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1. Introduction

Let B = {B;,t 2 0} be a one-dimensional Brownian motion starting from 0 and
defined on a probability space (2, F, P). Denoting by B*) = {Bé’t) = By + ut}
the corresponding Brownian motion with constant drift © € R, we consider the
exponential functional A = {AE“ )} defined by

t
AE“) :/ eXp(2B£“))ds7 t > 0. (1.1)
0

In Part I [49] of our survey, we have discussed about the probability law of Ag“ )
for fixed ¢t and about several related topics.

*This is an original survey paper.
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Among the results, we have shown some explicit (integral) representations

for the density of Ai"). In particular, we have proven the following formula
originally obtained in Yor [63]:

, 1+ e dud
P(A,E“) € du,Bé“) edr) = eha—it/2 exp (— te )H(ex/u,t) uux, (1.2)
where, for » > 0 and ¢ > 0,
r 2 & 2 e €
— /2t —&%/2t ,—rcosh(§) o; : s
O(r,t) CEnRE e /0 e e sinh(¢&) sm( . )df. (1.3)

The function (r,t) appears in the representation for the (unnormalized) density
of the so-called Hartman-Watson distribution and satisfies

/ e_o‘Qt/QH(r, tydt = I,(r), «a>0, (1.4)
0

where I, is the usual modified Bessel function. For details, see Part I and the
references cited therein.

Another important fact, which has been used in several domains and also
discussed in Part I, is the following identity in law due to Dufresne [I§]. Let
> 0. Then one has

(law) 1
g =)

o
AW E/ exp(2B{™)d

, (1.5)
0 27#

where v, is a gamma random variable with parameter y, that is,

P(v, € dzx) = o' re " dr, = 0.

1
L(p)

The purpose of this second part of our surveys is to present some results ob-
tained by applying the formulae and identities mentioned in Part I to Brownian
motion and some related stochastic processes.

In Section Bl we discuss about the pricing formula for the average option, so
called, Asian option in the Black-Scholes model.

In Section B we present some formulae for the heat kernels of the semigroups
generated by the Laplacians on hyperbolic spaces. By reasoning in probabilistic
terms, we obtain not only the classical formulae but also new expressions.

In Section Bl we apply the results on exponential functionals to a question
pertaining to a class of diffusion processes in random environments.

In Section Bl we show Dufresne’s recursion relation for the probability density
of Ag’t) with respect to p which, as we have seen in Part I, plays an important
role in several studies on exponential functionals.

Dufresne’s relation is important in studying extensions or analogues of Lévy’s
and Pitman’s theorems about, respectively, {Mt(“) - Bé")} and {2Mt(“) - Bé’t)},

where Mt(“ ) = maxg< <y BY ), by means of exponential functionals. These topics
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are finally discussed in Section [fl of this survey, where we consider the stochastic
process defined by

1 t
Mt(“)’/\ _ Xlog(/o exp(ABg“))dS>a t>0.

By the Laplace method, we easily see that, as A — oo, Mt(”)’)‘ converges to
M™ | and we prove that {M "> — B} and {2M")* — B} are diffusion
processes for any A € R. Hence, the classical Lévy and Pitman theorems may
be seen as limiting results of those as A — oo.

2. Asian options

In this section we consider the Asian or average call option in the framework of
the Black-Scholes model and present some identities for the pricing formula.
By the Black-Scholes model, we mean a market model which consists of a
riskless bond b = {b;} with a constant interest rate and a risky asset S = {S;}
with a constant appreciation rate and volatility. That is, letting » > 0, p € R
and o > 0 be constants, we let b and S be given by the stochastic differential

equation

db, ds,
B _ar, Bt v 0dB
b, b g, T Hattodby,

where B = {B,} is a one-dimensional Brownian motion with By = 0 defined on
a complete probability space (2, F, P).
For simplicity we normalize them by setting by = 1. Then we have

by = exp(rt) and S; = Spexp(oB; + (u— 02 /2)t).

_ Following the standard procedure, we consider the discounted stock price
S = {5} given by

S, =e S, = S, exp(oBy + (u—r — 02/2)75).

Then, by Girsanov’s theorem, there exists a unique probability measure @
which is absolutely continuous with respect to P and under which S is a mar-
tingale. @ is called the martingale measure for S and we have

dQ p—r (n—1)?
i = — Br — T
dP |z, exp( o T 202 ’

where Fr = 0{Bs,s <T}. B = {B; = B, + 0 '(u—r)t} is a Brownian motion
under Q.

Let us consider the European and the Asian call options with fixed strike
price k > 0 and maturity 7. The payoffs are given by

(Sr—k)y and  (A(T) — k),
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respectively, where x; = max{z,0} and

t
A(t):%/ Sudu, 0<t<T.
0

By the Black-Scholes formula or by the non-arbitrage argument, we can show
that the theoretical price Cg(k,T) and Ca(k,T) of these call options at time
t = 0 are given by

Cu(k,T) = e ""E®[(Sr — k)]
and
Ca(k,T) = e ""E?[(A(T) — k) 4],

where E9 denotes the expectation with respect to the martingale measure Q.

Proposition 2.1. Ifr =2 0, one has Ca(k,T) < Cg(k,T) for every k > 0 and
T >0.

Proof. We have

Ca(k,T)=e"TE? [(% /OT Syt — k) J .

Using Jensen’s inequality, we get
1 [T
CallnT) " [ BOU(S: ~ k)aar
0

Since r = 0, {S; = S exp(0B; + (r — 02/2)t)} is a submartingale under Q.
Therefore, using Jensen’s inequality again, we see that {(S; — k)+} is also a
submartingale. Hence we obtain

Ca(k, T) < e_TT% /O EQ[(Sy — k)4 ]dt
= e "TEC[(Sr — k)4] = Cp(k,T).
O

For more discussions on C4(k,T'), see Geman-Yor [24], Rogers-Shi [55] and
the references cited therein.

By using explicit expressions for the density of AE“ ) discussed in Part I, we
obtain several integral representations for C'4 (k,T). However, they are compli-
cated. Hence we omit this approach and consider instead the Laplace transform
of Ca(k,T)in T.

In the following we set o = 2 and consider

t
AW :/ exp(2B)ds
0
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under the original probability measure P to follow the same convention as in
Part T and in other parts of the present article.

Let T be an exponential random variable with parameter A > 0 independent
of B. Yor [62] (see also Part I) has shown the identity in law

A (=) Zia
27
where a = (v + p)/2,b= (v — p)/2,v = \/2X + 2, Z1,4 is a beta variable with
parameters (1, a), v is a gamma variable with parameter b and Z; , and +, are
independent.
From this identity we deduce the following result.

Theorem 2.2. For all u € R, A > max{2(1 + p),0} and k > 0, we have

A / e ME[(AW — k), ]dt
0

1 1/2k b
= 0 T TG D) /0 e P2 (1 — 2kt) T at.

The same formula has been proven in [24] with the help of some properties
of Bessel processes.

We next present another proof of Theorem 2 following Donati-Martin,
Ghomrasni and Yor [16], who have used, as an auxiliary tool, the stochastic

process Y1) (z) = {V;") ()} given by

¢
Y, (z) = exp(2BM) (:L' +/ exp(?Bg“))ds).
0

Y (z) is a diffusion process with generator

2

d d d d
(1) — 2% Il 1—p  1/2z2 % 14+p,—1/2¢ %
L 2z s + 21+ pz+ 1)da: 2z Ve T <:c e dx)'

In fact, in [I6], the authors have taken advantage of the identity in law
t (law) t

/ exp(2B)ds =7 v, (0) = exp(?Bt(“))/ exp(—2BW)ds
0 0

for every fixed ¢ > 0 and have computed the Laplace transform of £ [(Y;(“ )(0) -
k)4+] in t by using the general theory of the Sturm-Liouville operators.

We present an explicit form of the Green function for £(*). For this purpose
we recall the confluent hypergeometric functions ®(«,v; z) and ¥(«,~; z) of the
first and second kinds defined by

— (@)
Bla,7i2) = 3 1ok
! ,;) (7)k

k

% (2.1)
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and

I'(l—19)

Fly-1)
'l+a—7)

o1l +a—7v,2-7;
T~ (I+a—-72-79;2),

U(a,v;2) = (o, 5 2) +

where (a)p =1 and

Ia+k)
= 7 = 1)--- k—1 k=1,2,...
(@ = Sry = ol ) (k-1 k=12
For details about the confluent hypergeometric functions, we refer to Lebedev
BR]. ®(c,7;z) and ¥(a,;2) are linearly independent solutions for the linear
differential equation
zu” + (v — 2)u’ — au = 0.

We set v = /2 + 2 and define the functions u; and ug on (0, 00) by

1
ui(z) = 2= Bt) /2 (“TJFV’ 14 v %> (2.2)
and
1
ug(z) = x(u+u)/2@<“T+V7 1+ %)7 (2.3)

respectively. Then, by straightforward computations, we can check
LWy =My, i=1,2.

Moreover, us(z) is monotone decreasing in z € (0,00). On the other hand,
recalling the integral representation for ¥(a,; z):

1 (oo}
U(a,v;2) = ) / e P At dt, > 0,2>0,
0

I(a)
(cf. [38], p.268), we can easily show that u;(z) is monotone increasing. In fact,
we have

1
(v + p1)/2)
About the Wronskian, it is known ([88], p.265) that

wr (z) = / /2602711 4 g\ 0-m/2ge 5> .
0

r
(a,v;2)V (a,7;2) — @', 7;2)¥(a,y;2) = Tl e,
which yields
1 . 2T(1+ v)

W(Uﬁ(x)w(@ — w1 (z)uy(z)) = _F((,u T1)/2)

Here the function z~(1#)e!/2% is the derivative of the scale function for Y (#) (x).
Checking the boundary conditions, we obtain the following.



H. Matsumoto, M. Yor/Ezponential functionals of BM, II 354

Proposition 2.3. Let ui(x) and uz(x) be the functions defined by ) and
@3). Then the Green function G (z,y; \) for LH) with respect to the Lebesgue
measure is given by

. I +v)/2) 1 _
el )(:c,y;)\) = %yl 1o 1/2yul(:c)uQ(y), 0<z<y.

In order to proceed to a proof of Theorem 22 we recall the following identity
presented in [I6]:

/OO(E — a)f_l_(”_“)/Qe_l/gq)(HT'u, 1+ v %)dﬁ

P((v— p)/2 1>a1_(y-u>/ze-1/a¢(v+_ﬂ o1t 1),
N —m/2+ 1) 2 a

which may be proven by Kummer’s transformation

O(a,7;7) =" @(y — a,7; —1)

and the series expansion (1) of ®. It is a special case of a general formula given
on page 279, Problem 21, Lebedev [38]. See also [23].
Then, noting that u;(0) = 2(#+)/2 we obtain

/\/ e NE[(AW — k) dt = /\/ (y — k)G (0, y; N dy
0 k

__AP((p+ )/ (v = p)/2—1)
21 -m/20(1 + )T (v — p)/2 + 1)

1= (v—p)/2 —1/2kg [ M TV 1
X k e <I><—2 +2,1+1/,2k .

Moreover, we recall the integral representation of ®:

. _ F(’}/) ! zu, a—1 y—a—1
D(a,v;2) = m/o e utH (1 — u) du.

Then, after some elementary computations, we arrive at
[e.e]
A / e ME[(AY — k), dt
0

AT 9 1/2k

— ((‘LL + V)/ ) / efubb72(1 o 2ku)“+1du.
AC((v = )2+ (v +1)/2+2) Jo

Finally, by using the identity zI'(z) = I'(z 4+ 1), we obtain

AL((p +v)/2) 1

-2+ D+ m2+2) =2+ D@2 —1)
and Theorem 222
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3. Heat kernels on hyperbolic spaces

Let H™ be the upper half space in R™ given by
{z=(z,9) = (xlv "'7xn71ay);x € Rnilay > 0},

endowed with the Poincaré metric ds> = y~?(dz? + dy?). The Riemannian
volume element is given by dv = y~"dzdy and the distance d(z, z’) between
z,7z" € H™ is given by the formula
2 — ' +y° + ()
2yy’
where |z — 2’| is the Euclidean distance between z, 2’ € R" 1.
The Laplace-Beltrami operator A,, is written as

n—1 2 2
) ) )
_ .2 2 _ _ —_
A=y i§_1<axi) +y (ay) (n Q)yay' (3.2)

We denote by py,(t, z, 2") the heat kernel with respect to the volume element dv
of the semigroup generated by A,, /2. Since p,(t, z, 2’) is a function of r = d(z, z’)
for a fixed ¢t > 0, we occasionally write p,(t,r) for p,(t, z,2’).

Then, for n = 2 and 3, the following formulae are well known:

V2 t/8 [ he—b"/2t
t,r) = db 3.3
pa(t;) (27t)3/2 /T (cosh(b) — cosh(r))1/2 " (3:3)

pa(tr) = %ﬁ exp (3 r > (3.4)

27t)3/2 sinh 2 2

cosh(d(z,2")) = ) (3.1)

Moreover, the following recursion formula due to Millson is also well known and
we also have explicit expressions of p,(t,r) for every n = 4:
efnt/2 9

——————pal(t, 7). 3.5

27 sinh(r) 87’pn( ") (3:5)
For details about the real hyperbolic space H™ and the classical formulae for
the heat kernels, we refer the reader to Davies [I4].

Gruet [28] has considered the Brownian motion on H™, which is a diffusion
process generated by A, /2, and has derived a new integral representation for

Pn+2 (t7 T) =

pn(t, ) by using the explicit expression (C2) for the joint density of (Ai’t), Bt(“)).
While the classical expressions for p, (¢, r) have different forms for odd and even
dimensions, Gruet’s formula ([B]) below holds for every n.

Theorem 3.1. For everyn = 2,t > 0, z,2" € H”, it holds that
—(n—1)t/8
n_— ¢ n+1
Pulty27) = 77(27T)n/2t1/2r< 5 >
/oo 6(71'2_(;2)/275 Slnh(b) Sln(ﬂ'b/t)
o (cosh(b) + cosh(r))(n+1)/2

(3.6)

db,

where r = d(z, 2').
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Before giving a proof of (BH), we mention its relationship to the classical
formulae. First of all we note that Millson’s formula (X)) is easily obtained
from (BH) if we differentiate both hand sides of (Bl with respect to r.

When n = 3, the integrand on the right hand side of (Bfl) may be extended
to a meromorphic function in b on C. Hence we can apply residue calculus and
obtain (BZI).

In the case n = 2, which is the most interesting and important, we compute
the Laplace transform in ¢ of the right hand sides of [B3) and (). Then,
using the Hankel-Lipschitz formula for the modified Bessel functions (see Watson
51, p.386), we can check the coincidence of the Laplace transforms or of the
expressions for the Green function. For details, see [28], 0], [41].

We give a proof of (Bl and see how the exponential functional A1) comes
into the story.

Proof of Theorem [Z1l Let (W,B,P) be the n-dimensional standard Wiener

space with the canonical filtration {Bs},>o: W is the space of all R"-valued

continuous paths w. = (w!,...,w" ™1 w") starting from 0 with the topology of

uniform convergence on compact intervals, B is the topological o-field, B is
the sub o-field of B generated by {w,,0 £ u < s} and P is the n-dimensional
Wiener measure.

The Brownian motion on H™ may be obtained as the unique solution of the
stochastic differential equation

{dX%s>=>x@dw; P=1n—1,

dY (s) = Y (s)dw? — 252V (s)ds.

We denote by Z, = {Z,(t,w) = (X.(t,w),Y,(t,w)),t = 0} the unique strong
solution satisfying Z,(0) = z = (z,y). Then we have

{X;(t,w) =2 + fgyexp(Bgu))dwi, i=1,..,n—1, (3.7)

Y.(t,w) = yexp(BH),

where B{") = wl +psand p=—(n—1)/2.
Let F*) be the R"1-valued random variable defined by

¢ ¢
F# = </ exp(BM)dw}, ,/ exp(Bg“))dw21>.
0 0

Then the conditional distribution of Ft(“) given {Y,(s),0 £ s <t} or {w?,0 <

s < t} is the (n — 1)-dimensional Gaussian distribution with mean 0 and covari-

ance matrix Aftﬂ) In—1, I,—1 being the (n — 1)—dimensional identity matrix.
Note that the heat kernel p, (¢, z, 2/) may be written as

mwmﬁaééwﬁwwﬂm:Wﬂ&&wﬁmwmm
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where gz/ and J,. are the Dirac delta functions concentrated at z’ with respect to
the volume element dv and the Lebesgue measure dz = dxdy, respectively, and
0. (Z,(t,w)) is the composition of the distribution J,» and the smooth Wiener
functional Z,(t,w) in the sense of Malliavin calculus (see [32]). Therefore, we
obtain

Pnlt, 2,2")

— ()" / S (@ + yFP) yexp(BY))dP

_ (v / 5 0 ex
- - x'—x p dP
( » ) (@'—a) /vy /) (F (B")) 68
(Y o’ —af? ()
N < v ) 27TA<“>)<n 1/2 eXp< 242 A" O ylexp(Be )P
(Y 1 2" — af ()
= <y) QWA(“))(" e eXp< 723;214%“) Stog(y /y) (Bt )dP,
where we have used the same notation for the Dirac delta functions on R™ and

R.
Now we apply formula ([L2) for the last expression. Then we obtain

I\ n—1 o0 1 / 2
itz = (L / S S (O it
B y o (2mu)n=1)/2 2y%u
7\ —(n—1)/2 1 1 / 2
% <y_) e(nl)Qt/S_exp<M)g(y//yu,ﬂdu
u

Y 2u
Moreover, changing variables by v = y'/yu and using ([BI), we obtain
o~ (n—1)%1/8

Gy /O v =3/2 exp(—v cosh(r))0(v, )dv  (3.9)

pn(ta 2, Z/) =

for r =d(z,2").

Finally we use the integral representation (3] for 6(v,t). Then, changing
the order of the integrations by Fubini’s theorem, we obtain (BH) after some
elementary computations. (|

Remark 3.1. Recalling formula ([l), we can easily obtain an explicit expression
of the Green function for A,, from formula E3).

Remark 3.2. From the last expression of [BX), we obtain

7\ n—1
pn(t,z,zl) - (y_> / ei 71(1’ 7m7)\>d>\
Y Rn—1
_l)\Q 2A(H) ) B(H) dP.
X WeXP 2| "y Ay log(y’/y)( i )dP.

Hence, we see that the Lapla(nan A on H™ and the Schrédinger operator on

R with the Liouville potential — 2 dl %|)\|262“’ are unitary equivalent, which
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may be directly verified by Fourier analysis and has been already pointed out
in Comtet [, Debiard-Gaveau [I5], Grosche [26] and so on. See also [B1].

In the rest of this section, we restrict ourselves to the case n = 2 and consider
two questions related to the results and formulae presented above. For other
related topics, see, e.g., [2] and [29).

Let us consider the following Schrédinger operator Hy, k € R, on H? with a

magnetic field:
1 o k\® 1,0\
Hy=-p?(vV=I—+2) —=*(=—) .
* 2y< 8I+y> 2! <0y)

The differential 1-form o = ky~'dz is called the vector potential and its exterior
derivative do = ky~2dx A dy represents the corresponding magnetic field. Since
da is equal to constant k times the volume element dv, we call Hy a Schrédinger
operator with a constant magnetic field. It is essentially the same as the Maass
Laplacian which plays an important role in several domains of mathematics,
e.g., number theory, representation theory and so on. For details, see [22], [31]
and the references cited therein.

In [31], the authors have started their arguments from the Brownian motion
on H? given in the above proof of Theorem Bl and have discussed about explicit
and probabilistic expressions for the heat kernel ¢ (¢, z, 2’) of the semigroup gen-
erated by Hy. They have also applied the results to a study of the Selberg trace
formula on compact quotient spaces, i.e., compact Riemannian surfaces, and
have shown close relationship between the spectrum and the action integrals for
the corresponding classical paths. It should be mentioned that some physicists
have shown similar results in the context of Feynman path integrals prior to
[31]. See, e.g., [12, [25], [27.

Explicit formulae for several quantities related to the operator Hy, e.g., the
Green functions, the heat kernels, have been obtained by Fay [22] by harmonic
analysis. On the other hand, starting from computations by Feynman path
integrals, Comtet [II] and Grosche [26] have obtained explicit forms of the
Green functions.

From the point of view of probability theory along the line of [3T], another
explicit representation for the heat kernel gi(t, 2z, z") has been shown in [I] by
using an extension of formula (C2) and Gruet’s formula BH]). We introduce the
result in [I] together with some arguments taken from [31].

To show an explicit representation for gi(t, z, 2"), we recall from Proposition
2.2 in [3T] (see also the references therein) that gx(t, z, ') may be written in the
form

Z -z

k
it = (253 ot ) (3.10)

for some positive function gx(¢,r). This is a consequence of the group action
of SL(2;R) on H?. Here a point z = (z,y) € H? is identified with z = z +
V—1y € C, d(z,7') is the hyperbolic distance given by 1), and, for w =
|w|exp(v/=10) € C with —7 < § < 7, w* = |w|* exp(v/—1k0). Therefore, if
x = ', we have qx(t, z, 2") = gi(t,d(z, 2')).
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Theorem 3.2. The function gi(t,r) on the right hand side of BIM) is given
by

De—t/8—k*t/2  poo h(2 —b2/2t
V2e / cosh(2kp(b, r))be i, (3.11)

gr(t,m) = (27775)3/2 (cosh(b) — COSh(T))l/2
where

cosh(b/2)
b,r)=A h{ —————= 0<r<h.
#(b:7) R (cosh(r/2) ’ "=
Remark 3.3. When k = 0, go(¢,7) coincides with the classical formula ([B3]) for
the heat kernel po(t,7) on H2.

Proof. We show (Bl when |k| < 1/2. Formula &I for a general value of k
follows from this result on the special case by analytic continuation. We use the
same notations as those in the proof of Theorem Bl

Let I;(«v) denote the stochastic line integral (cf. [32]) of the differential 1-form
a = ky~'dz along the path {Z.(s),0 < s < t} of the Brownian motion Z, on
H2:

L(a) = /0 a(Z.()) 0 dZ.(s).

In fact, it is easy to show

¢
k
Ii(a) = / 0dX,(s) = kw;.
0
By using the It6 formula, we have

an(t,z,2') = /W exp(—v—11;(a, )0 (Z. (t,w))dP(w)
= /W exp(f\/f_lkwg)g(:c’,y’) (XZ (tv U)), Y (tv w))dp(w)

As in the proof of Theorem Bl we consider the conditional distribution of
(w%,fot exp(BS Y dw?) given {B{Y? = w? — /2,0 < s < t}. Then it is
easy to see that this conditional distribution is a two-dimensional Gaussian
distribution with mean 0 and covariance matrix

WSS
oT1D 412 )

t t
ag“) :/ exp(BLg“))ds and AEM) = / eXp(2B£H))dS'
0 0

Taking the conditional expectation and using the Cameron-Martin theorem, we
obtain

where

/
Q(t, z,2') = e t/8K1/2 (y_

y)s/Q/W m

<o (g (o Flkaxw%)2)6yf/y<exp(wf>>dp,
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where . .
at(w?) :/ exp(w?)ds and A (w?) :/ exp(2w?)ds.
0 0

In the same way as is mentioned in Remark B2 we may write

Gi(t, z,2") = e"t/37K1/2 yy/ —VEIE =)A gy

X

/ exp < §A2y2At (w?) + /\kyat(w2)> Stog(y' /y) (Wi )dP  (3.12)
w

o—t/8—Kt/2 Vyy' V-1~
27T R

gk (t, logy, logy')d,

where ¢ x(t,&,n) denotes the heat kernel of the semigroup generated by the
Schrodinger operator Hy j on R with the Morse potential given by

1 d?

1
2 d§2 + V,\ ks V)\,k(g) = 5)\262E — )\kzeg.

Hy =

In [1] and Part I, we have shown an explicit representation for g x(t,&,n):
for A > 0,

Il &) = [ P exp(- A€ + ) coth(w)n 1/ (313

where the function 6(r,t) is given by ([3) and ¢ = 2XeE+1/2/sinh(u).

For X <0, we have gy x(t,£,m) = q_x —k(t,€,m).

We now recall the remark following the statement of Theorem and con-
sider the case ' = z. Then, combining BIZ) and BIJ), we obtain

qr(t, z,2') = gx(t,r)
e t/8= k2t/2\/yy /

(axk(t,1ogy,logy’) + g-xx(t, logy, logy"))dA

v cosh( 2ku
,t/8 k—2t/2VJII yy / / ) exp(—)\(y + y/) coth(u))
sinh(u
2\ yy’ ¢
0 .7yy, - )du
sinh(u)’ 4
Note that the integral is convergent if |k| < 1/2.
Then, using the integral representation (L3l for 6(r,t) and carrying out the
integration in A first, we obtain

e—t/8—k*t/2 o0
gk(t,’l") = W\/O COSh(QkU)Ft(U)dU,

[ e2(™* =€)/t ginh () sin(47€ /t)
Fi(w) /0 (cosh(r/2) cosh(u) + cosh(£))?

d.
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By Gruet’s formula ([BH), we have

2e=t/8 % (2(7 b))/t ginh(b) sin(47b/t
p3(t/4,’l“): 3/2 / () ( 2 /)db
m(2m)3/2t J, (cosh(b) + cosh(r))
2\%* t o r?
- (E) sinh(r) exp(—g a 7)
It is now easy to show ([BII]) from these formulae. O

Similar arguments to those in the proofs of Theorems Bl and are avail-
able to study the Laplace-Beltrami operators on the complex and quaternion
hyperbolic spaces. Also on these symmetric spaces of rank one, we have explicit
expressions of Brownian motions as Wiener functionals and we can show explicit
representations for the heat kernels and for the Green functions. For details, see
ZIR

Next we consider the diffusion process on H? associated to the infinitesimal
generator

s o_L,(0 21,0\ Bl 1\ o

v = 5Y (%) + 2Y (8_y) - Vyg - (N - §)y8_y’

where v 2 0 and g > 0. The operator £, , is invariant under the special

transforms on H? of the form z + az+b, a > 0 and b € R, while the operator Hy,

and, in particular, the Laplacian Ay are invariant under the action of SL(2; R).
The diffusion process starting from z = (z,y) associated to £, , may be re-

alized as the unique strong solution {Zé”’“) = (Xt(y’”)7 Y;(V’“))} of the stochastic
differential equation

dX; = Y}dw% — vYydt, Xy ==,
1
dY; = Ydw? — (u - §>Ytdt, Yo =y,

defined on a two-dimensional Wiener space. As in the case of Brownian motion
on H?, Z("#) is also represented as a Wiener functional by

t
X0 =ty [ exp(BIP)W ),
0
Y = yexp(BUM),

where W ™) = wl —vs and B = w2 — ps.

(v,p)

Since p is assumed to be positive, Y, converges to 0 as t tends to oc.

Following [4], we show that the distribution of Xt(y’” ) converges weakly as t — oo
and that we can specify the limiting distribution. It is enough to consider the
special case x = 0 and y = 1.
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Theorem 3.3. When x = 0 and y = 1, the distribution of Xt(y’”) on R con-
verges weakly to the distribution with density

exp(—2vArctan(§))
(repr

&) =0Cup £eR.

For details on the normalizing constant C, ,, see [4]. Note that, if v = 0
and p = 1/2, that is, if we consider the Brownian motion on H?, the limiting
distribution is the Cauchy distribution as in the case of the hitting distribution
on lines of standard Brownian motion on R?2. In general, the limiting distribution
belongs to the type IV family of Pearson distributions (cf. [34]).

It should be mentioned that the functional [;° eXp(BgﬂL ))dWs(fu) has been
much studied in the context of risk theory. See Paulsen [5l]] and the references
cited therein about this. In [50] the density is derived when v > 1. See also [Z]
and [3] about some results in special cases. For further related discussions, see
E1 and [64).

We present a probabilistic proof taken from [, where we also find an analytic
proof.

Proof. The limiting distribution coincides with that for the stochastic process
(X"} given by

t
X0 = aexp(B) + [ exp(BE)IE.

We also consider the diffusion process {)N(t(')’” )} given by
¢
X exp(Bé‘”))<x+ / exp(Bgm)dWs(V))
0

with infinitesimal generator

~ 1422 &2 1 d
L) — - _ _Z -
2 da? (V+ (,u 2)I) dx
By the invariance of the law of Brownian motion under time reversal from a

fixed time, X" and X"*) are identical in law for any fixed ¢ > 0. Therefore,

to prove the theorem, we only have to check E(”’“)*f = 0 for the adjoint operator
E(VW‘)* to E(VW‘). I:‘

Remark 3.4. Set

¢ ¢
AW = / exp(2BM)ds  and ol ™" = / exp(B{M)ds.
0 0
The joint distribution of (AE_“),aE_“), Bt(_“)) or the Laplace transform of the
conditional distribution of A\ given (al™*, B{™")) has been studied in [I]
(see also Part I).
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We have, using some obvious notation,

law _
X (law) Yacw = vasm

for a Brownian motion {v;} independent of B. Hence we obtain

£(6) =E[;exp(—w)].

fomaCm 24M

However, we have not succeeded in obtaining Theorem from this expression.

Remark 3.5. The limiting distribution with density f(£) belongs to the domain
of attraction of a stable distribution, whose characteristic function ¢ is of the
form

o(t) = eXp(\/—_lzt—i— clt|” (1 + v/ —1ysgn(t) tan(%))), 0<as2a#l,

or

ot6) = exp (VTet + el 1V Tosea) o) 2 ) ).

where ¢ > 0,—1 <y < 1and z € R.
It is also the case if we consider the hitting distribution on {Im(z) = a}, that

is, the distribution of Xg’”) when YO(V’“) =1y > a > 0, where 7, is the first
hitting time of a by {Y;(”’“)}. For details, see the original paper [].

4. Maximum of a diffusion process in random environment

The purpose of this section is to survey the work by Kawazu-Tanaka [35] on
the maximum of a diffusion process in a drifted random environment. In [35],
several equalities and inequalities for the exponential functionals of Brownian
motion are used.

Let W = {W (y),y € R} be a Brownian environment defined on a probability
space (1, F1, P1): {W(y),y = 0} and {W(—y),y = 0} are independent one-
dimensional Brownian motions with W (0) = 0. For ¢ € R, we set W) (y) =
W(y) + cy.

For each w; € €, we consider a diffusion process X (W(wy)) = X(W) =
{X({#,W),t 2 0}, W(w1) = W(-,w1), with X (0, W) = 0, whose infinitesimal
generator is given by

d

5 oV 7 (expl-W ) 7).

We denote by P, the probability law of the diffusion process {X (¢, W (w1))}
and consider the full probability law P = [ P,, Pi(dwy) of {X(¢t,")}.
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A scale function S(°)(z) = S‘(,;) (x) for X (W) is given by

x 0
S (z) = / exp(W ) (y))dy for x>0, = 7/ exp(W ) (y))dy for = < 0.
0 T

By the general theory of the one-dimensional diffusion processes, {S()(X;(W))}
may be represented as a random time change of another Brownian motion and,
based on this representation, several interesting results have been obtained. For
these results, see, e.g., Brox [§], Hu-Shi-Yor [B0], Kawazu-Tanaka [36].

In the rest of this section, we assume ¢ > 0. Then we have S(¢)(c0) = oo and
S(¢)(—00) > —o0, and therefore, max,>, X (t) < oo, P-a.s.

The question we discuss in the present section is how the tail probability
P(max,>q X (t) > x) decays as x — co. We have

— 1 7S(C)(7OO)

and several results on the exponential functional given by ([LT) are quite useful
in this study. The random variables S(?)(z) and S(°)(—o0) are independent.
We also note (cf. (CH)) that —S(¢)(—o0) is distributed as 27,,", where y2,. is a
gamma random variable with parameter 2c.

Theorem 4.1. (i) If ¢ > 1, then one has

P (ngixu) > x) _ 22(2: 1) exp< <c - %)m) (1+0(1)), z— oc.

(ii) If c =1, then

P (maxX(t) > x) = \/gml/Qez/Q(l +0(1)), x— oo.

t=0

(iii) If0 < ¢ < 1, then

P (m>axX(t) > x) = Ca?_?’/Qe_Cz“'/Q(l +o(1)), x— o0,
20

where the constant C is given by

25/2 2c -1 7a/2
= / / s e MWWy sinh(u) dadydzdu,

Ay, u) = (u).

Before proceeding to a proof for each assertion, we rewrite the right hand
side of @) into different forms. We set A(®) = —S(°)(—o00) and

fa,z) = EP[(a+SO@)™Y, a>0,z>0.
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Then we have

P <maxX(t) > x> = E[AW (A )] (4.2)

t20
__1 [z (c)(? > 2e-1,-6
F(QC)/O §f g,:L' £ e SdE. (4.3)

Moreover, considering the time reversal of W, we easily obtain
FOaa) = e D257 (aexp(v @) + [ expr )y
0

x exp(W(z) — x/Q)} .

By the Cameron-Martin theorem, we also obtain

- - —1-
£ ) = e 2 | (aesp @) + [ expv -y ) |
L 0 |
(4.4)
By considering the time reversal again, we may write

- . -1
£ =220 ([T D)) epve D).
L 0 J
Proof of (). From [2) and ), we have

ele=1/2zp (maxX(t) > x)

t20

-1

=Eh [A(c) (A(C) exp(W3=9) (z +/ exp(W =9 ))dy) ]

0
and, by the independence of A and {W(1~9)(y),y > 0}, we obtain
2 o—

lim elc—1/2ep <maxX(t) > x> = E[—] E[%( 1)],

T—00 t=0 V2¢ 2
where v, is a gamma random variable with parameter u > 0. Easy evaluation

of the right hand side yields the assertion. O
Before proceeding to a proof of (ii), we prepare two lemmas.

Lemma 4.1. Setting

b(z) = B [( I exp(W(y))dy)
v@) =57 ([ ewvimay) ]

lim v2rzy(z) = 1. (4.5)

xr—00

-1

exp(1(a)|,

we have

and
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Proof. The first assertion is easily shown by time reversal.
We can show the second assertion from the identity

EN K/Oz eXp(2W(y))dy> B

which has been shown in Part I, Proposition 5.9. However, we give another
direct proof.
Set

ue "
xz>0,u€eR,

Wia) =u|-

zsinh(u)’

o) = 7 log [ e yay )|

Then we have ¢'(z) = ¢(x) and, if we show

p(z) 2

A TV
we obtain (EEH)) by L’Hospital’s theorem.
By the scaling property of Brownian motion, we have

90\%) = BN [% 1og(/01 exp(\/EW(y))dy)] + % log().

and, by the Laplace principle, we also have

lim ixlog( / 1exp<ﬂW(y>>dy) — max W(y).

=00 0sys1

Hence, applying the dominated convergence theorem, we obtain

im 2&) _ gn [max W(y)] — /2

w00 /T 0<y<1 T

Lemma 4.2. For all x > 0, one has

27 ([ epvinay) B exo( ()| < {u(3) }/

Proof. We write
ED K /0 ’ exp(W(y))d”y) B exp(W<x))}

<EN [(/j/2 exp(W(y))dy) B (/;2 exp(W(y))dy) B exp(W(w))]

z/2

exp<W<y>>dy)

\
=
5
N
S—
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Hence, using the independence of increments of Brownian motion, we obtain

o [( I exp(W(y))dy) B exp<w<x>>}

<En [(/Om exp(W(y))dy) _1} EN [(/OI/Q eXp(W(y))dy)

= {u(z/2)}*.

—1

exp (1 (a/2)]

O

Proof of (ii). Set A1) = —S()(—o0). Then, since A" and BY are independent,
we have

" [sio] = 2" 418" [

—E {%} EP [(/Ol exp(W(y))dy)

where v is a gamma variable with parameter 2 and we have used the Cameron-
Martin theorem for the second equality. Therefore we obtain

-1

exp(W(z) — x/z>] ,

lim z'/2e*/2EM AW =2 lim ai(z) = \/z (4.6)
S(l)(x) T—00 T

T— 00

from E3).

We next prove

A) A
P& | _ph| 7 < —3/4 —x/2
E [S(l)(:c)] E {A(l) n S(l)(x)] <Cx e (4.7)

for some absolute constant C'. Combining this with ([H) above, we obtain the
assertion.
For this purpose we note the elementary inequality

3/2
i §1<9> , a,b>0.

Then we obtain

A) A
Py _ P;
E [sm(x)] g [A<1>+s<l><:c>}

For the first term on the right hand side, we have

A

SE" (AW PIE(S D @) "2)

EP[(AM)3/2) = 93/2 /OO 732 pe % dx < oco.
0
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For the second term, we use the Cauchy-Schwarz inequality to show

—3/2

B7(s0) ) = 85 ([CewWay) e - 2/2)]

< e““’/Q{EP1 K/Om exp(W(y))dy) h exp(W(x))] }1/2

X{Eﬂ[(Zf@@avwaniKMWK@ﬂ}

Then, using Lemmas EZJl and EE2 we obtain (1) and the result of (ii). O

1/2

Proof of (iii). We prove this case by using formula (([CZ). To do this in a direct
way, we note that

©_ [ © aw) [ (20)
Sy = | exp(W'9(y))dy =" 4 exp(2W'= (y))dy,
0 0

and that the latter is 4‘4;?/2)7 where A,g“ ) is defined by ).
Then, by using 1) and [CZ), we obtain

P <maxX(t) > x> = EPAL f (A )]

t=0

2 1 . o o
:/ - aQC_le_“daoe_czl/Q/ du/ d{/ db
o al'(20) 0 R 0

. 1+e%\ (2 -t
x 2%y~ exp ( J;e > (— + 4u>
u a

2 ¢t £ cosh 4
xﬁTi&ﬂwww%jﬁi@%m@mCE)
T Uu u X

—cz/2

From this identity we see that the order of decay is z—3/%e and, by using

the dominated convergence theorem and changing the variables in the integra-
tion, we obtain the assertion. For details, see the original paper [35]. O

5. Exponential functionals with different drifts

The purpose of this section is to show a relationship between the laws of the
exponential functionals of Brownian motions with different drifts.

In this and the next sections, we consider several stochastic processes or trans-
forms on path space related to the exponential functional {AE“ )}. In particular,
the following transform Z plays an important role. For a continuous function
¢ :]0,00) — R, we associate A(¢) = {A(¢)} and Z(¢) = {Zi(¢)} defined by

A(6) = / exp(26(s))ds  and  Z,(9) = exp(—d(1)Ar(6).  (5.1)



H. Matsumoto, M. Yor/Ezponential functionals of BM, II 369

Let v < u and consider two exponential functionals A®) = A(B™)) and
Alw) — A(B(“)):

‘ t
Agy) = / exp(2B{))ds and Aﬁ“) = / exp(2B)ds,
0 0

where B = Bs + vs and B = {B,} is a one-dimensional Brownian motion
with By = 0 as in the previous sections.

We first consider the case where v = —p and g > 0 and, using the result in
this special case, we will give the general result in Theorem 4] below.

Theorem 5.1. Let > 0 and let 7y, be a gamma random variable with density
['(p)~tzt~te=® x> 0, independent of B. Then one has the identity in law

1 (law) 1
{W,t>0} = {@+2’}/M,t>0} (52)

t

The identity in law for a fixed ¢ > 0 has been obtained by Dufresne [T9] and
the extension ([B2) at the process level has been given in [47].

Proof. We sketch a proof based on the theory of initial enlargements of filtrations
(cf. Yor [59]). Another proof based on some properties of Bessel processes has
been given in [E7].

Let B = o{B{™ s < ¢} and B = B v 0{AS™}. Then we can
show that there exists a {B! *)}-Brownian motion {B;} independent of A"
such that
exp(2B)

t
B = B, +ut—/0

We regard this identity as an equation for {Bg_”)} with given initial data {B;}
and AS* . Then, solving E3), we obtain

A(w)
(-0 _ g _ Ay
B, = B, log(1+Agu)),
p) _ » Ay n(w)
where B;"” = By + put and {A;"} = {A(BW)}.
As a consequence, it follows that

_ , ;1(“) 9 R g(u)
AT = / (1 +-5 >> exp(2B{M)ds = ——cb——.
0 Aooyl 1 + Atﬂ /Aoo#

hence
1 1 1

—~

= + .
AE*M) AEM) A(()g#)

Since (45"~ (law) 2y, by ([CH) and {B{"} is independent of A", we obtain
the theorem. (|
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Next we consider the stochastic processes Z(~#) = Z(B(~#)) and AR
Z(BW);

Zt(fm = exp(fBéfﬂ))Al(f”) and Zf“) = exp(fﬁéﬂ))/ﬁ“).

Then we have

d 1 1
dt (AE_H)) (Zt(—ﬂ))z (5-4)

Hence, from the identity (), we obtain Z(B(~#)) (faw) Z(BW) for any p > 0.
Moreover, by (B3), we have the pathwise identity Zt(fm = Z\t(“), t=0.

The study of the stochastic process Z(B) is in fact the main object of the
next section. We will show that, for any € R, Z(B") = {Zt(“)} is a diffusion
process with respect to its natural filtration {Zt(”)}, Zt(“) = J{Zg”), s < t}, and
that this result gives rise to an extension of Pitman’s theorem ([B1],[B4]).

A key fact in the proof of the above mentioned result is the following Propo-
sition 22 which also plays an important role in the rest of this section.

Before mentioning the proposition, we note another important fact. By (B4),
we easily obtain the following: for every ¢ > 0,

B = o{AW s <t} =20 v o{alMy. (5.5)

In particular, Zt(”) is strictly smaller than the original filtration B,g”) of the
Brownian motion B, as is also shown very clearly in the next proposition.

Proposition 5.2. Let u € R. Then, for any t > 0, the conditional distribution
of exp(Bt(“)) given Zt(“) is a generalized inverse Gaussian distribution and is
given by

1 1 1
P B(#) d Z(M) —_ pn—1 o - d >0
(exp( t )G IIZ| t ) QKM(l/Z):E €xp 9, x+$ X, T s
(5.6)

where z = Zt(“) and K,, is the modified Bessel (Macdonald) function.

Corollary 5.3. Let u =0 and write By, Z; for Béo), ZO) respectively. Then,
(i) the conditional distributions of exp(B:) and exp(—Bz) given Z; are identical,
(ii) letting vs be a gamma random variable independent of {B:}, one has

E[f(eP)e?P| 2] = E[f (et + 2275)e P | 2], (5.7)

Proof of the corollary. The first assertion is easily obtained.

. . . +5 ..
For the second assertion, we consider random variables I Z( ) whose densities

are given by the right hand side of ([&fl), replacing +6 for p. Then, assuming

that Iz(_é) and v, are independent, we have I§6) (12’) IZ(_‘S) + 227s. In fact, more

general identities in law for generalized inverse Gaussian and gamma random
variables are well known. See Seshadri [56], [46] and the references therein.
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Hence, from the identity (B0 considered for u = 0, we obtain

O

We postpone a proof of Proposition BE2to the next section and, admitting this

proposition as proven, we show a general relationship between the probability
laws of the exponential functionals of Brownian motions with different drifts.

Theorem 5.4. Let v < p and set 6 = (u—v)/2 and m = (u+ v)/2. Then, for
every t 2 0 and for every non-negative functional F on C(]0,t] — R), one has

2 1 1 \™
e lF( e =t) () |
AY A
1 1 \™
= eth/QE[F(—A(M) + 275, s § t) (A(“)) ],
S t

where 75 is a gamma random variable with parameter ¢ independent of {Bg“)}.

(5.8)

Proof. We start from (B). Then, for any non-negative function ¢» on Ry, we

have
eBt eBt
()00 a] - s ()]

z
We also deduce from the first assertion of the corollary
zt}

eth e*Bt
E{z/;( . >e53f zt] = E{z/;( +2%>e53f
Zt].

z
or, since Z; = exp(—Bt) Ay,
-5
1 z
Z| =F —+2 —
=) (5)

Bl 1 2\’
Ay ) \ Ay
Multiplying by (Z:)~" on both hand sides, we rewrite the last identity into
1 1\™ | [ 1 1\
Ell— (=) 2| =By — +2 — ) erPz,.
P(At)(/lt) ‘ '] _T/)<At+ %><At) ‘ t]

Then we obtain, for any non-negative functional ﬁ,
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By the Cameron-Martin theorem, we now obtain

ey2t/2E fv(ZS(V)’ s <ty % %
At At

A T LT
e E{F(ZS ,s:t)z/J<A(M) + 275 Al(t“) .

t

This identity is equivalent to (8) because of ([&4) or (BH). O

Let W (a,t) be the density of (24%”)=1. Then the following “recursion”
formula, originally due to Dufresne [20], is deduced from E&3H).

Theorem 5.5. Let v < p. Then, for any t > 0, one has, with 6 = (u —v)/2,

e”zt/2f(”) (a,t) = e“zt/Qia_ € / (a — b)‘s_lbmebf(“) (b,t)db, a>0.
L) Jo

6. Some exponential analogues of Lévy’s and Pitman’s theorems

In this section we consider the two stochastic processes &) = {§,§”)} and Z#) =
{Z"} defined by

¢
55”) = eXp(—ZBgﬂ))Al(t”) = exp(—QBE“))/ exp(2B)ds
0

and
Z{" = exp(—~B{"W) A,

where Bt(“ ) — B; + pt and B = {B;} is a one-dimensional Brownian motion
starting from 0.

Our purpose here is to show that both £ and Z®) are diffusion processes,
that is, they give representations for some diffusion processes starting from
0, with respect to their natural filtrations and that this result gives rise to
analogues or extensions of the celebrated Lévy and Pitman theorems.

We start by recalling these classical theorems. Set

Mt(”) = max Bg“).
0<s<t
Then the Lévy and Pitman theorems may be stated in the following general
form with any p € R.

Theorem 6.1. (i) Let X(*) = {Xt(“)} be the bang-bang process with Xé“) =0
and with parameter p, that is, the diffusion process with infinitesimal generator
%j—;fusgn(x)% and let {K,E“)} be the local time of X ") at 0. Then, the following
identity in law holds :
(law) 4
{0 = B M), 0 2 0} P27 (1% 6). 1 2 0

(i) o{MP — BW s <t} =BM = o{BW s < t}.
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Theorem 6.2. (i) Let {pE“)} be the diffusion process starting from 0 with in-

finitesimal generator
1 d?

d
302 + pcoth(ux)—

dzr

and set j,f”) = inf >, P Then, the following identity in law holds :

(law)

{@M™ = BM iy e =0y "2 {(p™), 50, ¢ = 0.

(ii) o{2M" — BW s <t} G B,
(ili) As a consequence of (i), the diffusion processes {2Mt(7”) - Béf")} and
{2Mt(“) - Bg“)} have the same probability law.

When 1 = 0, {\Xt(o)|} and {pEO)} are respectively a reflecting Brownian mo-
tion and a three-dimensional Bessel process, and the theorems give their repre-
sentations in terms of the maximum process {Mt(o)} of a Brownian motion B.
For the proofs and related references, see [A4], [46], [53] et al. It should be noted

that the stochastic processes {kMt(“ ) _ Bé“ )}, k € R, are not Markovian except
for these two interesting cases k = 1,2 and the trivial case k£ = 0. For a rigorous
and detailed proof, see [A2].

Now, for A > 0, we set

1 t
MM = —log / exp(2ABM)ds ).

Then, the Laplace principle implies

lim MM =y

)
A—o00

and, by the scaling property of Brownian motion, we deduce

(1),A (law)
{M7 >0 "= {)\ A%t 2\

Lagna Loy s 0}.
Moreover, we have
log(¢{") = log ( / t exp@ng)ds) —2B{" = 2(M{""! — B")
and
log(Zéu)) = log (/t exp(2B£“))dS) — Bg”) = 2Mt(“)’1 — Bé”).
0

Hence, if we show that £(*) and Z(*) are diffusion processes for every 1 € R, then
we see that {Mt(”)’)‘ —Bém} and {2Mt(”)’)‘ —Bém} are also diffusion processes for
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every A > 0 and we can recover the Lévy and Pitman theorems as the limiting
cases by letting A — oo.
Furthermore, there is an exponential analogue of the second assertion of

Theorem [E2 since we have shown in the previous section (see (BH)) that Zt(“ ) =
U{Zéﬂ), st G Bt(“) holds for every t > 0.

We can easily show that £ is a diffusion process. In fact, from the Ito
formula, we deduce

df) = ~260"dBy + (2 - 20)&") + 1)dt,

which implies the following.

Theorem 6.3. Let 4 € R.

(1) €™ is a diffusion process with respect to the natural filtration {Bt(”)} of B(#)
and its infinitesimal generator is given by

222 L (@ 2w+ 1)L
dx? dx

(ii) For every fized t > 0, one has
t t
«ft(“) (la:w)/ exp(—2B)ds (lzv)/ exp(2B{~"))ds.
0 0

On the other hand, it is not as easy to show that Z( is a diffusion process.
By the It6 formula, we have

s t t 1 t
ZM = /0 ZWdB, + /O <§ —u) ZWds + /O exp(BW)ds (6.1)

and we need to take care of the third term on the right hand side.
Here we recall Proposition B2, which implies

K 1
E Bz — [ Zr ) (= — 7z
(a2 = () (1), ==,

by the integral representation for K, (cf. [3§], p.119)
1 H o]
Ku(y) = (¥ / etV /Aty=n=1gy (6.2)
2\2/) J,

Then, by replacing in (B) exp(Bgu)) by its projection on Z (cf., e.g.,
Liptser-Shiryaev [39], Theorem 7.17), we see that there exists a {Zt(“ ) }-Brownian
motion {f3;} such that

7 _ /t ZWdg, + <l _ )/t Z(#)d8+/t<K1+ﬂ) (L)ds
t ) s B 2 ) o K, Zé”) :

Hence, admitting Proposition as proven, we have obtained the following.
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Theorem 6.4. Let u € R.
(i) ZW is a diffusion process on [0,00) with respect to its natural filtration

{Zt(“)} whose infinitesimal generator is given by

1, d? 1 Kipp\ (1)) d
2" @*{(r“)”( %, J\Z)[a&
(i) For every t > 0, Z{" - B,
(iii) The diffusion processes Z (1) and Z*) have the same probability law.

To compare with the original Lévy and Pitman theorems, we present the
following, which can be obtained from Theorems and B4 by the scaling
property of Brownian motion. We call a diffusion process a Brownian motion
with drift b if its generator is given by %j—; + b(x)d%.

Theorem 6.5. (i) For any A > 0, the stochastic process

1 ¢ s 1
{ﬁ log </o exp(2/\B§“))ds> — Bé’) + oY log A2t > 0}

is a Brownian motion with drift

(ii) The stochastic process

1 t
{X log </ exp(2/\B§“))dS> - Bé’t) + Aog A2t > 0}
0

18 a Brownian motion with drift
—Az Kl A —Az d —Az
DI (@) = —p+ De <#)< ) = L log Ky (e7)).

Remark 6.1. By using the integral representation for K, (z)

2T (n+1/2) /°° cos(xt) dt
o akyT o (L4 ¢2)utl/277

(cf. BY], p.140), we can show

K, (x) x>0,u>0,

lim 5" () = pcoth(pz).
A—00
The rest of this section is devoted to a proof of Proposition B2l which has

played an important role not only in this section but also in the previous section
and in Part I of our survey. To show the proposition, we prove an identity for
an anticipative transform on path space, which may be regarded as an example
of the Ramer-Kusuoka formula. For the Ramer-Kusuoka formula, see [9], [37],
[52] and [BY].
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Another proof for the proposition which uses several properties of Bessel
processes has been given in [B5] and a proof based on Theorem Bl featuring
the generalized Gaussian inverse distributions, has been given in [46].

For our purpose we consider one more transform on path space. For an R-
valued continuous function ¢ on [0,00), we define Ty (¢) = {Tu(d):,t = 0},
a2 0, by

Ta(d)e = ¢(t) — log(1 + aAy(9)). (6.3)

We now summarize some properties of these transforms on path space which
are easy to prove but play important roles in the following.

Proposition 6.6. Letting A and Z be the transforms on path space defined by
E&I) and T be defined by @3), one obtains

(i) e =
LT0) A
(iil)To 0 T = Topp, 3> 0.

+a, (i)Z o To = Z,

The next theorem gives an example of the Ramer-Kusuoka formula. On the
left hand side of (B4 below, the transform Ta Jelw depends on ei") and it is
natural to call it anticipative. For more discussions about this transform, related
topics and references, see [I7].

Theorem 6.7. Let p € R, 2 0 and let F be a non-negative functional on the
path space C([0,t] — R). Then, setting eE“) = exp(Bé’t)), one has

E[F(T,, 0 (BW),,s < 1)) = BF(BW, s PP (e, Z{")]  (6.4)

ale

for every t > 0, where T'{) (x,2) = (1 + az)*Ty(z, 2) and

To(z,2) = eXp(—%(Jc - m))

Proof. We divide our proof into three steps.
Step 1. First, we prove that

B|exp(neoF (s )| = Bles(nfeor (- +20/es <1)| 03)

S
holds for every i > 0, where e; = e,EO). From Proposition B8 we see that this
identity is equivalent to

Elexp(—ne:) F(Bs, s = t)] = Elexp(—n/e) F(Tanse, (B)s;s 1)) (6.6)

Step 2. We prove () with p =0 from (GE5).
Step 3. We prove (B4 for general values of p.
We start from Theorem Bl which says that

1 1
— < = — s<
p(yvomnzd)| ~elr(pes)] 6n
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holds for any g > 0 and for any non-negative functional F' on C([0,t] — R),
where v, is a gamma random variable with parameter ;1 independent of B (),
We rewrite the left hand side of ([EX) into the following way:

1
i <
E[F<Ag") s 2 tﬂ

1

o 1
= — e "E {F(— +2n,s < t)} dn
(1) /0 AP

1

e 1
= — “16”E{F<—+2 ,sSt) exp(uB; — p’t 2]d ,
A s S ) expluBe — /)| dn
2
e Ht/2 /oo { (1 > ]dn
| eB|F( = +om, s <t)(ne)t| L, 6.8

where we have used the Cameron-Martin theorem for the second identity. For
the right hand side of (&), we rewrite

SUC)
Ag—lt)

= E[F(Ai s < t) exp(—puB; — ,ﬂt/z)]

e—ﬁt/z

T /OOo nu—le—nE[F(Ai,s S t) eXp(—uBt)} dn

S
e—ﬁt/z

=y (e s over] T

Now, comparing (E8) and ), we get

< 1 dn
e "E|F —+2n,s§t) ne “}—
/0 { (A (ne:) n

S

:/OOO e—nE[F(Ai,s gt) (n/et)“]%”.

S

Since this identity holds for any p > 0, we obtain
< 1 d
/0 e "E[F(A—S +2n,s < t)f(net)} ?77
o 1 d
[ el

S

for any non-negative Borel function f on [0, c0). Since the left hand side is equal
to

| Eepenenr (5 +2uens <o) 1

and the right hand side is

| Bep-ner (s o) [ s
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we obtain (GI).
For Step 2, we replace F exp(ne;) by F in (E8]). Then, since exp(Tn(B)s) =
es/(1+ aAy), we obtain

EIF(Buys 0] = B|exp(n/es) exp( gt ) F(Tag (B)uns 1)

and, setting n = a/2,

E[F(B,,s <t)]=E [eXp(%( ))F(Ta/et (B)s,s < t)} (6.10)

We now wish to find a function ¢ : R x [0,00) — R such that
Elp(Bt, A)F(Bs,s = t)] = E[F(Tye,(B)s,s = t)].
With this aim in mind, we replace F' by ¢F in (EI0). Then we have
Elp(Bt, A1) F(Bs, s < t)]

€t 1
1+ OtZt €t

« et 1 Ay
— R S <
E[exp<2 <1 s et>)¢<Ta/e‘(B)t’ . +aZt>F(Ta/e‘(B)S’S < t)}

Hence, for our purpose, it is sufficient that

« (43 1 At
— - — B; —log(1 Z)y —— | =1 A1
exp<2<1+azt et)>50< t og(l+« t)’l—i-aZt) (6.11)

and, if we take
afl 1
o -on{5(- )

we get ([EI0]). Therefore, we obtain

ELF (T (B <) = E|oxn =5 e -

1

e: + OtAt

2 ))F(BMSS)} (6.12)

which is precisely (@) with p = 0.
For Step 3, we again use the Cameron-Martin theorem to modify the left
hand side of (&2):

E[F (T, 0 (B™)s, s < 1)
= E[F(Tyaje,(B)s; s < t) exp(uB; — i°t/2)]
= e H2E[F(Ty e, (B)s, s < 1) exp(uTa e, (B)e) (1 + aZy)).
We note Z (T4 e, (B)) = Z(B) (Proposition L) and use (E12). Then we obtain

E[F(T, , u (B")s,s < 1)]

/eim
— 2| F(B,,s < ) exp(uBy) (1 +aZi) exp( 2 (e - ————
S = 2 (1 —+ aZt)et
a 1
_ E[F(BW, s S 0)(1+azM) exp<— (e(”) - —)ﬂ '
s ¢ 2\ " 1+ aZ)el™

The proof is completed. O
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We are now in a position to give a proof of the key proposition.

Proof of Proposition [ At first we consider the case u = 0. We set Q;"*(:) =
P(:|Z:, Z; = z), the regular conditional distribution given Z;. Then, taking F'
in @) as p(1/A;)G(Zs,s < t) for a non-negative Borel function ¢ on (0, 00)
and for a non-negative functional G in view of Proposition L0, we obtain

B9 {eXp(—net)w(ziet)] =E%" [eXp(—n/et)w(i + %)]

zZet €t

Now we assume for simplicity that the distribution of e; under Qy"* has a
density g.(z) with respect to the Lebesgue measure. Then we have

B {exp(net)cp (Zietﬂ = /OOO e "o <$) g:(x)da

Y 1YLy
/O e <p(x)gz<zx) —d

B9 exp(-nfeno( -+ 22

and

ZEt Et

- / e”/””ga<2n+T1/Z)gz(x)dx
0

[ oz m+1/z\2n+1/z
_/0 exp( 72n+1/z)<p(x)gz( - ) " dx.

Since the function ¢ is arbitrary, we obtain

a0/ expl-nu2) = (204 1/2) exp G )os(20 + 1/2)0),

where we have set v = 1/x. From the last identity, we obtain

1 1
.(x) = const. 2 Vexp( —— (z + —
g (%) const. T e ( % ($ 1’))

by simple algebra and, by using the integral representation (E2) for the Mac-
donald function, we obtain (&8 when p = 0.

For a general value of p, a standard argument with the Cameron-Martin
theorem leads us to the result. (|

We finally show that the semigroups of the diffusion processes e(®, £(") and
Z® satisfy some intertwining properties. For some general discussions and ex-
amples of intertwinings between Markov semigroups, see [6], [T0], [21], [54] and
[61] among others.
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To present these results, we denote by I §"> a generalized inverse Gaussian

random variable whose density is given by (B0 and define the Markov kernels
K" and K by

K{¢(2) = E[p(I)]  and Kéﬂ)‘p(z)E[CP(éﬂ

for a generic function ¢ on R.

Theorem 6.8. Let {P"}, {Q"} and {R\™} be the semigroup of the diffusion
processes e 1) and ZW | respectively. Then we have

REH)K(IM) — Kgﬂ)Pt(lt) and REH)K(QM) — K(QM)Q,&M)~

Proof. The key proposition (Proposition B2) again plays an important role. We
give a proof for the first identity. The second one is proven in a similar way.

For s,t > 0, we compute E[p(e g’j_)t)|Z(”) 7" = 2] in two ways. First, we use
the Markov property of e(*) to obtain
Blp(ed)| 200, 21 = 2] = B[Blp(el?,)|BI)| 20", 2() = 2]

(PP ) ()] 200, 20 = 2]
(P) (1)
<K§ P (),

[
El
El

where B = J{egf),u < st = U{Bq(f‘),u < s} and we have used Proposition
for the third equality.

Next, we note E[p(e g”_‘_)t)|Zé(i)t] (KM )(Zé(i)t) Then, by the Markov prop-
erty of Z( ), we obtain

Elp(el))|2, 20 = 2] = Blp(el))| 28|20, 2 = 2]
= (K" ¢) (20|20, 20 = 2]
= (RMKMp)(2)

and the desired identity RIWK = K pi), O
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