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Abstract: We consider the signal detection problem in the Gaussian de-
sign trace regression model with low rank alternative hypotheses. We derive
the precise (Ingster-type) detection boundary for the Frobenius and the nu-
clear norm. We then apply these results to show that honest confidence sets
for the unknown matrix parameter that adapt to all low rank sub-models
in nuclear norm do not exist. This shows that recently obtained positive re-
sults in [5] for confidence sets in low rank recovery problems are essentially
optimal.
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1. Introduction
Consider the Gaussian design trace regression model
Y; =tr(X0) +e, i=1,...,n, (1)

where € ~ N (0, I,,) is an i.i.d. vector of Gaussian noise. Here the matrices X* are
d x d square matrices with i.i.d. entries X7 . ~ N(0,1), and § is the unknown

*This work was carried out when this author was a research associate in the University of
Cambridge.
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d x d matrix we want to make inference on. We are interested in the case where
the model dimension d? is possibly large compared to sample size n, but where
0 has low rank k, in which case we write § € R(k),1 < k < d. This setting serves
as a prototype for various matrix inference problems such as those occurring in
compressed sensing [4] or in quantum tomography [7]. We consider here a high-
dimensional regime where min(d,n) — oo, reflecting contemporary statistical
challenges.

The first problem we study in this paper is the signal detection problem with
low-rank alternatives: We want to test the hypothesis

Hy:0=0 wvs. Hy:0+#0, 0 € R(k), ||6] >p,

where || - || equals either the Frobenius norm || - || or the nuclear norm || - ||
(defined in detail below), and where p should be the minimal ‘signal strength’
condition for the above hypothesis testing problem to have a consistent solu-
tion (in the sense of Ingster, see [10]). We will show that the minimax optimal
detection boundary in Frobenius norm is of the form

d
p ~ min (\/jm_l/‘l)
n

whereas in nuclear norm it is

oo [k [k
p£ =~ min ;, m .

A remarkable feature is that for the Frobenius norm the detection rate does
not depend at all on the complexity of the alternative hypothesis (the rank k),
whereas for the nuclear norm it does. The phase transition between the two
regimes in these rates depends precisely on whether the sample size n exceeds
the dimension d? of the maximal parameter space R(d) or not. The upper bounds
in our proofs are related to the papers [9, 1] about the detection boundary in
the sparse regression setting, and our main contribution consists in deriving the
matching lower bounds for low rank alternatives.

Our interest in the detection boundary is triggered by the second problem we
investigate here: the question of existence and non-existence of adaptive con-
fidence sets for low rank parameters. It follows from general decision-theoretic
principles (see Chapter 8.3 in [6] and also [8, 2]) that the answer to this ques-
tion is closely related to a ‘composite version’ of the detection problem (see (15)
below). This approach was employed in [14] to prove that adaptive and honest
confidence sets for the parameter 6 do not exist in sparse regression models if an
{5-risk performance beyond O(n‘l/ 4) is desired. In contrast in the recent paper
[5] it was shown that if sparsity constraints are replaced by low rank conditions,
then adaptive and fully honest confidence sets exist over the entire parameter
space R(d). Adaptation means here that the expected Frobenius norm diam-
eter of the confidence set reflects the minimax risk over arbitrary low rank
sub-models R(k),1 < k < d. The fact that the detection rates obtained here
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in Frobenius norm are independent of the rank constraint § € R(k) provides
another heuristic explanation of the result in [5].

Moreover [5] constructed another confidence set whose diameter adapts to low
rank sub-models in the stronger nuclear norm distance, and that is honest for all
0’s that are non-negative definite and have trace equal to one, that is, whenever
0 is the density matrix of a quantum state. Such a constraint on 6 is natural in
a quantum physics context considered in [5], but not in general. The question
arises whether it is essentially necessary or not. In the present paper we show
that indeed the existence results of [5] are specific to the geometry induced by
the Frobenius norm or to the quantum state constraint, and that nuclear-norm
adaptive and honest confidence sets over general low rank parameter spaces do
not exist in the model (1). For example, our results imply that if one requires
coverage of a confidence set over all of R(d) then the worst case nuclear norm
diameter for rank-one parameters can be off the minimax estimation rate over
R(1) by as much as v/d. Our results thus further illustrate the subtleties involved
in the theory of confidence sets for high-dimensional parameters, and that the
positive results in [5] are of a rather specific nature.

Our proofs are given in the simplest model where both the design and the
noise are Gaussian, and the matrices involved are of square type. As usual,
our results extend without major difficulty to sub-Gaussian design and noise,
to certain correlated random designs, and also to non-square matrices, at the
expense of slightly more technical proofs. Generalisations of our results to the
matrix completion problem are currently under investigation.

2. Main results
2.1. Notation

We write My for the set of d x d matrices with real elements. If X : M; — R"
denotes the ‘sampling operator’

6 — X0 = (tr(X'6),...,tr(X"0))",
then the model (1) can be written as
Y = X0+,

where Y = (Y1,...,Y,)T and € = (eq, ..., €,)T. We write EX for the expectation
over the distribution of X only, and Fjy for the expectation conditional on X
The full expectation is denoted by Ey = EX Ey. The corresponding probability
laws are denoted by PX, Py, Py and we employ the usual o/O/op/Op-notation
with min(n,d) — oco.

We denote the standard norm on Euclidean space by ||-||2, and the associated
inner product by (-,-)2. Let ||.||r be the Frobenius norm over My, i.e.

IM]lp = Ju(MTan) =[S 22,
j<d
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where \? are the eigenvalues of M” M. The associated inner product is
(U, VYp =tr(UTV).

We also define the nuclear norm of M as
1Ml =" Al
j<d

These two norms are in fact defined also for matrices that are not of square
type. Finally we recall that for any matrix M € R(k), we have

1Ml < |M]l < VEIM]F.

2.2. Signal detection for low rank alternatives

We consider first the following hypothesis testing problem, also known as the
signal detection problem:

Hy:0=0 wvs. Hy:0¢€R(k), ||0] > p. (2)

Here the alternative space is restricted to a ‘low rank’ hypothesis 8 € R(k)
for some 1 < k < d. Moreover, for a separation constant p > 0, the detection
boundary is described by a ‘signal strength’ condition measured in terms of
the size ||0|| > p of the Frobenius-, or of the nuclear norm of €. In the high-
dimensional regime where min(n, d) — oco, we want to find the minimal sequence
p = pn,q such that for any a > 0 a level a-test ¥ = U(Y, X, o) exists:

Eo[¥] + sup Eg[l — ‘I’]] = Py(reject Hy) + sup Py(accept Hp) < .  (3)
0cH, 6 Hq

Recall that a test is simply a random indicator function 1 = 14 where the
rejection event A depends only on Y, X', o, and we require the sum of the type-
one and the type-two error of the test to be controlled at any fixed level o > 0.

Theorem 1. Consider the testing problem (2) with norm | - ||. Define

T = min(y/d/n,n="/*) il -1I=1-le
’ min(y/kd/n, V[0 if | =] [l
1) Suppose p > Dry q. Then for every a > 0 there exists a test ¥ =
(Y, X, ) and finite constants D = Dy, > 0,n, € N such that (3) holds
for every n > ng .
2) Conversely, suppose p = o(rp,q) and k = o(d) as min(n,d) — co. Then
no test satisfying (3) for every a > 0 exists. In fact

liminfinf [Eq[¥] + sup Eg[l — ¥]| > 1 (4)
nd ¥ 0€H,

where the infimum extends over all test functions ¥ = U(Y, X).
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The tests ¥ constructed in the proof are given in (9) below and straightfor-
ward to implement. Note also that the || - ||.-separated alternatives are a subset
of the || - | p-separated alternatives (see (10) below), and our results imply that
an optimal test for the case || - || = || - ||F is essentially optimal also for || - ||..

2.3. Confidence sets for low rank recovery

Low rank recovery algorithms are well-studied in compressed sensing and high-
dimensional statistics, see e.g., [4, 7, 11, 12, 13, 3] and the references therein. In
the setting of model (1) they provide minimax optimal estimators 6 of § € R(k)
with (high probability) performance guarantees

~ kd ~ d
16— 613 5 = < iy )

—

n
The question we study here is whether associated uncertainty quantification
methodology exists, that is, whether we can find confidence sets C,, C My such

lhat
inf P9 9 & > O 6
QGMd ( CTL) ’ ( )

at least for min(n, d) large enough, and such that the diameter |C,,| of C), reflects
the accuracy of adaptive estimation in the sense that |C,,| shrinks, with high
probability, at the optimal rates from (5) whenever § € R(k). We insist here
on an adaptive confidence set that does not require knowledge of the unknown
rank k of 6.

A first result that is proved in the paper [5] is that such adaptive confidence
sets do exist in the model (1) if the diameter is measured in Frobenius distance.
The construction of this set is straightforward, see [5] for details.

Theorem 2 (Theorem 2 in [5]). For every o > 0 there exists a confidence set
Cp = Cp(Y, X, @) such that for all n € N, (6) holds, and such that uniformly
in 0 € R(ko) for any 1 < ko < k, with high Pg-probability the Frobenius-norm

diameter |Cy|p of Cy, satisfies
d
|Crlr < 4/ ko—.
n

A second result that is proved in the paper [5] is that an (asymptotic) adaptive
confidence set exists also in nuclear norm provided that the “quantum state con-
straint” is satisfied, namely, provided it is known a priori that € is non-negative
definite and has nuclear norm one, and provided the coverage requirement in
(6) is relaxed to hold only over a maximal model R(k) in which asymptotically
consistent estimation of 6 is possible (i.e., ky/d/n = o(1)). Define

RT(k) = R(k) N {6 is non-negative definite, tr(¢) = 1},

the set of quantum state density matrices of rank at most k.
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Theorem 3 (Theorem 4 in [5]). Assume ky/d/n = o(1) for some 1 < k < d,
and let a > 0 be given. Then there exists a confidence set C, = C,(Y, X, )
such that
lim inf inf Py(0eCy)>1—a,
min(n,d)—oco 6€ Rt (k)
and such that uniformly in 0 € R* (ko) for any 1 < ko < k, with high Ps-
probability the nuclear norm diameter |C,|. of C,, satisfies

d
|Cn|* g k()\/j.
n

In fact it is not difficult to generalise the above theorem to the case where
the condition ¢r(0) = 1 is relaxed to ||0|]. < 1.

The next theorem, which is the main result of this subsection, implies that no
analogue of Theorem 2 can hold true if the Frobenius norm there is replaced by
the nuclear norm, and it also shows that Theorem 3 cannot hold true if R (k)
is replaced by R(k), that is, if the ‘quantum state constraint’ is relaxed. More
precisely, we show that if a confidence set C), is required to have coverage over
the maximal model R(k;), then the worst case expected nuclear norm diameter
of C, over arbitrary sub-models R(ko),ko = o(k1), depends on the maximal
model dimension k; and does not improve as kg | 1. The proof of Theorem 4
is based on Part 2) of Theorem 1 and lower bound techniques for adaptive
confidence sets from [8, 2].

Theorem 4. Let ky — oo such that k; = o(d) as min(n,d) — oco. Suppose
that for any 0 < a < 1/3 the confidence set C,, = C, (Y, X, ) is asymptotically
honest over the mazimal model R(ki), that is, it satisfies

lim inf inf Pp(feCp)>1-—a. (7)
min(n,d)—oco 6€ R(k1)

Then for every ko = o(k1) and some constant ¢ > 0 depending on a, we have

sup Eg|Cpls > ¢/ kud (8)
6 R(ko) n

for every min(n,d) large enough. In particular no confidence set exists that is
honest over all of My and that adapts in nuclear norm to any model R(ky), ko =

o(Vd).

For notational simplicity we have lower bounded the ezpected diameter |C,|.
in (8), but the proof actually contains a stronger ‘in probability version’ of this
lower bound.

Remark 1. A few remarks on Theorem 4 are in order:

i) In the least favourable case where one wants coverage over the entire
R(d) = My while still adapting to rank-one matrices (i.e., ko = 1), the
performance of any honest confidence set is off the minimaz optimal adap-
tive estimation rate \/d/n over R(1) by a diverging factor that can be as
close to \/d as desired.
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it) Even if one restricts coverage to hold only for ‘consistently estimable mod-
els” R(ky) with ki\/d/n — 0 (as in Theorem 3), the diameter |Cp|« can
be off the minimazx rate of estimation over R(1) by a factor of V.

iii) We also note that the above result does not disprove the existence of
adaptive confidence sets for sub-models R(ko) of ‘moderate rank’ where
ko > V/d. While more of technical interest — note that this rules out n < d?
for consistent recovery to be possible — this regime currently remains open
(it is related to the apparently hard problem of finding optimal separation
rates in the composite testing problem (15) below).

3. Proofs
3.1. Proof of Theorem 1, upper bounds
When n < d? then define
o 1 2 —1/2
T'n = _HYH2 - 17 Tn =N
n

but when n > d? set

. 2 . ]
n= m Z Z )/;X7nk}/jX‘77nk7 Tn = d/n
i<j 1<m<d,1<k<d

The test statistic is
\Ijn =1 {7277, 2 Zoﬂ—n} (9)

where z, are quantile constants chosen below.

These tests work for Frobenius norm separation, by effectively the same proofs
as in [9], using that we can embed the matrix regression model into a vector
regression model with p = d? parameters, and since the separation rates only
depend on the model dimension (and not on low rank or sparsity degrees).
However, to provide intuition, we give some details, first for the case n < d?:
Under Hy we have Y = € and so

1 n
EoW, =Pr| —= Y (7 —Ee?) >z, | <a/2
(2

for every n € N and z, large enough (using either Chebyshev’s inequality and
Ee} = 3, or Theorem 4.1.9 in [6] for a more precise non-asymptotic bound).
Now for the alternatives 8 € H; we use the basic concentration result Lemma
la) in [5] which implies that for any fixed 0 the event

€ ={[@/mllxol; — 10l | < ll0]F/2}

has PX-probability at least 1 — 2exp(—n/24), and so, for n > n, such that
2exp(—n/24) < a/6,
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]E9(1 — \I/n) =Py (’/‘An < ZaTn)

1 z
=Pr( —|X0+¢3-1< %
(Gl dg-1<2z)

_ ( 1x6]12 - f<—g6TX9—%Z(€?—1)>

=1

1912 24 2 - 1<, 5
<Pr|—F-—=<——€ X0—— E - —1
r( 2 Vn < n n (& )€

i=1

+ 2exp(—n/24)

2
<Pr(|=eTx0 6||2 P — E¢?
< r<‘ne ’>| ||F/87S)+ r( ;g €2 >za/3>

+ a/6,
since, by the hypothesis on p, we have for D large enough that

1013 _ 2o o 1013 o 2205

2 Ui~ 4 C iz

The last probability is bounded by a//6 as under Hy and the last but one prob-
ability is also bounded by a/6 by a direct (conditional on X) Gaussian tail
inequality (restricting to the event &£: just as in term II of the proof of Theo-
rem [5] with § = 0 there), so that in total we have bounded the testing errors
n (3) by a/2 + (3/6)a = «, as desired. The case n > d? follows from similar
but slightly more technical arguments, adapting the arguments from proof of
Theorem 3 in [5], or arguing directly as in Theorem 4.3 in [9] with p = d2.
The test (9) also works for nuclear-norm separation since

Hf =0 € R(k): ||0]l, > cVkp

is a subset of
H =0 € R(k): 0]r>cp

in view of the inequality
16l > (1/VE)|ll V0 € R(k), (10)
so that

EoW,, + sup E@(l - \Iln) < Eo¥, + sup E@(l — \I/n) < a.
bcH] 9cHF

We now turn to the more difficult lower bounds.
3.2. Proof of Theorem 1, lower bounds
Let ¥ be any test — any measurable function of Y, X that takes values in {0, 1}.

Assume p = o(ry,q) as min(n, d) — oo and let H; = Hy(p) be the corresponding
alternative hypothesis.
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Step I: Reduction to averaged likelihood ratios: Let m = m, 4 be a sequence of
finitely supported probability distributions on My such that m, q(H1) — 1, and
denote by 7|H; that measure restricted to H; and re-normalised to unit mass.
Define

where dPi(G) is the distribution of Y;|X when the parameter generating the data

is 6, and dPi(O) is the distribution of Y;|X when the parameter generating the
data is 0. Then, by a standard testing lower bound (e.g., (6.23) in [6]), for any
n>0,

EoW + sup Eg(1 — ¥) > EgW + Egr s, Eg(1 — ¥)
0cH,

> Kol + ]EONW]EG(I - \Ij) - 0(1)
= E* [Eg¥ + EgrEg(1 — U)] — o(1)

EZ-17|] _
1[—77 H o

Eo[Z —1]* = Eo[Z2°] - 1,

if we show that Eq[Z?] < 1+ o(1) as min(n,d) — oo for a suitable choice of
7, then the lower bound (4) will follow by letting 7 — 0. Recall the notation
Ey = EXE,.

>(1—-n)

Now since

Step II: Computation of Eo[Z?): The (Y;) are independent with distribution
N((X0);,1) conditional on the design X, hence

X —% i X0 i 2
o[ 0
= Eonr | [] exp(ui(X6)) exp(—é«zw)i)%]

and can hence write

B[z = [ (Eew I exp(yz-vce)i)exp<—§<<xe>i>2>}>

i<n
1

2
Yi

2
= <E9~7r exp ——HX9|| I | exp(y; (X0); })
R!L

i<n

X

exp(—



2684 A. Carpentier and R. Nickl

1 y?

w TT —— exp(=L0)dyy . . dy,.
££%ﬁ p(=5)dys .. dy

Thus, if 0,6’ are independent copies of joint law 72, then we have

Ey[Z?]

= [ B [osp(- 5012018 - 5012013) [T = oxp (X0 + 0~ )
g 2 2 o V2 2
X dyy ...dyy

1 1
—E. [exp<—§||xo||§ — 5 lx0'3)

X H / (\/12_7r exp ( - %(yz —(X(0+ 9'))i)2)dyi exp (%(X(G + 9/))12)]
B [eXp (%'W FOI3 - 5 10]3 - %IIXG’IS)]

Step III: Integrating over X: The EX-expectation of the last expression can
be bounded by

n 1
Ees [oxp (10 + 013 - 1613 = 1915)) E¥ exp (5021 - 22 - 20) )|
where

Zy = || X013 — n||9e||%, with 9y =0+ 99 =0,93=0".

The last factor can be bounded, by applying the Cauchy-Schwarz inequality
twice, by

(EX exp(Z1))Y2(EX exp(222)) /4 (EX exp(2Z3)) /4. (11)

Since XYy ~ N (0, ||9¢]|%1,) the distribution of Z is the one of ||J¢[|% "1, (97 —
1) where the g; are i.i.d. N(0,1). Applying Theorem 3.1.9 in [6] with 7; =1 and
A= ||91]% or A = 2||9,||%, € = 2,3, (and hence setting ||A|| = 1, [|A||gs = n in
that theorem) we see that if max, ||9¢]|% < 1/4 then

U112
EX exp(Z;) < ex (71”71? , and
P = o (T g0,

20|97
E¥ exp(2Z;) < exp <7F , £=2,3.
1 — 4|97

As a consequence if

_ —1/4
max [ = ofn”1/*) (12)
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then the the product (11) is bounded above by 1+ 0(1). We conclude that if the
prior 7 satisfies (12) almost surely then

Ba[2?] = EX Eol2?] < (1-+ o(1)) x Epsexp (2(16-+ 8% — 6% — 163
(1+0(1)) x Erzexp (n{6,0')p).

Step 1V: Construction of m and bounds for Eq[Z?]: Assume for notational sim-
plicity that d is an integer multiple of k, the general case needs only minor
notational adjustment. Pick independent random d x 1 vectors vy : £ =1,...,k
each of which consists of i.i.d. Rademacher entries (i.e., taking values +1 with
probability 1/2). Create a matrix W as follows: In the first d/k columns insert
v1 times a random sign By j,j = 1,...,d/k. Then, in the ¢-th block repeat the
same with v replaced by vg, and random signs By ;,j = 1,...,d/k. If ||-|| = ||| »
let v, = pp/d and if || - || = || - ||« set v = 2p,,/(Vkd), so that in either case

Yo =0 (min(\/ 1/dn, d_ln_1/4)) .
Define the random matrix 6§ = ~,W and let #’ be an independent copy of it.
Thus

d/k

~

! !
n{b, 9 é,mBZ,jW,mBe,j

||
NM I M»
||M

Bw

¢ mve m E :B&JB&J
J

i_
>

As products of Rademacher variables are again Rademacher variables we have,
for €p m, €¢,j 1.i.d. Rademacher variables (all defined on a suitable product prob-
ability space),

Eq2exp(n(0,0')p) = E.Ezexp | nv} Z Z €0,m Z €05
L m j

k

Conditional on the values of € we set A = ny?2 Zi:l €¢,m and note that
Al < ndv; = o(1).

By Taylor expansion or standard properties of the hyperbolic cosine (as, e.g., in
the proof of Theorem 6.2.9 in [6])

d/k
Eeexp [ A é; | = cosh(\)¥* < exp (\2d/k)
j=1
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and thus, since [EU]* < E[U*] for any non-negative random variable U, the
right hand side in (13) is bounded above by

(Ecexp (A2d/k))" < B, exp (A\2d)

d 2
= E.exp [ n?y2d (Z em> = Fexp (Z2/02) ,
m=1

where the Rademacher sum Z = Eiﬁl €m is a sub-Gaussian random variable
with variance proxy o2 = d (cf. Section 2.3 in [6]). Thus by (2.24) in [6] we have
2

14001
71 - Ll

Eexp (Z°/c*) <1+

since
c? 1
o2 d2n2~4 — 0
as n,d — oo. Summarising all steps so far we conclude
0<EXEg|Z -1 =E[Z?] -1<1—-140(1) =o(1)
noting that (12) holds m-almost surely in view of

1611% = 72 lW[F = 7ad® = o(n™1/2).

Step V: Asymptotic concentration of m on Hy: Finally we show that for the
above prior we have indeed II(H;) — 1. First since 6 consists of columns that
are linear combinations of at most k& distinct vectors vy, we immediately have

6 € R(k) almost surely. Moreover, for the case || - || = || - || we have from the
last display and by definition of v, that ||0||% = p2, so II(H;) = 1 follows.
For the case || - || = || - ||« we have to show that

7rn’d(He”* > pn) =1

as min(n, d) — oco. We can transform 6 into the d x k matrix U consisting of
k column vectors v,+/d/kve, ¢ = 1,... k. The corresponding d x k matrix U
consists of k£ column vectors, the ¢-th of which has zero entries except for the
indices m € [¢d/k,...,—1+ (¢ + 1)d/k], where it equals \/k/dBg,,. Thus, U is
an orthonormal projection matrix and we deduce that

1011« = 16U ]]...

We can renormalise the column vectors of U so that

d 1 d
oU =v,—=1|...—=vp... | =v,—=V.
7\/E< va'" ) ™k

The d x k matrix V consists of scaled i.i.d. Rademacher entries, and hence the
proof of Lemma 1 in [14] (with n = d,k = k; = p in the first display on p.2868
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there) implies that, if k/d — 0, then with probability as close to one as desired,
the smallest singular value of V' is bounded below by 1/2 for d large enough. As
a consequence ||V« > k/2 and so, with probability approaching one,

16]1 > yndVE/2 = pp.

Note that the same lower bound holds for

k

0 — R(ko)||« = inf |0 — 0|, > Aj| > (k—ky)/2 14
Io= Rkl =, af 10002 30 Dulz (k=koy2 (1)

for any ko < k, if the absolute eigenvalues in the last display are assumed to be
in decreasing order.

3.3. Proof of Theorem

Consider the composite testing problem

Hy:0¢ R(ko) vS. ch :0 € R(k‘l), ||9 — R(ko)H* = O’GiIR}(fk | Hé‘ — 9I||* > p.
0
(15)

From (14) with k = k; and kg = o(k1) we see that for min(n,d) large enough
such that (ky — ko)/2 > ki/4, the prior 7 from the previous proof with v, =
4p,/(v'kd) asymptotically concentrates on H. As a consequence testing (15) is
no easier than when Hy = {0}, so that when p = o(y/k1d/n) then the proof of
Part 2 of Theorem 1 implies

liminfinf | sup Eg¥ + sup E¢(1 — ¥)| > 1. (16)
nd ¥ |gcH, 0cH¢

Now assume by way of contradiction that there exists C), that satisfies (7) with
a < 1/3 and such that for every ¢ > 0 there exist infinitely many n, d such that

sup Eg|Cplx < cv/kid/n.

0€Hy

Passing to the infinite subsequence min(n, d) — oo along which the last inequal-
ities hold, we deduce from Markov’s inequality that

sup Po(|Chls > av/k1d/n) < c/a < «

0cR (ko)

for ¢ small enough depending only on «. Then, by Proposition 8.6.3 in [6] we
can construct a test for (15) for which the testing errors in (16) are no more
than 3a < 1 along the chosen subsequence, a contradiction that completes the
proof.
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