢ F)s....secl0.10] With D¢ F = D§f--- D! F. Moreover, for
|| = k we define the norms

.....

p . p
|DaF|LP[O,TO]k = /[0 - |D;¥1a---aSkF| dsi,...,dsy and
2.1 '

k
1
IFllep = IFl,+ 3 > B(DF|0y, )"

r=1|a|=r

IfF=(F1,...,F”),Weset
n

n
D FI{ oy g = 2D F Lo gy and I Fllep =2 _1F" [y -
i=1 i=l1

Moreover, we will use the following seminorms:

k
1
1M pg =32 S E(DF|2u070) "

r=3|a|=r

——k = <(/ |Ea F|qd d )p/q)l/p
$1...4S8 .
r=3|a|=r [0, To1" S1yeeesSk ;

Notice that ||| - [, , does not take into account | F||, and the norm of the first
two derivatives. Moreover, for ¢ = 2 we find out the usual norms but if ¢ > 2 the
control given by ||| F|[| . , (on the derivatives of order larger or equal to three) is
stronger than the one given by || F||x, ,. We define the spaces

DY ={F :|Flxp <00},  DFPI=D?N{F:||F|l ., < oo}

Clearly, DK-P-4 ¢ D*? for g > 2 and for ¢ = 2 we have equality. We also denote

Dk-o° — m D*P, Dk — m Dk-Pa,
p>1 p>1

]D)k,O0,00 — m m ]D)k,p,q‘

p=lqg=>2

(2.2)

For s < t, we denote
Fl=F;VoW, =W u>t)=c(Wy,v<s)Vo(W, — W, u>t).

Now, for a fixed instant T € (0, Tp], we denote by [E7 5 the conditional expectation
with respect to ]-"YT_(S, that is,

(2.3) Er,5(0©) =E(© | Ff_;).
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We will use the following slight extension of the Clark—Ocone formula: for F €
D'2 and for 0 < § < T one has

d T ) )
(2.4) F=Ers(F)+)_ /T 5 Er.r—s(DF)dW!.
i=1 -

(2.4) is immediate for simple functionals, and then can be straightforwardly gen-
eralized to functionals in D'-2,
For § € (0, T), we consider a family of random vectors

a(T,é) = (ai(Tv 8), ax j(T, 8))i,k,j=1,...,d
and we assume that a(T, §) is ]:TT_ s measurable. We denote

lal; j(T,8) =a; j(T,8) —a;(T,J),

d ) d ) 172
a(T,s) = (Z\ai(T, O™+ D ai (T, 8) ) ,
i=1

(2.5) ij=1

d d

MT,8) = inf (Z(ai(T, 8,7+ 3 (lali (T, 5), s)z).

i=1 i,j=1
Forp>1,0>0,0<6§ < T, we define

8a,p,T,8(a7 F)
S
= S Jr—s
d 1
+ (5_2
ij=1

T s1
AR
T—-8JT-48

Our main result is the following.

Ers(DyF) = ai(T,5) ‘zd )”))1/21”
5%#—05 s

(2.6)

Er.s(D}, D}, F) — a; ;(T. 8)
sa/2

2p 1/2p
)dsl dsz) .

THEOREM 2.1. Let F = (F',..., F") be Fr,-measurable with Fl e D?%,
i=1,...,n. Wefix y e R" and r > 0 and we suppose that there exists a, A > 0,

.....

.7-"]?_ s measurable vectors such that for every p > 1

(1) limsupéy p,rs5(a, F) < oo,
§—0
2.7) (i) limsup8P”E(a”(T,$)) < oo,
§—0

(i) limsups PP({|F — y| <r} N{MT,8) < ry}) < o0.
§—0
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Then the following statements hold.

A. Suppose that F' € Up=6 D>%P i =1,...,n.Thenthe law of F on B, (y) =
{x :|x —y| <r/2} is absolutely continuous with respect to the Lebesgue mea-
sure. We denote by pr the density of the law.

B. Suppose that for some k > 5 one has FieDko® i =1 ... n. Then
pre | WP (B ().
p=1

REMARK 2.2. Morally, DiTF ~ %f;ﬂs IET’,g(Df;F) ds. Then condition (i) in
(2.7) says that we may replace DiTF by a; (T, §), and we have a precise control
of the error. The same for DiT D%F, which is replaced by a; ; (T, §), so (i) in (2.7)
gives DY DJ.F — D4. D' F ~ [al; j(T, 8). It follows that the lower eigenvalue A(T)
defined in (1.1) is close to the lower eigenvalue A(T, §) of the quadratic form asso-
ciated to a(7T, §). Therefore, the asymptotic non-degeneracy condition (iii) in (2.7)
written in terms of A(7, §) gives the formal statement of the intuitive nondegener-
acy request (1.2) involving A(T).

REMARK 2.3. Notice that we may ask the nondegeneracy condition (iii) in
(2.7) to hold in any intermediary time T € (0, Tp] and not only for T = Ty (we
thank to E. Pardoux for a remark in this sense).

The proof is postponed to Section 2.4. We first need to state some preliminary
results.

2.1. A short discussion on the proof of Theorem 2.1. Let us give the main ideas
and the strategy we are going to use to prove Theorem 2.1.

We will focus on the law of F under Py; where U is a localization random
variable for the set {|F — y| < r}. We want to prove that this law is absolutely
continuous with respect to the Lebesgue measure—this implies that the law of F
restricted to {|F — y| < r} is absolutely continuous (and this is our aim). In order
to do it, we proceed as follows: for each § > 0 we construct some localization
random variables Us in such a way that on the set {Us # 0} the random variable
F has nice properties—this means that we may control the Malliavin derivatives
and the Malliavin covariance matrix of F on the set {Us # 0}. This allows us to
build integration by parts formulas for F" under Py,. The L? norms of the weights
which appear in these integration by parts formulas blow up as § — 0 but we have
a sufficiently precise control of the rate of the blow up. On the other hand, we will
estimate the total variation distance between the law of F under [Py; and under Py, .
We prove that this distance goes to zero as § — 0 and we obtain sufficiently precise
estimates of the rate of convergence. Then we use Theorem 2.13 in [2], that we
recall here in next Theorem 2.10, which guarantees that if one may achieve a good
equilibrium between the rate of the blow up and the rate of convergence to zero,
then one obtains a density for the limit law.
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It is worth stressing that the strategy employed here is slightly different from the
usual one. In fact, in the next (2.8) we decompose F as F =Er 5(F) + Zs(a) +
Rs and one would expect that we approximate F by E7 s(F) 4+ Zs(a). But we
do not proceed in this way. We keep all the time the same random variable F
(which includes Rj) but we change the probability measure under which we work
in order to have a good localization: we replace Py by Py,. The decomposition
F =Ers(F)+ Zs(a) + Rs is not used in order to produce the approximation
Er s(F) 4+ Zs(a) but just to analyze the properties for F itself under different
localizations given in Py;,. As we will see soon, such a decomposition appears as
a Taylor expansion of order one in which Zs(a) represents the principal term and
Rs is a reminder in the sense that it is small on the set {Us £ 0}.

2.2. Preliminary results. Let F € D*2. Using twice Clark—-Ocone formula
(2.4), we obtain

(2.8) F —Ers(F)=Zs(a)+ Rs(F)
with

d
Zs(a) =Y ai(T. &) (Wi — W_y)
i=1

2.9)
d T . :
+ Y ai (T, B)fr S(Wsl — Wp_s)dW
ij=1 -
and Rs(F) = R§(F) + R{(F) with

d 1 . .
R (F) :Z/T S(IET,(;(D;F) —a;(T,8))dW!
i=1 -

d T S1 . . . .
(2.10) + Z ‘/7: 5/;" B(ETv‘S(DslzD;lF) —aiﬁj(T, 5))dWSj2dWsll,
ij=1"T—0 T~

” oo e k i i k gwi gwi
R8 (F): Z /; 8/;‘ st 8ET,T—SB(DQDszDle)dWQ deden'
i,jk=171"0 =0 =
Since T and § are fixed, we will use in the following shorter notation:
a; =a;(T, ), aj,j=a; ;j(T,?), a=a(T,$).

We will use the Malliavin calculus restricted to W, s € [T — &, T']. Straightforward
computations give

D{Zs(a)=a;+ Y lali,;(Wi — Wi _g) + 7,
i#]
(2.11) ) d i i
with r; =3¢ a; j(Wp — Wr_y).
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We denote
1 pT )
G (W)= Wr — Wr_sl,  qa(W) = E/T Wy = Wr_sP s,

(2.12) .,
Gs :/ |DsRs|*ds
T-6

and we define

1 VA
Ars= {ql(W) <>
8a d

}ﬂ {g2(W) <1}
(2.13)
e
N {G(g =53 }m (AT, 8) > 1.

We set oF 7.5 as the Malliavin covariance matrix of F associated to the Malliavin
derivatives restricted to Wy, s € [T — §, T], that is,

S T . .
(2.14) op! =0yl 5= T_B(DSF’, DsF/)ds, i,j=1,...,n.

The main step of the proof is the following estimate. It is based on an analysis of
the variance of the Brownian path, which is done in Appendix A.

LEMMA 2.4. Let F=(F',...,F") with F' e D*2. Let 0 < § < T be fixed
and Er s be defined in (2.3). Then for every p > 1

_ C
(2.15) ET,S(IAT,S(detO—FvTvS) P) = )\f”’g;pn

with

Cn,p =2I'(p) / E1"CP Dl g
Rll

PROOF. By using Lemma 7-29, page 92 in [3], for every n x n dimensional
and nonnegative defined matrix o, one has

(deto)™? < F(p)f |E|"P—Dp—l08.8) g
so that
Ers((detor) ™ 1ay;) < F(P)/ |§|”(2p_1)ET,8(lAme_(JFS’f))dg,

Since Ar,s C {Gs < g—zéz}, we have

1 1
(0r8. §) = 5(02,@8. &) = (Gs8.8) = {0z, §) — Gslel®
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so that
Ers((detor) Plas,) < T(p)/ HiaSl l)eg“az'S'ZET,s(1Ar,ae_<az“(“)$’s>)df-
We fix £ € R” and we choose j = j (&) such that
As
aja +Z[al_]7 zz|§|2
i#]
This is possible because we are on the set A7 s C {A(T, §) > A,}. Then by (2.11)

T ;
Oz €)= [ (DIZs@. &) ds

T 2
= ((Cl], I"J, +Z[a]”, WT 5)) dS.

T—6 Py
We define

Bi €)= (lalij. &)
i#]
and for 5}(;) >0,

1 . .
bs(j, &) = 5® g([ali,pst’mﬂ — Wi _s).

Notice that b(j, &) is a Brownian motion under Pz 5. We also set bs(j,§) =0 in
the case ,312. (§) = 0. Then the previous equality reads

)
(025 @k ) =/0 (@, &) + (rj £) + B (E)bs (j, £)) s

We use now Lemma A.1 in Appendix A with o = (a;,§), B =B;(),r = (r;,§)
and by = bs(j, £). We have to check that the assumptions there are verified. Using
the Cauchy—Schwarz inequality, we obtain

1 8 . \2
5(5/ by ()] ds)
0
1 8 NV
S(E/o IWr 545 — Wr—s| ds) =y@(W) <1

Moreover, since o + B2 > %* |€]*> we have

1] 198 )
5)/0 be(j.£)ds

—2 2

Ir? < 1rPIER < d@’gf(WIE < = (o),

I%‘I <
So the hypothesis are verified: by using (A.3) we obtain

ETys(lATSe_(UZS(a)%—f)) 75—7(|a|2+|ﬂ| ) <20~ l7d g2
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We come back and we obtain

- 2p—1) , 821 Skt 6
Ers([etor) P 1ag,) <20 (p) [ [61"Or Ve P kP g
— C 9
=2r(p) [ 161" Ve £= st

where the last equality easily follows by a change of variable. [
We also need the following estimate.

LEMMA 2.5. Suppose that (2.7)(i) holds and let G s be defined as in (2.12).

A. IfFi € Up>6D4’°°’p,i =1,...,n, there exists € > 0 such that
(2.16) limsup 8 —*P(Gs > 8%) < oo
§—0

B. If F e D" j =1,...,n then (2.16) holds for every & > 0.

PROOF. A. Let F € (D*°P)" for some p > 6. We recall that R} and
R} are deﬁned in (2.10). We write R{(F) = >0 rf + ¥¢,_ g’ and R =

Zl k= 1ra With

. T . .
é— (Em(D’ F)—a;(T,8))dW.,

—/ / (Er.5(DJ,Di F) —a; j(T, 8)) dWi dWi |
T—6JT—6

ljk_ k / 1 k . .
/T 8./;’ §JT— 5ETT Sg(DS3Dssz;1F)de3dWsjde;l.

Step 1. We estimate G5 = fT—6 |D;r5|2ds. For s € [T —§, T] we have D.iré =
Ers(DiF) —a;(T, 8) so

- 4
Gl = /T_8|IET¢;(D§F) —a;(T,8)[* ds.
It follows that

1 o
5—5P(G3 >8%) < 579 | Gs)P

=5 (s
8¢ T—8

1
2ap 2p
588 X6 6‘osz(S

Ers(D.F) — a;

2
5172 ds

)

and consequently, by our hypothesis (2.7) (i), this term satisfies (2.16) for every
& > 0 (it suffices to take p sufficiently large).

(a, F)
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Step 2. We estimate Gy’ = ij’:l fTTﬂS |Dfr(§’j 1> ds. We have

.. s . . .
Dirg! = 1,-:g/T_5(ET,5(DszD;F) —a; j(T,8))dW},

T . .
1= [ (Ers(DIDLF) = ap(T.8)) AW,

=: 1,-:gui’j + 1.,-:gv;"j
We have

T . P
E(/ luy’|"ds )
T-6

T
<or [ B(ul ) ds

T p
<c3P—1/ E( )ds
< C52p 2/ / |ET5 Dj Dl )—ai’j(T, 5)}2p)d52ds

T—6JT—6§

E DJD’F—cr-T,(S 2p
=g [T (PR v as

S
/TB(E”(D’DF) ai j(T,5)) ds)

§a/2

2
< C82p+“p8app r.sa F).

Using Chebyshev inequality, we obtain
r i,j12 2 2p 2p+ap 2p ap 2p
P /‘T_a}us’ | ds >6)<Cs “Fs € pT(S(a’F)= Cé %st(a’F)

which by (2.7)(i), satisfies (2.16) for every ¢ > 0. For vé’j , the argument is the
same.
Step 3. We estimate G5 F= =y [I Dyt K12 ds. We have

L o 4
Dyt = 1,-:ng 5/ Er.7—sy (DY, D], DLF) dW} dW},

+1j= Z/T s/ ly<si Er,7—5, (D5, D] Dy F) dW, dW;,

S1 . . . .

+1k:g/T afT 61S<52JET,T_S(D§D;2D;1F)dstdes’]

T 1 52 . , , .
14 k k
+ fT 8 /T 5 /T " Liey DLEr. 1, (DA DD, F) dWs dW], W,

—- 1i:gu§’j’k + 1].:[U;JJ< + 1k:gw;’1’k _,_le;j,k,i.
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By using Holder’s and Burkholder’s inequalities as in step 1, one obtains

T .. p

o[ et

<8P~ 3/ / / E(|Df, D] DIF|*")ds3 dsy ds
T—6JT-8JT—-$

3p-3
<5p H‘F’H32p2p

An identical bound holds for E(| [7_ [vi?*[2ds|P) and E(| [I_, jwi’ 2 ds|P).
As for z-7%¢ one more further integral appears, so we get

(),

By summarizing, we get

T ap P 3p-3
B(|[_|DriPas| ) <57, o

so that for every p > 1

k22 4p—4
kP as|? ) <8I,

T
£ |2 2 2p3p—3 =3
P(/T_8|DSR5| ds > ) < co2s | F| = s FI, .

Suppose first that F' e Up>6D4’°°’p . Then we may find p > 3 such that
II1Fll42p2p < 00, and consequently the above quantity is upper bounded by

C8P73. This means that (2.16) holds for ¢ < p — 3. If Fi € D*%% then we
may take p arbitrary large and so we obtain (2.16) for every ¢ > 0. [

We will also need the following property for Gs.

LEMMA 2.6. If F € D¥T1.2P then
1Gsllk.p < CUIF IRy 2p +8]@(T. 8)]3,).

where C denotes a constant depending on k, p, d only.

PROOE. For G € (D¥P)", we set |IDPG| = ZIE:oZm:z |DY G |2, where, for
lyl=¢,

|D”G|2:f[ D} 5, G ds1--dsy,

that is, | DY G| is the one given in (2.2) with p = 2. Here, the case |y | =0, that is

¥ = @, reduces to the original random variable: D?G = G and |D© G| =|G|.
In the following, we let C denote a positive constant, independent of § and the

random variables we are going to write. And we let C vary from line to line.
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We take Gs = fi s 1DsRs |2 ds and we first prove the following (deterministic)
estimate: there exists a constant C depending on k and d such that

(2.17) ID®Gs| < c|D D R,
For k = 0, this is trivial. Consider k = 1. One has
. d T 4
D,Gs=>_ , sszRgD;Dfdes,
=1"""

s0, by using the Cauchy—Schwarz inequality, we get

d T T _ 2
IDGs|* <4 ZfT 8/T 2D'RsD. D' Rsds| du
i0=1"""

)

4d Td TszR 2d sz"DfR 2d
<
<430 [ o] 2ApiwsPas [ oipipirifas

< C|DWYRs|*|DPRs|* < C|DPR|*

and (2.17) holds for k = 1. For k > 2, we use the following straightforward for-
mula: if ¢ denotes a multi-index of length &, then

d .1
D*Gs = Z/T 8<2DfR5D°‘R5 + Y D’SDfR(gD"‘\ﬂDfR5> ds,
0=1""" BEPy

where P, is the set of the nonempty multi-indeces § which are a subset of o and
a \ B stands for the multi-index of length || — |8] given by eliminating from «
the entries of 8. By using the above formula and the Cauchy—Schwarz inequality,
one easily gets

“ 2
AT—a’T]k}Dsl ...... s kG8| dsl "'dSk

k
- C(ID“)RaP«D“ORsF - Z|D<f+“Ra|2yD<'<—’+”R6|2)

r=1
< C|D(k+1)R5|4
and (2.17) follows. Passing to expectation in (2.17), it follows that
1Gsllk.p < ClIRs N7 41.2p

and by recalling that Rs = F — E7 5(F) — Zs(a), we obtain

1Gsllep < CUFIZ412p + 1 Z5@ |31 2,)-
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From (2.9), by using Hélder’s inequality we get
d

|Zs@is1.2p = D1 T84y IWE = W5l 4,
i=1

T . . .
| i wi ) aw)

d
+ 2 lai (T, 9],

<Cla(t,8)|,,8" + Cla(T,8],,

< C8'ar. 8)y,.

and the statement follows. [J

REMARK 2.7. If (2.7) (ii) holds, then limsupg_,(élla(T, 8)||§p = 0 because
in this case one takes y < 1/2, so that for F € (D¥*1:27)" one has

sup [|Gsllk,p < o0.
§>0

2.3. Localization. We will use a localization argument from [2] that we recall
here. We consider a random variable U taking values in [0, 1] and we denote

(2.18) dPy =UdP.

This is a nonnegative measure [but generally not a probability measure—one must
divide with E(U) to get a probability measure]. We denote
1
IFlly.p :=Ey(FI?)"/? =E(|F|PU)"?  and

(2.19)
k

I Fllokp = 1Fllup+> 3 Bu(|DUF[0y, )7

r=1|a|=r

Clearly, || Flly k,p < lIFllk,p. For a random variable F € (D12)", we denote

(2.20) ou.r(p) =Ey((detor)?)7.
We assume that U € D> and that for every p > 1
(2.21) mp(U) :=Ey(IDInU|?P) < oco.

In Lemma 2.1 in [1], we have proved the following.

LEMMA 2.8. Assume that (2.21) holds. Let F € (D*%)" be such that
detor # 0 on the set {U # 0}. We denote G the inverse of o and we assume that
ou.r(p) < oo for every p € N. Then for every V € D'* and every f € Cp°(R™),
one has

(2.22) Ey (8 f(F)V) =Ey(f(F)Hiu(F,V))
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with
Hiy(F,V)=> (V6}'LF/ —(D(Vs}'), DF/)
j=1
(2.23) S .
— V&E(D(nU), DFY)).
Suppose that InU € k-0, Iterating (2.22) one obtains for a multi-index o =
(a1,...,ar) € {1,...,n}k

Ey (3 f(F)V)=Ey(f(F)Ha,u(F,V)),
with Hy v (F, V) = Hy v (F, Ho,u (F, V),

(2.24)

where o = (a1, ..., Qk—1).

We will use this result with a localization random variable U constructed in the
following way. For a € (0, 1), we define v, : R4 — R, by

2
a
(2.25) Ya(x) = 110,a)(x) + 1{a,24) (X) CXP<1 - m)-
Then for every multi-index « and every p € N there exists a universal constant
Cyq, p such that

(2.26) sup Ya (x)[8y In g (x)[” < Cap

xeR, ablal

Leta; >0and Q; eDVP i=1,...,land U = ]_[f:1 Vg (Qi). As an easy conse-
quence of (2.26), we obtain the following estimates:

) !
1 1
(2.27) mpW) €Y 51Qill, <C Y IO,
i=1"i i=1"

where C is a universal constant. And moreover, for every k, p € N there exists a
universal constant C such that

L1
(2.28) InUllyrp<CY—1Qillk.p-
i=1%
The function ¥, is suited for localization around zero. In order to localize far
from zero, we have to use the following alternative version:

2
a
) u) = T () + o enp(1 = s ).
The property (2.26) holds for ¢, as well. And if one employs both v, and ¢, in
the construction of U, that is if one sets

! /4
(2.30) U=[]va(Q) x []ba, Qi+,

i=1 j=1
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both properties (2.27) and (2.28) hold again. Then we have the following estimate.

LEMMA 2.9. Letk,I,I'eN, Q; e DKL i =1, ... 1+ and set U as in
(2.30). Consider also some F € (D¥T1-) Then for every p > 1 there exist some
universal constants C > 0 and p’ > p (depending on k,n, p only) such that for
every multi-index a with || < k one has

I+
| Hor(F, Dy, = €(1 + 00,1 (p) ) (1 +2_ o ||k,p/)(1 +IFIRE ).

i=1"

PROOF. For G € (D"P)", let [DG| =3"}_y Y|, |=¢ |D” G|* as in the proof
of Lemma 2.6. Then the following deterministic estimate for the Malliavin weights
holds:

k k
|Hau (F, V)| < C<Z|D(’>V|> x (1 + Z|D(’)an|>

r=0 r=1

(2.31) x (14 |detop|~*D)

k+1 k—1 2nk

x (1 + > IDVF| + Z}D<’>LF|> :
r=I1 r=0

The proof of (2.31) is straightforward, although nontrivial, and can be found in the

preprint version of the present paper; see [1]. The statement now easily follows

by applying to the RHS of (2.31) the Holder inequality and the Meyer inequality

ILFllu,r,p <ILFy,p < ClIFllr42,p. O

We finally recall the result in Theorem 2.13 from [2], on which the proof of
Theorem 2.1 is based.

Consider a random variable F, a probability measure (Q and a family of prob-
abilities Qs, § > 0. We denote by u the law of F under Q and by ps the law of
F under Q5. In the following, we will take Q = Py and Qs = Py, as given in
(2.18), where U and Us are both of the form (2.30). Actually, Py and Py, are not
probability measures but they are both finite with total mass less or equal to 1, and
this is enough.

We let Eg and Eq, denote expectation under Q and Qs, respectively.

Fix § > 0. Form € Ny and p > 1, we say that F' € R, ,(Q;) if for every multi-
index o with || < m there exists a random variable H, s such that the following
abstract integration by parts formula holds:

EQg (aaf(F)) :EQﬁ (f(F)H(x,S)
VfeCX, with Eg,(|Hy,s|P) < 00.

(2.32)

By using Theorem 2.13 A in [2] with m = 1 and k = 0, we have the following.
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THEOREM 2.10. Let g € N and p > 1 be fixed and let r, = 2(n + 1). Let
F € Ns=0Rg+3,r,(Qs). Suppose that there exist >0, C > 1 and n > %,
with p, the conjugate of p, such that one has

039 timsun(sg (P4 Y G () ) < e,
§—0 la|<q+3

(2.34) do(e, pts) < C8MOm @+,

where dy denotes the total variation distance, that is do(u, v) = sup{| [ fdu —
[ fdv|:|fllec <1}. Then w is absolutely continuous and has a density pr €
WP (R"Y).

PROOF. Let us first notice that Theorem 2.13 in [2] concerns a family of r.v.’s
Fs, 6 > 0, and it is assumed that all these random variables Fjs are defined on
the same probability space (L2, F, P). But this is just for simplicity of notation.
In fact, the statement concerns just the law of (Fs, Hy(Fs, 1), |¢| <2m +q + 1),
where Hy (Fjs, 1) are the weights in the integration by parts formulas for Fs. So we
may assume that each Fj is defined on a different probability space (25, Fs, Qs).
In our case, we take F5 = F for each §, we work on the space (2, F,Qs) and
we have Hy(Fs, 1) = Hy 5. We then apply Theorem 2.13 in [2] with m =1 and
k = 0. Equation (2.33) immediately gives that supsEq;(|F |"*3) < 0o because
2(n + 1) > n + 3. Moreover, in view of (2.39) in [2], the quantity T, 3 2(4+1)(Fs)
in the statement of Theorem 2.13 therein can be upper bounded by

Sq43.2041)(8) :=Eq, (1FI™)/" + > Eq, (| Ha.s!™) "™
le|<g+3

As an immediate consequence of (2.33) and (2.34), all the requirements in Theo-
rem 2.13 in [2] hold, and the statement follows. [

2.4. Proof of Theorem 2.1. 'We are now ready to prove our main result.

PROOF OF THEOREM 2.1. Step 1: construction of the localization rv.s U
and Us. We consider the functions ¢ = v1/2 and ¢ = ¢, defined in (2.25) and

(2.29) with a = % and a = 2, respectively. We recall that in hypothesis (2.7)

(ii) some y < % is considered. We denote A = %(% —y).Recall that ¢; (W),i =1,2
are defined in (2.12). Then we define

6843

=520 Q=8Tamw),

Qo=r""1F—yl, Qi

_MT.9)

03 =q (W), 04=38"""a, 0s -
*
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and we set

4
U=v(Qo). Us=[[v(Q) x¢(Qs).

i=0

Step 2: construction and estimate of the weights H, s [defined in (2.32)] under
Py,. We fix k € N, and we assume that F' e (Dk+3:00:00)1,
Notice that for §* < é Ax, on the set {Us #~ 0} we have

1 Vs
8 d

a(T,8)q1 (W) = (8 a(T, 8)) (5~ Mg (W)) x 8* < 8* <

The other restriction required in A7 s [see (2.13) for the definition] are easy to
check. So, we obtain

{Us#O0} C{IF =yl <r}NArs.

Then, by using Lemma 2.4 we have

_ Ch,
(2.35) Er.s(liszoy(detor 7,5)7F) < )\’ll’r;;np

where of 7 5 is given in (2.14).

We use the Malliavin calculus with respect to Wy — Wr_s,s € (T — 6, 7).
So, we denote with L;s the Ornstein—Uhlenbeck operator with respect to Wy —
Wr_s,s € (T —§6,T) and with (g, f)s the scalar product in L2[T — 8, T]. So,
oF,T,s is the Malliavin covariance matrix of F' w.r.t. this partial calculus. We set,
as usual, oF r s the inverse of o 7 5 and we set

H; ys(F,V)
=) (VeppsLsF) —(D(VE}' 5), DFY)s
=1

— VG (D(nUs), DFY)).
Then (2.22) reads
Eu, (8 f (F)V) = Ey, (Hi,u, (f, V).
By iteration, for a multi-index o € {1, ..., n}* we have
Evs (0a f (F)V) =By, (He,us (f, V),

where Hy y;(f, V) = Hy,,u;(f, Hiay,....an_1),Us (f5 V). And by using Lemma 2.9,
we can find C > 0 and p’ > 1 such that

5
H Hy,us (F, 1)HU5,p = C(l + UUaaF(p,)k—H)(l + Z ”Q"”ksp/)(l + “F”l%:ltkl,p/)
i=1
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with
ous, F(p)? =Ey;((detor,7.5) ") =E(Us(detorp,7,5) 7).
Since 0 < Us < 1y;+0, and by using estimate (2.35) we get
ous, F(p)? <E(la,;(detop15)"7)
=E(Er,s(1a;,(detor.r.5)""))

C
< =5
- )LZP(anp

Moreover, by applying Remark 2.7 we obtain Z?:o 1Qillks1,p < C872. So, we
conclude that if |«| < k then
c 2nk
| Havs (F. Dlly, p = smngernaz (LHIFIE )
(2.36)

C 2nk .
< r(LHIFIRY ) withf=dn +2,

where C is a universal constant depending on n, k (recall that k > 1) and A,.
Step 3: estimate of the total variation distance. We recall that for two nonnega-
tive finite measures (., v the total variation distance is defined by

dotu.v) =supf| [ fan [ rav
We consider the measures  and pgs defined by
[ rau=Eu(s). [ fans=Eu,(rF).

so that do(it, us) <IE(|U — Us|). Therefore, we have
2

:||f||oosl}.

)\.*8

68d3

do(p, pms) < IP(G(; > ) +P(|Wr — Wr_s| > 5%_k)

d T _ .
HP’(Z/ (W) —wi_|*ds > 5) +
~ JT—s
j=1
+P@(T,8) =8 Yt + P({|F — yl <r} N {A(T, 8) < Ai})
5
=) ().
i=1
For every r > 1, by using Chebychev’s inequality we obtain €3(8) < C8" =) and

in a similar way, for every r > 1 then €3(§) < cs'/2. By (2.7)(ii),
€4(8) < C8"YTME(@ (T, 8)) < C8™
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and by (2.7)(iii) €5(8) < Cé" for every r > 1. We conclude that for every ¢ > 1,

limsupd %€ (8) =0 forevery e >0andi =2,3,4,5.
§—0
The behavior of €(8) is given by Lemma 2.5: if F € | p>6(ID)4’°°*P )"* then there

exists ¢ > 0 such that limsups_, ;6 °€;(6) =0 and if F € (D*, 00, 00) then
limsupg_, 56~ %€1(8) = 0 for every € > 0. Therefore, we get

i FelJD"?)" = >0
p>6

(2.37) such that limsups_, o8~ *do(i, ps) = 0;

(i) Fe(D*>*>)" = Ve>0  then limsupd *do(u, us) =0.
5—0

Step 4: conclusions. We first prove part A of Theorem 2.1. Since F €
U p>6(ID)5’°O’p )", we have that (2.37)(i) holds. We apply now Theorem 2.10 with
q =0, Q =Py and Qs = Py,. By using (2.36), (2.33) holds with 6 = 4n + 2.
Now, we choose p > 1 sufficiently close to 1 such that

1 3
(1 — —) X 3n’(4n +2) <e.
p
So, taking n = ﬁ we get n > ”/% and 3n0n? < ¢ and by using (2.37) (i) we have
that hypothesis (2.34) holds. Then, by applying Theorem 2.10, we conclude that
u(dx) = f(x)dx and f € LP(R").

We prove now B of Theorem 2.1. As before, (2.33) holds with 6 = 4n + 2.
Moreover, by (2.37)(ii), we get that (2.34) holds for every choice of p > 1 and of
n > %. So, the only restriction in the application of Theorem 2.10 is that F €
Ms>0Rq+3,2(n+1)(Qs). But in order to have this, we need that each component of

F is k-times differentiable in Malliavin sense with k > (¢ + 3) +2 =¢ + 5, that
is ¢ <k — 5. And we apply Theorem 2.10 with ¢ = k — 5, giving the result. [

3. An example from diffusion processes. We consider the N dimensional

diffusion process
d .
(3.1) dX; =Y o;j(X)dW/ +b(X,)dt.
j=1

We assume that o, b € C°(RY). In particular X} € (N, D™ %% (see Nualart
[11]). B

Our aim is to study the regularity of X7 = (X1 ,..., X7) with n < N. One
may consider X, as the solution of an equation with coefficients depending on
the past. We introduce some notation. For a function f : RN — RV, we denote
f=" ..., f" and for x = (x1,...,xy) € RY we denote X = (x1,...,x,) €
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R" and X = (Xp41,...,xy) € RV And for ¥ = (x1,...,x,) € R” and X =
(Xptls - -, xn) € RN 7" we denote (X, X) = (X1, ..., Xn, Xng1, ..., xn) € RV, We
define
d 2 R 2
Af,g(f)=2(5j(f,f),$) + Z ([oj,0pl(x,%), &) and
Jj=1 J:p=1
Ax)= inf inf Az:X).
()= i, Are ()

PROPOSITION 3.1. We assume that 0j,b € CEO(RN) and consider a point
x0 € R" such that A(x¢) > 0. Then there exists some r > 0 such that the restric-
tion of the law of Xt to B,(Xy) is absolutely continuous and has an infinitely
differentiable density on this ball.

REMARK 3.2. Other types of dependence on the past may be considered. For
example equations with delay (see, e.g., Mohammed [8]) or interacting particle
systems (see, e.g., Locherbach [7]). For simplicity, we treat here the model given
by the first n components of the N-dimensional diffusion in (3.1).

PROOF. We consider aj,aj p, j,p=1,...,d defined by

N
aj(T.8) =5(X7_5),  a; p(T.8) =) oF(X7_5)hp(XT_s).
k=1

Notice that [a]j,p(z, 8) =[oj,0p1(X7_s) so that, with the notation in (2.5), we
have A(T, 8) > A(XT1—s).
Since the derivatives of o are uniformly bounded, one has

|A26(®) — Az (T)] < C|x — 7|

for some C depending on |0 [loo + | VO [[oc. SO we may find r > 0 such that A (x) >
2 A (%) for X € By (Xo). It follows that A(T, 8) > 3 A(Xo) for X7_s5 € B (¥0).
Then

P({IX7 —Xol <r}N{A(T.8) < 1AX0)}) <P( X1 — X7-5] > 1)
<C o 17/C8
which proves that the hypothesis (2.7), (iii) holds true. Since o; are bounded the

hypothesis (2.7), (ii) holds true also. Let us check (2.7), (i). We compute

._ d . ,r . T _ .
D!Xr=7;(X,)+ Z/S vap(xr)DgX,dW,f’Jr/S Vb(X,)D! X, dr.
p=1
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SoforT —6 <s <T, we have

N T _ . .
ETJS(D!XT) = ET,(S(EJ' (Xs)) +/ ET_,S(Vb(Xr)Dg Xr) dr = aj(T, 8) + Rg (s)

S
with
. T _ .
RI) =Ers(0(X0) ~ 7 (Xr-9) + [ Br.s(VBX)DIX,)db.
S

With L denoting the infinitesimal generator associated to the diffusion (3.1), one
has

d A S
7i(Xy) —E,-(XH):Z/T svaj(xu)ok(xu)dthT Lo (Xu)du
=1 - -
so that

. s T _ .
Rg(s)=/T_6]ET,5(LEj(Xu))du+/ Ers(Vb(X,)D! X,)dr

Standard computations show that E(lR({ (s)|?P) < C8%P forany s € [T — 8, T], so
Ers(D{Xr) — a;(T.5) ‘

that
1 T
(5, )
8 Jr=s
T

E(|6~ T RY (5)|?) ds < €822,

sate

< —

)

We fix T — 8§ <52 <s1 <T and we compute the second-order derivatives:
Ers(DE D] Xr)

d T
_ - — N —
=ET,5(VGJ'(XSZ)D€2XS1)+ E ET,g(akalb(Xr)DsszrD!er)dr
k,i=1751

+ Z IE” (9xb(X,) DL DI XY) dr

=1 S1
=ap j(T.8) + Ry’ (s1.52)
with
RV =Eq5(V5, (X5,) DL Xy, — VT (X7 -5)0 (XT5))

+ Z IET,; (k0;b(X,)DP X, D] X,)dr
k,i=1""1

+Z IE” (b (X, )DPDJX )dr.

=151
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Similarly, as before, one has E(|R(§U’j (s1,52)|?P) < C8%P so that
2p
> dsyds

1 T o ,
- 5_2/ / E(|8_°‘/2R§”J (s1, S2)|2p) dsyds) < C52p(l—a/2).
T—-6JT—6

1/T /sl <‘ET,5(D§’2D§1YT)—ap,j(T’fs)
1 E
82 Jr—sJ1—s 5o/

We conclude that for o < % we have g, pyg(a,YT) < C so that the hypothe-

sis (2.7)(i) is verified. The statement now follows by applying Theorem 2.1. [

APPENDIX A: THE VARIANCE LEMMA

In [4] [see (1.f), page 183], one gives the explicit expression of the Laplace
transform of the variance of the Brownian path on (0, 1). More precisely, let B be
an one-dimensional Brownian motion and let

1 1 2
(A.1) V(B):/ (BS —/ Brdr> ds.
0 0
Then
2)
(A.2) E(e™ VB = "~ 1> 0.
sinh 2A

As an easy consequence, we obtain the following estimate.
LEMMA A.1. On a probability space, let b denote a one-dimensional Brown-

ian motion and let r be a random variable. We also consider o, f € R and § > 0
and we denote As = {r* < 5 (@* + B} N{|} [o byds| < 1}. Then

(A.3) IE(IA(S exp(— /Os(r + o + Bby)? ds)) < 2exp<—§(oz2 + ﬂ2)>.

PROOF. We consider the probability measure wus(ds) = s1 Lo,5)(s)ds, so
that

)
/0 (r+a + Bby) ds = a/<r F o+ Bbo) dus(s).

Setting

Vi) = [ (bs - [n dua(u)>2dua(5),

it is easy to check that

2
A4 [ et duss) = ( [o+ar ,Bbs)dua(S)) B2V, ()
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and
(A.5) V(b)) =8V (B)  with B, =8"12by.

We consider two cases. Suppose first that || > 4|8]. On the set As we have 2|«| >
le| + 18] = 8|r| and | [ by dus(s)| <1 so we obtain

rtat [ bedis(s)| = fol ~Irl - Iﬂl‘/bsdua(S)
> || — |r| — |
>1| |>1(| |+ 181)
= 2 o _4 o .
Using (A.4), this gives

s 2
[ +asppotas=s( [0+ atphyduss)
> >
= gl +181)" = (@™ +£7)
> 82( 2+ﬂ2)
—( .
— 17
Suppose now that || < 4|8]. Then using (A.4), we can write

) 2
/ (r + o + Bby)*ds = 8%V, (b) = 8>V (B) > f—7(a2 + %)V (B).
0

Then we have
E(lABe—fg(r+a+,3bs)2ds)

(2 2 @)V (B)
< ljajzaipe” 7 + jap>4ippE(e™ T )

and by using (A.2) and the estimate Smﬁ% <2xre™?* <2e™*, we get
5 ] 2 2
B(14,e ™ DOHTPLIY <1011y 11 gy 20 T

and the statement follows. O

Acknowledgments. We are grateful to E. Pardoux who made a remark which
allowed us to improve a previous version of our result.
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