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SOBOLEV DIFFERENTIABLE FLOWS OF SDES WITH LOCAL
SOBOLEV AND SUPER-LINEAR GROWTH COEFFICIENTS!

BY LONGIIE XIE AND XICHENG ZHANG
Wuhan University

By establishing a characterization for Sobolev differentiability of random
fields, we prove the weak differentiability of solutions to stochastic differen-
tial equations with local Sobolev and super-linear growth coefficients with
respect to the starting point. Moreover, we also study the strong Feller prop-
erty and the irreducibility to the associated diffusion semigroup.

1. Introduction and main results. Consider the following stochastic differ-
ential equation (SDE) in R¢:

(L) dX,(x) =b(r, X;(x))df + o (6, X,(x))dW,,  Xo(x) =x,

where 0 : Ry x RY - R@R” and b : R, x RY — R? are two measurable func-
tions, (W;);>0 is an m-dimensional standard Brownian motion defined on some
probability space (€2, .%, IP). It is a classical result that if the coefficients are global
Lipschitz continuous and have linear growth in x uniformly with respect to ¢, then
SDE (1.1) admits a unique global strong solution which forms a stochastic flow of
homeomorphisms on R? (cf. [23]). However, in many applications, the Lipschitz
continuity and linear growth condition imposed on the coefficients are broken (see
[11, 16, 22, 27] and references therein). Notice that in the deterministic case (i.e.,
o =0), SDE (1.1) becomes an ordinary differential equation (ODE):

(1.2) X'(t)=b(t,x(1),  x(0) =xo.

A unique regular Lagrangian flow was constructed in [11] by DiPerna and Lions
for Sobolev vector fields with bounded divergence (see also [6] for a direct ar-
gument). This result was later extended by Ambrosio in [2] to BV vector fields
with bounded divergence (see also [12, 38] and [4] for stochastic extensions). It
is emphasized that the solvability of (1.2) in the DiPerna—Lions theory is only
for Lebesgue almost all starting point xo. An interesting phenomena is that when
o # 0 is nondegenerate, the noise term will play some regularization effect and
SDE (1.1) can be well-posed for quite singular drift b and for every starting point x.
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In the past decades, there is increasing interest in the study of the strong solutions
and their properties to SDEs (1.1) with irregular coefficients. Let us briefly recall
some well-known results in this direction.

In the additive noise case [i.e., o;(x) = o; is nondegenerate], when b is bounded
and measurable, Veretennikov [32] first proved that SDE (1.1) has a unique global
strong solution X;(x). Recently, it was shown in [26] that X, (-) lies in the space

N =1 L2(S2; W;’p (R%)), where W;’p (R?) denotes weighted Sobolev space with
weight p possessing finite pth moment with respect to the Lebesgue measure
in RY. When b € L] (Ry; L?(R?)) for some p, g € (1, 00) with % + g <1, us-
ing estimates of solutions to the associated PDE, the existence and uniqueness of a
global strong solution X;(x) for SDE (1.1) were obtained by Krylov and Rockner
in [22]. Under the same condition, Fedrizzi and Flandoli [13—15] proved that the
map x — X;(x) is a-Holder continuous for any « € (0, 1), and is also Sobolev
differentiable. We also mention that the Sobolev regularity of the strong solution
in spacial variable enables us to study the associated stochastic transport equation
since it is closely related to SDE (1.1) by the inverse flow of the strong solution; see
[15, 16, 26, 29] and references therein. Moreover, Bismut—Elworthy—Li’s formula
was also established in [25] by using the Sobolev and Malliavin differentiabilities
of strong solutions with respect to the initial values and sample paths, respectively.

In the multiplicative noise case, if the SDE is time homogeneous, supposing
that o (x), b(x) are in C2(R?), and Vo and Vb have some mild growth at infinity,
by investigating the corresponding derivative flow equation, Li [24] studied the
strong completeness for SDE (1.1), that is, (¢, x) — X;(x) admits a bi-continuous
version. More recently, this result was extended to the case of Sobolev coefficients
in [5] and the Sobolev regularity of solutions with respect to the initial value was
also studied. The main argument in [5] is the mollifying approximation to SDE
(1.1) and the key point is to prove some uniform estimates of the solution to the
corresponding derivative flow equation. It is emphasized that in [5, 24], Vo and
Vb are not necessarily bounded. Very recently, Zhang [34, 35, 37] proved under
the assumptions that o is bounded, uniformly elliptic and uniformly continuous
in x locally uniformly with respect to ¢, and |b|, |Vo| € L?OC(R+ x R?) for g >
d + 2, there exists a unique strong solution X;(x) to (1.1) up to the explosion time
¢(x) for every x € R?. Meanwhile, under the global assumptions that |b|, |Vo| €
quoc (Ry; LY (R%)) for q > d + 2, the solution {X;(x)} forms a stochastic flow of
homeomorphisms on R4, and x — X,(x) is Sobolev differentiable.

In this paper, we will establish the Sobolev regularity of strong solutions with
respect to the initial value, as well as the strong Feller property and irreducibility,
to SDE (1.1) with some local Sobolev and super-linear growth coefficients. For this
purpose, we first establish a useful characterization for Sobolev differentiability of
random fields in terms of their moment estimates, which has independent interest.

THEOREM 1.1. Let U C R? be a bounded C'-domain and felLi(U; LP(;
L"(T))) for some p € (1,00) and q,r € (1,00]. Then f € Wha(U; LP (S
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L"(T))) [see (2.1) below for a definition] if and only if there exists a non-negative
measurable function g € L1(U) such that for Lebesgue-almost all x,y € U,

(1.3) ”f(x, )= f(, ')HLP(Q;Lr(T)) <lx— yl(g(x) + g(y))-
Moreover, if (1.3) holds, then for Lebesgue-almost all x € U,

18 f ) oy <2800, i=1.....d,

where 0; f is the weak partial derivative of f with respect to the ith spacial vari-
able.

The advantage of this characterization lies in that, when we want to show the
Sobolev regularity of the strong solution X;(x) to SDE (1.1) with respect to x, we
just need to estimate the pth moment of X;(x) — X;(y), which is much easier to
be handled for SDEs (see a recent work [33] for an application of the above char-
acterization). It should be noticed that in all previous works (see [5, 15, 26]), the
argument of mollifying coefficients is used to obtain the Sobolev differentiability
of strong solutions. This usually leads to some complicated limiting procedures.
Here, an interesting open question is that whether we can extend the above char-
acterization to the infinite dimensional case in somehow so that it can be used to
the SDE in Hilbert spaces as studied in [7-10].

Now, we turn to the study of SDE (1.1) and make the following assumptions on
o and b.

(H1) (Local Sobolev integrability). o is locally uniformly continuous in x and
locally uniformly with respect to t € R, and for some g > d + 2,
beLl (Ry xRY),  VoelLl (RyxRY),

loc loc

and for some Cy,y; >0, o’ € (0,«) and for all > 0, x eRd, & eR™,

(1.4) [o(t, 08| = [&](Ia=oexp{—C1 (1 + [x)* ) + lacoC1 (1 + [x[) ),

where « is the same as in (1.5) below.
(H2) (Super-linear growth). For some « € [0, 1] and for all ¥ > 0, there exist a

constant C, € R and a non-negative function F (¢, x) € L?O/C (R4 x R?) with some
g’ > d + 1 such that for all > 0 and x, y € R?,

(1.5) (x, b(t, )+ k(1 + [xP) ot ) |* < Ce (1 + 12,
(x — y,b(t,x) = b(t,y)) + |0, x) —o @, y)|

< |x =y (Fe(t, x) + Fe(2,y)),

and there exist o’ € [0, @), Ry > 0 and C», y»2, C3 > 0 such that for all > 0 and
x eR,

(L) b0 + ot 0)] < la=oexp{Ca(l + x1)* ) + lazoCa(1 + |52,

(1.6)
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and for all t > 0 and |x| > Ry,

(1.8) Fie(t,x) < C3(1g=0(1 + x]1%)* 4 1g=olog(1 + |x]?)).

Here, neither uniformly elliptic nor the global L?-integrability conditions are
assumed on b and o . Notice that ¢ > d 42 in (H1) is almost optimal due to Krylov
and Rockner’s sharp condition % + % < 1. Our first main result of this paper is the
following.

THEOREM 1.2. Under (H1) and (H2), there exists a unique global strong
solution X;(x) to SDE (1.1) so that (t, x) — X;(x) is continuous. Moreover, we
have the following conclusions:

(A) For each t > 0 and almost all w, the mapping x — X,(x, w) is Sobolev
differentiable, and for any T > 0 and p > 1, there are constants C,y > 0 such
that for Lebesgue-almost all x € R?,

(1.9) sup E|VX;(0)]7 < C(1gm0e ™" 1, 0(1 + x[2)7),
t€l0,T]

where V denotes the gradient in the distributional sense, and o is the same as
in (1.5).
(B) If in addition, we assume that for some Fy(t,x) € Lf]OC(R+ x R with
q >d+1,
2
(1.10) lot,x) =, " < Ix = yP(Fot, ) + Fo(, ),

where Fy also satisfies (1.8), then (1.9) can be strengthened as

(11 E(ess. sup [VX00]") < Cllamoe" " + 1o (1 + 1x2)7),
t€l0,T]

(C) For each t > 0 and any bounded measurable function f on RY,
x> Ef(X:(x)) is continuous.
(D) For each open set A C R andt >0, x e RY,
Plo: X;(x,w) € A} > 0.

REMARK 1.3. If b and o are time independent, then the above (C) means that
the semigroup defined by P; f(x) := E f (X;(x)) is strong Feller, and the above (D)
means that P is irreducible. In particular, (C) and (D) imply the uniqueness of the
invariant measures associated to (P;);>¢ (if it exists). See [3, 27] for applications.

REMARK 1.4. Assumptions (1.5) and (1.6) are classical coercivity and mono-
tonicity conditions when k = %, o =0 and F,(t, x) = constant in (1.5) and (1.6).

In this case, if, in addition that b and o are continuous in x, then the existence
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and uniqueness of strong solutions to SDE (1.1) are classical (cf. [27]). However,
under nondegenerated assumption (1.4), we can drop the continuity assumption on
drift b. Moreover, our estimate (1.11) is stronger than the well-known results (cf.
[3, 5, 15, 26]) since the essential supremum norm with respect to the time variable
is taken in the expectation.

It is well known that under (H1), SDE (1.1) admits a unique local strong solu-
tion. We will show in Lemma 3.1 below that SDE (1.1) with coefficients satisfying
(1.5) does not explode and the solution has exponential integrability. In view of
Theorem 1.1, to show the Sobolev regularity of the strong solution, we will pay our
attention on the pth moment estimates of X;(x) — X;(y). This is the place where
assumptions (1.6)—(1.8) are needed. As in [35, 37], the estimates of Krylov’s type
will play an important role throughout this paper. However, since we are assuming
only some local integrability conditions and the coefficients may have exponen-
tial growth rate at infinity, some new probabilistic estimates are established (see
Lemma 2.3 and Lemmas 3.3, 3.4 below).

To illustrate Theorem 1.2, we present below two examples.

EXAMPLE 1.5. Consider the following one-dimensional SDE:
dX, =[(1 = X)) 1x,<0 — (1 + X)) 1x,50] dt + (1 +1X,%)? dw,,

where g € [0, 1). In this case, o (x) = (1 + x%)# and b(x) = (1 — x°) 1,0 — (1 +
)1 x>0 are both of super-linear growth, and the drift » has a jump at 0. Moreover,
for any k > 0, by Young’s inequality, it is easy to see that

(x, b(x))+ K (1 +x2)|6(x)|2 =—x%—|x| + (1 +x2
and (x — y, b(x) — b(y)) <0,
lo(x) —o()]> < Cplx — y2(1 + [x[PGA=DVO || 226-DVO0)
Thus, (H1), (H2) and (1.10) hold.

)H-Zﬂ < CK,ﬂ

EXAMPLE 1.6. Suppose that for any x > 0 and T > 0, there is a convex func-
tion F, (x) such that

sup (£, Veb(t, x)) + k| Vo (1, x)|* < Fe(x),
1§1=1

where Ve f :=(V f,§) for a C I_function f : RY — R. Under this assumption,
(1.6) holds. In fact, by the mean-value formula, we have

(<x_y’b(tax)—b(f’)’))‘FK“U(I,X)—U(I’Y)Hz)”x_}’|2
1
5/ [ sup (&, Veb(r, 0x + (1 = 0)y)) + k[ Vo (¢, 0x + (1 = 0)y) |*] o
0 "=l

Fie(x) + Fie (y)
2

’

1
5/ Fe(6x +(1—0)y)do <
0
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where the last step is due to the convexity of F,. Compared with [5], our assump-
tions (H1) and (H2) are significantly weaker.

In Theorem 1.2, the drift b is locally bounded. Our next result allows the drift
b to be locally singular and of linear growth at infinity. To this aim, we make the
following assumptions:

(H1") (Local Sobolev integrability). o is uniformly continuous in x and locally
uniformly with respect to t € R, and for some ¢ > 2d + 2,

belLl

loc

(Ry xRY),  Voel

loc

(R4 x RY),
and for any T > 0, there is a constant K > 1 such that for all (z, x) € [0, T] x R¢,
K'EP <|o.0)E <K|EP  VEeR™

(H2') (Lipschitz continuity outside a ball). For any T > 0, there exist Ry > 1,
o’ €[0, 1) and constant C > 0 such that for all ¢ € [0, T],

|b(t,x)| < C(1+ |x]), x| > Ro,
and for all t € [0, T] and |x|, |y| > Ro,

o, x)—o(t, y)| <Clx —yl,
(1.12) , ,
|b(t, x) — b(t, y)| < Clx — y|(1x]** +[y]*¥).

It should be noticed that conditions in (H2') are assumed to hold only outside a
large ball, while b can be singular in the ball. We have the following.

THEOREM 1.7. Under (H1") and (H2'), there exists a unique global strong
solution X,;(x) to SDE (1.1) so that (t,x) — X;(x) is continuous. Moreover, the
conclusions (A) with (1.11), (C) and (D) in Theorem 1.2 still hold, and the a in
(1.11) is taken to be 1.

We organize this paper as follows: In Section 2, we make some preparations,
and give the proof of Theorem 1.1 and a criterion on the existence of exponential
moments of a Markov process. In Section 3, we provide some estimates on the
solution to equation (1.1) and give the proof of Theorem 1.2. Finally, the proof of
Theorem 1.7 is given in Section 4 by using Zvonkin’s transformation and Theo-
rem 1.2.

Throughout this paper, we use the following convention: C with or without sub-
scripts will denote a positive constant, whose value may change in different places,
and whose dependence on the parameters can be traced from the calculations.
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2. Preliminaries. Let U be an open domain in R4, For p € [1,00], let
WP (U) be the classical first-order Sobolev space:

WP :={f € Ligc) : 1 fh.p = I1f I, + IV fll < 400},

where || - ||, is the usual L”(U)-norm and V denotes the gradient in the distri-
butional sense. When U is a bounded C'-domain, it was proved in [18] that a
function f € WbP(U) if and only if f € L?(U) and there exists a nonnegative
function g € L?(U) such that for Lebesgue-almost all x, y € U,

| f) = FO| < 1x — yl(g(x) +g()).

Let us now extend the above characterization to the case of random fields. For
p.q,r€l[l,oo]land T > 0, let L"(T) := L" ([0, T]) and define

Wha(U; LP (S L(T)))
2.1)
={feLl.(Ux[0,T]; LY(Q)): f,VfeLi(U; LP(; L"(T)))}

and

| fllwiaw: ooy = 1 f lLaw:Lr@:raryy) + IV fllLaw:Le@:Lr1y))-
Notice that, by Fubini’s theorem,

LP(U; LP([0,T]1 x Q)) = LP([0, T] x €; LP(U)),
and hence,
(2.2) WP (U; LP([0, T] x Q)) = LP([0, T] x 2 WP (V).
In what follows, we write B, := {x e R? : |x| < r}.
LEMMA 2.1. Let pe (1,00),q,r € (1,00] and f € L1(U; L?(2; L"(T))).

Assume that there exists a nonnegative measurable function g € L1(U) such that
for Lebesgue-almost all x, y € U,

(2.3) ”f(xv )= f(, ')”LP(Q;Lr(T)) <lx— y|(g(x) + g(y)),
then f € Wha(U; LP(Q; L7 (T))), and for Lebesgue-almost all x € U,
24 80 £ G | Lgouar ey <2800, i=1,....d.

PROOF. Below, we always extend a function f defined on U to R? by setting
f(x,)=0forx ¢ U.Let o : R — [0, 1] be a smooth function with support in
B; and f odx = 1. For n € N, define a family of mollifiers g, (x) as follows:

(2.5) on(x) :=n"0(nx).
Define the mollifying approximations of f and g by

(2.6) fn(x 1, @) = f(, 1, 0) % 0n(x), gn(x) 1= g * on(x).
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For ¢ € (0, 1], set
Ug:={x €U :d(x,dU) > ¢},
where d(x, dU) denotes the distance between x and the boundary oU . By (2.3), it

is easy to see that for any x, y € U, and n > 2/¢,

”fn(x) - fn(y)HLp(Q;Lr(T)) = /]Rd Hf(x —2)—f(y—2) ”LP(Q;LV(T))QH(Z) dz

@) <= [ (s =0+ 50— D)oz

= |x — yl(gn(x) + gn(»)).

Let {e;,i =1, ...,d} be the canonical basis of R4, Forall x € U, andn > 2/e, by
Fatou’s lemma and (2.7), we have

. fa(x +8e) — fu(x)]
m

li
§—0 )

18: fo O Lo ery) = L@ L ()

(2.8) < i e +8e) = fu@llLr@Lray
‘ —5—0 )

< gij%(gn(x +38ei) + gn(x)) =2g,(x).

Integrating both sides on U,, we obtain
(2.9) /U 8 £ GO 1y dx <29 /U 2007 dx < 27|Ig 1%y -

In particular, if we let y = p Ag A r and UER := U, N Bg for R > 0, then by (2.2),
we have for any R € N,

sup ”fn”LJ’([O,T]XQ;WLV(UER)) =sup ||fn||WI,V(USR;U([0,T]XQ)) < .
n n

Since y € (1,00) and LY ([0, T] x 2; Wl’V(UeR)) is weakly compact and f;, — f
in LY ([0, T] x 2; LY (U)), we have

(2.10) feLr([0,T] x @ W (UR)).

By the arbitrariness of ¢ and R, one sees that for df x P(dw)-almost all (¢, w),
x = f(x,t, w) is weakly differentiable in U, and for all x € U, and n > 2/¢,

aifn(xvtvw) = aif('vt’w) *Qn(x),

which, by (2.10) and the property of convolutions, then implies that

nll)ngo 10; fu — aif”LV(UERX[O’T]XQ) =0.
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Thus, for some subsequence nj and dx x dr x P(dw)-almost all (x,t, w) € USR X
[0,T] x €,

0i fu, (x, t,0) = 0; f(x,t, ).
Now, by (2.8) and Fatou’s lemma, we obtain that for Lebesgue-almost all x € U, SR ,
| 3if(x)HLﬁ(sz;Lr(T)) = kli)n(}o“ 3 f (x)”LP(Q;L’(T)) = Zkli)n;ognk (x) =2g(x).

The proof is complete by the arbitrariness of € and R. [

We also have the following converse result.

LEMMA 2.2. Let f € Wloq(Rd LP(2; L™ (T))) for some p,q,r € (1, 0.
For any R > 0, there exists a measurable function gr € Lloc(Rd) such that for
Lebesgue-almost all x,y € R? with |x — y| < R,

(2.11) ”f(xa )= f(, ')HLP(Q;LT(T)) <lx— y|(gR(x) + gR(y))-
Moreover, if f € wha (Rd; LP(2; L"(T))), then R can be 0o and g~ € L1 (]Rd).

PROOF. Let f, be the mollifying approximation of f as in (2.6). By [38],
Lemma 3.5, we have

lx—yl
|fn(x,t’w) - fn(%t’w){ S 2d/ ][ |an(x +z,t,a))|dzds
0 By

[x—yl
0 By

Hence, for all x, y € R? with [x —y| < R,

lx—yl
1560 = £ naurirn <2 [ 19+ D arigurrary dds

[x=yl
(2.12) " 2d/0 ][ IV 52 + D ooy 2 ds
By
<2%x — yl(gh(x) + g ().
where
gr(x) := MRIV fullLr(:L7(T))(x) := sup IV fulx + Z)”L[J(Q;Lr(]")) dz
s€(0,R) J By

is the local maximal function of x > ||V f,,(x) |l Lr(@; L7 (1)) Notice that
MRV fallLr@;er ) (x) = SUP ][ IV fllLr;Lrry) * on(x +2)dz

< MR”Vf”LP(Q;L’(T)) * 0n(X),
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and MRV flLr:rry € L (R?) by the property of maximal functions

loc

(cf. [30]). By taking limits for both sides of
|| fn (X) - fn (y) ”LP(Q;L"(T))
< 2% = YIMRIV fllLecser ) * 0 (%)
+ MRIV fllr@:Lr ) * en (),
we obtain that for Lebesgue-almost all x, y € R? with |x — y| < R,
) | f () = f(y)”LP(Q;L’(T))
<2%x — y(MRrIV fllr@rray @) + MrIV fller@:r @y ()

The proof is complete. [J

(2.13

Combining Lemma 2.1 with Lemma 2.2, we can give the following.

PROOF OF THEOREM 1.1. The sufficiency follows by Lemma 2.1. Let
feWh(U; LP(Q; L(T))).

Since U is a bounded C!-domain, there exists an extension operator (cf. [1],
page 151, Theorem 5.22 or [30], Chapter VI)

T:Wh(U; LP(Q2:; L'(T))) - WH(R?; LP(Q2; L' (T)))
such that T f = f restricted on U and

IT fllwra e Le;ir oy = ClLF lwiaw:r@ser -
Thus, (1.3) follows by (2.11). O

We also need the following local version of Khasminskii’s estimate (see [31],
Lemma 2.1).

LEMMA 2.3. Let (2, %, (Py) crd; (X1)i=0) be a family of R4 -valued time-
homogenous Markov process. Let [ be a nonnegative measurable function
over R4, For given T,R > 0, if

T
(2.14) sup Ex(/ FX)1x,1<r dl‘) =:c<l,
0

|x|<R

where E, denotes the expectation with respect to Py, then for all x € R4,

T 1 T
(2.15) Exexp{/o f(Xt)1|xt|§Rdt}§l+:Ex(/o f(Xt)1|Xt|§Rdt).
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PROOF. Set fr(x) := f(x)1x|<r. By Taylor’s expansion, we can write

E, exp{/OT fR(Xt)dt} = i %Ex</OT fR(X,)dt>n.
n=0"""

For n € N, noticing that

T n
(/ g(r)dr) =n!/---/ Q) gl dy - diy,
0 AL

AL ={(t,....t):0<n<n<--- <1, <T},

where

we further have

T
Exexp{/ fR(Xt)dz}
0

=1+ZEX(/"'/ fR(th)"'fR(X;n)dtl---dtn>

n=1 A']l'
=1+ ZEx(/-../An_l fRXe) -+ frR(X:,_,)

n=1 T

T—ty—
xEx, [ S ddn e dn)
0

(2.14) e
2y ZcEx(/---/ TR S (X, i di)
AL

n=1

A

o) T 1 T
<1 ch—lﬂzx(/o frX)dn ) =1+ :E(/O Fr(X ).

n=1

where the second equality is due to the Markov property of X,. [

Finally, we recall the following Krylov estimate about the distributions of con-
tinuous semimartingales (cf. [20] or [17], Lemma 3.1).

LEMMA 2.4. Let m = m; be a continuous R?-valued local martingale, and
V =V, a continuous R?-valued process with finite variation on finite time inter-
vals. Suppose that

m(0) =V (0) =0, d(m), < dt,
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and set

(t) d(m),
a(t) = ,
2dt

For any X > 0, stopping time t and nonnegative Borel function f : R, x R? —
R4, we have

X(0) :=m@t) + V().

T
E/ e M (deta()) ™V £, X,) dr
0

(2.16)
00 1/(d+1)
< Ny (V2 4 4)4/Q@+D) (/ /d P ) dx dt) ’
0 R
where
T T
(2.17) V::E/ e M|dV ()], A::E/ e Mtra(r)dr,
0 0

and Ny ) is a constant depending only on d and A.

3. Proof of Theorem 1.2. Below we write

1
LI f(x) = 3 > oik(s, X)0ji(s, X)3;0; f (x) + D> bi(s, x)0; f (x).
ijk i
Under (H1), it has been proven in [34, 37] that SDE (1.1) admits a unique local

strong solution. The following lemma gives the nonexplosion and the exponential
integrability of X,(x) under (1.5) (see also [36]).

LEMMA 3.1. Let X;(x) be the unique local solution of (1.1) with starting
point x. Under (H1) and (1.5), there is a unique global solution X;(x) to a
SDE (1.1). Moreover, let o € [0, 1] and k — C, € R be as in (1.5).

e (a>0) Forany A >20Cqyy1 and forallt > 0 and x € RY, we have
3.1) Eexpfe ™ (1 + |X,(x)[*)*} < exp{(1 + [x[*)*}.
e (a=0)Forany p>1and > Cp and forall t > 0 and x e R?, we have
(3.2) E(1+ X, (x)[)? <e*(1+ |x?)P.
PROOF. We only consider the case of o > 0. For o = 0, it is similar. For
R > 0, define
(3.3) tg:=inf{r > 0:|X,(x)| > R},
and for A e R,
(3.4) ft,x) ==exp{e ™ (14 |x[})*}.
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By Itd’s formula, we have

IATR
Ef(t AtR, Xing) = f(0,%) +E(/ (3sf +°%s6’bf)(s, Xs)ds),
0
Notice that
(asf +.=?§U’bf)(s,x)
2

oa—1
3.5 +2» o0 'k[ + |x| =2 e M 4 —]xix )
% |t + ) (I )2 7

2(b, x) +2(e + D(1 + IXIZ)“IIUIIZ)

- A
a(l+[x[*)% “f(wﬂ(—a + L

(15) o —)Ls A
< Ol(1+|x|2) e )Léf(s,x)(—a +2C0(+1>-

Hence, if A > 20Cy 41, then

Ef(t N TR, XIA‘L'R) < f(O,X)

By letting R — 00, one sees that 1o, = 00, that is, no explosion, and (3.1) holds.
O

The following global Krylov estimate is an easy consequence of Lemmas 2.4
and 3.1.

LEMMA 3.2. Under (H1), (1.5) and (1.7), forany g >d +1 and T > 0, there
exist constants C,y > 0 such that for all nonnegative f € L4([0, T] x R?) and
X € ]Rd,

T
E(/O f(t,X,(x))dt)
1/
< C(lamoe ™ 4 10g(1+ ) (/ / andvar)

PROOF. InLemma 2.4, let us take

t
m(t) := /la(s,Xs)dWS, V(t) ::/ b(s, X5)ds,
0 0

so that

d 1
a(t) = ;’Zt)’ = 5(00")(t. X)).
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By Holder’s inequality and Lemma 2.4, we have

r T
E(/O ! (f’Xr<x>>df)=E /0 £t Xo()) (deta() " (deta(r)) ™/ dr

r | s o )T
< (E / FAED (1 X, () (deta o)) dt)
0

T (g—d—1)/q
(3.6) x (IE / (deta(r)) /@D dt)
0

T 1/q
< Crq(V2+ A0 ( / / F4(t, x) dx dt)
0 R4

(g—d—1)/q

T
x (E/ (deta(t))_l/(q_d_l)dt) :
0

where A and V are defined by (2.17). By (1.7), (3.1) and Young’s inequality, we
have

T
A+V?< CIE/ (b, X)|* + |o @, X)|*) e
0

T 4
= CE/ (T exp{2Ca(1 + 1X:1%) } + Lamo C3 (1 +1X, %) 77) dr
0

3.7 r

: C/ (la=oBexp{e™ (1 + X))} + lamoE(1 + 1X,*)"*) dt
0

=< C(1a>oe(1+|x|2)a + La—o(1 + |x|2)2y2)-

Similarly, by (1.4), we have for some y3 > 0,
T
(3.8) E/ (deta()) ™47V 4t < C (14200 + oo (1 + |x[2)7).
0
Substituting (3.7) and (3.8) into (3.6), we obtain the desired estimate. [

Taking into account Lemma 2.3, we can prove the following global-exponential
moment estimate of Krylov’s type, which will play a crucial role in the proof of
Theorem 1.2. Since f is allowed to be singular in a ball and of linear growth at
infinity, we need to separately consider the interior and exterior parts of a ball by
using Lemmas 2.3, 3.1 and 3.2.

LEMMA 3.3. Forgivenq >d+1,let f € quOC(R+ x R?) be a nonnegative
measurable function. Let o be as in (1.5). Suppose that for some Rg, Co > 0 and

o' €0, a),

(3.9 F(t, ) x> Ry) < Co[las0(1 + [x]*)* + 1a=olog(1 + |x|%)].
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Under (H1), (1.5) and (1.7), for any T > 0, there are C,y > 0 such that for all
xeRY,

T
(3.10) EeXP{/ f(t,Xt(x))dt} < c(1a>0e(1+'xlz>“ + 1g=o(1 + [x[H)").
0

PROOF. Set

SRy, x) := f(t,x)1|x|<Ry> Fro(t, %) := f(t,%)1jx|=Ro-

By Holder’s inequality, we have

(Eexp{/on(t,Xt(x))dt})z < Eexp{2/0T Iy (2, X,(x))dt}

T
(3.11) erxp{Z/ fRO(t,X,(x))dt}
0
= 11(T,x) x (T, x).

For I1(T, x), by (3.9), Jensen’s inequality and Lemma 3.1, we have

T !/
1,(T, x) §Eexp{2CO/ [le=0(1+ | X (0)]H)” +1a:olog(1+|Xz(x)|2)]dt}
0

1T /
< ?/ Eexp{2CoT [1a=0(1 + | X; (x)|})*
0

+ lazolog(1 + |X:(0)[*)]} dr

(3.12) .

<7 | Ooomexole 1+ x001))
T Jo

+ lamoB(1 + | X, (0)]?

)ZCOT) dt

< Clamoexp{ (1 -+ 1xP)"} + Laco(1 +1x17)*"),

where A is the same as in (3.1), and the third inequality is due to Young’s inequality.
For I,(T, x), for any ¢ € (0, 1) and 6 > 1, by Young’s inequality we have

T
(3.13) L(T, x) feCSEexp{e/ fRO(t,Xt(x))O dt}.
0

Let us choose 6 > 1 so that % > d + 1. Then by Lemma 3.2, we have

T 0 T 0/q
& sup E(/ IR (2, X1 (x)) dt) <&Cp, (/ / f, y)?dy dt> =:Ce.
lx|<Ro 0 0 Jlyl<Ro
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Since (¢, X;(x)) is a time-homogenous Markov process in R x R4, if we choose
& being small enough so that ¢, < 1, then by (2.15), we obtain

T T
Eexp{e/ IRt X,(x))0 dt} <1+ £ ]E(/ Iro(t, X;(x))g dt),
0 0

I_Cg

which, together with (3.11), (3.12), (3.13) and Lemma 3.2, yields the desired esti-
mate. [

We also need the following local-exponential moment estimate of Krylov’s type,
which is a consequence of Lemma 2.3 and [37], Theorem 2.1, (see also [34], The-
orem 4.1). In particular, the integrability index g in the following lemma can be
smaller than the one in Lemma 3.3.

LEMMA 3.4. For R > 1, let tg be defined by (3.3). Under (H1) and (1.7),
for any q > % 4+ 1 and T > 0, there exists a constant Cg > 0 such that for all
feLl (R and |x| <R,

loc
T ATR
(3.14) Eexp{/ f(t, X:(x)) dt} < 00.
0
PROOF. Let xg be a smooth cutoff function with xz(x) = 1 for |[x] < R and
xr =0 for x| > R+ 1, and set
br(t,x)=0b(t,x)xr(x), or(t,x):=o(t, xr(x)x).
By (H1) and (1.7), it is easy to see that for some Cr > 0 and « € (0, 1),
br(1, )| < Cr,  Cg'IE] <|or(, 0)&| < CrlEl,

lor(t, x) —or(t, y)| < Crlx — y|“.

Let X,R (x) solve SDE (1.1) with (bg, og) in place of (b, o). By the local unique-
ness, one has

XRx) =X, (x), < TR

Hence, letting 6 > 1 so that % > % + 1, by [37], Theorem 2.1, we have for all
lx| <R,

E(/OTMRU(I, Xt(x))|9dt> = E(/OT|f(t, XRONP 1<y dt)

T
= E(/O |f(f’Xfe(x))|91|x,R(x)|<R dt)

T 0/q
gcR(//tfa,y)dedt) .
0 Br
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Thus, using the same technique as in the proof of Lemma 3.3 and by (2.15), we
get (3.14). O

The following lemma will be used in the proof of irreducibility.

LEMMA 3.5. For given xq, yo € R and m > 1, let Y; solve the following SDE:
(3.15) dYy=-—mY; —yo)dt +b(t,Y;)dt +o(t, Y;)dW,, Yo = xo.

Under (H1) and (H2), for any T > 0, there exist constants Cy, C1 > 0 such that
forallt €[0,T)and m > 1,

c
(3.16) E|Y, —yo|zscoe—mf|xo—yo|2+7%
and
(3.17) IE( sup |Yt|2> < oo,

t€[0,T]

PROOF. Let l;(t, x):=—m(x — yg) + b(t,x) and f be as in (3.4). As in the
calculations of (3.5), we have

(05 f + 270 ) (s, x)

2(b, x) +2(a + (1 + |x|2>°‘||o||2)
1+ |x|?

2m(|x| - |yol — |x|2>>
1+ |x|2

<a(l4 X)) %™ fs, x)(—g +

(1.5) A
= a1 ) e o) (<5 + 2Cn +
If |x| < [yol, then
(Bs.f +-Z70 )(s, %)
<a(1+41yol?) e exp(e™ (1+ |yol*)*){2Cu+1 + 2mlyol*}.
If |x| > |yo| and choose A > 2aCy+1, then
(3 f +-227 )5, x) <O0.
Hence,
(3.18) Eexpl{e ™™ (1+ |Y;[)*} =Ef (1. ¥)) < f(0,x0) + C(yo) (1 +m)t.
On the other hand, by Itd’s formula, we have for all ¢ € [0, T']

dE|Y, — yo|?
% = —2mEl|Y; — y0|2 + 2E<Yl — yo, b(t, Yz)) +E||O'(t, Yl)“2

(1.5)
<" —2mE|Y, — yo> + 2C12(1 + E|Y,|%) + 2|30 |E|b(z, ¥)|
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(1.7) ,
< 2(Cijp —m)E[Y, — yo|* + C + (Eexp{C(1 + |Y;|?)” })1/2

(3.18)
< 2(Cijp — mE|Y; — yo|* + C/m,

where C = C(T, xg, yo) is independent of m. By Gronwall’s inequality, we have

t
E|Y[ o y0|2 < CZ(CQ—m)t|xO _ y0|2 un C\/aez(Cb—m)t/ eZ(m—Cz)S dS,
0

which then gives (3.16). As for (3.17), it follows by (3.15), (1.7) and (3.18). U

We are now in a position to give:

PROOF OF THEOREM 1.2. For any p > 2 and T > 0, by (1.7) and
Burkholder’s inequality, we have forall 0 <s <t < T,

E[X,(x) — X5 (x)[”

1 p
5C]E</ |b(r,Xr(x))|dr> +CE

p

t
/ o(r, Xr(x))dW,

t /2 t /2
§CE</ |b(r,Xr(x))|2dr>p +CE(/ ||o(r,X,(x))||2dr>p

t
(3.19) §C(t—s)p/2_1E/ (16(r, X, )P+ |lo(r, X, (x))]|P) dr

t /
§C(t—s)1’/2—‘E/ (1g=0exp{C(1 + | X, (x)[))*}

+ Laco(1 + X, () [)P7) dr

< C(t — )P (1g=0exp{(1 + |x[2)*} + lazo(1 + |x|7)77?),

where the last step is due to &’ € [0, @), Young’s inequality and Lemma 3.1.
Next, set Z; := X;(x) — X;(y). For any p > 1, by It6’s formula we have

|ZiPP = |x — yI*" +2p /0 t 12 PP (25, [0 (s, X () — o (s, X ()] dW)
+2p /Ot |Zs|*P=(Zs, [b(s, Xs(x)) — b(s, Xs(y))])ds
(3200  +2p /0 2P 5, X)) — o5, Xo ()2 ds
+2p(p—1) /Ot 1 Z PP [0 (5, X5 (x)) — o (5, Xs ()] Zs|* ds

t
= x —yI*” +/ | Z, PP (& (s) AW, + n(s) ds),
0
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where

2plo (s, Xs(x)) — o (s, Xs(W)I* Zs

E(s) = Z

and

2p(Zs, [b(s, Xs(x)) — b(s, Xs(y)])
1 Z|?

2pllo (s, Xs(x)) — o (s, Xs )12
* VAR

2p(p = Do (s, X5 () — 0 (5, X (W) Z, 2
* VAL ‘

n(s) =

Here, we use the convention 8 = (. By Doléans—Dade’s exponential formula, we
have

t t t
|Zl|21’=|x—y|2pexp{/ 5(s>dwv—1/}s<s>|2ds+/ n(s)ds}.
0 2 Jo 0

For R > |x]| V |y|, define a stopping time
tr:=inf{r >0:|X,;(x)| vV |X:(y)| > R}.
By (2.13), we have for s < 1R,
()| <27F! p(Mar|Va (1, )[(Xs () + Mag Vo (1, )[(Xs (7).

Since Myg|Vo (¢, )|(x) € quoc (R4 xR?) with g > d +2, by Lemma 3.4, we have
for any x > 0,

TATR
Eexp{/c/ ]S(s)|2ds} < 0.
0

Hence, for any « > 0, by Novikov’s criterion,
tATR K2 IATR )
t|—>exp{/</ S(s)dWs—?/ |E(s)| ds}:: Ec(t)
0 0
is a martingale. Thus, by Holder’s inequality we have

2
]E|ZZ/\‘[R| P

INTR

172
(B2l)  <|x —y|2p(E£’2(t))l/2(Eexp{/0 (]5(s)]2+217(s))ds}>

=|x — y|2P(Eexp{/OMIR(}S(s)|2 +21(s)) ds})

172
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On the other hand, in view of
1Z, 2667 +20()) < 890 (s, X;(x)) — o (s, Xs (1))

+4p(Zs. [b(s. X, () = b(s. X,(»)])

(1.6)
< 4p|Zs*(Fap(s, Xs(x)) + Fap(s, Xs (1)),

by (3.21), (1.8) and Lemma 3.3, as well as Lemma 3.1 and Fatou’s lemma, we
further have

E|Z,|*P

2
|

t 1/2
322) <|x—y* (Eexp{4p /0 (F2p(s, X5 () + Fap(s, Xs()) ds})

<Clx — yPP{gx)g}* < Clx — yP ()" + g ('),

where g(x) 1= lg=0e D" 4 1,_o(1 + |x[2)”, which, together with (3.19) and
Kolmogorov’s continuity criterion, yields that X;(x) admits a bi-continuous ver-
sion, and forany 7, R >0 and p > 1,

(3.23) IE( sup |Xt(x)|p><+oo.
te[0,T],|x|<R

(A) It follows by (3.22) and Lemma 2.1 with ¢ = oo, U being any ball.
(B) Following the above proof, for any 7" > 0, by Hoélder’s inequality and
Doob’s maximal inequality, we have

E( sup |Z/”)

te[0,T Atg]
1/2 t 1/2
<|x—y|?? (E sup é"’lz(t)) (Eexp{ sup 2/ n(s) ds})
t€[0,T] tel0,TAtg] JO
s : 12
<2|x — y|2p(EéDlz(T)) / (Eexp{ sup 2/ n(s) ds})
t€l0,T ATR] 0

T 1/4
<24 - yP? @6(T) " (Eexpls /0 e as})

t 1/2
X (Eexp{ sup 2/ n(s)ds}) .
t€l0,T AtR] 0

By the additional assumption (1.10), as in the above proof, we get
1/4
E( sup 1Z,77) < Clx = y PP (g} * < Clx = 31 (e)'? + g (1'72),
1€[0,T]

which, together with Lemma 2.1 with g,r = oo and U being any ball, im-
plies (1.11).
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(C) For each n € N, let x,(x) be a nonnegative smooth function in R? with
xn(x) =1forall x € B, and x,(x) =0 forall x ¢ B, ;1. Let

b, (t, x) = xn(x)b(t, x), on(t, x) =0 (t, xn(x)x).
Clearly, for any 7 > 0,
by € L1([0, T1 xRY), Vo, € L1([0, T] x RY),
and for some K, > 0,
K, '[§] < |on(t, 08| < Knlél,  (t,2) €[0,T1xRY, § €R™.

Let X}'(x) be the solution of SDE (1.1) corresponding to b, and o,. By [37],
Theorem 1.1 or [34], for any bounded measurable function f and ¢ > 0,

(3.24) x> Ef(X)(x)) is continuous.

Fix R > 0. For n > R, define a stopping time

To R = [t >0: sup | X, (x)] zn].

[x|<R

By Chebyshev’s inequality and (3.23), we have

(3.25) lim P(t > 7, 2) < lim E( sup yxs(x)\”)/nzo.
n—oo n— oo se[0.1], x| <R

Moreover, by the local uniqueness of solutions to SDE (1.1) (see [37]), we have
X (x) = X7 (x), lx| < R,t€[0, T r]
Let f be a bounded measurable function. For any x, y € Bg, we have

|]E(f(X,(x)) - f(Xt(y)))|
< |E(f (X () = f(Xe ) Le<z, o) | + 20 FllocP(t > T R)
= [E(f (X7 () = (X7 D)) Lizz, &) + 21 FllocP(t > T4 g)
< |E(f (X! ) = F(XFD))| + 41l fllocP(t > T, R)

which together with (3.24) and (3.25) yields the continuity of x — E(f (X, (x))).
(D) Our proof is adapted from [28]. It suffices to prove that for any 7', a > 0 and
x0, yo € R?,

P(| X1 (x0) — yo| <a) > 0.

In what follows, we shall fix T, a > 0 and xg, yg € RY . Let Y; (x0) solve SDE (3.15)
and for N > 0, set

ty :=inf{z : |Y;(x0)| > N}.
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By (3.16) and (3.17), we may choose N and m large enough so that
(3.26) P(zy <T) +P(|Y7(x0) — yo| > a) < 1.
Define

Us = —mo (1, Y1) *[o (1, Yo (£, Y)*] ' (Y — yo)

T ATy 1 T ATN
Zr ::exp(/ Udes—E/ |Us|2ds).
0 0

Since |Usnzy |2 is bounded, E[Z7] = 1 by Novikov’s criteria.
By Girsanov’s theorem, W; := W; + V; is a Q-Brownian motion, where

and

INTN
Vi ::/ U, ds, Q:=ZrP.
0
By (3.26) we have

(3.27) Q({zy < TYU{|Yr(x0) — yo| > a}) < 1.
Notice that the solution Y; of (3.15) also solves the following SDE:

tATN INTN -
Yiney :x0+/ b(s, Ys)ds+/ o(s, Yy)dW;.
0 0
Set
Oy :=inf{r: |X;| > N}.

Then the uniqueness in distribution for (1.1) yields that the law of {(X; X
Ligy=1)rel0, 7], On} under P is the same as that of {(Y;1{zy>})ref0,7], Tn} under
Q. Hence,

P(|X7(x0) — yo| >a) <P({on <T}U {0y > T,
({tv <T}U{ty =T, |Yr(x0) — yo| > a})
({ztv < TYU{|Yr(x0) — yo| > a}) < 1.

X7(x0) — yo| > a})

Q
<Q

The proof is complete. [J
4. Proof of Theorem 1.7. We first prepare the following easy lemma.

LEMMA 4.1. Let f : R? — R be a measurable function. Assume that for some
g1 € L (RY), go € LP (RY) and some R > 0,

loc loc

4.1) 1f) = fO)| < Ix —yl(g1(x) +g1(y))  Vx,y € Bag,
(4.2) ()= FO)] < Ix — yl(g2(x) + g2(»))  Vx,y ¢ Bg.
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Then we have for all x, y € R? with |x — y| <R,
[f @) = fD] =27 x = yl(g@) + ().
where
g(x) = Mpgg1(x)1xj<2r + MRrg2(x)1x|>2R,
and MRgi(x) :=sup;c( g) fBS lgi(x +2)|dz,i=1,2.

PROOF. First of all, by the assumptions and Lemma 2.1, we have
V)| <2g1(0), x| <3R, V)| <2g2(x), x| > R.
By (2.13), we have for Lebesgue-almost all x, y € R? with |x — y| < R,
[F ) = FO| <27x = YI(MRIV £I@) + MRIV fI(),

which in turn implies the desired estimate by the definition of M g and redefinition
of g(x) on a Lebesgue zero set. [

Below, we fix T > 0 and write for p € [1, oc],
LP(T) := LP([0, T] x RY).
Let xy eC (R4, [0, 1]) be a cutoff function with
x(x) =1, Vix| <1, x(x)=0, Vx| > 2, Vxlloo =2,
and for R > 0, we set
Xr(x) = x(x/R), XR(x) =1— xr(x).
Let Ro be as in (H2'). Without loss of generality, we may assume Rg > 4 so that
(4.3) IVXxrolloo = IV lloo/Ro = 1/2.
We make the following decomposition for b:
b=by+ by, by :=bxg,, by :=bxRg,.

In view of (H1’), the function b is global L?-integrable; while (H2) implies that
by satisfies (H2). On the other hand, by Sobolev’s embedding theorem, (H1") and
(H2') also imply that for some « € (0, 1) and C > 0,

lo@,x)—o(t,y)| <Clx—yl|“

The following result is an easy combination of [21], page 120, Theorem 1,
and [22], Theorem 10.3 and Lemma 10.2 (see [34], Theorem 3.5, for a detailed

proof).
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LEMMA 4.2. Letq > d+2. Under (H1") and (H2), for any A > 0, there exists
a unique solution u € IL9(T) with V2u € L4(T) to the following backward PDE:

(4.4) qu+ L7 u+by=m,  u(T)=0.

Moreover, there exist a . > 0 and a positive constant C = C(K,d,q,T, X,
b1 llLa(T)y) such that

4.5) lullor) + | Vil gy <C <00 and ullLor) + [ Vulleer < 3.

Let u(z, x) be as in the above lemma. Now, we want to follow the same idea as
in [37] to perform Zvonkin’s transformation and transform SDE (1.1) into a new
one with coefficients satisfying (H1) and (H2). However, if we argue entirely the
same as usual and consider the transform

(t,x)>W(t,x) :=x +u(,x),

then one finds that condition (1.8) may not be satisfied for the new coefficients (see
Lemma 4.4 below). For this reason, we define

uRy(t, x) :=u(t,x)x2r,(x), D (x) :=x +upgy(t, x),
where Ry is the same as in (H2).
We have
LEMMA 4.3. The following statements hold:
(i) Foreacht € [0, T], the map x — ®;(x) isa C 1-diﬁ‘eomorjphism and
IV®:lloo, [VO, |, <2

Moreover, V®,(x) and VCD,_I(x) are Holder continuous in x uniformly in t €
[0, T].
(i) Let g > d + 2. We have 3, ®;, V2®,, 8,®; 1, V2d, ! € LI(T) and
b
(4.6) 3@, + .47 ®; = 0ix0jkdiud; x2r, + %uﬂikdjkai 0 X2Ry + AUR,.

Here and below, we use Einstein’s convention for summation.

PROOF. By (4.5) and (4.3), we have
Sl =yl <[ @(x) — D ()] < 31x — .

Thus, (i) follows by (4.5) and Sobolev’s embedding result (see [22], Lemma 10.2).
(i) 8, ®;, V2, 9, ®, !, V2, ! € L4(T) follows by (4.5) and (i). Moreover, by
elementary calculations, we have

@ 0+ L7 D, = 0ik0 ki Ud;j X2R, + FUOKOTjKD;D; X2Ry
+ Mbli 0i X2Ry + AuRry +b1(1 — x2R,)-
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Notice that
13 xary = XRD i x2Ry =0, b1(1 — x2Ry) = bxR,(1 — X2R,) = 0.
Equality (4.6) follows by (4.7). U

Using the above lemma, we may prove the following Zvonkin transformation
(see [16, 37] for more details).

LEMMA 4.4. Let h be defined by the right-hand side of (4.6). Then X, solves
SDE (1.1) if and only if Y, := ®,(X;) solves the following SDE:

(4.8) dY, =b(t, Y,)dt + &, Yy) dW,,
where
(4.9) 6:=(Vd-0)od !, b:=h+by - Vd)od .

PROOF. (=) By (4.6) and generalized Itd’s formula (see [19], page 122, The-
orem 1), we have (4.8).
(<) By elementary calculations, it is easy to check that

30+ £0 o =pod !,
As above, using generalized Itd’s formula again, we obtain that &, L(Y,) solves
the SDE (1.1). O

Now we give:

PROOF OF THEOREM 1.7.  Since (A)—(D) are invariant under diffeomorphism
transformation x — ®;(x), by Lemma 4.4, it suffices to check that 6 and b defined
by (4.9) satisfy (H1)-(H2) so that we can use Theorem 1.2 to complete the proof.

First of all, (H1) is obvious by Lemma 4.3 and (H1’). For (H2), by definitions
(4.9) and Lemma 4.3, it is easy to see that

|b(t, x)| < hllos + 2|b2(t, @7 ()| < C(1+ | (0)]) = C(1+ |x]),

and by (2.11), for any R > 0, there are functions gg, gr € L?OC(]RJr x R4) such
that for all x, y € R? with |x — y| < R

|6, x) =6, y)| <lx—yl(gr® x)+ gr(t,y)),
b(t,x) = b(t, y)| < Ix — yI(8r (1, x) + &r (2, ).

On the other hand, by the definition of ®, there exists a Ry > 2Ry large enough
such that

O x)=®, '(x)=x,  |x|>Ry.
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Hence, for |x| > R, we have

b(t,x) =b(t, x), 6(t,x) =0 (t,x).

Thus, by (H2') and Lemma 4.1, one sees that (H2) and (1.10) hold for band G.
The proof is complete. [J
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