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In this paper we obtain Gaussian-type lower bounds for the density of
solutions to stochastic differential equations (SDEs) driven by a fractional
Brownian motion with Hurst parameter H. In the one-dimensional case with
additive noise, our study encompasses all parameters H € (0, 1), while the
multidimensional case is restricted to the case H > 1/2. We rely on a mix of
pathwise methods for stochastic differential equations and stochastic analysis
tools.

1. Introduction. Let B = (B!, ..., B%) be a d-dimensional fractional Brow-
nian motion (fBm in the sequel) defined on a complete probability space (2, F, P),
with Hurst parameter H € (0, 1). Recall that this means that B is a centered Gaus-
sian process indexed in [0, 1], whose coordinate processes are independent, and
their covariance structure is defined by

R(t,s):=E[B/B]]= TG S I

(D
fors,t€[0,1]and j =1,...,d.

This implies that the variance of an increment is given by
) E[(B! — B))" =1t —s?  fors,t€[0,1].

In particular, this process is y-Holder continuous a.s. for any y < H and is an H -
self similar process. This converts fBm into a natural generalization of Brownian
motion and explains the fact that it is used in applications [17, 26, 27].

We are concerned here with the following class of stochastic differential equa-
tions (SDEs) in R” driven by B on the time interval [0, 1]:

t d ,
3) Xi=a+ [ Xds+3 [ vicxodBL.
i=1
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where a € R™ is a generic initial condition, and {V;;0 <i < d} is a collection
of smooth and bounded vector fields of R™. Though equation (3) can be solved
thanks to rough paths methods in the general case H € (1/4,1), d > 1, we shall
consider in the sequel three situations which can be handled without recurring to
this kind of technique:

(1) The one-dimensional case with additive noise and H € (0, 1), which can be
treated via simple ODE techniques.

(2) The one-dimensional situation, namely m = d = 1 with H € (1/2, 1),
where the equation can be solved thanks to a Doss—Sussman-type methodology,
as mentioned in [19].

(3) The case of a Hurst exponent H € (1/2, 1), for which Young integration
methods are available; see, for example, [14, 24, 29].

Hence, we always understand the solution to equation (3) according to the three
settings mentioned above. We shall see, however, that rough path-type arguments
shall be involved in some of our proofs.

The process defined as the solution of (3) is obviously worth studying, and a
natural step in this direction is to analyze the density of the random variable X;
for a fixed ¢ > 0. In this respect, the following results are available in our cases of
interest:

(1) For m =d = 1, the existence of density for £(X;) is examined in [19].

(2) Whenever H > 1/2 and in a multidimensional setting, the existence of den-
sity is established in [25], while smoothness under elliptic assumptions is handled
in [15].

Let us also mention that for multidimensional equation (3) and H € (1/4,1/2),
rough path techniques also enable the study of densities of the solution. We refer
to [5, 6] for existence and [7] for smoothness results for £(X;). However, the
only Gaussian-type estimate for the density we are aware of, is the one contained
in [3], which relies heavily on a skew-symmetric assumption for the vector fields
Vi,..., Vg

The current article is thus dedicated to give Gaussian-type lower bounds for the
density of X;. More specifically, we work under the following assumptions on the
coefficients of equation (3):

HYPOTHESIS 1.1. The coefficients Vy, ..., V; of equation (3) satisfy the fol-
lowing conditions:

(1) fm=d=1,then Vy, V| € Cg, and we also assume A < | V| < A.

(2) In the multidimensional case, the vector fields Vj,..., V; belong to the
space C;° of smooth functions bounded together with all their higher order deriva-
tives. Furthermore, if V (x) denotes the matrix (V;(x), ..., Vi(x)) € R"*4 for all
x € R™, then we assume the following uniform elliptic condition:

4) Mdy, < V(x)V*(x) < Aldy, for all x € R™,
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where the inequalities are understood in the matrix sense and where A and A are
two given strictly positive constants which are independent of x.

With these hypotheses in hand, our main goal is to prove the following result:

THEOREM 1.2. Consider equation (3), under the following three specific sit-
uations:

I m=d=1, He (0,1), Vy € Cg and the noise is additive (i.e., V1 is a
nonvanishing real constant).
(I) m=d =1, H € (1/2,1) and Hypothesis 1.1(1) is satisfied for Vy, V1.
(IIl) Arbitrary m, d e N, H € (1/2,1) and Vy, ...,V satisfy Hypothe-
sis 1.1(2).

Then the solution X, of equation (3) possesses a density p;(x) such that for every
x € R"™ andt € (0, 1], we have

c1 colx — al2
s 02 Lo -,
for some constants c1, ¢y only depending ond,m and Vy, ..., Vg.

As mentioned above, this is (to the best of our knowledge) the first Gaussian-
type lower bound obtained for the density of the solution of the SDE driven by
fBm in a general setting. It should also be mentioned that lower bound (5) can be
complemented by a similar upper bound contained in [4].

Let us say a few words about the methodology we rely on in order to obtain our
lower bound (5). Generally speaking it is based on Malliavin calculus tools, but
the three results mentioned in Theorem 1.2 are proved in different ways:

(1) In the one-dimensional additive case, we invoke a recent formula for den-
sities introduced in [20] which yields an easy way to estimate p; in the case of
additive stochastic equations. We thus include this study for didactical purposes,
and also because we obtain (slightly nonoptimal) Gaussian upper and lower bounds
with elegant methods. Observe that this technique proves to be useful (generally
speaking) for equations with additive noise, as assessed in a SPDE context in [23].

(2) The one-dimensional case with multiplicative noise is based on the Doss—
Sussmann transform and Girsanov-type arguments. It is rather easy to implement
and yields results when the criterion of [20] cannot be applied.

(3) As far as the general case is concerned, it will be basically handled, thanks
to the decomposition of random variables, using increments independent of Gaus-
sian increments strategy introduced in [2, 16], which has also been invoked suc-
cessfully, for example, in [9]. However, let us point out two important differences
between the fBm and the diffusion case:
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(i) In the case of SDE (3) without drift coefficient Vj, the first step of the
method implemented (for a fixed ¢ € (0, 1]) in [2, 16] amounts to introducing a
partition {z;; 0 < j < n} such that #p = 0 and #, = ¢, with n large enough, and then
splitting X; into small contributions of the form

d . . d Liv1 .

©) Xy =Xy = Y VG (B, = By 1+ 3 [ IVicxo) = Vicx, ] B

i=1 i=1""

Then a main conditionally Gaussian contribution V; (X t,-)[BtiH = ij] 1s identified

on the right-hand side of equation (6), while the other terms are a small remainder

in the Malliavin calculus sense in comparison with the first. Roughly speaking,

Gaussian lower bound (5) is then obtained by adding those main contributions and

proving that the remainder does not significantly modify the estimate. However, let

us highlight the fact that this general scheme does not fit to the fractional Brownian
motion setting.

Indeed, due to the fBm dependence structure, the main contributions to the
variance of X; in the current situation come from the cross terms E[(B;.],+1 —
ij)(ng+1 — B,ik)] for j # k. We have thus decided to express equation (3) as
an anticipative Stratonovich-type equation with respect to the Wiener process in-
duced by B. This is known to be an inefficient way to solve the original equation,
but turns out to be very useful in order to analyze the law of X,. We shall detail
this strategy at Section 5.1.

(i1) In the case of an equation driven by usual Brownian motion, the Malliavin—
Sobolev norms involved in the computations give deterministic contributions after
conditioning, due to the independence of increments of the Wiener process. This
is not true, however, in the fBm case, and we thus need to add a proper localization
to the arguments in [2, 16].

The adaptation of the Brownian methodology to our fBm context is thus non-
trivial. Note that we could also have tried to resort to the powerful global bounds
given in [18] in order to get our Gaussian lower bounds. Unfortunately, the expo-
nential moments conditions imposed in the latter reference are too restrictive to be

applied to Malliavin derivatives of SDEs driven by fBm.

Our article is structured as follows: Section 2 is devoted to recall some use-
ful facts on fractional Brownian motion and stochastic differential equations. We
handle the one-dimensional case with additive noise at Section 3 and the one-
dimensional case with multiplicative noise in Section 4 with different method-
ologies. Finally, the bulk of our article focuses on the general multidimensional
case contained in Section 5. Some auxiliary results used in Section 5 dealing with
stochastic derivatives are given in an Appendix.

NoOTATION. Throughout this paper, unless otherwise specified, we use | - | for
Euclidean norms and || - ||Lr for the L”(2) norm with respect to the underlying
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probability measure P. For a random variable X, £(X) denotes its law and for a
o-field F, X € F denotes the fact that X is F-measurable.

Consider a finite-dimensional vector space V and a subset U C R?. The space
of V-valued Holder continuous functions defined on U, with k-derivatives which
are y-Holder continuous with y € (0, 1), will be denoted by ck+v (U; V), or just
Ck*+Y when U = [0, 1]. For a function gelC¥(V)yand 0 <s <t <1, we shall
consider the semi-norms

™) Iglsy = sup Sr=Sulv.
s<u<v<t |v—ul”

The semi-norm ||g|lo,1,,, will simply be denoted by | g|l, . Similarly, for an open
set U, Cg(U ; V) denotes the space of bounded continuously differentiable func-
tions with bounded first derivative. For x, y € R™, we set 1{y>} :=[Tj_ | Lezx)-
Vectors x € R” denote column vectors, their jth component is denoted by x/ and
the transpose of x is denoted by x*. The identity matrix of order m x m is denoted
by Id,,.

Finally, let us mention that generic constants will be denoted by c, cg, cy, etc.,
independently of their actual value which may change from one line to the next.
This rule will also apply for the constants M and M’ which will appear as localiza-
tion parameters, with the following additional convention: each time a localization
constant appears, it increases its value by the addition of a fixed universal constant
from the previous value. For a detailed explanation, see (16).

2. Stochastic calculus for fractional Brownian motion. This section is de-
voted to giving some of the basic elements of stochastic calculus with respect to B.
For some fixed H € (0, 1), we consider (€2, F, P) the canonical probability space
associated with the fractional Brownian motion (in short fBm) with Hurst param-
eter H. That is, Q = Cy([0, 1]; R?) is the Banach space of continuous functions
vanishing at 0 equipped with the supremum norm, F is the Borel sigma-algebra
and P is the unique probability measure on €2 such that the canonical process
B={B,=(B},..., Btd), t €10, 1]} is a fBm with Hurst parameter H. In this con-
text, let us recall that B is a d-dimensional centered Gaussian process, whose co-
variance structure is induced by equation (2).

2.1. Malliavin calculus tools. Gaussian techniques are obviously essential in
the analysis of fBm driven differential equations like (3), and we proceed here to
introduce some of them; see Chapter 5 in [21] for further details.

2.1.1. Wiener space associated to fBm. Let £ be the space of R?-valued step

functions on [0, 1], and H the closure of £ under the distance defined by the scalar
product

d
(Xo,075 -+ Lo.g)s Apo,sy7s -+ - 0,51}y = Z R(t;, s;).
i=1
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The space H is isometric to the reproducing kernel Hilbert space associated to B.

Furthermore, if (e1, . .., eq) designates the canonical basis of R¥, one constructs
an isometry K*: H — L*([0, 1]; R?) such that K*(X0.1€i) = 110.1 Ku(t, e,
where the kernel K = Ky is given by

d 1
K(t,s) =cHsl/2_H/ (u —s)H_3/2uH_l/2du, H > o
R

o\ 1/2-H
(8) K(t,s) =cpy.1 (;) (t — 5)H=172

t 1
—i—cH,zsl/Z_H/ (u —S)H_l/zuH_3/2du, H < 7
S

for 0 < s <t and some explicit universal constants ¢y, cg. 1, cH2. With a slight
abuse of notation we will denote the associated integral operator by K f(x) =
J5 f($)K (x,5)ds. Note that we have that R(s, ) = [3" K (t,r)K (s, r) dr. More-
over, let us observe that K* can be represented in the following form: for H €
(1/2,1), we have

1
[K*p], = / o 0, K(r,t)dr
t
while for H € (0, 1/2) it holds that

1
[K*¢], = K(1. 0 +f, (0r — @) 0, K (r, 1) dr.

When H € (1/2,1) it can be shown that L'/ ([0, 1], R?) c #, and when H €
(0,1/2) one has C¥ ¢ H c L*([0, 1]) for all y > % — H. We shall also use the
following representations of the inner product in #:

(i) For H € (1/2,1) and ¢, ¢ € ‘H, we have

1,1
O (K6 K V2o = b hn=ca [ [ 1s 1P 2gu pubgads ar

(i1) For H € (0, 1/2), consider any family of partitions 7 = (¢;) of [0, 1], and
set Qjp=Y0_, E[A;(B)Af((B)] with A;.(B) = B,ij — B,"],_l. Then for ¢, ¥ € H,
we have '

(10) (@, ¥)n = lim Y (¢, . ¥y )pa Qjk-
|r|—0 ik

Let us also recall that there exists a d-dimensional Wiener process W defined
on (€2, F, P) such that B can be expressed as

(11) BtzfotK(t,r)dW,, te[0,1].

This formula will be referred to as Volterra’s representation of fBm. Formula (11)
has various important implications. For example, it is readily checked that F; =
0{Bs;0<s <t}=0{W,;0 <s <t}. This filtration will appear in the sequel.
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2.1.2. Malliavin calculus for B. Isometry arguments allow us to define the
Wiener integral B(h) = fol (hg, dBg) for any element h € H, such that it satisfies
E[B(h1) B(hy)] = (h1, ha)y for any hy, hy € H. An F-measurable real valued
random variable F is then said to be cylindrical if it can be written, for a given
n>1,as

F=f(B(H),..., B(H") :f(/olm;,dgs),...,/Ol(hg,dBSD,

where 4’ € H and f :R" — Ris a C* bounded function with bounded derivatives.
The set of cylindrical random variables is denoted by S.

The Malliavin derivative with respect to B is defined as follows: for F € S, the
derivative of F is the R? valued stochastic process (D; F)o<;<1 given by

n . 8
D, F = Zh;a_)f(s(hl), ... B(A").
i=1 0N

More generally, we can introduce iterated derivatives. We will use the following
notation, depending on the situation. For F € S, we set for i = (iq,..., i) and
t=(1,...,t)

For any p > 1, it can be checked that the operator DX is closable from S into
LP(2; H®*). We denote by D% the closure of the class of cylindrical random
variables with respect to the norm

k

' 1/p
IFll,p = (E[F”] + E[IIDJF||;®_;]) ;

j=1

for k > 0 and p > 1. In particular, | Fllo,, = ||F|l, = (E[FP])!/P. As it is usu-
ally the case in Malliavin calculus with respect to W, the spaces D7 (#) are also
defined. The dual operator of D is denoted by §, which corresponds to the Skoro-
hod integral with respect to the fBm B on the interval [0, 1]. The space of smooth
processes LX7 (H) is induced by the following norm:

k
01y = EL5] + D B[ 2]
=1
Finally, the set of smooth integrands is defined as D*°(H) =", p>1 DkP (), and
the Malliavin covariance matrix of F' is denoted by I' r.

As mentioned in the Introduction, our lower bound (5) will be obtained by con-
sidering equation (3) as an equation driven by the underlying Wiener process W
defined in (11), meaning that we shall also use stochastic analysis estimates with
respect to W. We refer to Chapter 1 in [21] for this classical setting, and just men-
tion here a some notation: we denote by D the differentiation operator with respect
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to W and by & the corresponding dual operator (Skorohod integral). The respective
norms in the Sobolev spaces D*P(L2([0, 1])) are denoted by || - [lx,p and the space
of smooth integrands by L*”. The following simple relation between D and D is
then shown in [21], Proposition 5.2.1:

PROPOSITION 2.1. Let D2 be the Malliavin-Sobolev space corresponding
to the Wiener process W. Then D' = (K*)~' D2 and for any F € D"? we have
DF = K*DF whenever both members of the relation are well defined.

In fact the above proposition says that the derivatives D and D are somewhat
interchangeable. Indeed, using formula (5.14) in [21], which gives an explicit for-
mula for (K*)~!, one obtains such a property. In particular, we will use that for

F € F, with F € D¥P and for u = (uy,...,ux) €10, 11¥ and r = (ri,...,r), we
have
(12) IDEF| < esssup  [DEF|K(t,u1)--- K (t, up).

u;i<ri;i=1,...k

For the proof of (12) and other useful properties, see Appendix.

Some of our computations in Section 5 will rely on some conditional Malliavin
calculus arguments, for which some definitions need to be recalled. First, for a
givent € [0, 1] and F € L?(2), we shorten notation and write

E/[F]:=E[F|F],

and also set P; for the respective conditional probability and Cov,(G) for the con-
ditional covariance matrix of a Gaussian vector G. We shall only use conditional
Malliavin calculus with respect to the underlying Wiener process W, for which
we recall the following definitions: For a random variable F and ¢ € [0, 1], let
| F'llx,p,r and I' ¢ ; be the quantities defined (for k > 0, p > 0) by

k 1/p

1F Ik, p,e = (EZ[FP] +)_E[| DfFllfL;)@-]) and
=1

(13) '

Tr.=((F, Fj)L,Z)lgi,jgd’

where we have set Lt2 = L[z, 1)).
With this notation in hand, we give a conditional version of the integration by

parts formula with respect to the Wiener process W, borrowed from [21], Proposi-
tion 2.1.4.

PROPOSITION 2.2. Fixn > 1.Let F, Z;, G € (D)4 be three random vectors
where Z is Fs-measurable and (detr, , Y~ has finite moments of all orders. Let

gE C?(Rd). Then, for any multi-index o = (ay, ..., a,) € {1,...,d}", there exists
arv. Hy(F,G) € (=1 m=0 D™ such that

(14) E[(0a8)(F + Z5)G|Fs]| =E[g(F + Zy) Hy (F, G)| F],
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where H; (F, G) is recursively defined by
d | '
H\(F.G)=) 8(G(Tky);; DFY),
j=1

H(F,G)=H, (F, H},,

,,,,,

Here 55 denotes the Skorohod integral with respect to the Wiener process W on the
interval s, 1]. Furthermore, the following norm estimates with % = q% + qiz + q%
hold true:

2(dn+1)

|Hy(F. G, <cldet(Tr )" 15014, s N F 1,52 200, s 1Gllngs.s-

p.s =

We will also resort to a localized version of the above bounds. Namely, we

introduce a family of functions ®,;  : R4 — R, indexed by M, € > 0, which are

regularizations of 1{y<y). Specifically, we define a function ¢, = elp:R—>R
with

1
d(x):=cg exp(—1 _x2)1{|x|<1},

where ¢4 is a normalization constant chosen in order to have [ ¢ (x) dx = 1. Then
we define

(15) Dpr.e(2) :=1—/_Z be(x — M) dx.

It is then readily checked that ®ps(z) =0 for z > M + €, Py (z) =1 on [0,
M — €] and @y € C;°. We will use the above localization function in two sit-
uations: one for M > 1, € = 1, and in this case we simplify the notation using
@y = Dyy.1. Inasecond case M will not be a large quantity and therefore we will
have to choose € accordingly.

Consider now Z € D°°. Under the same conditions as for Proposition 2.2, we
get a conditional integration by parts formula of form (14) localized by Z, with the
following modification on the estimation of the norms of H;):

| Ha(F, Gou(D)],
(16)

k3

< c||det(FF,s)_lq>M/(Z) ”sz

k
|| Foy(Z2) ||ki,p2,s ” GOy (Z) ”kl,phf

for some appropriate positive integers ki, p1, k2, p2, k3, p3, k4, and where we re-
call our convention on increasing constants M’ > M. In fact, to obtain the above in-
equality is enough to notice that there exist constants M’ and C which may depend
on M and k € N such that @ (Z) < C®(2)* and [35® 1 (Z)| < CPp/(Z). No-
tice that (16) is valid for localizations of the form @y, (Z) as well.
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2.2. Differential equations driven by fBm. Recall that X is the solution of (3),
and that our working assumptions are summarized in Hypothesis 1.1. We have
distinguished 3 situations:

(1) The one-dimensional additive case, for which equation (3) can be reduced
to an ordinary differential equation by considering the process Z = X — B.

(2) The one-dimensional multiplicative case, handled thanks to the Doss—
Sussman transform; see, for example, [19].

(3) The multidimensional case with H € (1/2, 1), solved in a pathwise way by
interpreting stochastic integrals as generalized Riemann—Stieljes-type integrals.

In this section we give a brief account on the known results in the last situation.

In the case H € (1/2, 1), (3) is solved thanks to a fixed point argument, after
interpreting the stochastic integral in the (pathwise) Young sense; see, for example,
[14]. Let us recall that Young’s integral can be defined in the following way:

PROPOSITION 2.3. Let f€C¥,geCwithy +k>1,and 0<s <t <1.
Then the integral fS’ ge df: is well defined as a Riemann—Stieltjes integral. More-
over, the following estimation is fulfilled:

t
/ gedfe
S

where the constant C only depends on y and k.

=CIflyliglels —sI”,

With this definition in mind and under Hypothesis 1.1, we can solve (3)
uniquely, in the Young sense. Specifically, it is proven in [24] that equation (3)
driven by B admits a unique y-Holder continuous solution X, for any % <y <H.
Moreover, the following moments bounds are shown in [15]:

PROPOSITION 2.4. Let H € (1/2,1), and assume that Vy, ..., Vg satisfy Hy-
pothesis 1.1. Then for t € [0, 1] and % <y < H, we have
1
(17) 1Xll0.r.00 < lal +cv 1Bl
where we have set || X |0.r.00 := sup{|Xs|; 0 < s <t} and where we recall that
| Bllo,:,y is defined by (7). Moreover X; € D*®® and for n > 1,i= (i1, ...,i,) €
{1,...,d}Y  and 0 <s <t <1 the following bound holds true:

(18) sup  |DLX,| < Cyexp(cyalBILY,).

s,y
S=<ULFY,..Ip =T

.....

We remark that D’rlllr’; X, is a continuous function except if r; = u for some i,
where it is cadlag, and therefore the above supremum is well defined.
Furthermore, a bound for y-Hdélder norms with % <y < H is provided in [12],

equation (10.15), for X together with its Malliavin derivatives:
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PROPOSITION 2.5. Under the same assumptions as for Proposition 2.4, we
have

17y
”X”s,t,y =< Cl,V(”B”s,Z,y \% ”B”s,t,y)9

[DLX. ., < cavaexp(esvalBILY,):

REMARK 2.6. Assume H > 1/2 and the other hypothesis of Proposition 2.4
again. As mentioned, for example, in [8], Section 7, the Young-type integrals
fot Vi(Xs)d B; in (3) coincide with the Russo—Vallois definition of integral and
also with the Stratonovich integral of Malliavin calculus. We shall use these iden-
tifications later on, and they will be detailed in Section 5.2. For the time being,
let us just stress the following fact: in order to harmonize notation, we shall often
write fot Vi(Xs) o dB; for the Young integral (instead of fé Vi(Xy) dB;'), in order
to recall that it can also be interpreted in the Stratonovich sense.

3. One-dimensional additive case. This section is devoted to prove our main
Theorem 1.2 in the particular case m = d = 1 with additive noise. In this context,
one can take advantage of the results obtained by Nourdin and Viens in [20] in
order to derive Gaussian-type upper and lower bounds for p;. Let us then first
recall what those results are.

3.1. General bounds on densities of one-dimensional random variables. Re-
call that we denote the Malliavin—Sobolev spaces with respect to the fBm B by
DK-P_ and consider a real-valued centered random variable F € D2, We define a
function g on R by

g(z):=E[[DF, -DL"'F), |F =z],

where the operator L is the Ornstein—Uhlenbeck operator associated to the fBm B
(see [21] for further details), which can be defined using the chaos expansion by the
formula L = — "> ;nJ,. Based on the function g, the following simple criterion
for Gaussian-type bounds has been obtained in [20]:

PROPOSITION 3.1. Let F € D2 with E[F] = 0. If there exist c1, ¢y > 0 such
that

(19) c1 < g(F)<c, P-a.s.,

then the law of F has a density p satisfying, for almost all 7 € R,

) 2
E[IFl]eXp(_Z_> 5p<z>sE[|F|]exp( z )

2¢) 2cq 2cq - 2_5'2
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Interestingly enough, Nourdin and Viens [20], Proposition 3.7, also give an al-
ternative formula for g(F) which is suitable for computational purposes. Indeed,
if we write DF = ® ¢ (B) in the above Proposition, where ® :RM™ — 7{ is a mea-
surable mapping, then the following relation holds true:

20) g(F)= /OOO e E[(®F(B), ®p(e B+ 1 —e2B')), |F]de,

where B’ stands for an independent copy of B, and is such that B and B’ are
defined on the product probability space (22 x ', F ® F', P x P’). Here we abuse
the notation by letting E be the mathematical expectation with respect to P x P/,
while E’ is the mathematical expectation with respect to P’ only. One can thus
recast relation (20) as

1) g(F)= /(;OOE[E/[(DF, DF), ]IF]de,

where, for any random variable X defined in (2, F, P), X ¢ denotes the following
shifted random variable in 2 x ’:

Xe(a),a)’)zx(e_ew—i—\/l—efzew'), weR, o eQ.

3.2. Main result in the additive one-dimensional case. Before stating our re-
sult let us point out that we assume throughout this subsection V; = o . That is, X
is the solution of

t
22) X,:x—i—/ Vo(X,)ds+0B,.  te[0.1].
0

where o > 0 is a strictly positive constant, Vj satisfies || VéllOO < M for some con-
stant M > 0 and B is a fBm with H € (0, 1). Under this setting, we are able to get
the following bounds:

THEOREM 3.2.  Assume that Vy satisfies that ||Vlloo < M, for some constant
M >0,0 >0and H € (0,1). Then, for all t € (0, 1], X; possesses a density p;,
and there exist some strictly positive constants c1 < c3 and ¢z < c4 depending only
on M and H such that for all 7 € R,

c1 (z —m)? ¢3 (z—m)?
(23) m—Hexp< 7> <p:i(2) < m—HeXP( W)

cro2t2H cao

REMARK 3.3. The advantage of the Nourdin—Viens method of estimating
densities is that upper and lower bounds are obtained with similar proofs. The
drawback is the restriction to one-dimensional additive situations. Also notice that
the exponents in equation (24) are optimal, meaning that our density bounds mimic
the fBm case. See also Theorem 4.3 for the nonconstant diffusion case.
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STRATEGY OF THE PROOF. We first notice that we can reduce our problem to
prove that

E[|X, —m|] ( (z —m)?

E[|X; —m]] (z —m)?
24) 2,2H cy0 2121 t eX ( >

C20’2l2H 242H

)sm(z)s

c1o c1o

Indeed, one can check in our context that E[| X, —m|] < ot This easy step is left
to the reader for the sake of conciseness, and it naturally allows us to go from (24)
to (23). Now in order to prove (24), we obviously rely heavily on Proposition 3.1.
We thus define F' = X; —E[X,], where X, is the solution of (22). We get a centered
random variable, and we shall prove that there exists two constants 0 < K| < K»
such that

(25) Kio??" < g(F) < Kyo?1?H

Notice first that in the present case, it is easily seen that for any ¢ > 0, we have
X, € D"2; this is a particular case of [25]. Furthermore, the Malliavin derivative
of X; satisfies the following equation for r < ¢:

t
D,X; = [ V(XD X,ds +0.
r

This equation can be solved explicitly, and we obtain

(26) D, X, = gel ViX)ds,
In particular, the bound
27 oee™ <D, X, <oe™

holds true almost surely for M = || Vélloo.
Observe that we shall bound g(F') thanks to relation (27). More specifically, we
will show that for each 6 € R we have (almost surely)

(28) c3t?flg? < (DF, DFG)H <cat?fo?,

for two strictly positive constants c3 < c4. This deterministic bound easily
yields (19) and thus (24). We now separate the cases H € (1/2,1) and H € (0, 1/2)
in order to get relation (28). Notice that the Brownian case, that is, H = 1/2, is
well known, and it is thus omitted here for the sake of conciseness. [

3.3. Case H > % Recall that we wish to prove (28) thanks to relation (27).

Furthermore, owing to expression (9) for the inner product in H, we can write
(DF,DF%)4 as

t pt
(DF,DF?),, :cH// D XD, X0 11 — v 2 dudv
29) 0Jo
t t / /
:CHasz o Vo ds oI} V(XD ds |y _ 4y 2H=2 gy
0Jo

Therefore the lower and upper bounds in (27) follow from plugging inequality (27)
into relation (29).
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34. Case0< H < % As in the case H > %, our aim is to prove (27). We thus

go back to equation (21), and we observe that we can reduce the problem to the
existence of two constants 0 < ¢; < ¢» such that

(30) ar* <(DX,,DX?),, <.

The proof of these inequalities will rely on the following quadratic programming
lemma, which is a slight variation of [7], Lemma 6.2:

LEMMA 3.4. Let Q € R* @ R" be a strictly positive symmetric matrix such
that Z’}:l Qij =0 foralli=1,...,n. For two positive constants a and b, con-
sider the sets A =[a, 00)" and B = [b, 00)". Then

n
inf{x*Qx; ¥ € A, x e By =ab Y_ Qij.
i,j=I

PROOF. Seta=al € R"” and b = b1 € R". The Lagrangian of our quadratic
programming problem is a function L :R" x R" x R x R — R defined as

L(x,X,x1,A2) =x" Q% — A](x —b) — A3(X —a).
It is readily checked that V,L(x, x, A1, A2) = Ox — A1 and VzL(x, X, A1, A2) =
Ox — XAy, which vanishes for x = Q_lkz and X = Q_l)q. Therefore,
inf{L(x, %, A1, 42); x, ¥ € R"} = L(Q 7 A2, Q7 A1, A1, 22)
=210 D+ ATb+ Aa=:G(A1, M)
We have thus obtained a dual problem of the form
31) max{G (A1, A2); A1, A2 € RY ).

Let us now solve Problem (31). We first maximize G without positivity con-
straints on A; and A: we get Vy, G(A1, Ap) = —Q_lkz +b and V,,G (A1, A2) =
—ATQ‘I + a, which vanishes for A7 = Qa and A5 = Ob. Observe now that our
assumption }_; Q;; > Oforalli =1,...,n implies A7, A3 > 0, so that A7 and A3
are feasible for the dual problem. Hence

n
max{G()q, M)A, A € Rﬁ_} = G( I )»3) =ab Z Qij,
i,j=1
which completes the proof. [J

Importantly enough, Lemma 3.4 can be applied in order to get a lower bound
on H norms:

PROPOSITION 3.5.  Let B be a one-dimensional fBm on [0, 7], let H = H, be
the associated reproducing kernel Hilbert space and f, f € H such that f, > b
and f, > a forany u € [0, t]. Then (f, f)y > abt?H
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PROOF. Recall that, owing to relation (10), we have ( f, f)H =lim; |0 I (f,
f ), where 7 stands for a generic partition {0 = < --- <t, =7} and

L(f.))=)_ fu,Qijfy,  with Qij =E[A;(B)A;(B)].

i,j=1
where we recall that A;(B) = B;, — B;,_,. We assume for the moment that Q
satisfies the hypothesis of Lemma 3.4, and we get

n n
L:(f. f)=ab > Qij=ab Y E[A;(B)A;(B)]=abE[B;]=abt*",
i,j=1 i,j=1
which is our claim.
Let us now prove that Q satisfies the hypothesis of Lemma 3.4. First, the strict
positivity of Q stems from the local nondeterminism of B; see, for example, [28].
Indeed, for u € R" we have

n—1 n
u*Qu:Var(ZujAj(B)> > ey uilty —tjg M,
Jj=0 j=1

where the lower bound is the definition of local nondeterminism. Thus u*Qu > 0
as long as u # 0.
Let us now check that for a fixed i we have 3_; Qij > 0. To this end, write

I

Z Lyl
2. Qij =E[Ai(B)B:] = / 3 R(t,u)du.
j=1
Going back to expression (1), it is now easily seen that for u < T we have

R, u)=H '+ @@ —w 1) >0,

which completes the proof. [J

We can now go back to the proof of relation (30), which is divided again into
two steps:

Step 1: Lower bound. Thanks to relation (27), we have that oe~™ <D, X,.
Thus we just have to apply Proposition 3.5 to the Malliavin derivative in order to
obtain

(32) (DX,,DX?), > o4 e™2M

which is our desired lower bound.

Step 2: Upper bound. In order to obtain an upper bound for g(F), we will
use the representation of H through fractional derivatives. Indeed, apply first the
Cauchy—Schwarz inequality in order to get

(33) (DX,,DX,O>H < IDX [l |DX] I3
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We then invoke Lemma A.1 to bound ||DX? l. This boils down to estimating

D, X? - D, X
a= sup |D,X? and b= sup — L "L
ref0,] rvef0]  (V—r)Y
with1/2— H <y < 1/2 and any 6 > 0.
Now starting from expression (26) and owing to the fact that V{j is uniformly
bounded by M, we trivially get a < oe™. As far as b is concerned, we write

’

D, X! — D, X0| < gels XD | _ ol VXD D) < 5 M (v — ),
We thus end up with the inequalities
a<oeM and b<oMeMil-v,
We now apply Lemma A.1 with constants a and b, and we obtain
IDX,||l% < cy(oeMtt + aMeZMtHH) <2cyoMe*MiH
and hence
(DX, DX?)H <4cyoiM?eM2H

Finally, putting together the last bound and (32), we get (25) in the case H €
(0, 1/2), which completes the proof of Theorem 3.2.

4. One-dimensional nonvanishing diffusion coefficient case. We turn now
tothecasem=d=1,H e (%, 1) for a nonconstant elliptic coefficient o. Observe
that this special case is treated in a separate section because (i) the Gaussian bound
is obtained with weaker conditions on the coefficients than in the multidimensional
case, and (ii) the proof is shorter due to specific one-dimensional techniques based
on the Doss—Sussman transform and Girsanov’s theorem. This is detailed below.

REMARK 4.1. The Doss—Sussman transform can be justified for any H €
(0, 1) in our context. However, the computations related to Girsanov’s transform
become much more involved when H < 1/2, and this is why we restrict our anal-
ysis to H > 1/2 in the sequel.

4.1. Doss—Sussmann transformation. The idea of the method is to first con-
sider a one-dimensional equation of Stratonovich-type without drift and then apply
Girsanov’s theorem for fBm in order to obtain a characterization of the density.

In order to carry out this strategy, we start by using an independent copy of
(2, F,P) called (', 7/, P') supporting a fBm denoted by B". On (', ', P'), let
Y be the unique solution to

t
(34) Y,=a+/ Vi(Yy) 0 dB.,
0
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where the integral is interpreted either in the Young or Stratonovich sense (as re-
called in Remark 2.6), and where V| € C}(R; R), V; #0and H € (%, 1). We also
call W’ the underlying Wiener process appearing in the Volterra-type represen-
tation (11) for B’. We now recall here some details from Doss and Sussmann’s
classical computations adapted to our fBm context.

Indeed, as in [19], let us recall that the solution of equation (34) can be expressed
as Y, = F(B/,a),t >0, where F : R2 — R is the flow associated to Vj,

oF
(35) = Vi(F(x,y)), FQ,y)=y.

We remark that if V| is bounded, then F satisfies |F (x, y)| < c(1 + |x| + |y]).

Next we relate the solution X of equation (3) to the process Y defined by (34).
This step is partially borrowed from [22], and we refer to that paper for further
details. Indeed, thanks to a Girsanov-type transform, the following characteriza-
tion of the law of the solution to (3) is shown for m = d = 1: For any bounded
measurable function U : R — R, one has

(36) Ep[U(X;)] = Ep[U(F(Bj.a))t],

where £ =&, = dp, is the random variable defined by
! 1
(37) - exp( | [MS aw! — EMfdsD,
0

where we have set M = K_l(fd VOVI_l(Yu) du).

Notice that in definition (37), the operator K has been alluded to in Sec-
tion 2.1.1. Tt should be observed that K, K~! can also be defined, respectively,
for H > % and an appropriate function %, by (see details in [21], Chapter 5)

K(h)(s) =10 (sH_l/Z(IOH_l/Z(sUz_Hh)))(s) and

We also recall that in the last equation, I(‘)’ﬁr and Dy, denote the fractional integral
and fractional derivative, whose expressions are

o _ 1 o a—1
S = | =y o ay

and

1 f(x) f(x) fo
f(-x) (1 _ )a+l .
It is easily seen from the expressions of K, Uand Dy, that K I}lh is an adapted
transformation; see also expression (39) below. Hence the term & in (36) corre-
sponds to the usual Girsanov correction term. Furthermore, notice that in order

H—-1/2
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for (36) to be satisfied, it is required that [ VOVI_I(Yu)du € I£+1/2(L2[0, 1.

This condition is satisfied due to the y-Holderianity of Y forany y < H.
Actually one should prove that Novikov-type conditions are satisfied for & in

order to apply Girsanov’s transform and get relation (36). This is achieved in the

following lemma:

LEMMA 4.2. Let & be the random variable defined by (37), and assume that
Hypothesis 1.1(1) is satisfied. Then

(38) My <eyps  with Byi=s"""" B4 e

for any arbitrarily small ¢ > 0. Furthermore Ep/[£] = 1, which justifies the Gir-
sanov identity (36). That is, under P, B= B’ + [, Vo Vl_l(Yu) du is a H-fBm.

PROOF. According to the expression of K ;11 , we have

1
where we have set
VoV ' (¥y)
1_ 1
M, = gH-1/2

M2 _ SH—1/2 /S SI/Z_HVOVI_I(Ys) _ u1/2—HVOV1—1(Yu) "
y 0 (s —u)H+1/2

The term M sl is easily bounded: we invoke the uniform ellipticity of V; and the
regularity of Vy and V{, which yields M§ < s~ =12 We now bound Mf let
us decompose this term as M? = M2! + M22, with

S AR el CLD
M? _/O o Vi du and

Mn_/Wﬂ?%@—wwﬂn>
s
0

(s —w)H+1/2 du.

Then, resorting again to the fact that Vj Vl_l is bounded and with the obvious
change of variable r = u/s, we get

cy /1 P12 CV.H

dr <
gH—1/2

21
|Ms | = 0 rH71/2(1 _r)H+1/2 — SH71/2‘

In order to handle the term Mfz, we start by writing

s ’ ’
22 |F(Bsaa)_F(Bu’a)|
M fcv/ s TR du,
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and thanks to the Lipschitz properties of F plus elementary integral computations,
we obtain

M < CV,H”B/||H—1/2+£‘

Therefore, summarizing our estimates on MY M2 and M?2, the proof of our
claim (38) is now completed.

Now let us have a closer look at the process f: it is readily checked that || B’|| v
admits quadratic exponential moments for any y < H; see Theorem 3 in [22]. In
particular, one can choose y = H — 1/2 + ¢ for ¢ small enough, and hence there
exists A > 0 such that the expected value E[exp(A fé ﬁz(s) ds)] is a finite quantity.
Owing to a version of Novikov’s condition stated in [11], Theorem 1.1, we deduce
that E[£] = 1. This completes the proof. [

4.2. Main result in the Doss—Sussman framework. As in the additive case of
Section 3, we are able to get both upper and lower Gaussian bounds in a one-
dimensional context:

THEOREM 4.3. Assume that H € (1/2,1) and Vy, Vi satisfy the assumptions
of Hypothesis 1.1(1). Then there exist constants C1 and C» such that for all t €
(0, 11, the solution X; to equation (3) possesses a density p; satisfying for all
x eR,

! e (C(x_a)2>< (x)
————exp| —C1——+— X
O P\ i ) =
(40)
< L ( C(x—a)Z)
—————=exp| - Co——+— |-
T CoV2mt2H PUT 2 or

PROOF. In this proof one should separate 4 cases: (a) A < Vi(z) < A with
subcases x > a and x < a and (b) —A < V(z) < —A with subcases x < —a and
x > —a. These situations are treated thanks to the same kind of arguments, and we
will thus assume in the proof that x > a and A < V|(z) < A for all z € R. We now
divide our proof in two steps.

Step 1: Upper bound. We start from an equivalent of (36) for densities, which
is justified by [15], Theorem 7, and a duality argument

(41) pi(x) =Ep/[8:(F (B}, a))§],

where § is the random variable defined in (37). We now integrate by parts in order
to get

pi(x) =Ep[l{pp 0> H(F (B, a),§)],
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with

, _ §DF (B, a)
42) H(F(Bt,a)»f)_a(“DF(B a)”LZ([O t])>’

where D, §, respectively, stand (with a slight abuse of notation) for the Malliavin
derivative and divergence operator for the Brownian motion W’ under P’. Let us
further simplify the expression for the random variable H(F(B;,a), £): setting
K:(u) = K (t,u)ljo,n(u), it is readily checked that we have

D, F(B.a) =0, F(B/.a)K,(u) and |DF(B},a)|}2q0 ) = |0xF (B a)]’r*.

Plugging this information into (42), and defining Z := £ (9 F (B, a))~!, we end
up with

8(ZKy)
H(F(Ba).8) =" 55" =K1~ Ko
where
ZB/ DZ,K;);2
K| = t2Ht and K= < t;LL . D

We have thus obtained

(43) pi(x) =Ep[lipp ay>x) K1l — Ep[l{pp )= K21 = pi(x) — pi(x),

and we shall upper bound these two terms separately.
The term pt1 (x) can be bounded as follows: for g1, g2, g3 > 1 large enough and
a parameter 1 < g4 = 1 4+ ¢ with an arbitrarily small ¢ > 0, we have

1/611
[1B/]9']
ph = P e 57 0) 2

(44) El/q3 9. F B/ —q3 El/q4 q4
x Ep (|0 F (B, a)| " ]Ep " [£%].

We now bound the right-hand side of this inequality:

ESVIBINT g L
(i) We obviously have Pi <ct™", since B’ is a P'-fBm.
(ii) Let us prove that there ex1st two positive constants ¢; and ¢; such that, for

all x >0,

ca(x —a)2>

/1/ / _
(45) P/ (F(B;,a) > x) <ci exp( oy

Indeed, for a fixed a € R, set Q =P/(F(B/,a) > x), and decompose this term as
Q= 01+ Q0 with

Q1 =P(F(B/,a)=x,B{>0) and Q,=P/(F(B/,a)>x,B,<0).
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Since we have assumed x > a and V| > A > 0, itis readily checked that 0> = 0. In
the sequel we thus bound the term Q. Toward this aim, appealing to relation (35),
we write

B
Q1:P’<\/0 VI(F(Z,a))dzzx—a,Bt/ZO).

Next recall that we have assumed A < Vi(z) < A for all z € R. Hence we have
J§ Vi(F(z,a))dz < A¢ forall ¢ >0, and thus

(x —a)z)

Q] < P,(AB; >X—a, Bt/ ZO) :P/(AB; > X —a) < exp(—m

which is consistent with relation (45). The proof is now completed by a similar
analysis of the term Q».

(iii)) Equation (35) and the nondegeneracy assumptions on V| show that 9, F is
bounded from below by a constant, so that we get the trivial bound

Ep® (| F(B],a)| ] <c.

(iv) Set S = fot./\/ldes/ and D = fot/\/l?ds, where M = K;Il(fo' Vo X
Vl_l(Yu)du) as above, and where we recall that g4 = 1 4+ ¢ with an arbitrarily
small ¢ > 0. It is readily checked that

q4 a; q
£ = exp(q4S — ED) = exp(q4S — 74D> exp(ng),

2
where g, = q% — g4 = &(1 + ¢). Now observe that the term exp(q4S — %‘D) isa
Girsanov change of measure which corresponds to a shift on B” of the form

B=pB— q4/0' VoV ' (V) du= B — (g4 — 1) /O VoV (V) du.
Calling P’ the probability under which B is a fBm, we get
(46) Ep[£%] =E; [exp(% D)]
Now plug estimate (38) into (46). This yields

2
D<cy(1+|[B'|5_ 1)

< cv(l + Hé + q4/0 VoV, (V) du

2
H—1/2)
<cv(1+ 1B 1))

Going back to relation (46) and taking into account the fact that g, can be chosen
arbitrarily small, we get Ep/[£94] < oo.
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Gathering all the above estimates into (44), we have thus obtained that

ok —a)2>.

1 !
pt (X)S t_HeXp< le

The upper bound for ptz(x) [defined in (43)] is obtained along the same lines,
and we spare the details to the reader. Let us just mention that more Malliavin
derivatives of & and F(B’, a) are involved in the computations, and this is where
we use both the nondegeneracy and smoothness assumptions on V. Then taking
into account the estimates on pz1 (x) and pt2 (x) in (43), we end up with our global
upper bound in (40).

Step 2: Lower bound. Our strategy to obtain the lower bound in (40) is based
on the following decomposition:

47)  pi(x) =Ep[8:(F (B, a))(& — &,0] + Ep[8:(F (B, a))é,] =: o/ + o7

where ¢ is a constant to be determined later. Observe that the main term will
be ,otz, which means that we consider a two-point partition of the interval [0, 7],
and we perform a one-step decomposition of X; (or Y;) on [0, c1¢] and [c1t, t], as
opposed to the general time interval partition in Section 5.

First, we start studying the main term ,0,2: Note that due to (11), we can apply
Girsanov’s theorem in order to get

:01‘2:EP’[EP/[‘SX(F(B;’a))lfclf]éclt]
(F'(x,a) — [5" K(t,s)dW!)? W F~ 1 (x,a)
= EP’ |:6Xp(— 7 2 > - Clt]
2fcltK (t,s)ds \/2nf01tK2(t,s)ds

=Ep[L¢, (],

where we have set

L ( (F'(x,a) — J”K<z,s>dws+fg”vov1—1<xs>ds)2)
=€X —

et P 2f!, K2(1,5)ds

0 F~'(x,0)

X .
J2m L K2 s) ds

In order to determine a lower bound for the above expression, we use the following
information:

(i) We have 8, F ' (x,a)> [Vi(F(x,a)]"' > A7\
(i) We apply the inequality (m + a)? > tm? — 24> to m = F~'(x,a) —
SV K(t,5)dWs and a defined by a® = (f§"" VoV (Xy) ds)? < ey1?.
(iii)) Gaussian convolution identities can be invoked in order to compose the
quadratic exponential term defining L, ; with the expected value with respect to
the Gaussian random variable fOC K (t,s)dW;.
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(iv) The following trivial bound holds true: ! , K*(t,s)ds < [y K*(t,s)ds =
1*H These ingredients easily entail that

2. c F~Y(x,a)?
o= g T 257 )

for o 2[ K2(t, s)ds+focltK2(t s)ds, and we observe that 62 < 62 < 202,

Now we estimate the first term p, in (47) and prove that it is upper bounded
by a quantity which is smaller than half of the lower bound we have just obtained.
For this term we need to use again the integration by parts estimates carried out
in (41). In order not to repeat arguments we just mention the main steps: we start
by writing

pi =Ep[8:(F (B, ))& = &c0)] = Ep[1p .0 <y H (F(B], ), & — §cy1)],

and we decompose this expression into p! — p? like in (43), except for the fact
that this time Z is replaced by Z; := ((§, — &.,1) 0y F(B;, a))_l.

We wish to take advantage of the fact that & — &.; is a small quantity
whenever ¢y is close to 1. For this, define the process M, ;. as M ;s =
K;l(ftﬁlz Von_l(Yu)du), consider 8 € [0, 1] and define

t
SZ(Q) = gcltexp<9/ tMclt de - _/ Mcll s )
Cl 3

Then by the mean value theorem, we have

1 t t
6~ [ avso)( [ Maw—o [ sas).
cit cit

Applying Fubini’s theorem, one sees that the same estimates as in (44) appear
again with the following exceptions: (i) The last term in the decomposition be-

comes Ep l/ '94[(&,(0))94], which is handled in the same fashion as before. (ii) There
is another term appearing in the decomposition, namely

1/‘15[(/ M, dW, — 9[ Mzds> }

Using (38) and the same estimates for stochastic integrals as in step 1, one obtains
that the latter term is upper bounded by c(1 — 2 2Hy2=2H Therefore taking c
sufficiently close to 1 one obtains that this upper bound is smaller than 1/2 of the
lower bound previously obtained. The proof is now complete. [

5. General lower bound. We now wish to obtain Gaussian-type lower
bounds for the multi-dimensional case of equation (3). However, the computations
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in this section will be performed on the following simplified version for notational
sake (adaptation of our calculations to the drift case are straightforward):

d t .
(48) Xi=a+ Y [ Vi) odB!

i=1
where a € R™ is a generic initial condition, V;:R"™ — R" i =1,...,d is a col-
lection of smooth and bounded vectors fields and B, ..., B¢ are d independent

fBm’s with H € (1/2, 1). Recall that our goal is then to prove relation (5) in this
context. To this end, we shall assume that Hypothesis 1.1 [especially relation (4)]
is satisfied for the remainder of the article. Observe that, as in Section 4, equa-
tion (48) is written in the Stratonovich sense. Relations between Stratonovich and
Young integrals will be investigated in Section 5.2.

5.1. Preliminary considerations. Let us recall briefly the strategy used in [2,
16] in order to obtain Gaussian lower bounds for solutions of stochastic differen-
tial equations. The argument starts with some additional notation: Recall that the
natural filtration of B, which is also the natural filtration of the underlying Wiener
process W defined by (11), is denoted by F;. As we have introduced in Section 2.1,
we write E, for the conditional expectation with respect to F;. Under our working
Hypothesis 1.1, let us also mention that the following result is available (see [4,
15] for further details):

PROPOSITION 5.1. Under Hypothesis 1.1, there exists a unique solution
to (48). Then for any t € (0, 1], the random variable X, is nondegenerate in the
sense of Definition 2.1.1 in [21], namely: (i) X, € D*; (ii) the Malliavin matrix
I'x, is almost surely invertible and satisfies F;(tl € (p=1 LP(2). In particular, the
density of X; admits the representation p;(x) = E[5,(X;)], where &, stands for
the Dirac measure at point x.

With this preliminary result in hand, the quantity E[§, (X;)] will be analyzed
by means of the succesive evaluation of conditional densities of an approximation
sequence {F; 0 < j < n} such that X; = F),. We thus consider p,(x) = E[,(F})].
The discretization procedure is based on a corresponding partition of the time in-
tervalas 7 : 0 =1y < --- <1, =1, and the sequence of random variables F; which
satisfy the relation Fj € F;;.

Let us give some hints about the general strategy for the discretization: it is
designed to take advantage of conditional Malliavin calculus, which allows one to
capture the convolution property of Gaussian distributions. We shall thus assume
for the moment a structure of the form

(49) Fi=Fj_1+1j+Rj,
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where we recall that F;_; € F;; . In formula (49), the term /; will stand for a
Gaussian random variable (conditionally to F; jfl), and R; refers to a small re-
mainder term, whose contribution to the density of F; can be neglected with re-
spect to the one induced by I; just like in the argument in (47). The local Gaussian
bound (5) will be obtained from the density of the sum Z’}Zl I;. The argument
will finish by an application of the Chapman—Kolmogorov formula.

As suggested by equation (6) and setting A; 1(B) = B;'H] — B,ij, a natural
candidate consists of taking F; = X;, which yields

60 1= Vi )AL (B and Ry=Y [ [Vix) = Vicx, JaB,
i=1 i=1"1-

However, this simple and natural guess is not suitable for the fBm case. Indeed,

the analysis of the variances of /; induced from decomposition (50) reveals that a

significant amount is generated by the covariances between the increments A; (B).

Now, if we write

n 2 n
51) 2 :E[(B;)z] :E[(Z A’j(B)) ] = Y E[AY(B)AL(B)],
j=1 Jok=1

we realize that the diagonal terms on the right-hand side expression only account
for a term of the form 3 ; [1; — 11 |*# | which vanishes as the mesh of the partition
goes to 0 when H € (1/2,1). This means that our decomposition (50) will not
be able to capture the correct amount of variance contained in X;, and has to be
modified.

There are at least two natural generalizations of the Euler-type method described
above:

(1) Take into account the off-diagonal terms in (51), and perform a block type
analysis.

(2) Express the equation as an equation driven by the Wiener process W defined
by relation (11), and take advantage of the independence of the increments of W.

We have not been able to implement the strategy (1) above without cumbersome
calculations, and we have thus chosen to follow the second approach. Toward this
aim, we first recall how to define equation (48) as a Stratonovich equation with
respect to W.

5.2. Fractional equations as Stratonovich-type equations. In order to handle
equation (48) as an equation with respect to W, let us first introduce the following
functional space:

DEFINITION 5.2. Let || be the space of measurable functions ¢ : [0, 1] —
R4 such that

1 1
o1, :=aH/O (/0 |¢r||¢u||r—u|2H_2dr) dit < +00.
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Note that |H| endowed with the norm | - || |3, is a Banach space of functions, which
is also a subspace of H.

In the sequel we also consider random elements with values in |7{|. In particular,
the norm of ¢ in DV2(|H|) is given by

I llp1220) = E[l615,] + E[IDS 502 -

As mentioned before, the Young-type integrals we have handled so far can be
identified with Stratonovich-type integrals with respect to B, and finally as antici-
pative Stratonovich-type integrals with respect to W. In order to state these results
more formally, let us recall what we mean by Stratonovich integrals with respect
to B:

DEFINITION 5.3. Let u = {u;,t € [0,1]} be a R?-valued process defined
on (€2, F,P), whose paths are supposed to be integrable. The Stratonovich (or
symmetric, or Russo—Vallois) integral of u with respect to B is denoted by
Y4, J3 uk o dB¥ and is defined as

d . 1 4.t
Z/ u’;odBf:nm—Z/ u¥(BX,, — BX_,)ds,
k=190 k=1"0

e—02¢e —

whenever the limit exists. In the same way, the indefinite Stratonovich integral is
defined as

d .t d 1
(52) Z/ u’;odBf:Zf (k110.11(s)) 0dBY  forre[0,1].
k=170 k=10

The following result is borrowed from [1], Proposition 3 and [10], Proposi-
tion 4.2 and page 193 (we also refer to [1], Section 5, for considerations on the
indefinite Stratonovich integral). It gives the link between Stratonovich and Young
integrals with respect to B.

PROPOSITION 5.4. Letu = {u;,t € [0, 11} e DV2(|H]), such that

1 p1
(53) // IDsu, ||t —s|*1 2 dsdt < oo.
0JO

Then:

(i) The Stratonovich integral Zfz 1 fol uls‘ od Bf in the sense of Definition 5.3
exists, and we also have

d .1 d .1 .1
(54) Z/ u’;odijza(u)+aHZ// Dfus e — s|* 2 ds dt.
k=170 k=170 70
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(ii) Whenever u € C¥ a.s. with y > 1/2 and H € (1/2, 1), the Stratonovich
integral Zle fol uk o d B coincides with the Young integral ZZZI fol uk d BX.

REMARK 5.5. In the Brownian case (which corresponds to the limiting
case H N\ 1/2), one may wonder about the relation between our pathwise-type
Stratonovich integral and the Stratonovich integral of a square integrable adapted
process u € L%. The easiest way to carry out this comparison might be to start
with relation (54). Indeed, on the right-hand side of this identity, the Skorohod
integral &(u) coincides with Itd’s integral as long as u € LZ. As far as the terms
oy [01 fol D’s‘ut|t — s|*"=2dsdt is concerned, let us first mention that the mea-
sure 2ay|t — s|*~2ds dt converges to the Lebesgue measure on the diagonal
{(s,1) €[0, 11%;s =1} as H \, 1/2. We thus end up morally with a sum of terms
of the form % fol Df u; dt. The identification of this term with the bracket %(u, Wi
is then standard and is detailed in [21], Remark 2, page 175.

The next Proposition allows us to interpret the stochastic integral appearing
in (48) as a Stratonovich-type integral.

PROPOSITION 5.6. Let X = {X;,t € [0, 1]} be the solution to (48), and as-
sume Hypothesis 1.1 holds true. Then X € DV2(|H|) and satisfies the equation

d
X, =a+ Z/ Vi(X,) o dBX,
0
k=1

where the indefinite Stratonovich integral is defined by (52), and can be decom-
posed as a Skorohod integral plus a trace term as in (54).

PROOF. According to Propositions 2.4 and 5.4, we just have to prove that
X eDh2( |H|) and satisfies relation (53). We first focus on proving the relation
E[IIX 1175 ] + E[IDX 5y ] < 0o

In order to see the first part of this inequality, invoke relation (17), and write

1 p1
E[I1XIFy ) =arr | [ EIX1X.0]Ir = 5P ~2ards

1,1
5cE[||X||§O]fO/0 Ir — s 12 drds < c.

Along the same lines and owing to (18), it is also readily checked that
E[|DX |||27_L| @] < 0o and that relation (53) holds true, which completes the proof.
Note that due to Proposition 5.4(ii) and Proposition 2.5, we obtain the other asser-
tions. [

Finally, the following corollary is the key to the effective decomposition we
shall use in order to get our Gaussian lower bound on p;:
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COROLLARY 5.7. Let the same assumptions as for Proposition 5.6 hold true.
ForO0<s <t <1andy e |H|, we define

t
K (p)s :=/ or - K (r,s)dr.
)

Then the process K (Vi(X)). € Dom(8) and satisfies the equation

X,_a+2/ *(Vi(X))], o dWE
(55)

t t
—at ( aMK(u,s)vk(Xu)du>odwf,
Z/ /

where the anticipative Stratonovich integrals with respect to W can be decomposed
as a Skorohod integral plus a trace term as follows:

Zf F(Vi(X))], 0 dWE

(56)
=5(K(V (X)) +Zf DK} (Vi(X))], d

PROOF. For notational sake, we give some details of the proof forn =d =1,
the easy adaptation to the multidimensional case being omitted. We also set V =
V1. According to Proposition 5.6 and relation (54), we have X; =a + S; + cy 17,
with

=68(V(X)1p,) and T;= // F(V(X)j0,0),Ir — s1* =2 dr ds.

Then owing to [21], Proposition 5.2.2, we have S; = §(K*(V (X)1j0,;1)). In addi-
tion, a direct and easy computation shows that K*(V (X)1j0,/)) = K (Vi (X)) 10,11
so that we have obtained

S = 8(K; (Vi(X)),
that is, the first term in (56).

Next, for a function ¢ : [0, 1]2 — R set

1,1
(K2, = [ [ 80K G1 ) 00K (52,200, s s

1472
Thanks to a slight extension of (9), we get

1
T, = f[K*@’Z(DV(X)l[Ot])] ds_/o Dy [K*(V(X)1j0,1)], ds

_ / K} (V(X)],d
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where the second relation is due to Proposition 2.1, and the third one stems from
the fact that K*(V(X)1j0,)) = K/ (Vk(X))1j0,;). Gathering the expressions we
have obtained for the two terms S; and T;, the proof of our claim (56) is now
complete. [

5.3. Discretization procedure. We now proceed to the decomposition of F}, :=
X; as announced in (49), starting from the expression of F; for j =0,...,n. In-
deed, according to expression (55), a natural approximation sequence for X; based
on a partition 0 =19 < --- < t, =1t of [0, ¢] is the following:

(57) Fi=F_1+1+R;,

where, introducing the additional notation
1
(58) ni(u) :=1inf(u,t;) and gﬁs ::/ 0uK (u, 5)Vie(Xp;w)) du,
R

we set (note that glk_l s €Fny)

d fi-1
. E k k
Fi—l = / gi—l,sodws’
k=10

(59)
d 1 d t
Il :Z/ glk—]’qodeZZVk(Xll—l)/ K(t,s)de,
k=1"1i-1 k=1 ti—1

where the last integral above is simply a Wiener integral with respect to W. We
also introduce a family of random variables R; defined by

(60) R = Z Q% odWf,

tll

where Q is the process defined by

t
(61) 0% = / 8K (1, $)[Vie X)) — Ve(X;,_)] du

Observe that if V is elliptic and bounded, it is clear from expression (59) that
> Cov, () < t*H [d,, up to a constant, independently of the particular values
of the #;’s. We shall see, however, how to choose those values in Condition 5.10.

Finally we introduce some random variables & M(N’;,’ p(B)) fori=1,...,n
which allow us to control the supremum norm of the solution of equation (48) and
of their stochastic derivatives. This argument needs to be added in the methodology
of [2, 16], and therefore we have to tailor the arguments therein to our situation.
The localization random variables are based on the family of functionals N;'/’ p(B)
defined by

N (B)=/ B _B|pdudv
vp hlhlw_mbwa ’



428 M. BESALU, A. KOHATSU-HIGA AND S. TINDEL

which can be compared to Holder-type norms and have the advantage that they
can be differentiated with respect to B. In fact, we can see the aim of introducing
this functional in the following proposition, which is direct consequence of the
Garsia—Rodemich—Rumsey’s lemma; see, for example, [13].

PROPOSITION 5.8. Let H > § and p such that 0 <y < H — ﬁ Then we
have | Blli_y.i.y < cy.pINL_(B)]'/2P.

The next step is to study the conditional densities of the approximation se-
quence F;. To this end, one has to control various terms for which the localization
technique of Malliavin Calculus turns out to be useful. Specifically, recall that we
have introduced families of functions ®,s, ® s ¢ given by expression (15). In the
sequel we localize our expectations using functionals of the type & M(N;/, »(B)
and qDCi,E(Z?:l é"_l ID/ R;|?dr) for some constants ¢;, € of the form

A, Ci
(62) cii=— K*(t,s)ds >0 and ¢ :=— >0.
4 Ju_, 2

Furthermore, in order to ease notation, notice that we will simply write
. d 7 . 2
(63) Dy = CDM(N’%p(B)) and P, ¢ = q’cm(Z /t I\D{R,-\ dr).
j=17""

With this additional notation in hand, we can proceed to the first step of our
approximation scheme: since F; is J;,_, conditionally nondegenerate and the lo-
calizations @y and @, ., € D™, we can write

El‘,'_l [(Sx (Fl)] = El‘,'_] [Sx(Fi)cIDM(DCi,G[] + Eli_l [SX(FI)(l - q)MqDCi,Ei)]’
and due to the nonnegativity of the second term, we have
Etl',l [8X(Fl)] = Eti,I [Sx(Fi)q)M(DC,',E,']-
Recalling that F; = F;_1 + I; + R;, we then obtain the following decomposition:
(64) E, [6x(F)®Pu®e e |=T1i+ Joi+ B,
where
65) Jii =E; [6x(Fi—1+ )], Joi =By [8x(Fi—1 + I ( @y P e, — 1)]
and
m 1 .
©6)  Jsi=y E, [chcbc,.,ei /0 0x;8x(Fio1 4+ Ii + pR) R} dp].
j=1
Our aim is now to prove that in this decomposition, J; ; should yield the main
contribution, while J; ; is small because of the quantity (® P, ¢, — 1) whenever

M and n are large enough, and J3; is small due to the presence of the difference
between X, — X;,_, in R;. We shall implement this strategy in the next subsections.
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5.4. Upper and lower bounds on Ji ;. The main information which will be
used about Jj ; is the following:

PROPOSITION 5.9.  Let Jy ; be defined by (65). Then under Hypothesis 1.1 we
have

—(1/2)(x — Fi_)*S Y (x — Fi
67) Jii=E,_ [5:(Fic1 + 1] = et )((;n)m/2|gili1/lz(x 1)),

where X;_1 is a deterministic (conditionally to F;. ) matrix such that

ti t
A( K2, u)du)]dm <% < A( K2, u)du)ldm,
ti—1

i1

and where the two strictly positive constants A, A satisfy (4).

PROOF. The fact that [;_; is conditionally Gaussian is clear from expres-
sion (59), and this immediately yields our claim (67). Furthermore,
Yi_1:=Cov;,_,(I;) =E,_,[LiI]]

d "
=E,_, [(Z Ve(X,,_)) f K, u)dw5>

k=1

d f
X (Z V,*(X,i_l)/ K(t,u)dWL[l)i|
=1 fi-1

= YV Vi) [ KRG du,
k=1 fi-1
which completes the proof of our second claim, thanks to Hypothesis 1.1. [

The previous proposition induces a natural choice for the partition (#;) in terms
of the kernel K:

CONDITION 5.10. We choose the partition 0 =ty < --- < t, =t of [0, ¢] such
t2H

that we have ftfl_l K2(t,u)du = —= anz foralli=1,...,n.

With this choice in hand, let us note the following properties for further use:

LEMMA 5.11. Let ty,...,t, be the partition of [0,t] defined by Condi-
tion 5.10. Then:

(1) The partition is constructed in a unique way.
(1)) Wehave O <t; —ti_1 < cHn_l/(ZH)for alli=1,...,n.
2
(iii) The parameters c; defined at (62) are all equal to %.
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PROOF. Odur first claim stems from the fact that fé K2(t,u)du = t* and v —
fvf Kz(t, u) du is a strictly decreasing function forall 0 <v <71 <7t.

In order to prove our item (ii), recall expression (8), from which we easily de-
duce the bound

(63) K(t,s)>cy(t —s)1712,

Consider now a fixed point 7 € (0,f] and 0 < v = v, < v <t such that
TK2(t,u)du = ’Z—H. Thanks to bound (68) we have v; > w; where w; = w
v n

is defined by

’ 2H-1 2 2H oy 1
CH/ (t—u) du=—n = cp[t-—w) - -] =
w

In addition, since 2H > 1, we have (t — w)2H —(t - r)ZH > (t — w)2H for
w < T < t, which means that w; > x; where x; is defined by the equation

2H . . .
(t —x)*H = <HL— The latter equation can be solved explicitly as x; = 7 — —Ehhmy»
and summarizing our last considerations we end up with the relation
cHt
T—Vr < ——=,
T =, 1/2H)

which easily yields our assertion (ii). The proof of (iii) is straightforward. [

Now we state the following corollary to Proposition 5.9, whose immediate proof
is left to the reader:

COROLLARY 5.12. Let Ji1; be defined by (65). Then under Hypothesis 1.1

.. 2H
and Condition 5.10 we have for an = IT
(69) S ! ( |X—Fi—1|2)
' exp| ————— ).
L= a2 (Ao2ymi2 P 21072

Summarizing the considerations of this section, we have obtained that the main
contribution to E;,_,[6,(F;)], J1,i, is of the order given by (69). Most of our work
is now devoted to prove that the contributions of J; and J3; are smaller than a
fraction of (69) if M, n are conveniently chosen.

5.5. Upper bounds for J, ;. We start the control of J,; by stating a bound in
terms of the localization we have chosen:

PROPOSITION 5.13.  Let J» ; be the quantity defined by (65). Then there exists
positive constants c;, A, k1, ky and p1 independent of n such that
—k s
|12l < cnalog) 2Ly P (ki p1)

y’p —
where L, (ki, p1) = 11 = Py Pe; ¢ iy, proi s
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2H
with 0,12 = tT, and where we recall that the norms || - ||k, p,: have been introduced
at equation (13) and the random variables ® 1, ®, ¢, at equation (63).

PROOF. Our strategy hinges on the conditional integration by parts formula
we have introduced in Proposition 2.2, which gives for some constants k;, p;, i =
1,...,4,

oy T g H

=Clgq Hdet(FIiJi—l )_1 ”kz

k
DP3tio1 ”Il ” : ||1 - cDMq)Ci,Gi ”kl,pl,t,‘_] .

ko, p2.ti—1

Here, we have used that 1jr, |7~ < 1.

In order to bound the right-hand side of (70) we start by computing the Malliavin
derivatives of I;. Recall that due to (59), we have for j =1,...,d, « > 1 and
r,ri,...,rg > ti_1 that

D/I; =Vi(X, DK, )1 () and D I =0.

r...Fy
As faras I'j; ;,_, is concerned, it is a conditionally deterministic quantity such that
fori, j=1,...,d, we can write

d

Uhniy = Z<Djli’ Djli*)LZ([ti_m])
j=1

= Z VJ.(Xtifl)V;(Xlifl)/ Kz(t’ S) dS = O—,ZZV(X[FI)V*(X,FI).
j=1 Li—1

Using the ellipticity condition of Hypothesis 1.1(2) for V, we thus obtain that

_ 1
o<r;, = —sldn.

n

Therefore || ;! ,, , < C(o2A)%/? and

Jdet(Tr 7', < (Lyk}'
ili—1 DP3sti—-1 — )»0,12

Substituting these inequalities in (70), our proof is now finished. [

From the above Proposition 5.13, we see that in order to get a convenient bound
for J»; we need to study the random variable ||1 — ® 3 P, ¢ llk;, p; .5, - A suitable
information for us will be the following bound:

PROPOSITION 5.14. Assume Condition 5.10 and consider any y € (%, H)

and ki, p1 > 1. Let LZ:lp(kl,p]) =1 = Py P ¢; k1, p1,1,_, be the random vari-

able defined at Proposition 5.13. Then for any p > % y > 0 [recall that ®y =
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CDM(N;',’p(B))] such that 2p(H — y) — 2 > k1 H the following holds true: For any
n > 0 there exists ¢p k. p,,y,H,M,n > 0 such that

(71) E[LZ:,p(kla pl)] = Cp,kl,pl,y,H,M,nn_n-

PROOF. Let us first highlight what the parameters involved in the proof are:
recall that ¢; and €; were defined in (62). And although not explicitly written, ® s
depends on y and p. From now on, and through the proof we fix the values of y,
H, ki, p1, n and p satisfying the inequalities in the statement of the proposition.

As a preliminary step, we also observe that, due to the Holder inequal-
ity, it is enough to find a proper bound for ||[1 — @ik, py,;, and [P (1 —
D )iy, pr.riy separately. We first handle the term [|1 — @y llx; p;.1iy -

Now we will obtain a general estimate to be used in the proof. By Chebyshev’s
inequality, for any k> > 1 and % <y <H,

; E[IN;, ,(B)[®]
(72) [l —<I>M|2]sP(Ny,p(B)>M—1)§(Myf—l)k2

We now find an upper bound for E[|N§/7 »(B) |2]. A simple application of Jensen’s
inequality yields

E[IN, ,(B)[*] [(/t /zll|f—;|fw|2+p2d”d”>kz]

i rti E[|B, — B,|**
(73) <clty — ti—1|?*2~ U(/ / L | ]dudv)

. |v — MI(ZPV+2)k2

< Chypoy.lti = i [PRPHD),

We remark that all above integrals and expectations are finite due to the condition
2p(H —y) —2 > k1 H. Furthermore, the quantity |¢; — ;1 |2k2P(H=Y) can be made
as small as we wish by taking k>, p and n large enough. We will play on these
parameters later on.

Let us start the estimation for the high-order derivatives of 1 — ®,,. For this,
we first notice that, for any r of length greater or equal to 1 and any i, we have
Di(l — by = —Di.CDM, so that we shall bound Diq)M in the sequel. Next we
need to define the set of multi-indices A, = {(/1,...,1,);; €{0,...,n}, 1 +---+
[, = n}. In fact, one can easily check that there exist (explicit) random variables
uip’l’y,H(r), defined for l <n <k, r=(@1,...,rp) wWithr; <---<ry,andi =
(i1,...,in) € {1,...,d}", such that the following inequality holds for a positive
constant Cp ;. , g (i, T):

n
(74) IDL®y| <Y |0l om (N, ,(B))
=1
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and where the random variables /Lip Ly (1) satisfy

Wty I <Cpiyn [T wpiypn
le A;; j=1

" |Be — By*r!
with = / d&dn.
Holr =] Sy Te—qprez 540

Note that all the integrals above are well defined due to the restrictions 2p > kj
and 2p(H —y)—2> k1 H. .

Next, we estimate the moments of ,ujp’ Ly, (1) as follows. For any « € N, we
have

E[|Mp,l,y,H|K]

d&dn

/h E[|B: — B,7|(2P_l)"]
ti

2(k—1)
(15 <Cpuyulti—ti1) / P

1i—1
2pk(H—y)—IkH
< cpiiymlti —ti_g|2P<HE=Y) :

Therefore ||4p.1.y. Hlle < Cpiw,y HIti —ti- 1 [2PH=Y)—IH Note again that here, we
have used the hypothesis 2p(H —y) —2 > k1 H.

Let us now turn to the estimation of D7 ® ;. Starting from relation (74), we get
forn>1,

2
D@ a0,y

n 1 m
< Z 1_[ 1_[ |Mp,lj,y,H||Mp,mk,y,H|

I,m=1leA;; j=1leAy;k=1

x 9Ly (N, (B))]|07 pr (N, ,(B))|

n
2H-1)
X |ri — s;| drids;.
/[li—l,tilz” il:[] l l Y

Finally, plugging our previous inequalities (73) and (75) and resorting to Holder’s
inequality with q = (q1, . .., gi+m+1) Where qfl 4+ 4 qu,-lm—i-l =1, we have for
ki =1,

[”DkchM” L2([ti_1, ;]n)]

< cphywy il Pulf PN L (B) > M —1)

ki / m
p
x > IT  T1 Weprm Gt Mpamey B

I.m=11eA;; j=11eA,,;k=1
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ki

“\J,
( [Zifqui]znll:[l

< Cprpray Hio Pl ol

P1
|r,- — 8 |2(H_1) dri dSl')

iy |Vaar - Hppi(H =)

where we have set [[ P00 1= D 1o ||8§<I>M||oo. Therefore the result follows
from (73) and the above inequality by noting that |t; — t;_| < cyn~'/@H) and
taking k big enough. We remark that this result also gives that || ® |k, p;.rioy <

Cp.ki.p1.q.y.H-

The calculation for || ® (1 — D, ;) |k, py.,1;_, 18 similar, recalling that the norm
of the Malliavin derivatives of &), are bounded, and noting that instead of ap-
plying the operator D]rq, it is better to use directly the derivative operator Dqu with
Lemma A.2. We skip details for sake of conciseness. Observe, however, that in this
case, the derivatives of 1 — @, ¢, blow up as ¢;, &; get small. Still, one remarks that
the final proof is based on the fact that for any k¢ > 0, Chebyshev’s inequality and
the proof of Lemma A.4 (postponed to the Appendix) imply that

d L . ) A [l
P Z/ DI R; | dr > —f K(t,5)ds
j=1 fi—1 8 Jhiy

i

A [l —ke d g R ke
< (g KZ(t,s)ds> E[(Z/ |D/R;| dr) j|
ti—1 i1 Y-
i j=17k

= C()“Unz)_]%(fi — ;) Bk < o=/ ks

Here we have used the result in Lemma 5.11(ii) and Condition 5.10. [

5.6. Upper bounds for J3;. We now turn to the main technical issue in our
computations, namely the bound on J3 ;. Our aim is thus to prove the following
proposition:

PROPOSITION 5.15.  Let J3,; be the quantity defined by (66). Then there exist
¢ > 0and k > 0 such that for any H — % <y <H,

- em,vom(ti — ti—1)Y CM,V,m
= 2\m/2 = U H (A2 m2"
(o‘n )m/ nV/ (o’n )m/

(76) | J3,i

PROOF. We start from expression (66) and normalize I; + p R; in the following
way: we just set I; + pR; = o,U;, where U; := an_l(li + pR;). We thus have

m 1 .
J3,i = ZEI,',I |:q)Mq>C,',6,' ‘/(; 8xj8x(Fi—l +Unul)le dlo:|
j=1
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Along the same lines as in (70), the integration by parts formula (16) now yields
m 1 .
Ji=o, "Dy /O B [Miprisne i ) H oy Ui R @y P, )] dp.
j=1
Hence the following bound holds true (see [21], page 102):

1
U341 < c1.g0, ™D A fo A2(p)As(p) dp,

where the quantities A1, A2(p), A3(p) are, respectively, defined by

k3

Al = nllaxm” RZJCDM/ ”kl,pl,ti,l’ A2(p) = ||det(FZ/_{il,ti_1)<DM/cDCi,€i ”1)3,1[71

.....

and
k.
A3(p) = Ui @ar ),

and where we also recall that Rij is defined by (60). Then the first inequality in (76)
follows from Lemmas A.4, A.5 and A.6 which have been postponed to the Ap-
pendix, and by choosing y such that H — % < y. In order to go from the first
inequality in (76) to the second one, we simply apply Lemma 5.11. [

5.7. Lower bound. Let us first summarize the considerations of the previous
section: starting from decomposition (64) and applying Corollary 5.12, Proposi-
tions 5.13, 5.14 and 5.15 and the forthcoming relation (86), we have obtained the
following facts: the inequality E;,_,[8,(F;)] > J1,; + J2,; + J3,; holds true, and

thus
1 lx — Fi_1]?
) T e Ty
2\—kayv.p CM.V.m
_C)»,A(O'n) Ln,i (k1, p1) — ny/ZH(O-r%)m/Z’

with the additional information E[LZ’;D (k1, p1)] < Cp yn~" for an arbitrarily large
exponent 7.
We are now ready to prove the main theorem of this article:

PROOF OF THEOREM 1.2. With equation (77) in hand, we shall follow the
strategy designed in [2, 16]: Fix x — a throughout the proof, and define the balls
B; = B(y;,c1o,) fori =1,...,n where y; = a + ;l—(x — a). We also define be-
low an additional sequence {x;;i =1, ..., n}, such that x; € B; and x, = x. The
constant ¢y will be fixed later on (see Figure 1).

We shall now proceed in a backward recursive way on the index i. For instance,
in order to go from n to n — 1, we resort to (77) in order to write

c x—F,_1?
E[Sx(Fn)] = E[Etnfl [3x(Fn)]] = %E[exp(—#) - CM,V,m”l_K:|,
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¢-=2-- >
Yo n Yn—1 Yn
a x
FI1G. 1. Space partition for the lower bound, with sequence y1, ..., y, and x;.

for a certain strictly positive constant . Hence

E[5:(Fy)]

e, x = Fy? .
z OﬁmfRE[(exp(—T%)—CM,v,mn K)fsxn_1(Fﬂ1):| dxn_1

cy, |x — Fp1|? _
e 1 () oo

n

v

We now observe the following: if we wish the term 8, (F,—1) to give a nonnull
contribution, the relations

X —a
Xn—1 € B(Yn—1,c10m), X = V1=
lH
Un=ma [ Fyu—1 — Xn—1] < c10y

must be satisfied. Moreover, from these conditions, it is easily seen that |x —

12
F,_1| < 4c10, whenever n > ljlﬂall’ . We thus define a constant ¢ > % such that

calx —al?

. 8 2
Then if we take ¢; such that exp(—%) > % and n such that cpr v mn™" < 1/4, we
obtain

B[ (F)]= o [ E[b,  (Faon)]dunr.

n n—1

These arguments can now be iterated backward from i =n — 1 to 1, and the

reader can easily check that the only additional required condition is the compati-
bility relation y; | — y; < cj0, (this will be verified below). Denoting by «,, the
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volume of a unit ball in R” [viz. a,, = 7"/2/ T (% + 1)], we end up with

cvm\" _
E[5:(F))] = (%—n"j) 1B, c10,)|" !
n
B cVom n n1/2 nm C]lH m(n—l)O[n_l
“\a ) \im 172 m
cvom\" /2"
- (%) anr” ()

! e < ln(cv’md]nam> + m In( ))
= ——€X n _— — n .
ay eyt iym P 4 2

Once here, we are reduced to tune our parameters according to the following
constraints:

(79)

(i) Recalling (78), we have that if c¢; is taken small enough so that p =
—In(cy,mc" o, /4) > 0 and (as alluded to above) such that exp(—8c% JA) > % and
nln(p) +mln(n) > 0 for all n € N, we get

o Cvmeiiam\Y _ pea|lx —al?

We remark here that the values of ¢y, c2 and ¢y, v, are fixed independently of n.
It is now easily seen that our bound (79) is of the form (5).

(i1)) We now choose the constant ¢ in (78) so that the compatibility relation
Yi+1 — Yi <10y is satisfied. Toward this aim, recall that

lx —a|l |x—a| 1
|J’i+1_yi|— n - I’ll/z I’ll/z,
: — o lxzal?
and since n = ¢ > We get
H
Yist — yi| = |x —alc—l/z o,
i+ 1 I’ll/z 2 |X _a| 2 n-e

. . —-1/2 1/2 . . lx—al?

It is thus sufficient to take ¢, '~ < ¢1 A (2¢,""), which also satisfies that n > 4oy 20

This completes our proof. [J]

APPENDIX: SOME PROPERTIES OF STOCHASTIC DERIVATIVES

We start this technical section with a general bound on the space H related to
fBm.

LEMMA A.1. Let H €(0,1/2), t € (0, 1] and consider the space H defined
on [0, t] as in Section 2.1. Let f be an element of C¥ ([0,¢]) for 1/2 — H <y <
1/2, with || flloc < a and || fllo,1,, <b. Then

I flln < cu(at® + b7 TH).
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PROOF. For a function g defined on [0, ¢], recall that its fractional derivative
is given by

12-H 8u g — 8
(80) D" gu = ( — )2 H + W (v—n)32H dv.

Consider now f € CY([0,¢]) satisfying the conditions above, and set g, =
u_(l/z_H)fu. According to [21], formula (5.31), we have

1/2— 2
(81) ||f||%15cH/O §1=2H| Y2t g 2 4.

We now proceed to estimate the right-hand side of relation (81).
Indeed, plugging definition (80) into (81), it is readily checked that

t t
||f||%_L§cH</O Afds+/ des>

with A, = —Vufu

(f — )1/2 t_ Ol2-H’ __/ (v—s)3/2 H

where we have set ¥, = (s/v)!/2~H_ It is then easily seen that fo A% ds <
cpa’t*M  In order to bound B, notice that the function Y is well defined on [s, 7]
and satisfies ¥y = 1, ¥, < L and |y | < v~ L.

[fs — Yo fol <1 fs — folbo + 1511 — Yl
<b(w-—s) +all —y|" < (b-i— )(v—s)y

dv,

Dividing this inequality by (v — s)3/2~#

over [s, t], we get

, recalling that y < 1/2 and integrating

a
|Bs| < cp (b + —)(z — )y~ (1/2=H)
sY
which entails that
t
f BZds < cy(a®t* + p? 2T,
0
Gathering our bounds on fé A? ds and fé BS2 ds, our proof is now complete. [
Let us now state a bound on Malliavin derivatives.

PROOF OF RELATION (12). We focus on the first derivative case, the other
ones being handled in a similar fashion. We will thus prove that

D, F| <esssup |D,F|K(t,u).
u<r
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Indeed, according to Proposition 2.1, we have that for F' € F;,

D, F|=|[K/DF],| =

t
/ D, Fo,K(r,u)dr| <esssup|D,F|K(t,u),
u

u<r=<t

which is exactly our claim. [J

We now turn to the bounds on the process Q featuring in the definition of our
remainders R; [see decomposition (57) of X;]:

LEMMA A.2. Let X be the solution to (48), let n; be the function defined
by (58) and Q the process given by (61). If r1,s € (ti_1,t;), then the following
bounds hold true:

(82) 0¥ <cvK(t, 9)Iti — ti—11” Z4,
(83) IDL Q¥ <cvK (1, )K (t,11)Z],

for _;:I-measurable random variables Z",Z’i defined by Z(i) = Blls_1,t,y V
||B||t,-_1,z,y and

(84) Zi= sup{|Dlr1 Xy — X))

admitting moments of all orders. In general, we can extend these results to Malli-
avin derivatives of arbitrary order £ > 1 in the following way: for r1,s € (ti_1, t;)
andry, ..., rp <t;, we have

Jio1 <1 <v <t}

n
(85) DI T Ok <evK (t.9)Zy [] K. rp),

.....

j=1

for Z = sup{|D{ (X — Xy Dl tici <1 <v<t,i=1,...,n}, whichis a

.....

F1-measurable random variable with moments of all orders.

PROOF. Bound (82) is an easy consequence of (61), Proposition 2.5 and the
fact that 9, K (u,s) > 0. Moreover, observe that whenever r; > t;_;, we have
D, Vi(X;,_,) = 0. Hence, using Proposition 2.1, we get

t
DL 0% = / 3K (1, )DL Vi(Xy, o)) du
N

Vri

t
=/ auK(M,S)[Kt*D{Vk(Xm(u))]m du
R

Vri

t t
— f 3K (1, 5) (f DL Vi (X 50) Oy K (72, 71) dr2> du
s r

Vri

It is thus readily checked that

<cyZiK(t,9)K(t,r1).

D, 05 <evZy

t
/ 0, K (u,s)K(t,r1)du
sVry
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The general result (85) is now obtained by means of an induction argument and
resorting to the same techniques as in the case of the first order derivative (namely
£=1). O

REMARK A.3. Note that due to the definition (84) of Zf and Proposition 2.5
which controls the derivatives of X using the Holder norms of B, the random
variables Z verify

j 1
|2} < Cyexp(CyIBIL, 4. ).
forany y € (%, H). Hence, applying Proposition 5.8 we obtain
i i 1/2
|Zi| = Cvexp(Cv., (N}, ,(B))/*"7),

for any p suchthat 0 <y < H — ﬁ. This relation yields in particular that Z ; €

N ¢>1L7(§2). Furthermore, once we localize by the random variables @y or @/,

we end up with
(86) Om?xk(Z;dDM/) =CM,V,m with CM.V.m =CV.m exp(CV’m(M/)l/zl’P)-
=i=

In the next proposition, we give norm estimates for the remainder terms R;
needed in the upper bound for J3 ;.

LEMMA A.4. In the setting of Proposition 5.6 and Corollary 5.7, with defini-
tion (60) and (63), the following estimate is valid:

(87) IR @1l 0, < vt = tim1) 0

PROOF. This result obviously involves the control of many derivative terms.
For the sake of conciseness, we only sketch the bound for DR;. Now recall that

Ri=Y [ 0fodwk
k=111

We now apply a small variant of [21], Proposition 1.3.8, to Stratonovich integrals,
which states that for r € [t;_1, t;], we have

. . d 14 .
(88) D/Ri=0/+) | D/QfodWy.
k=1"1i-1
Let us now evaluate the L2[#;_1, #;] norm of D‘ri R;. The main contribution for this

norm comes from the term Q on the right-hand side of (88), for which we obtain,
according to (82),

1 . . ti
/t (@) dr <cylty —t17(Zh)* | K2(t.r)ydr

i—1 ti—1

i\2 2 2
=cv(Zy) 1t —tiz1|7V o,



GAUSSIAN-TYPE LOWER BOUNDS FOR DENSITY OF FRACTIONAL SDES 441

and thus

B/ DI,y @] < cvlt — 1117 ouBL ! ()" @]

<cymlti — ti—11” on,

which is consistent with our claim (87).
Let us give another example of term which has to be analyzed in order to bound

the norm of D! R;: the term A defined as

1 i ti i k2 p1/2
A ::Eli—l [(/[A'_ldr/;_lds[D‘r Qs] ) CDMI].

Along the same lines as above, using (82), we find
ti t
A<cuy | dsK*(t,s) | drK*(t,r)=cu,voy,
ti—1 L1

which is a remainder term with respect to (87). Notice that many other higher
order terms have to be evaluated in order to complete the proof. We omit these
cumbersome but routine developments for sake of conciseness. [

We now turn to the bound on A»>(p):

LEMMA A.5. Recall that A>(p) is defined as A>(p) = || det(T'y, 1, YL, x
D, e ”];733,11‘71 . Then this quantity is uniformly bounded in n, p and w € Q.

PROOF. Recall thatU; = o, Y(I; + pR;), and remark that using Proposition 4
in [2], we have that

1t d 4 -
det(Tyy o ) D e, < 2™ (E)‘ t K%(t,5)ds — Z/t D R[\zdr> Do ;-
i—1 j—l i—1

. ; i . Lo
Moreover, we have localized Z‘le . ID]R; 2dr by @, , with ¢; = “g=. Thus

we end up with

t

A —1
Ty ) 0o =02 (5 [ K2anras)
ti—1

from which the result follows. O

The estimates for A3(p) are obtained in a similar fashion. In fact, we have:

LEMMA A.6. The same conclusion as in Lemma A.5 holds true for the quan-
. k.
tity A3(p) = U DI, .
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PROOF. With respect to Lemma A.4, we only need to consider additionally
the bound for

”IicpM’”kz,pz,ti,l =< C”Ii ||k2,p3,ti71 ||CDM’||k2,p4,t,;1'

The above follows from Holder’s inequality. Therefore the result follows from
straightforward calculations for /; as in the proof of Proposition 5.13. [J
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