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We prove pathwise uniqueness for a class of stochastic differential equa-
tions (SDE) on a Hilbert space with cylindrical Wiener noise, whose non-
linear drift parts are sums of the sub-differential of a convex function and a
bounded part. This generalizes a classical result by one of the authors to in-
finite dimensions. Our results also generalize and improve recent results by
N. Champagnat and P. E. Jabin, proved in finite dimensions, in the case where
their diffusion matrix is constant and nondegenerate and their weakly differ-
entiable drift is the (weak) gradient of a convex function. We also prove weak
existence, hence obtain unique strong solutions by the Yamada—Watanabe
theorem. The proofs are based in part on a recent maximal regularity result in
infinite dimensions, the theory of quasi-regular Dirichlet forms and an infinite
dimensional version of a Zvonkin-type transformation. As a main application,
we show pathwise uniqueness for stochastic reaction diffusion equations per-
turbed by a Borel measurable bounded drift. Hence, such SDE have a unique
strong solution.

1. Introduction. In a separable Hilbert space H, with inner product (-, -) and
norm | - |, we consider the SDE

dX, = (AX; — VV(X,) + B(X,))dt +dW;,
(1.1)

X0 =72,

where we assume:
(H1) A: D(A) C H — H is a self-adjoint and strictly negative definite operator
(i.e., A < —wlI for some w > 0), with A~! of trace class.
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(H2) V:H — (—o00, +0o0] is a convex, proper, lower-semicontinuous, lower
bounded function; denote by Dy the set of all x € {V < o0} such that V is Gateaux
differentiable at x.

(H3) For the Gateaux derivative VV we have for some £ > 0

y(Dy) =1,

(1.2) /H(|V(x)|2+8 + |VV (@) [H)y (dx) < oo,

fH |D*V ()] £y v(dx) < 00,

where y is the centered Gaussian measure in H with covariance Q = —%A*I and
v is the probability measure on H defined as

1
v(dx) = Ee_v(x)y(dx), Z =/ e V®Wy (dx).
H

Clearly, y and v have the same zero sets. Here, the second assumption in (1.2)
means that there exists u, € ]—"C,%(H),n € N, such that V = lim,_, 1, in
L?(H,v) and DV :=1im,_ oo D*u, in L>(H, v; L(H)), where FC7(H) denotes
the set of all Cl%—cylindric functions on H (see below for the precise definition) and
L(H) the set of all bounded linear operators from H to H.

(H4) B: H — H is Borel measurable and bounded.

(H5) W is an (F;)-cylindrical Brownian motion in H, on some pobability space
(2, F, P) with normal filtration (F;), t > 0.

Formally, W is a process of the form W; = Y72, W/e; where W, are inde-
pendent real valued Brownian motions defined on a probability space (2, F, P)
and {e;};en 1s a complete orthonormal system in H; for every h € H, the series
(Wi, h) = Y82, Wi{e;, h) converges in L%().

REMARK 1.1. Since A is strictly negative definite, we may assume V (x) >
e|x|2, x € H, for some ¢ > 0 and all x € H. Otherwise, replace A by A + %I and
VbyV+ %|x 1>+ |infyegy V(x)]. In particular, without loss of generality we have
that |x|?e~Y®) is bounded in x € H for all p € (0, c0).

REMARK 1.2. (i) We note that if x € Dy by definition

1
lim —(V(x +sh) — V(x)) =(VV(x), h)

s—0 5
for all 7 € H where a priori the limit is taken in the Alexandrov topology on
(—o00, +0o0], since V(x + sh) could be 400 for some s. On the other hand, the
limit (VV (x), h) € R, s0 V(x 4+ sh) € R for s < 509 for some small enough sg > 0.
(i1) If {V < oo} is open, then y(Dy) = 1. Indeed, if {V < oo} is open, then V
is continuous on {V < oo}; see, for example, [20], Proposition 3.3. Since further-
more, V is then locally Lipschitz on {V < oo} (see, e.g., [20], Proposition 1.6),
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it follows by the fundamental result in [4, 19]; see also [7], Section 10.6, that
y({{V <oo}\ Dy)=0.But y({V <oco}) =1, since V € L?(H, y).

It turns out that the condition on the second (weak) derivative in (1.2) in Hy-
pothesis (H3) is too strong for some applications (see Section 7 below). Therefore,
we shall also consider the following modified version of (H3):

(H3) V and VV satisfy (H3) with the condition on the second derivative of V
replaced by the following: there exists a separable Banach space £ C H, continu-
ously and densely embedded, such that E C D(V), y(E) =1 and on E the func-
tion V is twice Gateaux-differentiable such that for all x € E its second Gateaux-
derivative V; (x) € L(E, E’) (with E’ being the dual of E) extends by continuity
to an element in L(H, E’) such that

” Vlg(x)”L(ij) < V(|x|g)

for some convex function W:[0, co) — [0, co). Furthermore, for y-a.e. initial
condition z € E there exists a (probabilistically) weak solution XV = XV (1), 1 €
[0, T], to SDE (1.1) with B =0 so that

(1.3) IE/ (1XV(s)|p) ds < 0.

Though (H3)' is quite complicated to formulate, it is exactly what is fulfilled if
V'V is a polynomial. We refer to Section 7.1 below.

REMARK 1.3. We would like to stress at this point that the conditions on the
second derivative of V both in (H3) and in (H3)' are only used to be able to apply
the mean value theorem in the proof of Lemma 5.2 below. For the rest of this paper,
we assume that (H1), (H2), (H4), (H5) and (H3) or (H3)’ are in force.

DEFINITION 1.4. A solution of the SDE (1.1) in H is a filtered probability
space (2, F, (F1)i=0, P) on H, an H-cylindrical (F;)-Brownian motion (W;);>0
w.r.t. this space, a continuous (F;)-adapted process (X;);>o on this space such
that:

(i) X; € Dy fordt® P a.e. (s, w) and fOT [(VV(X;), h)|ds < oo with proba-
bility one, for every T > 0 and h € D(A);
(ii) for every h € D(A) and ¢t > 0, one has

(Xe h) = {2, ) +/Ot(<xs, ARY+(B(X,) = V'V (X,), hl) ds + (W, h)

with probability one.

If X is F W—adapted, where FV = (]:tW)tEO is the normal filtration generated
by W, we say that X is a strong solution.
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The Gaussian measure y is invariant for the linear equation
dZ;=AZ;dt +dW,;
while v is invariant for the nonlinear equation
dX; = (AX; — VV(Xy))dt +dW,.

They are equivalent, since V < oo (hence e~V > 0)atleaston Dy and y(Dy)=1.
Hence, the full measure sets in H are the same with respect to y or v. Our main
uniqueness result is the following.

THEOREM 1.5. There is a Borel set & C H with y(E) = 1 having the fol-
lowing property. If z € B and X, Y are two solutions with initial condition x
(in the sense of Definition 1.4), defined on the same filtered probability space
(2, F, (Ft)i>0, P) and w.rt. the same cylindrical Brownian motion W, then X
and Y are indistinguishable processes. Hence, by the Yamada—Watanabe theorem
they are (probabilistically) strong solutions and have the same law.

The proof is given in Section 5. This result was first proved in [11] in the case
V = 0 (see also the more recent [12], where also the case V =0, but with B
only bounded on balls was treated) with a rather complex proof based on the very
nontrivial maximal regularity results in L? (H, y) for the Kolmogorov equation

A—=Lapu=f
associated to the SDE, where L4 p is the operator formally defined as
La pu(x)= %Tr(Dzu(x)) +(Ax + B(x), Du)

on suitable functions u, for x € D(A). Here, we present a much simpler proof
which covers also the case V # 0, based on several new ingredients.

First, in order to perform a suitable change of coordinates (analogous to [11]
and [12]), we use the family of Kolmogorov equations

A+ri—Lapvu=f
or in vector form
(1.4) (A—A—-LapvI)U=F,
where L4 p, v is the operator formally defined as
La pyvu(x)=1Tr(D*u(x)) + (Ax — VV(x) + B(x), Du)

on suitable functions u#. The presence of the term X;u in the equation adds the
advantages of the resolvent of A [given by (A — A)~!] to those of the elliptic
regularity theory (given by L4 g). Moreover, we use the recent maximal regularity
results in L?(H, v) for the Kolmogorov equation

A=Lagviu=f
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proved in [13].

Second, thanks to the previous new Kolmogorov equation, we may apply a trick
based on Itd’s formula and the multiplication by the factor e~4 (see below the
definition of A;) which greatly simplifies the proof.

Third, we use Girsanov’s theorem in a better form in the proof of the main
Lemma 5.2. The new proof of the lemma along with the previous two innovations
allow us to use only the L? theory of the Kolmogorov equation, which is much
simpler.

Fourth, we heavily use the theory of classical (gradient type) Dirichlet forms on
infinite dimensional state spaces.

For more background literature in the finite dimensional case following the ini-
tiating work [23], we refer to [11, 12]. We only mention here the recent work [9],
where SDEs with weakly differentiable drifts are studied. In the case when in [9]
the diffusion matrix is constant and nondegenerate and if the weakly differentiable
drift is the (weak) gradient of a convex function, our results generalize those in
[9] from R? to a separable Hilbert space as state space, and to the case when a
bounded merely measurable drift part is added. Finally, we mention the paper [8]
which concerns pathwise uniqueness for some Holder perturbation of reaction-
diffusions equations studied in spaces of continuous functions instead of square
integrable function.

The organization of the paper is as follows: Section 2 is devoted to existence of
solutions and Section 3 to the regularity theory of the Kolmogorov operator (1.4)
above. The mentioned change of coordinates is performed in Section 4. Sections 5
and 6 contain the proof of our main Theorem 1.5. In Section 7, we present appli-
cations.

We end this section by giving the definition of Sobolev spaces and some nota-
tion. We consider an orthonormal basis {e;:k € N} of H which diagonalizes Q
and set Qey = Arex and x; = (x, ex) for each x € H, k € N. We denote by P, the
orthogonal projection on the linear span of eq, ..., e,. For each k € NU {400}, we
denote by }'C/b‘(H ) the set of the cylindrical functions ¢(x) = ¢ (x1, ..., x,) for
some n € N, with ¢ € C,’j(R").

For it =y or u = v, the Sobolev spaces W!2(H, ) is the completion of
]-'C; (H) in the norm

o
Il = /H(|<p|2 +1Dgl?) dp = /H(|¢|2 + Z(Dk<p>2) dp.
k=1
The Sobolev spaces W22(H, W) is the completion of F C,%(H ) in the norm
2
Iy = Nynzgr iy + [ D) i

= lluly2gg,0+ 2 (Duew)dpe.
h,keN
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We denote the Borel o -algebra on H by B(H) and by B, (H) the set of all bounded
B(H)-measurable functions ¢ : H — R. We set for a function ¢ : H — R

¢lloo := sup e (x)|.
xeH

I: H — H denotes the identity operator on H. For k e N, C Ib‘ (H) denotes the set
of all ¢: H — R of class C¥, which together with all their derivatives up to order
k are bounded and uniformly continuous. Furthermore, we reserve the symbol D
for the closure of the derivative for u € ]-"Cbl in L>(H, u; H) for u = y or =nv.
For the Gateaux derivative, we use the symbol V. Since they coincide on convex
and Lipschitz functions u, in the sense that Vu is a y - or v-version of Du, we shall
write Vu, whenever we want to stress that we consider that special version.

2. Existence. In this section, we shall prove that under conditions (H1)—(H4)
from the Introduction, which will be in force in all of this paper, that the SDE (1.1)
has a solution in the sense of Definition 1.4. We start with the following proposition
showing that the gradient DV in L?(H,y; H) and the Giteaux derivative VV
coincide y-a.e.

PROPOSITION 2.1.  We have V. € WY“2(H, y) and

DV =VV, y-a.e.
The proof of Proposition 2.1 requires a numbers of lemmas.

LEMMA 2.2. Letke Q'?H. Then

. V(i+skh)—-V(E)
lim

s—0 N

= (VV,k) in L>(H, y).

PROOF. Letx € {V < oo}. Then by convexity for s € (0, 1)
Vix+sk) <sVx+k)+ (1 —-s)V(x),

hence

2.1 Vat+sh =V _yoin - v,

N

Since k € Ql/ ’H, by the Cameron—Martin theorem (see, e.g., [10], Section 1.2.3)
the function on the right as a function of x is in L?(H, y), since by assumption
(H3) V e L>**¢(H, y).

Furthermore for x € Dy taking the limit s — 0 in (2.1) we find that

(VV(x), k)< V(x+k)— V().
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Replacing k by sk which is also in Q'/?H, and dividing by s, we obtain
V(x+sk)—V(x)

(2.2) (VV(x),k) <

But the left-hand side as a function of x is in L2+¢(H, y) by assumption (H3).
Hence, (2.1) and (2.2) imply the assertion of the lemma by Lebesgue’s dominated
convergence theorem, since y(Dy)=1. [

Before we proceed to Lemma 2.3 we need to introduce the following space:

Do := {u € L*(H,y):3F, € L*(H, y; H) such that
(2.3) |
lin(l)—[u(- +sej) —u(-)] =(VFy, e)in L*(H,y),Vi € N}.
s—>0 S

Set Du := F, for u € Dy. Then obviously ]-'Cl% C Dy and Dy = B(p for all ¢ €
FC3.
LEMMA 2.3. (i) Letu € Dy, ¢ € FC; and i € N. Then
[ (Buto).edocy@n == [ uw(Doc. ey @)
20 [ e 3oy o).
(ii) The operator D: Do C L3(H, y) —> L*(H, y; H) is closable.
PROOF. (i) We have

/ (Du(x), ei)o(x)y (dx)
o4

~ lim 1[ [ utx+senpyan - [ u(x)w(x)y(dx)].

s—>0s

But by the Cameron-Martin theorem the image measure T, (y) of y under the
translation x — x + se; is absolutely continuous with respect to y with density
(cf. [10], Section 1.2.3)

o ) — 2
dse, (x) — eZsX, (ej,x)—s )L,.

Hence, the difference of the two integrals on the right-hand side of (2.4) can be
written as

/ @) — hie) — 90 ]ase, )y (dx) + / U@ P() (56, () — 1)y (dx).
H H

Hence, letting s — 0 in (2.4) assertion (i) follows.
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(i1) Suppose u, € Dy, n € N, such that u, — 0 in L*(H, y) and 514,1 — Fin
L?(H,y; H). Then for all ¢ € FC2,i € N, by (i)

/ (F(x), ei)p(x)y(dx) = lim f (Duy, e;)p(x)y (dx) =0.
H n—oo H
Hence, F =0. O

Let us denote the closure of (D Do) agam by D and its domain by wl 2(H, y).
Clearly, since FC? 5 C Do with Dy = Dgo for all ¢ € FC? ;> it follows that
wl 2(H, y) is a closed subspace of wl 2(H, y). But in fact, they coincide.

LEMMA 2.4. .FCI% is dense in Wl’z(H, y), hence
W2 (H,y)=W"(H, y)
and thus Du = 5uf0r allue WH2(H, y).

PROOF. Letu € WLZ(H, y) such that
(2.5) f (Dg, Du)dy +/ oudy =0  Vge FC?.
H H

Since ¢(x) = ®(x1,...,xy) for some ® € C,f(RN) and x; := (x,¢;), 1 <i <N,
we have that

N
(Dg, Du) ZDfp,el (Du, e;)

and that (Do, ¢;) € .7-"Cb. Hence, by Lemma 2.3, (2.5) is equivalent to
(2.6) = /H L% —Doudy =0 Vo e FCZ,
where

L% (x) =  Tr D*p(x) + (x, ADx).

But (2.6) implies that u = 0, since it is well known that A — £V has dense range
in L?(H, y) for A > 0. For the convenience of the reader we recall the argument:
The Cp-semigroup generated by the Friedrichs extension of the symmetric opera-
tor (£OU, F C}%) on L%(H, y) is easily seen to be given by the following Mehler
formula on bounded, Borel functions f: H — R

2.7) Pf(x)= fH Fex +y)Ng,dy). 10,

where Ny, is the centred Gaussian measure on H with covariance operator

t
O ::f >4 ds, t>0.
0
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Obviously, P;(FC3) C FC3, and also

o
< / e MPp, dt) (FCP) c FCi.
0
But

onn-1_ [* _u
()\.—£ ) = e P[dt
0

as operators on L*(H, y). Hence,
—1
(= LOYY(FC}) c Fc?
and so
FC}c (1-LOY(Fc?).
But .FC,% isdense in L>(H,y). O

Now we turn back to SDE (1.1).

NPROOF OF PROPOSITLON 2.1. By (H2) and Lemma 2.2, we have that V €
WUL2(H, y) with VV = DV, y-a.e. Hence, Lemma 2.4 implies the assertion. [

Let us consider the case when in SDE (1.1) we have that B = 0, that is,

(2.8)
Xo=1z,

where for convenience we extend VV : Dy — H by zero to the whole space Dy .
The case for general B then follows easily from Girsanov’s theorem.

To solve (2.8) in the (probabilistically) weak sense, we shall use [3], that is, the
theory of Dirichlet forms, more precisely the so-called “classical (gradient type)”
Dirichlet forms, which for the measure v from the Introduction is just

Evu,v) = /H(Du(x), Dv(x)v(dx),  u,veDE):=W'(H,v).

But the whole theory has been developed for arbitrary finite measures m on
(H, B(H)) which satisfy an integration by parts formula (see [3, 17] and the refer-
ences therein) or even more generally for finite measures m for which D : FCp° C
L*(H,m) — L*(H,m: H) is closable (see [1, 2, 17]). In particular, we can also
take m := y. Let us recall the following result which is crucial for the theory of
classical Dirichlet forms which we shall formulate for v, but holds for every m as
above. For its formulation, we need the notion of an “E,-nest”: Let F,, C H,n € N,
be an increasing sequence of closed sets and define for n € N

D(EV)F, :={ueD():u=0,v-ae.on H\ F,}.
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Then (F},),cn is called an & -nest if

o0
U DE)IE,  isdensein D(&,),
k=1

with respect to the norm
1/2
Eorl, )= (E,uww) + ully )P weDE),
that is, with respect to the norm in WL2(H, v).
Then the crucial result already mentioned is the following.

THEOREM 2.5. There exists an &, -nest consisting of compact sets.
PROOF. See [21] and [17], Chapter IV, Proposition 4.2. [

Let us denote (K, ), this &£,-nest consisting of compacts. This theorem says
that (£,, D(&))) is completely determined in a K, set of H. Then it follows
from the general theory that (£,, D(&,)) is quasi-regular, hence has an associate
Markov process which solves (SDE) (2.8) and this Markov process also lives on
this K, set |J;2; K,, that is, the first hitting times on\k, of H \ K, converge to
infinity as n — oo.

The precise formulations of these facts is the contents of Theorems 2.6 and 2.8
below. We need one more notion: A set N C H is called &, -exceptional, if it is con-
tained in the complement of an &,-nest. Clearly, this complement has v-measure
zero, hence v(N) =0if N € B(H).

THEOREM 2.6. There exists S € B(H) such that H \ S is &,-exceptional
[hence v(H \ S) = 0] and for every z € S there exists a probability space
(2, F, P;) equipped with a normal filtration (F;);>0, independent real valued
Brownian motions Wtk,t >0,keN, on (2,F, P;) and a continuous H-valued
(Ft)-adapted process Xy, t > 0, such that P;-a.s.:

(i) X, eSVvt>0,
(i) [y EplfgIVV(X0)[dslv(dz) < oo and Ep.[fs Ly (X,)ds] = 0
vVt >0,
(iii) (ex, X¢) = (ex. 2) + Jo ((Aex, X;) + (e, VV (X)) ds + Wr, 1 >0,k eN.
Hence (by density), we have a solution of (2.8) in the sense of Definition 1.4.

Furthermore, up to completing F; w.rt. P;, (2, F), X;,t >0, and (F;) can be
taken canonical, independent of z € S and then

M= (Q, F, (F)i=0, (X1)i>o0, (PZ)ZES)’

forms a conservative Markov process, with invariant measure v.
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PROOF. The assertion follows from [3], Theorem 5.7. [

For later use, we define the Borel set

(2.9) Hy := {zeH:EPZ[/OT|VV(XS)|2ds] <oo}

and note that by Theorem 2.6(ii) we have v(Hy) =y (Hy) = 1.

In fact, by the convexity of V we also have uniqueness for the solutions to (2.8).
We recall that the sub-differential 0V of V is monotone (which is trivial to prove;
see, e.g., [20], Example 2.2a) and that for x € Dy, 0V (x) = VV(x); see, for ex-
ample, [5], page 8. Hence, we have

(2.10) (VV(x) = VV(y),x —y) >0, x,y € Dy.
THEOREM 2.7. Let S be as in Theorem 2.6 and z € S. Then pathwise unique-

ness holds for all solutions in the sense of Definition 1.4 for SDE (2.8). In partic-
ular, uniqueness in law holds for these solutions.

PROOF. The first assertion is an immediate consequence of the monotonic-
ity (2.10), since a part of our Definition 1.4 requires that the solutions are in Dy
dt ® P-a.e.; see, for example, [15], proof of the claim page 1008/1009 or [18],
Section 4, for details. The second assertion then follows by the Yamada—Watanabe
theorem (see, e.g., [22] which easily can be adapted to apply to our case here). [J

THEOREM 2.8. Let M be as in Theorem 2.6 and let (F,),cn be an &£, -nest.
Then

Pe| Jim o, = o] = 1,
forall z€ S\ N, for some E,-exceptional set N, where for a closed set F C H
og\r:=inf{t >0: X, € H\ F}
is the first hitting time of H \ F.

PROOF. Since M is conservative its lifetime ¢ is infinity. So, the assertion
follows from [17], Chapter V, Proposition 5.30. [

Below we shall use the following simple lemma.

LEMMA 2.9. Let (E,| - ||) be a Banach space and V : E — (—00, o0] a con-
vex function.

(i) Let K C E be convex and compact such that V(K) is a bounded subset
of R. Then the restriction of V to K is Lipschitz.
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(ii) Assume that V is lower semi-continuous and K C E compact such that
V(K) is an upper bounded subset of R. Then the restriction of V to K is Lipschitz.

PROOF. (i) The proof is a simple modification of the classical proof that a
continuous convex function on an open subset of E is locally Lipschitz (see [20],
Proposition 1.6). For the convenience of the reader, we give the argument:

Define

M = sup|V (x)|
xekK

and
d :=diam(K) (:=sup{llx — yll:x,y € K}).
Letx,ye K.Setw :=|x — y| and
d
z:=y+—(y—x).
o

Then ||x — y|| <d, hence z € K since K is convex. Furthermore,

o d
Y= adt T ayad®
hence
FO) = =2 @+~ fo),
a+d a+d
so,

0 = f@) = 2 (F@) = F) = X s -
fQy fx_a+d(fz fX)_dIIx vl

Interchanging x and y in this argument, implies the assertion.

(i1) This is an easy consequence of (i). Let K| be the closed convex hull of K.
Then by Mazur’s theorem K] is still compact and by convexity V (K1) is an upper
bounded subset of R. But V(K1) is also lower bounded, since V is lower semi-
continuous. Hence, by (i) V is Lipschitz on K1, hence on K. [

Now let us come back to our convex function V: H — (—o00, 0co] satisfying
(H2) and (H3). We know by Proposition 2.1 that V € W12(H, v) = D(E,). Since
(€, D(&))) is quasi-regular, it follows by [17], Chapter IV, Proposition 3.3, that
there exists an &, -nest (F,,),<n and a B(H)-measurable function V:H — R such
that

(2.11) V = Vv-a.e. and V|Fn is continuous for every n € N,

where V |, denotes the restriction of V to F,. By [17], Chapter III, Theorem 2.11,
(F, N Ky)nen is again an £,-nest, where (K,), ¢ is the £,-nest of compacts from
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Theorem 2.5. Since v(U) > 0 for every nonempty open set U C H, by [17], Chap-
ter III, Proposition 3.8, ‘we can find an &, -nest (F IneN such that F C F,NK, and
the restriction of v to F, has full topological support on F,, for every n € N, that
is, v(U N F,) > 0 for all open U C H with U N F, # . (Such an &, set is called
regular.) Since we want to fix this special regular £,-nest of compacts depending
on V below, we assign to it a special notation and set

(2.12) KV :=F, neNlN

Now we can prove the following result which will be crucially used in Section 6.

PROPOSITION 2.10. (i) Letn € Nand K,Y asin(2.12). Then VlK,Y is real val-

ued, continuous and bounded. Furthermore, V (x) = \7(x) foreveryx e Uy K ,Y .
(ii) There exists Sy € B(H) such that H \ Sy is £,-exceptional, Theorem 2.6
holds with Sy replacing S and for every z € Sy

(2.13) Po[ lim oy gy = 00| =1.

PROOF. (i) Since KV C F,, we have for V from (2.11), that V|Kv — ‘7|Kv

is lower semi-continuous on K, V' with respect to the metric on K, V' induced by
| - |. Hence, {V|KV — V|KV > 0} KV N U for some open subset U C H. Since

VlK,‘/ = V|K,Y v-a.s., it follows, since (K,Y)neN is a regular &£,-nest that

Vix) < V(x) for every x € KV

But V| KY is continuous, hence bounded, because K, V' is compact, so V(K, V) is
an upper "bounded subset of R, so by Lemma 2.9(ii) V| KY is Lipschitz. But then

{V|K,Y #* V|KVY} = Kn N U for some open subset U C H. Since (Kn JneN is a
regular &, -nest, we conclude that

Vx)=V(x) foreveryxeK,.

Hence, assertion (i) is proved.
(i1) By Theorem 2.8, we know that there exists an &,-nest (F},),en such that

o0
P.[ lim oy gy =o0] =1 Vze L_j Fy.

Then by a standard procedure (see, e.g., [17], page 114) one can construct the
desired set Sy € B(H). [

For the rest of this section, we fix Sy as in Proposition 2.10.
COROLLARY 2.11. Let z € Sy and (X;):>0 a solution to (2.8) on some prob-

ability space (2, F, P) with normal filtration and cylindrical (F;)-Brownian mo-
tion W = Wy, t > 0. Then (2.13) holds with P replacing P;.
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PROOF. This follows from the last part of Theorem 2.7. [

It is now easy to prove existence of (probabilistic) weak solutions to SDE (1.1)
and uniqueness in law

THEOREM 2.12. For every 7 € Sy, there exists a solution Y = Y;,t € [0, T],
to SDE (1.1) on some probability space (', F', P') in the sense of Definition 1.4
and this solution is unique in law. Furthermore, (2.13) holds with P’ replacing P,
and Y replacing X, where X = X;,t > 0, is the process from Theorem 2.6 and if
z € Sy N Hy [with Hy as in (2.9)], then

T
(2.14) / IVV(¥p)[*ds <oo  Pl-as.
0

PROOF. This is now an easy consequence of Theorems 2.6, 2.7 and Girsanov’s
theorem (see, e.g., [11], Appendix A1) which easily extends to the present case
since uniqueness in law holds for SDE (2.8). To prove the last part, we note that
by Girsanov’s theorem there exists a probability density p: Q2 — (0, co) such that

(p-PoY =P ox !

Hence, P, o X' = poP’ o Y™, where pg is the P’ o Y~ '-a.s. unique function
such that po(Y) =Ep/[p|lo(Y)] P-a.s. and o (Y) denotes the o -algebra generated
by Y, € [0, T]. So, (2.13) and (2.14) follow, if pg > 0P’ o Y~ '-a.e. To show the
latter, we first note that

P oY ' ({po=0}) = P'({Ep/[plo(Y)] =0}).

But since

p = e o (BU).AW)=(1/2) [ 1B ds

and W is o (Y)-measurable by SDE (1.1), it follows that Ep/[p|o(Y)] = p. But
po>0. 0O

3. Regularity theory for the corresponding Kolmogorov operator.

3.1. Uniform estimates on Lipschitz norms. First, we are concerned with the
scalar equation

3.1) Au— Lu —(B(x), Du)= f,
where A > 0, f € Bp(H) and L is the Kolmogorov operator
(3.2) Lu(x)= %Tr[Dzu(x)] +({Ax — DV (x), Du(x)), x€H.

Since the corresponding Dirichlet form

Ep(v,w) := %/H(Dv, Dw)dv — /

(B, Dv)wdv +A/ vwdv,
H H
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vV, W E Wl’z(H , V), is weakly sectorial for A big enough, it follows by [17], Chap-
ter 1 and Section 3e in Chapter II, that (3.1) has a unique solution u € L?(H, v)
such that u € D(L). We need, however, Lipschitz regularity for # and an estimate
for its v-a.e. defined Gateaux derivative in terms of ||u||o. To prove this, we also
need the Kolmogorov operator associated to the linear equation that one obtains,
when B =V =0, in SDE (1.1), that is, the Ornstein—Uhlenbeck operator

(3.3) £%u(x) = L Ti[D*u(x)] + (Ax, Du(x)), x €H.

As initial domains of £, £OU and £ + (B, D), we take the set £4(H) defined
to consist of the linear span of all real parts of functions ¢: H — R of the
form ¢(x) = !X x e H, with h € D(A). It is easy to check that £4(H) C
wL2(H, y) densely and E4(H) C WL2(H, v) densely. Then rewriting the last
term in the above expression as (Ax, Du(x)), the above operators are well de-
fined for u € £4(H). Below we are going to use results from [14] in a substantial
way with F := dV, the sub-differential of V, which is maximal monotone (see,
e.g., [5]) and which is in general multi-valued, but single-valued on Dy C D(F)
because 0V (x) = VV(x) for x € Dy.

Let us first check that assumptions (H1) and (H2) in there are satisfied.

First, Hypothesis 1.1 in [14] is satisfied since we are in the special case A = A*
and C = I. Hypothesis 1.2(ii) is satisfied for £ defined above, replacing Ny in [14]
with Fy := V'V, since by integrating by parts we have

1
| covav=—3 [ (Do.DVIAY Vo, u e Eath)
H 2JH
and thus, taking ¢ =1,

(3.4) /Hﬁ(pdvzo Vo, ¥ € E4(H).

Here, Fj is the minimal section of F in [14], and hence VV = Fy on D(V) C
D(F), so Hypothesis 1.2(iii) holds. Hypothesis 1.2(i) follows from Remark 1.1.
The first result we now deduce from [14] is the following.

PROPOSITION 3.1. (L,Ea(H)) is closable on L*(H,v) and its closure
(L, D(L)) is m-dissipative on L*>(H, v).

PROOF. This is a special case of [14], Theorem 2.3. [J

For later use, we need to replace £4 (H) in Proposition 3.1 above by F Cl% (de-
fined in the Introduction of this paper). We need the following easy lemma.

LEMMA 3.2. Let ¢ € Ci(Rd). Then there exists a sequence ¢,,n € N, each
@y, consisting of linear combinations of functions of type x — cos{a, X)pad, a € RY,
such that sup, ey {ll@nlloo + 1 D@nlloo + | D*@nlloc} < 00 and

lim ¢, () =¢@),  lim Dp,(x)=Dex),  lim D’p,(x)=D*p(x),
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forall x e R4,
PROOF. First assume that ¢ € C}° (R?) with compact support. Then we have

o) = [ UpEds.  xe R,

where ¢ is in the Schwartz test function space, with the corresponding integral
representations for D¢ and D?g.

Discretizing the integrals immediately implies the assertion since x +— (1 +
|x|?)@ is Lebesgue integrable. Replacing ¢ by x,¢ where x,,n € N, is a suitable
sequence of localizing functions (bump functions), the result follows for all ¢ €
Cpe (R9) by regularization through convolution with a Dirac sequence. [J

As an immediate consequence of Proposition 3.1 and Lemma 3.2, we get the
following.

PROPOSITION 3.3. (E,}"le) is closable on L*(H,v) and the closure
(L, D(L)) is the same as that in Proposition 3.1, hence it is m-dissipative on
L2(H,v). Furthermore,

Lu=LO—(VV,Du)  VueFCY.

Since (£, D(L)) is an m-dissipative operator on L*(H,v) by Proposition 3.1,
every A > ( is in its resolvent set, hence (A — £)~ ! exists as a bounded operator
on L2(H,v). The following is one of the main results in [14].

THEOREM 3.4. Let . > 0 and f € By(H). Then there exists a v-version of
(A — L)~ f denoted by R;. f, which is Lipschitz on H, more precisely

65 RO -RS = T el =y Vaver.

PROOF. We first notice that Hy, defined in [14] to be the topological support
of v, in our case is equal to H, since v has the same zero sets as the (nondegenerate)
Gaussian measure y on H. Hence, the assertion follows from the last sentence
of [14], Proposition 5.2. [J

REMARK 3.5. In fact, each R, is a kernel of total mass A~ !, absolutely con-
tinuous with respect to v and (R} );~o forms a resolvent of kernels on (H, B(H)).
We refer to [14], Section 5, for details.

Now we are going to solve (3.1) for each f € By(H) if A is large enough, and
show that the solution u € L2(H, v) has a v-version which is Lipschitz continuous,
with Lipschitz constant dominated up to a constant by || f || cc-

First, we need the following.
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LEMMA 3.6. Let g: H — R be Lipschitz. Then g € W“2(H, y), hence also
in WL2(H, v) and IDglleo < llgllLip (= Lipschitz norm of g). Furthermore, Dg =
Vg, y-a.e. where Vg is the Gdteaux derivative of g which exists y-a.e.

PROOF. By the fundamental result in [4, 19] the set D, of all x € H where
g is Gateaux-(even Fréchet-) differentiable has y measure one. Let Vg denote
its Gateaux derivative. Since |Vg| € L*(H, ), it follows trivially that g € Dy
defined in (2.3). Hence, by Lemma 2.4 the assertion follows. [

LEMMA 3.7. Consider the operator Ty : L°°(H,v) — L*(H, v) defined by

T.p=(B,VRip),  ¢€L®(H,v).
Then for A > 47 || B|12,
ITaplioecm < sl@lieay Vo € LX(H, v).

PROOF. We have by (3.5) and Lemma 3.6 that for ¢ € L°°(H, )

T
I Tl Loo(H,v) < ||B||oo\/§||(p||L°°(H,v),

and the assertion follows. [

PROPOSITION 3.8. Let f € By(H) and A > 4n||B||§o. Then (3.1) has a
unique solution given by the Lipschitz function

u:=Ry((I —T)"'f).

This solution is Lipschitz on H with Lipschitz norm

|u||L1p f”f”oo

PROOF. Since the operator norm of 7}, is less than , the operator (I — T3) !
exists as a continuous operator on L>*°(H, v) with operator norm less than 2. Fur-
thermore, by Theorem 3.4 and Lemma 3.6

(A= LRI =T f) = (B, DR.((I — T) ™" f))
=U-T) ' f-T(d-T)'f)=f.
The final part follows from (3.5) O
Having established the result for the scalar equation (3.1) for A > 4 || B ||go we

may prove it for the vector equation (1.4), whose solution U has components u'
satisfying the equation

(3.6) O+ 2pu' — Lu' —(B(x), Du') = £,
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where f I are the components of the vector function F:H — H. [U(x) =
Z?i] u'(x)e;, F(x) = Z?i] ff(x)e;].
We have by Proposition 3.8

Jul () —u' (»)|* < =Sy x =y _A+AIIF|| e =yl
hence
o0
Z|ul'(x> —uf M < cWIFIZ)x = I,
where c()) := ;X’l e +A . This series converges and lim; _, o, c(A) = 0. Moreover,
|U(x) — U(y)|2 bl lul (x) — u (y)|2, hence we have proved the following.

LEMMA 3.9. U (= U,) defined above satisfies
|U(x) = U] < cIFlloolx — yl, x,yeH
3.2. Ito formula for Lipschitz functions. Below we want to apply Itd’s formula
to u(X;),t > 0, where u is as in Proposition 3.8 and (X;),>0 are the paths of the
Markov process M from Theorem 2.6. Since u is only Lipschitz and we are on the
infinite dimensional state space H, this is a delicate issue. To give a technically

clean proof, we need a specific approximation of the solution # in Proposition 3.8
by functions u, € F le, n € N. More precisely, we shall prove the following result.

PROPOSITION 3.10. Let > 0 and g € By(H) N D(LOY, C} ,(H)) (for the
definition of the latter see below). Set
w:=R,g.
Then there exists a sequence u, € F Cl%, n €N, such that

sup(|lnllco 4 Vit lloo) < 24/ max{a ™1, 2712} gl o,
neN

(3.7

n—oo

lim | [|£°Yw — u)|* + |V (w — u)|* + (w — up)?] dv =0.
H

In particular, u,, — w as n — oo in L-graph norm [on L2(H,v)] and

L£=Lw— (VV, V).

For the proof, we need some more details from [14].
Define for A > 0 and ¢ € B,(H)

(3.8) R(x, LYY (x) = /ooe—“th(x)dz,
0
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where P; is defined as in (2.7). Then
R(x, £LOV)(C} 5 (H)) C Ch,(H),
where C zl,z(H ) denotes the set of all p € C g (H) such that

lp(x)] |Dp(x)]
sup 5 <00 and  sup 3
x€H1+|x| er1+|x|

As in [14], we set

D(LOY, Ch,(H)) := R(x, LOY)(C) o (H)),
which by this resolvent equation is independent of A > 0 and is a natural domain

for the operator £OV.

PROPOSITION 3.11. Let u € D(LOY, Cg’Q(H)). Then there exists ¢, €
Ea(H), n €N, such that ¢, — u in v-measure and for some C € (0, 00)

00 (0| + | Don(0)| + L%, () < C(1+|x*)  VxeH,neN.
In particular, u € D(L) and ¢, — u in the graph norm of £ on L*>(H, v) and
Lu =L — (VV, Du).
PROOF. Since convergence in measure comes from a metrizable topology, this

follows from [14], Lemma 2.2, Lebesgue’s dominatd convergence theorem, Re-
mark 0 and the fact that (£, E4(H)) is closable on L2(H,v). O

Now let us recall the approximation procedure for dV, more precisely for its
sub-differential F' := —dV with domain D(F), performed in [14]. [We recall that
V'V is maximal monotone (see, e.g., [5]), hence we can consider its Yosida ap-
proximations.] For o € (0, 00), we set

Fa(x):zé(Ja(x)—x), x€H,
where

Jo(x):=( —aF)"'(x), xeH.
It is well known (see, e.g., [5]) that

lim Fo(x) = Fo(x) ~ ¥x & D(F),
(3.9) o
|Fo(x)| < Fo(x)  Vx e D(F),
where

F{ = inf .
0(x) o |yl



2004 DA PRATO, FLANDOLI, ROCKNER AND VERETENNIKOV

[Recall that F(x) = 0V (x) is in general multi-valued unless x € Dy, when
dV(x) =VV(x).] We need a further standard regularization by setting

FO{,/S(X) =] /H €ﬂBFa (eﬂB + y)N(1/2)3—1(62ﬁ3_1)(dy),
(3.10)
a, B € (0, 00),

where B:D(B) C H — H is a self-adjoint negative definite operator such that
B~ !is of trace class. Then Fy p is dissipative, of class C* has bounded derivatives
of all orders and

(3.11) Fy,p — Fy pointwise as B — 0

(see [16], Theorem 9.19).
Now let us fix A > 0 and consider the equation for v € Cg(H )

(3.12) au — LY — (Fy 5, Du) =v.
Then by [14], page 268, there exists a linear map
RP:CH(H) — D(LOY, C},(H)) N C2(H)

[in fact given by the resolvent of the SDE corresponding to the Kolmogorov oper-
ator on the left-hand side of (3.12)] such that Rf’ﬂ v is a solution to (3.12) for each
v € CZ(H). In particular,

1
(3.13) RSP, < vllee. 2> 0.0 € CR(H).
We also have by [14], (4.7), that
ap i 2
(3.14) sup| VRS "v(x)| < lvloo, r>0,veCj(H).
xeH A

Now the proof of Proposition 3.10 will be the consequence of the following two
lemmas.

LEMMA 3.12. Let oy € (0,00),n € N, such that lim,,_, oo o, = 0. Then there
exists B, € (0,00),n € N, such that for all v € Cg(H) we have that

lim R Fry = Ry,
n—o0

in L-graph norm [on L*(H, v)].
PROOF (cf. the proof of [14], Theorem 2.3). Since D(F) D Dy, so

v(D(F)) = v(Dy) =1, itfollows by (3.9) and Lebesgue’s dominated convergence
theorem that

(3.15) lim/ |Fy, —VV[>dv=0.
n—oo H
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Since by the definition of Fy, g we have that for each o > 0 there exists ¢, € (0, 00)
such that

|Fup(d)| <ca(l+Ixl)  VxeH,

it follows by (3.11) that for n € N there exists g, € (0, %), such that

1
[ P = Fay o) < .
H n
Hence, by (3.15)

(3.16) lim / |Fo,.5, — VV[*dv =0,
H

n—=>00
Now letv € CZ(H). Then R;"""v € C}(H)N D(£OY, C} ,(H)), hence by Propo-
sition 3.11 and, because R;("”g "v solves (3.12), we have

(3.17) (A — L)REPry = v 4 (Fy, 5, — VV, VR Pry),

consequently,

(B.18) RPry=0—L) v+ 0 — L) (Fay.p, — VV. VR Fro)).

But by (3.14) and (3.16)

n—oo

lim / (Fay.p, — VV, VR P10\ dv =0,
H

Hence, (3.17) and (3.18) imply the assertion, because (A — £)~! is continuous on
L2(H,v) ad R, v is a v-version of (A — £)"1v. O

LEMMA 3.13. Let A, g and w be as in Proposition 3.10. Then there exist
u, € Co(H) N D(LY, C} ,(H)),n €N, such that

sup ([lunlloo + | Vitnlloo) < 24/ max{1 =1, 2712} gl o,
neN

and (3.7) holds for these u,,n € N.

PROOF. Since C,%(H) C L3(H,v) densely, we can find v; € Cl%(H), keN,
such that

sup vk lloo < 2[00
keN

and

lim/ lg — vk)?dv =0,
k—>ocoJH
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hence by the continuity of (A — £)~!,

lim / |Ry(g — vk)fzdv =0.

k—ooJH

Therefore, R)vy — Rjg in L-graph norm [on LZ(H, v)] as k — oco. Hence, by
Lemma 3.12 we can choose a subsequence (k;,),eN such that

ny, w/gnk

R, v — Ryg in £-graph norm(on L*(H, v)) as k — oo.

Taking uy := Rz""’ﬁ"" vk, k € N, the assertion follows from (3.13) and (3.14), re-
calling that convergence in £-graph norm implies convergence in W-2(H, v). O

PROOF OF PROPOSITION 3.10. Let u € C3(H) N D(LOY, Cp,(H)) and de-
fine u, :=uo P, € FCI%,n € N. Then |junllco < [l#lloo and [[Vug|lloo < [V |l so-

Furthermore, u, — u, Vu, — Vu and £%u, — £%Vu pointwise on H as
n — oo. Furthermore, £°Yu,, — £°u in LZ(H, ), hence in LZ(H, V) as n —
oo. Now the assertion follows by Lemma 3.13. [J

COROLLARY 3.14. Let f € Bp(H), A > 47'[||B||§O and u as in Proposi-
tion 3.8, that is,

w:=R; (I —T)7'f).
Let u, € ]-"C,% N D(LOY, Cg’z(H)),n e N, be as in Proposition 3.10 with g :=
I — TA)_lf [e By(H), with |Igllec < 2|l fllco by the proof of Proposition 3.8].
Consider the Markov process

M:= (R, F, (F)iz0, (X020, (Po)zesy)

from Theorem 2.6, with Sy defined in Proposition 2.10. Then there exists an &, -

nest (F,?’f)keN of compacts such that for every k € N, Fkk’f C Sy and some sub-
sequence nj — 00:

(1) up (z) > u(z),
(i) Ep, [5° e |Vu — Vup, |*(X,) ds = Ry(|Vu — Vuy, |*)(z) — 0,
(iii) Ep, [~ e |L(u — up)(Xy)|ds — 0,
uniformly in z € F,?’f. In particular, for all z € \J72, F,?’f \ N with an &,-
exceptional set N, we have that P;-a.e. the following It6 formula holds:

t t
(3.19)  u(Xy) —z— / Lu(Xs)ds = f (Vu(Xy), dW(s)) vt > 0.
0 0
PROOF. Since the convergence of all three sequences in (i)—(iii) takes place
in WL2(H, v), the existence of such an &,-nest and subsequence (n;);en fol-
lows from [17], Chapter III, Proposition 3.5, and Theorem 2.5 above. By The-
orem 2.8 for z € g2, F, ,? T\ N, for some &y-exceptional set N we know that
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PAUR {1y, s > 1)1 =1 for all £ 2 0. So, fix z € RS, F}'/ \ N. Then by

the classical Itd formula on finite dimensional Euclidean space and by Theo-
rem 2.6(iii), we have P;-a.s.

Up (Xy) —z— /t(EOUun, —(VV, Vun,))(Xs)ds
(3.20) t 0
=/0 (Vi (Xs), dW(s)) Vi >0.

Fix ¢t > 0. Then on {7, .. >t} we have by (ii) above that u,, (X;) — u(X;) as

H\F,
n — oo and by the last part of Proposition 3.3 and (iii) above

t
Ep. /0 (Lut — (£, — (VV, Vi) (X)) | ds
(0,0
§e’IEpzf e | L — up)(Xs)|ds — 0 as | — 0o,
0

and also that by Itd’s isometry and by (ii) above

2
Ep,

t
/(; (Vu(Xs) — Vun, (Xy), dWy)

t
§EPZ/ |Vu(Xs) — Vi, (Xs)|* ds
0

0
< 6”/0 e_ASEPZ(WM(Xs) — Vuy, (XS)‘Z) ds

=M R (IVu — Vuy, |*)(z) = 0 as [ — oo.

Hence, on 72 {7, .».r >t} we can pass to the limit in (3.20) to get (3.19). O

H\F;

REMARK 3.15. By the same standard procedure already mentioned at the
end of the proof of Proposition 2.10, we can find S‘X,’f such that H \ Si‘,’f is &y-
exceptional and Theorem 2.6, Proposition 2.10, Theorem 2.12 hold with S‘A,’f re-

placing Sy and for all z € S:‘,’f, (i)—(iii) in Corollary 3.14 hold and (3.19) holds
P -as.

3.3. Maximal regularity estimates. Let us first consider again the solution u
of the scalar equation (3.1). The following result is the main technical ingredient

of this paper, on the Kolmogorov equation; see [13], Proposition 4.2.

LEMMA 3.16. We have that u € W22(H, v) and there is a constant C > 0
such that, for all . > 1,

C
(3.21) /H|Du(x)|2v(dx) < I/ILI|f(x)|2u(dx),
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(3.22) fH | D) |5 gv(dx) < C/H|f(x)|2v(dx).
We then apply this result componentwise to equation (1.4).
THEOREM 3.17. Let U(x) = Y72, u' (x)e; be the solution of equation (1.4)

with F(x) =72, fi(x)e;, namely u = u' satisfies equation (3.6) with f = 7,
for every i € N. Then

/H 3 (hi| DUl )7 + | D2 () |3y )v(dx) < € /H(|F(x)|2 + |B)P)v(dx).
i=1

PROOF. We apply the lemma and get

C
A+ A

f \Dui(x)fzv(dx) < / (}fi(x)|2 +|(B(x), e,-)]z)v(dx)
H H

= xg (7@ + 1B ei] i),

fH | D2 (x) |3, gv(dx) < C/H(|f"(x)|2 + [(Bx), &)[*)v(dx).

Therefore,
- P2 j 2
[ Gl Dul @) + | D% 0 ) v
i=1

<2C /H(|F(x)|2 + |B(x)|P)v(dx) < oo.
The proof is complete. [

REMARK 3.18. Consider the situation of Lemma 3.16 and let (#;);cn be the
sequence (up,);eN from Corollary 3.14. Then it follows by Proposition 3.10 and
Corollary 3.14 that as n — o0

foi= = Lup+ (B, Duy) — f  in L>(H,v).

Hence, by (3.22),

lim f | D2 — )|y dv = 0.
H

n—oo

This will be crucially used to justify the application of mean value theorem in the
proof of Lemma 5.2 below.
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4. New formulation of the SDE. In this section, we fix U, u' as in Theo-
rem 3.17 with f := (B, e;) and F := B. Let A > 47 || B||%, so large that c()) <
%||B||go1 where c()) is as in Lemma 3.9. Again, we write x' for (x, ¢;), u’ (x) for
(U(x), ei), and so on. Below we shall apply Corollary 3.14 with f replaced by B!
and u' replacing u, for i € N.

REMARK 4.1.  As the corresponding sets of allowed starting points S‘lji’k, i€
N, are concerned, as in Remark 3.15, by a standard diagonal procedure we can find

Sy CNien S‘lfl’k such that H \ Sy is &,-exceptional and Theorem 2.6, Proposi-
tion 2.10, Theorem 2.12 hold with this (smaller) Sy and for all z € Sy (i)—(iii) in
Corollary 3.14 hold and (3.19) holds P;-a.s.

Below we fix this set Sy (C H).

LEMMA 4.2. Let z € Sy and set
px)=x+U(x), xeH,
namely @' (x) = x' +u'(x) and let X be a solution of the SDE (1.1). Then for each
ieN
do' (X;) = (=7 X! — D;V(Xp))dt + O 4 A)u' (X,) dt

4.1 : :
+(Du' (X;), dW;) +dW,.

PrROOF. Fixi € N. Let us first prove the following.
Claim: We have P;-a.e.

W (X)) =u'(z) + fot (O (X;) — (VV (X5) — B(Xy), Du(Xy))) ds
4.2) t
+/0 (Du'(Xy),dWy,)ds, t>0.

Indeed, considering the set ¢ of all w € 2 such that (4.2) holds, we have to prove
that P(€209) = 1. But by Girsanov’s theorem this is equivalent to (3.19) with u'
replacing u. Hence, the claim is proved.

As a consequence, we obtain that

du' (X,) = Lu' (X,)dt + B(X,)dt + (Du' (X,), dW,)
= —B'(X,)dt + (A + A)u' (X,) dt + (Du' (X,), dW,)
and thus
dXi=(—n X! — D;V(X))dt — du' (X,)
+ (A + )u' (Xp) dt + (Du' (X,), dW,) + dW}.
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Then
de' (X)) = (=r X! = DiV(X,))dt + (0 + r)u' (X,) dt
+(Du' (X,),dW,) +dW/. O

In vector form, we could write (4.1) as
dX,=(AX,—VV(Xp))dt —dU(X;)+ (L — AU (X;)dt + DU (X;)dW; +dW,
and

do(X;)=(AX, — VV(Xy))dt + (A — AU (X;)dt + DU (X;) dW; + dW,.

5. Proof of Theorem 1.5. Consider the situation described at the beginning

of Section 4 with Sy being the set of all allowed starting points from Remark 4.1.
In particular, by our choice of A we have

sup [VU () gy < 3-
xeH

LEMMA 5.1. Forevery x,y € H, we have

Hx =yl <o) — o) < 31x — yl.

In particular, ¢ is injective and its inverse is Lipschitz continuous.

PROOF. One has
=y <|x+ U@ —y=UW|+|Ux) -U®W)|
<o) — 9|+ 31x =y,
where we have used

[U(x) = U(®y)| < sup| DU @) 1x — y| < 31x — yl.
xeH
The claim follows. [

Let X and Y be two solutions with initial condition x, defined on the same
filtered probability space (2, F, (F1)=0, P) and w.r.t. the same cylindrical (F;)-
Brownian motion W.

LEMMA 5.2. There is a Borel set & C Sy with y(8) = 1 having the fol-
lowing property: If z € E and X, Y are two solutions with initial condition z
(in the sense of Definition 1.4), defined on the same filtered probability space
(2, F, (Ft)i=0, P) and w.rt. the same (F;)-cylindrical Brownian motion W, then

A, <00
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with probability one, for every t > 0, where the process A; ; is defined as

TIVV(Xs) — VV(Yy)l
Apr = 2[ : : lox)#e(v,) ds
0 leXy) —e(Yy)|

(Tl (Xs) — ul (Yy))?
5.1 +2 1 , Nd
oD 2/0 9(Xy) — @2 PP @

. (1 |Dul (Xs) — Dul (Yy)]?
+ - ‘ 1 Xs YS ds'
2|, p(Xy) — (Y p  vXIFe)

i=1

PROOF. Letus first treat the case when (H3) holds. By the mean value theorem
and Lemma 5.1, we have for v-a.e. z € Sy

AIS4NI,Z,
where
1 pt
Neei=2 [ [02V(Z8) |y dads
Lot ; 2 o 2
+ 3 [ [ @uloul 2P + [ 02! (22) I35) derds.
i=1
where

78 =aX, + (1 —a)Y,.

Let us briefly show why we can indeed use the mean value theorem here. We do it
separately for all three differences under the integrals in (5.1). However, we only
explain it for the last difference. The other two can be treated analogously. So, fix
i € N. We want to prove that for y-a.e. starting point z € H we have P ® dt-a.e.

. . 1 .
(52)  Dul(Xy) — Dul (V,) = /0 D2l (X, + (1 — a)Y,) (X, — Yy) da.

We know by Corollary 3.14 and Remark 3.18 that there exists u, € F CZ, neN,
such that for A > 4x ||B||gO and all z € Sy

m .
(5.3) lim Ep, [/ e‘“!Du’ — Dun‘z(XbY)ds] =0
n—oo e 0
and
) ; 2
54 Jim [ |02 — D%, [}y gdv =0,

Here, P, is from the Markov process

M= (2. F\ (Fdiz0. (X)) 200 (Po)zesy)
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in Corollary 3.14 [and we changed notation and used (X tV )r>0 instead of (X;);>0
in Corollary 3.14 to avoid confusion with our fixed solution (X;);¢[0,7] above].

Recalling that by Girsanov’s theorem both X and Y have laws which are equiv-
alent to the law of X" := X,V, t € [0, T'], it follows by (5.3) that as n — oo

T ) T .
/ |Du’ (Xy) — Dun(Xy)|>ds — 0, / |Du’ (Yy) — Duy (Yy)[*ds — 0,
0 0
in probability. If we can show that also
T rl X
(5.5) /0 /0 | D*u’ — D*uy | g Xy + (1 — a)Yy)| Xy — Yy|dads — 0

in probability as n — 00, (5.2) follows, since it trivially holds for u,, replacing u'.
But the expression in (5.5) is bounded by

T ,1 ]
sup | X — Ys|/ / |D*u’ — D?uy | yg(aXs + (1 — a)Ys)dads
s€[0,T] 0 JO

and by the continuity of sample paths

sup | X5 — Y| < o0, P-a.s.
s€[0,T]

Furthermore, it follows from (5.4) and the proof of Lemma 6.1 and Corollary 6.2
below that for v-a.e. z € Sy

T rl .
/ / | D2 — D2uy | s (@Xs + (1 — @)¥y) deeds — 0
0o JO

as n — oo P-a.s. Hence, (5.5) follows.
By assumption (1.2) in (H3) we know that

/H |D*V ()] £y v(dx) < 00

and by Theorem 3.17 we know that
- PN - 2
/H > (hi| Du' ()7 + | D2 (x) | ) v(dx) < o0.
i=1
Thus, we may apply Corollary 6.2 below with

F@) =DV )| gy + D@0 Dt () + [ Dl ()] 37)

i=1

and get that fol Jo f(Z¥ da ds < oo with probability one, for every ¢ > 0 and v-
a.e.ze SV, thatis,

N;i, <00
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with probability one, for every ¢ > 0, which completes the proof since A; < 4N; ..

Now let us consider the case when (H3) holds. Clearly, we then handle the
second and the third term in the right-hand side of (4.2) as above. For the first
term, the treatment is different, but simpler. Indeed, we have by (H3)’, Lemma 4.2
and by the mean value theorem that

/T YV =VVODL,
0 |p(Xy) — ¥y LIFAID

T rl1
<2 [ IVHEZ) . derds

<2/ (IX,1) + W(IYs )] ds

But again using Girsanov’s theorem we know that the laws of X and Y are equiv-
alent to that of XV, hence the last expression is finite P-a.e. [J

We may now prove Theorem 1.5. Let z € E. By Lemma 4.2,
(¢ (X;) — ¢' (Y1)
= —(A(X! = Y))+ D;V(X;) — D;V(Yy))dt
+ (A4 1) (' (X;) — u' (V) dt + (Du' (X;) — Du' (Y;), dW,).
Hence, by It6’s formula, we get
d(¢' (X)) — ¢ (1)
=—2(¢"(X;) — @' (¥)) (i (X! = Y]) 4+ DiV(X,) — D; V(Yy)) dt
+2(0" (X)) — @' (Y)) A + 1) (' (X;) — u' (Yy)) dt
+2(¢" (X;) — ¢' (Y))(Du' (X;) — Du' (Y,), dW,)
+ |Dut (X)) — Dul (V) [*dt.

By definition of ¢ in Lemma 4.2, in the lines above there are the terms
—2@u! (X;) — u' (Y)Ai (X! — ¥} and 2(X! — ¥})a;(u' (X;) — u' (Y;)) which can-
cel each other. Moreover, the term —2(X; — Y/)A;(X; — Y}) is negative. Thus, we
deduce

d(¢' (X)) — 9" (¥))* = =2(¢' (X)) — @' (YD) (D; V (X,) — DiV(Y)) dt
+20(¢" (X)) — o' (YD) (' (X,) — u' (Yy)) dt
20 (' (X)) — i () dt
+2(¢ (X;) — ¢' (Y)))(Du' (X;) — Du' (Y,), dW,)
+ |Dul (X;) — Dul (V) [* dt.
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Let A; = A; ; be the process introduced in Lemma 5.2. We have
d(e™4 (9" (X)) — ¢’ (1))
< —2e7 (' (X)) — @' (Y))(DiV(X,) — DiV(Yy)) di
+2xe A (@' (X)) — o' (V) (u' (X)) — u' (¥;)) dt
+ 274 (o (X,) — ¢' (V)))(Du' (X;) — Du' (Y,), dW,)
+ 20 M (Ul (X)) — ut (Y))) dt
+ e Y| Du' (X,) — DUl (V) [P dt — e Y (¢ (X)) — ¢ (¥)))* d A,

and thus, for every N > 0, summing the previous inequality fori =1,..., N, we
get

(e | Py (p(X) — o(YD)[)
< —2e M (Py(p(X)) — 9(¥D), Px(VV (X)) = VV(Y)))dt

+ 2% (Py(p(X)) — o(Y)), U(X;) — U(Y))dt

N

+2e74 ) (¢ (X0) = ¢! (¥))(Du' (X;) — Du' (¥y). d W)
i=1

N
2e™A N (! (Xp) — ul (Y))  di
i=1
N . .
+e~ 4 | DUl (Xy) — Dul (Y| dt
i=1

— e |Py(p(X;) — (V) [ dA,.

Substituting d A;, taking expectation and using simple inequalities we get
_ 2
Ele™ [Py (0(X0) = o(¥))[]

t
< 2x/0 Ele ™ |p(X,) — p(Yo)||U(X,) — U(Y)|] ds
t
+2 / Ele[p(X,) — p(Ys)|| Py (VV (X)) = VV ()] ds

—2f [ ~A Py (e(Xy) — oY)

2IVV(Xs) —VV X))l o ]ds
p(Xs) — @Yy FHI7E)
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+ [ Bl

| Py (9(X5) — o(Ys))|?
— | Ele Mg Ly(x, ,]d,
/0 [e BT 0(Xy) — (T ¢EKo7e) |49

where for shortness of notation we have written

gs =23 Mi(u' (X,) —u' (V) + 3| Dul (Xy) — Dut (v,)|.
i=1 i=1

By monotone convergence, we may take the limit as N — oo and deduce
_ 2
Ele™ % |o(X,) — (Y)]]

t
<. /O Ele™p(X,) — p(Yo)||U(X,) = U(Y,)|] ds

t
+ 2/ E[e=" |o(Xs) — o(Y)||[VV (X)) = VV ()] ds

2[VV (X,) = VV (¥
_9 As X,) — (Y, 2 1 ]d
/ [ PO =0T —prl oo |4

tT A lo(X) — oY) ]
s]ds — | E|e 1 ds.
R e L R e A Lt

Notice that by Lemma 5.1, X; = Y; if and only if ¢(X;) = ¢(Y;). Hence, we may
drop the indicator function 14(x,)-¢(y,) in all integrals in the above inequality.
Therefore, certain terms cancel in the previous inequality and we get

t
Ele™Yp(X,) — p(¥)|*] < 2)»/0 E[e™%[p(Xs) — o(Y9)||U(X,) — U(¥y)|]ds

Using Lemmas 3.9 and 5.1, we get
A 2 " Ele—As 2
Ele™"|o(X) —o(Yp[T] =22C A E[e™ |o(X;) — o(¥y)| ] ds

whence E[e_Aflgo(X,) — qo(Yt)|2] = 0 by Gronwall’s lemma, and thus ¢(X;) =
@ (Y;) with probability one (since A; < 0o a.s.), for all # > 0; the same is true for the
identity X; = Y since ¢ is invertible and finally X and Y are also indistinguishable
since they are continuous processes.

To complete the proof, we have to prove Corollary 6.2 below, which was used
in the proof of Lemma 5.2.

6. Main lemmata. Let Sy as in Remark 4.1 and Hy as in (2.9) and set

(6.1) By =Sy N Hy.
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LEMMA 6.1. Let f: H — [0, 00) be a Borel measurable function such that

(6.2) /H F(x)y(dx) < 0.

Then there is a Borel set E C Sy N Hy with y (E) = 1 having the following prop-
erty. Given any z € B and any two solutions X, Y with initial condition 7 (as in the
statement of Theorem 1.5) for all T > 0 we have

P(/OI/OT f(z%) dsda < oo) 1

where Z = aX; + (1 —a)Y;.

PROOF. Step 1 (Estimates on OU process). A number 7 > 0 is fixed through-
out the proof. From the assumption on f, it follows that there is a Borel set
Er C H, with E; of y-measure zero, such that

EUOT f(ZSOU’Z)ds} =/OT (/H f(x)ps,z(dx)) ds < 00

for all z € Ef, where p; ,(dx) is the law at time s of the Ornstein—Uhlenbeck
process ZOU:%, that is, the solution of the equation

(6.3) dZ,=AZ;dt +dW;, Zo=2z.

Indeed, we have

fH (/OT (fH U (X)Psddx)) ds)y(dz)
N /OT (/H [H f(x)p”(dx)y(dz)> ds

- T( [ f(z)y(dz)) as=7 [ f@ra.

This implies fOT ([ f(x)ps,z(dx))ds < oo for y-a.e. z.

Step 2 (Girsanov transform). Let Ey as in (6.1) and E ¢ be given as in step 1.
Let E = Ey N &y, of full y-measure. In the sequel, z € E will be given, thus we
avoid to index all quantities by z.

From Theorem 2.12, we have

T 2 T 2
/ |[VV(X,)| ds+f |VV (Yy)| ds < o0
0 0

for all T > 0, with probability one.
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Let us introduce the sequence {t"} of stopping times defined as

n__ _n n n
T = TB/\TV,I /\Tv’z,

7y :=inf{t > 0:

/OIB(Xs)dWS

t
+‘/ B(Y;)dW; zn} AT,
0

t
) ¢ :=inf IZO:'/ (VV(Xs), dWs)
’ 0

t
+ ’/0 (VV(Yy), dWs)

Zn}/\T,

t t
7l :=inf tZO:f |VV(XS)|2ds+/ /VV(YS)|2dszn} AT
’ 0 0

for n > 1 (an infimum is equal to +oo if the corresponding set is empty). All
stochastic and Lebesgue integrals are well defined and continuous in ¢, hence we
have t" = T eventually, with probability one. In order to prove the lemma, it is
sufficient to prove that E[fo1 OTMn f(Z%)dsda] < oo for each n.

Let us also introduce the stochastic processes
bY :=aB(X;)+ (1 —a)B(Yy),

N

vy :==aVV(Xy)+ (1 —a)VV ()

and the stochastic exponentials

t 1 rt )
o ::exp(—/o(bg‘—v;”,dWs)—E/O |bY —v¢| ds).

Denote
a,n a ! o a L o a2
Pr’ = Pragn = €XP _A <ISST"(bs — Vs )’dWS> - 5'/0 ISST”’bs — Vs ‘ ds ).
By Novikov’s criterium, this is a martingale (indeed fOT Ly<en |DY — vf‘lzds is a

bounded r.v. We may thus introduce the following new measures (and the corre-
sponding expectations)

Q%" (A) :=E[p7"14].

Girsanov’s theorem implies that

— t
Wln’a = W[ +/0 1551-" (bg — U;X) ds

tAT"
= W,—I—/ (bY =) ds
0

is a new cylindrical Brownian motion.
Step 3 (Auxiliary process and conclusion). Recall also that Z7 (with the new
notation) satisfies

dZ} = AZy dt + (bY — ) dt +dW,.
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Let us introduce the auxiliary process Z;"" which solves, in the sense of Defini-
tion 1.4, the equation

t t
Zon =Z+/ AZEM ds +/ lyeon (b — v¥) ds + W,.
0 0
It exists, by the explicit formula
t t
73" = 'y —i—/ U™ (B —v%) ds —i—f eI awy,
0 0

where e'4 is the analytic semigroup in H generated by A (taking inner product
with the elements e of the basis, it is not difficult to check that this mild formula
gives a solution in the weak sense of Definition 1.4). This process satisfies also

t ~
Z!" =7 +/ AZX"ds + whe
0

by the definition of VNVt" *“_ hence its law under Q%" is the same as the Gaussian
law of Z,OU under P. Moreover,

z"=zy  forte|0,1"]

(indeed, by the weak formulation, the process Y; = Zf"" — Z7 verifies, pathwise,

on [0, t"], the equation Y, z/ = AY;, Yo =0, in the weak sense of Definition 1.4 and
thus, taking inner product with the elements e of the basis, one proves ¥ = 0).
Therefore,

EC"" [ ]O "z ds} —Eo [ /O " pzen dsi|
T
<E2” [ /0 f(Z;’"”)ds]

= IE[/OT f(z9Y) ds} =:C' < o0.
But

DI [ /0 e f(Z?‘)ds] =E[p§‘:” /0 e f(ij‘)ds]

TAT"
> an[/o f(zg)ds],
where C, > 0 is a constant such that p7" > C,: it exists because

an—1 TAT" w w 1 TAT" o w2
(o7")" = exp(fo (b _Us’dws>+§/o |pY — v¥| a’s)

and t” includes the stopping of all these integrals. Therefore,

E[/Omn f(Z?‘)ds] < g_/

n
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and thus also

E[/OI/OTmn f(Z?’)dsda] < %

The proof is complete. [

The next corollary extends the previous result to the case when
[y f(x)v(dx) < oo. Clearly,

1
/H fx)v(dx) < E/H f(x)y(dx)

but not conversely, without additional assumptions on V. Hence, Corollary 6.2
implies Lemma 6.1, but not conversely, in an obvious way. However, we may easily
deduce Corollary 6.2 from Lemma 6.1 by assumptions (H1)-(H3).

COROLLARY 6.2. Let f:H — [0, 00) be a Borel measurable function such
that

(6.4) /H Fv(dx) < oo,

Then there is a Borel set & C Sy N Hy with v(E) = 1 [equivalently y (E) = 1]
having the property stated in Lemma 6.1.

PROOF. Since [y F(x)e V¥ y(dx) < oo, we may apply Lemma 6.1 to the
function f (x)e~V™ instead of f(x) and get, as a result, that there is a Borel set
E C Sy N Hy with y (E) = 1 having the following property: given any z € E and
any two solutions X, Y as in the statement of Theorem 1.5, for all T > 0 we have

(6.5) P(/(;l /OT f(Z29e V&) dsda < oo) =1,

where Z¥ = aX; + (1 —a)Y;. Take z € B. Since V(Z{) < V(X;) + V (¥;) (recall
that V > 0 by Remark 1.1) and by Theorem 2.12,

o
P(U{Gg’\;nv > T}) =1,

n=1

where
XYy . . X Y
TkY = mm(aH\KnV , GH\KX)
and og\ Ky };\ ky are the first hitting times of H \ K vV of X, Y, respectively, we
have by (6.5)

1 T 00
/0 /0 f(28)e VXD VI gsda <00 on | {crg’\l;(\, > T}, P-as.

n=1
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But for w € {O’;I(’\I;(’Y >T}and M, :=sup{V(z):z € K,Y}

1 T 1 pT
/ / f(Z%(w))dsda < e*Mn / f F(Z%(w))e VXDV dg da < 0.
0 JO 0 JO

Hence,

P(/OI/OTf(Z?(a)))dsda<oo>:1. 0

7. Applications.

7.1. Reaction—diffusion equations. Let H := L2((0, 1), d§¢), with d& =
Lebesgue measure and A = —A with domain H 20, 1)N HO1 (0, 1), that is, A is the
Dirichlet Laplacian on (0, 1). Then clearly (H1) holds.

Letm €[1, 0co) and

1
(7.1) Vix):= ‘ /() |x(§)|m+1 dg, if x € Lm-i-l((o, 1),61’5),

+o00, else.

V obviously satisfies (H2). Now we are going to verify (H3)' for this convex func-
tional. (Of course, then according to Remark 1.1 we subsequently replace this V

by V+ %13
For the separable Banach space E in (H3)', we take
(7.2) E :=L>"((0,1),d&) =: L.

Then by elementary calculations for x € E

(7.3) Vp) = (m+ Dx|" 'x e H c Lm0 = f/,

1
(7.4) VE@x)(hi, hy) = m(m + 1) /0 (@)™ hy (E)ha(8) dE,

for h1, hy € E. Obviously, the right-hand side of (7.4) is also defined for Ay, hy €
H and by Holder’s inequality, continuous in (h1, hy) € E x H with respect to the
product topology. Hence, for all x € E

Vi(x)CL(H, E")
and furthermore (again by Holder’s inequality)
IVECO Lo iy < e

Equation (7.3) implies that £ C Dy . But our Gaussian measure y = N_j /5 4-1 i8
known to have full mass even on C([0, 1]; R) because it is the law of the Brown-
ian Bridge, hence y (E) = 1 and so, y (Dy) = 1. Furthermore, then obviously by
Fernique’s theorem the first inequality in (1.2) is satisfied.
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It remains to verify (1.3), that is, for y-a.e. initial condition z € H
r m—1
(7.5) E/ XY (s)|p ds < oo,
0

where XV (¢),1 € [0, T], solves SDE (1.1) with B = 0. But the existence of such
a process for y-a.e. z € H follows from Theorem 2.5 in Section 2 above. That
this process satisfies (7.5) follows from results in [6]. Indeed, it follows by [6],
Theorem 3.6 and Proposition 4.1, and Fatou’s lemma that even

r \% 2m
IE/ |X" (9)|7 ds < o0
0

for (y-a.e.)z € E.
Hence, (H3)' is verified and our main result, Theorem 1.5, applies to this case.

7.2. Weakly differentiable drifts. The main motivation to also consider condi-
tion (H3), that is, to assume that the (y-weak) second derivative D2V of V exists
andisin L'(H, y; L(H)), was to make a connection between our results and those
in finite dimensions by [9]. As mentioned in the Introduction, our results general-
ize some of the results of [9] in the special case when H = R?. In addition, since
we work with respect to a Gaussian measure (and not Lebesgue measure on R?)
our integrability conditions are generically weaker than those in [9]. As far as the
infinite dimensional case is concerned, one might ask what are examples of such
functions V satisfying condition (H3). There are plenty of them and let us briefly
describe a whole class of such functions.

Let ¢: H — [0, 00] be convex, lower semicontinuous, ¢ € LZt3(H, y) for
some 6 > 0, and Géteaux differentiable, y-a.e., that is, y (D,) = 1. Define

(7.6) V(x):=R(, LY)(x), xeH,

with R(x, £OV) defined as in (3.8), that is, it is the resolvent of the Ornstein—
Uhlenbeck operator £OV. Then it is elementary to check from the definition that
V:H — [0, oo] is also convex and lower semicontinuous.

Furthermore, V is in the L?(H, y)-domain of £°U. Hence, by the maximal
regularity result of [13] (already recalled in Section 3.3 above) applied to the case
when U = 0, we conclude that V € WZ’Z(H , V), in particular we have

[ 102V Iysay < oo,

which is stronger than the second part of condition (1.2) in (H3).

Of course, one needs additional, but obviously quite mild bounds on Vg, to
ensure that y(Dy) =1 and VV € L?(H, y). But then the class of V defined in
(7.6) satisty (H3). To be concrete in choosing ¢ above, consider the situation of
Section 7.1. Then if we take ¢ := V as defined in (7.1), the new V given by (7.6)
satisfy (H3).
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