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A CONSISTENCY ESTIMATE FOR KAC’S MODEL OF ELASTIC
COLLISIONS IN A DILUTE GAS

BY JAMES NORRIS!
University of Cambridge

An explicit estimate is derived for Kac’s mean-field model of colliding
hard spheres, which compares, in a Wasserstein distance, the empirical ve-
locity distributions for two versions of the model based on different numbers
of particles. For suitable initial data, with high probability, the two processes
agree to within a tolerance of order N —1/d "where N is the smaller particle
number and d is the dimension, provided that d > 3. From this estimate we
can deduce that the spatially homogeneous Boltzmann equation is well posed
in a class of measure-valued processes and provides a good approximation
to the Kac process when the number of particles is large. We also prove in
an appendix a basic lemma on the total variation of time-integrals of time-
dependent signed measures.

1. Kac process. Kac [8] proposed in 1954 a random process to model the
dynamics of a dilute gas. The process models the velocities of N particles in R¢
as they evolve under elastic collisions. The case d = 3 is of main interest, but we
will allow any d > 2. Since no account is taken of particle positions, any physical
justification for the model relies on assumptions of spatial homogeneity and rapid
mixing. It is thus impossible to give a physical meaning to the number of particles
N. Yet, on the mathematical side, we have to make a choice. Hence it is of interest
to show consistency for sufficiently large values of N.

Kac’s process depends on a choice of collision kernel B. This is a finite mea-
surable kernel B(v,do) on RY x §9~! which is chosen to model physical char-
acteristics of the gas. The collision kernel specifies the rate for collisions of pairs
of particles with incoming relative velocity v and outgoing direction of separation
o . Since collisions are assumed to conserve momentum and energy, for a pair of
particles with pre-collision velocities v and v, and hence relative velocity v — vy,
the post-collision velocities v' = v (v, v«, o) and v], = v}, (v, vy, o) are determined
by the direction of separation through

VU, = v+ vy, v =0l = |v— vilo.
We will often write u for the direction of approach, given by u = (v — vy)/|v — vy].
We assume throughout that, for all u € gd-1 B(u, ) is a probability measure,
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supported on S¢~1\ {—u, u}, and that the following standard scaling and symmetry
properties hold. For A € [0, o0) and u € $4~!, and for any isometry R of S9!, we
have

(1) B(wu, ) =AB(u,-), B(Ru,)=B(u,-)o R~ L.

Our main results require further that the map u — B(u, -) is Lipschitz on $¢~! for
the total variation norm on measures on S¢~!. Then there is a constant « € [1, 00)
such that, for all v, v’ € R,

2) |B@,) =B, )| <xfv—2'].
Here and throughout, we denote the total variation norm by || - ||. The Boltzmann
sphere S is the set of probability measures p on R¢ such that?
W)= [ o =0, (oPu)= [ Pu@n=1.
R4 R4

For N € N, write Sy for the subset of S of normalized empirical measures of the
form N~! Y | 8,.. The Kac process with collision kernel B and particle number
N is the Markov chain in Sy with generator G given on bounded measurable
functions F by

GF(uW)=N st i1 {F(u"" %) — F() u(dv)u(dvs) B(v — vy, do),

where
Mv,v*,a =u+ N_l{(Sv/ —+ 51); — 51; - 51)*}-

The choice of state-space Sy is possible because in each collision the number of
particles, the momentum v + v, and the energy |v|*> + |v4|? are conserved. There
is no Kac process on S; because this set is empty. For N > 2, the transition rates
of the Kac process are bounded by 2N on Sy. Hence, by the elementary theory
of Markov chains, given any initial state ,uf)v € Sy, there exists a Kac process
(M{V )r>0 in Sy starting from Mév , the law of this process is unique, and almost
surely it takes only finitely many values in any compact time interval.

It is of special interest to model particles colliding as hard spheres. Under plau-
sible physical assumptions, this leads, by a well-known calculation, to the choice
of kernel B(v, do) o |v|sin>~¢(0/2) do, where 6 € [0, 7] is given by cos§ = u -0
and do is the uniform distribution on S9!, It is straightforward to check that (1)
and (2) hold in this case for all d > 2. Indeed, for d = 3, we can take ¥k = 1, and the
dynamics have a particularly simple description: for every pair of particles (v, vy),
at rate |[v — v|/N, consider the sphere with poles at v and v,; choose randomly a
new axis for the sphere, label the poles v’ and v), and replace v and v, by v’ and v,.

2Here, on the left-hand side, and where convenient below, we use v to denote the identity function
d
on R,
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Consider the set F of functions f on R such that

folst  [fo) = F0) <=

for all v, v’, where?

f)y=f@)/(1+vP).

Define a distance function W on S by

W(:UN U) = Sup (f’ w— V).
fer
Then W makes S into a complete separable metric space. This is shown in Sec-
tion 9, along with the convergence of a natural approximation scheme by random
samples in (S, W). Our first main result is the following consistency estimate for
Kac processes with different numbers of particles. We make no assumption on the
joint law of the processes. They could, for example, be independent.

THEOREM 1.1. Assume that the collision kernel B satisfies conditions (1)
and (2). Let € € (0, 1], A € [1,00), p € (2,00) and T € [0, 00). Then there exist
constants o(d, p) > 0 and C(B,d, e, A, p, T) < oo with the following property.
Let N,N' e N with N < N, and let (uN);>0 and (,uivl)tzo be Kac processes in
Sy and Sy such that

(3) (7, 1) <2 (0lP, g ) < 2
Then, with probability exceeding 1 — ¢, for all t € [0, T'], we have

W 1) < C(W (g, 1)+ N7%).

We have not found a way to prove a similar estimate for p = 2. This is consistent
with the current theory for the spatially homogeneous Boltzmann equation where
also, for p = 2, there is no quantitative stability estimate. We can improve the rate
of convergence at the cost of a stronger moment condition.

THEOREM 1.2. Assume further that (,ufv)lzo and (ufv/),zo are adapted as
Markov processes to a common filtration. For p > 8 and d > 3, we can take
a = 1/d in Theorem 1.1. Also, for p > 8 and d =2, we can replace N~% in Theo-
rem 1.1 by N~1/21og N.

The theorems could be considered as providing a measure of accuracy for a
Monte Carlo scheme, using say N computational particles, for the evolution of a
Kac process having a much larger number of particles N'.

3The notation is chosen as a reminder of the shape of the weight function 1/(1 4 |v|2).
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The rates of convergence in Theorem 1.2 are known to be optimal for the con-
vergence of sample empirical distributions in Wasserstein distance. Indeed, there
is no discrete approximation scheme for a smooth measure which achieves a rate
better than N ~!/4_ So it seems unlikely that the rates in can be improved in this
context. Our need for the condition p > 8 can be traced to the stochastic convo-
lution estimates in Section 7. We show in Section 9 that, for laws in S having a
finite pth moment, their sample empirical distributions converge in the metric W
with optimal rates if p > 3d/(d — 1), but this can fail if p <3d/(d — 1). This
makes it plausible that some moment condition beyond p > 2 is necessary for the
conclusions of Theorem 1.2, but we do not know whether this is so.

By combining Theorem 1.2 with Proposition 3.1 below, we obtain the following
estimate.

THEOREM 1.3. Ford >3, foralle € (0,1]andallt,T € (0,00) witht < T,
there is a constant C(B,d,e,t,T) < 00 such that, for all N,N' € N with N <
N’ and any Kac processes (va)tzo in Sy and (ufv/),zo in Sy, with probability
exceeding 1 — ¢, for all t € [t, T], we have

W w) < C(W (', ) + N7V,

Note that T can be arbitrarily small, and we obtain here the optimal rate N ~!/¢
without the supplementary moment condition (3). Thus it is only for the initial
evolution of the processes that consistency may rely on a such a moment condition.

We have avoided so far any mention of the Boltzmann equation, which clas-
sically is the starting point for kinetic theory. We shall show in our other main
results, Theorem 10.1 and Corollaries 10.2 and 10.3, that the consistency estimate
leads quickly to existence and uniqueness of measure solutions for the spatially
homogeneous Boltzmann equation, and convergence to such solutions of the Kac
process in the large N limit. Indeed, we obtain a more precise estimate of this
convergence than was previously known. This was the original motivation for our
work.

In the next two sections, we identify martingales of the Kac process, and we
derive some moment estimates. The difference of two Kac processes, with the
same collision kernel but different numbers of particles, satisfies a noisy version of
a linearized Boltzmann equation. In Section 4 we develop a representation formula
for solutions of this equation in terms of an auxiliary branching process, which we
call the linearized Kac process. We use coupling arguments for this process to
develop some estimates. The proof of Theorem 1.1 is given in Section 5.

We develop in Section 6 some further continuity estimates for the linearized Kac
process, and in Section 7 some maximal inequalities for stochastic convolutions
appearing in the representation formula. These are then used in Section 8 to prove
Theorem 1.2. The relation of our estimates to prior work on the Kac process and
the spatially homogeneous Boltzmann equation is discussed in Section 10. The
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final section is a self-contained appendix, proving a basic result on the evolution
of signed measures, which is used in Sections 4 and 10.

2. Martingales of the Kac process. We compute the martingale decomposi-
tion for linear functions of the Kac process (;Lﬁv )i>0. Set E = R x R x §9-1 x
(0, 00). Denote by m the un-normalized empirical measure on E of the set of all
random vectors (V, V,, X, T) such that there is a collision at time 7 in the particle
system (va )s>0 of a velocity pair (V, V) with direction of separation X. Denote
by m the random measure on E given by

m(dv, dvy, do, dt) = N (dv)ul (dvs) B(v — vy, do) dt.

Define a random signed measure M on (0, oo) x R? by specifying, for bounded
measurable functions f on (0, 00) x R?, the integral*

t
M}V’f=/0 (fs,dMsN)=/(0 t]XRdf(s,v)MN(ds,dv)

1 / /
) = 5 LA + £60) = £0) = @)
x 1,1(s)(m — m)(dv, dvy, do, ds).

Then, by standard results for Markov chains, the process (M,N S )s>0 1S a martin-
gale. We use the same notation also in the case where f has no dependence on the
time parameter. Define for finite measures 1, v on R? a signed measure Q(, v)
on R? by specifying, for bounded measurable functions f of compact support in
RY, the integral

(. 0u)= [ W)+ £00) = ) = f(v2))

R4 x R4 x §d—1

X u(dv)v(dve) B(v — vy, do).

(%)
Then the martingale decomposition for ({ f, ,ufv )i>0 1s given by

t
N,
(©) o) =1 foid)+ 2 4 [1F QG ) ds.
We note for later use the following estimates. First, by Doob’s L?-inequality,’

E(sup}MsN’f|2>
s<t

4
(7 =< WE/I;{f‘(U/) + £ (0)) = £ ) — £ ) 10 (5)m(dv, dvy, do, ds)

< 128|[ fllot /N

4We will sometimes write fs for f(s,-).
SFor the same calculation in a general setting, see, for example, [2], Proposition 8.7.
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Next, for the total variation measure | M N | of M N we have

E (1+ [v]?)|MN (ds, dv)|
(0,t]xRd
SE/ (44 2[v]* + 2|v+H) 1 (0.1 (5) (m + ) (dv, dvy, do, ds)
®) "
=E//1 (8 +41v1* + 4lvul?) v — vl (V) (dvy) ds
0 JRY xRd

t
524112] (1403, u)ds.
0

We used [v — vy| < |v| + |vs| and the fact that Mﬁv € S for the second inequality.
Finally, for any interval (s, s’] during which (,uiv )s>0 does not jump, there is no
contribution to the left-hand side of (8) from m, so the same calculation yields the
following pathwise estimate:

9) / (1 + [v)| MY (dr, dv)| < 12/‘ (14 v, uN)ar.
(s,8"1xR4 s

3. Moment estimates for the Kac process. We derive some moment in-
equalities for the Kac process, which we shall use later. The basic arguments
are standard for the Boltzmann equation and are applied to the Kac process
in [13], Lemma 5.4. We have quantified the moment-improving property and
added some maximal inequalities. We begin with the Povzner inequality. For all
p € (2,00), there is a constant (B, p) > 0 such that, for all v, v, € R4 and for

u=V—vy)/|v— vy,

avs /P
[ P+ il = 0l? = P} B, do)
(10) 1 1 1
< =B(vI” + vsl?) + B7 (Ivllval? ™" + [v]77 fvsl).

Here is a proof for the class of collision kernels we consider. Note first that

(11 0|7+ [0} |7 < (vl + [ve?) P
< [I? + vl ? + CP)([ol|vel P+ (0P us)).

It suffices by symmetry to consider the case |vy| < |v|. Sety = |v — vi|(u +0)/2,
then v/ = vy + y and | y|? = |v — v, |?t, where t = (1 4+u - ') /2. Note that 7 € (0, 1)
for B(u, -)-almost all . We use the inequalities |v'| < |y| + |vi| and |v — vy| <
|[v] 4+ |v«| to see that, for all § € (0, 1],

WP < A+ + (1 + 8 ul? < (1 +8)% vl +2(1+ 57 v, .
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From this inequality and a similar one for |v], |2, we deduce that, for some C(p) <
oo,

WP < (14 8P P2l + C(p)s~ ual?,
[WL|P < (18P — )P | + C(p)s ™ il P.
Then

V[ + L] = [ul” = ol
(12)
< =BG (01" + [v:1?) + C(P)8 ™ (Jollvsl P~ + [vIP ™ fval),
where B(8,1) = (1 — (1 + 8P P2 + (1 — 1)P/?))T /2. Set B(8) = (8/C(p)) A
Jga-1 B(8,t)B(u,do). Then we obtain (10) for u with g = B(8) by integrat-
ing (12). But B(8) does not depend on u by the symmetry condition (1) and
B(8) > 0 for all sufficiently small §, so we are done.

PROPOSITION 3.1. Let (;Lfv),zo be a Kac process with collision kernel B
satisfying (1). Let p € [2,00) and q € (2, 00) with p < q. There exists a constant
C(B, p, q) < 0o such that, for all t > 0, we have

(13) E(([v]9, uN) < C(1+P~)(Jv]?, ud).

Moreover, there is a constant C (B, q) < 0o such that, for all t > 0,

(14) E(sup(jvl?, 1)) < (1 + Cojvl?, )

s<t
and there is a constant C(B, p, q) < 0o such that, for all t > 0,

(15) E(sult)<1 1017, | = i) < €+ 17 P) I, g
s=<

PROOF. By the Povzner inequality, there are constants S(B,q) > 0 and
C (B, g) < oo such that, for all v, v, € R4,

fstz*l{lv’lq + o * = [ol? = 0]} B — vy, do)
< —Blv — v (10]9 + [0l ?) + B7 v — vl (V][0 77" 4 [0]7 7wy
< =BT+ v 9T + C (1 (1 + oil) + (14 [v]) [vi]9).

Set fy(t) =E((v|9, 1)) and fy ,(1) = fy(0)/f, where fr = sup,~q fp(1).
Since (Jv|?, u) < N4/? for all 4 € S, we have fe@®) < N9/2 < oo for all ¢. The
process ({[v]9, uN));>0 makes jumps of size {|v'|9 + [v,]|9 — |v]? — |v4]9}/N at
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rate Nufv_(a’v)uiv_(dv*)B(v — vy, do) dt. Hence
Jq (1) = f4(0)

t
B [ {7+ [0l = Jol? = o) a @)yl @0) Bw = v-. dor) ds
0

t t
< £, =28 [ s +2C [ fds

By Holder’s inequality, we have f; (ne4—rtl < fqr1 TP [, (1), so we deduce
that

t t
fap@® < fq,p(O)—Zﬁfo (fyp(s)) TP ds+2C/O fap(s)ds

which implies by standard arguments that, for some C(B, p,q) <ooandallz > 0,
we have

(16) fap@ < C(1+ fy,(0) A1P79).

Now f; =1, so by taking p =2, we obtain (13), for the cases p =2 and p =gq.
In particular, this shows that f[f < C{v|?, M(])V) for all p, so (16) implies (13) also
for p € (2,9q).

Consider the process (A;);>o starting from 0 which jumps by {|v||vs]9~" +
w9 ou[}/N when (([v]7, 1¥))s=0 jumps by {[v'| 4 [v}[7 — [v]? — [vs]}/N.
Then

t
IE(A,):E// [olveld ™"+ 17 g Ho — vl (@) (dvy) ds
0 JRY x R4

t
< 4'/0 fq(s)ds.

Now sup; ., (|v|?, M£v> <{|v|4, ,u(l)v) + C(gq)A; for all ¢, where C(g) is the constant
from (11). Hence we obtain (14) by taking expectations and using the case p = ¢
of (13) to estimate f,.

The process ({1 + |v|?, [l — ,uf)vl)),zo jumps by at most {4 + [v'|P + |v|P +
[u]? 4+ |v|P}/N at each jump of (va)rzo- Consider the process (B;);>¢o start-
ing from O which jumps by {1 + |[v|? + |v|P}/N at the same times. Then
(1+|v|?, Iuév — ,uf)vl) < 2P B, whenever s <t and

t
BB =E [ [ {1+l o = vl @l () ds
0 JRY xRR4

<6 [ frn@)ds.

So (15) follows from (13). [
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4. Linearized Kac process and representation formula. In this section we
introduce a branching process of signed particles in R which may be considered
as a linearization of the Kac process. A particular case of this process allows us
to write a representation formula for the difference of two Kac processes (,uiv )t>0
and (/Lfv /),Zo. We use coupling arguments to obtain continuity estimates for the
branching process, which are later used to control ufv — uf\' ". The representation
formula rests only on the fact that (,ugv — /L{V /),20 solves the linear equation (25)
below. It seems possible that the same conclusions can be reached by a direct
analysis of this equation, but we have not done this.

The branching process will have “positive” and “negative” particles, making
the following general notation convenient. Given a set V, we denote by V* the
signed space V x {—1,1} =V~ U V™, by & the projection V* — V and by 7+
the bijections V* — V. Note that % does not signify the dual space. From now on,
we set V =R?,

The data for our branching process are an initial time s € [0, o) and an initial
type v € V*, together with a process (p;);>0 of measures on R such that, for all 7,

(17) (Lp)<1, (o)<l

The case p; = (uV 4+ uN')/2 will be of main interest later. Consider the
continuous-time branching particle system® with types in V* where each parti-
cle of type v in VE, at rate 20:(dvy)B(v — vy, do) dt for v, € R? and o € S9!,
dies and is replaced by three particles v'(v, vy, o) and v, (v, vy, o) in VE and
vy in VT, More properly, the rate is 20;(dvy)B(w(v) — vs, do)dt and the off-
spring are (V' (7 (v), vy, 0), 1), (v, (7w (v), v, 0), 1) and (vs, —1) when v € VT,
and (V' (1w (v), vy, 0), —1), (U (7w (V), vk, 0), —1) and (v, 1) when v € V™. We
assume throughout that, for all # > 0,

t
(18) /O(Ivl3,ps)ds<oo.

We will show that (18) ensures there is no explosion; that is, the time 7}, of the
nth branching event tends to oo almost surely. So the process is well defined for
all time by the specification of its branching rates, and consists at all times ¢ > s

5The dynamics of the branching process can be motivated as follows. Fix a large integer N, and
suppose that (Np;);>( evolves as an unnormalized Kac process on N particles. Consider the per-
turbed process obtained by introducing one additional particle of velocity v at time s, where the
pairwise collision rules are unchanged and where transitions are coupled as far as possible with the
original. The discrepancy between the original and the perturbed systems will grow over time ap-
proximately as the branching process (Af);>s, a “negative” particle in V™~ corresponding to one
present in the original system but removed by collision in the perturbed system. Formally, the ap-
proximation becomes exact as N — co. We do not rely on this. The construction of (A]);>s does
not require (pr);>( to be a Kac process.
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of a finite number of particles. Write (A});>s for the associated process of un-
normalized empirical measures on V*. We call this process the linearized Kac
process in environment (p;):>0 starting from v at time s.

Set Ay =Aj o 7!, Then (Af)s>s s itself the empirical process of a branching
process in V, in which we forget the book-keeping exercise of giving a sign to each
particle. Write E . for the expectation over (Af);>¢ to recall that A} = §, and
that this is not the full expectation in the case that (p;);>0 is itself random. Given
an initial type v € R, without a sign, we will by default start the process (AD)i=s
with the positive type (v, 1).

PROPOSITION 4.1. There is almost surely no explosion in the branching
construction described above. Moreover, for all p € [2,00), there is a constant
c(p) < oo such that, for all vy € R? and all t > s, we have

t
E(sop(1 + 07, Ar) < (14 Ivolp)eXP{C(p)/ {1+ |v|p+1,pr)dr}.
N
In particular we can take c(2) = 8.

We will reserve the notation c(p) for this constant throughout. We will also use
throughout the notation

Ar=AS—A7,  Ar=Afomil.

Thus A" and A, are random measures on R¢, which are the empirical distribu-
tions of positive and negative particles, and A; is a random signed measure on R?.
Note that A, = A" + A, . By Proposition 4.1, we can define, for any s, # > 0 with
s ? t, a linear map Ejy; on the set of measurable functions of quadratic growth on
R¢ by

Egf(v) = E(f, Ar).

Note that, by the Markov property, we have Eg E;, = Es,,. We will write f;; for
E, f and sometimes just f; when the value of ¢ is understood. We will use the
same notation for functions f of polynomial growth, whenever (p;);>0 has suf-
ficient moments for this to make sense using Proposition 4.1. We base our main
argument on the following representation formula, which is proved at the end of
this section.

PROPOSITION 4.2. In the case where p; = (M;V + va/)/Zfor all t, we have
! U t t /
ol = )=o) =)+ [ At = [ (for ama)

We will use the following two estimates expressing continuity of the linearized
Kac process in its initial data. Write || f| for the smallest constant such that
|f @I < 11f]l and | f () = f@)] < [ flllv =] for all v,v" € RY. Thus f € F
if and only if || f] < 1.
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PROPOSITION 4.3. Assume condition (2). Then

t
| Ese £l <3(1+ 6ic(t —s))exp{/s 8(1 + |v|3,pr>dr}||f||.

PROPOSITION 4.4. ForallveR? and all s, s’ € [0, ] with s <s', we have

‘Estf(v) - Es/tf(v)’
<51+ wP)esp| [ 801410 pdr st [ (14 0P, pr)ar

PROOF OF PROPOSITION 4.1. Consider first the case p =2 and s = 0. Fix
vo € R?, and consider the branching particle system (A;);<; starting from &,
at time O and run up to explosion { = sup, 7;,. Note that, at a branching event
with colliding particle velocity vy, the total number of particles in the system
increases by 2, and the total kinetic energy increases by |v'|> + |v;|2 + |vg|? —
[v|? = 2|vs|?. Hence (1 + [v|%, A;) makes jumps of size 2(1 + |vg|?) at rate
2|v — V| Ar—(dV) p; (dvs) dt. Set S, = inf{r < ¢ : (1 + |[v|?, A;) > n}, and set

g(t) = E,u(1 + [VI*, Asns, ).
Note that S, < T,,. We use the estimate
(14 [v?) v — v <2(1 4 [IP) (1 + [vs]?)

to see that

/ (14 [0 v = vl As (@) pr (dvs) < 2m3(0){1+ [v], As),
Ré xRd
where m3 (1) = (1 + |v|?, p;). Hence, by optional stopping, the process

tAS,
(1+|v|2,Ams,,>—fO 8m3(s){1 + |v[2, A,)ds

is a supermartingale. On taking expectations, we obtain

tAS,

g() <1+ [vol? + E<o,v0>/0 8ma(s){1 4 |v[2, Ay)ds

t
51+|vo|2+/0 8m3(s)g(s) ds

so g(t) < oo and then

t
() < (14 |wl?) exp{/o 8m3(s)a’s}.

The right-hand side does not depend on 7, so we must have §,, — oo almost surely
as n — 0o. Hence T,, — oo almost surely, and the claimed estimate follows by
monotone convergence.
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For p € (2, 00), there is a constant C(p) < oo such that

19) [P+ L] + [0al? = [I7 < (101 + [0a )72 + 0s|? = 0]
< C(P) (101" uil® + |vs]P)

and then, for another constant c(p) < oo,
(20) 2|v — vl (2+ V'[P + [V4]7 4 [0el? = [0]P) < e(p)(1+ [v]P) (1 + v, P,

The argument used for p =2 then gives the desired estimate in the case s = 0. The
argument is the same for s > 0. [0

We now describe a coupling of linearized Kac processes starting from different
initial velocities, constructed to branch at the same times and with the same sam-
pled velocities v, and angles o, as far as possible. To simplify, we begin without
the signs. Define sets

21) Vo=R? x R, Vi =R? x {1}, Vo =R x {2}

which we treat as disjoint. Consider the continuous-time branching process in
Vo U V1 U V, with the following branching mechanism. For each particle (of type)
(v1, v12) € V), there are three possible transitions. First, at rate 2B (v — vy, do) A
B(vy — vy, do)ps(dvy) dt for v, € R and o € §91, the particle (vy, v2) dies and
is replaced by three particles (vy, vs), (v}, v5) and (v],,v5,) in V. Here we are
writing v;, for v'(vk, vy, o) and vy, for v} (v, vs, o) for short. Call this a coupled
transition. Second, at rate 2(B(v| — vy, do) — B(va — vy, do)) T p;(dvy) dt, the
particle (v, vp) dies and is replaced by four particles v, 1/1 and v’1 . 1n Vi and v
in V5. Third, at rate 2(B(v] — vy, do) — B(va — vy, do)) ™ ps(dvy) dt, the particle
(v1, v2) dies and is replaced by vy, vé and vé . in V3 and vy in V. The second and
third will be called decoupling transitions. Finally, for k = 1, 2, each particle vy in
Vi, at rate 2B (vg — vy, do) ps(dvy) dt, dies and is replaced by three particles, v,
v, and v, in Vi. Itis easy to check, by the triangle inequality, that in each coupled
transition, we have [v] — v5| < |v] — vz| and |v], — v}, | < |v] — v2l.

Fix v, v2 € R4, and suppose we start with one particle (vq, v2) € Vy at time 0.
Write (1",0 , F,l, F,z)tzo for the empirical process of particle types on Vo U V| U V5.
Then, inductively, I‘? is supported on pairs (u1, us) with |u; — uz| < |v; — v2|. For
k =1, 2, write pj for the projection to the kth component Vy — R4, and write Tk
for the bijection Vi — R?. Define a measure Af on R4 by

A =T p ' +Tkor .

It is straightforward to check that (Atl)tzo and (Atz),zo are copies of the Markov
process (A;);>o starting from §,, and §,,, respectively.

For k =0, 1,2, consider the signed space V = V,” U Vk+ = Vi x {—1,1}.
The process (I'?, F}, F,z),zo lifts in an obvious way to a branching process
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(1“?’*, F,l’*, th’*)tzo in Vi U V" U V5 starting from ((v1, v2), 1) in V", where the
“v,” offspring switch signs, just as in (A});>o. By lift we mean thatI'; =T} o a~!
for the projection 7 : V;* — V. We write E (g y,,v,) for the expectation over this
process. For k =1, 2, set

Af’* = F?’* o pk_1 + Ff’* oT[k_l.

Then (Af’*)zzo is a linearized Kac process with environment (p;);>¢ starting from
(vk, 1).

LEMMA 4.5. Assume condition (2). Then

E(O,U1,02)<1 + |v|2’ Fll + F?)
t
<6kt (2+ [vi > + [v2*) o1 — 2 exp{/O 8(1 + Jv]?, ps)ds}.

Moreover, for all p € (2, 00), there is a constant C(p) < 00 such that

E(O,Ul,vz)(l + |v|]7, Ftl + Fl‘2>

t
< Cpyct (14 0117 + o2 w1 — vz|exp{/0 c(p)(1 + |v|l’+‘,ps>ds}.

PROOF. The decoupling transition (i1, u2) — (u}, u},, vs; uz) occurs at rate
200 (d(u1, u2))(Buy — vy, do) — B(uz — vy, o))" py(dvy) dr

and increases (1 + [v]%, T} + T'2) by 4 + 2|vi|? + |u1]? + |uz|*>. On adding the
rate for the other decoupling transition (u1, u2) — (u1; u’z, u’2 4+ Ux), we see that a
decoupling transition which increases (1 + |v|?, F,l + F,Z) by 4 4 2|vs|? + |u1|> +
|us|? occurs at total rate

200 (d(uy, u2))| Buy — v, -) — Buz — vs, )| pr (dvy) dt.
By condition (2),
|B(ui — vy, ) — B(uz — vy, )| < kluy —ua| <klvp — 2

for all pairs (u1, u7) in the support of F? for all #. Hence the drift of (1+ |v|?, F,l +
th) due to decoupling transitions is no greater than

6ic|vy — v2(2 4 g |> + ua]?, TO).

On the other hand, by the same estimates used in Proposition 4.1, the drift of
1+ v, Ftl + th) due to branching of uncoupled particles is no greater than

8m3(0)(1 + [v]>, T +T72).
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Hence the following process is a supermartingale:
(14 |v]?, T} +T?) = 6ic|vg — v2 /OI(Z + fur 2+ Jua)?, TY) ds
- /Ot 8ms3(s)(1 + v[%, T} +T2)ds.
Set g(1) = E(0.v;.00) ({1 +]v]%, T} +T2)). Since T%0 p! < AX, by Proposition 4.1

t
E©..0m)(2+ 1> + (22, TY) < 2+ [v1]* + |vz|2)exp{/0 8m3(s)ds}.
Then

t s
g(r) <6k(2+ 12 + |v2|2)|v1 — v2|/0 exp{/o 8m3(r)dr}ds

+ /0 8m3(s)g(s) ds.

and the first of the claimed estimates follows by Gronwall’s lemma. For p > 2, a
straightforward modification of this argument, using [v'|” + |v|? < C(p)(|v|” +
|vg|?) and (20), leads to the second estimate. [

PROOF OF PROPOSITION 4.3. Forall f € Fand all v,v’ € R4, we have
F@I<T+E [F@) = f0)] < @+ + PP =),
To see the second inequality, note that
[f@) = £ =]+ P) F) = (1+ ) F ()]
< (1 P)F @) = F )]+ 1o = o' P £ ()]
< (L+ ol + ol + [/ Jo = v

and then symmetrize. We write the proof for the case || f|| =1 and s = 0. Set
fo = Eo; f. By Proposition 4.1, for all v € RY,

t
(22) | fow)] < (1 + |u|2)exp{/0 8m3(s)ds}.
We have

foi) = fo(2) = E@uy.un(f o p1 = f o p2, T 4+ (f 0wy, T} = (f o2, T2).

So, since |u1 — us| < |vy — vo| for all (u1, usz) € supp Flo,

| fo(v1) — fo(v2)| < Eo.0.00) (24 1 >+ |uz)?, T vy —va| 4+ (14 |v|?, T} 4+T).
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By Proposition 4.1,
E(O,U1,U2)<2 + |M1|2 + |M2|2, F?)
< E@.up(1+ 0%, Ar)+ E@,u)(1 + V%, Ay)

t
<@+ il + ool expf [ 8ma(s)as).
‘We combine this with Lemma 4.5 to obtain
t
| fov1) — fowa)| < (14 6k1) (2 + |v1 | + |v2]?) o1 — vzlexp{/o 8m3<s)ds},

which implies that

N N t
Aot = fow] =301+ 6enlur = walexp [ sma(s)ds |
and in conjunction with (22) gives the claimed estimate. [

PROOF OF PROPOSITION 4.4. It will suffice to consider the case | f| = 1.
Write fs = Es f. Let (Ar)r>s and (A});>y be independent linearized Kac pro-
cesses starting from 8, at times s and s’, respectively. Write T for the first branch
time of (A;);>s and Vi, V', V/ for the velocities of the new particles formed in
(Af)i>s at time T. By the Markov property of the branching process and using
Proposition 4.1, on the event {T <s'},

|E((f, Ay — AT, Vi, V!, V)|
=fr(V') + fr(Vy) = fr(Va) — fy (vo)|
<@+ vl + Vil + |V + |V,;|2)exp{f’sm3<r)dr}
while é
E(f, A — AT > 5")=0.
Now | V|2 + |V/|> = |vol? + | Vi, s0
| fs (o) — fy(vo)| = |E(f. As — A})]

t
<E((4+ 2Jvol? +2|V*|2)1{T5s/}) exp{/ 8ms(r) dr},
N

and, using the inequality |v — vy |(4 + 2[v|? +2|v5]?) <50 + V) (|1 + |v4]?), we
have
E((4+2lvol* + 21 Vi) 17 <51)

S/
< [ [, 10— vl (4200l + 210 Do vy dr
N

s/
<5(1+ |vo|3)/ m3(r) dr,
A
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SO
3 t s
[futw) = fo)] =5(1+ ) expl [ smayar [“mayar

PROOF OF PROPOSITION 4.2. Recall that now p; = (uf" + [L;N/)/Z and
m3(t) = (1 + v, u + 1Ny /2. In particular m3(r) < 1+ (N)3/? < oo for all 7.
Set M = MN — MV, and write M for the positive and negative parts of the
signed measure M on [0, o) x R?. Consider a branching particle system in V*,
with the same branching rules as (A});>s above, but where, instead of starting with
just one particle at time s, we initiate particles randomly in the system according
to a Poisson random measure on [0, c0) x V* of intensity

So(dHul (dv) + M*t(dt,dv),  on[0,00) x VT,
So(dnyud (dv) + M—(dt,dv),  on[0,00) x V™.

We use the same notation as above for the empirical measures associated to the
branching process, and signify the new rule for initiating particles by writing now
E for the expectation. Define, for 7 > 0, a signed measure A, on R? by

(23) hi=E(Ry) = / Es.0p(A)0(ds, dv).
[0,¢]xV

0(dt, dv) = {

Then, by Proposition 4.1,

(14 [v% &) < exp{/ot 8m3(s)ds}/

[0,7]xR

(L [vP?)[6(ds. dv)
and, by estimate (8),

/[O 1] Rd(l + |v|2){9(d5, dv)|
11X

<(1+ 1P )+ )+ /[0 eI )M s, dv)] < oo

We see in particular that (1 + [v|2, |A;|) is bounded on compacts in 7.

Under Es, ), the pair of empirical processes of positive and negative particles
(Af, A; )i=s evolves as a Markov chain, which makes jumps (8, + 8y, — 3y, 0v,)
at rate ZA;r_(dv)p;(dv*)B(v — Vx, do) dt and makes jumps (3y,, 8y + 8y, — dy) at
rate 2A;_(dv) p; (dvy) B(v — vy, do) dt. So, using Proposition 4.1 for integrability,
under E( ), for any bounded measurable function f, the following process is a
martingale:

t
(A= [(r200n Aoyt
S

Taking expectations and setting fy;(v) = Eg f(v) = E(5,0)(f5 [\t), we obtain

t ~
(24) fuv) = F0) + f (£.20(pr. Egs.0) (A)))dr.
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Then
(f ) = / En(f, A)0(ds, dv)
[0,¢1xV

, t
= (for il — Y >+f0 (forr d M)

, t
= (. i — i)+ (f. M) + /0 (£:20(pr. ) dr.

Here, we used (23) for the first equality, and for the third we substituted for fo,
and fi; using (24) and then rearranged the integrals using Fubini to make A, as
given by (23), appear on the inside. Since f is an arbitrary bounded measurable
function, we have shown that

, t
(25) o= ) =)+ M+ [ 2000 20)ds.
Note the estimate of total variation,

[0l <4 [, I vilpi(@o)laiI(dvn) < 61+ [P i)

For the second inequality, we used (1, p;) = (|v|2, oy =1and 2|v —v,| <2+
|v|2 + |v*|2. For any interval (s, t] on which neither (Mgv)tzo nor (,ugv )¢>0 jump,
using estimate (9), we deduce that

t
(1 [0, 1, = My[) <24 [ sy dr.
S
On the other hand
t
<1+|v|2a/ |Q(Pr,)»r)’d’”>—>0
N

as t | s, for all s > 0. Hence from equation (25) we deduce that (1 4 |v|?)A, is
right continuous in total variation.

Set A, = u — uN', and note from (6) that (A});>0 also satisfies (25). We sub-
tract to see that §; = A, — A, satisfies

t
5 =f0 20(ps. ) ds.

Set v, =2Q(pr, 8;). Then || v || < 12(1 + |v|2, |8]) and, on any interval (s, ] when
neither (va)tzo nor (va )¢>0 jump,
e = vsll = 120 (o5, 4 = A9) | < 12{1 + vl?, [A — Asl).

The process of signed measures (v;);>¢ is thus locally bounded and right con-
tinuous in total variation. Hence the measure fOT |v¢|dt 4+ |vr] is finite, and v; is
absolutely continuous with respect to this measure for all ¢ € [0, T'].
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We apply Lemma A.1, with g = 0, to obtain a measurable map o : [0, 00) x
V — {—1,0,1} such that §; = o;|6;| and |§;| = fotasvsds. Set o,(v) = (1 +
|v|?)og (v). Then

u+w2mn
_f ) 4 55 (v)) — & (v) — G5 (ve))
X 110,11 (9) B(v — vs, do) py(dv:)85(dv) ds

t
5// (1 + [0 — val oy (dvs) 18] (dv) ds
0 JR4 xIR4

t
< [ 41+ P js s ) ds.
But fé m3(s)ds < 00,s08; =0, forallz. O

5. Proof of Theorem 1.1. We will write the proof for d > 3, leaving the minor
modifications necessary for d = 2 to the reader. Fix p € (2,00) and X € [1, 00).
Suppose that (M;V )r>0 and (,u;V )¢>0 are Kac processes in Sy and Sy, respectively,

with (Jv|?, u) < & and (Jv|?, ") < r. Set pr = (U + uN')/2. Fix t € [0, T]
and a function f; € F. Define a random function f on [0, T'] x R by

F(5,0) = f5(0) = Earw (frs Ar),

where (A});>s is a linearized Kac process in environment (p;);>0. Note that we
have extended f as a constant in time from 7 to 7. We have, by Proposition 4.2,

@6)  (fron’ =)= (oo =)+ [ (fredbaY) = [ ant)

Write mg (1) = (1 + [v]9, p;), as above. By Proposition 3.1, for ¢ < p + 1, there is
a constant C (B, p, g) < oo such that

T
(27) IE/ mg(s)ds < C(TP1=9 4 T)a.
0
Set
T

(28) A:3(1+6KT)exp{/ 8m3(s)ds}.

0
By Proposition 4.3, for all s <¢, we have
(29) /sl <A
SO

(30) (fo ) — 'y < AW (d . nd).
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The main step of the proof is to bound the second and third terms on the right
in (26), uniformly in ¢ € [0, T'] and f; € F. We will derive estimates for the second
term, which then apply also to the third, because N < N’. The notation conceals
the fact that the integrand f; depends on the terminal time 7. Worse, f; depends on
(Y +ul /)SSVSt’ so is anticipating, and martingale estimates cannot be applied
directly even at the individual time .

For p > 3, set B =1 and Z = sup, 9 7;m3(t). By Propositions 3.1 and 4.4, we
have E(Z) <14 (1 +CT)x and, forall v e R? and s, s’ € [0, T] with s < s,

31) |f) = fr@)] < A'(1+ [0P)(s" =)’
where
T
(32) A/=5Zexp{/ 8ms3(s) ds}.
0
For p € (2,3),set B =(p —2)/2, and set
Z =2 sup m3(t)+ Z 2(’3_1)”1,3_1 sup m3(t).
te[1,T] reN te[2—¢ 2=+

By Proposition 3.1, there is a constant C (B, p) < oo such that, fort < T,
E( sup m3(s)) <C(t"3VvT)r
s€lt,T]
SO

(33) E@) =< CA(T +y 20‘5—”42—@(1?—3)) =CAMT +1/(2% = 1)).
teN

Note that m3(r) < (BtP~ 1 +1)Z/2forallt < T,sofors <s' < T withs' —s <1,

fs my)di < (' = )P + (5" = 5))Z/2 < (s' = 5)° 2.

Hence, by Proposition 4.4, (31) remains valid for p € (2, 3), provided s’ —s <1
and B and Z have their new meanings.

Fix r € (0,1] and R € [1, 00) such that T/r and R/r are integers, and set
n=(T/r)x (R/r)d. Set B(R) = (—R, R]¢. There exist s1,...,s, € [0, T) and
Vl,...,U; € B(R) suchthat BjU---UB,, = (0, T] x B(R), where By = (s, vx) +
(0,71 x (=r, r14. Write

n
f=>af®+g.
k=1

where a; is the average value of f on By and f®(s,v) = ip,(s,v) = (1 +
lv|*)1p, (s, v). Then

t n t
(34) fo (fr.dM) =3 am® + fo (g5, dMM),
k=1
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where
m® =/Ot(fs(k)7dMsN)-
Now, by (29), for all k, we have |ax| < A and, for v, v’ € By,
| fs(0) = £ (V)] < Alv —v'| < 2/d Ar.
By (31), we have, for (s, v) € By,
(1+ 1P| /i) —ax)] < A'(1 + [o]*)r?
where ay (v) is the average value of f on (s, sy +r] x {v}. Hence, for (s, v) € By,
lgs@)] = (14 IP)] /(@) — ax () + ax () — a]
A'(1+ wP)rf +2vdA(1 + [v]P)r.

On the other hand, |g,(v)| < A(1 + |v|?) for all v € RY \ B(R).
Set 0; = QN =Y7_, |M® 2. Then

(35) M®| < Ayno,.

Fix g € (3, p+ 1). Note that, for s € (0, T'],

n

S AROW) + 1P = 1P 0) = FOwf

Z {1p, (s, —i—lBk(s L) + 15,(s,v) + 15,5, v}

=4{ipnm (V) + iB(R)(U:k) + 1pry () + 1r) (v))
< CRO=D" (14 )71 4 [u, 77
for some constant C < oo, depending only on d and ¢. So, by Doob’s L2-

inequality,

E(sup 0, ) Z E [ (fO0)+ 100~ fO0) - 1P wo)

t<T

(36) x Lo, r1(s)m(dv, dvy, do, ds)

CRG-d% /T
<—F 4 uMa
B [ 1ol ) s

On the other hand

t
60 | [ leseam?)

5 1)

T
<C(ArPRED" +Ar+AR3_”/)f (1+[v}a~
0
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and

amy|)

T
IE/ (14 Jve=t,
0

2 _ _
< 2B [ 1 I L ol )
(38)
x Lo, r1(s)m(dv, dvy, do, ds)

T
< CE/ (v, uMN)ds.
0

We combine (26), (27), (28), (30), (32), (33), (34), (35), (36), (37) and (38)
to see that, for all ¢ € (0, 1], there is a constant C < oo, depending only on
B,d,e, A, p,q and T, such that, for all N, N’ € N with N < N’, with probabil-
ity exceeding 1 — ¢, we have, for all ¢ € [0, T'],

W 1Y) < COW (1l i)+ /R0 /N + 7RO 4 R3=0),

An optimization over ¢, r and R now shows the existence of an «(d, p) > 0 for
which the estimate claimed in Theorem 1.1 holds.

For large p, the reader may check the optimization yields a value for «(d, p)
close to 1/(d + 3). The proof given can be varied by replacing the one-step discrete
approximation by a chaining argument. See the proof of Proposition 9.2 for this
idea in a simple context. This gives a(d, p) = 1/(d + 1) for p sufficiently large.
We omit the details because Theorem 1.2 gives a stronger result. Here d + 1 is
the dimension of space—time, reflecting the fact that we maximize over a class of
functions on [0, T'] x R4 This is wasteful because, in fact, we only need to maxi-
mize over a certain process of functions ( f:s € [0, ¢]) associated to ¢ € [0, T] and
f = f; and then over a class of functions f on R<. In the next three sections, we
exploit the structure of the process (f5:s € [0, ¢]) to obtain an improved bound.

6. Continuity of the linearized Kac process in its environment. We showed
in Propositions 4.3 and 4.4 that the linearized Kac process is continuous in its
initial data. For the proof of our main estimate with optimal rate N1/, we will
need also continuity in the environment. The following notation will be convenient.
For p € [2,00) and a function f on RY, we will write f (P) for the reweighted
function f(p)(v) = f(v)/(1 + |v|”) and write || f||(p) for the smallest constant
such that, for all v, v’ € R?, we have

fPW <1flps 1P = FPO) <1 flplv =]

Denote by F(p) the set of all functions f on R? with || f|| (p) < 1. We earlier wrote
J for F(2) and || f|| for || f|(2). We will use the cases p =2 and p = 3. Suppose
that (,0,1);20 and (ptz),zo are processes of measures on R4, both satisfying (17).
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Given ¢t > 0 and a function f of quadratic growth on R4, define for s € [0, ¢] and
veR? and for j =1,2,

E!tf(v) = E(s,v)<fv A{)v

where (A{ ’*)tzs is a linearized Kac process with environment (,0,] )r>0 starting
from v at time s. We will use the following notation:

dp(t) =(1+v|?, L mp) =(1+I”, o/ + 7).

o) — p?

PROPOSITION 6.1. Forall p € [2, 00), there is a constant C(p) < oo with the
following properties. Let f be a function on R with | f(v)| < 1 + |v|? for all v.
Then, forall s,t > Qwiths <t andall v € R4, we have

|EL f(v) — E2 f(v)]
1 t t
<C(p)(1+ Pt )exp{cm / n‘zp+z<r>dr} [ dpncrar

Assume that the collision kernel satisfies condition (2). Then C(p) may be chosen
so that

t t
VES, f = E5 fllpiry < COXll fll iy exp{C<p) f o (r) dr} / dps1(r)dr.

Our first step toward a proof of Proposition 6.1 is to describe a coupling of
(A,l’*),zo and (A,z’*),zo when both process start from v at time 0. For this, we
take as type space the set Vo U Vi U Va, where \7j =R4 x {j} for j =0,1,2.
Particles with types in Vj are called coupled, the others are uncoupled. Consider
the branching process with the following branching transitions. For a particle v
in ‘70, there are three possible transitions. First, at rate 2(,0,1 A p,z)(dv*)B(v —
vy, do) dt, we replace v by three particles vy, v" and v, in \70. Second, at rate
2(,0t1 — ,0,2)+(dv*)B(v — Vs, do) dt, we replace v by three particles vy, v" and v,
in \71 and one particle v in ‘72. Third, at rate 2(,0,2 — ,otl)+(dv*)B(v — vy, do)dt,
we replace v by one particle v in V) and three particles vy, v" and v} in V>. The
second and third are called uncoupling transitions. The transitions for uncoupled
particles are as in the original branching process; that is, for j = 1,2 and v in Vj, at
rate 2p,j (dvy) B(v — vi, do) dt we replace v by particles vy, v" and v, also in Vj.
For v € R? and s > 0, and for j =0, 1, 2, write f‘,j for the un-normalized empirical
distribution of particles in Vj when we initiate the branching process with a single
particle v in Vj at time s. Define analogously the lifted processes (f‘tj )i in ‘7].*.
For j =1, 2, set

A

A =T%oag + 1] 0n !,
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where 7 is the bijection VJ?“ — V*.Itis straightforward to check that (f\,j ) =5 18
a linearized Kac process with environment (,o,J )s>0 starting from v in V+ attime s.
We have burdened the notation with hats so that we can later refer simultaneously
to this coupling and to the coupling for two different starting points.

LEMMA 6.2. Forall p € [2, 00), there is a constant C(p) < 0o such that

E©.)(1 +v|7, T+ T2

1 t t
<c(t+ ol exp| [ Cpyingeads) [ dpirds.

PROOF. The process (1 + |v|?, f‘tl + f‘,z) starts at 0 and makes jumps both
at uncoupling transitions and due to the branching of uncoupled particles. Un-
coupling transitions occur at rate 2B(v — vy, do)f‘?_ (dv)| ,o,1 — pfl(dv*) dt and
result in jumps of 4 + |v'|” + |v]|? + |v]|? + |v«|”. Uncoupled particles branch at
rate 2B(v — vy, do)(I')_(dv)p! (dv.) + T (dv)p?(dvy)) dt and result in jumps
of 2+ V'[P 4 |[VL|P + |v4]? — |v|P. We use the inequalities

4+ |7+ P+ 0]P + uel? < C(p)(1+ [v]P + |vgP)
and
(1+ [0]? + (v ”) v — vl < C(PY(1+ [P (1 4 JvePT)

to see that the drift of (1+|v|?, f} + f?) due to uncoupling transitions is no greater
than C(p)dp+1(1)(1 + lv|PH, f‘?_). On the other hand, inequalities (19) and (20)
show that the drift of (1 + |v|?, f} +1 tz ) due to branching of uncoupled particles
is no greater than c(p)m 1 (t)(1+|v|?, I+ f‘tzf). Hence the following process
is a supermartingale:

A A t A
(14 v|P, T} +T2) - C(p)/o (14 101PT, T9d 01 (s) ds

t A A
—e(p) [ {1+ 1017 B+ E2 1 (5)ds.
On taking expectations, we obtain
t
g(1) S/O {C(P) fp+1(5)dp11(s) + c(p)mpi1(s)g(s)} ds,

where g(t) = E(0.up)(1 + [v|?, T} + T2 and f,(1) = E(0.49)(1 + [v|?,T?). By
Proposition 4.1, we have

t
Four(® < (14 Jool?* ) exp /0 c(p + Diftpya(s) ds,
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s0, for some constant C(p) < 00,
t t
g0 = Co)(1+ " expl ) [Lipanrar| [(dpneds. g

The second ingredient needed for Proposition 6.1 is a coupling of four linearized
Kac processes, with environments (,ot1 )r>0 and (ptz) >0 and with starting points v
and vy. We will specify this coupling in detail, at the cost of some heaviness of
notation, the understanding of which may be guided by the thought that the cou-
pling is the obvious one for typed branching at different rates and is an elaboration
of the couplings described in the case of a single environment or a single starting
point above. To define the coupled processes, we consider a type space which is
the disjoint union of nine sets,

(Voo U Vo1 U Vo) U (Vig U Vi1 U Vig) U (Vo U Va1 U Vo).

Here, for k =0, 1, 2, we take Vox = Vi as at (21) and, for j =1, 2, we take Vj; =
Vi x {j}. The first index refers to the environment, a O indicating a particle present
in the branching process in both environments. The second index refers to the
starting point.

The branching rules for a particle (v, vy) in Vo are as follows. There are
nine possible transitions. First, at rate 2(,0,1 A p,z)(d Vs)(B(v] — vy, do) A B(vy —
Vy,do))dt (for all vy € R? and all o € Sd_l), we replace (vy, vp) by three par-
ticles (vs, v4), (v],v5) and (vi,,v5,) in Voo. As above, we are writing v;, for
v’ (U, vy, 0) and vy, for v} (v, vy, o). Second, at rate 2(,0t1 — p,2)+(dv*)(B(v1 —
Vx,do) N B(vy — vy, do))dt, we replace (vy, v2) by three particles (vy, vy),
(v}, v5) and (v,,v5,) in Vio and one particle (vq,v2) in Vao. Third, at rate
2(p} A p2)(dv)(B(v) — vy, do) — B(vy — vy, do))tdt, we replace (v, v2) by
three particles vy, v’1 and v/l* in Vo1 and one particle vy in Vq,. Fourth, at rate
2(p} — pH T (B(v) — v4,do) — B(vy — v, do)) T dt, we replace (vy, v2) by three
particles vy, v’1 and v/l* in Vi1, one particle vy in Vi, and one particle (v, v2) in
V0. The second and third transitions each have an obvious counterpart by swap-
ping 1 and 2, while there are three variants of the fourth transition by swapping 1
and 2 in the environment or in the collision intensity or in both.

On leaving Vqo, either the coupling with respect to environment is broken, or
that with respect to the starting points. This corresponds to transitions on the one
hand to Vi, or Vy for some k, or on the other hand to V;; or V;; for some j,
respectively. Once the environment coupling is broken, a particle branches as in
the starting point coupling, while if the starting point coupling is broken, a particle
branches as in the environment coupling. Thus the transitions in Vj; for j =1,2
are as described above for Vi, while those in Vj; for k = 1,2 are as described

above for \7j.

For j,k=0,1,2, write (E{ k)tzo for the empirical distribution of particles in
Vi when we initiate the branching process just described with a single particle
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(v1, v2) in Vg at time 0. Write g j for the bijection Vi — Vi. For k =1, 2, write
pjk for the projection (vy, v, j) = (vk, j): Vjo — Vj, and write g j; for the bijec-
tion Vj, — ‘>j. Note that ﬁ'j o pjk = pk°qjoon Vjpand ﬁj oc}jk =Tk 0 gjk on
Vikfor j=0,1,2and k=1,2.For j, k=1, 2, set

JO_ =00 -1, =~jO0 1 Jjk _ =0k -1, —jk —1
I =E&"0qy +8i oqj, " =&"oqy +81 oqj;
and
A0k 00 —1 =0k A1 fjk _ mj0 1 mjk A
U =E"opy + & oqy > =8 opj +E8 oqj,
and set
Jk JjO Jk [0k o A=1 pik g A1
A [ om + 17" opy omy +1T7; ;

It can be checked that (A,j k) ¢>0 1s a copy of the branching process (A;);>0 starting
from v; at time O in the environment (pt]),zo. Moreover (tho, Ft]l, thz),zo is a

copy of the starting point coupling in environment (p; );>0, and (0K, f‘,”‘, ffk)lzo
is a copy of the environment coupling with starting point vg. As in the earlier

constructions, we lift to processes (2 k’*),>o in the signed spaces V* = V_

VJ © = Vjk x {—1, 1}, initiating with a particle (vi, v2) in Voo and w1th the Uy

particles switching signs. Then, for j, k = 1,2 the associated process (A ),Zo
in V* is a linearized Kac process with environment (,ot )s>0 starting from vy.

LEMMA 6.3. Forall p € [2, 00), there is a constant C(p) < oo such that
Eou (L + 01", &' + 8% + &' + &)

t
< CpYc(l+ [P+ a7 oy — vz|exp{C<p>f0 n‘zp+z<s)ds}

t
X / dpy1(s)ds.
0

PROOF. It will suffice by symmetry to consider (1 + |v|?, E,“) The process

{1+ |v|?, Et“) makes jumps due to uncoupling transitions from Vp; and Vjo and
also directly from Vj, and it makes further jumps due to the branching of particles
in V1. Jumps of 3 + [v] [P + v}, | + |v|? occur at rate

2B(v) — vy, do) BV (dv1) (p] — p2) T (dvy) dt
+2(B(v) — 04, do) — B(vy — v, do)) T EIC (dvy, dva) p] (dvy) dr
+2(B(v) — 04, do) — B(vy — vy, do)) TEX (dvy, dva) (o} — p2) " (dvy) dt.
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Jumps of 1 + |v1|? occur at rate
2B (v — vs, do) BV (dv1) (0! — p?)” (dvy)dt
+2(B(v1 — vs,do) — B(va — v4,d0o)) "B (dvy, dvy)p/ (dvy) dt
+2(B(v) — v, do) — B(vy — vy, do)) " EX (dvy, dvy)(p] — p2) " (dvs) dt.
Jumps of 2 + [V'|” + |v|P + |vi|? — |v|? occur at rate
2B(v — vy, do) BN (dv)pl (dv,) dt.

Fix a starting point (vq, v2) in Vo. Recall that E "‘00 and B "‘10 are supported on pairs
(u1,up) with |uy — up| < |vy — v2|. We use the mequahtles

(39) 34 V|7 + [0L]” + [0i]? < C(p)(1 4 v]P + [v4]P)
and
(14 [0P) v = va] < (14 [0]P + 0] P) v — vi] < C(P)(1+ [P (1 + v PT)

to see that the drift of (1 + |v|?, S,“) due to uncoupling transitions from Vp; is no
greater than

Cp)(1+ P, L)1 ().
We use (39) and the inequalities
L+ [u]? < T4 l? 4 [oi]” < (14 [0]P) (1 4 [vi]7)

to see that the drift of (1 + |v|?, E,“) due to uncoupling transitions from Vi is no
greater than

C(p)lvr — val(1+[v]?, 2 o p7i )i, (1)

while the drift of (1 + |v]|?, D,“) due to uncoupling transitions from Vyg is no
greater than

C(p)klvy — val(1+ [|”, X o pg N, ().

Finally, by (19) and (20), the drift of (1 + |v|?, E,“) due to branching in V{; is no
greater than

C(p)(1+ P, EL)m pi1 ().
Set
t
Epia0) = Cprexp| [ Cpyipia(s)ds .

where C(p) < oo remains to be chosen. By Lemma 4.5, we can choose C(p) so
that

E1,0on(1+ 0[P EM) < E0p(1 + 017, 1)

<wt(14 o1 [P+ (o PTYE a0 ) — val.
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By Lemma 6.2, we can choose C(p) so that, moreover,
~ _1
E©.0,u{1+ 1017, E,% 0 pi}')

< Eup{l+1v/7, 1)
<1+ |U1|p+1)Ep+2(l)fotdp+1(S)dS-
By Proposition 4.1, we can choose C(p) so that, moreover,
E@.uom (1 + 1017, B 0 pgi') < E@uop (L + 1017, ') < (14 [v1]?) Epsa (1),

Set g(t) = E0.v;.v0) (1 +|v|?, E!!). The three estimates just obtained give us con-
trol of the expected drift of (1 + |v|?, Et“), so we obtain a constant C(p) < 00
such that

t
g(t) < C(pic(1+ v P+ Jva P oy — szEp+z(t)/O dpyi1(s)ds

t
+C(p) /0 i p41(5)g(s) ds,

which gives the claimed inequality by Gronwall’s lemma. [

PROOF OF PROPOSITION 6.1. It will suffice to consider the case where s = 0.
Set foj = Eét f. We use the coupling of linearized Kac processes for environments
(,0,1),20 and (,0,2)120 described above. By Lemma 6.2,

| f@) = fEw)|
(40)  =|Eounlf. Al = AX| < EQullf], T} +T2) < Eq.p(l +v]?, T+ T2

t t
<co(t+ 1 exp| [y ds) [ dpeds
Assume now that f € F(p). Then

|fw) = f)] = p(1+[v1l? + [v2|P) v = va

for all vy, v, € R?. On the other hand, if g satisfies this inequality, together with
lg(v)| <1+ |v|?, then ||g|l(») < 3p. We now use the coupling of four linearized
Kac processes for the two environments and two starting points v and v;. For j =
1, 2, the measure E{O’* is supported on pairs (u1, up) with |u; — us| < |vy — va|.
So

H'Os HAO
(fopi— fopa, %) < plur —val(l + lur|? + uz|?, E])
< plvr — val(1 + v/, f‘,Jl +f‘tj2).
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By Lemmas 6.2 and 6.3,
(fo = D) = (fg = f5)2)

A1l X 12 A 21 X 22
:E(O,vbvz)(f’At — AT A +At>

—~11,% —~12,% =21, =22,%
= E(O~U11U2)(( A C TR i CP )

+(fopi— frops BOF — )

—~11 —~12 —~21 —22
= E(O,vhvz)((l + P B+ B+ EF + & >

+ plor —val(1+ Juf?, T+ P12 4 121 4 [22))
< C(p)xc(1 4 [vg [P 4 vy Pt

t t
x o= walexp] [ Coipads) [ dpi(oras

Here, there are no terms in E?k’* for k =0, 1, 2 because these are the empirical dis-
tributions of particles, or pairs of particles, with unbroken environment coupling,
which cancel completely in the considered integral. On combining this estimate
with (40), we deduce that

t t
||f0‘—f§||(,,+1)s3c<p>xexp{ | C(p)mp+z<s>ds} [ apmeras. o

7. Maximal inequalities for stochastic convolutions. The key formula for
our analysis is shown in Proposition 4.2. For all ¢+ > 0 and all functions f in our
weighted Lipschitz class F, we have

! / t t !
(ol = Y= (fors ) — el )+/0 (fst,dM;V)—/o (furs dMN),
where
fst(V) = Egt f(v) = E(s.0)(f, Ar)

and where (Af);>, is the linearized Kac process in environment ((ufv + ,uiv /) /
2)s>¢ starting from v at time s.

The notion of stochastic convolution has been extensively studied in connection
with infinite-dimensional stochastic evolution equations; see, for example, [3, 7].
The operator

g [ (Eas.amd)

shares some features with stochastic convolutions, namely that E E;, = E§, for
s <t < u and that good estimates rely on exploiting martingale properties of the in-
tegrator. In this section, we prove a maximal inequality for this operator in Wasser-
stein norms, in the case where the environment ((,ufv + ufv /) /2)s>0 is replaced by
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a nonrandom process (0;);>0. The proof of Proposition 9.2 below uses some of the
same ideas in a simpler context.

We will use the following inequality for a function f on R¢ which is Lipschitz
of constant 1. For B = [0, 27%]¢, we have

(41) |f) = (f)p|<27%cs,  veB,

where ( f) p is the average value of f on B and where c¢; = [E| X |, with X uniformly
distributed on [0, 1]¢. To see this, set ¥ = 27X X, and note that | f(v) — f(Y)| <
lv—Y| <|Y]|so|f(w) = (f)sl = E(f(v) — f()| <E|Y| =2"*E|X]|. By a
similar calculation, we have also

42) [(f)B — (flap| <27%ca.

It is the scaling properties of inequalities (41) and (42) which will be critical for
our argument, rather than the value of the constant c.

Let (pr):>0 be a nonrandom process7 satisfying (17). Write, as above, m (1) =
(1+|v|?, pt), and set

m*(p) =supm(t).
t>0

Then, by Proposition 4.1, for all s > 0 and all vy € R4, and for the linearized Kac
process (A});>s in environment (p;);>0 starting from vg at time s, we have

Es,up)(1+ 017, Ag) < (1 4 [vg|P)ecPm (p+DE=s),
Thus, whenever m*(p + 1) < 0o, we can define, for s <t and f € F(p),

fst (V) = Egt f(v) = E(s.0)(f, Ay).

PROPOSITION 7.1. For all d =3, p € [2,00) and all § € (0, 1], there is a
constant C(d, 8, p) < oo such that, for all T € [0, 00), we have

t
sup sup (fsr,dMsN)H
t<T feF(p) Y0 2

T
- CKNl/deCm*(p+3+8)T(E/ (|of2P 5+, u?’)ds)
0

(43) 12

The same inequality holds for d =2 if we replace N~/ by N~1/21og N.

Here we have written || - ||» for the norm in L2(P). This estimate will be applied
in the next section, using the moment estimates derived in Section 3 to control

TWe will in fact use only the case where (0;);>( is constant.
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the right-hand side. We will use also the following comparison estimate for two
nonrandom processes (,0,1),20 and (,0,2),20 satisfying (17). Fix p € [2, 0c0). Write

m*(p) =sup(l + |v|?, p} + p7).
t>0

We assume that m*(p + 1) < co. For j = 1,2 and f € F(p), define for s,z >0
withs <t

fi)=El, f) = Egulf, A),

where (At] )i>s 1s a linearized Kac process in environment (,otj )i>0 starting
from v.

PROPOSITION 7.2. For all d > 3, p € [2,00) and all § € (0, 1], there is a
constant C(d, 8, p) < oo such that, for all T € [0, o0), we have

t
sup sup <fslt - fszt’dMA{V>‘
t<T feF(p) Y0 2

(44) <CeN"Vm*(p+2+6)

_* T
o TCr (p+3+6)T(E/ (|v|2p+5+25,uﬁv)ds)
0

1/2

The same inequality holds for d = 2 if we replace N~/ by N~1/2log N.

A small variation of the following proofs would allow the insertion of a factor
of d*(p + 3 + 8) on the right in (44), where d*(p) = sup,~o(1 + |v|?, |p} — p?|),
at the cost of replacing p in all other terms on the right by p + 1. We omit details
as this variation is not needed for our main result.

PROOF OF PROPOSITION 7.1. Assume for now that d > 3. It will suffice to
consider the case where N > 22¢. We first prove a simpler estimate, where the
function f, is replaced by fs;7 on the left-hand side. Set L = |log, N/d], and
note that L > 2. For k € Z, set By, = (—2", 2k]d. Set Ag = By, and for k > 1, set
A = By \ Br—1. For k > 1 and any integer £ > 2, there is a unique way to partition
Ay by aset Py ¢ of 2td _ 2(t=Dd translates of By_y. Also, there is a unique way to
partition Ag by a set Py ¢ of 2% translates of B_,.Fix pe[2,00) and f € F(p).
Then, for all v, v’ € R?, we have

fP=f/+pP) <t [fP0) = fP) <=

For B € Py 2, setag = (f(p))B, and note that |ag| < 1. For £ > 3 and B € Py ¢,
setap = (f(p))B — <f(p))n(3), where 7 (B) is the unique element of Py ¢_1 con-
taining B, and note that |ag| < 25=“Flc,. Set ¢/, =4 Vv (2¢4), then |ag| < 2¢c),
for all B € Py ¢, for all k > 0 and all £ > 2. Fix 6 € (0, 1], and for B € Py g, set

hB () = 209K (1 1 1v]P)15(v).
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Define a function g, supported on Ag, by
L
flag,=>Y" Y ap(l+vI")1) + g.
=2 BePyy

Fix K € N, and set g = & g + f 1 . Note that g = £ — (fP) 5 on B
for all B € Py 1. For v € Ag, we have |v] > 251, so

18 ()] < 2L ey < 275204 (1 + v)).

For v € B, we have |v] > 2K=1 so | f(P ()] < 27K+1|y|. Set ¢} = (8¢cq) V 4.
Then, for all v € R?, we have

lg@)| = {27 e (14 ) + 275 i} (14 I7) = 75 +275) (14017,

Now
L K
f:ZZ Z 2—(1+8)kthB tg
£=2k=0 BEP; ¢
SO
! N
[tz am)
(45)

= ZL:i > 2 ay /Ot<hsBr,dM§V)+/Ot<gsr,dM§V>,
£=2k=0 BEPy
where th = E,7h®? and gsT = Es7g. It will be convenient to set
E(p) =exp{c(p)m*(p+ )T}
and
cd.8)=01-2"27""¢ A= K42 H)dEP+ D).

Note that 2=k |gp| < Z_Z_‘Skcél for all B € Py ¢, and Pk ¢ has cardinality at
most 24¢, so

K
Z Z (2—(1+5)kaB)2 < 2(d—2)£c(d’ 8)2
k=0 BePy

Also, by Proposition 4.1, for all s € [0, T'], we have

lgsT ()| < A(L + [v]P).
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We use Cauchy—Schwarz in (45) to obtain

t
sup sup | (fsr,dMD)
t<T feF(p)J0

(46) <Zz<d/2 Ve, 5)<Z > sup

k=0 Bep; ¢ =T

/ AT’dMN>

2>1/2
T

+ A/ (14 [v|PTL |dMN ).
0

Set

K
h() = (14 v|?) Y 209k, (v)
k=0

K
=Y > h).
k=0 BePy ¢

Note that 1V |v| > 25! forallv € Ay and all k. Set g = p+1+8 and A’ = 8E(q).
Then

h(v) <27 (1v o)) P (1 4 [v]P) <8(1 + [v]9),
so by Proposition 4.1,
E(so(h. A7) < A'(1+ []9).

Note that |hZ.(v)| < E5.0)(hB, A7), s

2 2
Z > (hE L (1)) < (Egso) (b, A7) < (A)*(1+ p]9).
k=0 BePy
Hence, for some constant C(g) < 0o, we have

K
Z Z {0+ hf (v)) —hE () — th(U*)}z

k=0 BEPy.¢
K 2 2
542 Z {(hZ ()" +h (V) "‘th(U)z"‘th(U*)z}
k=0 BEPy ¢
N2 2 11912 7192 q\2 q\2
<4A)E@ {1+ 7)1+ [v") + (1 +vl?)" + (1 + [vsl?)7}
< C@)(A) (1 + 0] + v, ).
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Then, by Doob’s L2-inequality,
Z Z E(sup / o dMN)

2)
k=0BeP,, =T

S [t ) ) = ) = e

Nz 0BePry

X B(v — vy, do)plY_(dv)ul (dvy)ds

A2
_ME/ / 1+|v|2‘1+|v*|zq}|v—v*l,us (dv)u _(dvy) ds

C(g)(A )2 29+1 N
STE/O (lo]24+1, V) ds.

On the other hand, we have

[0 M)

T
< [t gt )
0

X (m +m)(dv, dvy, do, ds),

where the measures m and m are as defined in Section 2. We split the integral using
m + m = (m — m) + 2m and use the L2-isometry for integrals with respect to the
compensated measure m — m to obtain

E(VOTU + |v|PH, }dMSI\’!)r)

T
< C(p)IE/ f{l + P P am
0

T 2
47) +C<p>E(‘/O [+t |v*|f’+1}dn‘1’ )

T T 2
sC(p)E/O <|v|2p+3,u5>ds+6<p)E‘fo (101P+2, 1My ds

T
<C(p(1+ T)E/O (10273, uN)ds,

where the constant C(p) < oo varies from line to line. In the final inequality, we
dealt with the second term on the right by writing |v|p+2 |v||v|”+1 applying
Cauchy-Schwarz and then using the fact that (1, u; Ny = (|v]?, Wy Ny = 1. We take
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L2-norms in (46) to obtain

t
sup sup (fST,dMSN)H
t<T feF(p)’0 2

L 1/2
< (Z 2(d/2—1)ec(d’ S)A/<%> + A(C(p)(l + T))1/2>
=2 N

T 12
X (E/O <|v|zq+1,uév)ds) )

Recall that A = 27X +275)JJE(p + 1), A’ =8E(q), L = |log, N/d] and g =
p + 14 8. Note that 2@/2=DLN=1/2 < Ny=1/d and 271 < 2N~1/4_ Hence, on
letting K — 00, we deduce that, for some constant C(d, §, p) < oo,

t

sup sup (fsT,dMsN>
1<T feF(p)’/0 2

T
< CN—I/a’eCm*(p—l—Z-i—(S)T(E/ (|o[2P 3425, /L?’)ds)
0

This is not the inequality (43) we seek because f;7 rather than f; appears on the
right-hand side. However, it will prove to be a useful first step.

We now turn to the proof of (43). It will suffice to deal with the case where
T =27 for some Jy € Z. Set 7;(t) =27/ [2/t]. Then, for all € (0, T, we have
7j,(t) =T so, for J > Jy and s € [0, t],

(48) 12

J
fst = fsT + Z (fsrj(t) - fsrj,l(t)) + (fst - fsrj(t))

Jj=Jo+1
and hence
t
sup sup (fst,dMsN)H
t<T feF(p)Y0 2
t
< |sup sup (fsr,dMsN)H
t<T feF(p)J0 2
(49)
J t
5 o s [t
j=do+11=T feF(p) 0 2

+

t
Sup sup (fse _foJ(f)’dMsN)H )
t<T feF(p)’/0 2

Fix j > Jo+1and, fori =0,1,...,2/T, sett; = i27/. Note that, for r € (t;_1, ;],
we have

fst,- - fsti+1, ifiis Odd,

0, if i is even.

[t = fsrm = {
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Set f(i) = f — fu,,- Wecantake s =1¢;,t =t;41 and ,or1 =0, ,o,2 =0 forall r in
Proposition 6.1 to obtain

[ 1y SA27,
where

A" = C(p)eCPm PFEIT y*(p 4 1),

For s € [0, #;], set fs(i) = Es,if(i) = fst; — fst;y,- Write
t .
X;;= sup sup | (£, aml)
teti—1,4]1 feF(p) /0
and note that
t

sup sup (fszj(z)—fsrj,,(z),dMiv)i sup Xi;.
t<T feF(p)J0 i<2iT

Set

. T 1/2
A = CA//N—I/deCm (p+3+8)T(EA (|v|2[7+5+25’ Miv)ds> ,

where C is the constant C(d, 8, p + 1) from (48). We replace T by #;, p by p + 1
and f by f(’)/||f(’)||(p+1) in (48) to see that

[ Xijlla <277/ A",
Then

J J
(50 > H sup Xij |, < S T)'/227i A" <31 A",
j=Jo+1 i<2IT j=To+1

so there is a constant C(d, §, p) < oo such that

J

sup sup (fstj(l‘) - fstjfl(t)’ dM;V>

t
t<T feF(p) Y0

,

. T
< C*(p+ 1) TieN=1/d ,Cm (p+3+6)T(E/O <|v|2p+5+25’ui\/>ds>

j=Jo+1

(51) 12

Finally, we can take ¢t = t;(¢), ,0,1 = pr and ,or2 = prl{r<sy for all r in Proposi-
tion 6.1 to obtain

I fse = firsllpen < A"277

forall s <t <T. Hence

t T
/0 (e = froyy dMY) <277 A'E fo (14 [0, | M),
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so estimate (47) shows that, as J — o0,

t
sup sup <fst_fsrj(f)’dMsN>H — 0.
1<T feF(p) /0 2

Hence (43) follows from (48), (49) and (51). The proof is the same for d =2
except that we get N~!/2 log, N in place of N4 in (48) and (51). O

PROOF OF PROPOSITION 7.2. Fix p € [2,00) and f € F(p). We follow the
preceding proof to obtain, for t < T,

/Otmf,dM;V)

L t
ZZ > 2 hay [ty am¥)+ [ (g, dud)

£=2k=0B€Py

(52)

where fir = (E!. — EZ) f, hB = (E!, — E2.)h® and §,;r = (E!, — E2.)g. By
Proposition 6.1, we have

g7 )] < A1+ [0]7F2),
where
A= 27K 27 b)jCTd (p +2)e P HIT
and C =C(p + 1) < oo. Note that
|h ()| =|Eg, v)<h3 AT ]\2T>| = E(s,v)(th rﬂT + f‘%),
SO by Lemma 6.2,

Z > (¥ () < 64(Eug (1 + 017, T + 7)) < () (1+ ool ™),
k=0 BePy

where
A~/ — CTd*(q + l)eCni*(q-ﬁ—Z)T

and C = C(g + 1) < co. We continue to follow the steps of the preceding proof to
7 N
sup sup (fer,dM.")

arrive at
t<T feF(p)J0 ‘2

= S(C\'? - 12
< (ZzW/Z—“%(d,a)A/(N) +A(C(+T1)) /)

(=2

T 1/2
x <IE/O (|v|24+3,M§V)ds> .
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Replace A, A , L and g by their values and let K — oo to deduce that, for some
constant C(d, 8, p) < o0,

ro
sup sup (fsr,dMSN)H
t<T feF(p)/0 2

(53) < CTd*(p +2 + 8) N~ 1/d L (p+3+8)T

T 12
y (E/o <|v|2p+5+28’M£\7>ds) ‘

Now
t ~
sup sup <f”’dMsN>H
t<T feF(p)’/0 2
ro
<|lsup sup (fsT,dMSN>H
t<T feF(p)”/0 2
(54)

>

j=Jo+1

ro_ ~
Sup sup (fSTj(t) - fsr,-_l(l)’ dMsN)H
t<T feF(p)J0 i 2
tzv

and the final term tends to 0 as J — oo. We consider the case where ,ot = py and

=0 for all ¢, from which the general case follows by the triangle inequality.
Then fst f for all s and ¢, so fsfj(;) — fsfj ) = fsrj(t) - fsrj 1(1)- We then
use (53) for the first term on the right in (54), use (51) for the sum over j and let
J — 00 to obtain the claimed estimate. [

t ~ ~
sup sup | (fsr — foey), dMY)
1<T feF(p)J0

+

8. Proof of Theorem 1.2. We seek to show that, for p > 8 and ¢ > 0, for
N < N’ and any two Kac processes (;Lﬁv )s>0 and (ufv /)120 with collision kernel B,
which are adapted to a common filtration (F;);>0, with probability exceeding 1 —
g, forall t € [0, T], we have

Wpy ul) = Js{ug(ﬁ uV —uNy<cWud, ) + N9
S

for some constant C < oo depending only on B, d, e, A, p and T, where A is an

upper bound for (|v|?, //,év )y and (|v|?, ,uév /). Recall the representation formula of
Proposition 4.2. For all f € F, we have

(fo = 1) = for, 1) —Mév/)+/0 <fsz,dMsN>_/0(fst»dMsN/>’

where MV is given by (4) and f5;(v) = Eg f(v) = E¢5,0)(f, 1~\,), with (A);>s a
linearized Kac process in environment p; = (uﬁv + /Li\’ ,) /2. We showed a suitable
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bound for ( foy, M([)V — MS’ /) in Section 5. We now show that the stochastic convo-

lution estimates just obtained allow us to control fé {(fst deV ) with rate N —l/d,
notwithstanding the fact that the functions f;; depend on the random environment
(pr)rers,n) and therefore are anticipating.

It will suffice to consider the case where p € (8,9] and T = 2~/ for some
Jo €Z. Set § = (p — 8)/6. Set o (1) =27/ [2/t], and note that o, () = 0 for all

t <T.Set p,j = Po; (1) and define
E}, f(v) = Eulf. A),

where (At] ’*)tzs is a linearized Kac process in environment (,otj )i>0 starting
from v. Then, for t < T and J > Jy, we have

[ (Ear.amy= [ED amd)+ > [~ B pam
j=Jo+1
(59
+ / Egy — EL) f,dMY).

Note that p,J O = po for all # < T. Take p =2 in Proposition 7.1 to see that, for
some constant C(d, §) < oo, we have
t

J
sup sup | (Eg7 f,dM)Y)
t<T feFrJ0 2

T
- CKN—1/dec<1+|v|5+a,po>T(E/ n+ |v|9+25’M§v)ds)
0

1/2

Fix j,and sett; = i27/. Note that, for 7 € [¢;, ti+1),
pj—,oj_l= 0, if i is even,
! ! Pt — Pty if i is odd.

We have
L i—1
[ (e~ Bl fan)
127¢]—1

tit1 : - t . .
= > [ - E ) [ - B fam)
i=0 Y i

For s <t41 <t, we have E{, = Ej EZJM, so, for all f € F,

Stit1
[uE - ) pam)

127¢]—1

it
= Z ”Et,+1t Etj,+11tf”(3) Sulzs) < st+1fdMN>
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[27t]-1 1
+ E!” su
X sl |

(L, — BTN £ am)

Stit1 Stit1

t
j i—1
+ | (Bl —El ) fam)).
oj(t)
Fix A > 1, and consider the event Q29 = 21 N 2, N 23, where
Qi = {sup(l + "™, o) < A},

t<T

T
szz={/ 1+ P,

0

T
93={f0 1+ P,

By Proposition 3.1, there is an absolute constant C < oo such that

pi = pi7M)dr < A2770 forall j > Jo+ 1},

o] — pi])dt < A2_J}.

E(sup(l + [v"*, o)) <CAL+T),  E((1+1vP, pr = psl)) < Clt —s|

t<T
SO
T . 1 _
E/ (14, |p] —p/ " |)dt <CTI27,
0
T
E/ (14108, |pf — pel)de < CTA2.
0
Hence
P(Q\ Q) <CrA(1+T)A™!, P(Q\ Q3) < CATA™!
and
m .
P@Q\ Q)< Y CTra™'27 P =cr'=ha (2 -1~
Jj=Jo+1

Hence we can choose A(e, A, p, T) < oo such that P(2) > 1 — ¢/2. By Propo-
sition 6.1, there is an absolute constant C < oo such that, for f € F and i <
oj(t)—1,

. .
|E, o f = Ei L f |

p{ —p{~"|)ds.

t . . t
< Cxexp{C/t (1+1v[*, o} +p§‘1)ds}/t (1+ vl
i+1 i+1

Also, by Proposition 4.1,

, t ,
IESZ £ 53(1+6K(f—t,~+1))exp{8/t (1+|v|3,pg—1)ds}.

i+1
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So, on 20, for some absolute constant C < oo, we have

t . 1
supsup | ((EY, — EL ) f.dMY)

t<T feFJ0
2/T—1 fis1
AT —j(1-35 N
< CAxe€ Z <2 i« )le]l_%) . { AtH—lfdM )
i=0

t . i1
+ sup sup ((ESJ,—ESJ, )f,dMsN)).

teltitip1] feF I

Set F; = a{,us , Mé :s5 € [0, t]}. We apply Propositions 7.1 and 7.2 conditionally
on F;, to obtain, for some constant C(d, §) < 0o,

t .

N
sup /(Es]tf’dMs 141015+ 01, )<A)
feF@3)Jt ' 2

» it 12
< Cke€h? JN_l/d(E/ <|v|9+28,ﬂﬁv>ds)
ti

and

t .
sup sup | (E) —EL ") f dM; 1405+ )< A)
telti tiy1] feF Jti ! 2

, » fit 1/2
< CA2 ViceCA2 ’N—l/d(E/ P, uﬁv)ds) .
1
By Proposition 3.1, there is a constant C(B, p) < oo such that
lit1 : ;
E <|v|9+25 ulNVds 5/ CA(141P7972) dr = Co (277 + 2747 /(48)).
1

L

Hence, for constants C(B, d, p) < 0o,

Lo i—1
sup sup | ((Ef, — EJ;) f,dM})1g,
t<T feFJO 2

(57) < CARMH2CATRIT (271079 4 970270/ 4 571207208 Ny =1/d
SAkl/ZKZeCAT(z—jB+2—j/2)N—1/d‘

Here, we absorbed 46~'/2CAT into ¢“AT in the second inequality by changing
the constant C. By Proposition 6.1, there is an absolute constant C < oo such that,
forall fe Fands <t <T,

|E], f(v) — Eg f (V)]
T
5C/<(1+|v|3)exp{C/0 (1+ " p; +,0;)dt}/(

— prl)dr.
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So, on 29, we have
|EL f(0) — Egt f(0)| < CAkeCAT277 (1 4 [u]?),

and so as J — oo,

t

sup sup <(Esjt - Esl‘)f’ dMaNﬂQo 5

t<T feFJ0
T 3
/ (1+ P,
0

Finally, we use estimates (56), (57) and (58) in (55) and let J — oo to obtain a
constant C(B,d, &, A, p, T) < oo such that

(58)
< CAke€AT27

dMSN|)H — 0.
2

t
sup sup | (Eg f, dMSN)IQ0
1<T feFJ0

<CN~ V4,
=

An analogous estimate holds for N’, and Theorem 1.2 then follows by Chebyshev’s
inequality.

9. Properties of the distance function. Recall that W:S x § — [0,4] is
defined by

W(/Lv U) = SuP(fvﬂ - U>’
feF

where F is the set offunctiogs f on R4 such that |f(v)| < 1and |f(v) — f(v’)| <
|v — /| for all v, v/, where f(v) = f(v)/(1+ |[v]?).

PROPOSITION 9.1.  The metric space (S, W) is complete and separable.

PROOF. Write P for the set of Borel probability measures on R?, and define
®:S - P by &(u)(dv) = %(l + |v|?)u(dv). Write Wlp for the Wasserstein-1
metric on P associated with the bounded metric p (v, v') = [v — v/| A 2 on R4.
Then W(uw,v) = 2W1p(d>(u), ®(v)) for all u,v € S. Now (P, Wlp) is complete
and separable, and @ (S) is closed in P under Wlp , 80 (S, W) is also complete and
separable. [J

We will prove two approximation schemes for a measure p in the Boltzmann
sphere S, by empirical distributions of systems of N particles. The first uses the
empirical distribution u™ = % ZlN:l dy, of a sample of N independent random
variables V1, ..., Vy with distribution 1. The convergence of 11"V to 1 has been ex-
tensively investigated for standard Wasserstein distances; see [4] or [5]. We modify
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some of the simpler ideas from [5] to obtain estimates for the weighted Wasser-
stein distance W used in this paper. The sample empirical distribution u” is not,
however, a random variable in the Boltzmann sphere. Set

1/2

_ 1 N 1 N ~ _ B )
VN=—ZVi, SN=—Z|V1‘—V|2, Vi=Sy (Vi = Vy).
N N3

On the event {Sy > 0}, define the rescaled empirical distribution N =
% >V, 8y.. On the event {Sy = 0}, we take iV to be some arbitrary element

of Sy. Then iV is a random variable in Sy. We will quantify the convergence
of iV to u in weighted Wasserstein distance, using the convergence of 1 as an
intermediate step.

PROPOSITION 9.2. Foralld >3 and all u € S, we have E(W (uN, ) — 0
as N — 00. Set
(p—=2)/(p+d), if pe(2,3d/(d-1)),
1/d, ifpel3d/(d—1),00).
Forall p € (2,00)\ {3d/(d — 1)}, there is a constant C(d, p) < oo such that, for
all N e N,
(59) E(W (", w)) < C{jv|?, u)N~F.

Ford=2and p € (2,00)\ {3d/(d — 1)}, or ford >3 and p =3d/(d — 1), the
same estimate holds with an additional factor of 1og(N + 1) on the right-hand
side. In the case when both d =2 and p = 6, the additional factor is squared.

B=p/p)=

PROPOSITION 9.3.  The conclusions of Proposition 9.2 remain valid if uV is
replaced by N and B is replaced by B = B A ((p — 2)2/(Bp — 4)). Moreover,
the constant C may be chosen so that, for all N € N, there is an event Q2(1/4), of
probability exceeding 1 — C{(|v|P, u)N~P/H NPI2=D " qych that

E({[v1”, i) aaa) < CIvI”, w).

It is simple to check that 8 = B whenever d > 2 and p > 3. The following
example shows that the exponent §(p) cannot be improved for p € (2,3d/(d — 1))
and hence that the moment threshold p = 3d/(d — 1) for convergence with optimal
rate N~/ also cannot be improved. Fix p > 2 and ¢ > d + p, and consider the
measure ((dv) = clyjy|>r}|v|”? dv where ¢ and r are determined so that u € S.
Then (|v|?, u) < co. Define

fn () = (dist(v, supp u™) A 1) (1 + [v]?).
Then fx € F, so
E(W (e, uV)) = E((fn. = 1) = E((fn, ).
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There are constants a < oo and ro > r such that u({u € R?:ju —v| > 1)) >
e~?"I™" whenever |v| > ro. Then dist(v, supp u) > 1 with probability at least
e~NalvI™ Hence

m —
E((stM)) ZCO'd_I/ e_Nat qtd+1_th

ro
1@/ [T —as~4 d+1—
=co4_1N q/ e s 9ds.
roN—1/4
Consider the limit g — p +d inthe case p <3d/(d —1). Then 1 — (d +2)/q —
(p—2)/(p+d) <1/d, so we have justified the claims made above.

PROOF OF PROPOSITION 9.2. The following estimate is known for the N-
sample empirical distribution [L(I)V of a probability measure g supported on By =
(—1, l]d. For all d > 3, there is a constant C(d) < oo such that, for all N € N, we
have

(60) E(Wi (i) 110)) < C(@N~4.

Here, W; denotes the Wasserstein-1 distance for the Euclidean metric on R?. For
completeness, and since it may be read as a warm-up for the proof of Proposi-
tion 7.1, we give a proof. Fix L e N. For £ =0, 1,..., L — 1, we can partition By
as a set Py of 2 translates of (—27¢, 27¢]¢. Fix a function f on R? with f(0)=0
and | f(v) — f(v)| < |v—1/| forall v, v" € By. Then we can write

L-1
=Y aplp+yg.

{=0 BePy

where ag, = (f)p, and ap = (f)p — (f )= () for B € Py and £ > 1. Here we have
written ( f) p for the average of f over B and 7 (B) for the unique element of Py_1
containing B. By (41) and (42), we have |ag| <2 ¢*lcy for all B € P, and all ¢,
and |g(v)| <27 L*2¢,. So, by Cauchy—Schwarz,

L—1
(fond — o)=Y > ap(ud (B) — 1o(B)) + (g, ud — 1o)
=0 BePy
L—1 1/2
<264 Y 24P X (B - woB)) 4827t
=0 BePy

The right-hand side does not depend on f, so it is an upper bound for W (Mév , 140),
by duality. Note that Var(uév (B)) < uo(B)/N. Now take expectations and use
Cauchy—Schwarz again to obtain
L—1
E(Wi (1l o)) <2cq Y 2@ D2NT2 4 8¢ 27E
£=0
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We optimize at L = [log,(N + 1)/d] to obtain (60). The same argument produces
N~—1/2 log, (N + 1) on the right when d = 2.

Set By = 2¥By. Fix K € NU{oo}, and partition R as Uli(:o Ay, where Ag = By,
Ag =B\ By_ for 1 <k < K,and Ax =R\ (U Ar). Set pr = j(Ap) and
write uy for the conditional distribution of u on Ay. Write Ny for the number of

elements of the sample falling in Ay and write pL/[(vk for the empirical distribution
of this sub-sample. Set py = N /N. Then

K K
~ N,
k=0 k=0

Fix a function f on RY such that | f(v)| < 1 and | f(v) — f(v')| < |v — /| for all
v, v, where f(v) = f(v)/(1 + |v|?). Then, for all k and all v, v’ € By, we have
| f)| < 14d2%,

1F@) = F()] <@+ P+ W)= v| <2(1 +d2%) v — /]

Hence
K—1 N v

(i =)= D" plfo g™ = ma) + (Px = POS ) + (f Prieg™ — pr k)
k=0
K—1

Z (1+d2%%)| 21?1<W1(Mk . k) + 1 pr — pl}

+((1+ 101) Lag, Prig” + Pk k).
Note the inequalities
N - 1-1/d ~1—1/d 1-1/d
Elpx — pil < @pi) A (pi/ N2 < 2N p = () <
Estimate (60) scales from By to By to give, on the event { Ny > 1},
~1/d
E(Wi (1, ) INe) < 26C@)N;

Hence, on taking the supremum over f and then the expectation, we obtain

K—1
E(W (", w) < 32 2214 d2)C@)N VU p 7 1214 o) Ly, 1),
k=0

Since u € S, the final term on the right is small for large K, so EW N, 1) — 0
as N — oo. If (|v|?, u) < oo for some p > 2, we can control the right-hand side
using the bounds

K—1
> 27 pe < (ol ) (U oPP) Lag, ) < 27 ETDEDH o)),
k=1
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Finally, we optimize at K = [log,(N 4 1)/(d 4+ p)] when p <3d/(d — 1) and
K = oo when p > 3d/(d — 1) to obtain the claimed estimate. [J

PROOF OF PROPOSITION 9.3. Set Qy = N~' YV, |V;|?. Fix 8 € (0, 1/4],
and consider the event
Q@) ={lON — 1] <8 and |Vy| <8}

Note that Qn = Sy + |V On Q(5), by some simple estimation, we have
|S;,1/2 — 1] <48, s0 |V; — Vi| < (4| V;| + 2)8. Hence, in particular, there is a con-
stant C(p) < oo such that

E((jvI?, @¥)aa/a) < C(PE({vI?, uN) = C(p)(lvI?, w).
Now, for all f € F, we have
FVD) = F(V) < (Vi = Vil AD)QR+IVi2 +1Vil?) < 24((8 4+ 8IVil) A1) (1 +1ViI?)

and so
N N_lN - _4N »
(foa™ —p )—NZ fV) = f(V)) < NZ §+38IVil) AL)(1+[Vi7).

Hence

61) E(W (", uM)1qes) < 24({(6 +8lv)) A T}(1 +[v]*)u) = 0

as § — 0.

Since (v, u) =0 and (|v|3, ) =1, wehave P(Q\ Q2(8)) > 0as N — oo forall
& > 0 by the weak law of large numbers. For p > 2, there is a constant C < oo, de-
pending only on d and p, such that E(|Vx |P/?)? <E(|Vy|P) < C{|v|?, u)N~P/2,
Hence

P(|Vy| > 8) < C(|v|?, w)s~P/2N—P/4,

For p > 4, since (Jv|?, u) = 1, C may be chosen so that also E(|Qx — 1/7/?) <
C{|v|?, w)N~P/* and so

P(1Qy — 1 > 8) < C{jv|P, n)s~ PPN P4,

For pE (2, 4] we use a different estimate. Set R = +/8N and write X; = |V; |2 AR
and X = N"' ¥, X; and x = E(X1). Then E(X}) < ([v|”, 1) R*~P and

lx — 1] <EIX — On| < (v 1guzry. 1) < ([0]7, ) R*P
SO
P(|Qn — 1] > 8) <P(|Qn — X| > 8/3) + P(I1X — x| > §/3) + P(]x — 1| > §/3)
< 12(|v|17’ M)g*P/QN*(P/Q*I)'
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Here, for the second inequality, we estimated the first term using Markov’s in-
equality, the second using Chebyshev and noted that the third term vanishes ex-
cept in cases where the final estimate exceeds 1. We combine these estimates to
see that there is a constant C < oo, depending only on d and p, such that, for all
8 €(0,1/4],

(62) P(2\ Q(8)) < C8~P/([u|P, w)N~PHA@/2=D),

Now, from (59), (61) and (62), for all p € (2, 00) \ {3d/(d — 1)}, all § € (0, 1/4]
and all N € N, we have

E(W(@", ) <EW (", n) +EW(@", u")1ae) +4P(Q\ ()
< C(NF 4 8P=2A 4 5=P2N=/OAB2=DY 11 ),

Hence E(W (1", 1)) — 0 as N — oo. Moreover, on optimizing over 8, the terms
§(P=2AL and §—P/2N—(P/HAP/2=1) can be absorbed in the term N 7, except pos-
sibly when p € (2, 3), and in that case we can take 8 = (1/4)N~(P=2/Gr=4 for
the desired estimate. [

10. Spatially homogeneous Boltzmann equation. Given an initial state g
in the Boltzmann sphere S, one can ask whether there exists a process (i4;)s>0 in
S such that, for all bounded measurable functions f of compact support in R and
allt >0,

t
63) (o) = (f. o) + /0 (. O (s, 1)) ds.

Here Q is the Boltzmann operator, defined in equation (5). Such a process would
then be called a measure solution of the spatially homogeneous Boltzmann equa-
tion. While the existence and uniqueness (in law) of the Kac process is elemen-
tary, the existence and uniqueness of measure solutions is a hard question, but one
which, extending a long line of prior works, including [10, 14], has been positively
answered by Lu and Mouhot [11], Theorem 1.5.

After Kac [8], important contributions to understanding the behavior of versions
of the Kac process were made by McKean [12] and Tanaka [16, 17]. Sznitman [15]
gave the first proof for hard spheres that the Kac process converges weakly to solu-
tions of the Boltzmann equation. Mischler and Mouhot [13], Theorem 6.2, proved
a quantitative refinement of Sznitman’s result, using a Wasserstein distance on the
laws of k-samples from the empirical distribution. In recent work, Fournier and
Mischler [6] and Cortez and Fontbona [1] have proved Wasserstein estimates for
some other particle systems associated to the spatially homogeneous Boltzmann
equation.

Our consistency estimate allows a further strengthening of Sznitman’s result. In
the convergence theorem below, we obtain a pathwise estimate, expressed in terms
of a Wasserstein distance on the empirical distribution itself, and we are able to
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show, under suitable moment conditions, that the rate of convergence is the optimal
one for discrete approximations in Wasserstein distance. The convergence results
of both Sznitman and Mischler—Mouhot are expressed in terms of propagation of
chaos, while our estimate may be applied to any initial N-particle system. For
p > 2, define

S(p) ={n € S:{jvl”, u) < 0o},

and call a solution locally bounded in S(p) if {|v|”, u;) is bounded on compact
time intervals. We know from [11], Theorem 1.5, that, for all uo € S, there is a
unique solution (it;);>0 in S to (63). Sznitman’s theorem assumes 1o € S(3). The
convergence result of Mischler and Mouhot, which has good long-time properties,
assumes compactly supported initial data or at least an exponential moment.

THEOREM 10.1. Assume that the collision kernel B satisfies conditions (1)
and (2). Let g € S(p) for some p € (2,00). Then there exists a unique locally
bounded solution (j4;);>0 to (63) in S(p) starting from pg. Let € € (0,1], A >
(lv|?, o) and T € [0, 00). Then there exists a constant C(B,d,e, A, p, T) < 00
with the following property. For all N € N and any Kac process (/L;V )i>0 in Sy
with (|v|P, Mév) < A, with probability exceeding 1 — ¢, for all t € [0, T], we have

Wt 1) < C(W (g, o) + N~%),

where a(d, p) is given in Theorem 1.1. For p > 8 and d > 3, we can take « = 1/d.
For p > 8 and d =2 the estimate holds with N~ replaced by N~'/>1og N.

PROOF. We will prove the first assertion on existence and uniqueness for com-
pleteness, while noting, as discussed above, that a stronger statement is already
known. Let (V;:i € N) be a sequence of independent random variables in R? of
distribution po. Write Vi for the sample mean and Sy for the sample variance of
Vi,...,Vy.Foreach N € N, set

N 1 Al
v =ﬁ2;85;,1/2(‘/i—‘71v)
1=

on the event {Sy > 0}, and set v(])V equal to some arbitrary element of Sy otherwise.
Conditioning on v{)\’ , let (v,N )¢>0 be a Kac process in Sy starting from v(l)v . Choose
sequences (g :k € N) in (0, 1] and (T : k € N) in [0, 00) such that ) ; & < oo and
Ty — oo. By Proposition 9.3 and Theorem 1.1, there exists an increasing sequence
(Ng :k € N) in N such that, for all k£ € N, with probability exceeding 1 — &,
N, N,
<|U|P’ U() k) S C(|v|p7 MO)? W(v() k’ l‘LO) S C(|v|pa /*'L0>8k
and then for all t < T},

(64) WM oY < (W (upk, 1) + 6x).
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By Borel-Cantelli, almost surely, these inequalities hold for all sufficiently
large k, so the sequence ((vtN ")i=0:k € N) is Cauchy in the Skorohod space
D([0, 00), (S, W)), and hence converges, with limit (v;);>¢ say, since D([0, 00),
(S, W)) is complete.
By Fatou’s lemma and the moment estimate (14),
E(sup<|v|p, vs)) < 1imkinfE<sup(|v|p, !

N, <00,
s<t s<t {<|U|p7U0k>SC<|v|va0>})

s0 (V1)s>0 is locally bounded in S(p) almost surely. Fix a function f on R satis-
fying | f(v)| < 1 and | f(v) — f(v')| < |v — /| for all v, v" € RY. From (64), since
I f1l <2, we see that (f, vtN ¥y — (f,v,)0 uniformly on compact time intervals
almost surely. Consider the equation

o =)+ M + [ 000 v )as

with N = Ny in the limit £k — oo. Estimate (7) implies that M,N ANy uniformly
on compact time intervals in probability. Moreover,

(f’ Q(Vsz’ Vsz)> - <f» Q(vy, v;)) = <g;, V;Nk — v,),

where
gi(v) = /Rdxsd—l {F() + fL) = F) = FR)}BO = vy, do) (v + ;) (dvs)

and, by some straightforward estimation, | g;|| < max{16, 12 + 8«} for all # > 0.
Hence, we can pass to the limit uniformly on compact time intervals in probability
to obtain

t
(fyve) = {f, o) + /0 (f, O(vs, vy))ds

for all ¢ > 0, almost surely. A separability argument shows that almost surely, this
equation holds for all such functions f and all # > 0. So, almost surely, (v;);>0 is
a solution, and in particular, a locally bounded solution in S(p) exists.

Now let (14;);>0 be any locally bounded solution in S(p) starting from /¢, and
let (,uﬁv),zo be any Kac process in Sy. Then

t
va—m=(uév—uo)+M,N+/O 20(ps, 1l — ps) ds,

where now p; = (u; + M;V )/2. The argument of Section 4 applies without essential
change to show that, for all # > 0 and all functions f; on R?, we have

(fro ) — )= (fo, nd —uo)+/0t<fs,dM§V)»

where fs(v) = E¢ ) (fi, ]\t)) and where (A7);>s is a linearized Kac process in
environment (o;);>0. Next, the argument of Section 5 applies to show that, for all
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g€ (0,1]and all T € [0, 00), for all N € N, with probability exceeding 1 — &, for
allt < T, we have

65) W (il ) < C(W () . o) + N~4P)),

where C < oo depends only on B, d, ¢, A, p and T, where A is an upper bound for
(Jv|?, o) and (Jv|?, ,u(];’). Convergence at rate N~/ could be proved for p > 8
by checking that the arguments leading to the estimate for W(va , ,ufv b apply
also when (/Lfv /),Zo is replaced by (u;);>0. Alternatively, we can find N’ so that
(N)~@.P) < N~1/d and, by Proposition 9.3, W(vévl, wo) < CN~1/4 with proba-
bility exceeding 1 — ¢. Then, by Theorem 1.1 and (65), with probability exceeding
1 —3¢g, forall t <T, we have

Wl ) < Wl u )+ WY )
< C(W (g g ) + W o) + N1 (N') 747
< C(W(ug) , o) +4N~"4).

Finally, we can take % = v** and let k — oo to see that w; = v; forall £ > 0, so
(vt)r>0 1s the only solution which is locally bounded in S(p). U

We can combine Theorem 10.1 with Proposition 9.3 to obtain the following
stochastic approximation for solutions to the spatially homogeneous Boltzmann
equation.

COROLLARY 10.2. Assume that the collision kernel B satisfies conditions
(1) and (2). Let no € S(p) for some p € (2,00), and let (iu;)s>0 be the unique
locally bounded solution to (63) in S(p) starting from po. Write ,uf)v for the ran-
dom variable in Sy constructed by sampling from o as in Proposition 9.3, and
conditioning on Mév, let (,uﬁv),zo be a Kac process starting from M(I)V. Then, for all
g€ (0,1], all x> (|v|?, uo) and all T € [0, 00), there are constants a(d, p) > 0
and C(B,d,e, A, p, T) < oo, such that with probability exceeding 1 — ¢, for all
t<T,

W(/-'Lz[vv /’LI) S CN—a~
For p > 8, we can take a« = 1/d when d > 3, and the estimate holds with

N~'210g N in place of N~® when d = 2.

On the other hand, if one views the spatially homogeneous Boltzmann equation
as a means to compute approximations to the Kac process, the following estimate
provides a measure of accuracy for this procedure.

COROLLARY 10.3. Assume that the collision kernel B satisfies conditions (1)
and (2). Fixd >3, € (0,11 and t, T € (0,00) with t < T. There is a constant
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C < 00, depending only on B, d, ¢, T and T, with the following property. Let
N e N and let (va)tzo be a Kac process in Sy with collision kernel B. Denote
by (ut)>7 the solution to the spatially homogeneous Boltzmann equation with
collision kernel B starting from uiv at time t. Then, with probability exceeding
1—e¢,forallt € [t, T], we have W(;Lfv, W) < CN~—Y4 The same holds for d =2
if we replace N~1/4 by N=1/21og N.

PROOF. Use (13) to find a constant A(B, 7, &) < oo such that (|v|°, uiv) <A
with probability exceeding 1 — ¢/2. Then apply Theorem 10.1 with /2 in place
of ¢ to find the desired constant C. []

APPENDIX

We state and prove a basic lemma on the time-evolution of signed measures,
which allows us to control the evolution of the total variation when the signed
measures are given by an integral over time. Let (E, £) be a measurable space.
Write M (resp., M) for the set of finite measures (resp., signed measures of finite
total variation) on (E, £). For u € M, write || for the associated total variation
measure and || || for the total variation.

LEMMA A.1. Assume that (E, ) is separable. Let T € (0, 00). Let g € M
and Ay € M™ be given, along with a measurable map t > v;:[0,T] — M
such that v, is absolutely continuous with respect to Ag for all t € [0, T] and
Jo vl dr < oo. Set

t
Y

Then there exists a measurable map o :[0, T] x E — {—1,0, 1} such that, for all
t €[0,T], we have u; = oy|i4s| and

t
e = 1ol +/O o3V ds.

A version of the lemma, without the hypothesis of separability and for the
case where ¢ — v;:[0, T] — M is continuous in total variation, was stated by
Kolokoltsov in [9], Lemma A.1. The proof given in [9] contains a gap, which we
have not been able to fill. The case where (E, &) is R? with its Borel o -algebra
and where ¢t — v;: [0, T] — M is continuous in total variation, has been proved
by Lu and Mouhot [11], Lemma 5.1. We will use a substantially different argu-
ment, which allows us to replace this hypothesis of continuity with the existence
of a reference measure \.

PROOF OF LEMMA A.l1. There exists an increasing sequence (&, :n € N) of
finite o -algebras generating £. Write A, for the partition of E generating &,.
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Consider the finite measure A = Ag + |o| + fOT |[ve|dt on (E, E). By scaling we
reduce to the case where A is a probability measure. For each ¢ € [0, T'], define
&,-measurable functions «;' and ;' by on E by setting

ap (x) = e (A) /M (A), Bi (x) =i (A)/A(A)

if x € A for some A € A, with A(A) > 0 and setting o/ (x) = B/' (x) = 0 if there is
no such A. Then, for all x € E, the map ¢ — B/ (x) is integrable on [0, 7] and

t
of (x) = ag (x) —i—/o By (x)ds.

For each t € [0, T'], we have |u;| <A so || <1 and of' A = u; on &,. Moreover,
the sequence (o} :n € N) is a A-martingale in the filtration (£, :n € N). So, by
the martingale convergence theorem, there exists &; € L' (1) such that a} — a; as
n — 00, A-almost everywhere and in L'(A). Then &\ = pu; on U, & and hence
on &£ by uniqueness of extension.

For t = {ty,...,ty} € [0, T] with typ < --- < ty and any function (o4 (x):t €
[0, T], x € E), define a function ||, on E by

N-—1
lotle = lowol + Y ety — ol
k=0
Then, for all A € A,,, on A, we have
N—1
AMA) "], = 1ol (A) + D iy, — gl (A) < A(A)
k=0

so ||y < 1 everywhere.

Fix E¢ € £ with A(Ep) =1 such that o} (x) — a;(x) as n — oo for all ¢ €
[0,T]N(TQ) and all x € Ey. Write 7 for the set of finite subsets of [0, 7] N
(TQ). Then, for all x € Eg and t € T, we have |&|;(x) < 1, so the map ¢ >
a;(x):[0, T]N(TQ) — [—1, 1] has total variation bounded by 1. Hence, for x €
Eo, we can define a cadlag map t — o (x) : [0, T] — [—1, 1] by

lim ag(x), tel0,7),
Oé;(x)z s—t,5€(t, T)N(TQ)
ar(x), t=T.

For x € E \ Ey, set a;(x) =0 for all t € [0, T]. We have arA = arA = ur as we
showed above. Forr € [0, T) and s € (t, T) N (T Q), we have in the limit s — ¢

N
loted — paell < lloweh — @shll + lles — paell < (o _&s|’)\'>+/ vrlldr — 0
t

so oA = ;. Define o : [0, T] x E — {—1,0, 1} by 07(x) = sgn(a;(x)). Then o is
measurable and w; = o;|u,| forall t € [0, T'].
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For any function ¢ on [—1, 1] with continuous bounded derivative, we have

t
V¥ (af () =1ﬁ(018(X))+/0 ¥ (o (1)) By (x) ds

forall # € [0, T] and all x € E. Since v, is absolutely continuous with respect to A
forall r € [0, T], we have on &,

t
V)= plap)i+ [ w'(auds

for all ¢+ € [0, T]. Since vs(dx)ds is absolutely continuous with respect to
A(dx)ds, we have a (x) — ay(x) as n — oo almost everywhere for vy(dx)ds.
Hence, on letting n — 0o, we obtain on |, &,

t
V(@) = (o) + /O W (as)vs ds

for all ¢ € [0, T]. The identity then holds on £ by uniqueness of extension. Set

Y (x) =/x% +1/k. Then ¥ (x) — |x| and wli(x) — sgn(x) as k — oo for all
x € [—1, 1]. By dominated convergence, for all A € £ and all ¢ € [0, T], we have

(k) La, A) = (le 114, 2) = | |(A)

and

t t t
/()(wli(as)lA,vs)dsa/O(sgn(as)lA,vs)ds=/O (o514, v5)ds.

Hence, on taking 1 = v above and letting k — oo, we obtain the desired identity.
O
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