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Abstract. We show that the Dyson Brownian Motion exhibits local universality after a very short time assuming that local rigidity
and level repulsion of the eigenvalues hold. These conditions are verified, hence bulk spectral universality is proven, for a large
class of Wigner-like matrices, including deformed Wigner ensembles and ensembles with non-stochastic variance matrices whose
limiting densities differ from Wigner’s semicircle law.

Résumé. Nous démontrons que le mouvement Brownien de Dyson établit I’'universalité des statistiques spectrales locales apres
un temps tres court, en supposant la rigidité locale et la répulsion de valeurs propres. Ces conditions sont satisfaites, et donc
I’universalité spectrale est démontrée au centre du spectre, pour une large classe des matrices aléatoires du type Wigner, y com-
pris les ensembles de Wigner deformés et des ensembles dont la matrice des variances est non-stochastique, dont les densités
asymptotiques different de la loi du demi-cercle de Wigner.
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1. Introduction and motivation

In his groundbreaking paper [56], Wigner conjectured that the eigenvalue gap distribution of large random matrices
is universal and that it serves as a ubiquitous model for the local spectral statistics of many quantum systems. The
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Gaussian case was fully understood in the subsequent works of Dyson, Gaudin and Mehta; see [43] for a summary.
This simplest case can be generalized in two directions. For invariant ensembles, the joint density function of the
eigenvalues can be explicitly expressed in terms of a Vandermonde determinant; a formula that can also be interpreted
as the Gibbs measure of a gas of one-dimensional particles with a logarithmic interaction. For specific values of
the inverse temperature 8 = 1, 2, 4, the correlation functions may be expressed and analyzed using asymptotics of
orthogonal polynomials [31] and universality was proved under various conditions on the potential in [17,18,48,49],
with many consecutive works following. This method, however, is not applicable for other values of § even in the
Gaussian case, where the correlation functions were described in [53]. Universality for general B-ensembles was first
established recently in [12,13] for 8 > 1, with different proofs given later in [6,51] that also hold for g > 0 albeit with
more restrictions on the potential.

Among the non-invariant ensembles, the most prominent case is the N x N symmetric or hermitian Wigner ma-
trix characterized by the independence of the entries (up to the constraint imposed by the symmetry class). Beyond
the Gaussian case there is no explicit formula for the eigenvalue distribution in general, but in the hermitian case
(B = 2) and for distributions with a Gaussian component, the correlation functions can still be expressed using an
algebraic identity (Harish—Chandra—Itzykson—Zuber integral). A rigorous analysis of this approach yielded universal-
ity for hermitian Wigner matrices with a substantial Gaussian component, [7,33]. The first proof of hermitian Wigner
universality for an arbitrary smooth distribution was given in [22], the smoothness condition was later removed in
[23,52]. Lacking the algebraic identity, the symmetric case (8 = 1) required a completely different approach based
on the analysis of the Dyson Brownian motion. The basic observation of Dyson [19] was that the eigenvalues of
a matrix ensemble, embedded in a simple stochastic flow (Dyson matrix flow), evolve autonomously and satisfy a
system of N stochastic differential equations, called the Dyson Brownian Motion (DBM). The universal eigenvalue
statistics emerge in the bulk spectrum as a consequence of the invariant measure of the DBM. Local statistics require
to understand only the local equilibration mechanism which occurs on a very small time scale that can be bridged by
perturbative methods. The rigorous theory of this idea was initiated in [25] and developed in a series of papers [26,30]
leading to the complete proof of the Wigner—Dyson—Mehta universality conjecture for Wigner matrices in all symme-
try classes; see [27] for a summary. More recently two stronger versions of the bulk universality have been proved.
In contrast to the previous results that required a local averaging, the universality of each single gap was shown to
be universal in [28], while the universality of correlation functions at each fixed energy was obtained in [14]. These
papers heavily relied on a new tool from [28], the concept of Holder regularity theory for the parabolic equation with
random coefficients given by the DBM.

In all these works on the spectral universality for Wigner matrices, the global limiting density was the semicircle
law; in particular it did not change in time under the DBM. The same Gaussian measure and its localized versions
could be used as equilibrium reference measures for all times. The main idea was to artificially speed up the global
convergence by considering the local relaxation flow [25] and then to prove that the additional local relaxation terms
do not substantially modify the local statistics thanks to a-priori bounds on the location of the particles. These bounds
are called rigidity estimates and they directly follow from short scale versions of the Wigner semicircle law that are
called local laws.

The method of local relaxation flow has two main limitations that are related. First, it operates with global measures,
in particular, quite precise rigidity information is needed for all eigenvalues. This is clearly unnecessary (and in
some cases hard to obtain); far away eigenvalues should not influence local statistics too much. Second, if the initial
matrix of the Dyson matrix flow does not obey the semicircle law, then the density changes with time following the
semicircular flow, related to the complex Burgers equation for its Stieltjes transform. The time dependence of the
density was originally not incorporated in the method of the local relaxation flow. This second limitation was tackled
very recently in [40], where universality for deformed Wigner matrices with large diagonal elements was proved.
Using ideas from hydrodynamic limits [57], a global reference measure was constructed as an invariant S-ensemble
with a “time” parameter so that its equilibrium density trails the semicircular flow. This equilibrium measure was then
used as a basis to construct the local relaxation flow. Once the fast convergence to the reference measure is established
one can infer to the universality of the S-ensemble [12,13], or, alternatively, one can use the uniqueness of the local
Gibbs measure established in [28] to conclude universality with a tiny Gaussian component. This result is then easily
complemented by a standard Green function comparison method to remove the Gaussian component entirely.

As a technical input for the analysis in [40], the global rigidity for the reference S-ensemble is required, which
is not available for the case when the equilibrium density is supported on several intervals. In particular, the result
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of [40] is limited to the deformed Wigner ensembles with a single interval support that excludes the case when the
diagonal has a strongly bimodal distribution.

We remark that bulk universality for special classes of deformed Wigner matrices in the hermitian symmetry class
has also been proven with different methods. The local sine kernel statistics for the sum of a GUE and a diagonal
matrix with two eigenvalues +a of equal multiplicity has been obtained with Riemann—Hilbert method [4,11,16]. In
particular, the density in this model is supported on two disjoint intervals if a is sufficiently large. The GUE matrix
can be replaced with an arbitrary Hermitian matrix if the first four moments of its single entry distribution matches
those of the Gaussian [45]. A much more general class of deformations of the GUE has been tackled in [50] relying
on a version of the Harish—Chandra—Itzykson—Zuber integral. Using Green function comparison techniques [29] and
the local laws from [35,36,39], one can replace the GUE with any hermitian Wigner matrix under the four moment
matching condition.

Random matrices whose limiting densities are supported on several intervals arise in other prominent contexts as
well. We call symmetric or hermitian matrix ensembles, H = (h;;), Wigner-like if their entries are independent (up
to the symmetry constraint). If, in addition, the matrix elements are centered, Eh;; = 0, and the sum of the variances
Si; = E|h;;|? in each row is constant, say one, i.e.,

N
> S =const=1, Vi, (1.1)
j=1

then the limiting density is the semicircle law. If either condition is violated, the limiting density is generally not the
semicircle law and typically it may be supported on several intervals. The case of H = W + A, where W is a standard
Wigner matrix with i.i.d. centered entries and A is a deterministic matrix (representing the nonzero expectations [E4;; ),
was considered in [35,36], where local laws and rigidity were established. If condition (1.1) is dropped, then an even
richer class of possible limiting densities arise. These were extensively analyzed in [1,2], where all possible density
shapes are classified, local laws and rigidity are proven.

In the current paper, we prove bulk universality for all these models. As in the previous papers using DBM, the key
part is to show universality for matrices with a tiny Gaussian component.

Beyond these applications, our main result is formulated on a more conceptual level. Dyson argued in [19] that
the local equilibrium of the DBM is attained after a very short time irrespective of the global density. In fact, the
global density equilibrates on a time scale of order one, while the local equilibration time is of order 1/N. The local
equilibration is solely due to the logarithmic interaction in the DBM, while the evolution of the global density is given
by the semicircular flow. In this paper we fully decouple the effects of these two processes. In the main Theorem 2.1
we prove bulk local universality for the DBM assuming that it satisfies rigidity and level repulsion, but only locally.
On the global scale only a very weak version of rigidity is required, in particular the condition is insensitive to outliers
or to the behavior at the edges. These assumptions can then easily be verified from local laws in each model.

After completing this manuscript, we learned that similar results were obtained independently in [38].

Notational conventions: We use the symbol O (-) and o(-) for the standard big-O and little-o notation. The notations
0, o0, K, >, refer to the limit N — oo. Here a < b means |a| < N"§|b|, for some small & > 0. We use ¢ and C,
C’ to denote positive constants that do not depend on N. Sometimes we use subscripts or superscripts to distinguish
N-independent constants, e.g., cg, ¢, ¢’ etc. Their value may change from line to line. Similarly, we will use & > 0
for a small, respectively D > 0 for a large positive exponent, mainly appearing in various rigidity bounds. Their
precise values are immaterial; at the end of the proof it may be chosen sufficiently small, respectively sufficiently
large, depending on all other exponents along the proof. Finally, we use double brackets to denote index sets, i.e., for
niy,ny €R,

[n1,n2] :=[n1,n21NZ, Ny :=[1, N].

2. Main results

In this section, we give a detailed description of our model, including all assumptions, and state our main results. We
start with introducing basic concepts such as the Stieltjes transform, the semicircular flow and the Dyson Brownian
motion (DBM).
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2.1. Stieltjes transform

Given a probability measure, v, on R, define its Stieltjes transform, m,,, by

my(z) :=/ dv(v), zeCt:={zeC,Imz > 0}. .1
RV—2Z

Note that m, is an analytic function in upper half plane. In the following we usually write z = E +1in, E € R, n > 0,
and we refer to E as an “energy” and to z as the spectral parameter. For given n > 0, we let P, denote the Poisson
kernel defined by

I 7

=———, Ec€eR, 2.2
T E2 4 n? (2.2)

Py(E):

and we note that fR Py(E)dE =1 and Py, 4, (E) = (P, * Py,)(E), forall n, 71,12 > 0, E € R, where * denotes the
convolution on R. We further remark that

%Immv(E +in) = (P x v)(E). 2.3)

Assuming that v admits a density, which we also denote by v, we can recover v from m,, through the Stieltjes inversion
formula

1
V(E)=—limImm,(E +in) = lim(P, *v)(E), EeR. (2.4)
T 7N\O n\0

The Hilbert transform, (Tv), of v is defined by as the principal value integral

(TV)(E) = / ()

, EeR. (2.5)
RU—E

2.2. Semicircular flow

We next introduce the semicircular or classical flow. Let M(RR) denote the set of probability measures on R. Then the
semicircular flow is the process Rt x M(R) — M(R), (¢, 0) — F;[o] obtained via its Stieltjes transform as follows.
For r =0, set Fy[o] := 0. For t > 0, let m,(z) satisfy

m (Z)Z/ )
t\Z Re—t/Zy_Z_(l—e_’)mz(Z)’

It is straightforward to check [47] that (2.6) has indeed a unique solution such that liminf,\ o Imm, (E +in) < oo, for
any E € R, t > 0. In fact, for t > 0, m, has a continuous extension to C* U R [8] that we also denote by m;. Set then

Imm;(z) >0, zeCt. (2.6)

1
Filol(E) :== — lim Imm, (E +in), t>0,E€R, 2.7
7T n\0

so that F;[o] is defined through its density F;[0](E), E € R. In particular, for ¢ > 0, F;[0] is an absolutely continuous
measure. (For simplicity we use the same symbol for absolutely continuous measures and their densities.)
Further, it is easy to check that m;(z) converges pointwise to

d
m@=/ 2O (2.8)
R Y—Z

forall z € C*, as ¢\ 0. It follows that F;[o] converges weakly to o as ¢ \ 0. Starting from (2.6) and (2.7), one also
checks that

Frislol = Fro Fslol= Fi[ Flel], t=5,0€ MR).
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In fact, using the additive free convolution, the flow ¢ — F; can be endowed with a (w*-continuous) semigroup
structure [42,44,54]; see also [32,55] for reviews. Yet, we will not pursue this point of view in the present paper.

In the following, we often write o, := JF;[po] with o9 = o and we call ¢ — g, the semicircular flow started at o.
Recalling (2.1) it is clear that m;, is the Stieltjes transform of o, and we simply write m; = m,,. We remark that
the standard semicircle law, g, is invariant under the semicircular flow, i.e., F;[0sc] = 0sc, for all # > 0, and that
o: = F:lo] converges weakly to gg, as t /' 0o, for any ¢ € M(R). This follows directly from (2.6) and the fact that
the Stieltjes transform, m, , = mqc, of o satisfies mg(z) = —(msc(z) + )71, zeCH.

For N € N and fixed r > 0, let y () = (y«(¢)) denote the set of N-quantiles with respect the density o;, where yx (¢)
is the smallest number satisfying

V(1) k
/ Qf(x)dxzﬁs Ql:]:l[Q]s (29)
—00

for all r > 0. It is straightforward to check that y (¢) inside the “bulk,” i.e., where p; is strictly positive, is a continuous
function of ¢. This follows from the (weak) continuity of the flow 7 — ;. Moreover, the points y(¢) in the bulk
approximately satisfy a gradient flow of a classical particle system with a logarithmic two-body interaction potential
between the particles (see Lemma 4.3 below). We refer to Appendix A for a more detailed discussion.

2.3. Dyson Brownian motion

Fix N e Nand let f ™ c RY denote the set
FNV = {x =0, ha, o An) CRY 1A < hp <+ < ay ), (2.10)

and denote its closure by V).

Dyson Brownian motion (DBM) is given by the following stochastic differential equation (SDE)

TN 1 ) .
dk,(t)_/ﬁNdB,(t) N;Aj(o_xi(r)dt - dr. ieNy.p=1, @2.11)

with fixed initial condition A(t = 0) € F ) where B > 1 is a fixed parameter with the interpretation of inverse
temperature, and where (Bi)lN: | are a collection of independent standard Brownian motions in some probability space
(2, P). We denote by E the expectation with respect to P.

It is well known, see Section 4.3.1 of [3], that (2.11) with 8 > 1 has a unique strong solution, A(#), for any initial
condition A(0) € f ™). Further, for any 7 > 0, we have A(f) € £ almost surely.

The equilibrium measure for the DBM is the Gaussian invariant ensemble explicitly given by

N
1 1 1
peMd =pfhtydh = — e PNMoar, U= Z’\"Z_N > log(h — A, 2.12)
Zﬂ,G i=1 1<i<j<N

where dA :=1(A € F W ))d)\ 1diy--- diy and where ZéNé is a normalization. For fixed B, we denote by ES the
expectation with respect the measure pg in (2.12).

Consider next a sequence of vectors AN 0) = (A(IN) ©O,..., )LE\[,V)(O)) eFM™ NeN. Leta® (t) = ()\iN)(t), e,
k%v) (1)) € F™™) denote the sequence of vectors such that, for each N € N, AM (@) e FN) is the solution to (2.11)
with initial condition ™) (0). For simplicity we abbreviate A(1) = AV (¢), respectively 2;(r) = 2" (1), i € Ny, in
the following.

Assume that there is a probability measure, ¢;°, on R such that

N
1
N
o)) = I ZSA,»(O) — o’

i=1
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as N — 00, i.e., the empirical distribution of the initial data AN (0) converges weakly to ng . Then, under some mild
technical assumptions on A*(0), Proposition 4.3.10 of [3] states that

N
1
oV ::NZ(SM(” 5 0%®, 1>0, (2.13)

i=1

as N — oo, where ¢;° := ]-}[ng] denotes the semicircular flow started from ng , cf., Section 2.2.
2.4. Main result

In this subsection, we state our main result. We need one more definition: A labeling € is a random variable £ : R — Z,
x +— £(x) suchthat £(x +1) — £(x) = 1 and £(x) = £(|x]).

Theorem 2.1. Let A(t),t > 0, be the solution to the DBM in (2.11) with deterministic initial condition A (0). Given any
small positive € > 0 and any small § € [0, 1/20], with € > 28, consider times t1,t, € R* with N~17¢ <1, —t; < N7,
Let o be a probability measure on R. Denote by o; = F;[0] the semicircular flow started from ¢. Choose E, € R such
that 04, (E+) > ¢, for some small ¢ > 0.

Assume that M(t) and o are such that the following conditions are satisfied.

(1) At time t1, the density o;, = Fy,[0] is regular in the following sense. There is a constant % > 0, independent of N,
such that the Stieltjes transform My, of oy, i.e.,

Mg, (z)=/RQ”y(y%zdy, zeCH, (2.14)
extends to a continuous functionon Dy :={z=E+ine€C: E €[E, — X, E, + X],n > 0}, and satisfies

mg, @ <C.  |8'mg, (| <C(N®)", n=1.2, (2.15)
uniformly on Dy, for some constant C. Moreover, g, has finite second moment and satisfies

0n(E)>c, E€[Ei—X,Ei+X] (2.16)

for some ¢ > 0.
(2) The process A(t) is rigid and is related to o; in the sense that there is a small 0 = o (X) > 0, independent of N,
such that the following holds.
(a) Strong rigidity inside I,: There is a time-independent labeling £ such that yy;y(t)) € [E« — X /4, E, + X /4],
forallie I, =L —oN,L+oN],where L € Ny is the largest integer such that yyr)(t1) < E«. Moreover,
for any (small) & > 0 and any (large) D > 0 we have

N§
P(|xi(r> — e ()] < —~ Ve, m) >1-NP, viel,, (2.17)

for large enough N > Ny (&, D), where (y;(t)) are N-quantiles with respect to the measure g;; see (2.9).
(b) Weak rigidity outside I, : For any & € (0, §) and any (large) D > 0, we have

P(‘l Z 1 _/ 0:(x)dx
N M@ —Ex Jru@ x— Ex

k| L—k|>o N

Név 1 -b 2.18
Sm, telt,nr]) =1 -N"7, (2.18)

for large enough N > No(&, D), where 1(t) :=[Ve(1—oN) (1), Ve(L+oN) (D]
(3) Level repulsion inside I,: Foranyi € I, and t € [t1, 13],

u N§
IP’(P»i(l‘) — Az < N’ Ai(t) — yen ()] < W) < N°uP*l w0, (2.19)

for large enough N.
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(4) Holder continuity of DBM: For any (small) &€ > 0 and any (large) D > 0, we have
P(|ae(0) = ae(s)| < NSV =5, Ve, s elti, ], t >5) > 1 - NP, VkeNy\ I, (2.20)

for large enough N > Ny (&, D).

Then, there are small constants §, x,a > 0, such that the following holds. Fix n € N and let O : R" — R be
smooth and compactly supported. Fix any T € [t] + Nz‘S/N, t2]. Set 0 := o7 (yL(T)). Then

E[O(((Now) (ig(T) = kg (1)))'i_ )] = ES[O(((Now) iy — 2y p)_ ) ]+ O(NTT), (2:21)

for N sufficiently large, for any i, i}, € Ny satisfying lio — L| < NX, |ig — L'| < NX with any L' € [aN, (1 —a)N],
and where 04 '= 0sc (Y1 sc) denotes the density of the semicircle law o at the location of the L'th N -quantile of 0.

Remark 2.2. The formula (2.21) expresses the single gap universality, i.e., that the joint distribution of n consecutive
gaps coincides with that of a Gaussian invariant ensemble for any fixed n. Single gap universality clearly implies
the weaker averaged gap universality, where (2.21) is averaged over N b consecutive ig’s, for some 0 < b < 1. It is
well known that averaged gap universality implies the averaged energy universality, i.e., the universality of the local
correlation functions around an energy E, averaged over E near the reference energy E,; see e.g., Section 7 of [26].

Remark 2.3. The measure o in Theorem 2.1 is assumed to be deterministic, but it may depend on N in contrast to the
measure Q(()OO) of (2.13) which is indeed the limiting object as N — oo. Consequently, the semicircular flow o; = F;[0]
will also be N-dependent. Typically one expects that o, converges weakly to o7°, yet the speed of convergence
may be very slow and hence not be compatible with Assumption (2) of Theorem 2.1. In Section A.2, we discuss
Assumption (1) in more detail.

Notice that the initial condition A(0) of the DBM and the initial data o of the semicircular flow do not have to
be related; this will allow us for an additional freedom in the applications. We only require that A(¢) is close to the
quantiles of o; in a short time interval ¢ € [#1, #2] and only locally near the reference energy E,. We also allow for a
possible relabeling £ that can be used to accommodate outliers in applications. At first reading the reader may ignore
£ and consider £(i) =i for simplicity.

2.5. Random matrix flow and universality

In this subsection, we briefly explain how Theorem 2.1 can be used to prove bulk universality for many random matrix
ensembles H. We will follow the three-step strategy initiated in a series of works [24,26,29]; see [27] for a concise
summary.

Step 1 is to prove a local law, which includes rigidity for the eigenvalues and bounds on the resolvent matrix
elements G(z) = (H — z)~! down almost to the scale of the eigenvalue spacing, i.e., for n =Imz > N~!. This step
is typically model dependent, mainly because the limiting density of the eigenvalues varies from model to model.
The key tool is the self-consistent equation for the Stieltjes transform of the density (and its vector version for the
individual matrix elements G;;); its solvability and stability properties need to be investigated for each model.

Step 2 is to prove universality for matrices with a small Gaussian component that can conveniently be generated
by running a matrix valued Ornstein—Uhlenbeck process. Theorem 2.1 is used in this step and it replaces the previous
argument that relied on a global equilibrium measure and its version with relaxation. As advertised in the introduction,
Theorem 2.1 requires rigidity information only locally, in particular it also applies to models where the limiting density
is supported on several intervals. Step 2 is model independent once the input conditions of Theorem 2.1 are verified.

Finally, Step 3 is a perturbation argument which is also very general. Using the Green function comparison strategy
[29] and the moment matching (introduced first in [52] in the context of random matrices), one can remove the tiny
Gaussian component. The main input here is the a priori bound on the resolvent matrix elements obtained in Step 1.

More concretely, consider a random N x N hermitian or symmetric matrix H; = H;* with matrix elements (4;;).
Suppose the matrix elements are time-dependent and they satisfy the Ornstein—Uhlenbeck (OU) process

dh-~=ﬁ—lh~dt i,jeNy,i<j (2.22)
ij JN 2 ij at, ) J N>, .
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where (B;j :i < j) are independent complex Brownian motions with variance ¢ and (B;;) are independent real Brow-
nian with variance ¢ for § = 2; while for 8 =1, (B;; :i < j) are independent real Brownian motions with variance
t and B;; are real Brownian motion with variance 2¢. It is easy to check that the solution to (2.22), H;, with initial
condition Hy, satisfies the distributional equality

12y, (2.23)

H~e'?Hy+(1—e™)
where U is Gaussian, i.e., belongs to the GUE (8 = 2), respectively to the GOE (8 = 1), and U is independent of Hy.
The eigenvalues of H;, here denoted by A(¢), satisfy [19] the SDE (2.11), with 8 =1 or 8 = 2, where the initial
condition A(0) is given by the eigenvalues of the initial matrix Hy. We will run the OU process until time #, = o(1).
Let o denote the limiting density of Hy. We fix an energy E, in the bulk spectrum of Hy, i.e., 0(Ex) > ¢ > 0; it is
easy to see that E, stays in the bulk of H; as well for any 7 < ;. The assumptions of Theorem 2.1 can then, via the
identification (2.23), be checked from the matrix flow H; in the time slice ¢ € [t1, #]. The typical choice is 1, = N ¢
and 1] = 1o — N~112_ with some small positive exponents € < 8.

Assumption (2) can be checked from a local law for the random matrix H;. We need such information not only
for the original matrix Hp, but along the whole OU flow. Typically, however, when the local law is proven for some
matrix Hy, it also holds for H;, i.e., for Hy with a Gaussian convolution. Notice that the strong form of rigidity, an
almost optimal bound on A; () — y; () expressed in (2.17), is needed only for eigenvalues near E, in the bulk. Much
weaker information is needed for far away eigenvalues; the condition (2.18) involves controlling the density only
on the macroscopic scale. In terms of the Stieltjes transform, mgN) (z) := L Tr(H, — 7)~!, z € Ct, of the empirical
density, Assumption (2) follows if the bounds

N§
™ () = my(2)] < Ny orz=E+inne[NTH BLIE-El<3, (24)
(N) . . N¢
™ (Ee + i) = my(E. +in)| < 5. forne[eX. 1], (2.25)

hold with high probability, for any ¢ € [#1, #]. Indeed, (2.25) directly implies (2.18). By a simple application of the
Helffer—Sjostrand formula (e.g., following the proof of Lemma 8.1 in [21]), we see from (2.24) that

[#{%;(t) € [E1, E2l) —#]y;(t) € [E1, E21}| < CN®, VE|, Exe [E - %2, E + %2} (2.26)
In particular, rigidity between the A(¢) and y(¢) sequences holds on scale N~1*¢ within [E — %E, E+ %E]. This
implies |A; (1) — yei) ()| < N —1+& for any i € I, up to an overall shift in the labeling that is encoded in the labeling
function £(i). We only need to show that the labeling £(7) is time-independent, i.e., that along the whole time interval
t € [t1, 1] it is the same element of the y(¢) sequence that stays close to a given element of A(#) within the rigidity
precision N~!7¢. We call this property the persistent trailing of DBM by the flow of the quantiles. Given (2.26),
it is sufficient to check this for one element of the sequence; e.g., that if |A7 (1) — ye)(t1)| < N —14¢ with some
shifted index £(L), then |AL(t) — ver)(@)| < N~1%¢ forall ¢ € [11, t2]. Notice that persistent trailing is a nontrivial
feature of the DBM since the length of the time interval 1o — r; = N~'*2% is much bigger than the rigidity scale
N~1%+5_ Nevertheless, in Proposition B.1 in Appendix B we show that there is an event E in the probability space of
the Brownian motions with P(Z2¢) > 1 — N~¢/2 such that vecr)(t) persistently trails Ay (7). It is easy to see that the
universality in Theorem 2.1 also holds if Assumptions (2)—(3) are valid only on the event Eg.

Level repulsion estimates of the form of Assumption (3) for random matrix ensembles can be obtained using the
method of [24]. This approach requires two inputs: strong local rigidity as in (2.17) and smoothness of the distribution
of the matrix elements of H. The former is already verified by Assumption (2), the latter needs a slight extension of
[24] to “almost-smooth” distributions, where smoothing may be provided by the OU process. Indeed, in Appendix B
of [14] it was shown that H, satisfies level repulsion in the form (2.19), if t = N —¢ with some small constant ¢ > 0
(another merit of the proof in [14] is that it also presents the necessary modifications to cover symmetric matrices as
well, while [24] was written for hermitian matrices only). So we will choose € = 56 in the definition 7, = N™¢ to
guarantee that (2.19) holds for any ¢ € [#1, 2]. Notice that the only reason to run the DBM up to a relatively large time
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tp = N ™€ is to guarantee that the smoothing effect is substantial to yield level repulsion. If the distribution of Hy were
smooth initially, so level repulsion in its original form [24] applied, we could have chosen #; =0, 1, = N~1+20 with
some small § > 0.

Finally, Assumption (4) can easily checked as follows. For any two N x N matrices A = A*, B = B*, we have
dist{Sp(A), Sp(B)} < ||A — Bl|co, Where Sp(A), Sp(B) denote the spectra of A, B and where || - ||oo denotes the
operator norm. Also recall that the operator norm of U is bounded by a constant with overwhelming probability; see,
e.g., Exercise 2.1.30 of [3]. Thus, choosing A = H;, B = Hp, we see that Assumption (4) is satisfied provided that
| Holloo < N¢/2 with overwhelming probability. This bound can be easily proven for all matrix models we have in
mind.

Having checked the assumptions, the conclusion of Theorem 2.1 is that gap universality holds for any matrix with
a substantial Gaussian component of size #; ~ N~¢. The rest is a standard moment matching and Green function
comparison argument that we sketch for completeness.

Given an initial Wigner-like matrix H for which we eventually wish to prove universality, we choose t, = N ¢
with a sufficiently small € > 0. By moment matching (see, e.g., Lemma 6.5 of [29]), we construct another matrix
Hy such that the solution H;, at time f, of the matrix Ornstein—Uhlenbeck process (2.22) with initial condition Hp is
close to H in the four moment sense. Choosing T = t; in Theorem 2.1, we obtain gap universality for Hr which also
implies universality of local correlation functions at E with a small averaging in the energy parameter E around E..
The local eigenvalue statistics of H and Hr coincide by the Green function comparison theorem introduced in [29].
More precisely, the method of [29] gives coincidence in the sense of correlation functions while Theorem 1.10 of [34]
extends the Green function comparison method to individual eigenvalues, hence to gaps as well. This completes our
sketch on how to apply Theorem 2.1 for random matrix models.

2.6. Strategy of the proof of Theorem 2.1

Our proof of Theorem 2.1 is divided into five parts.
FPart (i), carried out in Section 4.1, is to localize the problem: we choose an integer K > 1 such that

NK'1O < N, K < N?¢. (2.27)

We consider the conditional measure on X = 2K + 1 consecutive internal points X = (Ap_g, ..., AL+ ), labeled
by I :=[L — K, L + K], conditioned on the remaining N — K external points y = (A; : |i — L| > K). The index
L is chosen so that yy() is close to E,, where yi is the kth N-quantile of the density at #1. In the equilibrium
setup this corresponds to the local Gibbs measure with boundary conditions given by y (this idea was first intro-
duced in [13] in the B-ensemble context). In our non-equilibrium setup, we work in the path space and condition on
the whole trajectory Y = {y(¢) : t € [Ty, 2]}, starting at some time T} > t; chosen later. The configuration interval
J(@) =[yL—k—1(), yL+k+1(t)] for the conditional measure is time-dependent, but by rigidity it is quite close to the
corresponding interval [y, —x—1)(t), Ye(L+k+1)(¢)] given by the quantiles that remains practically constant owing to
the removal of the mean velocity. Still, J(r) may wiggle on the rigidity scale N /N which is much bigger than our
target scale, 1/N, the size of the gap, so that we cannot tolerate this imprecision. Furthermore, similarly to the basic
idea of the local relaxation flow [24,26] we want to achieve universality by showing that the measure converges to a
(local) reference equilibrium measure. The local Gibbs measures with boundary condition y(¢) change too quickly to
serve as useful reference measures.

Part (ii) of the proof is to understand the dynamics on a macroscopic scale, i.e., to control the semicircular flow
and the induced dynamics on the time-dependent quantiles y; (¢). This analysis is of interest itself and it is deferred to
the Appendix A since it requires quite different tools than the main part of the proof. The key information (collected
in Section 4.2) is that the quantiles in the bulk move coherently with a local mean velocity that varies in time on the
macroscopic scale. Since we concentrate on the vicinity of a fixed energy E, and on a small time window, by a simple
linear shift we can achieve that the mean velocity is negligible near E..

Therefore, in Part (iii), carried out in Section 4.3, we define a time-independent local measure, w7, with exterior
points i, k € I¢. These exterior points coincide with yi(T}) for k far away from L while they are given by a typical
configuration z of an auxiliary quadratic -ensemble for k near the boundary of I (with a smooth interpolation in
between). The auxiliary ensemble is chosen in such a way that the local density around E, matches. Using the rigidity
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bounds for both y and z, we establish that w7, satisfies the logarithmic Sobolev inequality (LSI) and the corresponding
dynamics approaches to equilibrium on a time scale of order K /N. Furthermore, we show that the measure w7y, is
rigid by using a general criterion for rigidity of local measures given in Theorem 4.2 of [28] together with the careful
choice of the auxiliary ensemble. Moreover, we notice that wr, satisfies a level repulsion bound due to Theorem 4.3
of [28]. Finally, Theorem 4.1 of [28] implies that the gap statistics of w7, are universal.

Part (iv), carried out in Section 4.4, is to consider X;(¢), i € I, t > T}, the solution of the local DBM with exterior
points ¥k, k € I, and with initial condition X;(71) = x;(T1). Writing the distribution of X(¢) as g;wr,, we derive
fast convergence to equilibrium, i.e., for times ¢ > Tl’ =T + K(K/N) the measure g;wr, is exponentially close to
equilibrium in the relative entropy sense. This information can be used to transfer rigidity and level repulsion from
wT, to gy, furthermore it shows that the gap statistics of X(¢) are the same as those of wr,, hence are universal.

The next idea, Part (v), is to couple the evolution of X to x by using the same Brownian motions in the DBMs. This
basic coupling idea first appeared in [14] in this context; its main advantage is that taking the difference of the original
DBM and the DBM for X, we see that the difference vector v := x — X satisfies a system of ordinary differential
equations (ODEs); the stochastic differentials drop out. Roughly speaking, these ODEs have the form (see (5.7))

dU,‘

r = —(Bv); + F;, (Bv); := Z Bij(vi —vj) + Wv;, (2.28)
jel

with time-dependent coefficients B;;, W; and a “forcing term” F; that all depend on the paths x(¢), X(t). These coef-

ficients are crudely given by

B 1 W'_LZ 1 F_iz Yk — Vk
NG —x )@ - F)) > ACEEDICES AN R ACEEDICES )

The equation (2.28) is very similar to the basic equation studied in [28] but the forcing term is new. The key result of
[28] is a Holder regularity theory for (2.28) without forcing, under suitable conditions on the coefficients. We extend
this statement to include the forcing term; here we rely on the finite speed of propagation, proved also in [28]. Holder
regularity in this context yields that, after some time of order K“/N, ¢ ~ 1/100, the discrete derivative v; | — v; is
much smaller than its naive size 1/N. Since v;41 — v; = xj4+1 — x; — (Xj+1 — X;), we see that the gaps of x and X
coincide to leading order. Since the gaps of X were shown to be universal in the previous step, we obtain that the gaps
of X(T), T:=T/ + KN~ are universal.

There are several technical complications behind this scheme, most importantly we need to regularize the local
singularity in the kernel B;; when x; ~ x;+1. In fact, two different regularizations are used; the regularization of the
dynamics in Section 5.1 is borrowed from Section 3.1 of [14], while the regularization of the equilibrium measure
o7, explained at the end of Section 4.5 is similar to the one in Section 9.3 of [28] but with a different choice of
regularization scale.

3. Concepts
In this section we recall essential concepts that will be used in the proof of Theorem 2.1.
3.1. Definition of general B-ensembles

We first recall the notion of S-ensembles or log-gases. Let N € N and recall the definition of the set /™ c RV in
(2.10). Consider the probability distribution on /™ given by

N
1 1 1
N) 1y — . _BNH _ N N .
uﬂ,v(d)\)_uv(dk)._zve ., H=HO):=) VO = " log(hj — k). 3.1)

i=1 I<i<j<N

where 8 > 0, dA :=1(A € F(N))d)q diy---dAy, and Zy = ZéN& is a normalization. Here V is a N-independent
potential, i.e., a real-valued, sufficiently regular function on R to be specified in each case. In the following, we often
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omit the parameters N and § from the notation. We use P*V and E#V to denote the probability and the expectation
with respect to uy. We view wy as a Gibbs measure of N particles on R with a logarithmic interaction, where the
parameter B > 0 may be interpreted as the inverse temperature. We refer to the variables (A;) as particles or points
and we call the system a B-log-gas or a -ensemble. We assume that the potential V is a C* function on R such that
its second derivative is bounded below, i.e., we have

inf V" (x) > —2Cy, (3.2)
xeR

for some constant Cy > 0, and we further assume that
Vix)>2+c¢) log(l + le), x eR, 3.3)

for some ¢ > 0, for large enough |x|. It is also well known, see, e.g., [15], that under these conditions the measure is
normalizable, Zy < oco. Further, the averaged density of the empirical spectral measure, Qg/N), defined as

oM = v — Z 5., G4

converges weakly in the limit N — oo to a continuous function, gy, the equilibrium density, of compact support. It is
well known that gy satisfies

d
V/(x) = —2/ v ppor. (3.5)
R Y—X
In fact, equality in (3.5) holds if and only if x € supp oy .
Viewing the points A = (4;) as points or particles on R, we define the quantile of the kth particle, y,, under the
B-ensemble wy by

/Vk k
ov(x)dx = —. (3.6)
0 N
For a detailed discussion of general S-ensemble and the proof of the properties mentioned above we refer, e.g., to
[3,13].

Assume for the moment that the minimizer oy is supported on a single interval [a, b], and that V is “regular” in
the sense of [37], i.e., the equilibrium density of V is positive on (a, b) and vanishes like a square root at each of the
endpoints of [a, b]. From [12,13] we then have the following rigidity result.

Proposition 3.1. Let V € C*(R) be a “regular” potential and assume that oy is supported on a single interval. Then,
for any & > QO there are constants cq, c1 > 0, such that

y—1 c
P(h — 3l = NENT3E ) <e 0N 1 <k <N, 3.7)
where k := min{k, N — k + 1}, for N sufficiently large.

Proposition 3.1 will only be used as an auxiliary result (see Section 4.3.2 below), since, for most potentials of
interests in the present paper, the equilibrium density gy is not supported on a single interval. The extension of
Proposition 3.1 to that settings has not been established.

Finally, for the Gaussian case, V(x) = x2 /2, we write g instead of py, since ug is the equilibrium measure for
the DBM. More precisely, the Gaussian distribution on £ V) is given by

1
_ —BNH, _ 2 . .
nG(dr) = —ZGe Gda, Hc(A) == E A — _N E log(A; — X;), (3.8)

1<i<j<N

where Zg = Z/(SNG) is the normalization.
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3.2. Dyson Brownian motion

Consider the DBM, A(z), t > 0, on / ™) of (2.11) with initial condition A(0) € F ). Denote by foug, the distribution
of A(0)3 and let f; g denote the distribution of A(r). Then f; = fi.n satisfies the forward equation

o fr = Lfr, 3.9)

N N 1 1 3
L=Ly=Y —d2 ==Y — o, 8= —, 3.10
N 1_21 l+i_1( ) i N;;)\-j_)\'i>l i Ih; ( )

or in short £ = ﬁLNA — (VHg) - V, with Hg as in (3.8).
3.3. Relative entropy, Bakry—Emery criterion and the logarithmic Sobolev inequality
A cornerstone in our proof is the analysis of the relaxation of the dynamics (3.9). Such an approach was first introduced

in Section 5.1 of [25]. The presentation here follows [26].
Let 1 be a probability measure on V) be given by a general Hamiltonian #:

1
dp(x) = Ee—ﬂN H® gy, (3.11)

and let L be the generator, symmetric with respect to the measure du, defined by the Dirichlet form

D(f)=D = Lfd ! 9 f)*d 9, =0 3.12
(f) = u(f)——/ffu-—ﬂ—N;/(;f) o 9 =0 (3.12)

The relative entropy of two absolutely continuous probability measures on RY is given by

- dv dv
S|v) :=/alog<a> dv.

If dV = f dv, then we use the notation S,,(f) := S(fv|v). The entropy can be used to control the total variation norm
via the well-known inequalities

f If —11dv </28,(f),  P/Y(A) <P"(A) +/28,(f), (3.13)

for any v-measurable event A.
Let f; be the solution to the evolution equation 9; f; = Lf;, t > 0, with a given initial condition fy. Assuming that
the Hamiltonian H satisfies

V2H() =HessHA) >0, ref D, (3.14)

the Bakry—Emery criterion [5] yields the logarithmic Sobolev inequality (LSI)

2
Su(N) = SDuC/H. f=foeLX(RY.dh), (3.15)
and the exponential relaxation of the entropy and Dirichlet form

Su(f) <e™S,(f),  Du(f)<e ' D (/fo), t>0.

3Stlrictly speaking, the distribution of A(0) may not allow a density f with respect to ug, but for # > 0, A(¢) admits such a density. Our proofs are
not affected by this technicality.
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We assume from now on that H is given by Hg (see (3.8)), L is given by «£ (see (3.10)) and that the equilibrium
measure is the Gaussian one, u = ug. We then have the convexity inequality

v, VHG0V) = 2 v+~ 3 Cimo) L yemy, (3.16)
-2 Ni<j (xl'—xj')z_z

This guarantees that ug satisfies the LSI with = 1/2 and the relaxation time is of order one.

3.4. Localized measures

Following [28], we choose K € [N®, N'/19], for some small 0 < & < 1/10 and pick L € [K, N — K]. We denote by
I=[L—K,L+ K] asetof K:=2K + 1 consecutive indices around L. Recall the definition of the set f V) c RV
in (2.10). For A € F ™), we rename the points as

A=A1,22,.. ,AN) =1+ s YL—K—1, XL—K» -+ XL4+Ks YL+K+11+--5 YN)> (3.17)

and we call A a configuration (of N particles or points on the real line). Note that on the right side of (3.17) the points
retain their original indices and are in increasing order,

X=X k> xksr) € F P, Y=o os YooK 1o YLKt 15 yN) € F VTR (3.18)

We refer to x as the internal points or particles and to y as the external points or particles. In the following, we often
fix the external points and consider the conditional measures on the internal points: Let v be a measure with density
on £ ™), Then we denote by v¥ the measure obtained by conditioning on y, i.e., for A of the form (3.17),

v(A)dx  v(x,y)dx
fvydx  [v(x,y)dx’

V(dx) =v¥(x)dx =

where, with slight abuse of notation, v(x,y) stands for v(L). We refer to the fixed external points y as boundary
conditions of the measure vY. For fixed y € f ¥ =K all (x;) lie in the configuration interval

Jy:=[yr—k-1,YL+k+1]. (3.19)

Thus VY is supported on (J y)’C N F® but with a slight abuse of terminology we often say that v¥ is supported on
Jy.Incase v = fu, we define the conditioned density by fYuY = (fu)Y.
For a potential V, we consider the S-ensemble wy of (3.1). For K, L and y fixed, we can write ,u{, as

1 1 1
113, (dx) = v PO, Hm=) SV - > loglx; — xil, (3.20)
% iel ijel
i<j

x; € Jy, with Zz, = ZZ,V a normalization and with the external potential

2
Vix)=V(x) — 5 Zlog Ix — il. (3.21)
i¢l

4. Localizing the measures

Having introduced the basic concepts in Section 3, we now start with the actual proof of Theorem 2.1. In this section,
we establish Parts (i)—(iv) outlined in Section 2.6. In Section 4.1, we prepare the definition of the local equilibrium
measure by introducing the precise definition of internal and external points. We also show that for most external
trajectories we have rigidity for the internal points; see Lemma 4.1. In Section 4.2, we discuss regularity properties of
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the semicircular flow and its quantiles. We further convert the problem into a stationary frame by removing the mean
velocity. The regularity properties of the semicircular flow are used in Section 4.3 to define the reference points ¥ that
smoothly interpolate between the quantiles of an appropriately chosen S-ensemble and the external points at time 77.
Using Y as new external points we introduce a reference measure wr, on the internal points. This measure will serve
as equilibrium measure of the reference local DBM X(¢) defined in Section 4.4. To complete Part (iv) we also show
the fast relaxation of X(¢).

As a preparation of Part (v) in Section 5, we establish in Section 4.5 a few technical properties such as level
repulsion and rigidity for X(¢) and for its equilibrium measure wr,. We close Section 4 by stating the universality of
the local statistics of the reference measure wr, . In fact, for the level repulsion we need to introduce a regularization
of the logarithmic potential on a tiny scale.

4.1. Localization at time T
Let K € Ny satisfy (2.27), with K > |[N? |,0 < w < 1/10, i.e.,
K'°N° <N, K>N7.

Recall the constant o > 0 from the assumptions of Theorem 2.1. Let x € (0, =) be a small constant, to be chosen
later on. Note that NX « K. Then introduce the intervals of integers

I'=[L—K,L+K], Iy:=[L—K> —N*K* L+K>+N*K*], I,:=[L—0oN,L+0oN], (4.1)

and we denote by /€, 15, I¢ the complements of 1, Iy, I, in Ny. Note that I C Iy C I,. For a configuration A € F N
we introduce x and y as in (3.18).
Fix a small & > 0. Let

Gli={y e r™ 7 |y — e )| < N¥ /N, Vk € I}, 4.2)
respectively,
G2 = {yeF(N_IC):‘_Z _/ os(y)dy <M
N kel¢ Ye =X yelyL—oN yL+onle Y — X N
Vx €[y _ks, yL+K5]}, 43

where L = 2K + 1. Note that for each s > 0, we choose the labeling in QS] to be the one of Assumption (2) of
Theorem 2.1. We then set

Gi:=6'ng2 4.4)

For any Y :={y(s) € FNK) 5 et n]) trajectory, we define the conditional measure PY on the X := {x(s) €
FN-K 5 ¢ [t1, 2]} trajectories in the usual way. We use PY to denote the conditional measure on the whole X
trajectories, while for any fixed time s, we use PY®) for the conditional measure (on the x(s) configurations, for any
fixed s). We set

G = {Y: {y(s):s el nl}:
¥(s) € Gy, Vs : PY(|xi () — veiy ()| < N®/N,Viel) = 1= NP,

and sup 11;112;)5|yk([)—yk(s)}SNS/\/Z—S], “.5)

t,5€[t;,n] K€

for small £ > 0 and large D > 0.
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Lemma 4.1. Let A(t), t > 0 be the DBM on [ N) of (2.11) with fixed initial condition A(0). Let x; (t) = 1;(t), i € I,
respectively yi(t) = A (t), k & 1, for all t > 0. Under the assumptions of Theorem 2.1, for any (small) &€ > 0 and any
(large) D > 0, we have

P(y(s) € Gs,s €lt1,2]) =1 = N2, (4.6)
and

PG >1-N"?, 4.7)
for large enough N > Ny(&, D), where P is with respect the Brownian motions (B;) in (2.11).

Proof. Both estimates (4.6) and (4.7) follow directly from the assumptions (1)—(4) in Theorem 2.1. ([l

Throughout the rest of this section we will consider the trajectory Y € G as fixed. Nevertheless, all estimates will be
uniform on G. In particular, all constants only depend on the constants in (4.5), the constants §, € and o of Theorem 2.1
as well as the parameter £ > 0.

4.2. Regularity of the semicircular flow and removal of mean drift

Consider the DBM, A(¢) of (2.11) with initial condition A(0) and the semicircular flow o, = F;[0]. We first study
some regularity properties of o, for ¢ € [#1, t2]. The following result is proven in Section A.1.2 of the Appendix A.

Lemma 4.2. Under the assumptions of Theorem 2.1, the semicircular flow o; satisfies
Cl'zaB)=C,  |dpe(E)| <CN’, (4.8)
forall E€Ey,—X/2,E.+X/2]land all t € [11,12].

Let L € Ny be as in Theorem 2.1. In particular, we have g;, (y1.(t1)) > ¢ > 0. Then, we have

N§
|xi(l)—3/e(i)(f)|577 iel,yit)eg, 4.9)

with high probability for N sufficiently large, uniformly in ¢ € [#1, 2], for some labeling £ that will be fixed throughout
the paper. Recall from (2.9) that the quantiles y are determined by

V(1) k
/ or(x)dx = N (4.10)

—00

The evolution of p is studied in the Appendix A where the following result is proved.

Lemma 4.3. Under the assumptions of Theorem 2.1, the quantiles (yi) defined through (4.10), satisfy

) o:(y)dy Yei) (1) )
H(t)=— - , ! I, 4.11
v /R Y=Y (®) 2 W e 1D

forallt >0, where yy(t) = %}/g(i)(l‘). In particular, we have |yy1)| < C. Further, we have

N

) 1 1 Yei) (1) <Na> .
) =—— - +0(—). ¢ I, 4.12
v () =~ ]; O e ® 2 ¥ (i)e (4.12)

uniformly in t € [Ty, t2]. Moreover, we have the estimates
|J7z(i)(f)—)'/l(L)(f)}ECN_HEU—LI, ’)}Z(i)(f)_)}ﬁ(i)(Tl)’ECNa(t_Tl)7 (4.13)

uniformly int € [Ty, 2] and £(i) € 1.
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Equation (4.11) shows that the points (¢ (t)) approximately satisfy a gradient flow evolution of particles with
quadratic confinement and interacting via the mean field potential % log|x — y].

Lemma 4.3 is proved in Section A.1.2 of Appendix A. Let us briefly mention how the constant ¥ in Assumption (1)
and the constant o in Assumption (2) can be related. For given ¥ > 0, we can choose o > 0 such that (1),
forany i € I, =L — oN,L 4+ o N]J, all lie inside [E« — £/4, E, + X/4]. Then we know from Lemma 4.3 that
veiy(t) €e[Ex—2/2, Ex+X/2]forallt € [t1, 12]. By Lemma 4.2, we have control over o; on [E, — X /2, E, + X /2].

For simplicity of notation, we henceforth drop the labeling £ and simply write, with some abuse of notation,
vi(t) = yei)(t). From (4.13) and (4.9), we conclude that

N§
AL @) = AL (T)| < oLt =T 4ot —T1) + 0<7), telTi. tl,

with high probability, where we have set vz := y; (T1). We denote by A(z), t > T; the process obtained from A(¢) by
setting

A =A@ —v(t =T, t=>T. (4.14)
Thus A(7) satisfies the SDE

— 2 1 1 At t—T
A0 = | dBi(1) —vpdr — — > = g MOFuC=T) Ny s
BN N 550 = hi) 2

for t > Ti. In the following we write X; = A iel, respectively y; = s k ¢ I, so that Y= {y(r) € FAON-K) .y e
[T1, t2]}. Having shifted the original process (A(¢)) as in (4.14), we also shift the distribution o; and the quantiles y,
for t > T, accordingly:

0,(x) :=0i(x + vt = T)), Vi) =yi(®) —v(t —T1), rell, n],

x € R, i € Ny. In a similar way, we introduce the events ?j, ?i, G, and G by replacing the quantities without bars
with bars in (4.2), (4.3), (4.4) and (4.5).

4.3. The reference measure wr,
In this section, we introduce the reference measure w7, that will serve as local equilibrium measure.

4.3.1. The reference points y;

Once Y € G, thus also Y € G, is fixed, we introduce time-independent “reference points,” ¥ = (%), as follows: For
k € Ny, let

k=(L—KO-NYKY  ser g5 NXKA <k <[ — K5

NXK#4
o= | LEEEMICE i 4 K5 <k <L+ KO 4 NXKY,
1 ifL—KS<k<L+K?3,
0 else,

with x > 0 asin (4.1), i.e., i is a linearly mollified cutoff of the indicator function 1(k € I;). Set
Yo i=wzk + (0 —wy(T), kel (4.15)

where the external points z = (zx) € F (N=K) in (4.15) will be chosen in Section 4.3.2 below. Note that 7 = 7z,
for|L — k| < K% = y(T1) = y,(T}), for |L — k| > K> + NXK*. Thus the sequence 7 smoothly interpolates
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between the external points y(77) from the DBM and z. The external points z are constructed from an appropriate
B-ensemble whose equilibrium density has a single interval support. This will guarantee rigidity; in particular,

NE
|zk+1 — 2kl SCW, (4.16)
with & = min{k, N — k + 1}, forall k € [1, N — 1]; see (4.21) below.
Anticipating the precise choice of z, we mention that they are chosen such that
zL-k—1=yL-k-1(T1), 2L+K+1 =YLtk +1(T1). (4.17)

In fact, this choice will assure that the configuration interval of the localized measures, both with y(77) and with y as
external points, will have the same (and time-independent) support

Jyay =Jz=lz—.241=[yr—k-1(T1), yL+x+1(T1)], (4.18)

where z_ =z7_k—1, 2+ = ZL+Kk+1- We next estimate the size of the interval J .

Lemma 4.4. Let J, be as in (4.18) and assume that K satisfies (2.27). Then, we have

|J|—L+0<N—§) (4.19)
"7 Nor (zo) A '

on Q]Tl, where zo = (ZL+K+1 — ZL—K—1)/2.
Proof. We mainly follow the proof of Lemma 4.5 in [28]. First, we write, by (4.18),
|2l =24 — 2 = Yok +1(T1) — Y-k —1(T1) = yi1k+1(T1) — Y-k —1(T1) + O(N~'F¥),

where we used that y(77) € g;}. Next, we note that by Assumption (1) of Theorem 2.1 we have o7, (x) = o7, () +
O(N?%|x —Z|). Thus from (2.9),

vi+k+1(T1) 148 5 e
K=N/ or,(x)dx = Nor, W |Jzl + O(N'°|1,1*) + O(N?),
yL—k—-1(T1)

where we used that o7, ~ 1. Since KN <N, by (2.27), we get (4.19). O
4.3.2. Construction of an auxiliary B-ensemble
We now turn to the choice of the reference points z introduced first at the beginning of Section 4.3.1. We construct a

global B-ensemble, uaux, with potential Vaux and equilibrium density paux such that it has a single interval support
and such that the density matches with o7, at y;, (77). The main properties of ©ayx are summarized in the next lemma.

Lemma 4.5. There exists a f-ensemble puaux = ug%)x, with quadratic potential Vaux and equilibrium density oaux,

and a set of external configurations z € F(N_K), withzp — k-1 =YL-k—-1(T1), ZL+k+1 = YL+k+1(T1), such that the
following holds for N sufficiently large.

(1) The limiting equilibrium density oaux of LAUX IS a shifted semicircle law with finite variance satisfying, for any
£E>0,

oaux(y) = or,(y) + O(N*/K) + O(N°|y —z1—k—1l), yeR. (4.20)

(2) The external points z satisfy, for any & > 0,

3
N3k

lzk — yaux il <C kel 4.21)
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where (yaux.x) are the quantiles of the equilibrium density o AUX, i.€-, ff’;gx"‘ doaux = k/N, and k = min{k, N —
k + 1}. In particular, since Vaux is “regular,” the rigidity estimate (4.16) holds.
(3) The localized measure Wy satisfies, for any & > 0,

. K
PHAuX (1x; — ;| > N¥/N,Viel) < CNgﬁ, (4.22)

where (o;) are K equidistant points in J, =21k -1, 2Lk +1] = Jym)), i-e.,

i—L

1
ot ——— , o=—(z1—k— . 4.23
b4 +2K+1|JZ| b4 2(ZL K—1+ZL+K+1) (4.23)

o =

Proof. The proof is split into three steps. Step 1: We introduce the quadratic potential Vg(c)(x) := x2/2¢?, with some
¢ > 0, and consider the 8-ensemble, j1G (), with Hamiltonian

N N
1 1
Hoe(s) ::EE Vo) (i) = > " log i — Ail-
i=1 i,j=1

i<j
Itis easy to check that the limiting equilibrium density, 0G(¢), of (G(c) satisfies 0G(¢c)(X) = 0sc(x/5) /¢, With g5 (x) =

%\/ (4 — x2), the standard semicircle law. Similarly, the quantiles, (¥G(¢),i)> of 0G(¢) satisty YG(c),i = S V¥sc,i» Where
Vsc.i denote the quantiles with respect the standard semicircle law, i.e., ffj:o’ dosc = i/N. Thus 0G(c)(VG(¢).i) =
0sc(¥sc,i)/ - In particular, we can fix ¢ such that o7, (v (T1)) = 0G(¢) (VG(¢c),L), 1.€., We set

ci= 0sc(Vsc,L)
"~ on(ve(T)

We next choose boundary conditions ¥y with the following properties: (1) For any & > 0,
|5k = Vsekl = N¥/N. Vk eI, (4.24)

for N > Np(¢) (i.e., y are rigid in the sense of sense of (3.7) with V = V5(()); (2) for any & > 0, there are c(’), c/l >0
such that

y  arch
PG (|1x; — @ | > N¥/N,Viel) <e N, (4.25)

where @; are the K equidistant points in the configuration interval Jy = [yr—k -1, Yr+k+1]. The precise choice of y
is unimportant for our argument, as long as y satisfy (4.24) and (4.25). That we can choose a ¥ such that (4.24) and
(4.25) are satisfied follows from Proposition 3.1 and an application of Markov’s inequality.

Step 2: The length of the configuration intervals Jy(r,) and Jy may differ slightly. Using the scale invariance of the
Gaussian measure, we now adjust ¢ and y to guarantee that the lengths of the configuration intervals agree: Following
the proof of Lemma 4.4 or the proof of Lemma 4.5 in [28], we get from the rigidity estimates for () that

K

——————— +O0(N"'N%),
NoG)(VG(¢),L) ( )

[J3| =1YL-k—1 — YoL+k+1] =

and from Lemma 4.4 that

K

——  + O(N'NP).
Nor o O )

Tyl = |ye—k—1(T1) = Yok +1(TD)| =

Using that o7, (YL) = 06(¢) (¥G(¢),L)» by our choice of ¢, we hence conclude that

|yl

5= =1+O(N°K7"). (4.26)
| Tyl
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Setting Z := §/s we have |Jz| = |Jy(r,)| and

z y
PG (|x; — & /s| = N5 /N, Vi € I) =P (|x; — G| = sN /N, Vi e 1), 4.27)
where we have set ¢’ := s¢. Using the rigidity of ¥ we get, similarly to (4.38), that V,%Hy(x) > %, for all x €
J y)’c N F . Thus the logarithmic Sobolev inequality

~ ~ CK ~ ~
(e 11G6) = 7 P (MG MG 6)-

with the local Dirichlet form

n -
(“G(g)'“G(g) BN Z/( ( G(g))( )) dué(g)(x)

iel MG( )

holds. A straightforward calculation together with (4.26) then shows that

N2S K2
Sty = N2 Z / oy Tier Vo 0D =Vor 0D P gpd. < sCt

iel

Thus, using first (4.27) and then the entropy inequality (3.13), we get

i y
PH6@ (x; — @i /s| = Né/N,Vie )= IP’ILG(E’)(Ix,' —&|>sNE/N,Vie 1)

5’ = =
<P (|x; — &;| > sN* /N, VieI) + V28 (1o 116 )

<ce M+ CNE—K, (4.28)
N
where we used (4.25) (with an additional factor s) to get the last line.
Step 3: Finally, we achieve that J; = Jy(r;) by a simple shift in the energy: we replace Vg (x) by Vo) (x —
b), b:=yr_x_1(T1) — yL—x—-1, x € R. We now choose paux as the Gaussian measure defined by the potential
V(e (- — b) and we set z; :=Z; — b, for i € [1, N]. With these choices, (4.28) asserts that

NEéK
Praux (|x; — a;| > N¥/N, Vi e ) < CT (4.29)

where o; are the K equidistant points in the interval J, = Jyr) = [y—x—1(T1), yo+x+1(T1)].

In sum, we have established the following. We consider the S-ensemble puayx with quadratic potential, whose
equilibrium density paux is a semicircle law with radius ~/2¢’ which is centered at b. Taylor expanding the densities
or, and paux around y;— g —1(77) and recalling (4.26) as well as (4.8), we obtain (4.20). This proves statement (1) of
Lemma 4.5. The points z = (z;) are rigid as follows from (4.24) and the choices z; = y; /s, z; =%; — b, i € Ny. This
immediately implies statement (2) of Lemma 4.5. Finally, the rigidity statement (3) of Lemma 4.5 for the localized
measure ,LLXUX was obtained in (4.29). This concludes the proof of Lemma 4.5. U

We conclude this subsection with a straightforward technical result that will be used in the next section. Recall the
definition of the interval of integers I, Ip and I, in (4.1).

Corollary 4.6. Let z be as in Lemma 4.5 and let ¥ be defined as in (4.15). Then, for any & > 0,

- N¢ NE|9k — 7L -~
7= m(T)| < €5 +C- 1k e Io><% + NO |7 —mz), kel \1, (4.30)
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for N sufficiently large. Moreover, we have, for any & > 0,

Vo=Vt <N/N. kels\1, 431)
for N sufficiently large.

Proof. Recall that J;, = y(T) for k ¢ Iy. Since y(T}) € g;l we immediately get

- N¢
[Pk — m(TD)| < C (4.32)

for k € I, \ Ip. Next, assume firstthat K +1 <L —k < K?3. Then we have Vi = Zk, and we can write
Yk -L—1(T1) IL—K—1—k| N§

dy=———""—-+4+0(— |,

/Vk oaux(y)dy N + (N)

where we used yx_—r—1(T1) = zx—1—1, the rigidity estimate in (4.21) and the fact that (yaux k) are the quantiles of
oaux. Using (4.20), we hence can write

yk-1-1(T1) IL—K—1—k| N§
[ o= LK1 ()

% N

N8 1k = ye—k—1(T1)| - 2
+0< X +0(N8|7/k_)’L—K—l(T1)| ).
On the other hand, since y(77) € g;l, ie., [yvo—xk—1(T1) — yL—k-1(T1)| < CNS/N, and using that y;(T7) are the
quantiles with respect to o7,, we have

/yKLl(Tl) |IL—K —1—k| N§
ey = AL (1)
vi(T1) 1 N N

Comparing these last two equations and using the lower bound on the density or,, we conclude that

NE|P — 71|

< +CNO |9 — P12, (4.33)

N§
% —wT)|=C—+C
|2k — m(T)| < N
for k such that K +1 < L —k < K. Here, we also used that YL —yL—k—1(T1) < CK/N. The same argument applies
tothecase K +1<k—L §K5.
It remains to consider the transition regime K> < |L — k| < K> + NXK*. Using the definition of ¥ in (4.15), we
can estimate

[Pk — m(TD)| < w|zk — m(TD| + (1 = w) |y (T1) — vie(T1)|

NE NGB - T Sis 2
<C—+C——+CN - )
=C+ X + Ve — vL
for such k, where we used (4.32), (4.33) and the rigidity of y(77) € g;l. This proves (4.30).
The estimate (4.31) follows directly from the rigidity of y(77), z and (4.30). O

4.3.3. Definition of the reference measure wr,
Given the )7]-, we define the local “reference” measure

1 = 1
. —BNHT, () . V(. . .
o7, (x)dx == —e 1™ gx, Hr,(x):=) V7 (xi)—— Y log(xj — x), (4.34)
Zn iel N ijel
i<j
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where the external potential is given by

5 1 1 2
Vi)i= Ve - %;log =%l V@)= % +2uLx. (4.35)

The subscript 77 in wr, indicates that the external points ¥ in the construction of this measure were obtained in (4.15)
by matching the external points y(77) of the original DBM at time 77. Note that this measure as well as the measure

PY are supported on the fixed configuration interval
Jyay = [yi—k-1(T), yr+k+1(T)].
4.4. Local DBM and relaxation

Having Y € G fixed, we consider the DBM on the X-variables given by the stochastic differential equation (SDE)

0= Gy B0 -t = 5 3w
Jjel

J#

1 Z 1 PP QA G SV (4.36)
k¢1 Vi) —xi(0) 2

iel,t> T, with (B;);es a collection of independent standard Brownian motions. We let PY denote the associated
path space measure.
For ¢ > T}, we define an approximate coupled dynamics, X(7) by letting

. 5 | 1 %@
. s IR S B | dr, 437
(1) \ BN (1) —vpdi NjXEI:Xj(t)—Xi(I) ! %I:Vk—xz(’) 2 ¢ -
J#i

i € I, with initial condition X(77) = X(7T}). The corresponding path space measure is denoted by PBY. Going from
(4.36) to (4.37) we replaced the time-dependent external points y(¢) by the time-independent reference points ¥ and
we neglected the drift term vy, (r — T1) dt/2. Note that the Brownian motions in (4.36) and (4.37) are the same. We
remark that the measure w7, defined in (4.34) is the equilibrium measure of the SDE (4.37).

We write the distribution of X(¢) as gy, (for t > T1). Since they are supported on the same configuration interval,
the measures g;w7, (for t > T1) and w7, are both absolutely continuous with respect to the Lebesgue measure, hence
also to each other.

We next compare the measures wr, and g;wr, for ¢ > T;. We show that the process (X(¢)) equilibrates on a time
scale ~ K/N, i.e., the local statistics of g;wr, and wr, are very close beyond times # > Tl’ =T+ K(K/N), with
t<n.

Since wr, is supported on an interval of size O(K/N) (see Lemma 4.4), the Hessian of its Hamiltonian H 7, from
(4.34) satisfies

1 1 1 1 cN
(x) > min — Z ———=— >min— Z —— >, (4.38)
iel xXi — V&) iel N kK <L <K (x; — zx) K

for all x € (Jy(TI))’C N %, where we used (4.16). Thus, recalling the discussion in Section 3.3, wr, satisfies the
logarithmic Sobolev inequality

Sor, () < = Doy, (/1) (4.39)



Universality for random matrix flows 1627

cf., (3.15). Further, for t > T} + %K (K/N) the process (X(¢)) has become absolutely continuous with respect to
Lebesgue measure, and one can easily prove that

1
S(giorlor,) < NC, t>T1+ SKK/N):; (4.40)

for some large C; see, e.g., Lemma 4.7 in [20]. Therefore, running the Bakry—Emery argument of Section 3.3 from
time 7T} + %K (K/N) to time Tl’ =T) + K(K/N) and using the initial entropy estimate (4.40), we immediately get
the following result.

Lemma 4.7. Foranyt>T/ =T, + K(K/N), we have

Doy, (/20 + Swr, (8) <K, 1€[T],n], (4.41)

for some ¢ > 0. In particular, the statistics of X(t) for any t € [Tl/ , 1] are the same as the statistics of the local
equilibrium measure w7, as follows from

< 110llooy/280y, (81) < Ce™ K2, (4.42)

for any bounded observable O.

V 0(g, — 1) dor,

4.5. Three measures and their properties

Having Y € G fixed and having constructed the external points z, we have, up to this point, introduced three distinct
measures on the internal particles:

(1) or, is given by an explicit formula in (4.34). It is a local B-ensemble on J, which we refer to as the “reference”
measure.

(2) grwr, is the distribution of X(¢) from the dynamics (4.37) on J,.

(3) PY® s the measure of the X(¢) dynamics (4.36) at time ¢, it is also the conditional measure PY of the original
measure PP, conditioned on the Y-trajectory at time ¢ > ¢;. This measure is also on /C particles, but now the
configuration interval is time-dependent Jy() := [V, _g—1 (), Y+ k41 @]

In the remainder of this subsection, we establish level repulsion and rigidity for the measures wr, and g;wr;:

Definition 4.8. We say that the measure v (on KC-point configurations labeled with 7, || = K, in a fixed interval J)
is rigid with exponent & if

v(Ix; — ;| > N¥/N,Vi e I) < Ce™N", (4.43)

where «; are the KC equidistant points in J and where ¢ > 0. The path-space measure Q for times [77, #;] on the same
configuration interval J is rigid with exponent & if

0( sup [xi(s) —ai| > N¥/N.Vie ) < Ce™", (4.44)

s€[T1,12]

Note that if for all ¢ the fixed-time marginals Q; of a space time measure Q satisfy rigidity, then Q satisfies rigidity
(since the trajectories typically have some mild continuity; see Section 9.3 of [28]).
We will establish the following main technical input. Recall that 7] = T1 + K (K /N).

Proposition 4.9. Let & > 0 be sufficiently small and let K satisfy (2.27). Then, for any Y € G and any t € [Ty, t2] the
following holds.
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(1) o1, (i.e., the local “reference” measure) is rigid with exponent & and satisfies

1
maxE” ———— < C, (4.45)
iel [Nlx; — xix1(]7

(with xj+1(t) = yL+k+1)(T1) if i = L £ K), for any p <2.
(2) gior, (i.e., the time marginals of the process X_: (X(s) : s € [T}, 12]}) is rigid with exponent &, moreover, the
whole process {X(s) : s € [T}, t2]} with measure PY is rigid with exponents &. Furthermore,

1
max E8“T1 — — <Cp
iel [N]x; (1) — Xjx1(@)]]P

(4.46)

(with Xi+1(t) = yp+k+1(T1) ifi =L £ L), forany p <2 and t > T].
To simplify the exposition, we split the proof of Proposition 4.9 according to its statements.

4.5.1. Proof of statement (1) of Proposition 4.9
We start with the rigidity of the reference measure wr, . For notational simplicity, we write in the following

Ve =Yew(T1), kels,

where the labeling £ is chosen according to (4.2).

Proof of rigidity of wr,. We first recall the following general result of Theorem 4.2 (see also the remark after
Lemma 4.5) of [28]. For any local equilibrium measure ©¥ on K points with potential V¥ on an interval J of size
|J| ~ K/N rigidity (with exponent £ > 0) in the sense of Definition 4.8 holds if the following two conditions are
satisfied:

/ dy(x) N<é
y —
(V¥) (x) = 0(yo) log P O(Nd(x))’ (4.47)
and
|E% x; —ai| < N¥/N, Viel, (4.48)

where Y, is the midpoint of the interval J, d(x) is the distance of x to the boundary of J,

d_(x):=d(x) + 0(yo)N* /N,  dy(x):=max{lx — yr_gx—1l, |x = yo4+k+11} +0(yo)N*/N, (4.49)

and «; are the K equidistant points in J.

We now apply this result with the choices y = ¥ and J = J, = Jy(1;) to the reference measure wr, . The condition
(4.47) will follow from the global condition (4.52) below and from the fact that the reference points ¥ are rigid in the
sense of Corollary 4.6. The details are as follows.

To check condition (4.47), we introduce the supplemental potential 124 by setting

- 1 1
V7 (x):= 5x2 +2vLx — > loglx — il (4.50)
k:|k—L|>K+N¢
‘We then have
- e 1 1 N§
v () — (VPY ()] < = _ < , elJ,. 451
(V7)o = (V) o] = > xS vaw: €U 4.51)

k:K <|k—L|<K+N%
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To control V’N', we can follow Appendix A of [28]. First, recall from Lemma 4.3 that vy, satisfies

. d
UL=VL=—/M—)/—L, v =yL(T). (4.52)
R Y—VL 2

Thus,

X d d
UL+—+/ M‘:'UL+Q+/ M‘—}-O(|RemTl(yL)—RemTl(x)|)+0(|x—yL|)
2 Jr y—x 2 Jr y-m

N3K K

=<C +CN, x € Jq, (4.53)

where we used (4.52). To bound the second and third term on the right we used Assumptions (1) of Theorem 2.1 and
the estimate on |J,| in (4.19). We may thus split

. K
(V") =i+ 2+ + O(N‘Sﬁ),
with

)

¥ £ d
i = — [ O
14

L—K—N§ y—x
L—K—N?
YL-K-NE d 1 1
Q(x) = —/ on () dy +— Z -,
7 y—x N Vk — X

k=1
wooonmdy 1 & 1
93(x>:=—/ e SR S
Y,

—Xx N —x
Lkine Y k=L+K+N§ Yk

To estimate 21 we use that o7, (y) = o1, (x) + O(N%|y — x]) (cf., (4.8) and (4.19)) to get

di(x)
d_(x)

2%
Qi (x) = —er, (v) log == + O(N°K/N) + 0<L> xe s (4.54)

N2d(x)

To obtain the third line, we used

VL+k+NE — X = (Voikane — VL+k+1) + (Vi+k+1 — X) =d(x) + O(Nstl),

respectively x — yy g ye =d_(x) + O(N § N1, where we used the definition of ¥ in (4.15) and the definition of
dy in (4.49).
We next estimate €2 (€23 is estimated in the very same way): We split

L—K—N§ M-1 L—

K 1 1 K—
4.55
Z i—x yk(T1)—x ZA; Ve —x’ (435)

k=1 k:l

1

with M = L — o N, such that we can estimate on one hand

YM-1 d N§
/ or; () y+0<_5)’ (4.56)
yk(Tl)—x % y—x N

1Ml

k:l
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since y(71) € Gry; cf., (4.3). On the other hand, we estimate

L—K—N¢ L—K—N¢
i Z 1 _ Z /Vk or, (y)dy
N oo e k=m v YeTX
L—K—N¢ ~
Vi-Kk-NE d Yk _ d
=/ L-k-N¢ o7 (y)dy ol & / |V yIQn(zy) ) 4.57)
YM—1 y—X Py (y—x)
Using Corollary 4.6 and recalling the definition of I from (4.1), we can bound the remainder in the above equation as
L—K—N¢ ~
/Vk 7 — ylon, () dy _ N® (7i-x-né  dy
k=M Vik—1 (y _x)Z - N YM—1 y _x)2
YL-k-N§ N§/K)(y —x) + Né(y — x)?
+C/ (N*/K)(y X)z(y x)dy
YL—K5-NXK4-1 y—x)
N¢ N* X — VL_K5-NxK4-1 5 K°
<C +C—log< )+CN —. (4.58)
Nd(x) K X = YL-K-N% N

Thus, using that d(x) < [Jy)| < CK/N,ie., K > cNd(x), and that K satisfies (2.27), we have

L—K—N§

/‘V" P — ylor, () dy _ . N*
Vi

k=M k—1 (y —x)? ~ " Nd(x)’

where we bounded the logarithmic term on the right side of (4.58) by N¢. Hence, combining this last estimate with
(4.56), we find

N N§ N
C—<=<C ,
Nd(x) * N® = 7" Nd(x)

Q)| <C (4.59)
where we used that K > cNd(x) and that K satisfies (2.27). The same bounds holds for €23.

Combining (4.59), (4.54) and (4.51), we get (4.47) for (V7)/ (with ¢ =2).

It remains to check (4.48) with the external points y = ¥, i.e., [E*T1x; — o] < NCS/N, i € I. First, we note that
from (4.29) we have |E“ZUXxi — a;| < CN%/N. Then, using the logarithmic Sobolev inequality (4.39), we bound the
relative entropy

K 1 _ TVZ(x\— V7 (v
S(MZAUX|C‘)T1) Ecﬁﬁ ZIE"’T1|3,-e BN i IVE(xi) V"<x1)]|2

iel
2

< C KEHMaux Z

iel

(4.60)

1 1 1 1 1
SVAux () = 5% —vL =~ D] [~ — ]

k:|k—L|>K> Ve i Tk

Note that when £ is close to the interval I in the summation above, i.e., when |k — L| < K 5. then the corresponding
terms exactly cancel by the choice of ¥ in (4.15).
To bound the right side of (4.60), we first recall that we have from (3.5) the equilibrium relation

AUX (Y)
Vigx(¥) = —2 / @AUXQ) 4 4 ¢ suppoauxs @61)

R y—<X

for the auxiliary S-ensemble puayx. We denote by (yaux, i)f\'z | the quantiles of the measure gaux and let yaux,0 =
aAUX, YAUX,N = baux, where aaux, baux are the endpoints of the support of paux.
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We then bound the summation in (4.60) for all k < L — K7 as follows (the case k > L + K is treated in the very
same way),

L—K> L—K>
/”AUX*" (QAUX(y)dy _eaux(y) dy) <C Z /VAUXJ( ly — zkloaux(y) dy
k=1 YVAUXKk-1 Tk — Xi Yy =X - k=1 YYAUXKk-1 (y —xi)?
L-K>
N¢ VAUXE - gaux () dy Nt
SC Z 7N2/3k1/3/ 7_ -)2 SCF, (462)
_ VAUX k-1 (O —xi

for all i € I, where we used the rigidity of z (see (4.21)) and that payx vanishes like a square root at the endpoints
aaux, baux of its support (recall that payux is a rescaled and re-centered semicircle).
On the other hand, reasoning exactly as in (4.54), we find that

Yaux, 5 YAUX, 5 )+ O — X
/ AUX,L+K QAUX()’) dy — / AUX,L+K QAUX(-xl) (|y Xi |) dy — O(K—4) + O(KS/N), (463)
YAUX,L—K5 YA YAUX,L-K3 YA
for i € 1. We therefore get, combining (4.61), (4.62) and (4.63),
1_, 1 1 C .
‘EVAUX()C,-) + > | S el (4.64)
k:|L—k|>K>

Second, using the definition ¥ in (4.15), we obtain similarly to (4.55) and (4.56),

ZK /VL © on (N dy| _
k= X %

1 Yy =X

L—K?

1 1 "i-x> o7 (y) dy
S -

=M Yk — Xi i y—Xi

N§
NO”

+C (4.65)

with M = L — o N. The first term on the right side of (4.65) can be controlled, similarly to (4.57) and (4.58), as

5
1 LZK L /V o7, () dy
N k=M Yk — Xi y, i

M Yy =X

N¢ s K° N5+X
<C—<+CN°— + C—5—,
- KS N

where we used |y _gs —xi| ~ K > /N and the assumption on K in (2.27). A similar estimate holds for the summations
over [L + K3, N|]. Further, repeating the arguments of (4.54), we get

VL K5 KS
/ Hen )y 0(1<4)+0(N5—>.
v xs YT N
Thus, combining the last two estimates and recalling (4.53) as well as (2.27) we find

C NS-‘:—X
F +C— (4.66)

1 1 1
pw T e
k:lk—L|>K>

Plugging (4.66) and (4.64) into (4.60) we get S(u%xlor) < CN 26+2x K =2 which finally leads, in combination
with (4.29), to

BT (lx; —ai] > NEN7L Vi€ 1) < PPavx(|1x; — o] > NEN 7L Vi € 1) + /28 (1% i lory)

Né6K NE+X
<C——+C
N K

, 4.67)
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where we used (3.13). Together with the a priori bound |x; — ;| < C(K/N), this implies

N§ K N&+x NE+X
|]E“’T1x,~—a,~\§C—+C— <C

< , iel (4.68)
N N K N

Thus, choosing, e.g., x =&, we get the bound (4.48) for the measure w7, .
Applying Theorem 4.2 of [28] as mentioned at the beginning of the proof, we see that the measure wr, satisfies
rigidity with exponent &. U

The level repulsion estimate (4.45) in statement (2) of Proposition 4.9 is proved using the explicit Vandermonde
structure of wr,. The proof is essentially identical to the proof of Theorem 4.3 in [28] given Section 7.2 of [28]. We
therefore leave the details aside.

4.5.2. Proof of statement (2) of Proposition 4.9
The rigidity for g;wr,, with fixed # > T/ in the sense of Definition 4.8 immediately follows from the rigidity for wr,
and the entropy estimate (4.41). Using the stochastic continuity of (X(¢)) and the rigidity of g;wr, a sufficiently large
set of discrete times, we can conclude that PY itself is rigid; see Section 9.3 of [28] for details.

It remains to prove the level repulsion for g, given in (4.46).

Proof of (4.46). The level repulsion bound (4.46) follows from (4.45) and the entropy bound (4.41). More precisely,
we have to introduce a)ET’;, an gy-regularization in the wy, measure in the same way as in Section 9.3 of [28]. The
parameter £, = e~ X will be chosen tiny with a small ¢ > 0. This regularization modifies the interaction terms in

(4.37) and in the Hamiltonian Hr, . In the latter the log becomes log, defined as

log, (x):=1(x > &,)log(x) + 1(x < 8*){10g8* + a ; - %(x — 8*)2}. (4.69)

This has the property that 8)% log, (x) is the same, —x72, as before if x > &,, but it remains bounded by &, for
all x. The Hamiltonian is still convex. The support of the measure a)ST’; is not J, but the whole R, but it is still
overwhelmingly supported on J . In particular, w7, and a)gﬁ are close in entropy sense, see (9.57) from [28],

S(wn lo7) < CKCe;. (4.70)

As a consequence, by the entropy inequality (3.13) we may transfer the rigidity bounds from the measure wr, to the
measure wST’;, i.e., we have

PN (|x; — o] = N5 /N) < K° @.71)
Similar modifications occur in the SDE (4.37); the (X; — X j)_l and also the (X; — %) ~! terms get regularized to
X —X));! = log,, (% — %)),

and they will be uniformly bounded by & !. Now we can prove (4.46) with the regularization, since we can use the
entropy inequality (3.13) to get

DU R S Ty R PN <] 4.72)
[N]xi = xip1le, 1P — [N]xi = xit1le, 17 “1 -

Here in estimating the first term we used that the level repulsion bounds hold for the regularized measure

PwTT (Xit+1 —xi <s/N) < CK%s?, s> Kfe,,
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see (9.58) of [28], i.e., we have

£y 1
wr, < Csz. 4.73)
[NIxi = Xit1le, 1P

The exponential smallness of the entropy Swsr* (gr) is proven exactly the same way as the proof of (4.41), since
the Bakry—Emery type convexity argument remains valid for the equilibrium measure a);’; as well. This exponential
smallness wins over ¢, ” if the constant ¢ in the definition of &, = exp(—K¢) is small.

Since the only purpose of this regularization is to prove (4.46), we will not carry the &, superscript throughout
the proof, i.e., we continue to write wy, everywhere, although we really mean a)ET’; As we have seen, the key input
information on wr, for our whole analysis, the rigidity (4.71), holds for the regularized measure. The other input, the
level repulsion in the form (4.45) holds with an additional factor K¢, see (4.73), that plays no role in the applications
of this estimate. |

4.6. Local statistics of o,

In this subsection, we show that the gap statistics of the localized reference measure wr, are universal, i.e., are given by
the statistics of the Gaussian invariant ensemble up to negligible errors for large N. The precise universality statement
for wry is as follows.

Theorem 4.10. There is a small universal constants ¢, x, o > 0, such that for any 'y € Gr, (see (4.4)), for any fixed j
and for any smooth compactly supported function O of n variables, we have

E“N O(((Neor, (r1)) (i — xig+))1—y) = ESO(((New) (i — x5 1))y
+0(|0"| N7F). 4.74)

for N sufficiently large, for any io, i, € Ny satisfying lio — L| < NX, |ig — L'| < NX with any L' € [N, (1 —a)N],
and where o4 := 05 (VL' sc) denotes the density of the semicircle law oy at the location of the L'th N -quantile of 0sc.

In short, Theorem 4.10 assures that the gap statistics of the localized measure w7, in the bulk is determined by the
Gaussian invariant ensemble in the limit of large N. This result follows from Theorem 4.1 of [28] and the properties
of w7, established in this section so far.

Proof of Theorem 4.10. Theorem 4.1 of [28], as stated, directly compares two local measures, but together with
Proposition 5.3 in [28] it can also be stated as a direct universality result: if the conditions of Theorem 4.1 of [28] hold
for a local measure, then it has universal local gap statistics.

Theorem 4.1 (see also remark after Lemma 4.5) in [28] has two types of conditions.

(1) Regularity of the external potential in the sense of Definition 4.4 of [28]. For the case at hand, the external
potential V¥ defined in (4.35) is regular if

N d. (x) N

Yy —
(V ) (x) = o1, (z0) log e +0 <Nd(x))’ (4.75)
(V") () = d(cx)’ reJa=lezl, (4.76)

hold, with some fixed constant ¢, where z, = (z4+ +z-)/2, d(x) = min{|x — z4/[, |[x — z_|} and d+(x) as in (4.49).
Here we used the notation z— =77 _x_1, 24+ = ZL4+K+1-

In proving (4.47) with external points ¥, we already established (4.75). The convexity estimate (4.76) follows from
the rigidity of y: there is a constant ¢ > 0 such that

1

¥V —x)?

SN\ 1 2 1 C
(v?) (x):V(x)—i—NZ =5+ 0

J¢l
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(2) The second input for Theorem 4.1 of [28] is

N
N

[ETix; —ai| <C—, i€l 4.77)
where («;) denote the K equidistant points in J,. We have already established (4.77) in (4.68).
Based upon these two inputs, Theorem 4.1 of [28] implies (4.74). (|

5. Universal gap statistics for small times

In Section 4, we showed that the equilibrium measure @y, of the dynamics (4.37) has universal gap statistics, i.e.,
the distribution of the rescaled eigenvalue gaps in the bulk of the spectrum under wr, coincide with those of the
corresponding Gaussian invariant ensemble up to negligible errors for sufficiently large N. In the present section, we
compare the gaps of the two dynamics (4.37) and (4.36). We proceed in three steps that are outlined in the Sections
5.1,5.2 and 5.3. In Section 5.4, we then complete the proof of Theorem 2.1.

As in Section 4, we will fix a Y € G, or equivalently Y € G, but do not always indicate this choice in the notation.
All estimates obtained will be uniform on G, so that we can integrate out Y at the very end of Section 5.4.

5.1. Step 1: Small scale regularization

First we introduce a small regularization in (4.36) starting from the time 77. This regularization is only needed for
the critical case B = 1, where the level repulsion, cf., Assumptions (3) of Theorem 2.1, is weakest. Level repulsion
and the regularization introduced below will allow use to bound the kernel B;; defined below in (5.8) as E|B;;| < N;
see (5.14). For B > 1, a similar bound may be obtained without any regularization. In the following we carry the
regularization along since the case 8 =1 is the hardest.

This regularization procedure is the same as in Section 3.1 of [14], but it is different from the regularization in
the wr, measure and in the X dynamics explained in part (2) of the proof of Proposition 4.9 (where the regularization
parameter was called ¢,). Choose

£ ~—{8'1(1’k61") Tjzk ith e i N-10C1 (5.1)

T —e-1(j,kel,) ifj <k,

for alarge C; > 1. (Note that by the above choice ¢, < €.)
Define the regularized version of (4.36) as

d%i (1) = idB~(t)— dz+iz ! dr
= BN oL N~ Xxi(t) =x;(t) +&j

Jjel

" 1 1 X (1) +urt
ngu Xi(t) =y (®) + ik 2

dt, iel telTi, nl, (5.2)

with initial condition X(77) = X(7}), where the Brownian motions (B;) are the same as in (4.36) and (4.37). Note that
X may not preserve the ordering of the particles, but we will not need this property.

Lemma 5.1. Define the event

]

AR SOOI (5.3)

te[Ty,1]

Under the conditions of Theorem 2.1, especially the level repulsion assumption (2.19), there is a set G* c G with
IP’(E*) >1— N such that PY(EY) > 1 — CN~C! holds for any Y e a* In particular, the local statistics of X(t)
and X(t) are asymptotically the same for any t € [Ty, t5].
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Proof. Let R be the rigidity set
Ri={[%i(0) =70 < N/N:1e[T.nliel}.

First we claim that P(R N ') > 1 — N2C1_ This estimate can be proved following the argument in Section 3.1 of
[14] for v;, = 0. Mutatis mutandis the same proof applies for vy # 0. As an input, we need a level repulsion estimate
of the form

1

E1(R <N°*¥|loge|, Vre[Ti.nliecl, 54
( )[N|fz‘+1(l)—fi(t)+e|]2_ [oge] (71, 12] (5.4)

that follows from (2.19). Therefore, by conditioning, there is an event a* such that IP’@*) >1—N"Cand
PY(RNEN>1-N"C, vWeG"

Since P(G) > 1 -N —D for any D > 0, see (4.7), without loss of generality we can assume that 5* C G. Note that for
Y € G we have PY(R) > 1 — N~P, for any large D > 0; cf., (4.5). Choosing D larger than C1, completes the proof. (]

5.2. Step 2: Holder regularity
To compare the gaps of X and X, we introduce
v=v(r) =e"T2R0) —X)), =T (5.5)

Subtracting (5.2) from (4.37) and dropping the ¢ argument for brevity, we have

dv; 1 i —V; 1 1 1 /
i:——z — v v]~ = —vi—Z —— S—— G VSR
dr Njel xXi —xj +&)Xx —Xj) Nk¢, Xi =Y +ei) X — ) 2
J#i
1 ) — (v — T + & 1 3., — +".__.+.
+_Z(-xl_ xz_) (x; :Cj) i ij +_Z(yli Vk_) (x; :Cl) ~51k tle/’ (5.6)
N Py (xi —xj +&ij)x —xj) N oy (Xi — Y + i) (Xi — i)
J#i
i € 1. We rewrite (5.6) in the form
dv;
5 =@+ FV A ED L (Bv)= ) B =) + W, (5.7)
jel
with time-dependent (symmetric) coefficients,? i, jel,
1 1 1
Bjj = ——— = W= — — —, (5.8)
NX; —xj+e&j)xi —xj) Nk¢1 (Xi =YV +ei)(xi — i)
and with the “forcing terms”
Fi(l) — i Z (xi_— fi_) — _:_‘j) ‘t&‘ij _ le(t—T,’)/va(t -1, (5.9)
Njel (xi—xj+8ij)(xi—xj~) 2
J#i
@._ i Xi —X; +€ik + i Yk — Vi (5.10)

i N~ & —Vp+en)X—%) N~ & —ye+en® @ —%)

k¢l k¢l

4Sometimes we write B;, j instead of Bj; to clarify the notation.
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(Since X;, X;, x; and y; depend on time, we have B;; = B;; (), W; = W; (1), etc.)

We first study in Section 5.2.1 the “free dynamics” generated by B, show that it is Holder continuous, and then
deal with the forcing terms (Fl.(l)), (Fl.(z) ) via a perturbative argument in Section 5.3 to establish Holder continuity for
the full dynamics.

5.2.1. Holder regularity of the free dynamics
Let V solve (5.7) without the forcing terms, i.e.,
dv; ~ ~ o~ ~ ,
E:—({BV),‘:—ZBU(U,'—UJ')—W,'UI', lle, (5.11)
J

with initial condition V(7}) = v(T}). We will view equation (5.11) as a discrete heat equation with a long-range
hopping described by (B;;) instead of the customary discrete Laplacian. It turns out that the celebrated De Giorgi—
Nash-Moser regularity theory extends to this setup [28]. Holder continuity in this setting means that v;11 — v; is
small. Adding back the forcing terms this will imply that

i1 — o) (@) =e"" D2 [ Gy = %) — Gipr — )] @)

is also small, for times slightly beyond 7. The original De Giorgi—-Nash—Moser regularity theory requires uniformly
bounded coefficients, however B, ; defined in (5.8) is unbounded if X is close to X;. Nevertheless level repulsion
guarantees that in a certain space—time average sense B;;1; is bounded with high probability. This motivates the
following definitions.

Let 7 := [T/, T|"], where T|" is defined in Lemma 5.2 below. Mimicking Definition 9.7 in [28], we say that the
equation (5.11) is regular at a space—time point (Z, 0) € I x T with exponent p > 0 if

1 o1 1+
sup sup ———— [ — > > |Bij(s)|ds < NP (5.12)
eT1sm<k N70+ 1t =01 s Mie]:|i—Z|§MjeI:|j—Z|§M

Furthermore, we say that the equation is strongly regular at a space—time point (Z, ) € I x T with exponent p > 0
if it is regular at all points {Z} x {6 4 2}, where the set 2 is defined as

K
Q::{_NQ'”(I—}—Zk):Ofm,kgClogK}.

From Theorem 10.1 of [28] and Lemma 5.1 we obtain the following result.

Lemma 5.2. Let ¢; ~ 1/100 and choose T|' = T{ + K¢ /N. Then, there is an event 22 and constants C and p =
p (&) > 0 such that on the event B* the equation (5.11) is strongly regular at (L, T("), and

L&' N &) i (1)) = T(T))| < CNTHEKVE, i - L <C, (5.13)

where q > 0 is a universal constant. Moreover, we have the estimate PY(E' N 8%) > 1 — N=P/3 for N sufficiently
large.

Proof. We apply the Holder regularity result, Theorem 10.1 of [28], to the evolution equation (5.11). Thanks to the
regularization introduced in Step 1, cf., Section 5.1, we have, forany i, j € [ and ¢ € [Tl’ , 1], that

1 1/p 1 1/q
EB;; < N| maxE——— maxE—————
iel  [NIx; —xi—1+¢l]? iel  [N|x; —xi—1]]4

1 1 I/p 1 /g
< N| max E — maxfE————
iel (Ne)? [N|x; —Xi—1 + €[] iel  [N|x; —x;—1]14
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_ 1
< N(e N5+ 1oge]) /7 Cy )
< CNIToH28, (5.14)

where we first applied Holder’s inequality with conjugate exponents p, g, with p =2 + ¢, ¢ > 0, then used (5.4) and
(4.46), and finally chose ¢ sufficiently small depending on Cj in (5.1).

Notice that to guarantee regularity in the sense of (5.12) (modulo a constant factor), instead of taking suprema
overall s € T, M € [[1, K], it suffices to take suprema over a dyadic sequence of times s; = 6 & 2% and parameters
M =2 kle [1, Clog N], since space—time averages on comparable scales are comparable. Using (5.14), setting
p =68 + 3¢ and applying Markov inequality, for any fixed values of s and M, the space—time average in (5.12) is
bounded by N'*# with probability at least 1 — N~*/2. Taking the union bound for not more than C (log N)? times,
we can guarantee regularity at any space—time point with probability at least I — N ~#/3. Since the definition of strong
regularity requires regularity at not more than C(log N)? space—time points, an additional union bound guarantees
strong regularity at any fixed space—time point with probability at least 1 — N ~°/4. Defining

E2:= {equation (5.11) is strongly regular at (L, 7}")},

this proves that ]P’?(Ez) > 1 — N~°/% and verifies condition (C1), in Theorem 10.1 of [28] on =2,
The other condition (C2)¢ in Theorem 10.1 of [28] concerns large distance estimates of B;;. More precisely,
condition (C2)¢ requires that

N'=¢
B;ij(t) >

g '€ [17.1]]. (5.15)

forany i, j with |[L —i| < K/C,|L — j| < K/C, and that

N1(min{|L —i|,|L - jlI} = K/C)
Cli—jP?

CN
§Bij(t)gm, re [T, 1], (5.16)

for any |i — j| > C’N%, with some constants C, C' > 10. Further, W; is required to satisfy

CN'—¢ CN'*E
< W;(s) < A te|T]. 1], (5.17)

i i

where A; :=min{L + K +1—i, L — K — 1 — i}. Using the rigidity estimates for x,X of Lemma 4.9, it is easy to
check that, for any & > 0, there is an event E2 and constants ¢, with PY (@2) >1-— e~ , such that (5.17), (5.16) and
(5.15) hold. Set 22 = £2 N E2. Then for all sufficiently small £ > 0, we have P(E2) > 1 — CN~*/4,

Let [|Alloo :=sup;¢; |Ail, A € CN . Then the conclusion of Theorem 10.1 of [28] for the equation (5.11) is that

1(E) [ (1) =W (T7)| = CK™V*S(TY) | . li—LI=C, (5-18)

where q > 0 is a universal exponent and where T," = T| + K¢ /N. More precisely, (5.18) follows from (10.6) of [28]
after rescaling space and time by setting the constant « equal to 1/4 (this « is different from the « used in the present

paper).
Next, recalling from (5.11) that 9; (T}) = v; (T}) and that v; (T) =X; (T{) — X; (T}), we get
[¥(77) oo = IR(77) = %(77) [ o, + [%(77) = X(77) |, < CN T+ CNTIHE, (5.19)

on E!'N 22, where we used Lemma 5.1 and that the processes (X(1)), (X()), are both rigid in the sense of Definition 4.8
for ¢t € [T, t2]. Thus, combining (5.18) with (5.19) we get

1" N &) B (1)) = (1)) < CNTHEKVE, i - L <C, (5.20)

where the event B! N 82 satisfies PY(E! N 82) > 1 — N~P/3, p = p(&) > 0, for sufficiently small & > 0. O
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5.3. Step 3: Removing the forcing terms

Having established the Holder regularity of the free dynamics of (5.11), we now deal with the “full dynamics” (5.6).
The main result is as follows.

Proposition 5.3. Let ¢ ~ 1/100 and choose T' = T| + K /N. Then there is an event E and constants C and
¢, c3 > 0 such that, for anyy € G,

1(E 7y — () < 521
(@ maxvi (1) = (1) = =~ (521)

ielr N

for N sufficiently large, where %I :=[L — K/4, L + K /4]. Moreover the event E is such that E C E! and satisfies
P(ENG)>1— N"%, for N sufficiently large.

The proof of Proposition 5.3 is given in the following subsections.

5.3.1. Removing the forcing terms Fl.(l)
Subtracting (5.11) from (5.7) we have
d(v; — ;)

=0 (g + . ielieln.T]

Eventually, we will choose i € %I :=[L — K/4, L+ K /4], yet here we can take i € I.
Let Ug(t,s) denote the time-dependent propagator of the equation (5.11) from time s to 7, with s < ¢. From the
Duhamel formula we have

t
vi(t)—’ﬁi(t)zf (Ug(t,5)F(s)),ds, iel,t>T].
Tl/

Note that U g is a contraction in the sup norm by the maximum principle (recall that W; > 0). Thus
t 1 t
|vi (1) = T (1)] < / maIx|Fl.( (5)| ds + f [(Us(t, )FP(5)),|ds, =T (5.22)
Tl/ 1S Tl/

Fixing r = T}, using Lemma 5.1 and the choice of ¢ in (5.1), we estimate

"

— — Tl - _ Tl// 2
l(alﬂc})fT{ rlnealx|Fi(1)(s)|ds§1(a2)CN 3G /T{ ;§|Bij(s)|ds+cuL(T{’—Tl) : (5.23)

where we estimated the maximum by the sum. Thus recalling (5.12) and using (5.23), (5.22) we get

T//
1(E'nE?) /T/' max|FV(s)|ds < CN K (T) = T))N'*? + Cur (T] = Th)°
1

iel

K1+c1
SCK1+C1NfSC1+p_|_C e

Since C; > 1, we conclude that the effect due to FV is below the precision we are interested in, i.e., there is ¢ > 0
such that, forany i € I,

T//
1(&'n&)|ui (1)) = v (1)) <N~ +1(8'n 52)/T 1 [(Us (T} s)FD(s)),|ds. (5.24)

’
1
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5.3.2. Removing the forcing terms Fl.(z’in)
To estimate the influences of the forcing terms (Fi(z)), we write

FO = v | peow
with
2,i nf: 1 2,0ut) | 4. 1
Fn :=Fi()1(l€§1)’ F Ou).zFi()1<l€I,z¢§I),

where we introduced 17 :=[L — K /2, L + K /2].

To control the inside part Fi(z’in)

definitions of the intervals of consecutive integers Iy and I, in (4.1).

Lemma 5.4. Let K satisfy (2.27) and fix Y € G. Then we have the following estimates.
(1) Forallk € I, \ I, we have

|L — k|

N§
[56(6) = ¥ (T1)| < CW +CN(t —Ty) +CN(t —=T)?, telTi, nl

(2) Forallk € I\ I, we have

N¢ N¢ |L —k|
— +C—
N K N

V) —%|<C . tellnl

We complement Lemma 5.4 with the estimate
Vi (t) = 7| < CN*Vt, t>Ti kel
on G, as follows immediately from the definition of G in (4.5); cf., Assumption (4) of Theorem 2.1.
Proof of Lemma 5.4. To prove (5.25), we estimate
[5(®) = Vi (TD] < [F @) = 72 O] + |[7x () = Vi (TD) | + [72(T1) = 7 (T1) |
NE
< CW + |7/k(f) - Vk(T1)|,

on the event G, where we used the rigidity bound in (4.2) for k € I,. Next, we write

t
Vi) = (T = v (t) — vt = Th) — yi(T1) =/T Ye(s)ds —vp(r —T1).

Then by Lemma 4.3 we have

t t
/y'k(s>ds=f yr(s)ds + 0N~ — )|k — LJ)
T, T

=y (T = T1) + O(N~2( = T1)%) + O(NTH2 e = Ty)k - LI).
Thus recalling that v;, =y (T) by definition, we conclude that
76 = yi(T)| < CN™'2 @ = T1)> + CNT1H2 @ = Tk — L.

Together with (5.28) this implies (5.25).

1639

, we use the following lemma. Recall the definition of the event G in (4.5) and the

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)
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To bound the left side of (5.26), we split
50 = 7| < [F () = VO] + |76 @) — i (TD| + | (T1) — P (5.30)

Then, using the rigidity from the definition of g} in (4.2), the first term on the right side can be bounded by CN% /N .
The second term on the right side is controlled by (5.29). To bound the third term on the right side we apply Corol-
lary 4.6 to find

Né |9 — 71|

~ N¢ S 52
‘Vk(Tl)_Vk|§CW+C +CN° |y —yil™

Recalling that |y — 77| < CK3 /N, for k € Iy \ I, and using that K satisfies (2.27), we get (5.26). a

We now bound the term Fl.(z’in). Abbreviate

~ 1
By i = —— —, i€l kelf. (5.31)
TTUUNG -+ e & — )

Recall the bound on l(El)|Ei — ;| from Lemma 5.1 and the definition of (¢;;) in (5.1). Using Lemma 5.4 and
recalling thatt — T1 < CK 2 /N, we obtain

N&  NEJk—L|\ ~
1(2")|F*™ )| < C Z < se, +W+7| N |>’B,-k(s)|

kElo\l
K |L—k
e Z( . ')!B,k(s)|
kEIU\IU
+CZ<N5f)|§ik(s)}, ie%l,se[T{,T{’], (5.32)
k¢l,

where we also used (5.27) together with 7" — 71 < CK 2/N to get the last term on the right of (5.32).
To perform the sums over k in the first two terms on the right, we recall (5.31) and we note that there are two
constants ¢, ¢’ > 0, such that

[k — Xil = c|L —k|/N, [Pk = Xil = ¢'IL —kI/N, kels\1, (5.33)

where we used the rigidity estimate for y (embodied in G; see (4.5)), the rigidity estimate for y obtained in Corol-
lary 4.6 and the rigidity estimate for x, X obtained in Proposition 4.9, as well as the choice i € %I =[L-K/2,L+
K /2]. The summation over k ¢ I, in the third term is estimated using that |y, — X;||% — Xi| > (o) > 0, k ¢ I,.
Hence, after summing up the right side of (5.32), we get

; 1 N& N%E N§ N¢K
1(z)| p&in <« 4+ 4 NS c— =
CHLAROIE Nak Tk Tk TN O
N% 1
< CT, i€ z1,s e [T, ], (5.34)

where we used SC; — 1 > 1 and that K satisfies (2.27). Thus by (5.34) we have

N§ K@ N2
K N K

3

T
I(El)/T |F(21n)(s)|ds<(Tl// T])

1
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foralli e %I , so this error is below the precision we are interested in: For some ¢ > 0 we have that

—c TI//
18" (1)) - '(T{/)|§CNN +1(E‘)/ |(Us(T].5)F " (5)),]ds, ie%l. (5.35)

The outside part F>°" is treated with a finite speed of propagation estimate.

5.3.3. Removing the forcing term F(-°")
We first recall the finite of propagation estimate for the propagator U g. Abbreviate for simplicity U(t, s) = Ug(t, s)
and denote its kernel by U;;(t, s), i, j € I. By Lemma 9.6 of [28] there is C such that

K2 /NG —=s5)+1

li = jl

Ui, 9| <C . hLjelt=s>T. (5.36)

on B2. We refer to (5.36) as a finite speed of propagation estimate.
Next recall that we want to control

maxZZ/{l](t F(2°u0_max— Z ZUU(I S)F(;% (s),

elr I
ezl jer jend 1ykel®

where T{ <s <t < T/, and where we have introduced

FQ ()= <_ i Ak ek’ ST | St (3 ~)<s>.
Xj =y te)X; —wm) X — Y +&j)(Xj — Vi)

With some large C, we next split the summations over k and j as

> e, )PP = Z Y 1(1j =Kl = CN*)Uyj(t, ) F ()

jel jEl\%]kEIﬂ

> 21(|j—k|<CN5)u,»,-(t,s)E},§>(s), ie%l. (5.37)

jel\yrkele

We start with bounding the first term on the right side of (5.37). On the event E!, we can bound

1 1 N& NS |k—L|\ ~
5 2 —k= N )P <C 3 1(|j—k|zczv¥)(Nsc1 +W+?| S |>|Bjk(s)|

kel¢ kelp\I
N¢ K? |k —
+C Y 1 |J—k|>CNf)< +N‘S | >|Bjk(S)|
kel \Ip
+C Y 1 |]—k|>CN5)—|B]k(s)| (5.38)
i, VN

here we used (5.36) and the Lemmas 5.1 and 5.4. We further used that s <t,r — T} < CK 2 /N by assumption. Thus,
summing over k, we get

N%
— L+ K + N&|”

1(2") Z\ |J—k|>CN5)F<2)(s)|_

1
el \ =1,
J \2
kel‘
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where we used the estimates in (5.33). See (5.32) and (5.34) for a similar estimate. Returning to (5.37) we see that the
first term on the right side is bounded as

. NEKV2Z/NGT—s)+1
Y Y (i k= CN) Uy FRs) <Y . : :
| N 4 lj—L+K/4llj — L+ K+ N5|
jenir kel J:K/2<|j—LI<K

< CN¥g-1/2a/z, (5.39)

on 2! N E2, where we used that r —s < K1 /N.
It remains to control the second term in (5.37). Similar to (5.38), we have on E!, for jel\ %I , that

@ 1 N¢ N%E |
—Z|1 (Ii—kl<CNFP )| <C Y 1 |j—k|<CNé)(N5CI+W+ N |Bj(s))|
kel® kelg\I
CN¢ ~
< 3 1(1j -kl < CN¥)|Bjrs)].
kelp\I

We thus have, for i € il,

T//
1 / ds1(1j — k| < CNE)Us; (1] . 5) F 3 (s)
kel¢ Tl/
NE T// K1/2 /N(T// s)+1
<C— ds Y 3" 1(lj — kI < CNF) |Bji(s)|

i —Jjl

1 kel¢ jel

T” L+K

N2$K1/2
sC—— T T’f |Bj j1(9)]

j=L+K— LCNEJ

Ty L- 1r<+rc1vE 1

NZEKI/Z
,/T” T’/ |Bj ;-

jLK

(5.40)

where we used that |§jk| <|Bj,j+1l, k > j, respectively |§jk| <|Bj j-1l, k < j, forall k € I, j € I. (Here and
below we use the convention that, for j € I, Bj 1 +(k+1) = Ej,Li(KH), respectively B =0if |k| > L+ K +1.) To
bound the two terms on the right side of (5.40), we use that the evolution equation (5.11) is “regular” at the space—time
points (L + K, T{") and (L — K, T}").

Lemma 5.5. There is an event 23 such that evolution equation (5.11) is regular at the space—time points (L + K, Tl”)
and (L — K, T|') in the sense that

(Z)sp swp —— / |Bi i1 (s)| ds < N'H° (5.41)
seT1<m<k N~ +|‘ Uy M il L:i:K\<M

Moreover, we have the estimate ]P’Y(E1 NEZN 83) >1— N—P/10,

Proof. We can follow almost verbatim the first part of the proof of Lemma 5.2. Using (5.4) and (4.46), we can
bound E|B; ;+1]| as in (5.14). Then dyadic decompositions around the space—time points (L £ K, Tl’ "y combined with
applications of Markov inequality yield the claim. ]
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Next, returning to the estimate in (5.40), we conclude from Lemma 5.5 that the first term on the right can be
bounded as

T L+K 3

. NEK2 ; N3E 3
l(al n D3)W /Tl// _ Tl//;{ ds Z |Bj,j+1(s)| < CW(T{/ _ Tl/) / NI1te

j=L+K—|CNE]

Using the same argument to bound the second term on the right side of (5.40), we conclude that

1(31083)% Z

kel¢

T/ N3E+pK3cl/2 1
[ ds1(|j — k| <CN§)L{ij(T{/,s)F;i)(s) sC———— iegl (5.42)

T

Summarizing the estimates above, we can now state the proof of Proposition 5.3.

Proof of Proposition 5.3. Let E := 8' N 22N 83. Note that P(E) > 1 — N, forany 0 < ¢, < p (with p = § +3&).
Adding up the estimates (5.42), (5.35) and (5.24), and recalling that K satisfies (2.27) and that ¢; ~ 1/100, we
conclude that there is ¢3 = ¢3(§) > 0 such that (5.21) holds, for & > 0 sufficiently small and N large enough. [l

5.4. Conclusion of the proof of Theorem 2.1

Recall from (5.5) the definition of (v;(#)). Combining (5.21) and (5.13) we obtain
L(E)|vip1() —vi)| < N7'74, Ji—L| <C, (5:43)

with some small ¢4 > 0. Moreover, we have P(ENG) > 1 — N~ for some c¢5 > 0. This exactly proves the following
result.

Lemma 5.6. The gap statistics of X(T|") and X(T|") for indices near L coincide in the limit of large N.

Combining this with Lemma 5.1, we need only to understand the local statistics of X. But by Lemma 4.7, this is the
same as the gap statistics of the local equilibrium measure w;,. The latter one is universal as we showed in Section 4.6.
To conclude the proof of Theorem 2.1, we note that we can integrate over G, as follows from Lemma 4.1 and the
assumption that the observable O is compactly supported. Finally, choosing 77 > 1 such that 7" = T, we obtain
(2.21). This completes the proof of Theorem 2.1.

Appendix A: Semicircular flow

In this appendix we study the semicircular flow in more detail. In Section A.1 we prove Lemma 4.2 and Lemma 4.3.
In Section A.2 we discuss the Assumption (1) of Theorem 2.1 in more detail by arguing that it is satisfied for a large
number of random matrix models.

A.1. Classical flow of the density

Recall from (2.6) that m;, satisfies

- (Z):/ o(y)dy
T e Py —em@ 7

Imm;(z) >0, Imz>0, (A1)

for all # > 0, and that m, determines a density o, via the Stieltjes inversion formula, i.e., o;(x) = % lim,\ o Imm, (x +
in), x € R. We call the map ¢ — o; the semicircular flow started from p.
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It was shown in [8] that the density o, is a real analytic function inside support for fixed ¢ > 0. Yet, without any
further assumptions on g, estimates on the derivatives of o; deteriorate for small ¢, since the equation (A.1) may
lose its stability properties (i.e., the denominator on the right side can become singular). This can, for example, be
remedied by imposing the conditions in Assumption (1) of Theorem 2.1. Consider for ¥ > 0 the domain

Dy:=|z=x+ineC:x€[E—3,E+X],1>0}.

Denote by m the Stieltjes transform of ¢. In accordance with the Assumption (1) of Theorem 2.1, we assume here
that mq extends to a continuous function on Dy and that there is a small § > 0 and a constant C such that

sup|mo(z)| <C,  sup|d’mo(2)| < C(N®)", n=1,2. (A2)
z2€D z€D

Lemma A.1. Consider the semicircular flow o, started from o. Let ¢ satisfy Assumption (A.2) with exponent § > 0
and ¥ > 0. Then there is C' > 0, such that m;(z) is uniformly bounded on Dy, for all 0 < < CN~2_ Moreover,
there are constants C, C’, depending only on @, such that

sup |m;(z) —mo(2)| < CtN?, (A.3)

Z€D2/2
forall0<t <C'N =28 Further, there are constants C, C’, depending only on o, such that we have the bounds

sup |32m;(2)| <C(N®)", n=1,2,0<t<C'N%. (A4)

ZE’D):/Z

Proof. Set o, :=1 — e, Starting from (A.1) we obtain, for ¢t > 0,

1
|m;(z)}2 < (/R |e_t/2y Q(Y) dy ) mm;(z) ze (C+,

—z—olm;(z)|2 B n+G;Imm,(Z)’

where we first used Schwarz inequality for the probability measure o to get the second line. Then we used once more
(A.1). We thus obtain the rough a priori bound
Im(2)| <o, %, 10, (A.5)

for z € CT UR. Next, we introduce

- (e'?v)e!/? dv
m;(z) 12/ 97 (A.6)
R vV—2Z

Note that 77, is uniformly bounded on, say, Dy /2 for, say, t < 1. This may be seen by writing () = e 2my(e'/27).
Then we can write

m(z) = my(z 4 o1my (2)).
Thus, using the estimates on mg in (A.2), we have

Im(2) — 1 (2)| = |t (z + 0ime (2)) — i (2))| < CNPoy [ my ()| < CNPo,2, (A7)
0 <t <1, on Dxp, where we used the a priori bound (A.5). It follows that

Imi(2)| < | ()| + CN°a > <C, 0<t<CN™%.
But then reasoning once more as in (A.7), we must have

Im(z) — ity (2)| < |is (2 + oyms (2)) — iy (2)) | < CorN° |y (2)] < CorN®, (A8)
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0<t<CN 2% forallz e Dy />. We hence obtain that [m,(z)] < C on Dy and 0 <t < CN~23_ Next, we observe
that

|7t (2) — mo(2)| = |e"*mo(e™"/?2) —mo(2)| < C(e"/* — 1) + CN?(e'/* - 1). (A.9)

Combining (A.8) and (A.9), (A.3) follows since ¢ < C'N~% by assumption.
To deal with the derivatives of m,(z), we first note that we for z € Dy/>, we have e’/z(z + o,m;(z)) € Dy, for
t < 1. Thus we can bound, for z € Dy and t < N—2,

d
o/’ / e = 01| @A) (z + oym; (2))| = CN°0; <CN™°, (A10)
R (€720 — 2z — oym;(2))?

where we used the definition of 71(z) in (A.6) and the assumptions in (A.2).
Next, differentiating (A.1) with respect to z, we obtain

o(w)dv _ o(v)dv
(8zmz(z))<l — Ut/R 12y —7 — Ozmz(Z))2> _/R 20—z —0m ()2

Hence, using twice (A.10), we get |9,m;(z)| < CN? forz e Dypand0<t < CN— 2%, Repeating the argument, we
see that there is another constant C such that |a§m,(z)| <CN® 0<t<N~ 2 forallz e Dy /2. This proves (A.4). [

A.1.1. Quantiles

From (A.4), we see that the derivatives of m;(z) are bounded inside Dy, for t <« 1. Without further assumptions on
o we have little control on m,(z) outside Dy >. Yet, we can circumvent this problem, by introducing a regularization
of m,(z), respectively the measure o;, as follows. Throughout the rest of this appendix, let . > O satisfy

1
nN°® <« 5 (A.11)

Recall the definition of the Poisson kernel P. in (2.2). We then set

1
0" (x) 1= (Py, % 0)(x) = - mmy (x + iny). (A.12)

We claim that

Nx d
/w=m,(z+in*), zeCT. (A.13)
R y—2

Indeed, using (2.3) and (A.12), we have

Nx
i [ LD (o g])(B) = (P, #0(E) = I (E +in +in.),
T rRY—E—1in T

where we used Py, x P,, = Py, . Since z = E +in and since the Stieltjes transform is analytic in the upper half plane,
we get (A.13). In the following we write m?* (z) 1= m(z + in,). Note that o, is a probability measure. It follows
from basic properties of the Poisson kernel that o;”* converges uniformly on compact sets to o, as 77, \ 0. Using (A.2)
it is then easy to check that |0y (x) — go(x)| < CN%n. < N7, forall x € [E, — %, E, + X]. Since the semicircular
flow preserve regularity (for short times see Lemma A.1), we also get |Q,"* (x) —0:(x)| < CN®p, < N~1, for all
x€[Ex—%/2,E,+%/2],0<t <N~ %,

As a consequence of the regularization in (A.12), o, is smooth with bounded derivatives (in terms of inverse
powers of n,) that all lie in L? (R), 1 < p < co. Consequently, the following basic properties of the Hilbert transform
can be justified easily (see, e.g., [46]): Forn e N,

3" (To*) = (—1)"(T(8"0")) (A.14)
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(here 3" denotes the nth spatial derivative). Further, we have T(To;*) = —o;*.
Next, we define the continuous quantile, y,,"(¢), w € [0, N], of the measure an* by

Ya' (1) . w .
/_oo Qt*()))dyzﬁv 0y =0, (A.15)

ctf., (2.9). Note that y,,*(¢) is defined for any w by (A.15), since the measure o, is supported on the whole real axis.
The measure g; (without regularization) may be supported on several disjoint intervals. This leads to some ambiguities
in the definition of the quantiles, cf., (2.9) for one way of resolving the ambiguity. Using the regularized density o, "
is another way of avoiding this ambiguity. Nonetheless, we emphasize that the 7n,-regularization is simply a technical
tool: for every practical purpose we have 1, = 0 and the reader may forget about it in the subsequent arguments.

Corollary A.2. Under the assumption of Lemma A.1, the following holds. For 0 <t < C'N~2, with C’ sufficiently
small, we have the estimates

lo/"(E) —@™(E)| <CN°t,  |(To/*)(E) — (To™)(E)| < CN°t, (A.16)
for all E € R. Further, for w such that y,z* 0) € [Ex — X, E, + 2], we have the estimate
lyde(t) =y )| <CN72, 0<t<N~%, (A.17)

for some C. In particular, if y," (0) € [Ex — X /4, E. + X /4], then yu*(t) € [Ex — X /2, Ex + X /2], forall 0 <t <
C/N72(S'

Proof. The estimates in (A.16) follow from (A.3) by noticing that o, (E) = 7~V Imm; (E + in,), respectively
(TQ?*)(E) = Rem;(E + in,). To establish (A.17), we note that, by definition,

Y () . Y (0) w
/ Qt*(y)dy=/ e (dy=+.
—00 —00

Thus, using (A.16), we get
Yu' (6 Yu* (0)
/ o™ (y)dy = / o™ (y)dy + O(VN%), (A.18)
—00 —00

where we also used that ¢ has finite second moment. By our assumption on w we must have 0" (y,/*(0)) > c, for
some ¢ > 0. We thus get from (A.18) and (A.2) that

Yu' () Yu (0) S0
0™ (v () [y (1) — vl (0)| < C‘/ o™ (y)dy —/ o™ (y)dy| < C(N°t)".
—oQ —00
Thus, for 0 <1 < CN~2 we get |y (t) — yur (0)| < CN7/2, O

The estimate (A.17) will serve as a priori bound below. To get precise estimates, we derive next the equation of
motion of y,/*(t) under the semicircular flow t — o,*.

Lemma A.3. Fort > 0, we have for all w € [0, N],

GO e YO ne (Tel) G 0)
P (To/*) (v (1)) 5 ol o) (A.19)
and
Nx
dyy" (1) _ 1 (A20)

dw N/ (i)
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In particular, if o (yu* (1)) > c, for some fixed ¢ > 0, we have the uniform estimates

dyw' (1)
dr

yu' (1) oM. dys)*(t)
w

—(To") (v (1) — 2 —o(N7"). (A21)

Remark A.4. Lemma A.3 directly controls y,,*(¢) in the bulk. With some more effort the third term on the right
of (A.19) can by controlled at the edges. For example, assuming that g, vanishes as a square root at, say, its lowest
endpoint, it can also be shown that o, (y,* (¢)) 2 /%, for small w. Thus the “error” term in (A.19) is of order /7,
as 75 \ 0, at the lowest edge of the density o,*.

Proof. We recall that m,(z), z € CT, defined in (A.1), satisfies the following complex Burgers’ equation [47] (see
also [54])

dmdtt(Z) . %di(mt (2) (mt () + Z)) ze (C+,l > 0. (A.22)

Indeed differentiating (A.1) with respect to time we obtain (A.22) after a series of elementary manipulations. We use
(A.22) with m* (z) = m,(z + iny) replacing m, (z) in the following.
To deal with the right side of (A.22), we note that

N« dx * d d d T Nx N d
m (2)? = / o (¥ dx o/" (M dy _ 2[ /" (x) dx of (y) Y _ / (Ter (e, () dx (A23)
R2Z X—2 y—2 R2 X—2 X —2
z € C*. Plugging (A.23) into (A.22), we get
dm"@ _1d / 2Tei") (e (¥ dv / xo/ () dv / UTCOD W
dr 2dz xX—z R X—2 R X—2
where we used that fR o; " (x)dx = 1. Differentiating the right side with respect to z, we get
dm?* @ _ f Q(To) () +x +ine dx
(x —7)? ' '
Integrating by parts in x, taking the imaginary part and the limit n \ O (with 5, > 0), we obtain
* 1 * n *
61" (E) = 5[(2(Te*)(E) + E)of* (B)] + [ (Te]")(E)], (A24)

where we use the notation @ = 9;a and @’ = dga, for any function a = a(z, E). On the other hand, differentiating the
defining equation (A.15) of y,,* (t) with respect to ¢, we get

0 1 Yw (1) 7
0= [ may. (A25)
N o ) o
Hence, combining (A.25) and (A.24) we get (A.19).
Finally, to establish the first estimate in (A.21), we note that (To,”*) is uniformly bounded by Lemma A.1. Together
with the assumption o, " (v " (¢)) > ¢ > 0, (A.21) follows. To prove (A.20) and the second estimate in (A.21) it suffices
to differentiate (A.15) with respect to w. O

Remark A.5. For p € M(R), let

1
Ent[o] 2=/ Eng(x)dx—/ log|x — y|de(x)do(y), (A.26)
R R

Voiculescu’s free entropy. Then the limiting equation of (A.24), i.e., as 1, N\ 0, is the gradient flow of Ent[o;] on the
Wasserstein space P> (R); see [9,10,41].
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To conclude this subsection, we give an estimate on the second derivative 7, (¢) inside the bulk.

Lemma A.6. Under the assumptions of Lemma A.1 the following holds. For w € [0, N1, such that y,*(0) € [E, —
X /4, E, + X /4] we have

[70e(6)] < CN (14 |2 (1)

), 0<t<C'N%. (A.27)

Proof. Let 0 <t < C’N~?. For notational simplicity, we abbreviate here y,, ; = y,/*(t) and o; = 0, . We first com-
pute

d / .
a[(TQt)(Vw,t)] = (Too) (Yw.) + [(TQt)] (Yw.t)Vw.t

1 ’ * ’ , .
= —E[T((2(T9z)(-) +)0:r())] Yw.) — %[T(TQ’)] Yw.t) + [Torl Vw,) Ve

where we used (A.24) and (A.14). (Here T((2(To;)(-) + -)o:(-))(x) denotes the Hilbert transform of the function
y — ((Tor)(y) + y)o: (y) evaluated at x.) Next, we note the identities

1 1
5<Ta,)2 ~ 5@3 =T((Torer),

which follows from (A.23) and (T(o;(-)-))(x) =1 + x(To;)(x), x € R, which can be checked by hand. We hence
obtain

d 1 / 1 / 1 !
5 e (u.) = —5[(Tar)2] Vw.r) + 5[@?] Vwa) — 5[~(Tgt><~>] Yw.r)
+ [TQt]/(yw,t))}w,t + 772—*[Qt]/(3/w,t)7

where we also used that (T(To;)) = —o;. Simplifying further and using (A.19), we eventually obtain

d 1 / 1 / .
E[(TQt)(Vw,t)] = —E[Qtz] (Yw.1) + E[(Tgt)](yw,t) + 2[(TQt)] Yw.)Vw.t
. [ (T (T
+ 2o () - %[M}m,».

t

We further compute

d T 9; (T To;)¢é
d_|:|:( Qt)](yw,t)i| = |: K Ql)i|(3/w,t) - [( Q;)Qti|(yw,t)
t Qt Qt t

To)) Tor)e;
+ [ 12 s = | 92 | (A28)
Ot Or

We next recall that we have the bounds |o; (Y :)| + [(To:)(Yw.r)| < C, as follows from the boundedness of m; (see
Lemma A.1), and

| Imm, (x +in,) | + |8 Rem, (x +ins)| < CN?, (A.29)

for any x € [Ex — X/2, Es + /2], see (A.4). Thus, recalling that (To;)™(E) = Rem;(E + iny), mo; (E) =
Imm;(E +in,), we find

|(Tor) ruw.)| + |} (vw.)| SCN®, |61 (yw.)| < CN°.



Universality for random matrix flows 1649

Hence, differentiating (A.19) with respect to ¢ and using (A.28), (A.29), we can bound

UES Nx
+ +
0t (Yw.t) (Qt(yw,t))z

. 1. .

WMHSEWWH+C(L+M )0+CNW+Nﬂmﬂ)

Finally, using that o;(yy.0) > ¢/2, for 0 <t < CN~2 a5 follows from the estimates (A.16) and (A.17), and our
assumption o(yy,0) > ¢ > 0, we immediately (A.27). U

Corollary A.7. Under the assumptions of Lemma A.6 the following holds true. Let w,wqy € [0, N] such that
Yw(0), Yo (0) € [Ex — X /4, Ey + X /4]. Then we have the estimates

p@ol<C, Pk <CN’, (A.30)

and

Na |w — wo|

[y @0) — )] < C +Cnv. 9@ — P (0)| < CN°t, (A31)

uniformly in 0 <t < CN~2, with constants depending only on 8, 0 and E and ¥.

Proof. Since yy,(0), yu,(0) € [Ex — £/4, E, + X /4], we have by Corollary A.2 that yy (t), yu,(t) €€ [Ex —
Y/2,E.+ X/2],fort < CN~2 in particular we have o (Y4 (1)), 0r (Yw, (t)) = ¢ > 0 for such 7.

Recalling the identity (TQZ)*)(E ) =Remy; (E + in,) (as follows from (A.13) and (2.5)), and the estimates on m1;,
d,m; derived in Lemma A.1, we conclude from that from (A.19) and (A.20) that

o[ <C, |7l @) = yle )| < CNT'Fw — wo| + C,
forall 0 <t < CN~2. We further get from (A.27) that
[Pl <CN°, |yl (1) =y (0)] < CN°1.
This proves (A.31). U

A.1.2. Proofs of Lemma 4.2 and of Lemma 4.3

Proof of Lemma 4.2. Without lost of generality, we can assume that 11 = 0. Fix N € N. From Lemma A.1, we directly
get |o;(x) — o(1)] <« CN®t. Thus for t < C'N~2, we get the first estimate in (4.8). Next, we note that first and second
derivative of m,(z), z = E +1in, are bounded on Ds; » by (A.4). Thus the first derivative converges uniformly as 7 \ 0,
E elE,—X/2, Ex+ X /2], and we have mdg o, (E) = lim;\ o Imm, (E +in). In particular, we obtain from (A.4) the
second estimate in (4.8). O

Proof of Lemma 4.3. Without lost of generality, we can assume that #; = 0 here. Let , > 0 as in (A.11). We then
recall that we have |o," (x) — o¢| < CN‘sn*, forallx e [Ey, — X, E,+X]and 0 <t < C'N~2_ This follows directly
from the definition of the Poisson kernel in (2.2) and Lemma A.1. Thus, using the definition of y,,"(¢) in (A.15),
we must have |y,."* ) —yi®)| < CN‘Sn*, i € I,. By Assumption (1) of Theorem 2.1, mo(z) extends to a continuous
function on Dy. Thus reasoning as in the proof of Lemma A.1, we conclude that m,(z) extends to a continuous
function on Dy, for 0 <r < C'N ~25_ Hence, considering now 7 as a free parameter (not depending on N) and
taking 1, N\ 0, we conclude from (A.19) that

dy @) _ / eMdy v ., (A32)
R

m )
n\O  dt y =) 2

for all i € I, and 0 <t < C'N~%. Here, we also used that o/ (" (t)) > 0, 0,(yi(¢)) > 0. Further, since y,™ (¢)
converges uniformly to y;(¢) for all 0 <t < C'N~2%, we can also exchange derivative and limit on the left side of
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(A.32) and we obtain (4.11). In particular, we have lim,,~ 0%, () = yi(t), i € I,, 0 <t < C'N~?. Thus (4.13)

follows from (A.31).
Now we show (4.12). For any fixed r we define the “continuous” quantiles

) ;
/ Ql(x)dxzﬁv MG[O9N]5

—00

(A.33)

and also the “half-quantiles” %; (1) := y;_1,2(¢) for any integer i. Since ¢ is fixed throughout the proof, we drop the ¢

argument. From (A.33) we get the regularity of the continuous quantiles:

d 1 d? !
Yu _ _ O(Nfl), 7/214 —_ éz’ (Vu) = 0(N72+8)’
du No(yu) du N<o(yu)

in the bulk regime, where we used (4.8).
Setting j = £(i) for brevity, we can write

d T/}foN ?/+(7N+1 oo d
/Qz(y) yz[f +/ +/ }Q(y) y
R Y — Ye@) —00 Vi—oN VivoN+1d Y~V

The first integral can be written as (with 7% = —oo and using (A.33))

i—oN—1 .= j—oN—1 i—oN—1 = =
j-o fy ody 1”7 Z 1 +J < /V (v = e dy fﬂ o(y)dy
= J5 oy-vi N = w—vy = In O=vDW—V) Jeo YV

The last term is O (N ~1). The error term in the middle is bounded by

j—oN-—1 j—oN-—1 j—oN-1

C
< —

/7“‘ (vk — y)o(y)dy

f? o(y)dy
n =y —vj)

k=1 k=1 Yk 1

The third integral in (A.35) is estimated similarly. Finally, for the second integral we write

Pi+on d N 1 7 - d P+ d
/A Vo) dy Z ( +/ (e — y)e(y)dy >+/ Lo(y)dy
Yj—oN —Vj Vi % j

Y=Yi i \Ne—vd) e = vde—vp) oY~V

In the last integral we Taylor expand o(y) = o(y;) + O(N‘3|yj —y|) by (4.8) to get

i+l d Vi+l  d
/ Q(Y)y?’ =Q()/j)/ y + O(N_l).

Vj Y=V iz y—=Vj

Computing the integral explicitly and using ¥; = y;j_1,2, Vj+1 = ¥j+1,2 We have

Vil d oy — Dy .
/ y :log'Hm 12 =2yt Vi+12 _o(N-1),
yi Y~V Vi—-1/2 = VYj

Here we used y;_1/2 — yj = ¢/N and (A.34) to estimate the second order discrete derivative.
Finally, we estimate the integral in the middle term in (A.37) and we will show that

oN
=O0(N""logN).

fﬁ‘“ (e = y)o(y)dy
kilk—j|=1" 7k =y —vj)

Clearly, (A.38) together with (A.35), (A.36), (A.37) and (A.39) imply (4.12).

= ———= =<C — <CN
N o e—v)? ,; (k= j)?

-1

(A.34)

(A.35)

(A.36)

(A.37)

(A.38)
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In the rest of the proof we show (A.38). We write

oN

/ﬁ‘“ (7 — y)o(y)dy
ihg=1 7% YW=y

3 ( /f (jn = P)dy f? Wjtm =)o) dy ) (A39)
et 7w =YD =¥ Sy O = VD Witm = V)

In the first integral, we replace o(y) with ¢(y;). From Taylor expansion, |o(y) — o(y;)| < CmN~113 the error in
this replacement is bounded by

CmN?® /71""“ [Vi—m — yldy <CmN‘s /'71""“ dy <CN‘s
N Jp =villvjimm—vil = N2 Jp,  1y=villvi-m—vyjl T Nm’

since |yj_m — yj| ~m/N. We get a similar error when replacing ¢(y) with o(y;) in the second integral in (A.39).
These errors, even after summation over m, are still of order O(N~!7%1og N), hence negligible. Thus we get that
(A.39) equals

oN

. 5/\j—m+1 P— . ?j+m+l . —
Z( Q(Vj) / Vi-m — Y dy + Q(V]) / Vi+tm — Y dy) + O(N_H-a IOgN).
Viem=ViJ5i Y=V View =Vi Jopm Y=V

m=1

Next, using (A.34), we have

1 Q(V/)N 5
Vi-m = Vj m (¥%) T o(vp)N

0 (N_H‘sz),

so we get, after a change of variables, that (A.39) equals

oN o >
N Vi-m+1 9y, Vij+m+1 4. _

2 :_<_f Yiem =Y ydy+/ Yitm =Y ydy) + O(N_l+810gN)
m > J

m=1 Vj—m Y=V 77j+m y—=v

N N [ (Vi-mt1=Vj-m wdu Vitmt1=Yj+m wdu s

Z_Z_ / +/ ————— |+ O(N""*’logN).
el P \IYjem—vjem Vi T Vi-m — U Viam—Vjem  Vitm —VjtU

The limits of integrations can be approximated as follows:

1 1

"\_7 _ P 0 N_2+8 s 7. — . = —_— 0 I\J_Z-i_5 ,
Vi-m — Vj—-m N + (m ) Yi+m — Vj+m 2No(r)) + (m )

1 1
> i =—— 1+ O(mN2), 7. iy =—— 1+ O(mNF).
Viemt1 = Vien = 5500 +0(m ) Vil = Viem = 3n00 + 0(m )

Replacing these limits with their common values yields negligible errors, for example:

<CY — — ———=CN ""logN.
S Vi = Vj—m —ul m N N m/N

"ZN:N Pi-mt1=Yjom udu NN mN 11
m
m=1 m=1

2No(y;)
Thus, with the notation d :=1/2No(y;), we get
oN

d d
(A39)=-Y %(/ LU +/ $> + 0N+ 10gN). (A.40)

m\J_a Vi = Viem—u  J_a Viem —vj+u



1652 L. Erdds and K. Schnelli

Using that y; — ¥j—m = Vj+m — ¥j + O(m>N~2%%) from (A.34), we can write

1 1
Vi+m —Vjt+u - Vi—VYji-m tu

+0(N?),
for any u in the second integration regime, since here |u| < W and Yjim —yj = % + O(m*N~**%). Thus,
J J

replacing yj4,, — y; with y; — y;_p, in the denominator of the second integral in (A.40) yields an error of order
> L (N/m)N 248 — CN'*91og N. After this replacement the two integrals in (A.40) cancel out:

d udu d udu d udu
PR — —_— = 3 3 =0.
—dVj—Vji-m—u  J_aVj—Vi-m+u J_qg¥j—Vj-m)*—u

We have shown that (A.39) is of order O (N ~'*9 log N), which finishes the proof of (A.38). O

A.2. Remarks on Assumption (1) of Theorem 2.1

We conclude this Appendix with some remarks on Assumption (1) of Theorem 2.1. We consider the semicircular flow
0r = F:(p) started from g, for ¢ > 0. As remarked earlier, the semicircle law g is invariant under the flow. It is then
easy to check that mg, the Stieltjes transform of gy satisfies the bound in (2.15) for all # with § = 1.

For many matrix models the distribution o, and hence also o;, are not explicit and checking Assumption (1)
directly may be not an easy task. In many situations, one can however use the smoothing effect of the semicircle flow
to establish these estimates. The following example may be of some interest.

Denote by C O.o(R), CO«(Ct) the spaces of uniformly «-Hélder continuous functions on R, CT. Assume that
0 € CO%(R), for some & > 0. Then the Stieltjes transform, m, of g is in C>%(CT). Adapting the proof of Lemma A.1
one can establish the following result. Abbreviate o, =1 —e™".

Lemma A.8. Assume that 0 € C%*(R). Then, m;(z), the Stieltjes transform of o; = F;(0), is uniformly bounded for
all ze CYUR and t > 0. Moreover, there is a constant C, depending only on o, such that

|mi(z) —mo(2)| < Cof, 0=<t<1, (A.41)
and all 7 € CT UR. Further, for all n € N, there is C,, such that we have the bounds

|02m;(2)| < Cu(or Imm, ()", >0, (A.42)
forallze CTUR.

Thus, running the semicircular flow from time r = 0 to time t; = N~ !, 71 > 0, we see that Lemma A.8 implies
the Assumption (1) of Theorem 2.1 for energies inside the “bulk” for the choice § > (1 — «)t;. For the Wigner-like
matrices of [1,2] typical choices for « are 1/3 or 1/2.

Appendix B: Persistent trailing of the DBM

In this section, we prove that the time-dependent quantiles yy (¢) persistently trail the DBM up to a time-independent
shift in the indices. More precisely, we have the following

Proposition B.1. Consider a time interval [t1, 2] of length ty — t; = O (N ~€) with some small € > 28, where §, given
in (2.15), is the regularity exponent of the initial data of the quantiles. Let L(t) be the solution of (2.11) and let y (t)
be given by (2.9). Suppose that

Jl

N&li—jl . . _p
P |)»i(l‘)—)~j(l)|§T,l,]€[o >1-N"", (B.1)
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for any D. Fix an index L in the bulk and let £(L) such that
AL @) = yea) @) <CN~!%, (B.2)

Then in the probability space of the Brownian motions {B;(t) :i € Ny, t € [t1, 2]} we have

IE”( sup |AL(t) — ye) (0] < CN’]”E) >1—N¢. (B.3)

1€lr1,12]

Notice that y,(7)(¢) is a deterministic trajectory. This result therefore also shows that the typical fluctuation of the
solution of the DBM is much smaller than the white noise term in (2.11) naively indicates. Indeed, the variance of the
integral of this term is

/]
dB
t BN

which would indicate a behavior A1 (f2) — A (t1)| Z (t2 — 11)'/>N~'/2. This is much larger than the actual value
IAp(r2) = Ap(1)] < CN7IFE,

E

Proof of Proposition B.1. Let
Vi (1) ==X (1) — ve) (@).
Subtracting the DBM (2.11) from (4.12) and localizing it for the indices i € I, we get
2 .
dvi(t) = |- dB;(t) = Y _ Bij(v; —vj)dt = Wyv; dt + k(1) de, i€l
/SN jel

with (time-dependent) coefficients

By = : ijel, W 1+21 : el
p—— , 1,jel, P = — — , lel,
TN G =) =) 2SN k=R — 1)

and a deterministic error term |k; (£)| < N 179,
By (B.1) and the spacing of the quantiles in the bulk, we know that

b b
Bij(s) > ——, Wi(s) = — . (B.4)
N li = Jl l Il =Ll - K|+1
with b := N'~¢ uniformly in time s € [¢1, 2] with very high probability.
Let U(s, t) be the propagator of the parabolic equation
du; (t) .
(;t ==Y Bijwi—uj) —Wiu;, i€l (B.5)

Jjel

then

! [ 2
v; (1) = v; (1) +/ Z[‘U(s, t)]ij|: ,B_N dBj(s) +«;(s) ds]. (B.6)
oy

Since the propagator is a contraction in the supremum norm, the « (s) error term, after integration, gives a negligible
error at most C(f, — t1) N~17% < CN~!. To estimate the main term, notice that the propagator depends on the sigma
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algebra X := {{B;(u)}ier : u € (s, t]} and is independent of the white noise at time s. Therefore
2 2 ! 2 _
Elvi (1) —vi(t)|” = ﬂ—N]E/” Xj:}[ws, D], ds+O0(N7?). (B.7)

Fixi €I, s and r and define w; := [U(s, t)];;, which is the same as [U(s, ¢)];; by symmetry. Then for any v > 0, we
have

CN§
< |ue. nw| , < ————— 1wl
[N —s)]T+

Z}[‘b{(s, t)]ij|2

by the heat kernel estimate on the equation (B.5); see Proposition 9.4 in [28] (the conditions of this proposition are
guaranteed by (B.4)). By the L?-contraction of the semigroup for any p > 1, we have

IWlw = [ UG 08|y, < 18100 = 1.
Thus we get

CNS (' 1 NEt2 NE
—ds+O(N?)<Cy—5 <C—>5 (B.8)

2
Efvi(t) —vi(t)|” < =< ,
| i 1 | N1+I-:—_U " (I—S)m N2 N2

after choosing v = £/2. Using Doob martingale inequality, one also has

2 2 N%
E sup|v; (1) — vi (1] < CE[vi(12) — v (11)[” < C—-.
1<t N
Setting i = L and using Markov inequality and combining it with assumption (B.2), we get (B.3). ]
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