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Genetic recombination is one of the most important mechanisms that
can generate and maintain diversity, and recombination information plays an
important role in population genetic studies. However, the phenomenon of re-
combination is extremely complex, and hence simulation methods are indis-
pensable in the statistical inference of recombination. So far there are mainly
two classes of simulation models practically in wide use: back-in-time mod-
els and spatially moving models. However, the statistical properties shared by
the two classes of simulation models have not yet been theoretically studied.
Based on our joint research with CAS-MPG Partner Institute for Computa-
tional Biology and with Beijing Jiaotong University, in this paper we provide
for the first time a rigorous argument that the statistical properties of the two
classes of simulation models are identical. That is, they share the same proba-
bility distribution on the space of ancestral recombination graphs (ARGs). As
a consequence, our study provides a unified interpretation for the algorithms
of simulating coalescent with recombination, and will facilitate the study of
statistical inference on recombination.

1. Introduction. Genetic recombination is an important mechanism which
generates and maintains diversity. It is one of the main sources providing new
genetic materials that allow nature selection to carry on. In various population ge-
netic studies, such as DNA sequencing, disease study, population history study,
etc., recombination information plays an important role. On the other hand, re-
combination adds much more complexity and makes statistical inference of some
evolutionary parameters more difficult. In the last two decades, some simulation
models generating graphs, called ancestral recombination graphs (ARGs), based
on coalescent processes have been developed to study recombination. However,
none of the existing simulation models is perfect and each has its own advantages
and disadvantages.

Historically, a model generating the genealogical relationship between k sam-
pled sequences from a population with constant size without recombination was
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first described by Watterson (cf. [17]), and further developed into the theory of the
coalescent by Kingman (cf. [12, 13]). A model describing the evolution of infinite-
site sequences subject to both coalescence and recombination in a population was
first introduced by Hudson (cf. [10]). In his setup, a combined coalescent and re-
combination process is followed back in time until all nucleotide positions in the
extant sequence have one common ancestral nucleotide. The resulting structure is
no longer a tree but a graph, which was later named as ARG by Griffiths and Mar-
joram, who gave in [8] more details on ARG and embedded ARG in a birth—death
process with exponentially distributed and independent waiting times for coales-
cent and recombination events. The ARG described by Griffiths and Marjoram
is simple but in many cases unnecessarily time consuming to simulate. Because
an “ancestral” sequence in the birth—death process may have no genetic material
in common with a sequence descended from it. Adjusting the above shortcom-
ing, Hudson proposed a more efficient algorithm ms (cf. [11]) which is now a
commonly used computer program to simulate coalescence. Hudson’s program
generates ARG back in time from the present. Due to the Markov property of the
process, the algorithm is computationally straightforward and simple. But it is not
possible to reduce the computation further, and it is hard to approximate the com-
putation. On the other hand, Wiuf and Hein proposed an alternative algorithm that
moves along the sequencs and modifies the genealogy as recombination break-
points are encountered (cf. [18]). It begins with a coalescent tree at the left end
of the sequence, and adds more different local trees gradually along the sequence,
which form part of the ARG. The algorithm terminates at the right end of the se-
quence when the full ARG is determined. Wiuf and Hein’s algorithm will produce
some redundant branches in ARG. Its performance is not so good in comparison
with ms. But the spatially moving program is easier to approximate. Based on the
idea of constructing ARG along sequences, there have been some approximation
algorithms, such as SMC, SMC’, and MaCS (cf. [1, 14, 15]). Wiuf and Hein’s
spatial approach of simulating genealogies along a sequence has a complex non-
Markovian structure in that the distribution of the next genealogy depends not just
on the current genealogy, but also on all previous ones. Therefore, the mathemati-
cal formulation of spatial algorithm is cumbersome, and up to date all the compar-
isons and discussions between spatial algorithms and ms (back-in-time algorithm)
are based on simulation studies. There is no rigorous argument showing that the
ARG generated by a spatial algorithm can share the same probability distribution
as the ARG generated by a back-in-time algorithm.

In our recent joint research with scientists in computational biology, we pro-
posed a new model describing coalescent with recombination, and developed a
new algorithm based on this new model. Our algorithm is also a spatial algorithm.
But we have improved Wiuf and Hein’s program in that our algorithm does not
produce any redundant branches which are inevitable in Wiuf and Hein’s algo-
rithm. In generating ARGs, our algorithm has comparable performance with the
algorithm ms. In addition, our method can generate ARGs that are consistent with
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the sample directly. Moreover, we can show that the existing approximation meth-
ods (SMC, SMC’, MaCS) are all special cases of our algorithm. For details, see
our joint paper [16].

In this paper, we further study the statistical properties of our new model. In
particular, we prove rigorously that the statistical properties of the ARG gener-
ated by our spatially moving model and that generated by a back-in-time model
are identical, that is, they share the same probability distribution on the space of
ARGs (cf. Theorem 8 below). Since the existing approximations by spatial meth-
ods (SMC, SMC’, MaCS) are all special cases of our algorithm, consequently our
study provides a unified interpretation for the algorithms of simulating coalescent
with recombination, and will facilitate the study of statistical inference of recom-
bination.

The remainder of this paper is organized as follows. As a necessary prepara-
tion, in Section 2 we investigate in detail the back-in-time model. In Section 2.1,
we describe briefly a typical back-in-time model for simulating coalescent pro-
cesses with recombination. Then we study the state space of the Markov jump
process behind the model. In Section 2.2, we construct a Markov jump process
corresponding to the typical back-in-time algorithm. In Section 2.3, we show that
with probability one, a path of the Markov jump process constitutes an ARG. We
then explore some properties of the space G of ARGs. It is worth pointing out
that although Section 2 is a necessary preparation, indeed our investigation is new
and the results obtained in this section have interests by their own. In particu-
lar, we believe that the probabilistic ARG space (G, B(G), P) obtained in The-
orem 1 will be very useful elsewhere. In Section 3, we present our main results
on the spatially moving model. In Section 3.1, we define and study a random se-
quence {(S;, Z",i >0} on the probabilistic ARG space (G, B(G), P), which is
important for modeling our spatial algorithm. We first define the random sequence
{(S;, Z"),i >0} and study its measurable structure. We then discuss and derive the
distributions of S; and Z’. The derivations of the successive conditional distribu-
tions of the involved random variables are very complicated. Some cumbersome
derivations are moved to the supplementary article [4]. In Section 3.2, we describe
our model of spatially moving algorithm and study its statistical property. We first
briefly describe the algorithm SC (Sequence Coalescence simulator) of our spatial
model. Afterward, we give some explanation of the algorithm. Finally, we reach
the main goal of the paper. We show that the statistical property of the ARG gen-
erated by our spatially moving model recently proposed in [16] is identical with
the one generated by the typical back-in-time model discussed in Section 2, that
is, they share the same probability distribution on the ARG space (see Theorem 8).
In Section 4, we present the proofs of the main results along with some technical
lemmas. To reduce the length of the paper, the proofs of the results in Section 2
as well as part of the results in Section 3 are moved to the supplementary arti-
cle [4].
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2. Preparation: Investigation on the back-in-time model.

2.1. State space of back-in-time model. We start our discussion by describing
the state space of the Markov jump process behind the model of a typical back-
in-time algorithm. Following Griffiths and Marjoram (cf. [7, 8]), in our model
a gene or a DNA sequence is represented by the unit interval [0, 1). The model
is derived from a discrete Wright-Fisher model in which, when looking back in
time, children in a generation choose one parent with probability 1 — r, or two
parents with probability r; the latter means that a recombination event occurs. If
recombination occurs, a position S for the breakpoint is chosen (independent from
other breakpoints) according to a given distribution, and the child gene is formed
with the gene segments [0, §) from the first parent and [S, 1) from the second
parent. A continuous time model is obtained by first fixing the population size 2N,
and then letting N, — oo. Time is measured in units of 2N, and the recombination
rate per gene per generation r is scaled by holding p = 4 N,r fixed. The limit model
is a continuous time Markov process with state space described as below.

Let Py be the collection of all the subsets of {1, 2, ..., N}. We endow Py with
the discrete metric which will be denoted by d,,. Throughout this paper, we shall fix
N and shall hence simply write P for Py. We denote by Sjo,1)(P) the family of all
the P-valued right continuous piecewise constant functions on [0, 1) with at most
finitely many discontinuity points. An element f* € Sjo,1)(P) may be expressed as
=X f@a g a,) WithO=ag <ay <--- < amu < am+1 = 1, which means
that f takes value f(a;) € P on the semiclosed interval [a;, a;11) for each i.

DEFINITION 1. A finite subset x = {f1, f2, ..., fi} of Sjo,1)(P) is said to be
a state, and is denoted by x € E, if and only if {f;(s): f;(s) #@,j=1,2,...,k}
form a partition of {1,2,..., N} for each s € [0, 1), and f; # & for each j =
1,2,...,k.

The totality E of all the states will serve as a state space of the Markov process
behind our algorithm. The process takes values in E, starts at the present and traces
back in time. At the present time X (0) = @, here

2.1) @w:=(ht,hy,...,hyN) with hj = {j}1o,1) foreach j =1,2,..., N,

representing that the algorithm starts from N sample lineages of DNA sequences.
Starting from the present and looking back in time, if X(¥) = x with x =
(f1, f2,--., fr) € E, then it represents that at time point ¢, there are k ancestral lin-
eages (i.e., there are k lineages which carry the ancestral materials of the samples);
if f; € X(¢) is expressed as f; = szzo fit@i)lig; a;. 1), then, fori =1,2,...,m,
on the loci located in the interval [a;, a;+1), the jth lineage carries ancestral mate-
rials of the sample sequences f;(a;). The k ancestral lineages are kept unchanged
until coalescence or recombination event happens. When a coalescence event hap-
pens, the algorithm chooses two lineages randomly from the k lineages and merges
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them into one lineage. When a recombination event happens, it draws a lineage
randomly from the k lineages and splits it into two lineages with breakpoint s,
whereas the breakpoint s € (0, 1) is chosen according to a given distribution. The
waiting times between two events are designed to be exponentially distributed with
parameters depending on the current states. The algorithm starts at the present and
performs back in time generating successive waiting times together with recombi-
nation or coalescence events. In Griffiths and Marjoram’s program, the algorithm
will repeat the above procedure until there is only one ancestral lineage, that is,
until the GMRCA (grand most recent common ancestor) is found. To avoid re-
dundant computation, ms algorithm has improved the above procedure in some
aspects. In particular, ms respects the following two rules.

(R1) When the N samples have already found common ancestry in [0, u), the
algorithm will not perform any recombination event with breakpoint located in
[0, u).

(R2) A locus u in the sequence of a lineage can be chosen as a breakpoint only
if both [0, ) and [u, 1) carry ancestral materials of the samples.

In this paper, we shall refer the algorithm with the above two rules as a typical
back-in-time algorithm. (Remark: A minor difference between ms and our typical
back-in-time algorithm is that in the above rule (R1), ms will respect common
ancestry in [a, u) for any 0 < a < u, while we respect only common ancestry in
[a, u) with a = 0.) Since in the infinite allele model mutation is independent of
the coalescent process with recombination, in our model we shall temporarily not
consider mutation.

Below we shall show that £ equipped with a suitable metric d is a locally com-
pact separable space, which is crucial and very convenient for our further discus-
sion.

Letx ={f1, f2,..., fx} € E. We say that s € (0, 1) is a breakpoint of x, if there
exist at least one f; € x such that f; is discontinuous at s. Suppose that a; < a; <
.-+ < ap, are the different breakpoints of x. We make the convention that ag =0
and a,,11 = 1, then each f; € x may be expressed as f; ="/ fj (@) 14 a;,1)-
We define

(2.2) do(x) = min (aj+1 — a;).
0<i<m

For m > 0, we set

(2.3) Vi = {x € E : x has exactly m different breakpoints}
and
2.4) V= {x € V,, :all the breakpoints of x are rational numbers}.

Let |x| be the number of elements in x. We set

2.5) Up={x€E:|x| =k}
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PROPOSITION 1. (i) For f, h € Sj0,1)(P), we define

1
d(f.h) = /0 dy(f(s), h(s))ds,

then dy, is a metric on Sjo,1)(P).
(i1) Let x,y € E. Suppose that x ={f1,..., fx} € Viw N U and y = {hy, ...,
hi} € V, N U, we define

(2:6) d(x.y) =max{ max di(fi. y), max di(hj.x0) + k=1 + m = n]
=I= =J=
[dr(fi, y) stands for the distance from f; to the set y), then d is a metric on E.

The proof of Proposition 1 is presented in Section A.1 of the supplemental arti-
cle [4].

For our purpose, we shall sometimes put the functions of a state x € E in
a parentheses to indicate that they have been well ranked in a specific order.
More precisely, we may sometimes write x = (f1, f2, ..., fx), which means that
(f1, f2, .-, fx) have been ranked in such a way that if i < j, then either

2.7) min{s: f;(s) # @} <min{s: f;(s) # &}
or, in case that min{s : f; (s) # I} =min{s: f;(s) # I} =: §,
(2.8) min f; (S) < min f;(S).

Note that with the above specific order, the subscript “;” of an element f; € x is
uniquely determined.
The proposition below explores the neighborhood of a state x € E.

PROPOSITION 2. Letx =(f1, fo,..., fx) EVmNUranday <az <--- < ap
be the different breakpoints of x.

(i) Suppose that y € E satisfies d(y,x) <1, theny € V,, N Ug.

(i1) Suppose that y = (h1, ha, ..., hy) € E satisfies d(y,x) <& < 37 dy(x). Let
by < by < --- < by, be the different breakpoints of y. Then |b; — a;| < € for all
1 <i < m. Moreover, for each 1 < j <k, it holds that d; (h;, fj) =dp(hj,x) =
dr(y, fj),and hj € y can be expressed as

m
(2.9) hj =ij(ai)1[b,«,b,-+l)-
i=0
(iii) For any o > O with o < 37y (x), there exists an element y € V. such that
d(y,x) <a.

The proof of Proposition 2 is presented in Section A.2 of the supplemental arti-
cle [4].

Employing the above proposition, we can check the following topological prop-
erties of E.
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PROPOSITION 3. (i) For eachm > 0and k > 1, V,, N Uy is an isolated subset
of E, that is, V,;, N\ Uy is both open and closed in E.
(i) E is a locally compact separable metric space.

Proposition 3 is proved in Section A.2 of the supplemental article [4].

2.2. Markov jump process. In this subsection, we shall construct a Markov
jump process describing the typical back-in-time algorithm. To formulate a rigor-
ous mathematical model, we need to introduce some operations on Sjo,1)(P) and
on E corresponding to the algorithm.

Let f, h € S[0,1)(P). We define

(f Vh)(s) = f(s)Uh(s).

For u € (0, 1), we define

W=y . | S ifs <u,
7= {@, ifs>u,
) on . |9 ifs <u,
e '_{f(s), if s >u.

Then f Vv h, f@) and f@“1) are all elements of Sio,1(P).
For a state x = (f1, f2,..., fr) € E, we set

bi(x) =influ: fi(u) #{1,2,...,N}},
bi(x) = influ: fij(u) # o} V2<i<k
and
ei(x)=influ: fi(s) =@, Vs € (u, D} A 1 V1 <i<k.
We define for 1 <i <k and u € (b; (x), e¢; (x)),

(2.10) Riu(x):{fj:j#i}U{fi(”_),fi(”ﬂ},

which indicates that a recombination event happens on the lineage f; with break-
point u. Note that the definitions of b; and e; ensure that the algorithm respects
the above mentioned rule (R2). Moreover, the definition of b, which is different
from the other b;, and the ranking rule specified by (2.7) and (2.8) ensure that the
algorithm respects the rule (R1). Further, we define for 1 <i; <i» <k,

(2.11) Ciriv(xX)={fi:l#i1, 2} U{fi, V fi},

which denotes the coalescence of the lineages f;, and f;,.

We can now construct a Markov jump process {X (¢)} as a rigorous mathemat-
ical model for our typical back-in-time algorithm. In what follows for any metric
space E, we shall write B(FE) for the Borel subsets of E.
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We define g(x, A) for x € E and A € B(E) as follows:
|x|

2.12) qx, A= Y 14(Cipin(0)) + g Z/el(x) p(s)1a(Ris(x))ds,
L<iy<iz<lx| i=17bi()
if |x| > 2, and

qgx,A):=0 if |x] =1,
where 4 is the indicator function of A, p(s) is the density function of a given

distribution on (0, 1), and p is a positive constant corresponding to a given recom-
bination rate. Further, we define ¢ (x) for x € E by setting

(2.13) q(x):=q(x, E).

For the terminologies involved in the proposition below, we refer to Defini-
tion 1.9 of [2].

PROPOSITION 4. (g(x),q(x, A)) defined by (2.13) and (2.12) is a g-pair
in the sense that for each x € E, q(x,-) is a measure on B(E),q(x,{x}) =
0,g(x, E) <g(x);andforeach A € B(E), q(-) and q(-, A) are B(E)-measurable.
Moreover, (q(x), q(x, A)) is totally stable in the sense that 0 < g(x) < oo for all
x € E, and is conservative in the sense that q(x) = q(x, E) forall x € E.

The proof of Proposition 4 is presented in Section A.3 of the supplemental arti-
cle [4].

By virtue of Proposition 4 and making use of the theory of g-processes we
obtain the following proposition.

PROPOSITION 5. Given any initial distribution u on B(E), there exists a
q-process {X (t),t > 0} corresponding to the g-pair (q(x), q(x, A)), in the sense
that {X (t)} is a time homogeneous Markov jump process satisfying: (i) P{X(0)
A} = u(A); (ii) the transition probability of its embedded Markov chain is given
by
q(x,A)

q(x)
(iii) the waiting time of its jump given X (t) = x is exponentially distributed with
parameter q(x).

(2.14) [T(x, A) = Iig(x)£0) + Iig0)=0y1a(x);

The proof of Proposition 5 is presented in Section A.4 of the supplemental arti-
cle [4].
Define

(2.15) A:={f}  with f={1,2,..., N}y

Note that A is the only element in U := {x € E:|x| = 1}, and hence is the only
absorbing state in E satisfying g(x, E) =0.
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PROPOSITION 6. The transition semigroup of the g-process specified by
Proposition 5 is unique. Moreover, the process will almost surely arrive at the
absorbing state A in at most finitely many jumps.

The proof of Proposition 6 is presented in Section A.5 of the supplemental arti-
cle [4].

2.3. ARG space G. Let{X(t),t > 0} be the Markov jump process constructed
in Proposition 5 with initial distribution 8., where @ is specified by (2.1). As-
sume that {X (¢)} is defined on some probability space (€2, F, P). Then for each
w € R, X(-)(w) is an element in S|, ) (E), where S|, o) (E) denotes the family of
all the E-valued right continuous piecewise constant functions on [0, co) with at
most finitely many discontinuity points. Note that not all elements g € S0, 00)(E)
can be regarded as an ARG generated by the back-in-time algorithm. Indeed, if
g € 8j0,00)(E) represents an ARG, then g = {g(#),t > 0} should satisfy the fol-
lowing two intuitive requirements. (i) g(0) = @ and if g(¢) # g(¢—), then g(¢) is
generated by a coalescent event or a recombination event from the state g(r—) € E.
(ii) Along the path {g(¢), t > 0}, recombination events will not happen more than
once in any locus s € (0, 1). Below we shall prove that with probability one,
{X(¢),t = 0} satisfies the above two requirements, and hence represents an ARG.
To state our result rigorously, we introduce some notation first.

For a state x = (f1, ..., fr) € E with |x| > 2, we set

E.={Ci, iy(x): 1 <ij <ip < x|}
(2.16)
U{Ris(x):1 <i <|x|,s € (bi(x),ei(x))}.
For notational convenience, we shall also write x = E if x € E with |[x| =1. We
define a function i/ : E x E — (0, 1) U {—1} by setting

(x,y) > Ux,y)

(2.17) . . .
u, if there exists a unique u € (0, 1)
= such that y = R;, (x) for some 1 <i <k;
-1, else.

We set for g € Sp,00)(E),
(2.18) 1 =0, T =T,(g) =inf{t > 1,1:8(1) # g(tu—1)}  Vn=>1,

with the convention that inf @ = oo and g(co) = A. For the sake of convenience,
we shall write U, (g) :=U(g(t,—1), g(t,)). We define

(219) G :={g € S0,00)(E):g(10) =@ and g(ty) € Eg(r, ,) foralln > 1}
and
(220) G:={ge G :Uy(g) #U;(g) for all n # j whenever U;(g) € (0, 1)}.

It is easy to see that if g € G, then g satisfies the above two intuitive requirements.
We shall call G the ARG space.
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PROPOSITION 7. There exists Qo € F with P(29) = 1, such that for all w €
Qp, we have X (-)(w) € G.

The proof of Proposition 7 is presented in Section A.6 of the supplemental arti-
cle [4].

Note that the ARG space G specified by (2.20) is a subset of the E-valued Sko-
rohod space Dg[0, o). We are going to show that G equipped with the Skorohod
topology is a locally compact separable metric space.

We first introduce some terminologies and notation. For g € G, we set
y(g) = inf{n:71,41(g) = oo} where 7,(g) is defined by (2.18). Let Bp(g) :=
Bp(g(70), g(t1), ..., &(1y(g))) be the collection of all the breakpoints on g. Then
Bp(g) consists of at most finitely many points of (0, 1). Moreover, by (2.20) the
points of Bp(g) are all different from each other. Denote by |Bp(g)| the number
of points contained in Bp(g). We define S; := S;(g) to be the ith order statis-
tic of Bp(g). That is, Bp(g) = {81, 82, ..., SBp(g)} and S; < S; 41 for all i. For
convenience, we make the convention that So =0 and S; = 1 for i > |Bp(g)|.
Suppose that |Bp(g)| = m and g(t) = {f1, f2,..., flg))} € E, we define an
(m + 1)-dimensional P-valued vector for each f; € g(¢) by setting &;(g(?)) :=
(f5(S0). £7(S1), ... £ (Sw)). Further, we write G(g(1) = {6;(g(1):1 < j <
|g(?)|}. It is clear that G(g(¢)) = G(g(t,)) when 1, <t < 1,41 for all n. In what
follows, we set do(g) = ming<;<|Bp(g)|(Si+1(g) — Si(g)).

For the convenience of the reader, we recall the definition of the Skorohod met-
ric ds on Dg[0, 00) (cf. [6]).

Let A be the collection of Lipschitz continuous and strictly increasing func-
tions A such that «(A) := sup,.,~|log WI < oo. For g1, g2 € Dg[0, 00),
the Skorohod metric dg is defined as

o
221) ds(g1, g2) = inf [m) v e‘“d(gl,gz,x,u)du],
rEA 0
where

d(g1, g2, A, u) =supd(g1(t Au), g2(A(2) Au)) AL

t>0

The proposition below plays an important role in our further study.

PROPOSITION 8. Let g1, go € G. Suppose that
(2.22) ds (g1, 80) <37 do(go)e 2w &),

Then the following assertions hold:

(1) y(gn =y(go).
(i) |Bp(g)|=|Bp(g0)| and &(g(ty)) = S(go(ty)) for all 1 <n <y (go).
(iil) d(g1(tn), g0(Tn)) < >V dg(g;, g0) < 3~ 'do(go) for all 1 <n <
v (80).
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Proposition 8 is proved in Section A.7 of the supplemental article [4].

PROPOSITION 9. (i) Let {g;,l > 1} C G and gy € G. Then lim;_, » ds(g;,
go) =0 if and only if S;(g1) — Si(go) foralli > 1, t,(g;) = 1,(g0) foralln > 1,
and there exists lo such that for all | > ly the assertions of Proposition 8(1)—(iii)
hold.

(i) G equipped with the Skorohod metric ds is a locally compact separable
metric space.

The proof of Proposition 9 is presented in Section A.8 of the supplemental arti-
cle [4].

Note that G can be regarded as the collection of all the ARGs generated by the
back-in-time algorithm. We denote by B(G) the Borel sets of G.

THEOREM 1. Let P be the probability distribution on (G, B(G)) generated by
the typical back-in-time algorithm, and denote by {X (t), t > 0} the coordinate pro-

cesson G.Then {X(t),t > 0} is an E-valued Markov jump process corresponding
to the g-pair (2.12)—(2.13).

PROOF. Since on the Skorohod space the Borel o -field coincides with the o -
field generated by its coordinate process (cf., e.g., [6]), the theorem follows directly
from Propositions 7 and 9(ii). [

Before concluding this subsection, we explore some properties of Bp(g) and
G(g(2)) as stated in Proposition 10 below, which will play an important role in our
further discussion.

Below we denote by P! the totality of (m + 1)-dimensional P-valued vec-
tors. For Z = (20,21, ..., 2m) € P"T!, we define 7;(Z) = z; for 0 < j < m.
For @ = (a, ai, ...,am) € P and b = (bo, b1, ..., by) € P"*!, we define
a Vv b e P"t! by setting mj(@v b)=ajUb;. Further, for 1 < j <m, we define
(@)~ e P™*! by setting 7;((@)/ ") = a; fori < j and 7; ((a)/~) = @ fori > j,
define (@)’ € P! by setting 7; ((a)/+) = @ for i < j and 7;((@)/ ) = a; for
i > j. We say that a vector Z € Pl s null, if JTJ-(Z) =gforall0<j<m.

PROPOSITION 10. For g € G with |Bp(g)| =m and y(g) = y, we denote
by S; = Si(g) the ith order statistic of Bp(g) for 1 <i <m, and write &(t) for
G (g(t)). Then the following assertions hold.:

() For all t, &(t) is a finite subset of P! such that {m;(Z):7 € 6(t), 7 (Z) #
@} form a partition of {1,2, ..., N} for each 0 <i < m. Moreover, any 7 € &(t) is
not null.

(ii) There exist {1,: 1 <n <y} witht):=0<11 <72 <--- <T) <O00:=Ty4|
such that S(t,) #£ S(ty+1) and &(t) = &(t,) when t € [T, Ty41) forall 0 <n <
Y.
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(iii) For 1 <n <y, ifwe write (t,—1) = {21, 22 . . ., 2k}. Then either &(z,) =
{leli;é Ji, 2} U {Zj, V Zj,} for some 1 < ji1 < jop <k, or S(t,) ={z;:1 # j} U
{Z))' 7, @) ") for some 1 < j <k and some 1 <i <m.

(iv) For each 1 <i < m, there exists T,(;) € {11, T2, ..., Ty} at which S; appears
in the following sense: if we write S(tyi)—1) = {Z1,22, - .., 2k}, then &(T,()) =
Ziil # jYU{E)' ™, @)Y for some Zj € S(tyiy—1) satisfying mi—1(Z;) =
;i (Z j) # @. Moreover, the time point 1,y at which S; appears is unique.

(V) Fort € [Ty, Tay1), if we write S(t,) = {21, 22, . - - , 2k} and make the conven-
tion that So = 0 and S;,+1 = 1, then g(t) is expressed as g(t) = {f1, f2, ..., fx}
with fj =Y om(Z) s, s,,,) for each 1 < j <k.

PROOF. All the assertions can be checked directly by the definition of Bp(g)
and G(g(?)), as well as Definition 1, (2.19) and (2.20), we leave the details to the
reader. [J

3. Main results: Spatially moving model.

3.1. Random sequence {(S;, ZH,i >0}. Let (G, B(G), P) be the probability
space specified in Theorem 1. In this subsection, we shall define a sequence of
random variables {(S;, Z'),i > 0} on (G, B(G), P) and derive their distributions,
which will be used to model our spatial algorithm.

3.1.1. Definition and structure of {(S;, Z",i > 0}. In Section 2.3, we have
defined S; := §;(g) to be the ith order statistic of Bp(g). With the convention that
So=0and S; =1 for i > |Bp(g)|, by Proposition 9 we see that {S;,i > 0} is a
sequence of continuous mappings from G to [0, 1]. In what follows, we define the
random sequence {Z i >0}

Below for Z = (20,21, ...,2m) € P™t and 0 <i < m, we write 710.i1(2) =
(z0,...,zi). For a subset A C P"*t! we write 700,11 (A) = {m0.i1(a):a €
A, n[o,,-](a) is not null in Pi+1} for i < m, and make the convention that
n[’f),i](A) =Afori>m.Let g € G.Fori =0, we define

(3.1) =0, Z°():=Z"0)(g) =} (S(g(®))).
For 1 <i <|Bp(g)|, we set
(32) =@ =m@)),

where 7; (Z ;) 1s specified in Proposition 10(iv), that is, & ! is the type set involved
at the recombination at locus S; when it first becomes a breakpoint. Further, we
define

(B3) Ty =To@) =taw, Z@):=2'0)g) =mpon@)  fort>Ty,

here 7,(;) is specified in Proposition 10(iv) and Z; is the unique vector in &S(g())
satisfying 7;(z;) 2 &'. Note that the existence and uniqueness of 7Z; employed
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above is ensured by Proposition 10(i). Intuitively, Z’(¢) traces those lineages con-
taining the genotypes &' at locus S;, the ancestral materials Z; and Z ; j are objects at
different times ¢ and Tn(i)—1. respectlvely For i > |Bp(g)|, we make the conven-
tion that To =ooand Z!(t) = &, here @ denotes the null vector in P+,

For each i > 1, we define recursively for n > 1,

(3.4) T =inf{r > T’ E ZHt) £ 7 ( n 1)}
and
(3.5) & =7Z'(T,),

with the conventiqn thatqZ" (00) = Z. For convepience, we make the further
convention that Z'(t) = @ when t < T;;. Then {Z'(¢),t > 0} is uniquely deter-
mined by the (EJr x Pt valued sequence { (T,f , é,’;) :n > 0}. (Here and hence-
forth, R = [0, op].) We remind the reader that for 1 <i < |Bp.(g)|, we have
&y = (9,...,9,&") where &' was used as a label for defining Z'(¢) [cf. (3.2),

(3.3)]. Below we endow the product topology on R x pitL,

PROPOSITION 11. (i) For each i and n, (Tni, ";‘,i) is a continuous functional
from G to R x Pifl.

(ii) For each i, {Z'(t),t > 0} is a jump process on G with at most finitely many
jumps.

Proposition 11 is proved in Section A.9 of the supplemental article [4].
We now study the measurable structure of {(S;, Z"),i > 0}. Let g € G. We de-
fine for i =0,

(3.6) V(Z%1)=Z%)(g).

For 1 <i < Bp(g), we define V(2°,Z',....Z;1) .= V(Z°, 2", ..., Z!; 1)(g)
recursively by the scheme below. For ¢ < T}, define

v(z° z!, ..., Z)
(3.7) o : R -
={ze pitl :710,i-11(2) € V(ZO, VAN A 1), 7 (Z) =mi—12)};

for ¢t > T(f, define

v(z° z!, ..., 7
= (Z' 1)
(3.8) : : .
UzeP*impin@ e v(z® z!, ..., 27 )\ {mo.i—n(ZE 1)),

mi@) =mi_1@)\ &Y.
Fori > Bp(g), we define V(Z°, Z', ..., Z\: 1) = S(g(1)).



1374 X. CHEN, Z.-M. MA AND Y. WANG

PROPOSITION 12. Let V(Z°, Z',...,Z1;1) := V(Z°,Z', ..., Z!: 1)(g) be
defined as above. Then for each i > 0, we have

(3.9) V(z°,z' ... Z ) =7 4(8(g()).

Proposition 12 is proved in Section A.10 of the supplemental article [4].
Next, for s € [0, 1) and f € Sjo,1)(P), we define f* € Sjo,1)(P) by setting
fu), ifu<s,

frw) = { f(s), ifu>s.

For x ={f1, f2,..., fx} € E, we define JT[I(E)’S](X) € E by setting

(3.10) o) = {fI:1<j <k fI #£o}.

Applying Proposition 2(ii), one can check that n[g’ 5] 1s @ measurable map from
(E,B(E))to (E, B(E)). Below we shall sometimes write x° = H[Ié,s](x), and write
1= (Jr[lgvs])_l{xs} =:{ye E:y* =x"}. Let or(n[gﬁs]) be the sub o -algebra of
B(E) generated by ”[I(E),s]- Then [x*] is an atom of a(n[ﬁs]) foreach x € E.
For g € G, we define rr[%;,s](g) by setting

(3.11) 7§ @) =7 (8®) Vi >0.
PROPOSITION 13. n{g,s] is a measurable map from (G, B(G)) to (G, B(G)).

Proposition 13 is proved in Section A.11 of the supplemental article [4].

We extend the definition of nﬁ 51(8) by setting JT[g’ 51(8) = g for s > 1. Write
X5 (g) = n[g’ S](g). Then {X*, s > 0} can be viewed as a G-valued stochastic pro-
cess defined on the probability space (G, B(G), P). From Proposition 10(v), we
see that {X*} is a jump process, that is, its pathes are piecewise constant and right
continuous with left limits. Define Sy =0 and S] =inf{r > S/ | : X* # X St{fl} for
i > 1. That is, Slf is the ith jump time of {X*}. Let /* = o (X", u <s),5 >0, be
the natural filtration of {X*} and F*° =\/ 5o F*. Since for 0 < u <'s, it holds
that X% = 77[0 ] (X?), therefore, X* is o (X*) measurable. Thus, 7* = o (X*) and
{X*,s = 0} is a G-valued Markov process with respect to its natural filtration.
The proposition below shows that {(S;, Z'), i > 0} enjoys a very nice measurable
structure.

PROPOSITION 14. Fori > 1, we have

o(S1,....8: 2% 2", .. Z)=0(X%) =a (X", S1,..., Si; X5, .. X5,

Proposition 14 is proved in Section 4.1.
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3.1.2. Distribution of S;. We write m,(g) = g(t) for g € G C Dg|O0, 00).
For fixed s > 0, we write X*(#)(g) = 7:(X®(g)). It is easy to see that X*(¢) =
X@®)S = n[g’s](X (t)). Therefore, {X*(¢)(-), t > 0} is a jump process taking values
in (E*, B(E®)). Here and henceforth,

(3.12) E' i=m  (E)={x":x € E}.

Note that E* ={x e E:x = n[gis](x)}, hence E* is a Borel subset of E.
Set 75 =0 and for n > 1 define

(3.13) ) =inf{r > : X°(t) # X*(z)_))}.

n—1

Since B(G) = G N B(Dg[0,0)) =G N o{n,_l(B) :B € B(E),t > 0}, we have
that
F=0(X)=0c{X*(t):1>0}
(3.14)
=o{X*(0), 7}, X*(17), ©5, X*(13), ...}.

The proposition below is crucial for deriving the distributions of {(S;, Z%):i >
0}. Its proof is quite long and involves a study of projections of g-processes. To
avoid digression from the main topics of this paper, the proof will appear else-

where. In what follows, we always assume that yo = @ where @ was specified
by (2.1).

PROPOSITION 15. Let0<u <s <1.Forn>1and k >0, we define ©; :=
T+ 'cjb.‘_n 00s forn < j <n+k, where 05 is the time shift operator with respect
to the (F;)-stopping time 1, ((JF;)i>0 refers to the natural filtration generated by
{X(t),t > 0}). Then for B € B(RT x E)"**), we have

P{(Tf, Xs(ff), ey Tg, XS(T;), 19”4_1, Xu(ﬁn+1), ey 19”4_](, Xu(ﬁn_;_k) (S B)}

0 o
=/ dt1-~/ dtn+k/ q(yo,dy1)---
0 0 E

qu(yn_l,dyn)/Eq(n[’é,u](yn),dynH)

fEQ(ynH,dynH)~--/EQ(ynJrk—l,dynH)IB(tl,yl,---,tn+k,yn+k)

n—1 k—1
iy <<ty s k) H Tgs(yj+1) H Tge(Ynyiv1)
j=0 i=0

n—1
-exp{— S a0 ) e — 1)
i=0

k—1
- Z q(ntis [ tngier — tn+i)}-

i=0
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PROOF. See[3]. O

For x ={f1, f>,..., fx} € E, we define JTSE()C) C P by setting

(3.15) JISE()C) :={fj(s):fj(s)7é®,j:1,2,...,k}.
Note that by Definition 1, nSE(x) is a partition of {1,2,..., N}. For g € G, s €
[0, 1), we write

Bs
(3.16) T (@) =7 (¢() and Ls(g)Z/O | Ts() ()| dt,

where B, = inf{r: | X*(t)(g)| = 1}. Intuitively, {7s(¢), t > 0} is the coalescent tree
at site s, and L;(g) is the total length of the coalescent tree 7s(g) before S;.

THEOREM 2. For i > 0, the distribution of Siy1 conditioning on F5i is: for
s <1,

sV S;
P(Sit1 >s|.7:Si)=exp{—pLSi(XSi)f 2_1p(r)dr}
Si
and
1
P(si01 = 117%) =exp| L5, (x%) [ 27 pryar |.

Si

Theorem 2 is proved in Section 4.2.

3.1.3. Distribution of Z".

THEOREM 3. We have Z°(t) = To(t), and the distribution of To = {To(t),t >
0} follows that of a standard Kingman’s coalescent tree developed in [12].

Theorem 3 is proved in Section 4.3.

Below we study the distribution of Zit+l conditioning on FSiv o0 (Si4+1) for
each i > 0. Note that for i > 1, {Z'(¢), t > 0} is uniquely determined by the (§+ X
pi +1)—Valued sequence {(T,f, 5,’;) :n > 0}. Thus, by virtue of Proposition 14, we
need only to calculate the distribution of {(7i*!, £/*!):n > 0} conditioning on
o (X5, Sit1). ,

Let i > 0 be fixed. We calculate first P(TéJrl <t EF =¢g|XSi S 4) fort >
0,& € P. The theorem below shows that the location where S; first appears is
uniformly distributed on 7Tg;,.

THEOREM 4. Foranyt >0, & € P, we have
P(T(;.Jrl <t et =¢g|x5, Sit1)=A({u:u<t,u<8Bs,,§ €Ts;w)})/Ls,,

where A is the Lebesegue measure and B, :=inf{t : | X Si|=1}.
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Theorem 4 is proved in Section 4.4.
For fixed j > 0, with much more complicated argument and discussion, we

can calculate the conditional distribution P(T’j;l1 € B, E;i} = 5 | X Si Sit1, T(;“,

gitl T;H , S}H) for arbitrary B € B(R™) and £ € P'*+2. The detailed discus-
sion is given in the supplemental article [4]. The corresponding results are divided
into 3 cases and stated below.

Case 1: ] 1 =g/t Since mp0,11(§5T") = @, and the time point at which S;
appears is unique [cf. Proposition 10(iv)], in this case the next event at time point
Tit +1 must be a coalescence. We have the following theorem.

THEOREM 5. Suppose that SH'I = ElH.

() For & € P2 satisfying miy1 () # w1 (65T Ui (§), we have
P(S}i% — ngSz Sl+1’ Tl+1 §l+1, e, T}'f'l, é}'ﬁ‘l) —=0.

(i1) Forg e pit? satisfying ;41 (5) =Ty (56“) Ur; (g?), we have for arbitrary
B e B(R)

1 i+1 1 1 i+1 si+1
P(TiH e B =& 1X5 s, T3 g0 T g

o0
= /Tm I3 j+0 1m0 Bres s e i)
J
tj+| s
. eXp{_/m |X ’(t)| dl} dl‘j+1.
Tj
PROOF. See Theorem B.10 in the supplemental article [4]. [J

Case 2: él“ #* 5’“ and 7; ($i+1) #+ &. Because the time point at which S;4

appears is unique, in this case Tj Ill must be a jump time of X5 . We define

(3.17) Ho=inf{r > T o (67) ¢ (X5 (1)},

THEOREM 6. Suppose that §’+1 #+ S’H and ni(éfrl) + . Then for & €
P2 satisfying i1 () = 7y (5’“) Umi &), mi (€ € i (§) and o () €
S (X5 (H)), it holds that

i+1 i+1 Si i+1 £i+1 i+1 i+1
P(TIH =H. &0 =E1X5 50, T3 gt T e =1,

where H is defined by (3.17).

PROOF. See Theorem B.11 in the supplemental article [4]. [J
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Case 3: §; i+l 5’“ and 7; (5’:“) = . In this case there is a potential recom-

bination which generates again a new lineage carrying §0+1 Let H be defined

by (3.17). If the waiting time is smaller than H — Tf“ then recombination hap-
i+1

pens; otherwise no recombination will happen and the hneage which carrys S
will follow the change of X Si . In what follows, for an arbitrary E € Pi*2 we define
(3.18) h(E) :=min{l:7,(E) = @, foralll < p <i},
if 7; (§) = &, otherwise we set h(g) =1.

THEOREM 7. Suppose that S’H + E’H and ; (S;-H) =g

(1) For%‘ S’H and B € B(R+), we have

1 1 +1,vS; 1 1 i+1 £i+1
P(Ti1 e B & =& X% s, T3t g, Tt E

_/ i1 B(tJ+1)</ 2_1,0p(v)dv>
Sh<51+1)+1
i1 Sit1 _q
-expy—(#j+1 —T; )/ 27 pp(w)dvdtjiy,
Sh(é}“)ﬂ

where h(éiH) is specified by (3.18).
(i) For & € P2 satisfying mi41(€) = mip1 (€)™ Umi®), m&™) c mi®)
and 0.1 (§) € S(X5 (H)), we have

+1 i+1 Si i+1 i+l i+1 i+l
P(TiH =H. & =EIX5 s TP g it et

=exp{—(7-l—T}+1) 2_1,0p(v)dv}.

Sh(éj-+‘>+1
(iii) For & € pit2 satisfying neither (i) nor (ii), we have
i+1 S; i+1 gitl i+1 gitl
P(SJ’.+1_§|X Siv1, Ty, & ,...,T; ,éj’. )=0.

PROOF. See Theorem B.12 in the supplemental article [4]. [J
3.2. Spatial algorithm. Based on the random sequence {(S;, Zh,i > 0} dis-

cussed above, in this subsection we describe our model of spatially moving algo-
rithm and study its statistical property.

3.2.1. SC algorithm. In this subsection, we describe briefly our spatially mov-
ing algorithm; for details, see [16]. Our new algorithm is called SC, which will
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recursively construct part graph XS with each branch assigned some label k < i.
All the branches with label i form the local tree T, .

Step 1. Construct a standard Kingman’s coalescent tree (cf. [12]) 7o at the posi-
tion So = O (the left end point of the sequence) and assign each branch of the tree
with the label 0. Let X° = To.

Step 2. Assume that we have already constructed XS along with local tree Ts; .
Take the next recombination point S; 4| along the sequence according to the distri-
bution

sV S;
P(Sit1 > s|X5) =exp{—,oL5i (Xsf)/ 2_1p(r)dr}.
Si

If Si+1 > 1, stop; otherwise, go to step 3. .

Step 3. Uniformly choose a recombination location on 7g,. For j =0, let T;+1
denote the latitude (i.e., the height from the bottom to the location) of the chosen
location.

Step 4. At the recombination location, a new branch with label i + 1 is created
by forking off the recombination node and moving backward in time (i.e., along
the direction of increasing latitude). With equal exponential rate 1, the new branch
will have a tendency to coalesce to each branch in X Si which has higher latitude
than T; + Thus, if there are [ branches in X5 at the current latitude, then the
waiting time before coalescence is exponentially distributed with parameter /. Note
at different latitude there may be different number / of branches. Let the branch to
which the new branch coalesces be called EDGE, and let Tj’j:]] be the latitude of
the coalescent point and regard j + 1 as j in the next step.

Step 5. If the EDGE is labeled with i, go to step 6; if the EDGE is labeled with
some k less than i, then a potential recombination event should be considered. The
waiting time ¢ of the possible recombination event on the EDGE is exponentially

distributed with parameter |, SS]:L' 2L op(u) du.

e Case 5.1. If T; *1 41 is less than the latitude of the upper node of the EDGE

which is denoted by 7, then it is the next recombination location. Let TJ’LI =

T; 14t the part of the branch above Tj’j;ll is no longer called EDGE. Regard
J + las j and go to step 4.
e Case52.If T;“ +t > H, choose the upper edge of the current EDGE with the

large; label to be the next EDGE. Let leill =H, regard j + 1 as j and go to
step 5.

Step 6. Let X5i+1 be the collection of all the branches in X% and all the new
branches labeled i + 1. Starting from each node 1 <m < N at the bottom of the
graph, specify a path moving along the edges in X Si+! increasing latitude, until the
top of the graph. Whenever a recombination node is encountered, choose the edge
with the larger label. The collection of all the paths then form the local tree 7y, .
Update all the branches in 7T, , with label i 4 1.

i+1
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3.2.2. Some explanation of SC. Assume that we have already constructed X5 ,
Then the local tree 7, and the breakpoints Sy, ..., S; are all known. Thus, steps 2
and 3 are feasible. Moreover, once we have constructed X5, then the ancestral
material of each edge in X5, expressed as an (i 4 1)-dimensional PP-valued vector
[cf. (4.3)], is also implicitly known. In step 4, if we denote by Z = (z, 21, ..., 2i) €
Pi*1 the ancestral material of the edge where the recombination location lies, then
it is implicitly assumed that the ancestral material carried on the new branch with
label i + 1 is the (i 4+ 2)-dimensional P-valued vector (&, ..., d, z;). If for j =0

we write £/ 1! for z;, and denote éé“ = (@,...,@, 1), thenin steps 4 and 5 the

algorithm specifies a path describing how the ancestral material Eé“ coalesces to
X5i by coalescence and leaves X5 by recombination. When the EDGE in step 4 is
labeled i, then it is implicitly assumed that the path carrying the ancestral material
S(’)H extends continuously along the edges with the larger label in X5, starting
from the EDGE until the top of the graph. In step 6, the algorithm formulates
XSi+1 with the branches in X5 and the new branches created in step 4. For an
edge in X5 carrying an ancestral material (zo, 71, ..., z;) € P'T!, when the edge
is viewed as an edge in X5+1, it is implicitly assumed that its ancestral material is
updated to (29, 21, ..., Zi» Zi+1) € pit2 by the following rule: (i) if the edge is on
the path of S(’)H specified above, then z;11 =2z, U& i+1. (ij) if the edge is not on
the path of Eé“, then z;4+1 = z; on the part of the edge below the latitude Té“,

and zj41 =27 \ & i+1 on the part of the edge above the latitude T(f +

3.2.3. Distribution of the ARG generated by SC. In this subsection, we shall
show that the probability distribution of the ARG generated by the SC algorithm
coincides with that generated by the back-in-time algorithm as specified in The-
orem 1. To this end, we denote by |Bp| the maximum i such that S; < 1. For
each 0 <i < |Bp|, we denote by Zi*+1(¢) the ancestral material [represented as
an (i + 2)-dimensional P-valued vector]| at the latitude r > Té“ on the path of
edges carrying Sé“, and set Z'H (1) = & for t < Té“, with & representing the
null vector in P**+2. For i > |Bp|, we set Siy =1, Té“ =00, and ZIt (1) = 5.
Further, we write Z%(r) = To(r) for ¢ > 0.

PROPOSITION 16.  With the above convention, the finite dimensional distribu-
tion of the random sequence {(S;, Z'), i > 0} generated by the SC algorithm is the
same as that developed in Section 3.1.

Proposition 16 is proved in Section 4.5.
By virtue of the above proposition, we are in a position to prove the following
most important theorem of this paper.

THEOREM 8. Let (G, B(G), P) be the probability space specified in Theo-
rem 1, and denote by P the probability distribution on G generated by SC algo-
rithm. Then we have P = P.
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Theorem 8 is proved in Section 4.6.
4. Proofs and technical lemmas.

4.1. Proof of Proposition 14. The proof of Proposition 14 needs the following
lemma.

LEMMA 1. Foreachi > 1, we have
(4.1) FSi=a(X° 81,...,8: X5, ..., X5%) = (X5%).

PROOF. By the classical theory of jump processes (cf., e.g., [9], Defini-
tion 11.48 and Corollary 5.57), we have

o0
(4.2) F=UJ@Gn{si=s <54}
i=0
and
FSi=a,
where G; = o (XY, Sty 8k X5, ..., X5). Since X* = X! for s > 1, one can

check that F! = F>®, §; = SIn1,0(S) =0(S)) and XS = X5 fori > 1. Hence,
we have G, = (XY, Sy, ..., Si; X5, ..., X5). Therefore, we have
FSi=FSinFl =FS =o(X°,51,.... 8 x5, ..., x%).
Next, for an arbitrary g € G, suppose that g(z) is expressed as g(t) =
{f1, f2, ..., fx}, then by Proposition 10(v) we can show that
i—1

Si - -
(4.3) /i :Zﬂl(zj)I[S/,SH])+7Ti(Zj)I[S,~,1)-
1=0

Consequently, for [ < i, we have X5 = n[(g’sl](XSi) and S;(g) = S;/(X5i(g)), and
the second equality of (4.1) follows. [J

PROOF OF PROPOSITION 14. By (4.3), we have Z!(g) = Z/(X5i(g)) for all
[ <1, hence

o(Sy,....8: 2% 2" ... Z) co(X0, S1,..., S X5, L XS = o (X5,

To show the inverse inclusion, we put

(4.4) Qi =10, 1" X Sj0,00)(R) x [ Sj0.00) (P'™),
=1

where R is the collection of all the partitions of {1, 2, ..., N}, and Sjo,o0) (P!
[resp., Sj0,00)(R)] equipped with the Skorohod topology are the spaces of all the
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Pl*1_valued (resp., R-valued) right continuous piecewise constant functions on
[0, oo) with at most finitely many discontinuity points. Define

(4.5) ®; = (Sy,...,8; 2% 2", ..., Z").

From Propositions 9 and 11, we see that ®; is a continuous map from G to the
Polish space ;. Denote by H; = ®;(G). By (4.3), we have H; = ®; (X% (G)).
By (4.3) and Proposition 12 one can check that ®; restricted to X Si(G)isan injec-
tive map. Below we write G; := X5 (G). Note that G; = {g € G:g = X5i(g)}
is a Borel subset of the Polish space G. Hence H; = ®;(G;) is a Borel sub-
set of 2; and (CI>l'|(;,.)_1 :H; — G; is Borel measurable (cf. [5], Theorems 8.3.5
and 8.3.7). Define a map Y;:Q; — G by setting Y;(w) = (CIJ,-|Gi)_1(a)) if
w € H; and Y;(w) = go if w ¢ H;, where go is a fixed element in G. Since
(d>i|(;i)_' is Borel measurable and H; is a Borel subset of €2;, hence Y; is also
Borel measurable. Noticing that X5 (g) = Y;(®;(g)), we conclude that o (X5) C
o(S1,...,8:: 7% 7Y ..., 7z, completing the proof. [

4.2. Proof of Theorem 2. The proof of Theorem 2 requires the following two
lemmas.

LEMMA 2. For0<u <s < 1, it holds that

P({g:78 (8) = 78 (@ }IF") = exp{—,oLu(X”) /M 2—1p(r)dr}.

PROOF. For s > 0, we set y* := y*(g) = inf{n:7, ,(g) = oo}. Note that
X*()(g) = n[g’s](g) is uniquely determined by {X*(0), 1], X*(1}), 3,
X*(z3), ...}. Therefore for 0 <u <'s, ”[%;,s] (g) = n[%;’u](g) if and only if 7} =t}
and X°(7;) = X"(z)) forall 1 <n <y" and y* = y“. Write G" = X"(G). Since
Gi={geG:g= Jr[g’u](g)}, hence G* € B(G). For k > 1, we set Ay = {g €
G":y"(g") =k} and define

Fi(g) == (t{'(8), X" (t{') (&), ... T (&), X" (t¢) (®))

for g € A;. Then Fy is a measurable map from Ay to By := Fy(A;) C (RT x
E”)k. Since Ay is a Borel subset of the Polish space G and Fj is injective, Bg
is a Borel subset of (RT x E*)* (cf., e.g., [5], Theorem 8.3.7). By the one to
one correspondence between A; and Bj, one can check that if g € G satisfies
(T} (8), X (@), -+, 7 (8), X*(50)(8)) € By, then 71§ 1 (8) =75 ,1(8)-

For A € B(G"), A C Ag, denote by B = Fi(A) C By. Applying Proposition 15,
we have

P({g:X" € A, 7§ (&) =75 ()}
= P({g: (X" (0. 7', X"(f'). ... 7. X" (x)) € B. 73 ) (8) = 73,11 (9)})
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=P({g:(X°0), 7], X*(z]), ..., 70, X*(z}})) € B})

=/ / / Ig(Y0, t1, Y15 -+ ths Yk)
RYxE RtxE RTYxE

'exp{ Zq yl’lv yn (tn—l—l _tn)}

dti1q (i, dyk+1) oo dtng1g(Yns dynt1) -+ - dtrq (Yo, dy1).
Forw = (t1, y1, ..., tk, Yx) € By, if we set g4 := yol[0,1)(t) +ZIJ<-:1 yjl[,j,,jﬂ)(t),

with the convention that #;+1 = oo, then g, € G* and it is easy to check that
L,(gw) = Zk |77 (V)| (tn1 — tn). Since y, € EX, by (2.12) we can derive that

foru <, q(yn, 319 = q(n, V1) + | ()| [ 27 pp(r) dr. Therefore, from
the above we get

P({g: X" € A, n{ () =75 1 (®)})
— / / IB(yO,tl,yl,...,lk,yk)
RtxE RtxE RtxE

-exp{ Zq yn7 yn (tn-i-l _tn)}

exp{ Z|77u(yn) (tn-i-l_tn)/ 2- pp(r)dr}

n=0
dti 19 Yk, dyk+1) - - dtn1g (Yn, dyns1) - - dtiq (Yo, dy1)

s
= —/G Iixuea) exp{—pLu(X”)/ 27 p(r) dr}P(dg).
u
The proof is completed by noticing that G = )", Ay and F* =0 (X*). O

LEMMA 3. For an arbitrary (F*)-stopping time ©, we write T; = inf{s > 7 :
X* £ X'}, then the distribution of Ty conditioning on F* is: for s < 1,

sSVT
P(T; >s|.7:r):exp{—pLT(Xr)/ 2_1p(r)dr}.
T
PROOF. Forn > 1, we define

I{j—1y2n<v<jjny + 00 (1 =0}

N|\.

Then {r ™} are countably valued stopping times and 7 |, 7. By the convergence
theorem of conditional expectations (cf., e.g., [9], Theorem 2.21), for s < 1 em-
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ploying Lemma 2 we obtain
P(T; > s|F ) jr<5y = P(T; > 5,7 < s|F")

= lim P(T; >s5,7™ < s|]-"f(n))

n—o0o

o0
= lim Y P(Te >, j/2" <sIF/*) oo
j=1

s

. -1

=i, 3 on(rki [, 2P0 ) ooy
j/2h<s J

S
. ~1
= nhgg)exp(—pLﬂn) /r<"> 2 p(r)dr)l{tm)q}

)
=exp(—,0Lr/ 2_1P(r)dr>1{r<s}-
T
On the other hand, we have

P(T; > s|F ) iz55 = P(Tr > 5,7 > s|F") = P(t > s|F")

=Ilz>5 = exp{—,oL, /
T

sV

T
2_1p(r)dr}1{,2s}. .

PROOF OF THEOREM 2. If t = §;, then we have S;;| = T; A 1. Therefore,
the theorem is a direct consequence of the above lemma. [

4.3. Proof of Theorem 3. Comparing (3.1) and (3.16), it is apparent that
Z0(t) = To(¢). In Proposition 15, let s = u = 0 and k = 0, then for B € B(R™ x
EY%)") we have

P{(r{), Xo(r?), e, t,?, Xo(r,?)) € B}

o0 o0
=/ dty / dtn/ q(yo,dyl)---/ q(Yn—1,dyn)
0 0 E E

n—1

Ay <o) (1 oo tn) T Igo(vj41)
j=0

n—1
'eXP:— Y a(y, )@ - tj)}-
j=0
Note that g(y, [y°1°) = |7& W I(xE ()| — 1)/2 for y € E°. Identifying y with

n(f (y) for y e EY, we see that {To(¢), r > 0} is a standard Kingman’s coalescent
tree.
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4.4. Proof of Theorem 4. We first make some preparing discussions. For 0 <
J<k,acl0,1)and & € P, we put Ay 4 je=1{y" =k, S <a§c 7;(‘[]‘-’)}. For
notational convenience, below we use also Ay 4, j ¢ to denote the indicator function
of Agq,je.For j>0,a€[0,1),5s€[0,1),e >0and § € P, we define

Koseje=1{s—e=<Siy1<s, Tig S6T] <ty <Tig,
(4.6) Ir e (s —e&,5) and f € X*(t1,,),
st. f(r)=&, f(u)y=2 forallu <r}.

LEMMA 4. Lets €[0,1) and ¢ > 0 be such that a < s — ¢. Then for any t > 0,
we have

P(Kayse,j el XY)Aka,je
=C(a,j,s,&)P({s — & < Sit1 <s}X")Aka,jt

where
C(a,j,s,¢)
) 71 )
= (l—exp{—pLa/ 2_1p(r)dr}) / 27 pp(rydr
4.7) o T

T exp{‘[ln@fn(r/—ri’)+§Wff“>'<’l“+1 "’“)}

N 1=0
A
/ 2_1,0p(r)dr dt’.
§S—&

PROOF. We need only to check the lemma in the case that Ay 4 j ¢ # . Note
that Ay 4 j ¢ € F* =0 (X?). Take an arbitrary set H € o (X“). Define B = Fy,(H N
Ak.a.j£), Where Fy is specified as in the proof of Lemma 2. Then B C (RT x E4)f
and

HNApaje={g: (@, X“(t{)(©)..... 7 (), X*(1{)(g)) € B}.
Suppose that B # @. One can check that
Kaseje VHNAgq j e
= {g:(t‘f,X“(rf),...,r;,X“(rJS-),
4.8) LX) X () € B,
rjf+1 <t, rjf+] < r}:f, dre(s—e,s)and f € Xs(tij),
st. f(r)=&, f(u)=2 forallu <r}.
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Because B C Fy({y® =k, & € 7;(1]”-‘)}), therefore, for (t1,y1,...,¢;,yj,...,
tk, yi) € B, there exists f; € y; such that f;(u) =& foru € [a, 1). We set

Jy; = {yeE :y= Ri(yj),u € (s —¢,s) and [ satisfies f; € y;, fi(u) =&}
and define

B :={(t1,y15 s tjo yju ' Y i1, Y1 oo e, Vi) € (R x Es)k+1:
(T Y1 tjs Yoot Y1) € Bot" € (17, 141) N 0,21,y € Ty, ).

With 79¥

[y X3 (‘L'js-+1) in the place of 7/, y’, we may write (4.8) as

KasejeNHNAga,je
:{g:(r‘f,Xs(rf),...,r‘?,X“(ts-),tjs-H,
X (tj) T X () X () € B
§—&

For j+1<[<k,wesetv;:= sz.+1 + rls__js o 9,;;“. One can check that ¢, = 1;
for each /. Employing the strong Markov property and Proposition 15, we get

P(Kgs,eje VHNAgq,je)

l‘j+1Al‘
—/ dr - / dzk/ /q(yo,dm---
LN E
1.dy; / i d !
/Eq(y, 1, dy;j) Eq(y] y')

LQ(N£,S—8](y/)’dyj+1)"'/;Q(kalvdyk)IB(TI»)’l,---»tka)’k)ljyj(y,)

k—1

'eXP{ Zq s [0 ]) i1 — 1) — Z g [y i — 1)

I=j+1
00 DI =) = a0 (00 P =)
Since y; € E¢, hence for y" € Jy; we have JT[OS g0 = Os ¢(¥j) =y; and
JeaGj dy) s, () = [ 2" 1/Ozv(u)du. Therefore,
P(Ka,s,s,j,é NHN Ak,a,j,é)

o0 o0
z/ dtl“‘/ dtk/ q(yo,dy1)---/ q(Yi—1,dyr)
0 0 E E

[§EBRAYS

S
(1, Vi, 1y 1) dr’/ 2~ pp(u) du
sS—&

tjint
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j—1 k—1
cexpl =Y g [y 1)@= — Y g [y ) @ — 1)
1=0 I=j+1

—q(vi V) = 1) —a (i [V 1) @41 = 1) ¢

For (t1,y1,...,t, yx) € B, we have y; € E¢ for all 1 <[ < k, therefore,
a1 [y719 =g [y 519 + 1ma G f2—, 27 op(u) du. Thus,

P(Ka,s,s,j,é NHN Ak,a,j,&)

0 o0
=/ dt f dtk/ q(yo,dyl)---f q(Yk—1,dyx)
0 0 E E

[ FES VA

)
MWJNH%JU/ T%MWW/ di’
sS—&

LNt

Jj—1 s
'CXP{ [q yi [y 7] +|7Ta(yz)|/ 2_‘pp(u)du}(tz+1 —1)
120 S—&

Z Varer — 1) —q (v, [y; 1) (1 = 1)

- [q<y,- 7T+ mopl [ 2 a1,

I\jOtC that Q(yl» [yls—é‘]C) — Q(yla [yla]C) + |7Ta(yl)|f5_£ 2—1PP(M)du. We define
La = Zf:_()l (tl—l—] - ll)|77a(yl)|, then

P(Ka,s,s,j,f NHN Ak,a,j,é)

o0 (0,0
=/ dty / dlk/ Q(}’O,dyl)“"/ q(Yk—1,dyx)
0 0 E E

[FESTAY

S
IB(tl,yl,---,tk,yk)/ 2_1,0p(u)du/ dr’
S—&

LNt

k—1
-eXp{ g [yt — 1) — 27 pL/ p(u)du
=0

j—1

|M@M@H—m/ 2~ pp(u) du
=0

‘”a()’])| / 2- ,Op(u)du}
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Multiplying  with (1 — exp{—L, [* ,2 ' opu)du})/(1 — exp{—L, x
/. SS_ R Z*Ipp (u) du}) at the right-hand side of the above equality, we get

P(Ka,s,s,j,é NHN Ak,a,j,é)

o0 0
=f dt f dtk/ q(yo,dyl)---/ qYk—1,dy)Ip(t1, Y1, ...\ te, Yi)
0 0 E E

—1
'eXP{— > a0 i) g — tz)}C(tl, Vio-eos ks Vi)
=0

- §—& - S
. [exp(—Z_IpLa/ pu) du) —exp(—Z_l,oLa/ p(u) a’u)},
a a
é(tlvyla'vtk’yk)

S -1 S
::(1—exp{—£a/ 2_1pp(u)du}> / 27 op(u) du

LipI A j-1
‘/t exp{—[|ﬂa(yj)|(t/ — 1)+ Dm0 W1 — tl)}

j/\t 1=0

where

N
/ 2—1pp(u)du}dt’.
§—&
For @ = (t1, Y1, .-, tk, y) € B, if we set go, 1= yoljo.r)(t) + by yilin. 0,1 (©)s
with the convention that ;4] = oo, then g, € G? One can check that

ITa(x)1(80) = 1Ta (DI, La(80) = Xi=g [Ta() (141 — 1) = La and Ca, jis,
&)(gw) = C(t1, 1, ..., Ik, Yk). Therefore, applying Proposition 15 we obtain

P(Ka,s,s,j,é NHN Ak,a,j,é)

:/ C(a,j,s,s)[exp(—Z_lpLa fs_gp(u)du)
H a

S
— exp<—2_1pLa / p(u) duﬂAk,a,,-,gP(dg).
a
Since H € o (X*%) is arbitrary, hence what we have proved implies that
P(Ka,s,g,j’s NHN Ak,a,j,s |Xa)

=C(a,j,s, 8)[exp<—2lpLu /S_e p(u)du)

S
—exp(—ZIpLu/ p(u)du)}Akyu?j,g

=C(a,j,s,e)P({s —& < Sit1 <sHX") Akt
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where the last line is due to Lemma 3. The proof is completed by noticing that
Ak,a,j,é S O’(Xa). [l

For n > 1, we define 0, = 27" ([2"S;+1] + 1). Then each o, is a countably
valued {F*} stopping time and o (S;+1) =/, 0 (0y). If we replace s by 0, and ¢
by 27" in (4.6), we get another subset ka,(,n,‘,-,g from the expression of K, s ¢ j ¢
as follows:

. _A—n
Kao,je ={ti{1 =67 <tjy <71, 3r € (00— 27", 0)

and f € X"”(rjil), st. f(r)=&, f(u)=2 forallu <r}.

(4.9)

LEMMA 5. Let the notation be the same as the above lemma. For any n > 1
and t > 0, we have

P(Kac,.j.61 X, 0n) Ak a.jt lia<on—1/27)
) 1
= C<a7 ]a Op, 2_n>Ak,a,j,§:I{a<0'n_l/2n}'
PROOF. By the definition of o,, we have o, =, mwl{m/2" — 1/2" <

Si+1 <m/2"}, hence Iga,(;n,jyg = Um>1Ka,ms2, 12 j&. Then by Lemma 4 one
can check directly that

P(Ka,0,j.1X% 00) Ak, j 6 la<on—1/27)
m 1 -1
= Z P(Ka,m/Z”,l/Z",j,f|Xa)<P<{2_n - 2n Sl+l < —“X“))
m>1
“Ak,a,je la<man 1720y lim2n —1/27 < <mj2n)
1
=Y C(“ I = T 2n>Aka jelia<myn 172110, =m jon)

m>1

) 1
=C(a,1,6n, 2_n>Ak,a,j,§I{a<an—l/2”}- 0

PROOF OF THEOREM 4.  For m > 1, we define o, =27 A28 14+ 1). If we
replace a by oy, in Ka on, j,£» WE get another subset Ka ,0n, j,€ - Similar to the proof
of Lemma 5, we can show that

P(Koap 0061 X", 00) Ak .t Lo <0—1/27)

. 1
= C(“ms _]’ Op, 2_n>Ak,()tm,j,sI{a;n<ail_1/2n}'
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Since limy,— o0 ¢y = S; and o (S;) =V, 0 (@), by the convergence property of
conditional expectations (cf., e.g., [9], Theorem 2.21), we get

P(Ks;.0,.7.61X%  00)Ar.s;. e 15, <0n—1/27)
(4.10)

. 1
= C(Sl9 Ja Op, Z_H)Ak,Si,j,é‘ I{Si<5n_]/2n}'

Note that by (4.7) we have

1 1 Tl AL
lim C(S,-,j,an, —) =—fo+l du.
n— 00 on LSi szM
By the definition of Ay s, j e, we have
) S;
Aksshj?g:{ySl :k’seﬁl(r] )}'

Noticiqg that I%si,%j’g — {Té.Jrl <t &t =g, Té“ S (r‘.q", r.J.SfFl)} a.s.asn —
00, letting n — oo in the both sides of (4.10) and employing again the convergence
property of conditional expectations, we get

i+1 i+1 _ i+1 Si S Si q.
PG =087 =8 Tg " € (5" T )IX Sivt Mg eers o5
1 SN
jH1
- dul .
Ls, /fffm Uy Sk geTs, ()

Summing up the above equation for k and j, and noticing that & € T, (rf") if and

only if & € T, (u) for all rjs" <u< rf”‘ , we complete the proof of the theorem.
Il

4.5. Proof of Proposition 16. By Theorem 3, we see that the distribution of Z°
generated by step 1 coincides the distribution of Z° defined by (3.1). It is apparent
that the conditional distribution of S;1; generated by step 2 coincides with the
one specified by Theorem 2, and the conditional distribution of Té“ and £+!
generated by step 3 is the same as those described by Theorem 4. To analyze the
random elements generated in steps 4 and 5, we define recursively forn > 1,

@11  Ti=inflt>T' :Z't)#2Z(T!_))} and & =ZU(T)).

In step 4, it is implicitly assumed that the ancestral material carried on the new
branch is S(’)H, which means that £+ = é(’)H. It is not difficult to check that the
distribution employed in step 4 coincides with the one developed in Theorem 5.

To analyze step 5, we note that step 5 corresponds to the case that i;‘]i-“ *+ Sé“,

and the EDGE is labeled with i if and only if 7; (g;'.“) # &. When the EDGE is
labeled with i, the algorithm goes to step 6, the path carrying the ancestral material
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& i+1 is assumed to move along the edges of X5 . In this case, T’Jr1 must be the

jump time of XS at which the lineage carrying the ancestral material T[0,i ](S h

meets its first change after 7! Thus, the conditional distribution of (T, é,’l“)
coincides with the one described in Theorem 6. In step 5, when the EDGE is la-
beled with some k less than i, then a potential recombination event is considered
in the algorithm. We point out that k is equal to h(é ) used in Theorem 7, and the
upper node of the EDGE, denoted by H in the algorithm, is the time point H used
in Theorem 7. Then one can check that the distribution used in step 5 coincides
with the conditional distribution developed in Theorem 7. To sum up the above
discussion, we find that all the distributions of the random elements generated by
the algorithm coincide with those developed in Section 3.1. Therefore, the finite
dimensional distribution of the random sequence {(S;, Z B,i>0} generated by the
SC algorithm is the same as that developed in Section 3.1.

4.6. Proof of Theorem 8. Below we use {(Si, Z1),i > 0} to denote the ran-
dom elements {(S;, Z"),i > 0} generated by the SC algorithm, and reserve
{(S;, Z1),i = 0} for those originally defined on (G, B(G), P) as discussed in Sec-
tion 3.1. It is implicitly assumed that {(.S:i, Z1),i > 0} are taken from some proba-
bility space other than the space G. We denote by

(4.12) &= (S1,....85:20.7',....Z1),

and denote by P; the probability distribution of ®; on its sample space €2; specified
by (4.4). Here,

=10, 1" x Sjo.00)(R) x ]‘[3[0 y(Ph
=1

is also the sample space of ®; := (Sy,..., S;; VANYVATNS Zh specified by (4.5).
Denote by P; the probability distribution of ®;. By Proposition 16, we have
P; = P;. Bellow we use the notation employed in the proof of Proposition 14.
Then P; = P; implies in particular that P; (#;) = 1. Each w € H, constitutes a part
graph g € X35 (G) := G, which is described by the map Y; := (®;[g,)~ 1 Since
Y;:H; — G, is a one to one Borel map, hence P; induces a probability measure
f’i* = 15,- o (Ti)_1 on G;. Similarly, P; induces a probability measure P on G;
and we have 151-* = P*.By Lemma 1, we have o (X Siy = FSi . For notational conve-
nience below, we write F; for 5. Through the mapping X% : G; — G, the prob-
ability measure P determines a probability measure Pf}i on (G, F;) by setting
PI’}Z, (X5)~Y(B)) = P*(B) forall B € B(G;). Noticing that XSi(g) = Yi(®i(2)),
one can check that Pl*f = Pz, where P, is the restriction of P on F;. Similarly,
P* determines a probability measure P on (G, F;). On the other hand, let P
be the probability distribution on (G, B (G)) generated by the algorithm SC, then
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we must have P o (XS~ = ﬁi* on G;. Then it is clear that ﬁl’}i = 13\ 7. There-

fore, we get }3| F = ﬁl*fi = Pl*fi = P|7,. The proof of the theorem is completed by
noticing that B(G) = V> Fi.
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SUPPLEMENTARY MATERIAL

Supplement to “Markov jump processes in modeling coalescent with re-
combination” (DOI: 10.1214/14-A0S1227SUPP; .pdf). The supplementary file is
divided into two Appendixes. Appendix A contains the proofs of Propositions 1-9
and Propositions 11-13. Appendix B is devoted to the calculation of the condi-

tional <Ellstr1but10n P(T]?j:1 € B, S}il = E|XSi, Sipy, Ty & TJI+ ,gfr ).
In particular, the proofs of Theorems 5, 6 and 7 are presented, respectively, in the

proofs of Theorems B.10, B.11 and B.12 in Appendix B.
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