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OPTIMAL STOPPING UNDER MODEL UNCERTAINTY:
RANDOMIZED STOPPING TIMES APPROACH
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In this work, we consider optimal stopping problems with conditional
convex risk measures of the form

p®(X) = sup (JEQ[—xu-}] —E[¢<d—Q>\}}D,

Qe dp
where @ : [0, oo[ — [0, oo] is a lower semicontinuous convex mapping and
Q; stands for the set of all probability measures Q which are absolutely con-
tinuous w.r.t. a given measure P and Q = P on F;. Here, the model uncer-
tainty risk depends on a (random) divergence E[®( %)L}}] measuring the
distance between a hypothetical probability measure we are uncertain about
and a reference one at time . Let (¥;);¢[0,7) be an adapted nonnegative,
right-continuous stochastic process fulfilling some proper integrability con-
dition and let 7 be the set of stopping times on [0, 7']; then without assuming
any kind of time-consistency for the family (,ot<I> ), we derive a novel repre-
sentation

sup E[®* (x + Y7) — x]},

teT

which makes the application of the standard dynamic programming based
approaches possible. In particular, we generalize the additive dual represen-
tation of Rogers [Math. Finance 12 (2002) 271-286] to the case of optimal
stopping under uncertainty. Finally, we develop several Monte Carlo algo-
rithms and illustrate their power for optimal stopping under Average Value at
Risk.

o) .
S —Y;) = inf
f:prpo (=Yr) xleR{

1. Introduction. In this paper, we study the optimal stopping problems in
an uncertain environment. The classical solution to the optimal stopping prob-
lems based on the dynamic programming principle assumes that there is a unique
subjective prior distribution driving the reward process. However, for example, in
incomplete financial markets, we have to deal with multiple equivalent martin-
gale measures not being sure which one underlies the market. In fact, under the
presence of the multiple possible distributions, a solution of the optimal stopping
problem by maximization with respect to some subjective prior cannot be reliable.
Instead, it is reasonable to view the multitude of possible distributions as a kind
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of model uncertainty risk which should be taken into account while formulating
an optimal stopping problem. Here, one may draw on concepts from the theory
of risk measures. As the established generic notion for static risk assessment at
present time 0, convex risk measures are specific functionals pg on vector spaces
of random variables viewed as financial risks (see [26] and [27]). They typically
have the following type of robust representation:

(1.1) po(X) = sup {Eql—X]—n(Q},

QeQ(P)
where Q(P) denotes the set of probability measures which are absolutely continu-
ous w.r.t. a given reference probability measure P, and yq is some penalty function
(see, e.g., [14] and [25]). In this way, model uncertainty is incorporated, as no
specific probability measure is assumed. Moreover, the penalty function scales the
plausibility of models.

Turning over from static to dynamic risk assessment, convex risk measures have
been extended to the concept of conditional convex risk measures p; at a future
time ¢, which are specific functions on the space of financial risks with random
outcomes (see [11, 18] and [15]). Under some regularity conditions, they have a
robust representation of the form (see, e.g., [17, 24] or [25], Chapter 11)

(1.2) pr(X) = sup {Eq[—X|F] -y (Q)},

Qe
where y; is a (random) penalty function and Q; consists of all Q € Q(P) with
Q=P on F;. Asin (1.1), the robust representation (1.2) mirrors the model uncer-
tainty, but now at a future time ¢.

In recent years, the optimal stopping with families (po;);c[0,7] of conditional
convex risk measures was subject of several studies. For example, the works [33]
and [30] are settled within a time-discrete framework, where in addition the latter
one provides some dual representations extending the well-known ones from the
classical optimal stopping. Optimal stopping in continuous time was considered in
[5-7, 13]. All these contributions restrict their analysis to the families (0;)s¢[0,7]
satisfying the property of time consistency, sometimes also called recursiveness,
defined to mean

ps(—pt) = ps, O0<s<t=<T.

Hence, the results of the above papers cannot be, for example, used to solve op-
timal stopping problems under such very popular convex risk measure as Aver-
age Value at Risk. The only paper which tackled the case of nontime-consistent
families of conditional convex risk measures so far is [37], where the authors con-
sidered the so-called distorted mean payoff functionals. However, the analysis of
[37] excludes the case of Average Value at Risk as well. Moreover, the class of
processes to be stopped is limited to the functions of a one-dimensional geomet-
ric Brownian motion. The main probabilistic tool used in [37] is the Skorokhod
embedding.
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In this paper, we consider a rather general class of conditional convex risk mea-
sures having representation (1.2) with y,(Q) = E[®(dQ/dP)|F;] for some lower
semicontinuous convex mapping & : [0, co[ — [0, oo]. The related class of risk
measures pg known as the class of divergence risk measures or optimized cer-
tainty equivalents was first introduced in [9, 10]. Any divergence risk measure has
the representation

po(X) = inf E[®*(x — X) — x]
xeR

with

®*: R — [0, o], y > sup(xy — ®(x))

x>0
(cf. [9, 10, 16], or Appendix A). Here, we study the problem of optimally stop-
ping the reward process po(—Y;), where (¥;):¢[0,7] 1S an adapted nonnegative,
right-continuous stochastic process with sup, . 71 ¥ satisfying some suitable in-
tegrability condition. We do not assume any time-consistency for the family p; and
basically impose no further restrictions on (Y;). Our main result is the representa-
tion
(1.3) sup po(—Yy) = inf[supE[CD*(x 1Y) —x]],
teT xeRreT

which allows one to apply the well-known methods from the theory of ordinary
optimal stopping problems. In particular, we derive the so-called additive dual rep-
resentation of the form:

. . "
(1.4) inf = inf OE[tGS[l&pT](CD (x+7Y)—x M,)],
where M is the class of adapted martingales vanishing at time 0. This dual rep-
resentation generalizes the well-known dual representation of Rogers, [35]. The
representation (1.4) together with (1.3) can be used to efficiently construct lower
and upper bounds for the optimal value (1.3) by Monte Carlo, see, for example,
[8] and references therein.

The paper is organized as follows. In Section 2, we introduce notation and set up
the optimal stopping problem. The main results are presented in Section 3 where in
particular a criterion ensuring the existence of a saddle-point in (1.3) is formulated.
Section 4 contains some discussion on the main results and on their relation to
the previous literature. A Monte Carlo algorithm for computing lower and upper
bounds for the value function is formulated in Section 5, where also an example of
optimal stopping under Average Value at Risk is numerically analyzed.

The crucial idea to derive representation (1.3) is to consider the optimal stopping
problem

maximize po(=Yr) over " eT’,

where 7" denotes the set of all randomized stopping times on [0, T']. It will be
studied in Section 6, where in particular it will turn out that this optimal stopping
problem has the same optimal value as the original one. Finally, the proofs are
collected in Section 7.
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2. The set-up. Let (Q,F,P) be a probability space and denote by L° :=
LO(2, F,P) the class of all finitely-valued random variables (modulo the P-a.s.
equivalence). Let W be a Young function, that is, a left-continuous, nondecreas-
ing convex function ¥ : R} — [0, oco] such that 0 = ¥ (0) = lim,_o ¥ (x) and
limy_ 5o ¥ (x) = 00. The Orlicz space associated with W is defined as

LY =LY (Q,F,P)=|X e LY E[¥(c|X])] < oo for some ¢ > 0}.
It is a Banach space when endowed with the Luxemburg norm
| X|lg :=inf{Ar > 0: E[W(|X|/2)] < 1}.
The Orlicz heart is
HY :=HY(Q,F,P)={X e LY : E[¥(c|X[)] < oo for all ¢ > 0}.

For example, if W(x) = x?/p for some p € [1, oo[, then HY =LY =LP .=
LP(Q, F,P) is the usual LP-space. In this case ||Y |l = p~ /7| Y]l ,, where | - || »
stands for L?-norm. If W takes the value +o00, then HY = {0} and LY = L>® :=
L*>°(2, F,P) is defined to consist of all P-essentially bounded random variables.
By Jensen inequality, we always have HY C L!. In the case of finite ¥, we see that
L is a linear subspace of H"Y, which is dense w.r.t. || - |y (see Theorem 2.1.14
in [20]).

Let 0 < T < oo and let (2, F, (Fr)o<t<T,P) be a filtered probability space,
where (F;):ej0,7] 1 a right-continuous filtration with F{ containing only the
sets with probability 0 or 1 as well as all the null sets of F. Furthermore,
consider a lower semicontinuous convex mapping @ : [0, oo[ — [0, oo] satisfy-
ing ®(xp) < oo for some x¢ > 0, inf,>o P(x) =0, and lim,_, ‘bix) = oo. Its
Fenchel-Legendre transform

®*:R — RU{oc0}, y > sup(xy — ®(x))
x>0
is a finite nondecreasing convex function whose restriction ®*|[g o0 to [0, o0[ is
a finite Young function (cf. Lemma A.1 in Appendix A). We shall use H ** 1o
denote the Orlicz heart w.r.t. ®*|[0 oo[. Then we can define a conditional convex
risk measure (pfb )ie[0,7] Via

P00 = esssup( Bl x171 ~ B[ o 33 ) 7]
QeQo dp

forall X € H®", where Qo ¢, denotes the set of all probability measures Q which

are absolutely continuous w.r.t. P such that CID(%) is P-integrable and Q = P on F;.

Note that Z,—SX is P-integrable for every Q € Qg o and any X € H ®* due to the

Young’s inequality. Consider now a right-continuous nonnegative stochastic pro-

cess (Y;) adapted to (F;). Furthermore, let 7 contain all finite stopping times
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T < T w.rt. (F;). The main object of our study is the following optimal stopping
problem:

@.1) sup pg (—Yz).

teT
If we set ®(x) =0 for x <1, and ®(x) = oo otherwise, we end up with the clas-
sical stopping problem

(2.2) sup E[Y].
teT

It is well known that the optimal value of the problem (2.2) may be viewed as a
risk neutral price of the American option with the discounted payoff (¥;):¢[0,1]
at time t+ = 0. However, in face of incompleteness, it seems to be not appropri-
ate to assume the uniqueness of the risk neutral measure. Instead, the uncertainty
about the stochastic process driving the payoff Y; should be taken into account.
Considering the optimal value of the problem (2.1) as an alternative pricing rule,
model uncertainty risk is incorporated by taking the supremum over Q¢ ;, where
the penalty function is used to assess the plausibility of possible models. The more
plausible is the model, the lower is the value of the penalty function.

EXAMPLE 2.1. Let us illustrate our setup in the case of the so-called Average
Value at Risk risk measure. The Average Value at Risk risk measure at level o €
10, 1] is defined as the following functional:

1 o
AV@R, : X > ——/ Fy (B)dp,
o JOo

where X € L' and F ¢ denotes the left-continuous quantile function of the distri-
bution function Fx of X defined by Fy (a) =inf{x € R|Fx(x) > a} fora €]0, 1[.
Note that AV@R(X) = E[—X] for any X € L'. Moreover, it is well known that

AV@Ry(X)= sup Eq[—X] forXelL!,
Q€Quq4.0
where @, is the Young function defined by ®,(x) =0 for x < 1/a, and @4 (x) =
oo otherwise (cf. [25], Theorem 4.52, and [28]). Observe that the set Qg o con-
sists of all probability measures on F with % < 1/a P-a.s. Hence, the optimal
stopping problem (2.1) reads as follows:

1 rl
(2.3) supAV@R, (—Y;) = sup{— F}T_(,B)dﬂ}.
TeT teT L& o

The family (o, “)refo, 77 of conditional convex risk measure associated with ®, is
also known as the conditional AV@R (AV@R, (-|F;))sef0,1 at level a (cf. [25],
Definition 11.8).
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EXAMPLE 2.2. Let us consider, for any y > 0, the continuous convex map-
ping ®(, : [0, oo[ — R defined by ®(,,1(x) = (xIn(x) —x + 1)/y for x > 0 and
®(,,1(0) = 1/y. The Fenchel-Legendre transform of &, is given by dffy](y) =
(exp(yy) — 1)/y for y € R. In view of Lemma A.1 (cf. Appendix A), the corre-

. . P .
sponding risk measure o, ! has the representation

exp(yx —yX) —1 - In(Elexp(—y X))
14 14

Py .
2.4 X)=inf E
24) py " (X) Inf [

for X € H®. This is the well-known entropic risk measure. Optimal stopping
with the entropic risk measures is easy to handle, since they can be reduced to the
standard optimal stopping problems via

1
(2.5) sup o, M( Y)=— (sup E[exp(y Y: )])
teT V teT

EXAMPLE 2.3. Set ®[Pl = x?/p for any p €11, oo[, then the set Qolrl o cON-
tains all probability measures Q on F with % € L?, and

d
P (X) = sup < Ql—X]— —E[< Q) D for X € LP/(P7D),
QeQqlp1 g p dp

3. Main results. Letint(dom(®)) denote the topological interior of the effec-
tive domain of the mapping & : [0, co[ — [0, co]. We shall assume & to be a lower
semicontinuous convex function satisfying

. . . D)
(3.1) 1 € int(dom(®)), 1I>1£<D(x) =0 and lim =

X—>00 X
3.1. Primal representation. The following theorem is our main result.

THEOREM 3.1. Let (2, F;,P|x,) be atomless with countably generated F;
Jor every t > 0. Furthermore, let (3.1) be fulfilled, and let sup,cio 71Y: € H?,
then

sup,oo( Y;) = sup 1anE[d> (x +7Y;) —x]

teT reT *€R

= inf sup E[®*(x + ¥;) — x] < o0.

x€R reT

REMARK 3.2. The functional

por: H® = R, X in&E[Cb*(x +X) — x]
xe
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is known as the optimized certainty equivalent w.r.t. ®* (cf. [9, 10]). Thus, the
relationship
(3.2) sup inf E[®*(x + Y;) — x] = inf sup E[®*(x + Y;) — x]

reT *€R x€R T
may also be viewed as a representation result for optimal stopping with optimized
certainty equivalents.

Let us illustrate Theorem 3.1 for the case ® = &, with some « €]0, 1]. The
Young function @, satisfies the conditions of Theorem 3.1 if and only if « < 1.
The Fenchel-Legendre transform ®% of @ is given by @} (x) = x* /& and it ful-
fills the inequality ®} (x + y) —x > ®7(y) for x, y > 0. Then, as an immediate
consequence of Theorem 3.1, we obtain the following primal representation for
the optimal stopping problem (2.3).

COROLLARY 3.3.  Let (2, F;, P|7,) be atomless with countably generated F;
Jorevery t > 0. If sup,co 1 Yr € L', then it holds for a €10, 1]

1
sup AV@R,(—Y;) = inf sup E[—(x +Y)"T — x]
teT xeRre Lo

1
= inf sup ]E|:—(x +Y)* —x:| < 0.
x<07e7 Lo

Let us now consider the case ® = ®!P! for some p €]1, oo[. This mapping
meets all requirements of Theorem 3.1, and oY (x) = olP/(P=DI(x*). Then by
Theorem 3.1, we have the following primal representation of the corresponding
optimal stopping problem.

COROLLARY 3.4. Let (2, F;, P|7,) be atomless with countably generated F;
foreveryt > 0. If sup,cio.m Yr € LP/P=D for some p €11, 0o, then

[<p — 1)((x + Yo)Hyp/(P=D
14

sup ,od)m(—YT) = inf supE

teT YeR e

—x]<oo.

3.2. The existence of solutions. A natural question is whether we can find a
real number x* and a (F;)-stopping time 7* which solve (3.2). We may give a fairly
general answer within the context of discrete time optimal stopping problems. In
order to be more precise, let 71 denote all stopping times from 7 with values in T,
where T is any finite subset of [0, 7] containing {0, 7'}. Consider now the stopping
problem

(3.3) maximize pg’(—YT) over T € TT.

Turning over to the filtration (.FT),E[(),T] defined by ]-"tT = Frp with [t] :=
max{s € T|s < t}, we see that (YT);G[(),T] with YtT := Y1 describes some
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(.ET)—adapted process. Hence, we can apply Theorem 3.1 to get
sup py (=Yr) = sup mfIE[CD (x +Y;) —x]

teTT telr ¥

= inf sup E[®*(x + Y;) — x].

xeR ey

3.4)

In this section, we want to find conditions which guarantee the existence of a saddle
point for the optimization problems

(3.5) maximize inﬂgE[¢*(x +Y:)—x] over €Ty
xe

and

(3.6) minimize sup E[®*(x + Y;) —x] over xeR.
teTr

To this end, we shall borrow some arguments from the theory of Lyapunoff’s the-
orem for infinite-dimensional vector measures. A central concept in this context
is the notion of thin subsets of integrable mappings So let us first recall it. For a
fixed probablhty space (2, F.,P), asubset M C L1 (Q, F, l_)) is called thin if for
any A € F with P(A) > 0, there is some nonzero g € L>°(Q, F, P) vanishing out-
side A and satistying E[g - Z] =0 for every Z € M (cf. [29], or [1]). Best known
examples are finite subsets of L' (2, F,P) or finite-dimensional linear subspaces

of L'(Q, F,P) if (Q, F, P) is atomless (cf. [29], or [1]).

PROPOSITION 3.5. Let the assumptions of Theorem 3.1 be fulfilled, and let
T :={to,....t,41} with o =0 < t; < --- < tr41 = T. Moreover, let {E[14 -
®*(x + Y;)|F1lx € R} be a thin subset of L' (2, F;, P|z) fors,t € Twitht <s
and A € Fr. Then there are t* € TT and x* € R satisfying

mfIE[CID (x + Yr+) — x| = sup 1nfE[<I> (x+Y) —x]

reTr XER

= inf sup E[®*(x + ¥;) — x]
YeR g

= sup E[®*(x* 4 ¥;) — x*].
teTT

In particular, it holds
B[0"(x" +¥,) — '] < E[®*(x" + ¥r+) — x*] < E[0*(x + ¥o) — ]
forany x e R and t € Tr.

The proof of Proposition 3.5 can be found in Section 7.5.

EXAMPLE 3.6. Let the mapping &} : R — R be defined by ®;(y) :=
Zzzlak(exp(ﬁky) — 1) for some ay,...,0,, B1,..., B > 0. Obviously, & is
convex, nondecreasing and satisfies limy_, oo (P} (y) — y) = 0o as well as ®}(0) =
0. Hence, ®.(x) := supyeR(xy — ®J(y)) defines a lower semicontinuous convex
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function which satisfies (3.1), and whose Fenchel-Legendre transform coincides
with &7, since ® is continuous. Moreover, for any s,¢ € T such that ¢ <,

and A € Fr, the set {E[14 - ®J(x + Y,)|F:]lx € R} is contained in the finite-
dimensional linear subspace of L!($2, F;, P| 7,) spanned by the sequence of r.v.

(E[14 - exp(BiYy)| Fi ]Ik =0, ..., n},

where by definition By := 0. As a result, {E[14 - ®}(x + Ys)|F;]lx € R} is a thin
subset of L1 (2, F;, P| 7 ) in the case of atomless (€2, F;, P|7,) (cf. e.g., [1], Propo-
sition 2.6).

3.3. Additive dual representation. In this section, we generalize the celebrated
additive dual representation for optimal stopping problems (see [35]) to the case
of optimal stopping under uncertainty. The result in [35] is formulated in terms
of martingales M with Mo = 0 satisfying sup, (o 71 |M:| € L'. The set of all such
adapted martingales will be denoted by M.

THEOREM 3.7. Let Vi := esSSup 1 >, E[Z:|F;] be the Snell envelope of
an integrable right-continuous stochastic process (Z;):cj0,1) adapted to (2, F,
(Fr)o<t=<1, P). If sup,cio. 71121 € LP for some p > 1, then

Vo=supE[Z;]= inf E| sup (Z; — M;)]|,

teT T MeMy [te[O,T] ]
where the infimum is attained for M = M™* with M* being the martingale part of
the Doob—Meyer decomposition of (Vi)ic(o.1]- Even more it holds

supE[Z.]= sup (Z; — M) P-a.s.
teT t€[0,T]

REMARK 3.8. By inspection of the proof of Theorem 2.1 in [35], one can see
that the assumption sup, (o 71 E[Z;] € L? for some p > 1 is only used to guarantee
the existence of the Doob—Meyer decomposition of the Snell envelope (V;):c[0,7]-
Therefore, this assumption may be relaxed, if we consider discrete time optimal
stopping problems on the set T for some finite T C [0, T'] containing {0, T'}. In
this case, the Doob—Meyer decomposition always exists if (Z;);eT is integrable,
and Theorem 3.7 holds with 7 replaced by Tt and [0, T'] replaced by T (see also
[30], Theorem 5.5).

Theorem 3.1 allows us to extend the additive dual representation to the case
of stopping problems (2.1). We shall use the following notation. For a fixed ®
and x € R, we shall denote by Ve — (V,q”x )iefo,7] the Snell-envelope w.r.t. to
(®*(x + Y;) — x)1eq0,7] defined via

V.2 = esssup E[(@*(x + Y;) — x)|F7].
€T, 1>t
The application of Theorem 3.1 together with Theorem 3.7 provides us with the
following additive dual representation of the stopping problem (2.1).



OPTIMAL STOPPING UNDER MODEL UNCERTAINTY 1269

THEOREM 3.9. Under assumptions on ® and (F;) of Theorem 3.1 and under
the condition sup,co 119" (x + Y;)| € L? for some p > 1 and any x € R, the
following dual representation holds

® . . %
—Y,)=inf inf E ® Y)—x—M
flelgpo( -) = inf ik [zes[g,pr]( (x+7Y)—x ,)]

= inf B[ sup (®*(x+¥,) —x— M>"")]
xeR  Ligro,1]

—essinf sup (D*(x +Y;) —x — M ") P-a.s.
xeR ref0,7]

Here, M*®* stands for the martingale part of the Doob—Meyer decomposition of
the Snell-envelope V®*.

REMARK 3.10. Under the assumptions of Theorem 3.1, we have that
supseo.7) Yt € H ®"_ Furthermore, ®* is convex and nondecreasing with ®*(0) =
0 (see Lemma A.1 in Appendix A) so that for any y <0

% (y)| = /0 o (2)dz < ¥ (0)[y| < f'y' o (2)dz = &*(|y|)
y N —Jo ’

where ®* denotes the right-sided derivative of ®*. Using the monotonicity of ®&*
again, we conclude that

% (e +¥)| < (x| + ¥;) < @*(jx| + sup ¥ )eL!
tel0,T]

for all x € R and ¢ € [0, T]. Hence, the application of Theorem 3.9 to (3.3) is
already possible under the assumptions of Theorem 3.1.

The dual representation for the optimal stopping problem under Average Value
at Risk reads as follows.

COROLLARY 3.11. Let the assumptions on ® and (F;) be as in Theorem 3.1.
If sup,co.71 Y1 € L? for some p > 1, then it holds P-a.s.

supAV@R,(—Y;)
teT

1
= inf inf ]E[ sup (—(x+Y,)+—x—M,)]

xeR MeM, te[0,TI\ &
(3.7) 1
= 1nfE|: sup <—(X+Yt)+—X—M;k'a’x):|
x<0  ltefo, 71\

1
=essinf sup <—(x +Y)T—x— Mt*’a’x) P-a.s.
*=0 refo,71\&
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Here, M*** denotes the martingale part of the Doob—Meyer decomposition of the
Snell-envelope V ®e*

REMARK 3.12. Let us consider a discrete time optimal stopping problem
sup, 7, AV@Ry (—Y7) for some finite T C [0, T'] with {0, T} € T. In view of Re-
mark 3.10, the assumptions of Theorem 3.1 are already sufficient to obtain the dual
representation (3.7) with 7 replaced by 7t and [0, T'] replaced by T.

4. Discussion. In [30], the optimal stopping problems of the type

4.1) sup Up(Y7)

teT
were studied, where for any ¢ > 0, the functional I/, maps a linear subspace X
of the space L? into X N LO(Q, F;,P|£,) and satisfies U, (X) < U, (Y) for X <Y
P-a.s. In fact, there is a one-to-one correspondence between conditional convex
risk measures (0;):¢0,7] and dynamic utility functionals U := (U )sc[o,1] satisfy-
ing the following two properties:

e conditional translation invariance:
UX+Y)=U(X)+ Y forY e XﬂLO(Q,]—},PU-I) and X e X,
e conditional concavity:
UOAX + (1 =DY) > U(X)+ (1 — VDUY) for X, Y e X and L e X N
LY%Q, F,Pl7) withO <A < 1.

More precisely, any conditionally translation invariant and conditionally concave
dynamic utility functional (U4;);c[0,7] defines a family (,of/ )tefo0,7] of conditional
convex risk measures via ,oy (X) = —U;(X) and vice versa. The results of [30]
essentially rely on the following additional assumptions:

o regularity:
Ui(IpaX) =14 -Uy(X)for Ae Frand X € X,
e recursiveness:

U oUy =U for s <t.

Recursiveness is often also referred to as time consistency. Obviously, the dynamic
utility functional (Z/{t@“)te[oj], defined by U, (X) := AV@R, (—X|F}), satisfies
the regularity and the conditional translation invariance, but it fails to be recur-
sive (cf. [25], Example 11.13). Even worse, according to Theorem 1.10 in [32]
for any o < 1, there is in general no regular conditionally translation invariant and
recursive dynamic utility functional ¢/ such that Uy = Z/{(;D . This means that we
cannot in general reduce the stopping problem (2.3) to the stopping problem (4.1)
with a regular, conditionally translation invariant and recursive dynamic utility
functional /. Note that this conclusion can be drawn from Theorem 1.10 of [32],
because AV@R, is law-invariant, that is, AV@R,(X) = AV@R, (Y) for identi-
cally distributed X and Y, and satisfies the properties AV@R,(0) = 0 as well as
AV@R,(—ely) > 0 for any € > 0 and A € F with P(A) > 0.
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The stopping problem (2.3) may also be viewed as a special case of the follow-

ing stopping problem:
o0
4.2) sup w(P(Y; > x))dx,
teT JO
where w : [0, 1] — [0, 1] is the so-called distortion function, that is, w is nonde-
creasing and satisfies w(0) = 0, w(1) = 1. Indeed, if for o €]0, 1] the distortion
function wy, is defined by wg, () := 5 A 1, then the stopping problems (2.3) and
(4.2) coincide. Recalling Theorem 1.10 of [32] again, we see that the stopping
problem (4.2) is not in general representable in the form (4.1) with some regular,
conditionally translation invariant and recursive dynamic utility functional. The
stopping problem (4.2) was recently considered by [37]. However, the analysis in
[37] relies on some additional assumptions. First of all, the authors allow for all
finite stopping times w.r.t. to some filtered probability space (€2, F, (F;)s>0,P)
instead of restricting to those which are bounded by a fixed number. Second,
they assume a special structure for the process (¥;);>0, namely it is supposed that
Y; = u(S;) for an absolutely continuous nonnegative function u# on [0, co[ and for
a one-dimensional geometric Brownian motion (S;);>o. Third, the authors focus
on strictly increasing absolutely continuous distortion functions w so that their
analysis does not cover the case of Average Value at Risk. More precisely, in [37]
the optimal stopping problems of the form
oo
(4.3) sup Dy (u(Sy)) = sup w(P(u(S;y) > x))dx,
TET™® €T J0

are studied, where 7°° denotes the set of all finite stopping times. A crucial step
in the authors’ argumentation is the reformulation of the optimal stopping prob-
lem (4.3) as

sup Dy (u(S;)) = sup oow(l — F(x))u'(x)dx
TET™® FeDJ0

1
=sup | u(F“(u)w'(l —u)du,
FeDJ0
where u’ and w’ are derivatives of u and w, respectively, and D denotes the
set of all distribution functions F with a nonnegative support such that [;°(1 —
F(x))dx < Sp. The main idea of the approach in [37] is that any such distribu-
tion function may be described as the distribution function of S; for some finite
stopping time T € 7°° and this makes the application of the Skorokhod embed-
ding technique possible. Hence, the results essentially rely on the special structure
of the stochastic process (¥;);>0 and seem to be not extendable to stochastic pro-
cesses of the form Y; = U(X;), where (X;);>0 is a multivariate Markov process.
Moreover, it remains unclear whether the analysis of [37] can be carried over to the
case of bounded stopping times, as the Skorokhod embedding cannot be applied
to the general sets of stopping times 7 (see, e.g., [3]).
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5. Numerical example. In this section, we illustrate how our results can be
used to price Bermudan-type options in uncertain environment. Specifically, we
consider the model with d identically distributed assets, where each underlying
has dividend yield 6. The dynamic of assets is given by

i

(5.1 L —(r —8)dt +odW!, i=1,....d,

Xi
where W,i ,i=1,...,d, are independent one-dimensional Brownian motions and
r, 8,0 are constants. At any time ¢ € {fg, ..., f;} the holder of the option may

exercise it and receive the payoff
Y, =G(X;) =e (max(X), ..., X%) - K)".

If we are uncertain about our modelling assumption and if the Average Value at
Risk is used to measure the risk related to this uncertainty, then the risk-adjusted
price of the option is given by

sup AV@R,(—Y;) =sup sup
Te€Tt,....ts] T€T QeQqq . 0Eq[—Yr]
(5.2)

1
= inf sup [—(x +Y)T — x},
X<O‘L’€7—[ZO ty] o

where Qg ; consists of all probability measures Q on F with

d
(5.3) QI e Plras
dP | r,
If we restrict our attention to the class of generalized Black—Scholes models of the
type
dXi=Xi(aldt + 0/ dW}), i=1,...,d

with adapted processes (a;'), (cr,i ) and independent Brownian motions th, e

W,d, then
d .
— =exp(—2/ 9;dW'——Zf )
Fi i=170

dp

with 0/ = (a! — r +8)/0/ and the condition (5.3) transforms to

d t .
exp(—Z/O 0l dWi — _Z/ ) <1/a, P|r-as.
i=1

Due to Corollary 3.3, one can use the standard methods based on dynamic pro-
gramming principle to solve (5.2). Indeed, for any fixed x, the optimal value of the
stopping problem

1 +
V= sup E|l—(x+Y)" —x
te€T[ty,....17] o



OPTIMAL STOPPING UNDER MODEL UNCERTAINTY 1273

can be, for example, numerically approximated via the well-known regression
methods like Longstaff—-Schwartz method. In this way, one can get a (suboptimal)
stopping rule

To=infl0<j < J: (x + ¥, T /o —x > Cj(X,,, x)},

where C Tyvens C J are continuation values estimates. Then
! & () \+
y— 1 n
(5.4) Vy = ;Eﬁ:ﬁ Zl(x + Y%En)) Jo — x}
n=

is a low-biased estimate for V. Note that the infimum in (5.4) can be easily com-
puted using a simple search algorithm. An upper-biased estimate can be con-
structed using the well-known Andersen—Broadie dual approach (see [2]). For any
fixed x <0, this approach would give us a discrete time martingale (M ;‘ )j=0,...J
which in turn can be used to build an upper-biased estimate via the representa-
tion (3.7):

(5.5) Vy = inf{i[ sup J(

k=0,

1
(m)y+ ()
&(x+Ytj”) —x—M; ”>]}

Note that (5.5) remains upper biased even if we replace the infimum of the ob-
jective function in (5.5) by its value at a fixed point x. In Table 1, we present the
bounds V, and V! together with their standard deviations for different values of .
As to implementation details, we used 12 basis functions for regression (see [2])
and 10* training paths to compute Ci,...,Cy. In the dual approach of Andersen
and Broadie, 103 inner simulations were done to approximate M*. In both cases,
we simulated N = 10* testing paths to compute the final estimates.

For comparison, let us consider a problem of pricing the above Bermudan op-
tion under entropic risk measure (2.4). Due to (2.5), we need to solve the optimal
stopping problem

VY= sup E[exp(yYr)].

teT 1, ....17]

TABLE 1
Bounds (with standard deviations) for 2-dimensional Bermudan
max-call with parameters K = 100,r =0.05,0 =0.2, 5 =0.1

under AV@R at level
o Lower bound VIIV Upper bound Vy,
0.33 23.64 (0.026) 23.92 (0.108)
0.50 16.06 (0.019) 16.12 (0.045)
0.67 12.05 (0.014) 12.09 (0.034)

0.75 10.71 (0.013) 10.75 (0.030)
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TABLE 2
Bounds (with standard deviations) for 2-dimensional Bermudan
max-call with parameters K =100,r =0.05,0 =0.2, 5 =0.1
under entropic risk measure with parameter y

y Lower bound Upper bound
0.0025 8.218979 (0.011) 8.262082 (0.029)
0.005 8.399141 (0.015) 8.454748 (0.032)
0.01 8.797425 (0.017) 8.888961 (0.041)
0.02 9.698094 (0.020) 10.03958 (0.058)
0.03 12.72327 (0.020) 12.74784 (0.072)
0.04 17.47090 (0.022) 17.50481 (0.095)

The latter problem can be solved via the standard dynamic programming combined
with regression as described above. In Table 2, the upper and lower MC bounds
for log(V)/y are presented for different values of the parameter y. Unfortunately,
for larger values of y, the corresponding MC estimates become unstable due to the
presence of exponent in (2.5). In Figure 1, the lower bounds for AV@R and the
entropic risk measure are shown graphically. As can be seen the quality of upper
and lower bounds are quite similar. However, due to above mentioned instability,
AV @R should be preferred under higher uncertainty.
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F1G. 1. Lower and upper bounds for Bermudan option prices under AV@R (left) and entropic risk
(right) measures.
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6. The optimal stopping problem with randomized stopping times. In or-
der to prove Theorem 3.1, we shall proceed as follows. First, by Lemma A.1 (cf.
Appendix A), we obtain immediately

dP
(6.1) sup sup (IEQ[YT] — E[é(—)]) = sup inf E[®*(x + ¥;) — x].
€T QeQo 0 dQ reT ¥R

The proof of Theorem 3.1 would be completed, if we can show that

(6.2) sup inf E[®*(x + ¥;) — x] = inf sup E[®*(x + ¥;) — x].
reT *€R YeReT

Using Fubini’s theorem, we obtain for any T € 7 and every x € R
oo /
E[®*((x + Y1) *) — x] :/ O* (x + 2)[1 — Fy,(2)]dz + @*(xT) — x,
g

where Fy, stands for the distribution function of Y, and @* denotes the right-sided
derivative of the convex function ®*. In the same way, we may also find

E[0*(—(x 4+ Y:) )] = — /Ox ¥ (x + 2) Fy, (2) dz.
Hence, the property ®*(x) = ®*(xT) 4+ ®*(—x") for x € R yields
6.3) E[®*(x+Y,) —x]= /OOO ¥ (x + 2)[1 — Fy, (2)]dz + ®*(x) — x

for r € 7 and x € R. Since the set F := {Fy_|t € T} of distribution functions Fy,
of Y7 is not, in general, a convex subset of the set of distribution functions on R,
we cannot apply the known minimax results. The idea is to first establish (6.2) for
the larger class of randomized stopping times, and then to show that the optimal
value coincides with the optimal value sup, . infycr E[®*(x + Y7) — x].

Let us recall the notion of randomized stopping times. By definition (see,
e.g., [19]), a randomized stopping time w.r.t. (2, F, (F;)o</<T,P) is a mapping
7 : Q x [0, 1] — [0, oo] which is nondecreasing and left-continuous in the second
component such that T (-, u) is a stopping time w.r.t. (F;);c[o,7] for any u € [0, 1].
Notice that any randomized stopping time 7" is also an ordinary stopping time
w.r.t. the enlarged filtered probability space (2 x [0, 1], F ® B([0, 1]), (F; ®
B0, 1D)¢ef0,71. P® PY). Here, PV denotes the uniform distribution on [0, 1], de-
fined on B([0, 1]), the usual Borel o -algebra on [0, 1]. We shall call a randomized
stopping time t" to be degenerated if t"(w, -) is constant for every w € Q. There
is an obvious one-to-one correspondence between stopping times and degenerated
randomized stopping times.

Consider the stochastic process (Y/);>0, defined by

Y/ :Qx[0,1] >R, (w,n) = Y (),
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which is adapted w.r.t. the enlarged filtered probability space. Denoting by 7" the
set of all randomized stopping times t” < T, we shall study the following new
stopping problem:

(6.4) maximize in&E[dD*(x +Y.)—x] over t"eT .
xe

Obviously, inf,cr E[®*(x + Y;) — x] = infyer E[®*(x 4 Y],) — x] is valid for
every stopping time T € 7, where " € 7" is the corresponding degenerated ran-
domized stopping time such that t"(w, u) = 7(w), u € [0, 1]. Thus, in general
the optimal value of the stopping problem (6.4) is at least as large as the one of
the original stopping problem (2.1) due to (6.1). One reason to consider the new
stopping problem (6.4) is that it has a solution under fairly general conditions.

PROPOSITION 6.1. Let (Y;)c(0,7] be quasi-left-continuous, defined to mean
Y., = Yr P-a.s. whenever (1,)nenN is a sequence in T satisfying t, /' t for some
teT. Ifsup,cor Yr €H ** and if Fr is countably generated, then there exists a
randomized stopping time t, € T" such that

in&E[CD*(x +Y!/)—x]= sup inf E[@*(x +Y) —x].
X€ *

reTr xeR

Moreover, the following important minimax result for the stopping prob-
lem (6.4) holds.
PROPOSITION 6.2. If (3.1) is fulfilled, and if sup,cio. 71 Y: € H®", then

sup 1nfE[<I>*(x+ ) —x]= 1nf sup E[®*(x 4+ Y7;) — x].
trer xR TeT”

Moreover, if (Y1)ic(0,1) is quasi-left-continuous and if Fr is countably generated,
then there exist T € T" and x* € R such that

E[®*(x* +Y]) — x*] <E[®*(x* + Y]v) — x| <E[®*(x + Y/v) — x]
forxeRandteT".
The proof of Proposition 6.2 can be found in Section 7.2. In the next step, we

shall provide conditions ensuring that the stopping problems (2.1) and (6.4) have
the same optimal value.

PROPOSITION 6.3. Let (2, F;,P|x,) be atomless with countably generated
Fi for every t > 0.1f (3.1) is fulfilled, and if sup, o 7 Y: belongs to H®", then

sup inf E[ *(x +Y!) —x] =sup inf E[®*(x + Y;) — x]
reT *€R

treTr xR
dp
=sup sup (IEQ[Y,] — E[Q(—)D
€T QeQo,0 dQ

The proof of Proposition 6.3 is delegated to Section 7.3.
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7. Proofs. We shall start with some preparations which also will turn out to be
useful later on. Let us recall (cf. [19]) that every T € 7" induces a stochastic ker-
nel K- : Q x B([0, T]) — [0, 1] with K (w, -) being the distribution of " (w, -)
under PY for any w € Q. Here B([0, T']) stands for the usual Borel o -algebra on
[0, T]. This stochastic kernel has the following properties:

K. (-, [0, 1]) is F;-measurable for every ¢ > 0,
K (o, [0, 1]) = sup{u € [0, 1]|t"(w, u) <t}.

The associated stochastic kernel K- is useful to characterize the distribution func-
tion Fyr of Y7,.

LEMMA 7.1. Forany t" € T" with associated stochastic kernel K, the dis-
tribution function Fyr_of Y[, may be represented in the following way:
T

Fyr, (x) = E[K.r (-, {r €[0, T]|Y; < x})] for x € R.
PROOF. Lett” € 7", and let us fix x € R. Then

1
ngx)=E$h_mJﬂY9ﬂ=i£Iﬂﬂkaﬂthmﬂdu

1
=E|:‘/(; ﬂ_]_oo’x](Y:r(,’u))du}

holds (cf. [19], Theorem 4.5), where the last equation on the right-hand side is
due to the Fubini—Tonelli theorem. Then by definition of K-, we obtain for every
we 2

1
| s (2 (@0 0) ds = Bpo 1.1 (Ve @)

=PY({¥]r (. (@) = x})
=K (o, {t €10, T]|Y:(w) < x}).
This completes the proof. [

7.1. Proof of Proposition 6.1. Let us introduce the filtered probability space
(2, F, (F1)o<r<oco, P) defined by

= _ | F, t<T,
]:t_{f]“, t>T.

We shall denote by 77 the set of randomized stopping times according to
(82, F, (Fr)o<t<oo, P). Furthermore, we may extend the processes (¥;):c[o,7] and
(Y] )tep0,17 to right-continuous processes (¥Y;)se[0,00] and (¥ ):<fo,7] in the follow-
ing way:

Y/, t<T,

Ye= Yy,  t>T.

v Yta IST’
Yr, t>T

and ¥/ = {
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Recall that we may equip 77 with the so called Baxter—Chacon topology which is

compact in general, and even metrizable within our setting because Fr is assumed

to be countably generated (cf. Theorem 1.5 in [4] and discussion afterwards).
Next, consider the mapping

h:T" xR— R, (f’,x)l—)E[CIJ*(x—i-?frr)—x].

By assumption on (Y;);¢[0,7], the processes (Yt)te[o,oo] and (17[)[6[0,7] are quasi-
left-continuous. Moreover, ®* is continuous due to Lemma A.1, (i) in Appendix A,
so that (®*(x + 17,’ ) — X)tefo,7] 18 a quasi-left-continuous and right-continuous
adapted process. Hence, in view of [19], Theorem 4.7, the mapping h(-,x) is con-
tinuous w.r.t. the Baxter—Chacon topology for every x € R, and thus inf,cr A (-, x)
is upper semicontinuous w.r.t. the Baxter—Chacon topology. Then by compact-
ness of the Baxter—Chacon topology, we may find some randomized stopping time
" € T such that

inf A(T",x) = sup inf h(7", x).

xeR f,ef—rxe]R

This completes the proof because ¥ =Y., pand T" AT belongsto 7" for every

e, O

7.2. Proof of Proposition 6.2. Let us define the mapping 4 : 7" x R — R by
h(t", x) :=E[®"(x + Y]) — x].

Since sup, o 77 ¥ is assumed to belong to H®, the mapping suprcr h(t", ) is
finite and convex, and thus continuous. Moreover, by Lemma A.1 (cf. Appendix A)

. r . * _ — 1 * —
im ﬁg% h(t",x) > xlilzloo(é (x) —x) =00 = lim (®*(x) —x)

< lim sup A(z",x).

T x—oo00 T’ 65” ( )
Hence, infycgr sup,rcrr h(t", x) = infye[—¢ ] SUP,re7r A(T", x) for some & > 0.
Thus, sup,rcy+h(z", ) attains its minimum at some x* due to continuity of
sup,regr h(t", -). Moreover, if (Y;):c[0,7] is quasi-left-continuous and if Fr is
countably generated, then infycr A (7", x) = sup,rc7r infyer h(r", x) for some
7" € T" due to Proposition 6.1. It remains to show that sup .7+ infyer A(T", x) =
infycr sup,rc7+ (7", x). Following the same line of reasoning as for the deriva-
tion of (6.3), we may rewrite / in the following way.

(7.1) h(z", x) = /Ooo % (x + 2)[1 — Fyr, (2)] dz + ®*(x) — x,

r» and @*" denotes the right-
sided derivative of the convex function ®*. Obviously, we have

where Fyr stands for the distribution function of Y7,
T

(7.2)  h(t",-) is convex and, therefore, continuous for every " € 7".
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Set B := infyer Supyregr E[®*(x + Y],) — x] 4+ 1 = infyer Sup,rer h(T", x) +
1 which is a real number because sup,.7 h(z",-) has been already proved to
be a finite function which attains its minimum on some compact interval of R.
Furthermore, we may conclude from k(z", x) > ®*(x) — x for x € R that

(7.3) Ig := {x € R|®*(x) — x < B} is a compact interval,
and
(7.4) h(t",x)>p fort" € 7" andx e R\ Ig.

By (7.4), we verify

sup inf A(t",x) = sup inf A(7", x)
regr XeR re7r X€lg

and

inf sup A(z",x)= inf sup h(z",x).

XER ¢regr x€lg ereyr

We want to apply Fan’s minimax theorem (cf. [22], Theorem 2 or [12]) to k77 Ig-
In view of (7.2) and (7.3), it remains to show that for every 7|, 7; € 7", and any
A €]0, 1] there exists some " € 7" such that

(7.5) Ah(t{,x)+ (1 =Mh(ch,x) <h(z",x)  forallx e R.
To this end, let 7{, 7, € 7" with associated stochastic kernels Kr{, K e and A €
10, 1[. First, K := XK,{ +(1 —)\)Kfzr : Q2 x B([0, T]) — [0, 1] defines a stochastic

kernel satisfying

K(~, [0, t]) is F;-measurable for every ¢ € [0, T'],
K(w,[0,T])=1.

Then
" (w,u) :=inf{r € [0, T1|K (v, [0, ]) > u}
defines some " € 7" with K;r = K. Furthermore, we obtain
Fyrrr = )LFYTrlr + 1 - )“)FY%

due to Lemma 7.1. In view of (7.1) this implies (7.5) and the proof of Proposi-
tion 6.2 is completed. U]
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7.3. Proof of Proposition 6.3. The starting idea for proving Proposition 6.3
is to reduce the stopping problem (6.4) to suitably discretized random stopping
times. The choice of the discretized randomized stopping times is suggested by
the following lemma.

LEMMA 7.2. Fort" € T", the construction
T [j1(w, u) :=min{k/2/ |k e N, t"(w,u) <k/2/} AT
defines a sequence (t"[j]) jen in T" satisfying the following properties.
(1) t"[j]1 \\t" pointwise, in particular it follows:

llm Yr[]](a) u)(a) u)— r(w u)(a) M)

for any w € Q and every u € [0, 1].
(ii) lim;_ o Fy Yo ](x) = {,rr (x) holds for any continuity point x of Fy,, .

(iii) For any x € R and every j € N, we have
FY{,U](X)=E[YX Ko (-, 10, 111) +ZE tge—1yj5 1)),

where tyj = (k/2j) AT fork €N, and Y,x ‘=1)—co,xj0 Ys fort €0, T].

PROOF. Statements (i) and (ii) are obvious, so it remains to show (iii). To this
end, recall from Lemma 7.1

(7.6) Fy i (0) = E[K:rj1(-, {r € [0, T11Y; < x})] for x e R.
Since K.rjj(w, -) is a probability measure, we also have
Koriji(w, {r €10, T1Y(w) < x})
= Korpji(w, {t €0, 1111Y¢ () < x})

(7.7) +ZK i@, {1 €1tw—1yj, w11Yi (@) < x})
= Kerj(o, {1 € 10,1111 (@) = 1)
+ZK i@, [t €ty w117 (@) = 1})

for every w € Q2. Then by definitions of Kr(;} and K,
Kerij(@, {r €ty 5117 (@) = 1})
(7.8) =PY({T"[j)(@. ") €ltw—1)j: k). Vi (1o (@) = 1})
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=PY({t"1j1(@, ) = 155, ¥y} (@) = 1})

=¥ (@PY ([t /1@, ) = 1;})

=¥ @PY ({t"(@. ) €lrg—)j 151})

= 17;’,; (W) Ko (@, Nt g—1yj, ;1)
for w € Q and k € N with k > 2. Analogously, we also obtain
(7.9 Koo, {t €10, 1117 (@) =1}) = ¥, (@) Ker (0, [0, 117]).

Then statement (iii) follows from (7.6) combining (7.7) with (7.8) and (7.9). The
proof is completed. [J

We shall use the discretized randomized stopping times, as defined in Lem-
ma 7.2, to show that we can restrict ourselves to discrete randomized stopping
times in the stopping problem (6.4).

COROLLARY 7.3. If(3.1) is fulfilled, then for any t" € T, we have:

(i) limj_ o0 E[®*(x; + Yrr,-[j]) —x;] =E[®*(x + Y].) — x] for any sequence
(xj)jen in RN converging to some x € R;

(i) lim;_,  infycr E[®*(x + Yrrr[j]) —x] =infyer E[®*(x + Y],) — x].

PROOF. Let the mapping / : 7" x R be defined by h(z",x) = E[®*(x +
Y!.) —x]. Forevery t" € T", the mapping h(t", -) is convex, and thus continuous.
Recalling that sup,~yY; € H q’*(Q, F,P), a direct application of Lemma 7.2, (i),
along with the dominated convergence theorem yields part (i). Using terminology
from [34] (see also [36]), statement (i) implies that the sequence (A(z"[/],-)) jen
of continuous mappings h(t"[j], ) epi-converges to the continuous mapping
h(z",-). Moreover, in view of (7.3) and (7.4), we may conclude

lim inf A(z"[j], x) = inf A(z", x),
xeR xeR

J—>00

drawing on Theorem 7.31 in [34] (see also Satz B 2.18 in [36]). U

The following result provides the remaining missing link to prove Proposi-
tion 6.3.

LEMMA 7.4. Let (3.1) be fulfilled. Furthermore, let 7 € T", and let us for
any j € N denote by T[j] the set containing all nonrandomized stopping times
from T taking values in {(k/2j) A T |k € N} with probability 1. If (2, F;, P|x,) is
atomless with countably generated F; for every t >0, and if Y; € H ®* fort >0,
then

(7.10) inf E[®*(x + Y;r(;)) —x] < sup inf E[®"(x + ¥;) — x].
xeR TeT[j]¥ER
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PROOF. Let m; := min{k € N|k/2/ > T}. If mj = 1, then the statement of
Lemma 7.4 is obvious. So let us assume m; > 2. Set f;; := (k/27) AT and let
the mapping & : 7" x R — R be defined via i(t", x) := E[®*(x 4+ Y;r) — x]. We
already know from Lemma 7.2 that

mj
(711 Fyr, ()= E[Y}} Ker (10, 1151)] + > E[Yy Kor (- Jtg—1) 7, 1])]
k=2

holds for any x € R. Here, ?f ‘= 1)—o00,x] 0 Y; for t € [0, T']. Next,

Zk'_ K'[r('7[07 tlj])» kzla
Ko (L Mg—nj 1), ke€{2,...,mj}
defines a random variable on (€2, ]-"tkj, P, }—fkj) which satisfies 0 < Z; <1 P-a.s.

In addition, we may observe that ka; 1 Zi = 1 holds P-a.s. Since the probabil-
ity spaces (£2, Fy, P ;,k) (k=1,...,m;) are assumed to be atomless and count-
ably generated, we may draw on Corollary C.4 (cf. Appendix C) along with
Lemma C.1 (cf. Appendix C) and Proposition B.1 (cf. Appendix B) to find a se-

quence ((By,, .- ., ijn))neN in X ’:;1 ]-",kj such that By, ..., By jn is a partition
of Q forn € N, and

Am ElLp,, - gl =E[Z - gl

holds for g € LI(Q,]-',kj,P‘]:[kj) and k € {1,...,m;}. In particular, we have
by (7.11)
mj

— 1; VX
Fyr, ()= lim ;E[Ytkjllgkn] for x € R.

So by Fatou’s lemma along with (7.1),

h(z"[j1, x)
(7.12)

o, mj .
< l}ln_l>gcl)f A D" (x +z)<1 —;E[YzijﬂBknD dz + ®*(x) — x

for x € R. Here, ®* denotes the right-sided derivative of ®*. Next, we can define
a sequence (T,),eN of nonrandomized stopping times from 7[j] via

mj
T, = Z trj LBy, -
k=1

The distribution function Fy,, of Y7, satisfies

mj
Fy,(x)=) E[V;1p,] forxeR
k=1
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so that by (7.1)
o mj R
(7.13)  h(ty, x) = /0 >* (x + z)(l - ZE[Yé,ILBkn]) dz+ " (x) —x
k=1

for x € R. The crucial point now is to show that:
(%) H:= {h(z, NiglT € T} is equicontinuous,

where Iz is the interval defined in (7.3). Note that (h(ty, -)| Ig )neN 18 a sequence
in H, and that {h (7, x)|t € T[j]} is bounded for every x € R. Thus, in view of (7.3)
the statement (x) together with Arzela—Ascoli theorem implies that we can find a
subsequence (A (Ti(u), *)|15)nen such that

lim sup |[A(Tin), x) — g(x)| =0
elg

n—oo
X

for some continuous mapping g : Ig — R. Hence, we may conclude from (7.13)
and (7.12)

(7.14) g(x)zl%ﬂ_l)ioléfh(t,-(n),x) >h(t"[j], x) for x € Ig.
For any ¢ > 0, we may find some n¢ € N such that SUPyer, 1h(Ti(ng), x) — 8(X)| <
&, which implies by (7.14) together with (7.4):
(7.14)
inf A(Ti(gy), X) @D inf h(Tigng),x) > inf h(t"[jl,x) —¢
xeR xelg xelg
> inf h(t"[j].x) —¢
xeR

and (7.10) is proved. Therefore, it remains to show the statement (x).

Proof of (x). First, observe that for T € T[j] and real numbers x < y, the
inequality i (t, x) + x < h(z, y) 4+ y holds. Hence,
|h(f’ x) - h(T, y)|
<E[®*(y + Y1)] — E[®*(x + Yo)] + |x — ¥|
mj
(7.15) = B[l 07 (@70 + Yy) — @ (x + Yy )] + [x — |
k=1

>0
mj
<Y E[®*(y+Yy,) — ©*(x + ¥y )] + Ix — ¥l
k=1

m;
< Y |h(j, x) = kg, y)| + (mj + D]x = y|.
k=1
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By convexity, the mappings h(#;, ),k =1, ..., mj, are also locally Lipschitz con-
tinuous. Thus, in view of (7.15), it is easy to verify that H is equicontinuous at
every x € Ig. This proves (x). [

Now, we are ready to prove Proposition 6.3. By (6.1) we have

sup inf E[Cb*(x +Y!) —x] > sup inf E[®*(x + ¥;) — x]
reT *€R

reTr xeR
dP
=sup sup (EQ[Yf]—IE[q)(—ﬂ).
TETQGQ@WO dQ

Moreover, due to (ii) of Corollary 7.3 and Lemma 7.4 we conclude that for any

eT”
inf E[®*(x + Y[;) —x] = lim inf E[®*(x 4 Y} ;7) — x]
xeR

j—ooxeR

< sup inf E[®*(x + ¥7) — x].

TeT X€

Thus, Proposition 6.3 is proved. g

7.4. Proof of Theorem 3.1. First, we get from Propositions 6.2 and 6.3
inf sup E[®*(x+Y],) —x]= sup inf E[QD*(X +Y!) —x]

XER zregr regr xeR
= sup inf E[®*(x + Y;) — x].
reT XeR
Furthermore,
inf sup E[®*(x +Y]) —x]> inf sup E[®"(x + ¥;) — x]
x€R preTr x€RreT
> sup inf E[®*(x + ¥7) — x].
reT *eR
Thus,
sup inf E[®*(x + Y;) — x] = inf sup E[®*(x + Y;) — x]
reT *€R xeR zeT
which completes the proof of Theorem 3.1. g

7.5. Proof of Proposition 3.5. Just simplifying notation, we assume that T =
{0,1,..., T} with T being a positive integer. By (3.4) we have
sup inf E[dD (x +Y;) —x] = inf sup E[®*(x + Y;) — x].
reTp X€ER xeR ey
So it is left to show that there exists a solution t* of the maximization problem

(3.5) and a solution x* of the minimization problem (3.6). Indeed such a pair
(t*, x*) would be as required.



OPTIMAL STOPPING UNDER MODEL UNCERTAINTY 1285

In view of (7.4), we may find some compact interval / of R such that

(7.16) sup in&E[Cb*(x +Y;) —x] = sup inf E[®*(x + ¥;) — x].

reTT X€ reTp X<l
Let C(I) denote the space of continuous real-valued mappings on /. This space
will be equipped with the sup-norm | - ||, Whereas the product C(/ s

viewed to be endowed with the norm || - |0, 7, defined by || (f1, ..., fT)llco.T =
Z,T:1 | ftloo- The key in solving the maximization problem (3.5) is to show that

(7.17) K:={(G1,4,-...Gr,a)I(A1,..., A7) € Pr}

is a weakly compact subset of C(I)” w.r.t. the norm || - lloo,7- Here, Pr stands
for the set of all (A, ..., Ar) satisfying A; € F; for t € {1,..., T} as well as
P(A; N Ag) =0fort #s,and P(U,T:1 A;) = 1. Furthermore, define

Gia 1 =R, x> E[Ly, - (@*(x +Y) —x)]
fortef{l,..., T}, A; € F;.

Notice that any mapping G, 4, is convex and, therefore, also continuous.

Before proceeding, we need some further notation, namely P7° denoting the
set of all (f1,..., fr) satisfying f; € L (2, F;,P|z) with f; > 0 P-as. fort €
{1,...,T},and .| f, = 1 P-as. Obviously, the subset {(14,, ..., Ta,)[(Af,...,
Ar) € Pr} consists of extreme points of P7°. Any f; € L°°(2, F;, P|z,) may be
associated with the mapping

H; s :1—R, x> E[fi - (P*(x + Yy) — x)] (re{l,...,T}).

It is convex, and thus also continuous. Hence, the mapping

T
A: X L¥Q, Fi,Plr)—CDT, (A, fr)e (Higs ..., Hr )

t=1

is well-defined, and obviously linear. In addition, it satisfies the following conve-
nient continuity property.

LEMMA 7.5. Let X _ o (L®, L)) be the product topology of o (L, L}
(t=1,....,T)on X ,TZI L>°(2, F1,Pl|x,), where o (LY°, L,l) denotes the weak*
topology on L*°(2, F;,P|r,).

Then P7° is compact w.r.t. X thl o (L™, Ltl), and the mapping A is continuous
wrt. X zT=1 o (L%, Ltl) and the weak topology induced by || - ||co, T In particular,
the image A(P5°) of P7° under A is weakly compact w.rt. || - |lco,T-

PROOF. The continuity of A follows in nearly the same way as in the proof
of Proposition 3.1 from [21]. Moreover, P7° is obviously closed w.r.t. the product

topology X thl o (L, Ltl), and even compact due to Banach—Alaoglu theorem.
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Then by continuity of A, the set A(P¢°) is weakly compact w.r.t. || - [0, 7. This
completes the proof. [

We need some further preparation to utilize Lemma 7.5.

LEMMA 7.6. Lets,te{l,...,T}witht <s,andlet A € Fr.If (2, F;,P|x,)
is atomless and if {E[14 - ®*(x + Yy)|F;]lx € R} is a thin subset of LY, F,
P|z,), then {E[14-(®*(x +Y,) —x)|F:]lx € R} isathinsubsetole(Q,.7-",,P|ft).

PROOF. Let A € F; with P(A) > 0. Since (€2, F;, P|7,) is atomless, we may
find disjoint By, By € F; contained in A with P(B1), P(B2) > 0. Then by assump-
tion there exist nonzero f1, f> € L°°(2, F;, P|r,) such that f; vanishes outside B;
aswell as E[ f; - E[14 - ®*(x 4+ Y)|F]]=0forx e Randi € {1,2}.

Moreover, we may choose A1, 1> € R with A; 7 O for at least one i € {1, 2} and
E[(Af1 + A2 f2) - 141 = 0. Finally, A1 f1 + A2 f> € LOO(Q,]:;,PLFI) \ {0}, and,
setting f := A1 f1 + A2 f2,

E[f-E[1a - (®"(x +Yy) — x)IF]]
2
=D ME[fi -E[14- ®*(x + Y0)IF]] = 2E[(1 fi + A2 f2) - 1a] =0
i=1
for x € R. This completes the proof. [

The missing link in concluding the desired compactness of the set K from (7.17)
is provided by the following auxiliary result.

LEMMA 7.7. Let (2, F;,Pl|r,) be atomless for t € {1,..., T}, and further-
more let the subset {E[14 - ®*(x + Y;)|F1lx € R} of LY(Q, F;,P| ) be thin for
arbitrary s,t € {1,..., T} witht <s and A € Fr.

Then for any (f1, ..., fr) € P, there exist (A1, ..., Ar) € Pr and mappings
8 € L®(RQ, F1,Plr) t=1,...,T) such that A(g1,...,87) =0, and

(ftoooos f1)=@ay, ... L) + (815 -..,87)  Peas.

PROOF. Let s,t € {1,...,T} with t <s and A € Fr. We may draw on
Lemma 7.6 to observe that {E[14 - (®*(x + Yy) — x)|F]|x € R} is a thin subset
of LY(Q, F;, P 7). Then the statement of Lemma 7.7 follows immediately from
Proposition C.3 (cf. Appendix C) applied to the sets M; (t = 1,...,T), where
M; ={d*(x+Y;) —x|xeR}. O

Under the assumptions of Lemma 7.7, the set K defined in (7.17) coincides with
A(P7°), which in turn is weakly compact w.r.t. || - ||oo,7 due to Lemma 7.5.
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COROLLARY 7.8. Under the assumptions of Lemma 7.7, the set K [cf. (7.17)]
is weakly compact w.rt. || - |lco.T-

Now we are ready to select a solution of the maximization problem (3.5).

Existence of a solution of maximization problem (3.5): Let the assumptions of
Proposition 3.5 be fulfilled. In view of (7.16), it suffices to solve

maximize ingE[CD*(x +Y;)—x] over teTr.
xXe

Let us assume that sup, 7. infyes E[®*(x + Y7) — x] > infye; E[P*(x + Y0) — x]
because otherwise T = 0 would be optimal. Since P(A) € {0, 1} for A € Fy by
assumption, any stopping time 7 € T \ {0} is concentrated on {1, ..., T}.

By Corollary 7.8, the set K [cf. (7.17)] is weakly compact w.r.t. the norm
| - llco, 7. Furthermore, the concave mapping L : C(HT = R, defined by L(ry, ...,
rr) :=infy¢g Zthl r¢(x), is continuous W.r.t. || - ||oc,7. This means that —L is con-
vex as well as || - || oo, 7-continuous, and thus also weakly lower semicontinuous be-
cause || - |lco,7-closed convex subsets are also weakly closed. Hence, L is weakly
upper semicontinuous and, therefore, its restriction to K attains a maximum. In
particular, the set

{iggE[CD*(x +Y) —x][teTr\ {0}} — L(K)

has a maximum. This shows that we may find a solution of (3.5).

Existence of a solution of problem (3.6): By l(x) := SUP;e7m E[®*(x + Y;) —
x], we may define a convex and, therefore, also continuous mapping / : R — R.
Moreover, by Lemma A.1 (cf. Appendix A),

. . N o fon .
xBIPool(x) > XBIPOO(QD (x) —x) =00 —xlgrgo(QD (x) —x) < xll)néol(x).

This means that inf,cr [(x) = infy¢[—¢ ¢/ (x) for some ¢ > 0. Hence, [ attains its
minimum at some x* € [—¢, ¢] because [ is continuous. Any such x* is a solution
of the problem (3.6).

APPENDIX A

LEMMA A.l1. Let ® : [0, 00— [0,00] be a lower semicontinuous, con-
vex mapping satisfying infy>o ®(x) = 0, and lim,_, q))(cx) = 00. Furthermore,
let Qo0 denotes the set of all probability measures Q on F which are abso-

lutely continuous w.r.t. P such that the Radon—Nikodym derivative 49 satisfies

dpP
E[@(‘é—g)] < 00. Then the following statements hold true.

(1) If ©(xg) < oo for some xo > 0, then the Fenchel-Legendre transform ®* :
R — R U {oo} of @ is a nondecreasing, convex finite mapping. In particular, its
restriction CDT[O, oof O [0, ool is a finite Young-function, which in addition satisfies
the condition limy_, oo (O*(x) —x) = o0 if x9 > 1, and limy_, _ o (P*(x) —x) = 00
in the case of xg < 1.
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(1) If ®(xg), D(x1) < o0 for some xog < 1 < x1, then for any X from HY =
P .
H "ol we obtain
dQ . .
sup (EQ[X] —E <I><—) ) = inf E[®*(x + X) — x],
QeQg0 dP xeR

where the supremum on the left-hand side of the equality is attained for some

Qe Qoo.
PROOF. Obviously, ®* is a nondecreasing convex function satisfying the
properties
®*(0) = — inf ®(x) =0 and
x>0
(A.1)

. % . —
Jim 07 0) 2 fim (x0y — () =0

Next, we want to verify the finiteness of ®*. Since ®* is nondecreasing, and
d*(y) = xgy — ®(xg) > —oo holds for any y € R, it suffices to show that
d*(y) < oo for every y > 0. For that purpose, consider the mapping

B : [0, oo[ x [0, oo[ — [—o0, oo, (v, x) > xy — ®P(x).

By assumption on &, we have

. . ®(x)
Jdim B (y, x) —xlggox<y - ) =—00 < B(y,x0)  fory=>0.
Hence for any y > 0, we may find some zy, € [xg,00[ such that we obtain
d*(y) = SUPp<x<z, B(y, x). Moreover, ®@ is nonnegative, S(y, -) is upper semi-
continuous for y > 0. Hence, for every y > 0, there is some x € [0, zy] with
O*(y) = supp<, <, B(y, x) = B(y, x) < 00.

As a finite convex function ®* is continuous. Since it is also nondecreasing, we
may conclude from (A.1) that its restriction to [0, oo[ is a finite Young function.
Let us now assume that xo > 1. Then

. foN . _ _ _
ylggo@ ) —y) = yli)f{,lo((xo Dy — ®(xp)) = oo.
Analogously, limy_, _o(®*(y) — y) = oo may be derived in the case of xo < 1.
Thus, we have proved the full statement (i).
Let us turn over to the proof of statement (ii), and let us consider the mapping

0:H® = [—o00, 0], X+~ inﬂgE[d)*(x—X)—x].
xe
Then, due to convexity of ®*, we may apply Jensen’s inequality along with state-
ment (i) to conclude

lim E[®*(x—X)—x]> lim (E[®*(x—E[X])]-x)=00 forXeH?,

X—>—00 X—>—00
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and

lim E[®*(x — X) —x] > lim [®*(x —E[X]) —x] =00  forXe H?".
X—>00 X—>00

Thus, for any X € Hq’*, we find some §x > 0 such that

: *
0(X) _xe[—lgl)f,SX]E[q) (x —X)—x].
In addition, for X € H®", the mapping x > E[®*(x — X) — x] is a convex map-
ping on R, hence its restriction to [—Jx, dx] is continuous. This implies that p is
a real-valued function.

Moreover, it is easy to check that p is a so called convex risk measure, defined
to mean that it satisfies the following properties.

e monotonicity: p(X) > p(Y) forall X, Y € H® with X <Y,

e cash-invariance: p(X +m) = p(X) —m forall X € H® and m e R,

e convexity: p(AX + (1 —1)Y) <Ap(X)+ A —1)p(Y) forall X, Y € H® xre
[0, 1].

Then we obtain from Theorem 4.3 in [16] that
p(X) = max (Eq[-X]— p*(Q)
QeQa,0

holds for all X € H q)*, where
p*(Q) = sup (Eq[—X]— p(X)).
XeH®
By routine procedures, we may verify
p*(Q) = sup (Eq[X]—E[®*(X)])
XeH®"

for Q € Qa,0. Since limy_, _oo[P*(x) — x] = limy— 0o [P*(x) — x] = 00 due to
statement (i), we may conclude from [16]

d
p*(Q) = sup (Eg[X]—-E[®*(X)])= E|:®<—Q)} forall Q € Qo,0.

XeH®" dp

This completes the proof. [

APPENDIX B

Let (2, F, (?) iefl,..,m}s P) be a filtered probability space, and let the product
space XL L®(Q, Fi,P|z,) be endowed with the product topology
X o (L, L)) of the weak* topologies o (L, L!) on L™®(£, 7,~,1_3|fi) (for
i=1,...,m).
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PROPOSITION B.1. Let L'(Q, F;, l_)|?i) be separable w.r.t. the weak topology
o*(Ll.l, L®) foriefl,...,m}, and let AC XL, L>®(Q, 7l~,F|7_-i) be relatively
compact w.rt. X o(L¥®, L}).

Then for any X from the X Lo (L, Ll.l)-closure of A, we may find a se-
quence (X,)nen in A which converges to X w.r.t. the X i, o (L, Ll.l).

PROOF. Setting E := XL, L>®(Q, .T:i,Flj_-i), we shall denote by E’ the
topological dual of E w.r.t. X /L, o (L%, Lil). It is easy to check that

m
L(gts- 8m)(f1s s f) =D _ELfi - gil,
i=1
where g € L'(Q, Fi,Plz) and fi € L®(Q, F;.Plz) (for i =1,...,m) de-
fines a linear operator from XL, L'(Q, f,',l?'lfi) onto E’ which is con-
tinuous w.r.t. the product topology X ,’-"zla(Lil, L) of the weak topologies
o (LY, L), ...,o (L}, L) and the weak topology o (E', E).
Since X ,'-"ZIU(L}, L?°) is separable by assumption, we may conclude that
o (E’, E) is separable, too. Then the statement of the Proposition B.1 follows im-
mediately from [23], page 30. O

APPENDIX C

Let for m € N denote by (R, F, (?i)ie{l,...,m}a P) a filtered probability space,
and let the set P, gather all sets (Ay,...,A,) from X;"zl]-'i satisfying
P(A; N Aj) =0 for i # j and P(U/L; A;) = 1. We shall endow, respec-
tively, the product spaces X /L, L®(R, F;,P|z,) with the product topologies
X;”:ka(Lioo,L}) of the weak* topologies a(L;X’,L}) on L°°(§,.T,-,§|ﬁ,)
(for k e {1,...,m} and i =k, ...,m). Fixing k € {1,...,m} and nonnegative
h € L®(Q, Fr, Plz,). the subset Py (h) © X /L, L%(Q, F;, Pl,) is defined
to consist of all (fi, ..., fm) € XL, L™(Q, F;, P|,) such that f; > 0 P-as. for
any i € {k,...,m} and Y. fi = h P-a.s. For abbreviation, we shall use notation

Pr=Po ().

LEMMA C.1. 5,?:3,((}1) is a compact subset of X', L>®(Q, Fi, 1_)|fi) w.r.t.
the topology X i, o (L$°, Ll.l) for k € {1, ..., m} and arbitrary nonnegative h €
L™®(Q. Fi. Plz,).

PROOF. The statement of Lemma C.1 is obvious in view of the Banach—
Alaoglu theorem. [
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PROPOSITION C.2. Let M; € LY(Q, Fi.Pl%,) be nonvoid for i =1,....m
such that {E[14 - f|fi]|f € M} is a thin subset of Ll(ﬁ, fi,F|7;i)for i,j €
{1,...,m}withi < jandany A € F . Furthermore, let us fix (f1,..., fm)_e ?;o
gnd consider the set Ny consisting of all (hy, ..., hy) from X l'-”:] L°°(Q, F;,
P|z ) satisfying Elh; - 9;1 = ELfi - i1 for any ¢i € M;, i =1, ..., m. Then the set
NN f:lo has extreme points, and for each extreme point (hT, ..., ), there exists
some (Ay, ..., Ay) € Py such that hf =14, P-a.s. holds fori =1, ..., m.

PROOF. We shall use ideas from the proof of Proposition 6 in [31].

First, let us, for any k € {1, ..., m}, denote by Nj the set of all (hig, ..., hy)
from X, L®(<, f,-,l_3|fl_) satisfying E[h; - ¢;] = E[f; - ¢;] for ¢; € M; and
i=k,...,m.Itis closed w.r.t. X ;":k cr(L;-’o, Ll.l). Hence, by Lemma C.1, the set
Ki(h) .= N N f:fk(h) is compact w.r.t. XL, o (L, Ll.l) for every nonnega-
tive h € L>®(Q, Fx, F|¢k). Since it is also convex, we may use the Krein—-Milman
theorem to conclude that each set K (h) has some extreme point if it is nonvoid.
Notice that K1(1) contains at least (f1, ..., f;») so that it has some extreme point.
We shall now show by backward induction that for any k € {1,...,m} and any
nonnegative h € L>(, Frs l_Jlfk) with nonvoid K (h)

each of its extreme points (A}, ..., h},) satisfies hf = h - 1,4, P-as.

Go8) ik m) for some (Aq..... Ay) € Py with A; = @ if i < k.

Obviously, this would imply the statement of Proposition C.2.

For k = m, the set K, (h) is nonvoid iff E[% - ¢,,] = E[ fin - ¢, ] holds for every
©m € M,,. In this case, & is the only extreme point, which has trivial representation
h =h-1gq corresponding to (&, ..., d, Q) € Pom.

Now let us assume that for some k € _{ZL..,m_} and every nonvoid Ky (h)
statement (x«) is satisfied. Let & € L*°(Q2, Fr_1, Plz ) be nonnegative with
Ki—1(h) # 2, and select any extreme point (h}_,, ..., hy,) of Kx_1(h). Then h —

hi_, belongs to L®(Q, Fi_1, P|?k_1) and is nonnegative. Moreover,
(hi,....,hy) € Ki(h — hj_,), and it is easy to check that (hf,..., A, ) is even
an extreme point of Ki(h — hz_ ). Hence, by assumption, there exists some
(Al,...,Ap) € Py, satisfying A; =@ if i <k —1 and hf = (h — h}_)) - 14,
P-as.fori=k,...,m.

Setting D := {h}_, > 0}N{h—hj_, > 0}, we want to show P(D) = 0. This will
be done by contradiction assuming P(D) > 0. Then P(D,) > 0 for some & > 0,
where Dg :={h;_, > e} N{h —h;_, > e}

We may observe by assumption that {E[14; - (pil]_:k_1]|(p,~ € M;} (with i =
k,...,m) as well as My_; are all thin subsets of L!(, ?k_l,ﬁfk_l). Since fi-
nite unions of thin subsets are thin subsets again (cf. [1], Proposition 2.1), we may
find some nonzero g € L®(Q, Fi_1, F|7k7 l) vanishing outside Dy, and satisfying
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Elg - px—1]1 =0 for g1 € My_1 as well as
Elg - 14, - ¢i1=E[g-E[Ly, - ¢i|Fx—11]=0 (pi e Mj,i€lk,...,m}).
According to Theorem 2.4 in [1], we may choose g such that
P({lgl=1} N D;) =P(D)
holds. Now, define (hx_1, ..., hy) and (ix—1, ..., 7im) by

-~ {hj.‘—i-eg, i=k—1, hi —eg, i=k—1,

hi == hf —eglya,, otherwise and h;:= {h;" +egla;, otherwise.

Since P(A; N Aj) =0fori # j and P(U/L; A;) =1, weobtain Y} /', g-1a, =g

P-a.s. So by construction, (i\zkil, . ,Em), (hk—1, ..., hy) differ, and belong both

to Ky_1(h). Moreover, h] = h;/2 + h;/2 for i =k —1,...,m. This contradicts

the fact that (h}_, ..., hy,) is an extreme point of K_;(h). Therefore, P(D) = 0.
Now define (B, ..., By) € X ™ F; by

{hz_1>0,h:hz_l}, i=k—1,
B; =[Aiﬂ{hz_1:0}, ielk,...,m},
J, otherwise.
Obviously, P(B; N Bj) =0 for i # j follows from P(4; N Aj) =0 fori#j.
Moreover, P(U'L; B;) > P(2\ DN/, A;) = 1. In particular, (B, ..., B,) €
P, Finally, it may be verified easily that h¥ =h-1p, P-as. holds for i =k —
1,...,m. Hence, Ky_1(h) fulfills statement (xx) completing the proof. []

PROPOSITION C.3. Let M; C Ll(ﬁ, .Ti,l_3|fi) be nonvoid fori =1,...,m
such that {E[14 - f|Fillf € M} is a thin subset of L'(Q, 7,~,1_3|fi) fori,j e
{1,...,m}withiSjandanyAe.fm.

T@nior_any (f1,..., fm) € f:;o, there exist (Ay,...,Ay) € Py and gi €
L°°(Q, .Fi,P|fi) (i=1,...,m) such that

Elgi - 9il=0 forpie M withi =1,...,m,
and

(S, os fm) =4y, .. 14,)+ (81,5 8m) P-a.s.

PROOF. Letusfixany (f1,..., fr) € 5:10, and let N denote the set consisting
of all (hy,...,hy), where h; € L*®(Q, F;, P|¢I_) such that E[h; - ;] = E[ f; - ¢i]
for ¢; € M;. By Proposition C.2, we may select an extreme point (A, ..., hy)
of N1 N 5,;0 and some (A, ..., A,y) € P, such that h; = 14, P-a.s. holds for
i=1,...,m.Then (g1,...,8m) =(f1 —h1,..., fm—hy) and (A1, ..., A;,,) are
as required. [l
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COROLLARY C.4. If (R, Fi, F|7i) is atomless for every i € {1, ..., m}, then
f;o is the X, o(L®, L})-closure of

(@ays s Ta)IAL .. An) € Pyl

PROOF. Let (f1,..., fm) € f;o be arbitrary. Consider the subsets
Uie(M;) := {9 € L*(Q, Fi, PIz)IE[(fi — 9) - f]| <& for f € M;}
= {fi} + {9 € L®(Q, Fi, PIE)I[Elg - f1] <& for f e M;},

where ¢ > 0, and M; any nonvoid, finite subset of L'(Q, 7,-,I_’|7i). The sets
XL Uie(M;) constitute a basis of the XL, o (L%, L})—neighbourhoods of

(fts---s fm). So let us select any ¢ > 0 aln_d1 nonvoid finite subsets M; of
LY(Q, Fi,Pl) fori=1,....m.

Leti,je{l,...,m} withi < j, and A € F,,. Then the set consisting of all
E[14 - f|F;] with f € M is a nonvoid finite subset of LY(Q, ]_-",-,F|7_-i), in partic-
ular it is thin because (2, F;, ?lfl_) is assumed to be atomless (cf. [29], Lemma 2).

Hence, we may apply Proposition C.3 to select some (A, ..., Ay,) € P, satisfy-
ing E[(f; —14,)- f1=0for f € M; andi €{1,..., m}. This means

m
(LA, ..., 14,0 € X Uis(My),

i=l

and completes the proof. [
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