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Abstract. We consider a diffusion process under a local weak Hérmander condition on the coefficients. We find Gaussian estimates
for the density in short time and exponential lower and upper bounds for the probability that the diffusion remains in a small tube
around a deterministic trajectory (skeleton path). These bounds depend explicitly on the radius of the tube and on the energy of
the skeleton path. We use a norm which reflects the non-isotropic structure of the problem, meaning that the diffusion propagates
in R? with different speeds in the directions ¢ and [o, b]. We establish a connection between this norm and the standard control
distance.

Résumé. On considere une diffusion dont les coefficients satisfont une condition d’Hormander faible locale. On obtient des es-
timées gaussiennes de la densité en temps court et des bornes inférieures et supérieures exponentielles pour la probabilité que la
diffusion reste dans un petit tube autour d’une trajectoire déterministe (« squelette »). Ces bornes dépendent explicitement du rayon
du tube et de 1’énergie du squelette. On utilise une norme qui prend en compte la structure non isotrope du probleme, dans le sens
ou la diffusion se propage dans R2 avec des vitesses différentes dans la direction de o et [0, b]. On établit un lien entre cette norme
et la distance de contrdle standard.
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1. Introduction

In this article we consider the following stochastic differential equation on [0, T']:

t

t
thxo—l—/ U(XS)OdW_g—i-/ b(Xy)ds, (1.1
0 0

where the diffusion X is two-dimensional and the Brownian Motion W is one-dimensional. od W; denotes the
Stratonovich integral, and we suppose a certain geometric property for the diffusion coefficient (which holds true
in particular for the equation associated with the Asian option). Since o is just a column vector, the ellipticity as-
sumption fails at any point, and the strong Hormander condition fails as well, so we investigate the regularity of this
process assuming a hypoellipticity condition of weak Hormander type. The prototype of this kind of problems is a
two dimensional system where the first component X! follows a stochastic dynamic, and the second component X>
is a deterministic functional of X!, so the randomness acts indirectly on X2. Besides the natural application to the
Asian option, there are others such as in [23,24]. In these papers the functioning of a neuron is modeled: X? is the
concentration of some chemicals resulting from a reaction involving the first component X !. Differently from our set-
ting, though, there are several measurements corresponding to the input X', so X? is multi-dimensional. The pattern,
however, is similar.
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We find Gaussian estimates for the density in short time, supposing the process satisfies a weak Hérmander condi-
tion. Ben Arous and Léandre investigate the decay of the heat kernel of a hypoelliptic diffusion over the diagonal in
their celebrated papers [10,11]. Their framework is different because they work under a strong Hérmander condition
and because they are interested in asymptotic results, whereas we provide results holding for finite positive times. In
[28] explicit two-sided bounds for the density of diffusion processes are established under strong Hérmander condi-
tions, if the drift is generated by the vector fields of the diffusive part. On the opposite, the problem we consider here
is of weak Hormander type, meaning that the drift has a key role in the propagation of the noise. In this case, the drift
gives an additional specific contribution which is usually difficult to handle when trying to estimate the density of the
solution. In [7] and [19] bounds are provided for the density of the Asian type SDE and for a chain of SDEs, in a
weak Hormander framework. An analytical approach to a similar density estimate is given by Polidoro, Pascucci and
Boscain in [13,33,35].

In this paper, we obtain a more general result than those known in the cited literature, as we allow for a more
general coefficient for the Brownian Motion. Indeed we suppose that locally the vector field o has the same direction
of the directional derivative d,0, whereas the works mentioned above would apply for o = (o1, 0) which is a more
restrictive condition. Moreover, our coefficients are just locally hypoelliptic. The other novelty is that thanks to our
short time non-asymptotic result we are able to find exponential lower and upper bounds for the probability that the
diffusion remains in a small tube around a deterministic trajectory. More precisely we consider (1.1) and introduce
the associated skeleton path solution of the following ODE:

t

t
xt(¢>)=xo+/0 o(xs(¢))¢sds+/0 b(xs(¢))ds,

for a control ¢ € L?[0, T]. We assume the following weak Hormander condition: o, [o, b] span R? locally around
x(¢). This is enough to ensure the existence of the density in the case of diffusions (see [32,37]). Similar results are
also available for SDEs with coefficients with dependence on time, under very weak regularity assumptions ([17]),
SDEs driven by a fractional Brownian Motion ([8]) and for rough differential equations ([16]).

We prove here a tube estimate for (1.1), meaning that we find upper and lower bounds for P(supy—; <7 II1X; —
x:(¢)| < R), explicitly depending on the energy of the skeleton path and on the radius of the tube, that can be time-
dependent. Several works have considered this subject, starting from Stroock and Varadhan in [38], where such result
is used to prove the support theorem for diffusion processes. In their work | - || is the Euclidean norm, but later on
different norms have been used to take into account the regularity of the trajectories (about this, see for example [9]
and [21]). This problem is interesting for physicists because of the Onsager—Machlup functional (see [14,25]), and is
also related to large and moderate deviation theory (see [12,22]).

Since we work under Hormander-type conditions, in order to give accurate estimates we consider a norm account-
ing for the non-diffusive time scale of the process. Indeed, thanks to the Hérmander condition, the noise propagates in
the whole R2, but with with speed t1/2 in the direction o and 3/2 in the direction [o, b]. We also introduce a suitable
control metric, adapting the classic control-Carathéodory distance, which is equivalent to this norm.

We apply techniques based on the recent work by Bally and Caramellino ([1-3]) on density estimates for random
variables. In Section 3 we recall some of these results and derive an upper and a lower bound for the density in a fairly
abstract framework, starting from the Malliavin—Thalmaier representation formula for the density. The importance of
these abstract estimates may go beyond our particular problem.

This paper is organized as follows. In Section 2 we introduce notations and state our main results: the short-time
density estimate and the tube estimate. In Section 3 we develop the Malliavin calculus techniques that we apply to
estimate the density of our diffusion. In Section 4 we apply these techniques, finding the short-time density estimates
mentioned above. In Section 5 we use the short-time result and a concatenation procedure to prove the tube estimate.

2. Notations and results
2.1. Notations

We start introducing some notations. We write o = («p, ..., ax) € {1, ..., n} for a multi-index with length |a| = k
and 0Y = 0y, - O, - For f, g :R" — R" we recall the definition of the directional derivative of f in the direction g
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as

0o f() = (V) g) =D ¢! ), f ().

i=1

The Lie bracket [ f, g] in x is defined as

Lf, 81(x) = drg(x) — 0g f(x).

We denote by M7 the transpose of a 2 x 2 matrix M. We also use the notation A, (M) for the smallest singular value
of M, and A* (M) for the largest one. We recall that singular values are the square roots of the eigenvalues of MM,
and that, when M is symmetric and semi-definite, singular values coincide with the eigenvalues of M. In particular,
when M is a covariance matrix, A, (M) and A*(M) are the smallest and the largest eigenvalues of M.

If M is invertible we also associate to M the norm on R?

—1 _
el = (M T) e )= [m e,
For two 2 x 2 positive semi-definite symmetric matrices By, By, we write B < B; for
e7B g <&TByE, forall £ € R2.

As we said, we consider the diffusion
t t
X, =x0 +/ o(Xg)odWs +/ b(X)ds, 2.1
0 0

where X is in dimension two, W is in dimension one. For x € R?, we set

A(x) = (0 (x), [0, b](x)) 2.2)
and, for any R > 0,

Ar(x) = (R'?0 (x), R0, b1(x)). (2.3)
2.2. Density estimate

In the first part of the paper we prove an estimate for the density of the solution of (2.1). We consider the following
assumptions on the coefficients:

A1l The “first order” weak Hormander condition holds at the initial point of the diffusion:
A« (A(x0)) > 0.
A2 o,be(® (Rz) and there exists a constant p > 0 such that, Vx € RZ:

Z |8§a(x)’ + |8§b(x)| <p.

I=|er|=5
A3 There exist a neighborhood V C R2 of x( and a differentiable scalar function x5 : V — R such that for all x € V
050 (x) = kg (X)0 (x). 24)

We suppose that ) <|a|<1 0%k (x0)| < p. If o(x) = (01(x), 0), the Asian option stochastic differential equation,
this property holds true with «, = 9,,07.

We prove the following Gaussian bound:
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Theorem 4.5. Suppose A1, A2, A3 hold. Let (X;)c(0,7] be the solution of (2.1), and for t € [0, T], let p;(xo,y) be
the density of X; at y. Then there exist constants L, C, 8* such that, for any r > 0, if 0 < § < §* exp(—Lr?), setting

£O=x0+b(x0)8’f0r |y _£0|A5(x0) =r

1 R C _ .
252 SXP(=Cly = Foll, () = Ps 0, ) = 55 exp(—=C ™y = Fol},p)- (2.5)

This estimate is local around the point X9 = x¢ + §b(xg). Since we assume the weak Hérmander condition only
at xo, it is not possible to obtain global lower bounds. Indeed the “local” weak Hormander condition ensures the
existence of the density ([26]), but not its positivity. See Example 2.3 for more details on this aspect.

2.3. Tube estimate
We suppose o, b € C°(R?). For x € R? define
5
n(x) =" [02b(x)] + |8%0 (x)

k=0 |at|=k

)

and set A(x) = A4 (A(x)). We take now a control ¢ € L2[0, T, and the associated skeleton path solution of

t

t
(@) = xo+ fo o (s () s ds + /0 b(xs () ds. 2.6)

We denote by L(u, k) the class of non-negative functions which have the property

f@) suf(s) for|t—s|<h. 2.7)

These functions have been used in [7], in the choice of an “elliptic evolution sequence,” and in [6]. They allow us to
control the variation of the quantities we are concerned with, along the skeleton path. In Section 5, when considering
the tube estimate, we assume that:

H1 There exists a function A. : [0, T] — (0, 1] such that
A=A, Y|y —xi(9)| <1,Vt [0, TI.

H2 There exists a function n. : [0, T] — [1, 0co) such that
n(y) <n;, Y|y—x;(¢)|<1,vVtel0,TI.

H3 There exists a differentiable scalar function «, : R?2 — R s.t.
00 (y) =Ko (Mo (). Y]y —xi(@)| <1.Vr€[0,T].

We suppose also that |k (y)| < n(y), |Vie (¥)] < n(y).
H4 We suppose |qb.|2, A,n.,R €L(u,h), forsomeh >0, u=>1.

Notice that the above hypothesis do not involve global controls of our bounds on R?: they concern the behavior of
the coefficients only along the tube, and may vary with ¢ € [0, T']. We stress that also R., the radius of the tube, may
vary with ¢, but that H4 implies that inf;¢[o, 7] R; > 0. This means that we cannot “squeeze” the tube to 0 at any time.

For K, q, K+, q« >0, for 0 <t < T, we denote

q
H,=K<%) ,
A

qx t+6
R?(¢>=exp<—K*(“T’f) M‘f*)(mofiggh{a/ft |¢S|2ds}>.
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Theorem 5.1. Let X; be given by (2.1), x;(¢) by (2.6), and suppose H1, H2, H3, H4. There exist positive constants
K, q, K, g« such that, for H; and R} (¢) as above, if Ry < R} (¢) for0 <t <T,

T
1 2
exp<—/0 HI<R7+I¢1| >dt) SP(,SBIﬂX’ _xf(¢)|AR,(x,<¢>> < 1)

T
< exp(—f et (i + |¢,|2> dt). (2.8)
0 Rz

In general, even if R. does not satisfy R; < R} (¢) for 0 <t < T, the lower bound holds in the form

r /1 1 )
exp<—fo HI<Z+E+|¢t| dt)) §P<Sup|Xt—x,(¢)|ARt(Xt(¢))51).

t<T

Remark 2.1. Notice that estimate (2.8) holds for the controls ¢ which belong to the class L(u, &), and u is involved
in the definition of H;. In this sense, H; depends on the “growth property” (2.7) of ¢.

Both these theorems can also be stated in a variant of the Carathéodory distance which looks appropriate to
our framework. Here we just briefly give the definition, for more details see Appendix 6.2. For ¢ = (¢Sl,¢s2) €
L?((0,1), R?), set

| 1 3
||¢>||%,3:f0 \¢H2ds+(f0 W?!zds)

and define the class of controls
Calx,y)={¢ € L*((0. 1), R?) : dvy = A(vs)ds ds, x =0,y = v1}

(recall A = (o, [0, b])). Wesetd.(x, y) =inf{||¢||1.3: ¢ € Ca(x, y)}. Just remark that ||¢||1 3 accounts of the different
speed in the [, b] direction. We define also the following quasi-distance on € = {x € R? : A, (A(x)) > 0}. For x, y €
99

dx,y) <vR & |x— Ylare) < 1.

In Section 6.2 we prove that d and d. are equivalent quasi-distances, and that Theorem 5.1 also holds in the following
form:

Corollary 2.2. Let X; be given by (2.1), x;(¢) by (2.6), and suppose H1, H2, H3, H4. There exist constants Ct > 0
and R, > 0 depending on o, b, w, h such that, if Ry < R, for every t € [0, T], it holds

T/
eXp(—CT fo (E + |¢z|2> dt) <P(de(Xs, x:1()) < /Ry, Vi €[0,T1)

< : / (2 + | |* ) dt
exp| —— — .
=P Cr Jo R; '

2.4. Examples and comments

Example 2.3. As mentioned before, assuming the weak Hormander condition only in the initial point xo ensures
the existence of the density ps(xop, ¥), but not its positivity. It does not even ensure that the density is positive locally
around xp. In [19], a multidimensional system under a weak Héormander condition is studied, and a global lower bound
for the density is provided, but the coefficients are hypoelliptic uniformly on the whole space where the diffusion
propagates.
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The fact that we have lower bounds for the density supposing only A1 might appear contradictory. In fact, our

estimates are local around Xy, the translated initial condition, and there is no contradiction, as we see in the following
classical example (see for instance (3.2.6) in [18]). Take

t
X' =1+WwW, Xf:f by (X)) ds,
0

where

by (&) = £ yjey<1) + b(E) 151y

and b is chosen non-negative and such that A2 is satisfied. Weak Hérmander holds at

Xo=xp= (é) ,
but for any
1
N
g <y2)
with y2 <0, ps(xg,y) =0, Vé > 0. We have

sam=(o) vm=(e)=(1):  eo=(y0)=(3)

In fact, for any fixed r > 0, the set {y : |y — Xola,(x,) <7}, on which Theorem 4.5 holds, is included in R x RT, the
support of Xs. Indeed y satisfies

A I
|y = ol aso) = \/5_1 =17+ 20707 - 5)° <r.

For y2 <0,

1 1
y=Rolaap Sr = 8T Psr = 8> > 8Texp(-2Lr?)
r

if §* < i, and this is in contrast with condition § < §* exp(—er) of Theorem 4.5.

Example 2.4. Looking at the geometric condition d,0 (x) = k4 (x)o (x) (see A3 and H3) on the coefficients, it is easy
to see that it holds if o = (o7, 0). We give here some other simple examples of diffusion coefficient o satisfying this
condition, but with o7 # 0:

e If o = (01, 02), with o2 = Co for some constant C, we have that the condition is satisfied with k, = 9y, 01 + 0x,02.
Remark that with C = 0 we recover the Asian option SDE.
o If, for «, B, y constants,

om+ﬂ)

o(x1,x2) = (ax2+y

the condition is satisfied with k, = «.
o If, for o, C constants,

J(x],x2)=C< (x1/x2)* )

(x1/x2)% !

the condition is satisfied with x, = 0.
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These examples show that our estimates are applicable to systems where the regimes of propagation are not completely
separated, meaning that the one-dimensional Brownian Motion W can act on both the components of X (improving
in this sense the results in [7] and [19]). On the other hand, the condition required on 9,0 has in some sense the same
role of “separating” the different speeds of propagation. Indeed, we need this assumption to deal with a term of order
t, which is hard to handle because of its fast speed of propagation, in comparison with the speed #3/? associated to
[o, D].

For this reason, a multidimensional extension of these results looks quite hard to obtain, especially if we want
to consider systems where W is multi-dimensional. This would produce terms of order ¢, associated to the brackets
[oi, o/ ]. To handle these terms we could imagine a generalization of the condition on d,0, but we believe that this
is not an easy task. On the other hand, similar results on a multidimensional system, but of strong Hérmander type,
are the subject of the recent work with Bally and Caramellino ([4,5]), and the techniques used in this paper are also
applicable to the system studied in [19] (cf. [34]).

Example 2.5. Consider the geometric Asian option with time horizon T on the Black & Scholes model ([20]). This
can be expressed as

X
dX! =0 o0dW; +rdt =o0dW; +rdt; Xo=¢. dX?=7’dt; X5 =0.

In this case, for R > 0 fixed constant,

B R1/2 o V' 1/ o
A7l () = (“ ) _Ll(mn
R 0 RV o\ 0

does not depend on x. We take as control ¢; =0 so x,(¢) = (£ + rt, w). We have

1 [IXY—(E+rD))2  T2X2— (1t +7r12/2)/ T2
1X, = x/(¢)| _ 11Xy =+ n |X; — (&t +rt2/2)/T|
ARGa (@) T o R R3

’

_ 1\/|0Wz|2 | oy wedst?
oV R R3

and (2.8) gives

2 tW d 2
e—C|T/R§P<Sup{|Wt| n | fo RS3 s| }Sl)fe_czT/R.
t<T

Example 2.6. Consider a system given by the Black and Scholes model for the price of an asset, and an (arithmetic
average) Asian option on that asset with time horizon T (see for instance [15,20,40]). This is a model of real interest
in mathematical finance. The associated SDE is

1
dX!'= X0 odW, +rdt): Xl=£>0 ax? =Xt 4. X2=0
t t t ) 0 ) t T 5 0 5

and X! = £e°Wi*"_ The stochastic integral is in Stratonovich form so to recover the classical formulation r —
r+ 02/2. In this case, for R > 0 fixed constant,

-1
1pl/2 1
A= ("5 0 - Lm0,
0 = R3/2 ox!'\ 0 =7

Remark that this matrix is invertible for x! # 0. Since we are working under local non-degeneracy assumptions,
our tube estimates hold for any initial condition & > 0, provided that R > 0 is small enough, since this implies the
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positivity of the first component of the skeleton path at any time 7 > 0. On the other hand, results requiring “global”
non degeneracy, such as the density estimates in [19], do not hold for this model. We take as control ¢; = 0 so
xi(¢) =&(e", & [y " ds). We have

%-ert|2 T2|X,2—%f(;grsdsl2
|Xt — X (¢)|AR(xt(¢)) oéert K

%- ert(e(IW, — D2 N §2|f0t erstoWs gg — f(; ers ds|2
oée” R3

|e"<e<fWr — D2 | fyerseWs —1)ds|?
O’e” + R3

and (2.8) gives

W, 112 t or(s—t)(,oWs _ 2
e C1T/R < ]P’(Sup{ e ! + |f0 ¢ (e D ds| } < 1) <e CT/R,
= 2 R302 =)=

t<T o

3. Malliavin calculus and density estimates
3.1. Notations

Our main reference for this section is [32]. We consider a probability space (€2, F, P) and a Brownian motion W =
(Wl, e, W,d)tzo. We denote by DKP the space of the random variables which are k times differentiable in the
Malliavin sense in L?, and D% = Moz %P For a multi-index « = (a1, . . ., a,,) We denote by D F the Malliavin
derivative of F corresponding to the multi-index «.

%7 is the closure of the space of the simple functionals with respect to the Malliavin Sobolev norm

1
k »
||F||k,,,=[E|F|P+Z]E!D<f>F|”} :

j=1
where
5 1/2
|IDVF| = (Z/ « S F ds1~~-ds]~> .
lee|=j [0.71/ -

For the special case j = 1, we use the standard notation

12
IDF|=|DVF|= (Z/ |DIF| ds) :
m=1

Hereafter, for j € N\ {0}, we write D) for the “derivative of order j” and D/ for the “derivative with respect to
W‘] '”

As usual, we also denote by L the Ornstein—Uhlenbeck operator, i.e. L = —§ o D, where § is the adjoint operator
of D.
For a random vector F = (F7, ..., F,) in the domain of D, we define its Malliavin covariance matrix as follows:

. d o1
vi! = (DF;, DF})y =Z/ D¥F; x DXF; ds.
0
k=1
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We say that F' is non-degenerate if its Malliavin covariance matrix is invertible and
E(ldetyp|?) <oco, VpeN. (3.1)
We denote by pr the inverse of yr.

3.2. Localization

The following notion of localization is introduced in [2]. Consider a random variable U € [0, 1] and denote
dPy = U dP.

Py is a non-negative measure (not a probability measure, in general). We also set Ey the expectation (integral) w.r.t.
Py, and denote

k
IFI, y =Eu(FIP) =E(FIPU).  IFIL, 0 =1FI}y+ 3 Eu([DVF|),
j=1
We assume that U € D> and for every p > 1
my(p) =1+ Ey|DInUP)"? + (Ey|DPWU|")? < 00

(notice that our definition of my is slightly different from the definition in [2]: we are taking p-norms instead of
moments, and we also consider D®, whereas in [2] only the first order derivative D appears in my). For F =
(Fl, ..., F"ysuchthat F', ..., F" e D** and V € D*, for any localization function U we introduce the localized
Malliavin weights

H;y(F, V)= Xn: Vo' LFI —(D(VpE)), DF/) = VpL/(DInU, DF)
j=1
and the vector
Hy(F,V)=(Hiu(F,V)),_,
The following representation formula for the localized density has been proved in [1].
Theorem 3.1. Let U be a localizing r.v. such that under Py (3.1) holds, i.e.
Ey[ldetyr| ] <00, VpeN.

Then, under Py the law of F is absolutely continuous and has a continuous density pr y which may be represented
as
n
pru() =Y Ey[8;Qu(F — x)H;y(F. )], (32)
i=1

where Q,, denotes the Poisson kernel on R", i.e. the fundamental solution of the Laplace operator AQ,, = &¢. This is
given by

Qi(x) =max(x,0); Q) =A'Inlxl;  Qu(x)=—-A x>, n>2,

where A, is the area of the unit sphere in R".
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This is a localized version of the formula
n
pr(x) =Y E[8; Qu(F — x)H;(F.,1)],
i=1
where the Malliavin weights are given by
H(F,G)=Gpr x LF —(D(rG), DF)

for which we refer to [29]. We recall the following relation between localized weights, which can be easily checked
(a similar formula is proved in [2]). For any U, V localizing r.v.s, F, G € D>®

Hy(F,VG)=VHyy(F,G). (3.3)

Example 3.2. The following example of localizing function is taken from [2]. Consider the function depending on a
parameter a > 0:

2
a
Ya(x) = ljxj<a + exp(l - m>1a<x|<2w
which is a smooth version of the indicator function 1{jy<4). For ®; € DV®, i =1,...,n, and r > 0, we define the
localization r.v.
n
Uy =[]vr©). (3.4)

i=1

For this choice of U, we have that for any p > 1,

lels,
my, (p) = Cp( 1+ — (3.5)

and
n—U ., <c(1+ 1802 ZHIP(|@-|>r)”2” (3.6)
rill,p = , £ il = . .
=

The proof of (3.5) follows from inequalities

sgp!(ln Va) ()P Wa(x) < 2—2 gg(rzf’el-f) < % <00 (3.7)
and
sgp|<ln Ya)" ()" Ya(x) < :Tl; fgg(ﬁf’el—’) + 57'; fgg(tzf’el_') < c% < 00. (3.8)
Indeed
p

> (ny)' (©) DO

i=1

n
ATARTALEY B ACH:
i=1

n n p/2 n p/2
< er<®i><2|anwr>’(®olz) (Z |D®I-|2>
i=1

i=1 i=1

=¢p (Z|(ln ) (©) |plﬁr(®i)) |DOIP.

i=1
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Here we apply (3.7), and find

|IDO|P

UrDInUy|? < Cp—
P

3.9)

This implies (Eg, |DIn U, 17)'/? < €, 1202 We also have, using (3.7) and (3.8),

n p
U, | DP U, [P =] Tvr @)

i=1

scpﬂwr(&)[

i=1

D(Z(In 1//»’(@1-)1)@,»)
i=1
p

+

n

> (ny)(0,)(D6;)?

i=1

n

> (ny,) (©)DP6;

i=1

|
<G, (Z|(ln wr)”(®,-)|”wr(®f)> IDOP? +C, (Zmn wr)’(ta,»)\”wr(@,»)) D@6’

i=1 i=1

|D@|2p |D(2)®|1’
<O\ =5+

and so

2
(]Eur|D(2)1nUr|p)‘/”5C,,<<”®l|1"’> N ||®||2,,,).

,
This proves (3.5) Moreover, since DyU, =0 on (), {|9;] <r} = (J;{|®i| = r}°,
Dy(1=Ur) ==Ly, qiei1zrn Ds Ur

and from Holder inequality

1/2
E[Ds(1 = Up)|” < 1y, poy12n) *(BIDSU 7).

‘We control the first factor with the tail estimate
. 1/2
EL o= 2 = CY P16 =)',
i=1
and we also have
|DsU,|?? <U,|DInU,|*?,

and from (3.9)

1 1901,2p w 1,2
(E[Ds(1 = U)|")"7 < Cpm—22 3 (101 2 ) .

i=1
Moreover

n
E[l - Us? <P(1 = U, >0) <P(10;| >r, 3i=1,....n) < Y P(10;] > r),
i=1

0 (3.6) is proved.
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3.3. The distance between two local densities

We discuss some techniques, based on Malliavin calculus, for estimating the density of a random variable. These ideas
are based on the recent work of Bally and Caramellino ([2,3]).
In what follows for a given matrix A we consider its Frobenius norm, given as

Al = | _|AZ | =/Tr(AT A).
inj

We will employ the fact that the Frobenius norm is sub-multiplicative. Take a square d x d matrix y, symmetric and
positive definite. Recall that we denote by A*(y) and A.(y) the largest and the smallest singular values of y, which
in this case coincide with the largest and smallest eigenvalues. From the equivalence between Frobenius and spectral
norm we have

M) < Iy g < VAL ().

Denoting 7 = y !, it holds A*(9) = 1/A.(y). So

<I?7lr < .
Ae(¥) "7 ()

For two time dependent matrices Ay, By, we have the following “Cauchy—Schwarz” inequality:

2
H/AsBst 5/||As||%rds/||Bsn%rds~
Fr

In particular, if By = vy is a vector,

2
‘/Asvsds §/||AS||]2:rds/|vs|2ds.

We fix some notation. Let W be a Brownian Motion in RY. For two random variables F = (Fy,....,.F), G =
(Gy,...,Gp) in D3 and a localizing r.v. U, we denote

_ 1
Tru(p) =1+ (Eyra(yr) "),
_ml
Treup) =1+ sup (Eure(Vorer—c) ") ”,

0<e<1
nr,6u(p)=1+IFl3puv+1Gl3,p.0 + ILFl1,pv + LGl pus
A2 (F,G) =|D(F — G)| +|DP(F — G)| + |L(F - G)|.
We also write ng y(p) for ng oy (p). Moreover, in all the above notations, when U = 1, i.e. the localization is
“trivial,” we omit it in the notation. Remark that notations nr y and nr g, although similar, denote different things.

Since we are differentiating with respect to a Brownian Motion, as a direct consequence of Meyer’s inequality (see
for instance [32]), we have

nr6.u(p) <1+C(IFls,+ Gl p)

forevery F, G, U.
We now give the main result of this section, comparing the densities of the laws of two random variables under Py, .
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Theorem 3.3. Let U be a localizing rv. with my (32n) < 0o. Let F = (Fy, ..., F,), G = (G, ...,G,) € D>3",
Suppose I'G,u(p) < oo and I'r y(p) < 0o for any p > 1. Then there exists a constant Cy such that

p6,u() = C1|Aa(F, G5y, y < PRUG) < PF().

If, in addition, T r (32n) < 00, there exists a constant Cy such that
Pr() < PG, + Ca([A2(F, G) | 3y, 1y + 11 = Ull1,140)-

Remark 3.4. We can take

2
C1 = C[my 32T,y B2mnr 6.u32m)]™™",

2
Cy = C[my 32T r(B2nnr 6320,

where C is a constant depending only on the dimension #.

The lower bound for pr y is a version of Proposition 2.5. in [2], where here we have specified as possible choice
for the exponent p = 32n. Moreover, we find here that in my and np g,y we need to consider one more order of
derivatives with respect to [2]. Similar estimates can be found also in [3].

Before proceeding with the proof we need some preliminary results. We start with an estimate for the localized
Malliavin weights and for the difference of weights:

Lemma 3.5. Let U be a localizing rv., V e DV, F = (F, ..., F,) € D>, Suppose I'ru(g) < oo forany g > 1.

Forfixed p>1,p;i>1,i=1,...,4, with % = % + é + % + %, there exists a constant C depending only on p
and the dimension n such that \

|Hu(F. V)], < CIVIILpmu (p)T Ry (p3) nru (pa)’. (3.10)

Mor ripl_1L 41 43 5 D2
oreove lfp p1+pz+p3+p4andve s

|Hu(F. V)|, .y < CIVI2pymu (p2)T Fu(p3)’nru (). 3.11)
Letnow G = (Gi, ..., Gn) € D¥®. If Tr.6,u(q) < 00 for any q > 1, for fixed pi = 1,i =1,....5 with 5 = -~ +
é + % + % + %, it also holds

|Hy(F. V) = Hu(G. V)|, < CIIVIILpimu(p2T F.6.u(p3)nrcu(pa) | 82(F. G, - (3.12)
Proof. Consider the weight:

Hy(F,V)=V|[pr x LF — (Dyp, DF)] — (pr(DV + VDInU), DF). (3.13)

Recall that D® means “derivative of order k” and D* means “derivative with respect to W*.” We first consider Dyp
and have the following estimate:

d 2
> [0yl ds
=1

d

<4 D@F|DFP.

2

ds
Fr

d o
(Zf D.D*F; x DXF; + DXF; x DgD’;Fjdu>
0
k=1

i,J
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We now consider Dyr. From the chain rule and the derivative of the inversion of matrices,
D*pp = —pr(D*yr)r. (3.14)

So, applying also the previous estimate

d d
> [10kr 13, ds <176l Y- [ 1Dyl s < ai7eli i DF PO P
k=1 k=1

From (3.13) we see that

d 1/2
|Hy(F, V)| < |V|<||ﬁF||Fr|LF| + (ZfHD"fFH;ds) |DF|)
k=1

+17FllE(IDVI+|VIIDInU|)|DF|

d 172
<C(VI+1DVI)(1+|DInUI)(DF|+ |LF|)<||9F||pr+ (Z/HD"?FHirds) )
k=1

<C(VI+IDV)(1+IDWnU|)(1 4+ DF|+ |[DPF|+ |LFI) (1 + I9rlr).
Now

|Hu(F. V)|, < CIVIILpimu (p2)Tr 0 (p3) v (pa),

for »= ot Tt follows easily applying Holder and Minkowski inequalities for L, norms.

The estimate of || Hy (F, V)||1,p,u follows using very similar techniques. The part giving the “main” contribution
is D@ P, for which, iterating (3.14), it is not difficult to see

D@ 9| <C(IDF|+---+ |DPF)) 19113,

This term is also multiplied by | D F'|, so we have the estimate of the term giving the main contribution. We leave out
the similar estimate of the other terms.

When considering the difference | Hy (F, V) — Hy (G, V)|l p,u, we use similar arguments and the following prop-
erty of norms: |ab — cd| < |a — ¢||b| 4 |c||b — d|. As before the main contribution comes from D(yr — P), so we
consider this and leave out the estimates of the other terms. We remark that

vF = Y6 =Vr(yc — YF)VG
and differentiate this product, finding
~ ~ ~ ~ 3
|DGr —P6)| < C(1+11PFllee V196 16:)” (14 1Dyl vV IDy6|) (Ivr — vol + | D(ve — v6)]).
where

2 2
1+ |Dyr| Vv |Dyg| < C(l +Y [DOF|v |D<")G|) .

i=1
We have

lyr — vl < C|D(F — G)||D(F + G)|
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and
|D(vF —v6)| < C(|D(F — G)| +|DP(F — G)|)(|D(F + G)| + |[DP(F + G))).
Multiplying with | D F|, and applying Holder inequality, we prove the statement. (]

Lemma 3.6. Let U be a localizing rv., F = (Fy,..., F,),G =(Gy,...,G,) € D300, If T'r.c.u(q) < oo for any
q > 1, there exists a constant C depending only on the dimension n such that

pru () = po.u ()] < Clmy G2 r.6.u G2mnr 6.0 (321> | As(F, G) (P
Proof. We write the densities using (3.2):
pru() = pe.u(y) = Ey((VOu(F —y), Hy(F, 1)) = (VQ,(G — y), Hy(G. 1))
= Ey(VQu(F — y), Hy(G, 1) — Hy (F, 1))
+ Ey(VQu(G — y) = VQu(F — y), Hy (G, 1))
=1+J.

We recall the following inequality proved in [1]. For p > n, with p’ = p/(p — 1),

1
(Eu[VQu(F = )|")"" < Cpun(Bu | Hu(F, 1)[") 5.
In particular, for p = 2n (fixed from now on), applying (3.10) with k =0, p1 = po = p3 = pa =Tp = 14n,

(Eu|VQ,(F — y)[/r=hy@n=b/en

< C(EU|HU(F, 1)|2n)2(n—1)

dnln=1), (3.15)

< C[my(14n)T .y (14n)?np.y (14n)°]
We use now Lemma 3.5 to estimate / and J. From Holder inequality
1 =Ey|(VQu(F —y), Hy(G, 1) — Hy(F. 1))
< [VOu(F =9 2y |HU(G. D)~ Hy(F. D,

and we have just provided the estimate for the first factor. For the second we apply (3.12) with p| = pp = p3 = pa =
=20n

|Hy(F, 1) — Hy (G, 1)||2n,U
< Cmy(20n)T 6,0 (20n)’nr,c.u (20n)*] Ax(F, G) ”20n,U'

We now study J. For A € [0, 1] we denote F; = G + A(F — G). With a Taylor expansion, applying Holder inequality,
integrating again by parts and denoting V; = H; y (G, 1)(F — G)i.

Ey(VOu(F —y) —VQ,(G —y), Hy(G, 1))

Zf Eu (40) Qu(Fy. — ¥)H;.0/(G, 1)(F — G)) d
et

d 1
Z/ Eu (9 Qu(Fs — ) Hi.u (Foo Hy0(G, 1)(F — G)y)) i
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d 1
_ Z/o Eu (3; Qu(Fs. — y) Hi (Fi. Vi) di.

k,j=1

Now, applying first (3.10) and then (3.11), with some computations in the same fashion as before, it is possible to
show

H (Hk»U(FA’ Vj,k))j:],...,n Hzn,U
< Cmy(32n)°TF.6.uB32n)nr.c.uB32m | F — Gllismu-

From (3.15) and Holder as before,

4 2
|J| < C[myB2m)T 6,0 (32n)*nF.6,u(32n)* ™" IIF = Gll1 3200

The statement follows. |

Lemma 3.7. Let U be alocalizingrv., F = (Fy,..., F,),G=(Gy,...,Gy) € ]D)3*°°.IfFF,U(q) <00, T'gu(g) <oo
for any q > 1, there exists a constant C depending only on the dimension n such that

lpru () = pe.u®)|

]24n2

<C[myB2n)(Tru v T6,u)B2m)nF,g,u(32n) |82(F. G 53, -

Proof. We denote in this proof M = P (yr, — ¥c), and define, as in (3.4),

V= ]_[ V1 gnt) (M ). (3.16)

1<i,j<n

We have from Lemma 3.6 that if I'r g yv (¢g) is finite for g > 0

|pr.uv(y) = pe.uv(y)|

< C[muv G20 r.6.0v G2mnr.c.ov32m]™" | As(F, 6|43, - (3.17)

Remark

YG — VF, = V6 (VF, — YG)VF,
)

175, — Y6 llee < |96 (vE, — ¥6) || g 17 e
On V # 0 we have ||76(vr, — Y6)llpr < 1/2, because of definition (3.16), so

17F, e < 20176 ller
and therefore

I'r.cuv(32n) <2I'g,yv(32n) <2,y (32n). (3.18)
Now, using (3.3) with G =1,

prua-v(Y) =Eya-v)[VOF —y), Hua—-v)(F, 1)]

=Ey[VOF —y).(1 = V)Hya-v)(F. 1]
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which implies, using as before (3.10) and (3.15)
PrU1-v)(Y) = Eua-v)(VQa(F — y), Hy(F,1-V))

< C[my(14mTr.y (14m)>*npu 14n) 1"V | Hy (F. 1= V)|,

]Sn(n—l)—H ”

< C[my 4Ty 24n)*nrp,y (24n)* 1= Viiay

and, using (3.6),
1= Vlitano < C|26r = v0) |1 a0
Now, we first apply Holder inequality and then

lvr, — v6| < C|D(Fy — G)||D(F;, + G|

and
|D(vE, — v6)| < C(|D(F, — G)| + | D@ (F, — G)|)(|D(F. + G)| + | D@ (Fy, + G)|).
We find
I1=Viianv <CTgu(12n)npcu120)|F — Gll2,120,0
50

PrUG-v) () < Clmy 24n)(Tr.u v To.0)24mnr.6,0 240" | 82(F. G) |, o
We conclude writing
|pru () — pe.uM| =|pruv) + Prua-v)¥) — Pe,uv(y) — p,ua—v)(y)|
< |PF,Uv(y) - PG,UV()’)| +prua-vy(y) +pcua-vy(y)

and the statement follows easily. (I
Proof of Theorem 3.3. Let V as in the last proof. We can write

pru®) = pruv(y) = pe.uv(y) — |pruv(y) — peuv ()|
= pe.u() — pe.ua-vi(y) — |pruv(y) — pe.uv()|.
From (3.10) and (3.15) as before

2
Pe.Uva-v)() < Clmy(14mT6 v (14m)>*nr.c.u 14n)*]™" | A (F. G) |5, 4

Using also (3.17) and (3.18) we obtain the desired lower bound for pr.
For the upper bound we apply Proposition 3.2 localizing on 1 — U. We have

Pr1-U) =Eq_1)[VQu(F = x)Ha-v)(F, D] =E[VQu(F — x)Ha—u)(F, 1) (1 = U)].
From (3.3), H(F,1—U) = (1 — U)Hq—y)(F, 1), so
pri—v(xX) =E[VQu(F —x)H(F,1-U)].

Now we apply Holder and find

prav(®) = [VOu(F = )| o [HF, 1=01)],,
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We use (3.15), with U = 1, to deal with the gradient of the Poisson kernel:

(E|VQ,, (F _ y)|2n/(2n—l))(2n—l)/(2n)

< C(Tp(14n)2np(140)3) 0.
Now consider the non-localized version of (3.10):
|HF. V)], < CIVIL1T F(14n) np (14n)°
and take V =1 — U. We obtain
pra—u < CI = Ul 1an [T (14m)2np (140 ] (3.19)
We apply now the lower bound result to pg,r7, interchanging the roles of F and G, and find

24n?
1™

PrU) < pe.u )+ [my G2 ryB2mne 320" | A2(F. G) |5y, -

Putting together this inequality and (3.19), we have the upper bound. ]
3.4. Density estimates via local inversion

We recall some results from [4]. We see how to use the local inversion theorem to transfer a known estimate for a
Gaussian random variable to its image via a function n such that

1

neC} (R, R"),n(0)=0, A1*(Vn(0)) < 5
Define, for & > 0,

cx(n, h) = sup max|8inj(x)|

lx|<2h b

and

c2(n) = max sup ‘8,.2/77(x) , c3(n)= max  sup !81-3jkn(x)].

i,j=1,... nix|<l l’];k=1~~~’"|x\§l

Let now ® be a n-dimensional centered Gaussian variable with covariance matrix Q, non-degenerate. Denote by A
and X the lower and the upper eigenvalues of Q. Suppose to have r > 0 such that

1 /A 1
cx(n, 16r) < %\/; r<hy= TN (3.20)
We take a localizing function as in (3.4): U, = [[/_, ¥»(©;). We also define ®(0) =6 + n(6).
Lemma 3.8. The density pg,u, of
G:=0(0)=0+n(0)

under Py, has the following bounds on B(0,r):

L C||2< ()< —Sex 1||2
Cdet 012 “P\ 7111 ) = POV = ooz P\ T )

This result is proved in [4] under a slightly stronger constraint on r, but going trough the proof it is easy to see that
what we suppose here is enough. For details see [34]. The proof is quite standard and follows from the local inversion
theorem (see [36] for a standard version of this theorem).
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4. Density estimates of the diffusion process
In this section we prove lower and upper bounds for the density of X.
4.1. Development

In this section, in order to lighten the notation, we do not mention the dependence of the parameters on the initial
condition (so, for example, we write A instead of A(xg), and so on). We need to introduce some notation. Consider a
small time & € (0, 1]. We define

e The translated initial condition
X0 = x0 + b(xp)$.
e The matrices A and A; as
A= (o +33p0,[0,b])
and
As = (8" (o + 88p0), 8°/[0, b]).

Recall (2.2), (2.3), and remark that A1 implies that these matrices are always invertible if § is small enough.
e The Gaussian r.v.

o= CIRYE 5_1/2W3
“\02) 532 e —s)aw; )

e The polynomial of degree 3 and direction o (xp) (recall x, defined in (2.4)):

2
nu) = (KU (2x0) u’ + o ko +6K‘7)(xO) u3>a(xo). “4.1)

e The principal term
G=0+15(0), (4.2)

where 75(®) = A; 'n(8'/20).
e The remainder Rs:

5 ps
R,;:/O /O (0p0 (Xu) — Bp0 (x0)) du 0 d Wy
5 ps
+/ / (0b(Xu) — 05b(x0)) 0 dW, ds
0 Jo
5 ps
+/ / opb(Xy,)duds
0 Jo
8 ps pru
+/ / / (06050 (Xy) — 35050 (x0)) 0 dWy 0 d W, 0 d W
0 Jo JO

5 ps pru
—l—/ / / 0p0s0(Xy) odvodW, odW;. “4.3)
0 JOo JO

Notice that Rs ~ O(82). We also denote 155 = AS_I Rs.
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We now prove that the following decomposition holds:

This is a main tool in our approach. Indeed, we find Gaussian bounds for the density of the variable F := Agl (X5 —

X0) =G + Iég in the Euclidean metric of R2. The fact that in Theorem 4.5 the bounds for the diffusion are in the
A (xp)-norm follows from the change of variable suggested by (4.4).
Let us prove (4.4). We write the stochastic Taylor development of X; with a remainder of order 72:

X; =x0+b(x0)t + U, + Ry,

where

t
Us = o (x0) W, + 8o (x0) / W, 0 dW,
0
t s
+8U306(x0)//Wl,oquode
0 JO

t t
+ 0p0 (x0) f sdW, + agb(xo)/ Wy ds.
0 0

Now we write

/ WdS—/(t—S)dWw

/de = /(l—s)dW + tW;.
0
Therefore

t
Uy = (0 (x0) + 1950 (x0)) Wy + (35b(x0) — 8b<f(X0))fO (t —s)dW;

W} W}
+ 300()60)7 + aaaaU(XO)?~

So we have the following decomposition of X;:
t
X = x0 + b(x0)t + (0 (x0) + 10,0 (x0)) W; + [0, b](x0) / (t—$s)dWs +n(Wy) + Ry, 4.5)
0

where xq is the initial condition. Remark that A3 implies that both the coefficients of 1 have the same direction as
o (xp):

n(u) = aoa(x())uz—i— 990 (x0) 3 _ (KG(XO)uz—l— (kg + K3) (x0) 3) (x0).

2 6 2 6
4.2. Preliminary estimates

We introduce the following class of constants:

— . —_— 7p q
C_{C>O.C_K()L*(A(x0))) ,EIK,qzl}. (4.6)

We stress that the constants defined above depend on the parameters of the diffusion through the ratio p/A.(A(xp))
(cf. A1, A2), but K, g do not depend on o, b. We will also denote by 1/C=1{§ >0 :1/5 € C}.
We keep using the notations of the previous development.
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Lemma 4.1. There exist Ly, Ly, K1, K7 positive constants not depending on the parameters, §* € 1/C such that: for
any fixed r > 0 and § such that § < §* exp(—2L1r2), let G = © + 15(O®) be the r.v. defined in (4.2); let U, be the
localizing r.v. defined in (3.4), and pg,u, the local density of G; then the following estimate holds for |z| <r:

Kiexp(—L1lzI?) < po.u, (2) < Kaexp(—Lolz[?). .7

Proof. In what follows, C € C, and may vary from line to line (meaning that K, g may vary in (4.6)). We start by
computing the derivatives of 7:

2

doko +Hg KU; ks yz)a,

()—("—"2+
nwy) = 2)’

n'(y) = <K0y +

77”@) = (KU + (aO'KO' +K§)y)0’,

"

1" (y) = (doko +Kk2)0.
By the definition of ALl

A8V (0 4+ 88p0) = (1, 0)7.
Therefore

Ajlo =5712(1, 0)7 — A5 '89p0.

By (6.2) and (6.4) (see Section 6.1) we have |A5158b0| = C8~1/2 50 that |Ag10| < C8~1/2. We stress that this upper
bound is /2 in contrast with §3/2 in (6.2), because As works in the specific direction o. Now we can estimate the
norms of 7js and its derivatives. Since they are collinear with o, we have

[is@o)| = |45 (8" 2ur)| < € (a1 28" + s ).
|0y iis ()| = | A5 8120 (812u1) | < C(lur 18"/ + |us 6),
|02 7isw)| = | Ay 80" (8"2ur)| < C (8% + lu115).

|03 fis(w)| = |A5 18320 (8"2uy) | < s,

|, 75 ()| = 0.

So, referring to the notation of Section 3.4, we have

cx(fis, h) = sup max|d;7] (u)| < Chs'/2,
lu|<2h isJ

c2(iis) = max sup |07 ;7js (u)| < C8'/2, (4.8)

LI Jul<l

c3(ils) = max sup 37 ; iis (w)| < C8.

LR u <1

We first want to apply Lemma 3.8 to G = © + 15(©). Here n = 2, and the covariance matrix of © is

(112
vo=\12 13)
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It has 2 positive eigenvalues, 0 < A1 < A2, and det(yg) = 1/12. We are supposing here § < §* exp(—2Lr%) < §*/r2.
Since

1 1 r
64(C2(778)+\/C3(778 ) Cl\/_ C1/6*

and
cx(fis, 16r) < Corv/s < Cov/5%,
choosing §* < % % 2 the conditions (3.20) are satisfied:
2
1 /X
el 16r) < | =2, <y, 49)
4\ 1o

So there exist L1, Ly, K1, K> universal constants, such that for |z| <r,
Kiexp(—Lilzl*) < pg.u, (2) < Kzexp(—Laz|?). O

The following lemma is a slight modification of Lemma 2.3.1 in [32].

Lemma 4.2. Let y be a symmetric non-negative definite n x n matrix. We assume that, for fixed p > 2, E[||y ||p +1] <
00, and that ey > 0 s.t. for € < &,

sup P[(v€,&) <] < &7
|§l=1

Then there exist a constant C depending only on the dimension n such that
E[3.() "] < CE[lIy 15 Jeg
We consider now
F=A;" (X5 — %) (4.10)

We will use the general estimates of Section 3. We denote by D the Malliavin derivative with respect to W, the
Brownian motion driving (2.1). We first prove that the moments of A*(y; 1) = )L*(yp)_1 are bounded, and these
bounds do not depend on §. This result looks interesting by itself, since it means that we are able to account precisely
of the scaling of the diffusion in the two main directions ¢ and [o, b]. In this particular case this is a refinement of the
classical result on the bounds of the Malliavin covariance under the (weak) Hormander condition (cf. [27,31,32]).

Lemma4.3. Let F = A(S_I(Xg — Ro). For any p > 1, there exists C € C such that for any § <1, T (p) < €.

Proof. Following [32] we define the tangent flow of X as the derivative with respect to the initial condition of X,
Y; := 0, X;. We also denote its inverse Z; = Yt_l. They satisfy the following stochastic differential equations

t

t
Yt=Id+/ Vo (X,)Y;s odWs+f Vb(X,)Ysds,
0 0

t t
Z[:Id—/ zsv(;(xs)odws—/ Z,Vb(X;)ds.
0 0

The Malliavin derivative of X is

DX, =Y, Z;o(Xy),
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SO
Dy F = Dy Ay (X5 — %) = Ay ' Ys Zso (X5).
We define
s 1 T 5T ,—1.T
,;6:/ A ' Zo (X o (X Tz AT ds.
0
Then
yr = (DF,DF) = A; 'YsAsps AT YT AT
Remark that

_ - 1T ——1 — -
VFI =A5TZ§TA5 ’Tya ]Aa 'Z5As,
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and that in this representation we have both As and its “perturbed” version As. We have to check the integrability
of )L*()/F)_1 = A" ()/F_]). Recall that A*(+) is a norm on the set of matrices, and that for two 2 x 2 matrices M, M»,

A (M M) <2)*(M)A*(M3). We have

hlyp) <4 (7 A (AT 25 As) .

We need to bound As_l Zs A_(s, which we expect to be close to the identity matrix for small §, and )75_1.

We take care first of the moments of X*()?{l). We use the following representation, holding for general ¢, which

follows applying Ito’s formula (details in [32])

t t 1
Zi¢p(X1) = ¢(x0) +/0 Zylo, p1(Xs) dW +f0 Zs{[b’ o1+ E[a’ o, ¢>]]}(Xs)ds.
Taking ¢ = o the representation above reduces to
t
Zis () =t + [ ZibolXds
0

=0 (xo) +t[b, 0 ](x0) + L,

with L; = fot Zs[b, 01(Xs) — Zo[b, o1(x0) ds. Notice that L; ~ O(t3/%). Using A2 one gets

Se q e
E[A*(/ LSLSTds) ]5114:“/ LyLT ds
0

0
(¢’ comes from Gronwall inequality). We have

q

] <@ (6e)4, Vg>0,3C eC
Fr

Ay Zoo (Xy) = Ay (0 (x0) + s[b, 01(x0) + L)

1 L
a2\ —sys ) T A L

For constant ¢ and fixed ¢, we introduce the stopping time

N
S, :inf{s >0: x*(f L,LT du) > 6(58)3} AS.
0

We have

N S, "
1 [T T LT —1)2 ST ¢ 3
x"<A(S /0 L,L, duA; ) <4r*(Ay") A*(/O L,L, du) = <556’

@.11)

4.12)
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where C” € C. We fix ¢ = g, s0

3

Se
A*(A(Sl/ LuLZduASI’T> <& (4.13)
0 64

Now we suppose to be on the event {% > ¢}. Applying first inequality

1
(0+ R+ R)TE &)= S{vE &)~ (RRTE, ),

which holds for any vectors v, R, &, and then (4.12), we obtain
S LT
?8:/(; Ay Zsa(xs)U(XS)TZSTAg T g6
Se
Z/ AEIZSG(XS)G(XS)TZSTA(;_LTds
0
1 %1 1 —5/8 . Se , Ly
= Efo s <—s/8 (3/5)2> ds — A; /0 LeLg dsAg .
We have
§ de 22 s
e 1 1 —s5/8 1 1 —s/8 e -2 ,
5 e ds = >1dy —,
/0 5 <—s/a (s/a)z) s_/o . <_s/5 (s/(s)z) . <_% o

so, from (4.13),

W™

1 3
(FsE.E) > = —

6P — S ler= S P vie =1
~—216 647" 64" T

Now, remark that t — k*([é LSLXT ds) is increasing. For any g > 0

Se q
P(S, < 8¢) < P(A* </ LyLT ds> > 4 (38)3‘1)
0

B[ ([ L LT ds)4]
<
cd(8¢e)3a

c’ 4q c’
ﬂ < e_((;g)q < g4/?
~ c4(8e)39 T ¢4 -

fors <1, fore <eg=e € with C” € C. Therefore, for any q, for any ¢ < &g, 8 <1,
P((7s, &) < &3 /64) <P[S, < de] < /2.

Now we apply Lemma 4.2. We obtain
Ex* (75 ')! = Bau(ps) 7 < €€

foré <1,C eC. B
We consider now Agl ZsAs. Applying (4.11) and A3, one can prove that

Z,0 (x0) = (1 — ko (x0) Wy )o (x0) + Jr,
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with J, ~ O(t). So
ZsAs = (\/g(l — Ko (X0) Wg)d(xo), 0) + Ms,

where My is a 2 x 2 matrix with EA*(M;)? < e€834/2 € e C. This estimate follows again from A2. Since A5 =
(8'20 (x0). 8%/*[0, b](x0))

AN (V8 (1 = ko (x0) Ws)o (x0), 0) = (1 — Ko (x0) Ws 0)

0 0
and E|1 — k4 (x0) Ws|? < C € C. Clearly EA*(AglMa)q <e€,Cel,s0

Ex*(A;'ZsA5) <€, Cec. O
4.3. Two-sided bound for the density of X
In this section we prove the short time density estimate (2.5). We start with the following lemma, which is a density
estimate for the “renormalized” random variable F (see (4.10)). We use Theorem 3.3 to recover estimates for pr from

(4.7). We will need the preliminary estimates of Section 4.2.

Lemma 4.4. Recall (4.6), the definition of C, and that, for fixed § > 0, we set F = Agl (Xs — Xo) and pr is its density.

(1) There exist C, C*, L € C such that the following holds. We set §* = e C" . For any fixedr > 0, if§ < §* exp(—er),
for |z| <r we have

%exp(—cuﬁ) < pr@.

(2) There exists §* € 1/C; C, L € C such that: for any fixed r > 0, if § < 8* exp(—Lr?), for |z| <r, we have
pr@) < eCexp(—C7'|z).

Proof. We apply Theorem 3.3. Here n = 2, so 32n = 64.

(1) (Lower bound). Let L be the constant in Lemma 4.1. We first prove the lower bound for r >
1

VL’

1 _.x
ﬁ =T
We start checking that C in Remark 3.4 is in C. From (3.5) and r >

”®”%64
my, (64) <C| 1+ 5 <CeC.
r

Recall that G = © + 775(®), where © is a Gaussian with covariance (and also Malliavin covariance matrix) given by

(112
V‘”"(uz 1/3)'

This matrix has 2 positive eigenvalues, 0 < A1 < A. Recall also that the Malliavin derivative D is taken with respect
to the Brownian motion W driving (2.1). We consider ' y, = 1 + (Ey, A« (yg)~ ")/,

)
(VGE, &) =/O (DsG, &)*

1
2/0 $(D,0,£)* ~ (Dyiy(0), & ds

=5+ 5.
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We have

S S
S, = /0 (Vits(©)D;0, £) ds = /0 (D,©, Viis(®)7 &) ds < 12| Viis(©)| 1, &

and S| > A1/2, so

1 A
re(¥G) = M1 (5 — f | Viis(®) ||§r)-

Recall ¢ (75, h) = sup|y|<o, Max;,; |8,~ﬁ§(x)|, so on the event {U, # 0} we have |®| < 4r and ||V7s(O) | <
2c¢4 (15, 16r). We proved in (4.9) that c, (775, 16r) < %, / %, so it follows

Al

) 1
[Vis @l =< 5/5-

and therefore A.(yg) > A1/4, which implies I'g,y, (64) < C. Recall (4.4) and (4.10). Standard computations using A2
and Gronwall lemma give nr gy, (p) < e€, C e, so from Theorem 3.3 we have that 3C € C such that for |z| <r

Pr(2) = p6.u, @) — eClIRsllea,u, = Kiexp(—Lilz*) — el Rsllea.v, -
Recall (4.3). By using A2, one can show that || Ry|l2, < ¢“8%, with C € C. So, from (6.1) with A, instead of As.
IRsllea,u, = | A5 ' Rs losu, < C52/83/% = €/,

so there exists C € C such that pr(z) > K exp(—L; 1z%) — eé«/g. We have that, for r >, if

as(Kle*p( QoL )> =<7K16"g( C)) exp(—2L172) (.14

the following lower bound holds for |z| <r:
K
pr(@) = - exp(=Lilzl)

and this implies Lemma 4.4(1) for r > 7. We take now 0 < r < 7. Remark that exp(—2) = exp(—2L1F2). We can

suppose 8% < (%)2, )

- 2 AN 2
5<<K16Xp(_c_1)) =(K1€Xp(_c)> exp(—2L172).

- 2 2

If |z] < r, then |z| <7, and we apply what we have just proved for r > 7, taking 7 as radius. The following holds:

K
Pr(2) > 7exp(—L1|z|2).

(2) (Upper bound). The proof of the upper bound follows again from Theorem 3.3. We deal with C; exactly as

for the lower bound, with the difference that we need a bound for I'r-(64) instead of I'g ¢, (64). This is proved in

Lemma 4.3. As before, we first suppose r > #, where L, is the constant in Lemma 4.1. We obtain

VL2

pr(2) < Kyexp(—Lalz?) + e€ (V8 + 11 — Upll1.28)
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C €C.Wefix L € C and take § < exp(—Lr2), and we also need to prove that |1 — U, |1 28 decays as C exp(—C‘1 1zI%)
for |z| < r. This follows from (3.6): 3C € C such that

2

L
= Uplhos < Y P(10;] > r)SC(1+1/r) < Ce €7,
i=1,2

We have the desired result for r > \/_ Now, we take r < «/__ If |z] <r, then |z] < and we can apply the result

J_Q
alreaz)dy proved for r > J_L_z’ taking m as radius. Then, we prove as in (1) that the result can be extended to ag
r>0.

We are now ready to prove the main theorem in short time.

Theorem 4.5. Suppose A1, A2, A3 hold. Let (X;)c(0,1] be the solution of (2.1), and for t € [0, T], let p;(xo, y) be
the density of X, at y.

(1) There exist C,C*, L € C such that the following holds. We set §* = e <", For any fixed r >0, if 0 <§ <
8* exp(—Lr?), setting X9 = xo + b(x0)8, for |y — XolAs(xg) <1 we have

1 a2
C52 exp( Cly xo'A(;(xo)) < ps(x0,y).

(2) There exists * € 1/C, L, C € C such that: for any fixed r > 0, if 0 < § < 8* exp(—Lr?), setting X0 = xo + b(x0)3,
for |y — Xolas(xo) <7, we have

C
e - A
Ps(x0,y) < 2 eXP(_C Iy - XO&S(XO))-

Proof. We write the expectation of f(X;s) for a function f with support included in B(0, r). We get

E[f(Xs)] =E[f(o+ AsF)] = / fGo+ Asz)pr(2)dz.

With 4, r satisfying the hypothesis of Lemma 4.4, we can apply the previous density estimates to pr. Then the change
of variable y = Xo + Asz gives that, for |y — Xo| As(xg) = 7> We obtain respectively

S 2
D Famay SPCly = Xol7 ) < ps(xo, ),

£ -y 312
@) Ps(x0, ¥) = TG SXPC Ty = Fol7 )
where ps(xo, y) is the density of X5 in y. These estimates and the equivalence between | - |4, and | - | 7, (see (6.4) in
Section 6.1) imply the thesis. (]

Remark 4.6. In the proof of Lemma 4.4 we have used A2, the assumption of uniformly bounded derivatives, to say
that np G u, (p) < e€ and || Rsll2,p < e€82, C € C. If we also ask that

lo )|+ |b(x)| <p, VxeR? (4.15)

we have that nr gy, < C and IRsll2,p < C 82, C € C. This holds because, supposing the boundedness of the coef-
ficients, we do not need anymore to use the Gronwall lemma to estimate the moments, but a direct computation is
enough. These are standard estimates. In particular, in (4.14) we have 1/C instead of exp(—C). As a consequence,
if we also suppose (4.15), the lower bound in Lemma 4.4 and Theorem 4.5 holds for §* € 1/C. In particular, taking
r* = (L v C)~1/? in Theorem 4.5(1) we can state that: 3r*, §* € 1/C, C € C such that for § < §*, for |y —Xo| a5 (x) < r*

s =< ps(x0, y)-
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On the other hand, in the upper bound we cannot get rid of the exponential dependence in the constant. Indeed, the
estimate on I' 7 (64) of Lemma 4.3 is involved (the estimate on the “non-degeneracy” of the rescaled diffusion F’). This
has an exponential dependence on the parameters, even supposing (4.15), because it involves the moments of Z;, the
inverse of the flow of X, and in this estimate we always need to use Gronwall lemma. Anyways, taking r* = (L)~ 1/2
in Theorem 4.5(2) we find that: 3r*, §* € 1/C, C € C such that for § < §*, for |y — Xola,(xy) <7*
oC
ps(x0,y) < 5

We put together those two inequalities in the following two-sided bound, which is the formulation that will be used to
prove the tube estimate: 3r*, §* € 1/C, C € C such that for § < §*, for |y — Xola;(xy) < r*

oC
2 < ps(x0,y) < 2 (4.16)
5. Tube estimates of the diffusion process

As an application of Theorem 4.5 we prove the tube estimate. We suppose in this section o, b € C>(R?) and set, for
X € Rz,

5

n(x)=Y_ > [a%bx)| + |90 (x)

k=0 |a|=k

c M) = h(AW)).

We consider the diffusion (2.1) on [0, T'], and the skeleton path (2.6): for ¢ € L2[0, T, let

t

t
(@) =30+ / o (xs ()¢ ds + / b(xs(@)ds,  fort €0, T].
0 0

Recall H1, H2, H3, H4:
AY) > A, n(y) <ny, ¥00(y) =ke (M), VY|y—x(¢)| <1,V €[0,T].
Moreover, defining (R;):¢[0,7] the time-dependent radius of the tube, we suppose that

n.:10,T] —[1,00), R :[0,T]— (0,1],
A.:[0,T]— (0,1], |$.17: [0, T] — (0, 00)

arein € L(u, h), for some i > 0, u > 1, where L(u, h) is the class of non-negative functions which have the property
f@) =uf(s) forlt—s| <h.

Denote, for 0 <t < T, for K, g« positive universal constants,

qx t+6
R;*(¢)=exp<—1<*(ﬂ> qu*)(h/\ inf {a// |¢>S|2ds}>. (5.1)
At 0<8<h P

Theorem 5.1. Let (X;):c[0,1] be a process verifying (2.1)_, and x; () the skeleton path defined above. If H1, H2, H3,
H4 are satisfied, there exist positive universal constants K, g such that

T q
— [ ung 1 1 2
exp(—/o K<k_z) <Z + ® + || dl)) < P(ISISJ¥|X, _x’(¢)|AR,<xl(¢>> < 1),
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Moreover, there exist positive universal constants K, q, K+, g« such that if R, < R*(¢)

P(tS;JIT)|Xz =D gy i) = 1)

T _ K. Kt gy
Sexp(—/ K('Lml> <—exp( G )+ |¢z|2> dt).
0 At R;

Remark 5.2. Remark that for R; < R (¢) <h exp(—K*(“k—’:’)‘f*) the statement in (2.8) is implied by this one.

Proof of Theorem 5.1. A main point in this proof is the choice a sequence of short time intervals in a way that allows
us to apply the short time density estimate. This issue is related to the choice of a an “elliptic evolution sequence” in
[6,7]. We fix ¢ from the beginning and write x; for x;(¢) to have a more readable notation.

We introduce also the time-dependent version of (4.6). For ¢ € [0, T']

C={Ci>0:C=exp(K(n/1)7),3K,q > 1}. (5.2)
The constants defined above depend on o, b through the ratio n; /A, locally along the skeleton path. We stress that
K, g do not depend on o, b and do not depend on ¢ € [0, T]. We will also denote by 1/C; = {8, > 0:1/8; € C;}. We

start proving the lower bound.
Step 1 (Time grid and notations): We set, for large g1, K to be fixed in the sequel,

1 1
fr(t) = m(“k’“) (E et |¢,|2).

We use this function to split the time interval [0, T] is short-enough sub-intervals (our time grid). Recall H4:
|p.1?,n, A, R €L(u,h),Iu>1,0<h < 1. This implies fr € L(u*?'*! k). We also define

) t+38 1
3(@) =51r>1{){/t Sfr(s)ds > W} (5.3)

Since
8(1) t+6(1) 1 t46(1) 1
—_— :/l Eds S/t fR(S)ds 2q1+1 ,

forany r € [0, T], §(¢t) <h/ /ﬂ‘f 1+1 < J;. Therefore we can use on the intervals [t,t + 8(¢)] the fact that our bounds
arein L(u,h). If0 <t —+¢ <h,

t48(t) 1 48"
WP fr()8 () = f Sr(s)ds =~y = f fr(s)ds > =D fr0)5(r'),
t t

s0 8(t")/8(t) < u* 2. Also the converse holds, and §(-) € L(u*?' 12, h). We set

t+8(1) 1/2
o(1) = (/ |¢s|2ds) .
t

We have

1+8(1) 1+8(1)
1 :/ fR(S)dSE/ fR(t) S 5(0) fr@)
t t

M2q1+l M2q1+1 2q1+1 ’

SO

sy —— <& (iyl (5.4)
- fR(t) un; . '
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Similarly,

1 t+5(1) un, q1 1 wn q1
= [ K(52) ez ok (5 e
At ! As pe At

and we can write both

1 )kt q1 ) 1 )\l q1
sy < —[ — d N <—1— . 5.5
()_Kl (m) and () T Ky \ uny )

We set our time grid as
10=0; tx =tk—1 +3(tk—1),
and introduce the following notation on the grid:
Ok = 8(t); e = &(ty); g =Ny; A = Ay X = Xy Xk =Xy Ri =Ry
We also define
Xi = Xi + b(Xp)d: Xk = Xk + b(xx) 3,
and for fy <t < fy41,
Xe@) =Xk +b(X)@ —10); &(t) = 2 + b (1 — 1),
Moreover we denote
&1k = 15145, (x0)5 Ck =Cy,

and r,f € Cy, the radius r* associated to (4.16), when taking as initial condition xo = xi.

Remark 5.3. Consider D; = {Suplkftftk+l | X; — xt|AR,(xt) <1}, and Ty = {| X — x¢lx < rr}, where ry is radius
smaller than 1 that will be defined in the sequel. We denote [P the conditional probability

Pr() =PCIWi, t <3 Tr).

We will lower bound P(sup, .7 | X; — x/(¢)]a R () = 1) computing the product of the probabilities Py (Dy N k41),
and this computation relies on the application of the density estimate in short time. Remark that A1, A3 are local
assumption, therefore it is enough to ask for H1, H3 to apply Theorem 4.5. What about A2 (global) and H2 (local)?
Suppose that we have a process X which, for some external reasons, verifies (2.1) for #x <t < tx41, and such that
SUPy <t <ty | X; — x,|ARl () = 1. From H2

n(y)<ng for{yeR*:|y — x| < 1}.

A classical theorem (see [39]) tells us that we can define &, b which coincide with o, b on {y € R?: |y — x| < 1},
which are differentiable as many times as o, b but on the whole R2, and for which

n(y) <any forallye Rz, with o constant.

Let X be the strong solution to

t

173

t

6'(}_(s)odWs+/ b(Xs)ds, 1€t iyl

173
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It is clear that

PO e =P({ sup 1% = wilag = 1] 0 {1%ie = xestleor <ri})

e <t=<fg+1

and therefore we can equivalently prove our estimates supposing that n(y) is globally, and not just locally, bounded
by nk. From now on we assume that n(y) <ny for y € RZ,

Step 2 (Application of the density estimate): Lemmas 6.3, 6.5, 6.6, 6.7 hold for §; and &; small enough, and in
particular Lemma 6.7 says that

1
glEIAs(xk) < 1€l st < CIELAs (- (5.6)
k

for some C,i € Cg, for any § < §;. Recall (5.5), and

Ri/iw < Ry < uRy, foryy <t <ty
so that R, > & for ty <t < ;1. Moreover we have |x;41 — Xkl < Cr(sx V /8k), and for all #; <t < t3y1, applying
also (6.1), |x; — xx (t)|AR, ) < Crler v 8¢) for tp <t < t;y1. Recall again (5.5), and we fix g3, K3 such that, for
q1 > g3, K1 > K3, the Lemmas 6.3, 6.5, 6.6, 6.7 hold and

a1 — Rele < i /8, (5.7)

~ 1
|2 (1) _xt|AR,(xt) =3 forall iy <t <try1, (5.8)

and moreover & < §; associated to (4.16) with initial condition x.
Now, 8(-) € L(u*01+2_ k) implies 8; /8r1 < u*0+2 and 8;41/8r < u*@1+2. This, (5.6) and (6.1) give

_ b < < 2o+l 59
Lot &l < 1§lkv1 = k1€ 1k (3.9

where C ,1 is in Cx, depending on K3, g3. We now set, for K>, ¢ to be fixed in the sequel,

= ! M) 5.10
"= Kt ) (5.10)

and define as we said before

T = {1 Xk — xele < e}, Dk={ sup IXz—szAR,(x,)Sl},

Ik <t=l+4]
and [Py as the conditional probability
Pr() =PCIWe, 1t < t5; L.

We find a lower bound for P, (I'x4-1 N Dy) using our density estimate in short time. We denote pi (X, ¥) = ps, (Xk, )
the density of Xy in y with respect to Px. We prove that on {y : |y — Xg41lx+1 < rk+1} We can apply (4.16) to
Pi(Xk, -) and so there exists C;, € Ci such that

1
— < Xk, v). 5.11
C.2 < pc(Xk,y) (5.11)

We estimate

Iy = Xele <1y — X1l + 11 — Zele + 1 — Xilxe (5.12)
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We already have (5.7). Since we are on |y — Xg41|k+1 < rk+1, from (5.9) and the fact that ryy1/ry < uz‘”

2q1+1

Cl ("
1 1,,2q1+1 1,,2q14+2q2+1 k k
|y = Xks1le < Crp ly — xks1 k1 < Gy < Cpuri ety < S (=) .

Ko \ng

It also holds |x; — )E'klk < Cilxr — Xilg < Cyry, for some Cy € Ci. Similarly, since R; > 8, from (6.1) |xx(z) —

)A(k(t)|AR[(x,) < Cyry, for all tp <t <tx41. Recalling (5.10), we can fix K7, g2 such that |y — xg4+1|x < r,’:/16, |Xk —
Xilk <r/16, and

| Xe@) =500, () <1/4, forall i <t <nsr. (5.13)

From (5.12), (5.7) this implies |y — )A(k|k < r,f/4. We also have |x;y — Xi|x < rk, so we can also fix K>, g2 such that
rr < a in Lemma 6.5. Therefore

1
Zl%lk < 1las, xp) = 4E k-
So |y — Xk|A5k (xp) < rf and (4.16) holds (which means that (5.11) holds). Now, from Lemma 6.5 and (5.9)

{1 = xslay (xp < riat/(ACEP Y I —xis e < rer /(G0 )}

c{l- —xstlirr Srir}s

and rip /ACLEANT) = e /(ACLAEHY) = Core s (). So
1 e\ 22 2
Leb(| - — X lk1 < 1) > 8F det A(Xy) — .
- - 4CI§ Ko uAa1+402+2 \ ny

Now, from H1, det A(X;) > Ag. So, from (5.11),

By(T ) 1 1 Ak 92 2)\
kL k+1 _Qk 4C11K2u4‘11+442+2 ni k>

where C, € Cy is the constant in (4.16). This implies

24175 exp(— Ky (log pu + logny —log 4)) < Pr(Tky1)

for some constant K4 (depending on K3, K3, g2, g3; on the contrary, we keep explicit the dependence in g, which is
not fixed yet).
Step 3 (Concatenation): Consider now #; <t < f;4+1. Recall the definition

Dy = { sup | Xy —x¢lag, (x) = 1},

e <I=<tg41

and introduce

. 1
b= { wp|Xs = Xkl ) = 5}'

e <t <tg41

We decompose

| X; _-xt|AR,(xt) <|X:— Xk(t)|AR,(Xt) + |Xk(t) _ﬁk(t)|ARt(Xt) + |-£k(t) _xt|AR,(Xt)7
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and, from the previous part of the proof, (5.8) gives £ (f) — x¢| g, (x,) < 1/4,and (5.13) gives | Xk (1) — %¢ (D] Ag, (x)) <
1/4.80 |X; — X/l ag, x) < 1Xi — Xi(D)] ag, (x) + 1/2, and therefore Ey C Dy.
Now we have to estimate Ej. A development of X, — X x(¢) similar to (4.4) gives that the diffusion moves with

speed 5,1/ 2 in the direction of o (xp), 8]‘:'/ 2 otherwise. Taking the | - |4, (x,) norm we account precisely of this fact.
Applying the exponential martingale inequality we find that

. 1 A \P Ry
(e =en(— () 5

for some constants K5, gs5. From (5.4), Ry /8 = Ki(ung/ )7 . We recall that Ay < 1 and ng > 1, so choosing and
fixing now ¢, K large enough we conclude

P c =841 1
e(Ef) < i~ exp(—Ka(logpu +logn —loghi)) < S Pi(Tiy),
SO
X 1
Pt (Trg1 N Dy) = Pr (T N Ex) = Pr(Tig) — Pr(Ef) = Epk(rk+l)
> exp(—Ke(log u + logni —logip)), (5.14)

for some constant K¢. Let now N(T) = max{k : t; < T'}. From definition (5.3)

N(T)

T T N(T)
fo fr@)dt > ’;flkl fR(f>d’2W~

From (5.14),

N(T)
P(Sugyxz ~ 5@ 4 gy =) 2 P( () st 0 Dk>
1< ‘

k=1
N(T)
> 1_[ exp(—Kﬁ(logu + logny — logkk))
k=1
N(T)
= exp(—K6 Z log u + logng — logkk>.
k=1
Since
N(T) N(T) gt

> (logp +logny —log i) = w1+ >~ f fr(s)ds(log 4 logny —log Ar)
k=1 k=1 Yk

T 3
< / W2 fr(r) 1og<“ A”‘)dz,
0 t

the lower bound follows.
Step 4 (Upper bound): We define, with the same K, g1 as in Step 1,

e\ 9 [ eXp(— K (5004 u2e)
gR(t>=K1(ﬂ> ( u +|¢>t|2>.
At R;




332 P. Pigato

Because of (5.1), forall r € [0, T],

exp(— K. (42) % i)

R, (5.15)

=

S| =

We define now a new 6(¢)

) t+48 1
5() =§I>1£{/t gr(s)ds > W}

and, as before,

t+8(1) 1/2
o(t) = ( / |¢>s|2ds) .
t

As in Step 1, using also (5.15), we can check that (5.5) holds also for this choice of §:

h A q1 1 As q1 5 1 Ar q1
) —|—| =—|— and e(r)* < —| —
Ky \ un, Ky \ un; Ky \ pung
In particular, §(¢) < h. With these definitions we set a time grid {#; : k =0, ..., N(T)} and all the associated quantities
as in Step 1. As we did for the lower bound, since we estimate the probability of remaining in the tube for any

t € [, ty+1], we can suppose that the bound n(y) < nj holds Vy € R2. The short time density estimate (4.16) holds
again. Recall now that R € L(u, ), and this gives the analogous to (5.9):

= 6 A ) < 6Ly, i) < Cav/AIE g -

G J_
We define

= {IXx — Xkl Ag, () = 1},

If”k as the conditional probability If”k(-) =P(|W, t <tx; Ar). Now, since §(¢) < h, we can apply the fact that R, A, n €
L(u,h) and

t+58(1) a1 pt46(1)
un mng
/ K (= |¢| 2ds < Ky | = / |$15 ds,
t As )‘t t

t+8(1) 91 exp(— K. (K1) 1,29+ q1 qx
/ K| Kt (=K s ) ds < MZZIH-IK] fasddd exp( — K. (asddd @
t )‘s Rs - )\'t )ht Rt

Recall now (5.1)

. B uny qx s ) t+6 )
R, <R; (¢)_6Xp(_K*<k—,> u )(02312;,{8//, lps|=ds ¢ ),

which implies

148t e\ §
2 mng )
ds <exp( —k.[22) )22,
/z 195! s_exp( *< At ) ) Ry

We obtain

t45(t) q1 9=\ §(t
1 :MZ‘HH / gr(s)ds < 2/L4q‘+21(1<&> exp(—l@(ﬁ) )(—)
t At At R;
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R, Un q1 T qx
<outatlg (X —K, =2 ) 5.16
30 = " < Ar exp A\ (5.16)

As we did in Step 1, if g, K, are large enough, Ry is small enough and the upper bound for the density holds on
Aj+1. Because of (5.6),

SO

Leb(| T xk|ARk Ger) = 1) = Leb(l T xk|ARk(xk) = 1)(Cll)2 = (Cll)z det(A(xk))Rk

Now, using the density estimate,

~ R
Br(Ary1) < (C) det(A(xr)) €€ ( 5:) :

where C}, is the constant in the upper bound of (4.16). Recall (5.16), for t =1

R q1 qx
Sk < 2,u4ql+2K1 M exp( —K, ik
Sk Ak Ak

so we chose now K, g large enough to have
Pi(Akt1) < exp(—K7)

for a constant K7 > 0. From the definition of N (T')

N(T)

/0 gr()dt = Z/ gr()dt = 2(+)1_N(T)

As before

N(T)

P(sup|X: =5 @)1, 9 =1) = TT Beisn)
1< ' k=1

N(T)

T
< 1_[ exp(—K7)=exp(—K7 N(T)) 5exp<—K7/0 gR(t)>,

k=1
and we have the upper bound. O
6. Matrix norm and control metric
6.1. Matrix norms

In this work we use a number of properties of norms associated to the matrix A and A . Recall that in general we can
associate a norm to a matrix M with full row rank via

Yl = ((MMT) "y y).
Recall that, for R > 0,

A=(o,[0,b]),  Ag=(R"?0,R*0,b)).
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Lemma 6.1. For every y e R? and0 <R <R’ <1,
172 3/2
(R/R)P1ylag = Iylag = (R/R) 1914, 6.1)

Iyl < [y]. (6.2)

1 1
- <
Ry V= e = gam

Proof. Writing explicitly the inequalities (6.1), we easily see that they are verified if 0 < R < R’ < 1. Taking R’ =1,
we have

R |ylap = Iyla = R¥*|yla,

and so

Iyl < ylag <

1 1
R1723%(A) R O

Remark 6.2. Recall the following properties of matrices:
ve, ClEp>iEA « C(BBT)'>(aa")' o BB <caA”
and, denoting with M; the columns of M,

(MMTE, €)= (M, &),

so that

2_ . Ce2 * 2 _ 2
A (M) ‘\éffllDM"g) and A*(M) —lgngMl,s).

Taking M = A(x) = (0 (x), [0, b](x)) we have in particular that
he(AW)IER < (00, &) + ([0, b1(0), &) < 2*(AM))* &2 VE e R, 6.3)

We prove now some equivalences between norms that will be needed especially in the concatenation along the tube.
We state them for 7 = 79 = 0 to lighten the notation. Recall that x¢ is the initial condition of (2.1), and that in the
concatenation (Section 5) we have

H1 A (A(x)) > Ao, V|x —x0| < 1.
H2 n(x) <ng, Vx € R2 (this is justified in Step 1 of the proof).
H3 950 (x) =k (x)o (x), V|x — X0l < 1, [ks| < no, |Vke| < no.

Moreover, we recall that Ao < 1 and ng > 1. In (5.2) we define a class of constants that in the case t = 0 is

Co=1{C>0:C=(K(no/r0)?).3K.q > 1}.

Lemma 6.3. There exists C € Cy, 8* € 1/Cq such that for § < 8*, with X9 = xo + b(x0)8, for any & € R?

1
2Lt = €4, = C Ltz 6.4)
1
E'ElAS(XO) = |$|A5(}Eo) =< C|§|A5(x0)‘ (65)

Remark 6.4. This lemma is used also in Section 4, when C; has not yet been defined. It is clear that in that case the
constants must be taken in C defined in (4.6).
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Proof of Lemma 6.3. We take M = As(xg) and M = As (xp) in Remark 6.2. Recall that Ay < 1 and ng > 1 and notice
that

2

|dpo (x0)| < 4nf < %A*(A(xo)) < Che(A(x0)), with C €Co

s0, from (6.3)
5%(0p0 (x0), £)° < 83CAL(AG0)) 6 < C(8(0 (x0), E) + 8([0, b1(x0), E)).
We have
80 (x0) + 8350 (x0), €) + 8([0, b1(x0), )
<28(0(x0), &) 4 28%(350 (x0), £)° + 83([0, b1 (x0), £)
< C(6(o (x0), &) + 63([0, b1(x0). &)°),

SO Iélia(m) < C|"§|/248(XO). Analogously,

8o (x0), &) + 83{[o, b1(x0), &) < C((80 (x0) + 830 (x0), §)° + %[0, b1(x0), €)%),

< Clg|? From

2
so [§1% As(xo)*

As(xo) —
8
o (%0) — o (x0)| = |0 (x0 4 b(x0)8) — o' (x0)| < f |Vo (xo + b(xo)t)b(xo) | di < CS8,
0
applying again Remark 6.2 as in the previous point, also (6.5) follows. (I

The following lemma establish the equivalence of matrix norms of this kind when the matrix is taken in two points
that are close in such matrix norms.

Lemma 6.5. Consider x¢,x,y € R2, with |x — xo| < 1. There exist a € 1/Cq such that if and |x — y|a5x) < &,

1
Z|‘§|A5(x) < |Elasy) < HElasx), VEERZ

Proof. Remark that (6.2) implies

172 _ 512

lx — y| <8'2C11x — y|ay) <@C18'* <8
for « < 1/Cj. A Taylor development gives
o(x)—o(y)=Vo@)(x—y)+O0(x —yP),
SO
(0(0), &) <4(0 (1), &) +4(Vo () (x — ), &) + Calx — yI*|E]%

Since As(x) is invertible,

Vo (x)(x — y) = Vo (1) As(x) Ay (x)(x — y).



336 P. Pigato
From Cauchy-Schwarz inequality and |A5_1 Xx =y <a,
_ T
(Vo) (x = ), &) = [[A5 ) (x — ). (Vo () As(x)) " &)
<a|(Vo)As(x) |,
We are supposing H3, so d,0 = k,0 holds in x, and

Vo (x)As(x) = Vo (x) (820 (x), 83/2[0, b1 (x))
= (8"%k6 (X)0 (x), 83216510 (%)),

50
(Vo () As(0) " E[* = 8k2 ()0 (x), ) + 8%(3jo 510 (1), £)
and therefore
(Vo ) (x — ), &) < a?(8k2 (0o (x), ) + 83 (0o.p10 (x), £)°)
< C3025(0 (1), &) + C3028 €I
Now,
Calx — yI*|1 < CaCla*s? (8.
So
(0(x), €] < 4o (), &) +4C3a%8(0 (x), £ +4C30283 £ ]? + CoCT a6 |

1

Taking ¢ < ———
ga = 8C3C,C3’

this implies

(0(x). &) <8lo (). &) +asE .
In the direction [0, b] we have [0, b](x) — [0, b](y) = O(|x — y|)

(0. b1(0). )7 < 2{l0, b1(1). §)° + Calx — yIP 1617 < 2{lo, b1(1). §)° + CaCTa?51 2.
We take now o < 1/(C4C?), and we conclude that

8o (), &) + 8310, b1(x), &) < 88(0 (1), &) +26%([0. b1(y). &)’ + 20875 2.
Using now (6.3) and H1,

€12 < Cs((o (1), &) + ([0, b1, ).
So taking a < 4/Cs we have

8o (x), €) + 8([o, b1(x), £) < 168(0 (1), £ + 168 ([0, b1(y), £)’.

From Remark 6.2 we have |£]5(x) < 41&]45(y)- The converse inequality follows from an analogous reasoning. Remark
that all the conditions we need on « are satisfied taking o € 1/Cq small enough, since |x — xg| < 1 and H1, H2, H3. [J
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We prove now that moving along a control ¢ € L2[0, T for a small time, the trajectory remains close to the initial

point in the As-norm. Define, for fixed §,

s 1/2
= 52d> .
€ (/0 s | ds

Recall that we have

t

t
x(¢) = x0 + fo o (xs () s ds + /0 b(xs($)) ds.

Lemma 6.6. There exist 8, 4 € 1/Co, C € Co such that if § < 8y, € < &,
|xs() — (xo + b(xo)5)|/;6(xo) <C(ev 81/2).
Proof. Via computations analogous to decomposition (4.4) it is possible to write

x5(¢) — (x0 +b(x0)8) = A5(x0)(Gg + Ry 5),

where

3 512 [0 g ds
Gp=04+i15(0p). Op=| 0 Ps
»T0 ¢ ¢ (3 32 [3(5 — 5)y ds

and
IRy 5| < Cle \/81/2).

Remark that, by Holder inequality,

)
‘3—1/2/0 b5 ds

0 |®g| < 2¢ and by (4.2) [15(O¢)] < 4¢2. Therefore |Gyl < 4e and

<e

)
<, ‘5—3/2 / (5 — )by ds
0

|As(x0) ™" (xs(¢) — (x0 + b(x0)8))| = IGg + Ry 51 < C(e v 8'/2).

Lemma 6.7. There exist 8, e € 1/Co, C € Cq such that for § < 8, € < &

1
E|€|A5(x0) <&l a5xs) < ClEla5(x0)-

Proof. Recall xo = xg + 8b(xg). Applying in this order (6.5), (6.4), Lemma 6.6 we obtain
%5 = Fol as i) < Clxs = (x0 +bx0)3)| 4, ) < Clxs = (0 +b(x0)8) | 1, ) = C eV 3'72).

Now, choosing 8, &, small enough, we can apply Lemma 6.5 to the points x;, X, and

1
Z|§|A,;(20) < 1Elass) < HElaszy)-

Now again (6.5) concludes the proof.
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6.2. The control metric

Recall (2.1), (2.2), (2.3). In the spirit of [28], we want to express our results is some control norm. Let
Q={xeR?: a(x) =2 (A(x)) > 0}.

A natural way to associate a quasi-distance to the matrix norm | - | (., used in this paper is to define
dx,y) < VR & X — ylagm) <1

(we take +/R because it is the “diffusive” regime). With this definition, d is a quasi-distance on 2, verifying the
following properties (see [30]):

(i) forevery x € Q, for every r > 0, the set {y € Q : d(x, y) <r}is open,
(i) d(x,y)=0ifand only if x =y,
(iii) for every compact set K € 2 there exists C > O such thatd(x, y) < C(d(x, z)+d(z, y)) holds for every x, y, z €
K.

We say that two quasi-distances d : Q x Q — RT and d> : Q@ x Q@ — R™T are equivalent if for every compact set
K & Q there exists a constant C such that for every x, y € K

1
Edl(x,y) =da(x,y) = Cdi(x,y). (6.6)

In particular if d; is a distance and d» is equivalent with d; then d; is a quasi-distance.
On the other hand, the distance usually considered in the framework of hypoelliptic stochastic differential equations
is the control distance defined as follows: denote, for x, y € 2,

C(x,y)={¢ € L*(0,1) : dvy = o (vy)ps ds, x =vo, y =1} (6.7)

The control distance d. between x and y is

1 1/2
dc(x,y)zinf{ (/ |¢S|2ds> :¢eC(x,y)}.
0

Geometrically speaking, this corresponds to take the geodesic (i.e. the length-minimizing curve) joining x and y on
the sub-Riemannian manifold associated with the diffusion coefficient o . In our case this notion looks inadequate: we
are supposing just a weak Hormander condition, and this means that we have to use the drift coefficient b to generate
the whole space R?. Therefore any reasonable associated distance should incorporate b as well. Moreover it should
account of the different speed associated to the vector field [o, b]. This is the reason for the following definition.

Definition 6.8. We first introduce a function which accounts of the different scale of propagation in the direction
[0, b]. For ¢ = (¢, ¢;) € L*((0,1), R?),

1 1 i
2 2 3
||¢>||%,3=/ |64 ] ds+(/ || ds> :
0 0
We generalize (6.7) to
Ca(x,y) = {¢ € L*((0, 1), R?) : dv; = A(vy)$s ds, x =vo, y =1 }.

A classic result by Carathéodory says that for any x, y € €2 there exist a piecewise smooth ¢ € C4(x, y). We set

de(x,y) =inf{l|¢ll13:¢ € Calx, )}
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We are interested in establishing an equivalence between d, the quasi-distance defined via the matrix-norm, and d,
the quasi-distance in terms of the control.
Lemma 6.9. Let & € Q. Suppose that there exists a neighborhood Ug of § such that for all x € Ug:

A1 1 (A(X)) > &g >0,
A2 205\0455 [020 (x)] + [08D(x)] < pe,
A3 3,0(x) =ks(x)o (x), where ks is a differentiable scalar function, |k (x)| < pg and |Vig (x)| < p.

Then there exist a neighborhood Vg of & and a constant Cg such that, for any x,y € Vg
1
C—Sd(x,y) <dc(x,y) < Ced(x,y). (6.8)

Remark 6.10. This implies, using the fact that every open cover of a compact has a finite subcover, Corollary 2.2.
Moreover, again via a standard compactness argument, we have that if A1’, A2/, A3’ hold for any & € , then d and
d. are equivalent quasi-distances on 2.

Proof of Lemma 6.9. We use in this proof some notions on similar metrics and pseudo-metrics for which we refer to
[30]. For any ¢ € L>®((0, T), R?) we set

1
Il 3,00 = sup |p}]+ sup [¢2|?
0<s<l 0<s<l1

and define
px.y) =inf{[§]13.00 ¢ € Cax. )]},
It is also possible to allow only constant linear combinations of the vector fields:
Calx, y) = {0 cR? tdvg = A(vs)0ds, x =vg, y =1 } (6.9)

Analogously, we define

p(x, y) =inf{[o"] + 6%

10 eCalx, y)}.
In [30] the quasi-distances p and p, are defined in a slightly different way, but clearly equivalent to ours. It is also
proved that p and p; are locally equivalent. We use here only the trivial inequality p < p>. Remark that the difference
between p and d, is that we take ||¢]|1.3,00 instead of ||¢]1.3, so d. < p follows easily from the fact that the L2%(0,1)
norm is dominated by the L°°(0, 1) norm.

We prove that, for fixed &, there exist V¢ and Cg¢ such that

dx,y)<vR = pax,y) <CeVR,

for x,y € Vg. Since x,y € Vg, we can suppose |x — y| < Ye small. By definition, d(x,y) < VR means [x —
Ylarx) < 1. We prove that this implies the existence of 8 € C4(x, y) with 161 < CgRl/z, 62| < Cs R32. Indeed,
for fixed x, consider the function

1
0 — o) =/ A(vy)0 ds,
0

with v satisfying dvy = A(vy)0 ds, vo = x. Remark that ® : R - R?, ®(0) =0 and V& (0) = A(x), which is non-
degenerate because of A1’. Therefore it is locally invertible: there exist two neighborhoods of 0 such that ® is a
diffeomorphism from one to the other, and therefore for y — x in the neighborhood in the image we can find 6 such
that ®(0) = y — x. Moreover, from the fact that A1’ and A2’ are uniform around &, the size of the neighborhoods can
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be taken uniformly in x. Therefore we can find a neighborhood of & such that for given x, y in this neighborhood,
there exist & for which ®(#) = y — x. Again from A1’ and A2’, we can also suppose that || < Cf |®(0)]. So, there
exists Vg neighborhood of & such that, for x, y € Vg, there exists 6 € Ca (x, y), and moreover

6] < C§|®6)] < Cilx — yl < C e
We now show
0] <CeRYV2, 6% < CeRY2

It is clear from (6.2) that |9!]| < |9] < ClE x —y| < C§R1/2. Now, with a development similar to (4.5), we can write
1
/ A(vy)0 ds = [0, b](x)0* + o (x)0" +n(0") + L(©),
0

with |L(0)] < C§|9| (162 + 16" ?) for 10| < Cl ve and 7 defined as in (4.1):

2
n(u): (Kcz(x)u2+ (a KU'EK )(-x) 3) (.X) ((x(x)u2+ﬂ(x)u3)0'(x)

(we have used again A3'). So

1 1 1,2 1,3
A(x)_I/ A(vs)é’ds=(9 @ e )+A(x>—1L(9).
0

Since 6] < CSy; and |61 < CS R'/2,

62| + R3/2

AT LO)| = ol (|07 +]0') = i (C3) we(197] + R?) = ===

choosing y¢ < (2C§ C? (C§ )~ In particular, the second component of A(x)"'L(#) is in absolute value smaller than
(|92| + R3/2)/2. Then the second component of A(x)~! fol A(vg)0ds is in absolute value larger than |02| — (|92| +
R32)/2 = (16%| — R3/%)/2. As a consequence, the second component of Ag(x)~! fol A(vs)60 ds is in absolute value
larger than R~3/2(19%| — R%/) /2. Since | fij A(v5)0 ds|apr) = ¥ — Ylap) < 1, we have R=/2(16%| — R¥?)/2 < 1
and so we conclude |92 < 3R3/2.

We now prove

de(x,y) < g = dx,y) < vR.
6

We suppose ¢ € Ca(x,y) with |[¢]l13 < */;, which implies

1 2 R
/Oym e T /ym ds < (c%)s

Developing as before and applying A3/,

|x — ylagpe) =

1 Ly1g2 L1212 2 7c\3
AR()c)_lf0 A(vs)ps ds §C§\/f0 |¢;| ds + fo 15 17 ds +R(3f0 9:] ds)
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Therefore

V3
|x — ylage) < C;E—g <1
Cs

if CE is a large enough constant. O
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