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Abstract. In this paper, we establish the existence of a square integrable oc-
cupation density for two classes of stochastic processes. First, we consider a
Gaussian process with an absolutely continuous random drift, and second we

handle the case of a (Skorohod) integral with respect to subfractional Brow-

nian motion with Hurst parameter H > % The proof of these results uses a

general criterion for the existence of a square integrable local time, which is
based on the techniques of Malliavin calculus.

1 Introduction

Local times for semimartingale have been widely studied. See, for example, the
monograph Revuz and Yor (1994) and the references therein. On the other hand,
local times of Gaussian processes have also been the object of a rich probabilis-
tic literature; see, for example, the book of Marcus and Rosen (2006). A general
criterion for existence of a local time for a wide class of anticipating processes,
which are not semimartingale or Gaussian processes, was established by Imkeller
and Nualart (1994). The proof of this result combines the technique of Malliavin
calculus with the criterion given by Geman and Horowitz (1980). This criterion
was applied in Imkeller and Nualart (1994) to the Brownian motion with an an-
ticipating drift, and to indefinite Skorohod integral processes. The same criterion
was applied in Es-Sebaiy et al. (2010) to the fractional Brownian motion with an
anticipating drift, and to indefinite Skorohod integral with respect to fractional
Brownian motion with Hurst parameter H € (%, 1). The aim of this paper is to
extend the result of Es-Sebaiy et al. (2010) to the case of subfractional Brownian
motion. First, we consider a subfractional Brownian motion S¥ = {SIH ,t €[0,1]}
with an absolutely continuous random drift

t
X; :SIH +/0 ugds,

where u is a stochastic process measurable with respect to the o-field gener-
ated by S¥. Under reasonable regularity hypotheses imposed to the process u,
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we prove the existence of a square integrable occupation density with respect to
the Lebesque measure for the process X. Our second example is represented by
indefinite divergence (Skorohod) integral X = {X;, ¢t € [0, 1]} with respect to the
subfractional Brownian motion with Hurst parameter H € (%, 1), that is,

t
X, =/ us8SH.
0

We provide integrability conditions on the integrand u and its iterated derivatives
in the sense of Malliavin calculus in order to deduce the existence of a square
integrable occupation densities for X .

The paper is organized as follows. In Section 2, we give some preliminaries on
subfractional Brownian motion and on Malliavin calculus with respect to Gaus-
sian process. In Section 3, we prove the existence of the occupation densities for
perturbed subfractional Brownian motion process, and in Section 4 we treat the
case of indefinite divergence integral processes with respect to the subfractional
Brownian motion.

2 Preliminaries

2.1 Subfractional Brownian motion

The subfractional Brownian motion S7 = {S,H ,t €10, 1]} with parameter H €
(0, 1) is a centered Gaussian process with covariance function

1
Ch(s,t) =E[SHSH] =5 420 _ 5[(s+t)2H+ it —s?#],  s,t>0.

IftH= % the process S is a standard Brownian motion. The increments of S
satisfy
[(2—22H"Y) Ad]je —s)?H

<E(S7 — sH)? (2.1)

<[@=2*"Yvi]t—s*"  ifHe (0.
For the most information about subfractional Brownian motion, see Bojdecki,
Gorostiza and Talarczyk (2004); Dzhaparidze and van Zanten (2004).
2.2 Malliavin calculus

Let {B;, t € [0, 1]} be a centered Gaussian process with covariance

R(t9 S) = E(BZ’BS)a
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defined in a complete probability space (€2, F, P). By H g, we denote the canonical
Hilbert space associated to B defined as the closure of the linear space generated
by the indicator functions {1j¢ . € [0, 1]} with respect to the inner product

(L10,11> Ljo,51) 25 = R(2,5), s, t €0, 1].

The mapping 1j0,;) — B; can be extended to an isometry between Hp and the
first Gauusian chaos generated by B. We denote by B(¢) the image of an element
¢ € Hp by this isometry.

We will first introduce some elements of the Malliavin calculus associated
with B. We refer to Nualart (2006) for detailed account these notions. For a smooth
random variable F' = f(B(¢1), ..., B(gy)), for ¢; € Hp and f € C;°(R") (f and
all its partial derivatives are bounded), the derivative of F with respect to B is
defined by

")
DF=)" L(B(wl), - Blon))@;-
i 0x;

For any integer k > 1 and any real number p > 1, we denote by D*? the Sobolev
space defined as the closure of the space of smooth random variables with respect
to the norm

k
IFIE , =E(FI”) + Z1 ) N
J:

Similarly, for a given Hilbert space V, we can define Sobolev spaces of V-valued
random variables D7 (V).

Consider the adjoint § of D in L?. Its domain is the class of elements u €
L?(Q2, H ) such that

E((DF,u)3,) < C|Fll2,
for any F € D2, and 8(u) is the element of L?(2) given by
E(§(u)F)=E((DF,u),)

for any F € D2, We will make use of the notation §(u) = fol ugdBg. It is well
known that D'"2(Hp) is included in the domain of §. Note that E(8(«)) = 0 and
the variance of §(u) is given by

E(8(w)?) =E(llull3,,) +E(Du. (Du)*)y; gar,): (2.2)

if u e D2(Hp), where (Du)* is the adjoint of Du in the Hilbert space Hp ® Hp.
We have Meyer’s inequality

E(|8a0[") < Cp(E(llulzy,) + Bz, g90,))- (2.3)
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for p > 1. We will make use of the property
Fé(u)=6(Fu) + (DF,u)uy, 2.4)

if F e D'2 and u € Dom(8) such that Fu € Dom(8). We also need the commuta-
tivity relationship between D and §

1
Dé(u)=u +/ Dud By, (2.5)
0

if u e ID)I’Z(”HB) and the process {Duy,s € [0, 1]} belong to the domain of 3§.
Throughout this paper, we will denote by C a generic constant that may be dif-
ferent from line to line.

For a measurable function x : [0, 1] — R, we define the occupation measure

1
W) (C) = fo 1e(xy) ds,

where C is a Borel subset of R and we will say that x has one occupation density
with respect to the Lebesque measure A if the measure p is absolutely continuous
with respect to A. The occupation density of the function x will be the derivative
‘;—’;. For a continuous process {X;, ¢ € [0, 1]}, we will say that X has a occupa-
tion density on [0, 1] if for almost all w € 2, X (w) has an occupation density on
[0, 1]. We will use the following criterium for the existence of occupation densities
(see Es-Sebaiy et al., 2010; Imkeller and Nualart, 1994). Set T = {(s, t) € [0, 1]*:

s <t}

Theorem 2.1. Let {X;,t € [0, 1]} be a continuous stochastic process such that
X; € D*2 for every t € [0, 1]. Suppose that there exists a sequence of random
variables {F,,n > 1} with \J,{F, # 0} = Q a.s. and F, € D! for every n > 1,
two sequences a, > 0, 8, > 0, a measurable bounded function y : [0, 1] = R, and
a constant 0 > 0, such that:

(a) Foreveryn>1,|t —s| <8y, and on {F, # 0} we have
(¥ D(X: — X), L5y, > onlt — 517, a.s. (2.6)
(b) Foreveryn>1,
/TIE(()/DF,,, 15.1)2,) 1t — 5170 dt ds < oo. (2.7)
(c) Foreveryn>1,
/TE(|Fn(y®2DD(Xt — Xy, 1§§])H%2|)|t — 5|7 dtds <oco. (2.8)

Then the process {X;, t € [0, 11} admits a square integrable occupation density on
[0, 1].
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3 Occupation density for subfractional Brownian motion with
random drift

We study in this part the existence of the occupation density for subfractional
Brownian motion perturbed by a absolute continuous random drift. For the reader’s
convenience, we recall the following.

Theorem 3.1 (See Es-Sebaiy et al., 2010, Theorem 2, page 137). Let {B;,t €
[0, 1]} be a centered Gaussian process satisfying

Ci(t —5)* <E(1B, — Bs|*) < Ca(r — 5)**,

for some p € (0, 1) with Cy, C» two positive constants not depending on t, s.
Consider the process {X;,t € [0, 1]} given by

t
&=&+fmm,
0

and suppose that the process u satisfies the following conditions:

(i) u e D*2(L2([0, 1])).
(i) E((fy 1D%us)1},4,d0*'P) < 00, for some » > 1, p > ﬁ

Then the process X has a square integrable occupation density on the interval
[0, 1].

The main result of this section is the following.

Theorem 3.2. Let {S,H ,t € [0, 1]} be a subfractional Brownian motion with pa-
rameter H € (0, 1). Consider the process {X;,t € [0, 1]} given by

t
X,:StH—i-/O ugds,

and suppose that the process u satisfies the following conditions:

1. u e DZ2(L%([0, 1])). 1

2. E((fy ||Dzut||gsH®HsH dt)1/P) < oo, for some g > 1, p > 115

Then the process X has a square integrable occupation density on the interval
[0, 1].

Proof. Since S¥ is Gaussian process then by using (2.1) and Theorem 3.1 we
obtain the result. O
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4 Occupation density for Skorohod integrals with respect to the
subfractional Brownian motion

We study here the existence of occupation densities for indefinite divergence in-
tegrals with respect to subfractional Brownian motion. Consider a process of the
form X; = fé us(SSsH .t €[0, 1], where S is subfractional Brownian motion with

Hurst parameter H € (%, 1), and u is an element of DY-2(L%([0, 1])) C Dom($).
We know that the covariance of subfractional Brownian motion can be written
as

E(sH sH) //qu(u v)dudv = Cp(s, 1), 4.1)

where ¢ (u,v) = HQH — D[ju — v|?H 2 — (u + v)2H 2],
Formulae (4.1) implies that

ORI / f oPH2 — w0 g dudy (42)

for any pair step functions ¢ and ¥ on [0, 1] and where oy = H(2H — 1). Con-
sider the kernel

21—H B t _
nH(t,s)zr(?*l//i)f/z H(/ (x2 —s2)" 3/2dx>1(0,,)(s). (4.3)

By Dzhaparidze and van Zanten (2004, Theorem 3.2, page 45), we have

SNt
CH(S,Z‘):C%{/ ng(t,u)ng(s,u)du, 4.4)
0

where

2 F(1+2H)s1n71H
cy =

v

Property (4.4) implies that Cy (s, t) is nonnegative definite. Consider the linear
operator ny; from & (set of step functions on [0, 1]) to L2([0, 1]) defined by

ni()(s) = ch o2 (7,5 dr.
Using (4.2) and (4.4), we have

(nke. ”2¢>L2([0 1])

1
- /( i, s)dwr)(/s wr?—f(u,s)dm/fu)ds
= //(/Mu 8nH(,s)ﬂ(u,s)a’s)wrl//ua’rdu
or ou
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1 1 92¢C
= %zf/ araH(r,u)cpr%drdu
_aH// r|#H—2 (u+r)2H_2](pr1/rudrdu
— (0 V)

As a consequence, the operator n’, provides an isometry between the Hilbert space
Hgn and L2([0, 1]). Hence, the process W defined by

W, = 7 ((n%) " (po.0))

is a Wiener process, and the process S¥ has an integral representation of the form

t
S =cu [ na9)aw,,
0

because (n3;)(1j0,:1)(s) = cynp (¢, s). By Dzhaparidze and van Zanten (2004), we
have

t
W, =/ Vit s)dsH,
0

where
GH-1/2
f§)= —
Vi) = tan
x [z”—w(ﬂ —s?)!2 4.5)
—(H=3)2) / 212 H  H- 3/2dx}1(0,,)(s).

We can find a linear space of functions contained in Hg# in the following way. Let
|H g1 | be the linear space of measurable functions on [0, 1] such that

2
||¢“|H H|_ch (/ | r|—(r s)dr) ds < oo. (4.6)
From the above computations, it is easy to check that

1 1
oy = [ [ lolloulgn o dr du. @7

It is not difficult to show that |H x| is a Banach space with the norm || - || Mg and
€ is dense in |Hgu|. We will obtain the following lemma.

Lemma 4.1. The canonical Hilbert space Hgu associated to S H satisfies:
L?([0,1]) c LYH ([0, 1]) € Hgn, (4.8)

where H > %
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Proof. For any H > %, we have ¢y (t,s) <apglu — r|2H—2. Then, for any mea-
surable function ¢ on [0, 1] we have

ol < el (4.9)

Using (4.9) and the fact that L>([0, 1]) ¢ L'/#([0,1]) C |Hzn| (see Nualart,
2006), we obtain

L2([0,1]) ¢ LYH([0,1]) C [Hgu| C [Hgn|.

It remains to show that [H ¢u| C Hgu. For any measurable function ¢ on [0, 1],
we have

1 1
elegy = [ [ oroudun o dr du

1 1
<an [ [ lerllguton . drdi=lglng.

Hence, |Hgu| C Hgn. O

Forany 0 <s <t <1, and u € [0, 1] we set

t
Ss.r(u) ::/ éru, v)dv. (4.10)
The following is the main result of this section.

Theorem 4.2. Consider the stochastic process X; = f(; us(SSSH where the inte-
grand u satisfy the following conditions for some q > 12__HH and p > 1 such that

L+2<H(p+1):

(Hy) ueD>2(L*([0. 1])):;
(F2) Jo Jo TE(Drus|P)+E Dy Duglli3y ) +EI D D Dus| Iy, g )1 ds di <

OO7
(H3) 3 E(u,|~P@tD/P=Dydr < oo,

Then the process {X;,t € [0, 1]} admits a square integrable occupation density on
[0, 1].

Proof. We are going to show conditions (a), (b) and (c) of Theorem 2.1.

Before, we note that by Es-Sebaiy et al. (2010), there exists a function
y 1[0, 1] — {—1, 1} such that y,;u; = |u,]|.

Proof of condition (a): Fix 0 <s <t < 1. From (2.5), we obtain

t
D(X; —Xs)=u1[s,t]+/ Du, 88!,
N
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and we can write

(¥ D(X; — X;), 1[5,t]>HSH = (Jul 15,0, l[s,t])HSH

, “4.11)
+<y/ DurSSr[-I,l[SJ]>
s

HSH

We first study the term

t t t
s Vsl = [ [ ualon . prdardp = [ fual fost@) do
N N N

For any g > 1, we have (see Bojdecki, Gorostiza and Talarczyk, 2004)

E(sH — sH)? = /t for(@)da

! 1 —q/(g+1
= [ (el @) gl (@)™ @) der
s
and using Holder’s inequality with order "qil and g + 1, we obtain

E(s/" - s/)?

(4.12)
t q/(g+1) t 1/(g+1)
< ( / |ua|fs,z<oz>da) ( [l fs,t(oz)da) .
A S
Hence,
1
fur) < HQH — 1) / o — B2 + (o + B2 2] dB
0 (4.13)
=H[1 - "'+ (1 +a)*f~ 1) <2H,
using (2.1), (4.12) and (4.13), we get
t
[ el @y da = Cle = PRz Vs, (4.14)
S

where Z, = [, |ug| ™9 da.
On the other hand, for the second summand in the right-hand side of (4.11) we
can write, using Holder’s inequality
1
<
0

t
‘<)// DM,»5S,{_1,1[S’;]>
K H
1
5(/ Frt(@)P/ P~V do
0

<(f

fsi(@)da

t
/ Dyu, 88
N

sH

(p=D/p
) (4.15)

t p 1/p
/ Dyu,88H da) :
N
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We can write

1 (r=1/p
(/ fSJ(a)P/(p—l) da)
0

t
/[|- BIH=2 | 4 p12H-2]ap

= O[H
Lp/(p=D
(4.16)
<ay BIPH2 4
Lp/(p=1)
2H-2
< OlH||1[s,z] - L1101l pso-n my-

Young’s inequality with exponents a and b in (1, co) such that 2—1 + % =2-1

. p
yields
.0 - PP 10l po-n g
2:[ p2 ® 4.17)
= ||1[s,t]||L“(]R)||| 0 ey
Choosing b < 5—4 2H and letting n = - <2H — ; we obtain from (4.15)—(4.17)
t
Ky/ Du, 551, 1M>
K HSH
(4.18)

p 1/p
doz) .
Now we will apply Garsia—Rodemich—Ramsey’s lemma (see Garsia, Rodemich

and Rumsey, 1970/1971) with ¢ (x) = x?, p(x) = x"+2/P and to the continuous
function u; = [5 Dau,SSrH and (Alos and Nualart, 2003, Theorem 5), we get

UL [ Dou,8SH|P
/Dur(SS <Clr — s|mf/ |f L Dattr05, 17 )

y|m+2
Asa consequence
t H p
/ Dyu, 85,
)

|

V1] DoursSHP
mp—/// x—y |m+2 dxdyda.

Substituting (4.19) into (4.18) yields

’< / Dl/lrSS s;]>
H

S

1
§C|t—s|”<
0

1/p
da) <Clt—s"Py,/P, (4.19)

where

<Clt—s|"m/ry, /D, (4.20)



Occupation densities for certain processes related to subfractional Brownian motion 743

and from (4.14) and (4.20) into (4.11), we get
(yD(X; — Xys), 1[”]>HSH > |t — s|2H(q+l)/qu—1/q —Clt — s|n+m/PYr1l{£

2H 1 —1 Syl
= |t — st Vla(z 0 — Cle = s°Y,/7),

where § =n + % —2H — ZTH. With a right choice of 1 the exponent § is positive,

provide that m + % —2H — ZTH > 0, because n < 2H — %. Taking account that

% < 1 — H, it suffices that

1
m>—+1—H. 4.21)
q

We construct now the sequence {F,,n > 1}. Fix a natural number n > 2, and
choose a function ¢, (x), which is infinitely differentiable with compact support,
such that ¢, (x) =1 if |[x|] <n — 1, and ¢, (x) = 0 if |x| > n. Set F,, = ¢,(G),
where G = Z; + Yy, p. Then clearly the sequences «;, and §, required in Theo-
rem 2.1 can be constructed on the set {F;, # 0}, with =2H + 2711.

It only remains to show that the random variables F;, are in the space D!, For
this we have to show that the random variables | DZ |3 , and || DY, pll3 , are
N ’ N
integrable on the set {G < n}. First notice that, as in the proof of Proposition 4.1 of
Imkeller and Nualart (1994), we can show that E(||DZ, ”7"s ) < oo. This follows
from the integrability conditions (H3) and

1
| BDu, ) di < co. (422)

which holds of (H3), the continuous embedding of LYH([0,1]) into Heu (see
Lemma 4.1), and the fact that p H > 1. On the other hand, we can write

1 1 1
DYpp=p fo /0 /O Ecy.al? " sign(Ex.y.a) Dx yalx — y| "2 dx dy da,
where &, y.o = [ Dou,8S! . Thus

”DYm,p”HSH

1 1 1
<p [ [ sl IDEallgy v =12 dx dy de

1 o1 ol 1/p
Sp(Ym,p)(p_l)/p(‘/(; /0 /0 IIDSX,y,a”%SHu—yl_m_zdxdyda> .

Now, to show that l(an)HDYm,pHHSH belong to L!(), it suffices to show that
the random variable

1 p1 pl
= p _yy|mm=2
Y_/O /0 [) ”sz*y’o‘”HSHu V| dxdyda
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has a finite expectation. Since, forany 0 <y <x <1
X
D&y yoq =11y x)Dgut+ | DDyussSH,
)7

we have

1 pl pl
p oy |—m=2
YSC(/O/O/O||1[y’x]Dau||HsH|x vl dxdyda
1 pl pl
gy
0 Jo JO

=C(Y1+ ).

Ix —y| ™™ 2dxdy doz)

x p
/ DDquy8SH
y 'HSH

From the continuous embedding of LYH ([0, 1]) into H gH, we obtain

1 I pl
p _yy|mm=2
Yl SC_/O. /() /(; ||1[y,x]Da””L1/H([0’1])|x yl dXdyda

1 1 1 x
sc|x—y|PH—1f0/0/0/ | Doty |P|x — y| ™2 dx dy da.
y

Hence, E(Y;) < oo, by Fubini’s theorem (Imkeller and Nualart, 1994, Proposi-
tion 3.1) and condition (H>), provided

m< pH —1. (4.23)

On the other hand, using the estimate (2.3), and again the continuous embedding
of L'/H ([0, 1]) into Hgu yields

)

HSH

]E<
< CE(|Da Du-1iy 11O ez + | Da DDutd1y 1 ()| 3)
S

®3
HSH

X
/ DDqus3SH
y

5 CE(” |D°‘Du'|1[y’x](.)H{'/H([O,l],’}-[SH)

+ ”|D“DD”’|1U"X1(')”il/H([o,u,H?fn)

X
< Clx =11 ( [ E(1DuDu 1, ) dr
y

X
+ E|||DaDDur|||;®2).
y sH

As before we obtain [E(Y>) < 0o by Fubini’s theorem and condition (H>), provided
(4.23) holds. Notice that condition % +2 < H(p + 1) implies that we can choose
an m such that (4.21) and (4.23) hold.
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Proof of condition (b): Define A, = {G < n}. Then condition (b) in Theorem 2.1
follows from

[ B DFn trag i =177 drds
=€ [ B(1a, (DG Lsbugy It =51 dr ds

< CE(1,4, ||DG||HsH)/T|t—s|H_9 dt ds,

since CIE(IAn||DG||HSH) <oocand — H=H+ 27H < 1.
Proof of condition (c): We have

t
Do Dg(Xy — Xg) = 115,1(B) Dattp + 115,11 (ct) Dgue + / DaDptr5;".
N
Hence,
o 2
(y®*DD(X, — Xy), 1%,1])7—[?’5

®2 ®2
+ (e @) Dptar 1o

t
+<y®2/ DaD,gurSSrHal([%,zt]> 2
i H

SH
=Ji(s, 1) + Jo(s, 1) + J3(s, ).
Fori=1,2,3, weset A; =E(F, [; |t — s|_2‘9J,~(s, t)dtds). Let us compute first

2H-20
Av=C [ [ 1= sPHB (1 Datg 1y (B) |3 ) ds dr

2H-20
= C/;‘\/T |t —Sl E(“|Dauﬁ1[s,t](/3)‘”Hﬁé)dsd[

~cf [ —s|2H29([[go(ﬂ,wdﬂdy)]/zdsdz,

1 1
o(B.y) = fo /0 E(| Dattp|| Dyity | (er. )¢/ (B ¥)) det .

where

with ¢’ (B, y) = agly — ,B|2H_2. By Fubini’s theorem A < oo, because 2H —
26 > —2, which is equivalent to ¢ > H, and

t t
[ [ e@.x1dpdy <E(IDuller)



746 1. Mendy and 1. Dakaou

and this is finite because of the inclusion of L2([0, 1]) in X pH (see Nualart, 2006).
In the same way, we can show that Ay < co. Finally,

t
As :E(F,,/ It —s|~% <y®2/ DaDﬂurasﬁ,1§’2,1> ‘dtds)
T s ’ 7—[?}2]

sf |z—s|2H—29E( >dtds,
T Hf’fl

and we conclude as before by using for example the bound (2.3) for the norm of
the Skorohod integral and the condition (H>). Il

t
/ Dy Dgu, S}
N
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