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CAN ONE MAKE A LASER OUT OF CARDBOARD?

BY KRZYSZTOF BURDZY!* AND TVRTKO TADIC> T
University of Washington*, Microsoft Corporation’ and University of Zagreb'

We consider two-dimensional and three-dimensional semi-infinite tubes
made of “Lambertian” material, so that the distribution of the direction of a
reflected light ray has the density proportional to the cosine of the angle with
the normal vector. If the light source is far away from the opening of the tube
then the exiting rays are (approximately) collimated in two dimensions but
are not collimated in three dimensions. An observer looking into the three-
dimensional tube will see “infinitely bright” spot at the center of vision. In
other words, in three dimensions, the light brightness grows to infinity near
the center as the light source moves away.

1. Introduction. We will examine the behavior of light rays in semi-infinite
tubes. The “cardboard” in the title of the paper refers to a material reflecting light
according to the Lambertian distribution, to be described later in the Introduction.
The Lambertian distribution arises as the only physically possible reflection pro-
cess in which reflected rays have random directions independent of the incidence
angle (this follows from formula (2.3) in [1]). The “laser” effect refers to a pos-
sible collimation of light rays exiting the tube. We will show that if light rays are
released far from the end of the tube and they reflect according to the Lamber-
tian distribution then the exiting rays are collimated in two dimensions but are not
collimated in three dimensions. So the answer to the question posed in the title is
positive only in two dimensions.

The three-dimensional model does involve a singularity but of a milder type. We
will show that an observer looking into the tube will see “infinitely bright” spot at
the center of vision. In other words, the light brightness grows to infinity near the
center as the light source moves away.

The present project is a prelude to the study of Lambertian reflections in fractal
domains. Some fractal domains have narrow channels and one would like to know
how light travels within such channels. This article analyzes a toy model for the
light behavior in a long thin channel. In future articles, we plan to extend this
direction of research to light reflections in thorns with smooth boundaries and,
ultimately, thorns with fractal boundaries.
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Our project is inspired by and related to a number of other projects. Lapidus
and Niemeyer [13-15] considered billiards with the specular (classical) reflection
in fractal billiards. Comets et al. [5—7] studied random Lambertian reflections in
smooth domains with irregular shapes. Angel et al. [1] showed that Lambertian
reflectors could be approximated by deterministic reflectors. Evans [11] studied a
model of stochastic billiards where the reflection angle was uniform.

We will describe the asymptotic behavior (angle and position) of the light ray
when it reaches the end of the tube when the light source is far away. The motion
of light rays along the tube is governed by a random walk. In order to find the exit
position and angle of the light ray, we need to find estimates for the distributions of
undershoot and overshoot of a symmetric random walk. We will derive a number
of explicit formulas using the Wiener—Hopf equation and various results from [2,
4, 8, 10, 16, 18, 19]. See the book by Kyprianou [12] for an introduction to the
topic.

An intriguing and challenging aspect of the two-dimensional model is that it
leads to the “critical” case of the central limit theorem. The model is associated
with a random walk with steps that do not have a finite variance but nevertheless
the CLT holds (although we will not use this fact in our paper).

The rest of the paper is organized as follows. We will present a more detailed
overview of our main results in the next section. Section 3 contains a review of
known results on random walks, Wiener—Hopf equation and related topics. We
will derive there some new results needed later in the paper. Section 4 is devoted
to the analysis of the two-dimensional model, and finally Section 5 presents results
on the three-dimensional tube.

2. The model and main results. We start with the description of Lambertian
reflections of light. A physical surface is Lambertian if its apparent brightness does
not depend on the angle at which the observer is looking at it. The Moon, in its
full moon phase, is approximately Lambertian because it appears to be a globally
flat surface to terrestrial observers despite being round. Lambertian reflections are
also known as the Knudsen law in the theory of gases. We will present the two-
dimensional model in this section. See Section 5 for the three-dimensional case.

Consider a set D C R? with a smooth boundary. Suppose a light ray hits a point
x € dD and reflects. The outgoing light ray travels at an angle ® with the inward
normal vector at x. The direction of the outgoing light ray is independent of the
direction of the incoming light ray. The density of ® is given by (see Figure 1)

. 1) = %cos@, for6 € (—m/2,7/2),

0, otherwise.

The first part of the paper will be devoted to reflections in a semi-infinite strip
D={x,y)e R2:x<0,0< y < 1}. We will assume that the light ray starts at
(—s, 0) for some s > 0 and travels in a direction which forms a random angle with
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FI1G. 1. Random reflection angle ® and its density.

the normal vector, with the density given by (2.1). The horizontal coordinate s of
the starting point will play the role of the main parameter in our model. Whenever
the light ray hits the boundary of D, it reflects according to the Lambertian scheme
(see Figure 2). In particular, all reflection angles are jointly independent. At a
certain time, the light ray will exit the strip through its opening 9, D := {(x, y) €
R2:x=0,0< y < 1}. Let (0, Y;) be the exit point and let A be the exit angle
(see Figure 2). Our main result is concerned with the asymptotic behavior of the
joint distribution of (Ay, Ys) as s — oo.

The x-coordinates of the points of reflection constitute a random walk. A step
of this random walk is a symmetric random variable X satisfying P(Xy > x) ~
cx~2 for x — oco. An essential part of our analysis is devoted to “undershoot” and
“overshoot,” defined informally as follows. The undershoot Uy is the horizontal
distance from the last reflection point to 9, D. The overshoot Oy is the difference
between the size of the random walk step that goes beyond 0 and Uy (rigorous
definitions will be given below). One of our main results is the following simplified
version of Theorem 4.10:

< u> =tw?/2  fort,uel0,1].

(0’ 5)

(s, 0)

FI1G. 2.  Starting point (—s, 0), exit angle A and exit location (0, Ys).
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FI1G. 3. Light rays arriving at the eye placed at (0, y) = (0,2/3).

Let Ul[a, b] denote the uniform distribution on [a, b]. Our basic result on the
limiting distribution for the exit angle A and exit location Y, Theorem 4.13, says
that, when s — o0,

(As, ¥y) 5 (0,U[0, 11).

We use the results on overshoot and undershoot of the random walk to obtain more
accurate information on the joint distribution of Ay and Y, in Theorem 4.14. For
t,u€l0,1],

logcot | A 1—(1—-0?))2 I=1
lim ]P’( wﬁ”,ll\s <0, Ygfl): M(2 ( ) )/ s >
S0 logs ut?)2, I =—1.

At this point, we can answer the question posed in the title of the paper. We
place the eye of the observer at approximately (0, y) (see Figure 3). The distribu-
tion of the light rays arriving at the eye is expressed in terms of Ay and given in
Corollary 4.15 as follows. For u, y € [0, 1] and € € (0, y), we have

log cot | A
lim ]P’( JlogeotiAsl _ 1A <0 Yse(y—s,y]>
§— 00 logs

_Ju(—=y+e/2), I=1,
uy—¢/2), [=-—1.

The distribution is illustrated in Figure 4. Note the asymmetric singularity at 0. We
continue the discussion of the two-dimensional results in Section 4.3.

We will discuss the three-dimensional case in Section 5. The fundamental dif-
ference between two- and three-dimensional cases is that the asymptotic distri-
bution of the direction of the light ray exiting the tube at a specific point is de-
generate in the two-dimensional case and nondegenerate in the three-dimensional
case. We do not have an explicit formula for the asymptotic exit distribution in
the three-dimensional case but we have some estimates. In three dimensions, we
have the following theorem of different nature. Let vy be the unit vector rep-
resenting the direction of the light ray at the exit time assuming it leaves the
tube at the center of the opening (see Section 5 for the rigorous definitions). Let
B(r)={(x,y,2): x>+ y?>+z2 =1, y> +z? <r?, x > 0} denote a ball on the unit
sphere. A somewhat informal statement of Theorem 5.10 is the following.
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FIG. 4. Approximate distribution of As given Yy =y, with s = 1000 and y =2/3.

THEOREM 2.1. ForanyO<ry<ry <1,

. n r n—r
slgg()sl?(vs € B(?) \B(:)) = m?

Consider an observer at the center of the opening of the tube, looking towards
the interior of the tube. The theorem says that small annuli at the center of the
field of vision, with the area of magnitude 1/s2, receive about 1/s units of light.
Hence, the apparent brightness is about s at the distance 1/s from the center, if
the light source is s units away from the opening. This means that the surface
of the tube does not appear to be Lambertian, that is, the surface does not have
uniform apparent brightness. This can be explained by the fact that not all parts of
the surface of the tube receive the same amount of light.

3. Review of stopped random walks. In this section, we establish notation
that will be used throughout the paper, give some rigorous definitions, recall some
known results and derive some theorems on general random walks, not necessarily
those arising in the random reflection model.

We will study a random walk {S,, n > 0}, with Sy =0 and S, = S,,—1 + X, for
n > 1, where {X,,n > 1} is an i.i.d. sequence. We will always assume that X,,’s
are continuous random variables. Some of the results stated in this paper might not
be true for lattice variables.
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3.1. Renewal measures and ladder processes. The ascending ladder epochs
{ Tk+ 1k > 0} are defined as

T, =0,
3.1) .
T, =inflk > T, :Sk>STn+_l}, n>1.
It is easy to see that {(TkJr — Tk+_1, STk+ — ST,L) 1k > 1} is an i.i.d. sequence. Let
Z§ =Sg+—Sg+ fork=1.Forn=1,2,... wecall Hf = Spo =37_, Z the
ascending ladder heights.
Similarly, we define the descending ladder epochs {7, : k > O} by setting
Ty =0and 7,7 =inf{k > T, _, : §; < STnil} for n > 1. The sequence {(T; —

T, STk_ — STk_—l) ck>1}isiid Welet Z, = STk— — STk—_1 for k > 1 and call
H = ST{ = ZZZI Z, ,n > 1, the descending ladder heights.

n
The following result can be found in [8] [see relations (4a) and (4b)]. A more

general sufficient and necessary condition for the finiteness of ladder step moments
was given in [4].

LEMMA 3.1. Suppose that E(X1) =0:

(a) IfE[(XT)?] < oo then E[|Zi]] < oc.
(b) E[Xlz] < o0 if and only ifE[Zi"]IE[—Zl_] < 00. Moreover,

E[x}] = 28[Z{ B[~ Z; ]
This immediately implies the following corollary.

COROLLARY 3.2. If X1 is a symmetric random variable, then E[Xlz] < oo if
and only ifIE[ZfL] =[E[-Z, ] < c0. Moreover, ZIE[ZFL]2 = ]E[X%].

We define renewal measures by

o0
U*(dx) = Y P(H € dx).
k=1
One can show that for a measurable set A C R (see [2], (2.4)),

-1
Ut (A) = IE( > 1{SkeA}>.
k=0
This formula can be written in the following way. For a Borel set A C R,

00
3.2) U_(A)=Z]P’(S0§O,...,Sn_1 <0,5,<0,5,€A).
n=0
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LEMMA 3.3. We have

0
(3.3) P(Zf>1)= /_ N P(X| >t —s)U (ds).

PROOF. Using the definition of H™ = Z f’ and (3.2), we obtain

]P)(Zf_>t)=]P’(Sl>t)+P(51§O,SQ>t)+]P’(Sl50,52§O,S3>I)—|—...

0
=/ P(X|{>t—x)

x (P(So € ds) +P(Sp <0, S; €ds)
+P(Sp<0,8 <0,S€ds)+--)

0
= / P(X1 >t —s5)U (ds). =

The following result is the well-known renewal theorem (see [9], Section 3.4;
see [10] for extensions).

THEOREM 3.4. For E[Z{] € (0, 00] and all h > 0,

h
and lim UT([t,t +h]) =
=00

tl_i)rgO[UJr([o’ 1)/t = = m

E[Z]]
This implies that if E[Zfr] € (0, oco] then for all 4 > 0,
(3.4) supU™([t, ¢ + h]) < o0.

t>0

DEFINITION 3.5. (a) For a function r : [0, co0) — [0, 00), let

1"y =hY_sup{r(x): x €[k — Dh,kh)},
k=1

(0.0]
If(r) =h Zinf{r(x) :x € [(k—1)h, kh)}.
k=1
We say that r(x) is directly Riemann integrable (d.R.i.) if limp_o/ j‘_ r) =
lim,_, 1" (r) and the limits are finite.
(b) Recall that the variation V () of r over [0, c0) is defined as

sup Y |r(xx) — r(xk—1)

k=1

’

where the supremum is taken over all sequences 0 < xg < x; <--- < x,.
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REMARK 3.6. (i) It is elementary to check that
L) —1"(r) <V (r)h.

If [7° r(x)dx < oo, in the sense of the Lebesgue integral, then it is easy to see that
o0 o0
Loy [T r@ds+ (1) - 10) < [ redx+Veon,
0 0

Iﬁ(r)z/()wr(x)dx—(lj_(r)—lﬁ(r))zfooor(x)dx—V(r)h.

This implies that if V (r) < oo and fooo r(x)dx < oo then r(x) is d.R.i.

(i1) If r : [0, c0) — [0, c0) is decreasing, then it has a bounded variation. Hence,
if r is decreasing and fooo r(x)dx < oo then r(x) is d.R.i.

(iii) Every d.R.i. function is necessarily bounded. Otherwise, we would have
1" (r)= oo forall h > 0.

LEMMA 3.7. Suppose that r : [0, o0) — [0, 00) is d.R.i. and IE[ZT] € (0, o0].
Then

(3.5) sup oor(s+x)U+(dx)<oo,
s>07J0
. s _ i . 1 [oe]
(3.6) slggofo r(s —x)U (dx)_E[Z;r]./o r(s)ds.

PROOF. The claim (3.6) can be found in [9], (4.9), or [10], Theorem 3.

For (3.5), we fix h € (0, 1) and let M € (0, o0) be an upper bound for r [see
Remark 3.6(iii)]. By (3.4), there exists M, > 0 such that UT([¢, r + h]) < M for
t >0.Letng=|s/h] 4+ 1. Note that 0 < noh — s < h. We have

0
/ r(s +x)UT (dx)
0
noh—s © (no+k+1)h—s
_ f r(s + 20U dx) + 3 / r(s +x)UT (dx)
0 k=0 (no+k)h—s
< M1U+(0, noh —s)

+ Y (sup{r(x) : x € [(no + k)h, (no + k + Dh)}
k=0

x U ([(no + k)h — s, (no + k + 1)h — 5]))
< MU ([0, 11) + (I"()/ h) Ma.

The right-hand side is finite and does not depend on s so (3.5) is true. [
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For s > 0, we let
N; =inf{n > 0:S, > s},
(3.7)
OSISNS—S, US :S_SN_Y—L

We call O; the overshoot and U, the undershoot of the random walk S,, at s. We
will also use the overshoot and undershoot of the ladder height process, defined by
NS =inf{n > 0: H, > s},
Of =Hy,—s. Uf=s—Hy |

It is easy to see that

(3.9) O;,=0} and U <U;,.

N

LEMMA 3.8. IfE[Z]]= o0, then O} — 00 and U} — oo in probability as
§ — 00.

PROOF. We have

(0,0
P(U;FSm)zzp(H,:r>s,s—m<HktlSs)

k=1
= /S IP’(Z;r > s —y)Ut(dy) < Ut ([s —m, s]).

The right-hand side converges to 0 by Theorem 3.4 so U;" — oo in probability as
§ — 00.
A similar calculation yields

o
IP’(Of <m)=Z]P’(s <Hk+§s+m,Hk+_1 <s)
(3.9) k=1
:/ P(s —y < Z{ <s—y+m)UT@y).
0
Note that
P(s < Z{ <s+m) <Plkm < Z{ < (k+ Dm) +P((k+ Dm < Z{ < (k+2)m)
for km < s < (k4 1)m. It follows that
o
/ P(s < Zl+ <s-+m)ds
0
o.¢]

(k+1)ym
=Z/ ]P’(s<Zfr§s+m)ds
=0 km
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0 a(k+1)m
< Zf (P(km < ZF < (k+ Dm)
k=0 km

+P((k+ )m < Z{ < (k+2)m))ds
= m(P(km < Z{ < (k+ D)m) +P((k + hm < Z{ < (k +2)m))
k=0

<2m < 0.

In other words, the function s — P(s < ZfL < s + m) is integrable over [0, c0).
Since

IP’(S<ZfL <s+m):IP’(Zf'<s+m)—IP’(sZZf‘),

the function s — P(s < ZT < s + m) is the difference of two monotone and
bounded functions. It follows that this function has bounded variation. Since it
is also integrable, it is d.R.i., by Remark 3.6(i). Hence, by (3.6),

N
lim [ P(s—y<Z{ <s—y+m)Utdy) =0.

§—> 00 0

This and (3.9) imply that O;F — oo in probability as s — co. [

LEMMA 3.9. Make one of the following assumptions:

(i) E[X1]1=0, E[(X])?] < 00 and E[(X|)?] = cc.
(i) X is symmetric and IE(X%) = ZE[(XfE)z] = 00.

Then O} — oo and U™ — oo in probability as s — oo.

PROOF. Using Lemma 3.1. for case (i), or Corollary 3.2 for (ii), we obtain
E[Zfr] = 00. The claim follows from (3.8) and Lemma 3.8. [

For functions f, g : (0,00) — R, we will write f ~ g if lim,_, o g(x)/

fx)=1.

DEFINITION 3.10. For a function i : Rt — R™, we say that it is regularly
varying with exponent (index) « if

(3.10) tlirgoh(xt)/h(t) =x“

for x > 0. A function #4 is called slowly varying if @ = 0.

Recall that 4 is a regularly varying function with index « if and only if it is of
the form A (x) = x“L(x) where L is a slowly varying function.
The following two results can be found in [10], Theorems 6 and 7.
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THEOREM 3.11. Suppose that IP’(HIJr >1)=1t"VL(t), where L(t) is a slowly
varying function. Then O /s — 0 and U} /s — 0 in probability as s — oo.

THEOREM 3.12. Suppose that Z has the distribution U[0, 1]. If t — IP(H1+ >
t) is regularly varying with index —1 and m(t) = fé IP’(H1+ > x)dx, then

<m<0,+) m(U;)

, )—">(Z,Z) as t — 0o,
m(t) m(t)

The following theorem can be found in [16], Theorem 1.2.4.

THEOREM 3.13. Suppose that h : RT™ — R is regularly varying with index
o < 0. Then for every a > 0, the limit in (3.10) is uniform in x € [a, 00).

The following result, known as Potter’s theorem, can be found in [3], Theo-
rem 1.5.6.

THEOREM 3.14. Suppose that h : RT™ — R™ is regularly varying with in-
dex «. Then for any chosen § > 0 and & > 0 there exists ty > 0 such that

i =] ()7 C)

DEFINITION 3.15. A random variable X is called relatively stable if there
exists a sequence of numbers a, > 0,n =0, 1, ..., such that S, /a, — 1 in proba-
bility as n — oo.

forallt > 1.

The following relative stability theorem from [18], Theorem 2 (see also Sec-
tion 8.8 in [3], especially Theorem 8.8.1) provides various characterizations of
stable distributions.

THEOREM 3.16. IfP(X{ > 0) =1, then the following claims are equivalent:

(a) Ox/x — 0 in probability as x — o0;

(b) U,/x — 0 in probability as x — 00;

(c) f(f P(X| > y)dy ~ L(x) where L(x) is a slowly varying function,;

(d) Ut(0,x)) = Yool P(Sp < x) ~ x/L(x) where L(x) is the same function
as in (c);

(e) Xy is relatively stable.

The following result is taken from [18], Theorem 9.
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THEOREM 3.17. Suppose that S, /a, converge in distribution to a stable law
with index a <2 for some sequence a,. If aP(X| > 0) =1, then Zl+ is relatively
stable.

Theorems 3.16 and 3.17 give the following result.

COROLLARY 3.18. If X| is symmetric and S,,/a,, converges to a normal dis-
tribution for some sequence ay, then:

(a) Z {" and Z| are relatively stable;

(b) UT([0, x)) =U"((—x, 0]) ~ x/L(x) where L(x) is a slowly varying func-
tion;

© [ P(Z] = y)dy = Jo P(—=Z] = y)dy ~ L(x) where L(x) is the same
function as in (b).

A sufficient condition for the convergence of S,,/a, to a normal distribution is
contained in the following very general theorem (see [16], Corollary 1.4.8).

THEOREM 3.19. LetP(|X1| > t) =1 2L(t) where L isa slowly varying func-
tion. Then X1 is in the domain of the attraction of the normal distribution.

LEMMA 3.20. Suppose that X1 is a continuous symmetric random variable
andt — P(X| > t) is regularly varying with index —2. The following claims hold:

(2) E[X?] =00 and E[Z;] = o0;

(b) UT([0,1)) ~t/L(t) where L(t) = fé ]P’(Zfr > x)dx is slowly varying.
(c) Ut(tds)/UT([0, 1)) converges weakly to the Lebesgue measure on [0, A]

forany A > 0.
(d) The following limit is uniform in s > 0:
P(X;>t(1+5s)) 1
im = .
t—oo  P(X|>1) (1+5)2

Moreover, for every € > O there exists ty > 0 such that
P(X1>t(1+5s)) - 1

G-11) P(X;>1) — (1452

forall t > tg.

PROOF. (a) Itis easy to check that if  — P(X| > ¢) is regularly varying with
index —2 then E[X %] = 00. Part (a) then follows from Corollary 3.2.

(b) By Theorem 3.19, the assumptions of Corollary 3.18 are satisfied. We can
take the same slowly varying function function L(¢) = fot P(Z fL > x)dx in Theo-
rem 3.16(c) and Corollary 3.18 (except in this case the first positive step is denoted
Z 1+). Part (b) of the lemma now follows from Corollary 3.18(b).
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(c) It follows from Corollary 3.18(b) that
Ut (t[0,a]) at/L(at)
~ ~ a,
U+t ([0, 1)) t/L(t)

for all a € [0, A]. This implies part (c) of the lemma.
(d) The claims follow from Theorems 3.13 and 3.14. [

LEMMA 3.21. If Xy is a continuous symmetric random variable and t +—
P(X1 > t) is regularly varying with index —2, then
, P(Z{ >1)
lim =
t—oo P(X; > )U* ([0, 1))

(3.12) 1.

PROOF. From formula (3.3), we have

P(Zf>1t)= /OOO P(X; >t +s)UT (ds)

©P(X|>1+s) Ut(ds)
= ]P)(Xl > I)U+([O, t))A P(X] > t) U+([O’ t)) ’

The change of variable s = ru gives us

P(Z{ >1) B /oo P(X; > t(14+u)) Ut(tdu)
P(X, > 0U*([0,1)) Jo P(Xy>1)  U+(0,0)
It will suffice to show that
lim © P(Xy > t(1+u)) Ut(tdu) _/00
=00 Jo P(X1>1)  UH0,0) Jo
It is not hard to see, using Lemma 3.20(c) and (d) that
. APX; >t(1+u)) Ut(tdu) A 1
(3.13) lim =/
t—00 Jo P(X; >1) U+ ([0, 1)) 0o (145)2
According to (3.11), we can pick #9 > 0 such that P(X; > ¢(1 + s))/P(X| >
1) < H(s):= (1 +s)32 for t > 1y. For A > 1o, using the integration by parts
formula,

ds = 1.
A+2%

ds.

/Oo P(X; > t(14+u)) Ut(tdu)
A P(Xy>1)  Ut(0,1))

o0 Ut(tdu)

U ([0, ru))

~ T

H (u)du.

U=00 /oo U+([O, tu)) ,
A UT(0,1))

u=A
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Recall the slowly varying function function L(¢) = fé P(X; > x)dx and use
Lemma 3.20(b) to find ¢ such that

+
2 =V (109)

for t > ty. From the fact that L () is increasing for t > A, we obtain

Ut ([0, 5)) <4 L(t) o <dg
U*(0,1)) = L(ts) —

y<
L)

Since H (s) ~ 7 and H'(s) ~ =75, (3.14) is bounded by

4AH(A) — /OO4SH/(s)du.
A

Choose an arbitrarily small ¢ > 0 and pick A large enough so that
© P(X; >t(1+u)) Ut(tdu) o0
/ <& and / ——>ds <
A P(Xi1>1  U*(0,1) A (I+s)
It follows from this and (3.13) that for large ¢,
Voo P(X1 > t(14u)) Ut(tdu) 1’
0 PX1>1n  UH(0,1)

APX1>t(1+uw) U+(tdu) A 1
fvo P(X;>1)  UT(0.1) _/o <1+s>2ds‘

o ] o P(X; > t(1 +u)) U*(tdu)
+/A TSt /A PX,>1  Ut(0.7)

<e+e¢e+e.

€.

The claim now follows. [

COROLLARY 3.22. Suppose that X1 is a continuous symmetric random vari-
able and t — P(X| > t) is regularly varying with index —2. Then t — IP)(ZfL >1)
is regularly varying with index —1.

PROOF. The corollary follows from Lemmas 3.20(b) and 3.21. [

LEMMA 3.23. Assume that X is a continuous symmetric random variable
and t — P(X| > t) is regularly varying with index —2. Then

t t
(3.15) m(t) ::/0 IP)(Z1+>x)dx~\//O 2xP(X| > x)dx.
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PROOF. Using Lemmas 3.20(b) and 3.21, we get
P(Z{ > 1) [{P(z] > x)d
(3.16) lim D> DI P2y > 0dx
1—00 tP(X1>1)

Since E[Xlz] = 00, Corollary 3.2 yields E[Z1+] = 00. Therefore, m(t) 1 co and
n(t) := féxP(Xl > x)dx 1 0o as t — 0o. Hence, we can use I’Hopital’s rule to
calculate the limit lim,_, oo m2(¢) /n(t), and we get

(o P(Z] > x)dx)? i 2m’ (H)m(t)
= Iim —F =
1—00 féxP(Xl >x)dx 1= (1)
The last equality follows from (3.16). This easily implies the lemma. [J

The lemma easily implies the following corollary.

COROLLARY 3.24. Suppose that X is a continuous symmetric random vari-
able such that limy_, oo 1*P(X| > t) = ¢ € (0, 00). Then

P(Z) >1)~ fo/g and f P(Z] > x)dx ~ «/2¢,/logt.

LEMMA 3.25. Suppose that X1 is a symmetric random variable such that
t— P(X| >t) is regularly varying with index —2:
(a) Os/s — 0 in probability when s — 0.

b) Ifm(t) = \/f(; 2xP(X1 > x)dx then m(O;)/m(t) — U[O0, 1] in distribution
when t — 00.

PROOF. (a) Note that H" = Zfr. Part (a) follows from Corollary 3.22, (3.8)
and Theorem 3.11.

(b) Once again, we will use the fact that H t=z fr Part (b) follows from (3.8),
(3.15), Corollary 3.22 and Theorem 3.12. [J

LEMMA 3.26. If X1 is a symmetric random variable such that lim;_, % x
P(X| >t) =c € (0,00), then \/log O;/logt — U[O0, 1] in distribution as t — o0.

PROOF. The lemma follows from Corollary 3.24 and Lemma 3.25(b). [
3.2. Wiener—Hopf equation. The Wiener—Hopf integral equation is

(3.17) W =ge)+ [ Wis—nF@y.

where W : [0, o0) — R is an unknown function. The function g : [0, c0) — R and

the probability distribution F on R are given.
We will make the following assumptions, common in this context:
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e g(x)>0forall x >0 and SUP, (0,47 8 (X) < 00 forall a > 0.

e F is a probability measure with a well-defined mean.

e We will consider only positive solutions to (3.17), that is, W(x) > 0 for all
x =>0.

If g =0, then we call the equation homogeneous. Spitzer has shown in [19]
that, in general, there is no uniqueness for solutions to the homogeneous equation.
However, uniqueness holds if F is concentrated on [0, 00); see [9].

In this paper, F in (3.17) will be the distribution of X . For s > 0, we define

My =max{S;:0<j <n},
(3.18) o0
Wiin(s) = Y E(g(s — SOl (m<s))-
k=0
We will need the following result from [2], Corollary 3.1.
THEOREM 3.27. Any solution W of the equation (3.17) is of the form W =

Whin + Wo, where Wy is a solution to the homogeneous equation. The function
Whin (s) defined in (3.18) is the minimal solution.

Once again we quote a result from [2], Proposition 3.3.
THEOREM 3.28. For Wpin, we have
Wans) = [ G(s =)0+,
where G(s) = [°,, g(s — y)U™ (dy).

LEMMA 3.29. Let F be the probability distribution function of a symmetric
random variable such that

o0 o0
/ |x|F(dx) < o0, / Ix|?>F (dx) = 0o,
o o

and assume that for all s > 0,

g(s) <d(s)r(s),

where d and r are directly Riemann integrable and d is nonincreasing. Then Wp;n
the minimal solution to the equation (3.17) has the property that

lim Wiin(s) =0.
§—> 00
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PROOF. Let {X;} be a sequence of i.i.d. random variables with distribu-
tion F. Since X; is a symmetric random variable, Ut (dx) = U™ (—dx) and we
set U=U". Using the notation of Theorem 3.28,

0 00
G(s) = / 8= U@ =dE) /O r(s + »)U(dy) < Cd(s).

where C := sup,- Jo° r(s +y)U(dy). It follows from our assumptions and Corol-

lary 3.2 that EZ;" = co. Hence, we can apply (3.5) to see that the constant C is
finite. By (3.6) and Theorem 3.28,

0= Wain() = [ Gls = x)U(@x)
0
C Sd —x)U 0 h .
< /0 (s —x)Udx) — when s — o0 0

COROLLARY 3.30. Suppose that F is the probability distribution function of
a symmetric random variable and 1 — F(x) is regularly varying with index —2.
Assume that there exist C > 0 and o > 0 such that

(3.19) g(S)SW-

Then limg_, 5o Wiin(s) = 0, where Wiy is the minimal solution to the equa-
tion (3.17).

PROOF. Letd(s) =r(s) = —Y2C _ Then for all s > 0,

1+s1+a/2'
C V2C 2
66) = 1w = (o) =dOI©)

Since s Tyitar Vslzf;/z is a decreasing and Lebesgue integrable function on [0, c0),

it is directly Riemann integrable, by Remark 3.6(ii). The claim now follows from
Lemma 3.29. [J

REMARK 3.31. Corollary 3.30 may not hold for & = 0, as the following ex-
ample shows. Let F be the cumulative distribution function of a symmetric random

variable with 1 — F(x) = 11+/§2 for x > 0. Let Ny denote the stopping time defined
in (3.7) for the random walk with the step distribution F. In this case we have
Sp/n — 0 as., and by the Chung—Fuchs theorem the random walk is recurrent,
hence N; < oo, a.s. By Theorem 3.27, equation (3.17) with g(s) =1 — F(s) for

s > 0 has the minimal solution

o0 o0
Win(s) =1 =P(Ny <00) = Y "P(Ny=n)=Y P(Xi >s — St_1, My_1 <5)
n=1 k=1

M2

E(g(s — Sk—1)1m,_,<s))-
k

1



1968 K. BURDZY AND T. TADIC

4. Two-dimensional model. Recall the two-dimensional model from Sec-
tion 2. First, we will review some properties of the random angle ® with the
density function given by (2.1). The cumulative distribution function Fg is equal
to

0, t<m/2,
1

Fo()=PO=<1)= z(sint +1), te(—m/2,m/2),
1, t>m/2.

Note that Fg ' : (0, 1) — (= /2, 7/2) is given by

Fg'(y) =sin"'@2y - 1).

If V has the distribution ¢/ (—1, 1), then it is easy to check that the following equal-
ities hold in the sense of distribution:

\%
4.1) sin® =1V, cos® =4/1—-V2, tan® = ——.
V1 —=V?2

In the random reflection model described in Section 2, if the ray is reflected at
the point (x, u) then its next reflection point will be at (x +tan®, 1 — u), where
u € {0, 1} and ® has the density given by (2.1) (see Figure 5).

Let {®,} be a sequence of i.i.d. random variables with density given by (2.1) and
set X, =tan ®,,. We define a random walk by setting So =0 and S,, = S,,—1 + X,
for n > 1. Recall that Ny = inf{n > 0: S, > s}. Then the trajectory of the light ray
described in Section 2 consists of:

(i) line segments [(—s + Su—1, (1 = (=1"71)/2), (=5 + Sp, (1 = (=1)")/2)]
forn < Ny;

(i1) line segment between (—s+ Sy, —1, (1 — (—l)NS_l)/2) and (—s+Sy,, (1—
(=DN)/2).
In view of (4.1), the representation (i)—(ii) given above can start alternatively with
a sequence {V,,} of i.i.d. U/(—1, 1) random variables and X,, =V, /,/1 — Vnz.

tan® (x+tan®,1)

(x,0)

F1G. 5. Step of the random reflection.
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DEFINITION 4.1. We define A; to be the angle between the exiting ray given
in (ii) and the inward normal to the right edge [(0, 0), (0, 1)]. We let Y, denote the
y-coordinate of the point where the ray exits the tube through the right edge (see
Figure 2).

LEMMA 4.2. (a) The cumulative distribution function of X1 is Fx,(x) = % +
*— and its density is fx,(x)=(1+ x2)732/2 for x e R.

24/ 14x2
(b) E[X,]=0and E[X?] = .
(c) The random walk {S, } is neighborhood recurrent.

PROOF. Part (a) follows from an elementary calculation.
(b) Since

| Val ! x| 1 1 X
E|X |:E<7> :/ ——dx:/ ———dx =1,
" [1-Vv2 —14/1—=x22 0 +/1—x2
we must have EX,, = 0 by symmetry. The second moment is infinite because

00 2x2
271 _ —
E[X;]= /_oo TESYE dx = oco.

(c) Since EX = 0, the strong law of large numbers shows that S, /n — 0, a.s.
This also holds in probability so the Chung—Fuchs theorem for random walks im-
plies that {S,} is a neighborhood recurrent random walk (see [9], Theorems 4.2.1
and 4.2.7). O

It follows from Lemma 4.2(c) that the light ray will hit the line {x = 0}, a.s. In
other words, with probability 1, the light ray will exit the tube (strip) through the
right edge.

LEMMA 4.3. Fors > 0andt| >ty > 0, we have

P(X t 12 P(X t 12
(4.2) PXy > s/n) <L and  lim PXy > s/n) 1)=—12.
P(X1>s/n) 1 s P(Xy >s/0) 1

Moreover, for all t € (0, 1] and all s > 0 we have

4
(4.3) 0<P(X|>s/t) — *P(X) > 5) < a1
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PROOF. Both claims in (4.2) follow easily from the following identity:

2
1 s 1

P(X1>s/t) . 2 2\/t12+s2 _ \/tlz+s2(\/t12+s2+s)
P(X|>s/t) B

1 S tz
5 2. - 2
2ty +s t22+s2( t22+s2+s)

2 B+ +52+5)

T2 \/t12+52(\/t12+s2_|_s)'
We have
P(X; > s/t) — °’P(X| > )
- t2< ! _ 1 )
(4.4) «/t2+52(«/t2+s2—|—s) m(m+s)
:t2(1 _ 2) t2+v +4/ 1452

2+ 52+ sVt2+52)(1 + 52+ s/ 1 + 52 )

Clearly, the expression in (4.4) is nonnegative for ¢t € (0, 1] and s > 0, t2(1 — t2) <

1 and since s > 0 we have 1 + —*—— <2 Fors > 1,
N 1245244/ 1452

1 1
(12 + 52 + sV + s2) (1 + 52 +s~/—) RIIEREEY
so by (4.4) we get P(X| > 5/1) — 1?P(X| > s5) <

(1+ et For s <1, we have

P(X1 > s/1) = "P(X1 > 5) <P(X1 > /D) <1< s

In either case, (4.3) holds. [

Since E[X %] = 00, we conclude from (3.8) and Lemma 3.9 that, in probability,
when s — 00,

(4.5) OS = SNS —s— 00 and Us ——S—SNS_1—>OO.
Let
l.l( t)— u ) (t - )
S, P(t X > S Sn.—
0 -|-U — N Ny—1

P(XNs > (s — Sn,—1)/t, Ny Ik)

r”qgﬁ

(4.6)

a~
Il

1

P(Xk > (s — Sk—1)/t, Mj—1 < s).

M

=~
I

1
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Note that
4.7) u(s, ) =1,

because u(s, 1) is the probability that the random walk {S;} will take a value
greater than s and by Lemma 4.2(c), this probability is 1.

LEMMA 4.4. (s, t) is the minimal solution to the Wiener—Hopf equation

W(s,t) = P(X1>s/t) —i—/j W(s —y,t)Px,(dy)dy.

PROOF. Fix ¢t > 0andlet g(s) = P(X| > s/t). Formula (4.6) and the Markov
property imply that u(s, ) = > 72 o E(g(s — Sk)1um, <5). By Theorem 3.27, the
function u(s, ) is the minimal solution to the Wiener—Hopf equation. [

LEMMA 4.5. The function
U(s, 1) :=u(s, 1) — t2uls, 1) = uls, 1) — 1>
is a solution to the following equation:
N
W(s,t)=P(X1>s/t) — 2P(X| > s) +/ W(s—y,0)fx(y)dy.
—0

Moreover, this is the minimal solution to this equation, that is, for every (positive)
solution W of this equation we have U(s,t) < W (s, t).

PROOF. We have

u(s, ) — t2u(s, 1)

e

P(Xg > (s — Sk—1)/t, My—1 <3s)

~
Il
—_

o0
- ZIZP(Xk > 85— Sk—1, Mr—1 <)
k=1

P(Xy > (s — Sk_1)/t, My_1 < 5) — *P(X > 5 — Sg_1, My_1 <5)

M

x~
I
—

=P(X| >s/t, Mr_1 <5) — 1*P(X| > 5, My_1 <5)

0
+ ZP(Xk > (s — Sk—1)/t, Mxk—1 <)
k=2

—1?P(Xy > 5 — Sg—1, My_1 <s).
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Setting g(s) :=P(X| > s/t) — 2P(X; > s), we obtain

P(Xi > (s — Sk—1)/t, Mg—1 <) — *P(Xg > s — Sk—1, Mg_1 <)
- / P(Xi > (s — y)/t)
—o0
(4.8) — *P(Xy > 5 — Y)P(Sk—1 € dy, My <5)
= / g(s —Y)P(Sk—1 €dy, My_> <)
-0

=E(g(s — Sk—1) 1wy <5))-

Hence, u(s, ) = > 72 E(g(s — Sk—1)1(m,_,<s)), and from (3.18) and Theo-
rem 3.27 we know that this is the minimal solution to the Wiener—Hopf equation
in the statement of the lemma. [J

LEMMA 4.6. For a fixed t € (0, 1], we have

. ~ T 2 _
sli)rgou(s,t) _sli)nolou(s,t) t“u(s, 1) =0.

PROOF. By (4.3), P(X1 > s/t)—t?P(X; > s) <4(1+s?)72. Since [§°2(1+
s lds <ooand s — 2(1 +52) 1 is decreasing, Remark 3.6(ii) shows that this
function is directly Riemann integrable. This implies that 4(1 4 s2)~2 is a product

of two decreasing directly Riemann integrable functions. The lemma now follows
from Lemmas 3.29 and 4.5. [

LEMMA 4.7. (a) We have limy_, oo u(s, t) =t for all t € [0, 1].
(b) Suppose that Z has the distribution U(0, 1). The following limits hold in
distribution, as s — 00:

Uy
4.9 L VZ,
4.9) 0n 1 U,
U z
(4.10) AN vz )
Os 1-VZ
(c) The following limits hold in probability:
. logU; —log Oy
lim ——— =0,
§— 00 log s
. 1Og(UV + Ov) - 10g Os
lim =0.
§—00 IOgS

PROOF. (a) Recall from (4.7) that u(s, 1) = 1 and apply Lemma 4.6.
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(b) Since 72 is the cumulative distribution function of +~/Z and, by defini-
tion, u(s, 1) = IP( <1t), (4.9) follows. The formula in (4.10) follows easily
from (4.9).

(c) Take the logarithm of the left-hand side in (4.9) [resp., (4.10)] and divide
by logs. The logarithm of the right-hand side of each (4.9) and (4.10), divided by
log s, converges to O in distribution. [

O

COROLLARY 4.8. Suppose that P(X| > 1) =5 — and Z has the dis-

t
24/ 1412

tribution U(0, 1). The following limits hold in dlstrlbution, as s — o0:

@.11) (\/logUs \/logOs —(Z.2).

log s logs
log(Us + O log Oy

(4.12) ( 0g(ls + ), o >—>(Z,Z).
logs log s

PROOF. The corollary follows from Lemma 3.26 and Corollary 4.7(c). U

4.1. Asymptotic independence of exit characteristics. From the intuitive point
of view, one would expect that when s, the distance from the light source to the
right edge of the strip, is large then the following random variables would be ap-
proximately independent: the size of the undershoot, the ratio of the undershoot
and overshoot, and the last side (upper of lower) visited by the light ray before the
exit from the strip. We will prove that this is actually true. The idea of the proof is
natural but its rigorous presentation requires extensive formulas.

LEMMA 4.9. Forte|0,1]and j=0,1,

log U
lim IP( 8Us _ ¢ 1on(y) =j) _!
logs

PROOF. We set S, =) j_; X and S, = >} _, Xx. We define Ny = inf{n :
Sp>s},N,=inf{n: S, > s}and Us =5 — SNS_I, U; =s—S),_,. The definitions
of O, and O are analogous. We have

log U
P(ﬁ <t>, N, € 2N>
logs
logUS 2 . / /
=P|——< ,NSe2N,m1n{0s,Os,Us,Us}/2>|X1|
logs
logUS 2 . ! /
P l—ft , Ny € 2N, min{ Oy, O;, U, U;}/2 < |X1] ).
ogs



1974 K. BURDZY AND T. TADIC

On the event min{Oy, O;, Uy, U/}/2 > |X;| we have U] = Uy — X| and Ny =
N/ + 1. Hence, we have

log U,
P<& <2 N, e ZN)
logs

/
< IP’(lOg(US + X1)

<t*, N] € 2N — 1, min{ Oy, O}, U, U/} /2 > |X1|>
logs p p p
+ P(min{ Oy, O, Us, U} /2 < |X1])

§P<10gUs/ <24 log(1+ X,/U))

,N e2N—1,
logs ~— log s s

min{ Oy, 0L, Uy, U'}/2 > |x1|>

+ P(min{ Oy, O}, Uy, U;}/2 < |X1])

/
< P(log U <24 log(3/2)

,N €2N —1,
logs — logs g

min{ Oy, O}, Uy, U;} /2 > |X1|>

+P(min{ 0, 0., Uy, UL}/2 < |X1])

/
< IP)<10g U <2 n log(3/2)

,N/e2N—l>
logs — logs *
+P(min{ Oy, 0], Uy, UL}/2 < |X1]).

Since (S,,) and (S),) have the same distribution,
log U! logU
P(& < N/ e2N - 1) =]P’(& <1*, Ny €2N — 1).
log s ) logs

Hence, subtracting from the previous inequality we get

log U log U
P(&gzz,mem)—P(&gzz,mem—l)

log s log s
log U/ log(3/2

§P<12<&§12+M,N;€2N—1>
logs logs

+ P(min{ 0y, 0], Uy, U{}/2 < | X1])
log U/ log(3/2
5]P’(t2<h§t2+M>+IP’(min{Os,0;,US,U;}/2§|X1|).
logs logs

It follows from Lemma 3.26 and (4.11) that min{ Oy, O}, Us, U} — o0 in proba-
bility as s — oo. The first term on the right-hand side of the last formula goes to 0
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as s — oo in view of (4.11). Thus,
log Us logU,
hmsupIP’( % tz, N € ZN) —P(& < tz, N, € 2N — 1) =0.
§—> 00 logs IOgS

‘We can show in a similar manner that

log U, log U
hrnsupIP’( o8 t2,Nse2N—1)—IP>< o8 2 N, GZN):O
§—>00 logs lOgS

The claim now follows from the fact that

logU. log U;
lim P(ﬁ <% N, € 2N — 1) +]P’( 92 <2 N, € ZN) —t
§—>00 log s log s O

The following is one of our main results.

THEOREM 4.10. Fort,ve[0,1],j=0,1,

logU U 1
lim IP( 9 Ys <t, T < v, Lhn(Ny) —]) 1.
§—>00 logs Us+ Oy — 2

PROOEFE. First, note that

[log U Us )
P <t, Ion(Ng) =
< logs =  Us+ O = v Ny =
U,

<, Ly(Ny) = )

—Sy.—
el <, Irn(Ny) =0>
Ny

s 2 S—SN 1
=ZP(S_SN3—1 <Sz ,7S_§U,Ns=2k)
Ny

s — Sok—1 2
( < Xok,s —s" <Sok—1<5,S%-2<s,...,51 <5

E'qg
=

=/‘ ]P(S_M<X1)ZIP’(52/< 1 €du, Myr—1 <5s).
§— v

k=1

log Uy Us )
Ay =P <t, <v, Ion(Ny) =0
s (\/ logs =" U, + 0, = U 1)

log U
—vZP( og Ssr,12N<Ns)=0)
log s

We have
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= ’ []P’(s_u §X1> —UZ]P’(s—u §X1)i|

s—st? v

o
X ZP(SZkfl €du, My <5s).
k=1

Lemma 4.3 implies that A; > 0. It follows from (4.8) that

s _ o0
A= [P < x0) = PG - = X0 | SRSy e du My <)

—00 v k=1

=1(s, v),

where 1 is defined in Proposition 4.5. By Theorem 4.6, limg_, oo U(s, v) = 0. The
theorem now follows from Lemma 4.9. [

We record a few variants and corollaries of the last theorem. They follow easily
from Lemma 4.7(c) and Theorem 4.10.

COROLLARY 4.11. Fort,ve[0,1],j=0,1,

) log O U, ) 1,
lim P( | <1, < v, Ly(Ny) = j ) = =1v?,
Jim < ogs =" T 1o, <v, hn(Ny) = v
log(U. O U 1
4.13) lim IP( 08Ws 09 YU 10y :J-) =12,
§—00 log s Us + O 2

4.14) L IP’(—S <, Ihy(Ny) = ) = —1 2
4.14) lim v, ve,
US js S .] 2

§—> 00

. . 1
(4.15) sllfgo P(N; € 2N) =Sl_1)rgoIP’(Ns e2N—-1)= 5
4.2. Exit angle and position. We introduced the exit angle A and position Y
in Definition 4.1. Now we will describe their joint distribution. Recall that (s + .S, :
0 <n < Ns; — 1) are x-coordinates of the reflection points of the light ray inside
the tube before the exit time.

LEMMA 4.12. Fors >0, we have

U
_1 s .
t™ (05 + Ug), — ), N, €e 2N —1,
<CO (05 + Uy) 0s+Us> if N;

0
-1 s .
( ( \) S‘) js l’s # \

(4-16) (As’ Ys) =

PROOF. If Nj is even then the last reflection happened on the upper boundary
of the tube and the angle is negative. Hence, Ay = — cot™! (O5 + Uy). One can use

similar triangles (see Figure 6) to show that Y5 = 4 %U .
s s
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—

=<
4
|
!

FIG. 6. The case when Ny is even and Ay is negative.

The case when N € 2N — 1 can be dealt with in a similar way. [
THEOREM 4.13. (Ag, Ys) — (0,U[0, 1)) in distribution as s — o0.

PROOF. Recall from (4.5) that O5 4+ Uy — o0 in probability. Therefore, Ay —

0 in probability as s — oo.
It remains to show that Yy — U[0, 1]. We use (4.14), (4.15) and (4.16) to see
that

P(Ys SI)ZP(YS StvNS € 2N — 1)+P(Ys ftaNs €2N)

U 0
:IF’( <t Ny e2N-— 1) +IF’< L <t N, ezN>
Os + Us N + N

U
=]P’< ! gt,NsezN—1>
O, + U

Uy
P(N, € 2N) — P <1—1, N, €2N
B ) (OS+US_ * )

71 (1—z)2_t

MR 2

THEOREM 4.14. Fort,v €0, 1],

1 t|A
lim ]P’( w ft,jAs SO’YS §v>
§—> 00 logs
_ia—a=v?)2, irj=1,
22, ifj=—1.
PROOF. It follows from Lemma 4.12 that logcot |A| = log(Os + Uy) and
U
{Ns eZN—l,isgv}, if j=—1,
Os + Us

{JAs; <0,Ys <v}=

{NsezN,l— <v}, ifj=1.

s
Os+U; —
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The theorem now follows from (4.13). [

COROLLARY 4.15. Fort,y€[0,1] and e € (0, y), we have

1 t|A
lim P( logeot|Asl _, ia, <0 Yse<y—s,y])
logs

_Jtd—=p+e/2), ifj=1,
t(p—¢/2), ifj=-1
PROOF. Theorem 4.13 shows that limy— oo P(Ys € (y — &, y]) exists and is
nonzero. This and Theorems 4.13 and 4.14 can be used to derive the asymptotic
formula for the conditional probability. [

4.3. Discussion of the results. Theorem 4.13 says that in the limit (i.e., when
the light source is infinitely far away), the light rays exit the two-dimensional tube
horizontally, and they are equally likely to exit at any point of the right edge.

Next, we discuss the direction from which light rays arrive at an eye located at
a point (0, y) (see Figure 3). Corollary 4.15 says that for large s,

logcot | Ag| d
—= 0 sgn Ay )~ (V, R),
logs

where V has the uniform distribution [0, 1] and R is an independent random
variable with P(R =1) =y and P(R = —1) = 1 — y. We can “solve for A;” to
derive the following purely heuristic formula:

d
Ay~ Reot™! (svz).

Approximately y proportion of light arrives from the lower side (yellow rays in
Figure 3), while the remaining rays arrive from the upper side of the tube (or-
ange rays in Figure 3). The histogram in Figure 4 represents a simulation of

Reot='(sV7).

5. Three-dimensional model. This part of the paper will be devoted to light
reflections within a three-dimensional semi-infinite cylinder C = {(x, y, z) € R2?:
22+ y% =1, x <0} (see Figure 7). In this case, the exiting light rays are not asymp-
totically parallel when the light source moves to infinity. So the three-dimensional
model is less degenerate than the two-dimensional model. In this case, our results
are less complete than those in the two-dimensional case. The reason is that deriv-
ing explicit formulas for this model is hard—this is a well-known difficulty with
models related to the Wiener—Hopf equation (see Section 6.5 of [12], and espe-
cially Section 6.5.4).

We will assume that the light ray starts at s := (—s, 0, —1). At the initial time
and whenever the light ray hits the boundary of C, it reflects according to the
Lambertian scheme, that is:
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F1G. 7. Cylinder.

(i) the outgoing light ray forms a random angle ® with the normal to the
tangent plane,
(i) ® is a random variable with density (2.1),
(iii) the projection of the outgoing ray onto the tangent plane forms a random
angle ® with the line parallel to the x-axis (see Figure 8),
(iv) @ has the distribution U[—m /2, 7 /2] and is independent of ©.

The consecutive reflection directions are jointly independent.
Consider the light ray leaving the starting point (x, 0, —1). The tangent plane

to the cylinder C at that point is {z = —1} and the ray starts moving along the line
parallel to the vector
5.1 (Rsin®cos ®, Rsin®sin®, Rcos @), R > 0.

LEMMA 5.1. Given © and ®, the distance to the next reflection point is
2cos®

5.2 R= .
(5:2) sin? @ sin2 © + cos2 @

PROOF. We need to find a point (Rsin®cos ® + x, Rsin®sin ®, Rcos® —
1) on the cylinder {y? 4+ z = 1}. A straightforward calculation yields the formula.
0

FI1G. 8. Reflection with respect to the tangent plane.
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LEMMA 5.2. Ifthe light ray reflects at the point (xg, yo, zo) and © and ® are
given, then the next reflection point will occur at

(Rsin® cos ® + xp, R(—z0sin ® sin @ — yp cos ), R(ypsin O sin ® — zg cos O)),
where R is given by (5.2).

PROOF. Note that (xg, yo, 20) = (x0, 0, —1)A where A is the matrix represent-
ing the rotation operator about the x-axis and given by

1 0 0
A=|0 —z0 —yof.
0 y —z0

In view of (5.1)—(5.2), if the light ray starts at (xo, Yo, z0), then the next reflection
point will be at the point (R sin ® cos ® + x¢, Rsin®sin P, Rcos ®)A. [

Next, we establish notation for the process of reflection points inside the cylin-
der C. Recall that the light ray starts at s = (—s, 0, —1). The reflection points will
be { Sk +s}k>0 where {Si}x>0 is a random walk defined as follows. Let (O, ®x)72
be an i.i.d. sequence such that:

e Oy has the density %cos@ on[—m/2, /2] for all k;

o &y is distributed as U[—m /2, 7w /2] for all k;

e all random variables in the union of the families (&)= and (P )x>¢ are inde-
pendent.

Set So = (0,0, —1),
2cos Oy 2cos Oy
Rk = . 2 . 2 2 = . 2 . 2 ’
sin“ @ sin“ O + cos* O 1 — cos* Dy sin“ Oy

and define S = (S}, S, Sf) for k > 1 by

(5.3) Si = Sj_ + Ry cos Oy sin O,
(5.4) Sy =Sj_; + Ri(—S;_, sin dx sin® — S;_, cos O),
(5.5) S =87 |+ Ri(Sy_, sin g sin® — S§_, cos O).

REMARK 5.3. (i) The pair (S,f, S,i) takes values in the unit circle {y2 + 2=
1}. It is elementary to see that there exists ¢; > 0 such that for any k and any point
(y, z) on the unit circle, the conditional density of (S,f oy S,i 4») Wwith respect to
the uniform probability measure, given {(S,f , 8¢) = (v, 2)}, is bounded below by
¢1 [note that the claim is about the distribution of (S,f+2, S,f+2), not (S,fH, S,fH)].
A coupling argument now easily implies that the process {(S,f , 83), k> 0} is mix-
ing and converges exponentially fast to a stationary distribution (which is neces-
sarily uniform) on the unit circle.
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(i) The process {(S;), k > 0} is a random walk. Let 9,C = {(x, y,2) € R? :
y2 +722<1l,x= 0}, Ny =inf{n > 0:S; > s} and let Y, € 0,C denote the point
where the light ray crosses 9,C. It follows easily from (5.8) that the exit time N;
goes to infinity as s — oo. This and (i) easily imply that the exit distribution on
d,C is rotationally invariant.

Let X; = S} — S;_, denote a step of the random walk {S;}. We will analyze
the distribution of X. By (5.3),

2 cos O cos Py sin O
(5.6) Xk = — D) ) ) .
sin“ @ sin“ Oy, + cos* O
In order to simplify notation, we define V; = sin ®;. By (4.1), Vi has the dis-
tribution /[—1, 1]. Since the distribution of ®y is supported on [—7/2, 7 /2],

cos ® > 0, and hence cos®; = ,/1 — sz. For the same reason cos ®; > 0. This
implies that

2Vi /1 — VZcos Dy 2Vin /1 — V2 cos D
(5.7) X; k - k .

T VEsin? @+ 1 V21— VEcos? &y

LEMMA 5.4. (a) {X; >0} ={V; > 0} and { X} <0} ={V; <O}
(b) E[Xt] =0, E[|X|]] =2 — 4/, E[X{] = 7/2.

PROOF. (a) This part follows from (5.7).
(b) We use (5.6) to see that

m/2 7/2 2cosfcosg|sinf| 1  cosd

El|X =/ — do
(1] —n/2J—n/2 sin® ¢ sin® 0 + cos2 6 7 2
1 (7/2 (7/2 8cosOcos¢psinh cos®
:_/ / ke —d do
T Jo 0  sin” ¢ sin“ 6 + cos2 0 2

1 p7/2 p1 8cosHsind cos 6
h=sing]=— / / dh do
[ ¢] 7w Jo 0 h2sin%6 + cos2 @ 2

8 (72 cos 6
= — / tan~  (tan6)—— d6
T Jo 2

4 [m/2
=—/ 6cosfdd =2 —4/m.

T Jo
Since Xy is symmetric, we have EX; = 0. A similar calculation yields EX,% =
/2. O

The following definitions are analogous to (3.1). Recall that S5 =0, S, =
> 4—1 Xk, and let Zfr = S;+ and Z| = S;, where TlJr =inf{n : S} > 0} and
1 1
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T, =inf{n : §; < 0}. It follows from Corollary 3.2 and Lemma 5.4(b) that

(5.8) E[z{]=E[-Z[]=VE[X3]/2=/7/2.

PROPOSITION 5.5. Fort €0, 1],

E[(t(Uo + 0p) — Up)"]

3 US —_— Py—
(59  lim P( . §t>_1"(z) - =0

N N

PROOF.  We showed in Lemma 4.4 that U (s, 1) = P(z-55- < 1) is the minimal

solution to the Wiener—Hopf equation.
We have from Theorem 3.28

U s— Sy
IP’( s §t>=P<XN,>7NS 1)
Us + Oy ’ t

- /O h(s — y)U* (dy).

where

0 _
h(s)=f ]P’(Xl . %)U—(du)

—0o0

- S = S
k=1

S = SNyt
:IP)(XNO > %) :P(t(Uo+Oo)—U0>S).

Since s — P(t (Up + Og) — Ug > s), (3.6) implies that

U
lim IP’( s < t)
s—>oo \U; + O

s N

N

= lim 5 P(t(Up + Op) — Uy > s — y)UT (dy)
1
"~ E[Z]]

_ E[(t(Uo+ Oo) = Up)*1 _ E[(t (U + Oo) — Up)*1
B E[Z]] B E[0o] ' O

)
‘/(-) P(I(U() + Og) — Uy > y) dy

LEMMA 5.6. The function T : [0, 1] — R defined in (5.9) has the following
properties:

(a) T is a continuous, increasing and convex function.
(b) @r~12 —4x=3/2)t <T(t) <t (note that 27 ~'/? — 47 =3/2 ~ 0.410).



CAN ONE MAKE A LASER OUT OF CARDBOARD? 1983

(©) T(©0)=0,T(1)=1,T'(0) =272 — 4772 and T'(1) = g5 E[Op +
Uopl.

PROOF. (a) Since Up and Og are nonnegative, it is clear that I is an increasing
and continuous function. A function of the form ¢ — (at —b)* is a convex function
for nonnegative a and b. Since t — E[(t (Ug + Op) — Up)™] is the expected value
of convex functions, it is convex

(b) By the definition, I'(¢) = E E[(tOo — (1 =1)Up)™]. Since —(1 —1)Uy <0
we have I'(¢) < EOOE(tOO) =t. On the other hand, {Uy = 0} = {X| > 0}, a.s.,
and on that event we have Og = X . Hence,

1
L) = ﬁE[(tOO —(1- I)U0)+(1(U0=0) + 1Lwy=0))]

0
(5.10) > LE[(rO (1-0Up)*1 1= LE[(:O yF1 ]
. = EOO 0 0) Lwy=0)]= EOq 0) " Lvy=0)
E[Xll(X1>0)]
tXD T ix - — = =0
=Eo, E[(tX1) 1(x,>0)] = EOq

It follows from the symmetry of X; and Lemma 5.4(b) that E[X1(x,~0)] =
%E[le |]]=1—-2/m. Corollary 3.2 and Lemma 5.4(b) imply that E[Og] = IEZ;r =
V2.

E[X1
(5.11) EXdexizol _op -1

EOg
This and (5.10) imply part (b).
(c) It is clear that I'(0) = 0 and I"' (1) = 1. For the derivative at t = 0, we have

I'(0) = lim w=hm@

t—0t 1t t—0t t

—4g 32,

, 1
= lim E[(t00 — (1 = )U0) " (L wy=0) + 1wp>0))]

t—0t+ tIEOp
= li ! E[(t09)*1 ]
= 1umm ——-
t—0t+ tIEOy 0 Go=0)
1
li E[(r00 — (1 —)Up) "1
+ lim o [(t00 — (1 = )Uo) " L(wy>0)]
E[X11x,>0)] . 1 [( 1—1 >+ }
=" 1 —E|{Oyg— —U 1 .
EOg + t—1>r(§l+ EOg 0 t 0 o>0)

Note that (O — 1 Up) T 1(yy=0) < Op and lim, g+ (O — =L Up) 1 (yy=0) = 0.
Hence, by dominated convergence and (5.11),

E[X11(x,>0] 12

_4n32,
E0, &

r'(0) =
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FI1G. 9. Exit point Y is marked with (e).

For the derivative at t = 1, we have

(1) = lim r-re _ y, 1 E[ ' o ( ) U)+]
Tiol- 1—t  >1-E0p Li—r 0 \i= 07 |

Since t — ﬁ Op — (ﬁ Oo — Up)™ is an increasing function, the monotone con-

vergence theorem yields

1
I''(1) = =——E[O¢ + Up].
(D EO, [Oo + Upl ]
Let Yy = (Y], s, Y$) € 9,C denote the point through which the light ray exits
the cylinder (see Figure 9) and let Ny =inf{n > 0: S, > s}. Note that

S — S)C _1
o= (0 (8%, = S + Sk
Ny

XN

A

(S5, = S5 + S5 )

It is elementary to derive the following formula from the above definition of Y;:

(5‘12) {Ls Os <t}
={(Y? -1 —-1)Sy 2L (Y —(1 =188 2 <42},
{7 = A=0Sy )"+ (¥ —U =08y )" =17}

Let D;(y0,20) ={(y,2): (y — (1 — t)yo)2 + (z — (1 = t)z0)* < 1?}. Note that
Dy (yo, zo) is a disc with area 712, The definition of Dy (y0, 20), (5.9) and (5.12)
yield

(5.13) lim P(Y; € Dy(Sy, _y. Siy,_1) =T (®).

PROPOSITION 5.7. Let Leb(A) denote the Lebesgue measure on 0,C:
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(a)
lmlmm%wpageDmﬁfyS&qn_
—0t  Leb(D(Sy_.S8%_))
(b)
limg_ oo P(Yy € 9,C \ D;(S% _, S% _ 1
lim —— > *s \y’( Nt Sh-D) E[Oo + Uo.
—1- Leb(3,C \ Dy(Sy 1> S§. 1)) 27 E[Oo]

PROOF. (a) We have Leb(D,(Sly\,S_l, S]Z\,S_l)) =nt? s0 part (a) follows from
Lemma 5.6(b) and (5.13).
(b) By (5.13),

lmleﬁwPOQG&C\Dﬂﬂka&qn
—1- Leb(3,C \ Di(Sy._1» Sy, 1))
1—T()
= Im —————-—
11— (1 — 12)
. I TM—-T@ I
= lim = .
t>1-m(l4+1) 1—1¢ 27

Part (b) now follows from Lemma 5.6(c). [
Let B, (0) ={(y,z) € 3,C : y> + 2% <r?}.

THEOREM 5.8. Forr € (0,1),

(5.14) i PQ’EB(@)<F<1+r) r(l_r>
. 1m s r = - )
§—>00 : 2 2
lim P(Y; € B, (0)
(5.15)
<a(r):=(1247"Y2 27732 4172 =~V 4273/,

where I is given by (5.9).

REMARK 5.9. The linear function a(r) takes values a(0) ~ 0.29 and
a(l)y=1.

PROOF OF THEOREM 5.8.  Since B, (0) C D(14r),2(»0, 20) \ D(1—r)/2(¥0. Z0)
for any (yo, zo) on the unit circle, we obtain (5.14) by applying (5.13). We derive
(5.15) from (5.14) and Lemma 5.6(b). [
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5.1. Brightness singularity. We will show that the apparent brightness of the
light arriving at the eye placed at the center of the tube opening 9, C goes to infinity
close to the center of the field of vision as the light source moves to infinity. The
precise statement of the result is the following.

Let vy = (Sn, — Sn,—1)/1SN, — Sn,—1| be the unit vector representing the di-
rection of the light ray at the exit time. Let B(r) = {(x, y,2) : x4+ y2 + 72 =
1, y2 + z2 < r?%,x > 0} denote a ball on the unit sphere and recall that B, (0) =
{((v,2) €9,C:y>+ 7% <r?}.

THEOREM 5.10. ForanyO<r; <r <1,

S

) r rp—ri
Jim_ lim n82P(Vs c B(;) \B(?>, Y, Bg(O)) ==

Iim lim

The proof of the theorem will be preceded by a lemma. The lemma is an esti-
mate for the Green function of the random walk S7 . The estimate is rather standard
and it is likely to be known but we could not find a ready reference. Let M, (x1, x2)
be the number of k < Ny — 1 such that S§ — s € (x1, x2).

LEMMA 5.11. Forany0 <a; <ap <1,

. 1 a% — a%
lim —EM(—say, —say) = .
2
§—>00 ¢ T

PROOF. Let DI0, co) denote the space of RCLL functions equipped with the
Skorokhod topology. Some of the functions in this space can be “killed.” We for-
malizing this idea by adding a “coffin” absorbing state to the state space and send-
ing there all killed functions. We will use the convention that all functions take
value O on the coffin state.

Let {W/,t > 0} be the one dimensional Brownian motion with W5 = —s. Let
79 =1inf{t > 0: W/ =0} and let G4(x) denote the Green function of W* killed at
time 7o, that is, G, is the function defined by the requirement that for all —oco <
X1 < X3 < 00,

b 70
/ Gs(x)dx = E/O 1(X1,X2)(Wzs) dt.
X

It is standard to show that

-, x < —s,
(5.16) Gs(x)=1—x, —5s <x <0,
0, x > 0.

Recall from Lemma 5.4(b) that EX; = 0 and IEX,% = /2. According to the
Skorokhod embedding theorem (see [17]), there exist stopping times Ty, k > 0,
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such that 7o =0, {Tx — Tx—1, k > 1} is ani.i.d. sequence with E(Ty, — Tj—1) = /2,
and {W%k — W;k_l,k > 1} are i.i.d. with the same distribution as {X, k > 1}. Let
NSW =inf{k > 0: W5(T;) > 0} and let MSW(xl, x2) be the number of k < NSW —1
such that W*(Ty) € (x1, x2). It will suffice to prove the lemma for MSW in place
of M.

Fix an arbitrarily small ¢ > 0. Let ¢; > 0 be so large that, for all k, a.s.,

Ty )
(5.17) E(/‘T I(Ws(kal)—Clva(kal)“‘Cl)(Wts)dt ‘ kal) >m/2—e.

k—1

Suppose that 0 < a; < a» < 1 and s is so large that (—say — ¢y, —sa; + c1) C
(—s,0). Then (5.16) and (5.17) show that

(/2 — 8)EM3W(—sa2, —sap)

Ny

=E Z(IW“(Tk—l)e(—saz,—sal)(”/z —¢))
k=1

e

E(lkaSWIWS(qu)e(—sag,—sa])(77/2 - 8))

~
Il
—_

WK

< E(lkSNswlws(Tk])E(—Saz,—sal)

=~
Il
-

X

Tk
IE(./‘T I(W‘Y(Tk—l)—cl7WS(Tk—1)+C1)(WtS) dt ‘ ]:Tk1>)

k—1

M2

E<1k§NSW Lws (1 _1)e(—saz, —sar)
k

Tk
X/T 1<w'°(Tk_1>cl,w‘°<Tk_1>+c1)(Wf)df)

k—1

1

TNAW s
= E/(; L(—say—c1,—sar+en) (Wy) dt
o s TNYW s
= E/ 1(—S02—Cl,—sa1+01)(Wt ) dt + E/ A 1(—Sa2—01,—sa1+61)(W1 ) dt
0 Twa—l
—saj—+ci
5/ Gé(x)dx-i‘]E(TNW _TNW—I)
—say—cq § s

= %((—saz + c1)2 — (—sa; — c1)2) + /2.
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It follows that
1 L@ —a?
limsup s EM(—sas, —sap) < 2(271)
§— 00 S2 7T/2 — &

Since ¢ > 0 is arbitrarily small,

. 1 a% — al2
(5.18) limsup S EM;(—saz, —say) < )
s—>o0 S T
Let
Sk

VS = for t € [k/s?, (k+ 1)/s?),k > 0.

sy/m2)2
The processes {V/*, t > 0} converge to {th, t > 0} in distribution in the Skorokhod

topology when s — 00.
For a, b and § > O such that a + 6 < b — §, choose some continuous function

Aa,b,68,t) : R— [0, 1] such that

0, ift <a,
AMa,b,5,t) =11, ifa+dd<t<b-—34,
0, ift > b.

Fix any u < oo. The functional f — fé‘ Ma, b, 8, f(t))dt is bounded and contin-
uous on D0, co) in the Skorokhod topology. It follows that

§—> 00

u
. . N
> lgn_légfﬂi A M=az/\J7 /2, —ar\/7 /2,8, V])dt

u
=E/ M—ar/ )2, —ar /2. 8. Whydi
A (—az/yJm/ W/ ')
—ai/m/2-6
/az/«/ﬂ_/Z+5

1
= 5((—az/,/n/z +8)% — (—a1y/m/2 = 8)%).

Since § > 0 can be arbitrarily small,

1 a? —a?
liminfE(S—zMs(—saz, —sa1)) >-2 L

§—00 T

1
liminfE(s—zMs(—saz, —sa1)>

>

This and (5.18) prove the lemma. [J

PROOF OF THEOREM 5.10. Recall that B, (0) = {(v, z) € 3,C : y>+ 7% < r2}.
If s is large, § > 0 is small and the light ray leaves a point (—sa, 0, 1) in the random
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direction determined by (5.3)—(5.5) then the probability that this ray will exit the
tube through Bs(0) is

11 52

(5.19) ”822nsa a) +0(8%/5%) = 1953 +0(8%/s%).

The factors on the left-hand side represent the following quantities. The area of
B;(0) is equal to 78%. The hitting density is the product of two factors, corre-
sponding to @ and ® (see the beginning of Section 5 for the definitions). The
factor representing the density of @ is 5 nlsa (the reciprocal of the radius of the
circle centered at the starting point and passing through the center of 9.C, up to a
term of lower order). The factor representing the density of ® is 2(31—61)2 because of
(2.1) and scaling by the radius sa, just like in the case of the density of ®; once
again, the terms of lower order are ignored.

For fixed r{ and ro, large s, and small é > 0, a light ray arriving at Bs(0) in the
direction vy € B(’s—z) \ B(%) must have have left the surface of the tube at a point
with the x-coordinate in the range [—s/r; +o0(s) + O(8s), —s/r2+o0(s) + O (Ss)].

We define a measure M by M (A) = IE(Z,ICV;EI 14(S3)) for every Borel subset
A of R. Lemma 5.11 can be rephrased as

1 2 2
lim —M;((—saz, —sap)) = Hoh

§—>00 S2

A formal calculation based on this formula yields for small ¢ > 0,

Qages?

(5.20) M (—s(a +¢), —sa) =~

b4
It is routine, using techniques from the proofs of Lemmas 3.3 and 3.21, to provide

a rigorous argument based on (5.19) and (5.20), showing that for any 0 < r; <
rp<l,
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5.2. Discussion of the results. The behavior of the light reflection process in
the three-dimensional tube is much different from that in the two-dimensional case.
The most notable difference is that the overshoot Oy and undershoot U; (in the x-
direction) converge to a nontrivial distribution [instead of going to infinity as in
(4.5)]. The reason is that the ladder variable Z fL has finite expectation [see (5.8)],
unlike in the two-dimensional case. This fact and the Wiener—Hopf equation can be
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used to show existence of the limiting distributions for many quantities of interest.
Unfortunately, most of the formulas that can be obtained in this way are abstract
integrals that cannot be easily interpreted.

Theorem 5.10 says that small annuli at the center of the field of vision, with
the area of magnitude 1/s2, receive about 1/s units of light. Hence, the apparent
brightness is about s at the distance 1/s from the center, if the light source is s
units away. This means that the surface of the tube does not appear to the eye to be
Lambertian, that is, the surface does not have uniform apparent brightness. This
can be explained by the fact that not all parts of the surface of the tube receive the
same amount of light.
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