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We give a sufficient condition for tightness for convergence of rescaled
critical spatial structures to the canonical measure of super-Brownian motion.
This condition is formulated in terms of the r-point functions forr =2, ..., 5.
The r-point functions describe the expected number of particles at given times
and spatial locations, and have been investigated in the literature for many
high-dimensional statistical physics models, such as oriented percolation and
the contact process above 4 dimensions and lattice trees above 8 dimensions.
In these settings, convergence of the finite-dimensional distributions is known
through an analysis of the r-point functions, but the lack of tightness has been
an obstruction to proving convergence on path space.

We apply our tightness condition first to critical branching random walk
to illustrate the method as tightness here is well known. We then use it to
prove tightness for sufficiently spread-out lattice trees above 8 dimensions,
thus proving that the measure-valued process describing the distribution of
mass as a function of time converges in distribution to the canonical measure
of super-Brownian motion. We conjecture that the criterion will also apply to
other statistical physics models.
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1. Introduction and main results. In the past twenty years, many critical
high-dimensional spatial branching models have been conjectured or proved to
converge to super-Brownian motion (SBM). Perhaps the earliest were Rick Dur-
rett’s conjecture on long-range contact processes in 1 dimension converging to
super-Brownian motion with logistic growth (see Section 1 in [40]) and David
Aldous’s conjecture on lattice trees above 8 dimensions converging to integrated
super-Brownian excursion; see Section 4.2 in [1]. Attempts to understand the
large-scale behavior of lattice trees in high dimensions date back even further [34,
38].

Significant progress has been made in a number of settings, including: (i) lat-
tice trees (LT) above 8 dimensions [12, 13, 16, 31], (ii) oriented percolation (OP)
above 4 spatial dimensions [30] (see also [2, 41, 42]), (iii) the contact process (CP)
above 4 spatial dimensions in [26, 27] (see also [3]), (iv) the contact process in
lower dimensions when the range of the process increases with the rescaling [10],
(v) the voter model in 2 or more dimensions [5, 7, 8] and (vi) the Lotka—Volterra
model [9]. These results suggest that SBM is a universal scaling limit of critical
interacting particle systems above a critical dimension. See [11, 43] for detailed
surveys of super-processes and convergence toward them and [14, 15, 37] for in-
troductions to super-processes and continuous-state branching processes.

In each of the cases (i)—(iii) above, what has been proved is the rescaled con-
vergence for large dimensions of the (Fourier-transforms of the) so-called r-point
functions, which describe the expected number of particles at given times and spa-
tial locations. Together with the results in [32] and the identification of the survival
probability in high-dimensions in [23] (see also [21, 22] for sharper results in the
context of oriented percolation), these results prove the convergence of the finite-
dimensional distributions to those of the canonical measure of super-Brownian mo-
tion (CSBM), thus showing that CSBM is the only possible limiting cadlag process
in these models. Proving tightness and hence a full statement of weak convergence
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on path space in these settings has remained a major open problem. For example, in
setting (i) of lattice trees, see the discussion in Section 1 of [31], and in setting (ii)
of oriented percolation, see the discussion following Corollary 1.3 in [30]. Verify-
ing tightness in these limit theorems for random mass distributions at criticality has
remained open due to the lack of any general method to bound higher moments of
increments of the rescaled discrete processes. In (iv) the weaker (i.e., long-range)
setting makes the issue easier to handle, and for the approximate voter model set-
tings (v), (vi), the coalescing random walk dual allows one to resolve the problem.
In the case of self-avoiding walk, tightness was established using sub-additivity;
see Lemmas 6.6.3 and (6.6.42) in [39]. The convergence of the finite-dimensional
distributions in settings (i) to (iii) relies on subtle cancellations. It was not even
clear that such cancellations are valid uniformly in time, and hence at least one of
us believed tightness would fail in some settings.

In this paper we resolve this issue. We give conditions for tightness of the
rescaled empirical measures of a general class of discrete time particle systems
on the space of cadlag measure-valued paths and hence establish convergence to
CSBM on path space if convergence of finite-dimensional distributions is known
as in the cases above. This involves formulating an expansion (with bounds) for
moment measures which leads to control of the moments of the increments of the
Fourier transforms of the rescaled empirical measures of our discrete mass distri-
butions (Conditions 3.1 and 3.2 in Section 3). The key condition is formulated in
terms of the r-point functions for r <5.

As a test case we first verify the conditions for critical branching random walk,
reproving the fact that branching random walk converges on path space to CSBM;
see, for example, [43]. We then go on to show that lattice trees above 8 spatial
dimensions also satisfy our conditions, hence giving the first example of a high-
dimensional “self-interacting” model in (i)—(iii) above for which convergence to
CSBM on the space of cadlag paths is proved. We expect that the general method
developed herein can also be used to prove convergence on path space for (ii) and
that an appropriate continuous-time modification of it should enable a correspond-
ing proof in the case of (iii).

1.1. General setting. We work with general discrete-space particle sys-
tems/models in statistical mechanics. Each particle « in the system has an as-
sociated spatial location ¢ () € Z¢ and temporal component |«| € Z.. (For the
processes we will study, the labels o will take values in a finite rooted tree.) Let
N, (x) be the number of particles alive at time n located at position x, and N,
denote the total population at time n, that is,

(1.1) Ny(x)=#{a:¢(@)=x,|a|=n} and N,= Y N,(x).
xeZd

Let P and E denote the probability measure describing the law of the model and its
expectation, respectively. We start from a single initial particle located at the ori-
gin o, and assume that once the total population reaches 0 it remains at O thereafter,
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that is,

No = Np(o) =1 and
(1.2)
N,=0 for all n > § =inf{m > 0: N,,, = 0}, P-almost surely.

For critical models of branching random walk, lattice trees, oriented percola-
tion and the contact process (for sufficiently spread-out kernels above the respec-
tive critical dimensions), it is known (see, e.g., [23, 43]) that there exist model-
dependent positive constants A and V so that the survival probabilities satisfy

2
(1.3) nP(N, >0) > — asn — oo.
AV

We will, in fact, assume such a convergence in general for our tightness result;
see (2.3) below. The r-point functions for r > 2, ¥ € Z40~D and 11 € Zf[l are
defined by

r—1
(1.4) 1 (%) :E[H Ny, (x,-):|.
i=1

Models such as lattice trees and oriented percolation have single occupancy,
that is, N, (x) € {0, 1} for every x € Z¢ and n € Z,, P-almost surely. In such
cases, letting {o SN x} = {N,(x) > 0} be the event that there exists a connection
to vertex x at time n, we recover the following expression that typically appears in
the lace-expansion literature:

(1.5) 1@ =Pl s i Vi=1,...,r —1).

This includes some degeneracy, such as t((,??n)(x, x) = z,§2> (x).
Let MFr(E) be the space of finite measures on a Polish space E, equipped
with the topology of weak convergence. Define a sequence of M g (R?)-valued

processes {X,(")}tzo, for n € N, by

n 1
(1.6) X0 = 3 Ny (),

xezd

where v > 0 is another model-dependent constant, and N,; = N|;;). The scaling
of time and space by n and n~!/2, respectively, is the scaling under which random
walk converges to Brownian motion. The scaling of the measure by n~! occurs
since typically (see [23]) if the population is alive at time 7, it is of size n. However,
since the population survives until time n with probability of order 1/n by (1.3), we
would see nothing at time ¢ = 1 in the limit as n — oco. Therefore to get a nontrivial
scaling limit we define a sequence of finite (but nonprobability) measures u, on

the Skorokhod space D(M r(R9)) of cadlag M r(R?)-valued paths {X;};>0 by
(1.7) un() =nAVP({X"}, o € ).
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Clearly this sequence of measures cannot converge to a finite measure. For X =
{Xi}i>0 € DMEp@RY)), let S = S(X) =inf{r > 0: X, = 0y}, denote the extinc-
tion time of the process, where 0y, is the zero-measure. We let Ny be the canoni-
cal measure of super-Brownian motion as defined in Section I1.7 of [43] with the
branching parameter y = 1 and the underlying spatial motion there being stan-
dard (variance parameter is 1) d-dimensional Brownian motion. Recall that Ny
is a o-finite measure on D(M g (R?)) supported by the set of continuous paths
X starting at 07 which stick at 0y after the extinction time S > O and such that
No(S > &) =2/¢ forall ¢ > 0. Then, for the critical branching random walk model
starting from a single particle at the origin, there are A, V, v (specified in Sec-
tion 1.2.1 below) so that

(1.8) pn(, S>e) —> No(-, S > ¢) on D(M r(R?)) for every & > 0,

where the convergence is weak convergence of finite measures. See, for example,
[43], Theorem I1.7.3(a) (the argument given there for branching Brownian motion
is easy to adapt to branching random walk) or Theorem 1.1 below. In general we

abbreviate (1.8) as u, N Np.

1.2. Specific models. In each case below the model is defined in terms of a
symmetric random walk kernel D :Z¢ — [0, 1] satisfying Y rezd D(x) = 1. Al-
though the results hold slightly more generally, let us assume that D is uniform on
a box of radius L in Z<, that is,

(1.9) D(x) =1j0<|xfne=<)/(RL + DY = 1).
Throughout the paper we use |x| to denote the Euclidean norm of a vector x. Let

(1.10) o?= > xI’D(x) < o0,

xezd

so that the covariance matrix of D is (o2 /d)1;. In both of our models the ran-
dom branching objects can be defined in terms of pairs (T, ¢), where T is a finite
abstract tree (see Section 1.2.1 below) and ¢ : T — 74 is an embedding of the ver-
tices of that tree. For a vertex a € T, we let |«| denote the distance of o from the
root in T. Edges in T will be denoted by o’ where o’ is a child of « in the tree.
The two models differ markedly in the probabilities assigned to different (T, ¢).

1.2.1. Branching random walk. We follow the construction in [4] and [19].
Let W = U;2{0} x N" be the set of finite words starting with a 0. If o =
Oty -+ oy € W\ {0}, the parent of « is () =0---a,—1 € W. A (finite) rooted
tree T is a finite subset of W such that:

(i) 0 €T (call O the root of T), and
(i) ifa=0a;---a, €T, thenw(e) e Tand {0---ay—1j:j <oy} CT.
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fa=0---a, T, TN («) are the children of « and |«| = n is the generation
of @ and, as noted above, is also the graph distance in T between « and the root.
We say B € T is a descendant of « € T, or « is an ancestor of 8, if |f| > || =n
and 081 - - - B, = . Let o A B be the most recent common ancestor of @ and S (i.e.,
| A B| is maximal). We write T to denote the set all (finite) rooted trees.

Next we introduce a probability law on T to construct the critical Galton—
Watson tree with a critical offspring distribution (p,,;)m>0 satisfying

(L.11) > mpm =1, V=> m@m—1)pnu <oc.

m=>0 m=>0

To avoid the trivial offspring law §; we assume that pg > 0. We will also assume
that

(1.12) Z m* Pm < 00 for all natural numbers £,

m=>0

although for the tightness part of our arguments ¢ = 4 suffices in the above. We
begin with a single individual whose offspring distribution is given by (p;)m=>0.
Each of the offspring then independently has offspring of its own, with the same
critical distribution (p,,)m=0. Mathematically this leads to a probability on T given
by

(1.13) P(T) =[] re forTeT,

aeT

where &, = &,(T) € Z, is the number of children of « in T. In this case N, =
#{a € T: |a| = n} is the size of the nth generation, and Kolmogorov [35] showed
that (1.3) holds with A =1 and V as in (1.11); see, for example, [43], Theo-
rem I1.1.1.

We define a random embedding ¢ of T into Z¢ to be a mapping from the vertices
of T into Z¢ such that the root is mapped to the origin, and given that « is mapped
to x € Z4, each child o’ of « is mapped to y € Z¢ with probability D(y — x),
independently of the other children. Branching random walk is then defined to be
the random configuration (T, ¢) with probability law

(1.14) P(T,¢) = P(T) [] D(#() - ().

aa’eT

Recall that @’ € T means that ' is a child of « in the tree T. In particular, the path
in Z4 from the origin to ¢ (o), where @ = Oxjaz - - - oy, € T 1s a random walk path
of length || = m with transition probabilities given by D. The counting process
N, (x) associated with (T, ¢) is now given by (1.1). For this model we take v =
o2d~" in (1.6), and reprove the following well-known result:

THEOREM 1.1. For critical branching random walk, (v, 5 No.
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This result has a long history, for which we refer the reader to [43] and the ref-
erences therein. We include the proof in Section 4 to illustrate our convergence
criterion in a less technical setting. The additional moment condition (1.12) that
we have imposed on the offspring distribution is not needed for the convergence
result above (see [43]), but as our general approach is based on convergence of
mean moment measures this seems unavoidable without additional truncation ar-
guments.

1.2.2. Lattice trees. A lattice tree 7 in Z¢ is a finite connected set of lattice
edges xx’ (and their associated end vertices x, x’) containing no cycles. We write
xx" €T (resp., x € T) if xx’ is a edge in T (resp., x is a vertex in 7). Here x
and x’ denote vertices in Z¢. We will choose a random lattice tree according to a
weight function on the embedded objects, defined by

(1.15) WA(T)= [] D" —x),

xx'eT
and we define the two-point function by p;(x) = > 75, W.(T). A subadditivity
argument shows that the radius of convergence z. of ) .74 p;(x) is finite [34]. Let
W ()= W,.(-) and p = p; (o). We define a probability measure on the (countable)
set of lattice trees containing the origin by P(T) = p~' W (7).

Let us now describe the model in terms of embeddings of abstract rooted
trees, for comparison with the branching random walk situation. If T is a fi-
nite rooted tree, an injection ¢:T — Z¢ is an embedding of a lattice tree T
if and only if: it maps the root of T to the origin, has range 7, and ao’ €
T if and only if ¢(x)p(a’) € T. We call (T, ¢) a tree embedding. Two tree
embeddings, (T, ¢) and (T’, ¢), of the same lattice tree 7 are equivalent in
the space of all tree embeddings. Clearly we may identify the lattice tree T
with the equivalence class [T, ¢] of all its tree embeddings. The weight (1.15)
of a lattice tree 7 can then be expressed in terms of any tree embedding
(T, ¢) in its equivalence class as W, (T) = [yoreT 2D (¢ (') — ¢ (@)), and thus
P(T, 1) = p~ ' 2" [Tywer D@ (@) — (). Note also that N, (x) = #{a €
T:¢(x) =x, |a| =n} € {0, 1} is invariant under equivalence of (T, ¢).

Our main result for lattice trees is the following:

THEOREM 1.2. For the lattice trees model with d > 8 and step distri-
bution (1.9), for sufficiently large L, depending on d, there are positive con-

stants A, V, v such that [y, N Np.

1.3. Some applications and open problems. Let {X;};>0 denote a canonical
path in D(M r(R?)). Weak convergence on path space implies weak convergence
of such real-valued functionals as sup,.; ¥ (X;) and [; ¥ (Xs)ds where [ is a
bounded interval of nonnegative reals and ¢ : M 7(R%) — R is bounded and con-
tinuous. We give a pair of typical applications, the first of which uses a continuity
property of the limiting super-Brownian motion.



CONVERGENCE ON PATH SPACE 285

COROLLARY 1.3. Assume u, 25 No. Let I be a bounded interval of non-
negative reals and E C R? have Lebesgue null boundary. Then

un<supX§”)(E) €,85> s) N N()(sust(E) €., S> 8) forall e > 0.

sel sel

PROOF. It is sufficient to show that X is a continuity point of X —
sup,c; X;(E) for Np-a.a. X. Let E° and E be the interior and closure of E, re-
spectively. It follows easily from [43], Theorem IIL.5.1, that

(1.16) X,(0E)=0 Vt > 0and 7 — X,(E) is continuous Ny-a.a. X.

Hence it suffices to choose a continuous X € D(M g (R¥)) satisfying the properties
in (1.16) and show that if X — X in D(M p(R?)), then

(1.17) lim sup X" (E) = sup X, (E).
=00 4y tel
We first show that
(1.18) limsupsup X" (E) < sup X, (E).
n—o0o te] tel

Choose 1, € I so that Xt(:)(E) > Sup;¢; Xt(")(E) — % We can find a subsequence
{ni}ren for which the left-hand side of (1.18) is the limit through the subsequence,

and so thatt,, -t € I. Since X is continuous, we have X,(:k") — X, in Mp(RY).
It follows that
lim sup sup Xt(") (E) = lim sup Xt("") (E) < limsup X,(:kk) (E)

n—>oo tel — 0 el

< X,(E) < sup X,(E) = sup X (E),

tel tel

where the continuity of  — X;(E) is used in the last equality. An even simpler
argument, left for the reader, shows that

. . (n) o o
(1.19) liminfsup X, (E°) > sup X;(E®).
n—o0 te? () teg) ((E°)

[If ¢ > 0, start by choosing 7o € I so that sup,.; X;(E°) < X;,(E®°) + ¢€]. Now
use (1.18), (1.19) and the fact that X,(E°) = X;(E) for all ¢, to derive (1.17) and
so complete the proof. [

The second application can often be obtained without tightness, but becomes
relatively straightforward in the presence of tightness.

COROLLARY 1.4. Assume iy, N Ny, and

(1.20) sup  E,, [XW (D] =C.

neN,1>5s>0
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“"(/o XM (1) ds > t) — No(/o Xs(1)ds > t)

= ,/2/(mt) forallt > 0.

Then

REMARK 1.5. The conclusion of Corollary 1.4 is equivalent to
VNP i~0 Nk > n) — /2/(Vr). The condition (1.20) will hold in all of the
models we have in mind. Itis a consequence of Condition 3.1(a) below and (1.2).
See the discussion after Condition 3.1 for the references showing that it holds
for a range of models including lattice trees (it is trivial for branching random
walk).

PROOF OF COROLLARY 1.4. The equality for the limiting measure is a con-
sequence of the well-known connection between the canonical measure of super-
Brownian motion and It6’s excursion measure; see Chapter III of [37]. It also can
be derived from Theorem 1.1 and the exact asymptotics for the total progeny of a
Galton—Watson process; see Theorem 1.13.1 of [18].

Next, we show that w,( fooo X S(") (1)ds > t, S < ¢) vanishes uniformly in n when
¢ | 0. For this, we note that, by the Markov inequality and (1.20) for ¢ <1,

o0 &
i [T xOWas =15 <e) < [ xOrds=1)
0 0

(1.21) <t 'E,, [/8 X‘E”)(l)ds]
0

<Ct e,

Further by (1.8),

0
lim sup pt,, </ XMyds>1,8 > 1/e> < limsup 1, (S > 1/¢)
n 0 n

(1.22)
=No(§ > 1/e) = O(¢),

the last, for example, by Remark I1.7.4 of [43]. Since fol /¢ x s(1)ds is a continuous
functional of the path we have [by differencing (1.8)],

1/e
Mn(/ XM (1ydse-, S e, 1/8])
(1.23) 0

1/e

N N()( A X,(dse-,SeC, 1/s]>.

As the limiting distribution has no atoms [this follows easily from the fact that
Jo© X5 (1) ds has no atoms under Ny by the equality of the limit already noted] the
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above implies that

i (/oo XM (Dyds >1,S € (e, 1/8])
0

0
(1.24) —>No</ Xs(l)dszt,Se(e,l/s]>
0
forall t > 0.

Putting the pieces together, and using that (see the above argument)

(1.25) N()(/OOO Xs(1)ds>1t, S €le, 1/8]) :No(/(;OOXS(l)ds > t) + O(e),

we may complete the proof. [

For some applications the weak topology on the space of finite measures on R¢
is too weak. For example weak convergence of measures does not imply conver-
gence of their supports as the support functional is only lower semi-continuous.
To illustrate this issue, consider the “one-arm probabilities” which have attracted
considerable attention recently, particularly in the context of percolation. For lat-
tice trees, let |7 || = max{|x|:x € T}, and let B, be the open Euclidean ball of ra-
dius r, centred at the origin in R¢. For a measure-valued process X = {X t}i=0, let
| X1l = sup{r:U;~o{ X:(Bf) > 0} # &}. We make the following conjecture about
the asymptotics of the extrinsic one-arm probability P(||'7|| > r) for lattice trees.

CONJECTURE 1.6 (Extrinsic one-arm probability). For d > 8 and sufficiently
large L,

. v
(1.26) lim (T > r) = Ty No(I1 X1 > 1).

See [36] for a proof that the extrinsic one-arm probability for percolation above
6 dimensions decays like 1/r? (although the precise constant in the asymptotics is
not identified there).

While (1.26) does not follow from the weak convergence result u, -5 Ny
established in this paper, the lower bound in the following corollary (proved in
Section 5.2) is almost immediate:

COROLLARY 1.7 (Extrinsic one-arm lower bound). Let d > 8. Then for suffi-
ciently large L,

.. 2 %
(1.27) liminf P(I7 > r) = = No(I1 X > 1).

In Section 2 we discuss the relationship between convergence of the r-point
functions and weak convergence of the finite-dimensional distributions. We then
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give convenient general abstract conditions, notably bounds on the fourth moments
of the increments of their Fourier transforms, for weak convergence to CSBM on
path space (Theorem 2.2). This result is proved in Section 5 along with Corol-
lary 1.7. In Section 3 we state the two conditions on the r-point functions (Con-
ditions 3.1 and 3.2) and formulate our general tightness result, Theorem 3.3, for
general discrete time models. Condition 3.1 consists of bounds on the 2-point func-
tion that are known to hold for both lattice trees and oriented percolation in high
dimensions; see the discussion in Section 3 and Lemma 3.5. Theorem 3.3 is then
proved in Section 6 by verifying the conditions of Theorem 2.2. In Section 6 we
prove Theorem 1.2 by verifying Condition 3.2 for lattice trees (with d > 8 and
L sufficiently large) through lace expansion techniques. The proof here relies on
certain diagrammatic bounds for coefficients arising in the lace expansion, Propo-
sition 7.3, which in turn is established in the Appendix by modifying the arguments
in [31].

Application to other models. For oriented percolation and the contact process
above 4 dimensions, convergence of the finite-dimensional distributions has been
proved, due to the survival probability and r-point function asymptotics provided
in [21-23] and [25, 27, 30], respectively. Tightness remains an open problem in
each case.

CONJECTURE 1.8 (Convergence for oriented percolation). Condition 3.2, and

hence j, —> Ny, is valid for oriented percolation when d > 4 and L is sufficiently
large.

By the above discussion this reduces to the verification of Condition 3.2, which
would be through a lace expansion analysis. We believe that a similar approach
can be used to prove weak convergence to super-Brownian motion for the contact
process as well, but one first needs versions of the tightness criterion given in
Section 3 that are appropriate for continuous-time processes.

The picture is much less complete in the case of ordinary (nonoriented) per-
colation and d > 6, where even convergence of the r-point functions (hence
finite-dimensional distributions) and validity of Condition 3.1 below is not yet
known.

2. Weak convergence of measure-valued processes. We work in the general
framework of Section 1.1. Let D = D(M ¢ (R%)) be the (Polish) space of cadlag
Mp(R9)-valued processes {X;};>0 equipped with the Skorokhod topology. The
space M (D) is also Polish. For X; € MEp@RY), f:R? — C and k € R?, define

@l X(f)= /R FOXidx) and Kyk) = /R X, ().
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Recall definition (1.8) of weak convergence to the canonical measure Ny. Much
is known about Ny, for example, by [43], Theorem I1.7.2(iii), for every € > 0,

2 2
No(Xe(1) € G\ (Oy}) = (g) /Ge—@/g)x "
(2.2) 2
and therefore No(S > &) = No(X,(1) > 0) = -

For each fixed ¢, (1.8) is a statement about convergence of a sequence of finite
measures on a Polish space. By considering the test function 1, (1.8) implies that
for each ¢ > 0,

(2.3) Un(S >e) = No(§S > ¢).

In other words, convergence of the survival probabilities is necessary for weak
convergence. It is easy to check from the definitions [notably (1.6) and (1.7)] and
(2.2) that (2.3) for any fixed ¢ > 0 is equivalent to (1.3) which in turn is equivalent
to (2.3) for all ¢ > 0. Convergence of the survival probabilities for branching ran-
dom walk reduces to a statement about Galton—Watson branching processes and is
a well-known result due to Kolmogorov [35]; see [18], Section 1.10 or [43], Theo-
rem II.1.1. The corresponding property (2.3) for lattice trees, oriented percolation
and the contact process is a very recent result [21-23]. Due to this fact, the weak
convergence in (1.8) can easily be translated into a statement about convergence
of the corresponding (conditional) probability measures on the Polish space D,

(2.4) Pi —> P, foralle >0,

where PP () = un(-|S > &) = un(-, S > €) /(S > €), and P&O(-) =No(-|S > ¢&).

Let!>1,and r = (11, ..., 1) € [0, 00)!. We use n7: D — Mp (@R to denote
the projection map satisfying 77(X) = (X, ..., Xy;). The finite-dimensional dis-
tributions (f.d.d.) of v € M (D) are the measures v; € Mp(M r(RH?!) given by

vi(H)=v({X:m;(X) € H})),  HeBMp(RY),

where B(E) denotes the Borel sets of E.

The probability measure P§IO on D is uniquely determined by its finite-
dimensional distributions. By [32], Proposition 2.4, convergence of the finite-
dimensional distributions follows from convergence of the survival probabilities
and convergence of the mean moment measures

r—1 r—1
Ey, [1‘[ X,ﬁ.”)(k,-)] — En, [1‘[ X, <k,->}
25) l T _

forr >2,7€[0,00) !, k e RID,
Again note that under (2.3), the convergence of the f.d.d. of the normalized or un-

. . f.d.d. f.d.d.
normalized measures (written P, — PI§0 for each ¢ > 0, and u, — Ny, resp.)
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are equivalent. Using the lace expansion, the limits (2.5) have been established
for LT, OP and CP in terms of asymptotic formulas for the Fourier transforms of
the r-point functions (1.4). See Section 3 for more details and Section 1 for ref-
erences. Thus weak convergence in (2.4) would follow from relative (sequential)
compactness of the sequence of probability measures P, .

For a Polish space E, let D(E) be the space of cadlag functions from R to E
with the Skorokhod topology, and recall that D = D(M 7(RY)).

DEFINITION 2.1 (C-relatively compact). A set of probabilities {Py}yecs On
D(E) is C-relatively compact on D(E) if it is relatively compact (every sequence
has a convergent subsequence) and every weak limit point Py, satisfies Pso(C€) =
0 where C is the set of continuous functions in D(E).

Our first result reduces the C-relative compactness of the probabilities P} to a
fourth moment condition for increments of the processes. The proof is given in
Section 5.1. Recall that we are in the general setting of Section 1.1.

THEOREM 2.2. Suppose that (2.3) holds for some ¢ > 0, and that the follow-
ing hold:

(i) sup,enn ™' X ez 1x[PEIN, (x)] < o0
(ii) there exist ¢ > 0, n > 0 such that for each T > 0 and k € R? there exists
Ck.r > 0 with SUP | <y Ck.r < oo foreach T, such that for all n € N,

|l— | 1+¢
WBR 6 - K0 <o (122)
(2.6)
forall j,1 € Z4 satisfying j,l <nT.

Then the probability measures { P; },eN are C-relatively compact on D for all T.
If, in addition, (2.5) holds, then i, LN Np.

3. The r-point functions and a general criterion for tightness. In this sec-
tion, we continue to work in the general setting of Section 1.1 and replace the
tightness condition (2.6) by a criterion in terms of the Fourier transforms of the
r-point functions (1.4). First, note that

R0 = [ % Ny g
xeZd

3.1

Zel(k/f)xN (x).

xezd

A2 Vn
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Therefore
r—1 r—1
(n) nAv i(k/y/70)- .
£ T | = im0 0] Tyt
i=1 Fezdr—1) j=1
(3.2) |
_ i(k//nv)x,(r) =
T ACA2U N2 Z ¢ tp (X).
A(A2Vny=2 L ni
Defining
(3.3) @) =3k 3y,
X
we see that
1 k
o (1) A(r)
3.4 X, (ki .
( ) Mn|:l_[ ( ):| A(AZVn)r -2 nt ( /vn)

When r > 3, fn; includes a small contribution from degenerate cases arising from

some of the x; being equal. We assume the following bounds on the increments
J(i)l(k) — t(z) (k) and on the second spatial moments ) .74 |x|2 )(x)
CONDITION 3.1 (Two-point function assumptions).

(a) There is a constant a > 1 so that for any K' > 0, there is a K so that for all
integers j > 0,

3.5) forall kP <K'j~" 7% 00 —iP K] < K((G+ D7+ IKP).
(b) Theorem 2.2(1) holds; that is, there is a constant K > 0 so that
(3.6) S xPP(xy<Kn  foralln>1.
xezd

The above bounds are important players in the inductive approach to the lace
expansion, as studied in various guises in [20, 24, 25, 28]. Lemma 3.5 below veri-
fies that Condition 3.1 holds for both lattice trees and oriented percolation in high
dimensions.

Our next condition involves various lace expansions for the r-point function for
r =3,4,5, and forms the heart of our analysis. It is a technical condition which
will likely be difficult to digest upon first reading. Its verification for branching ran-
dom walk in Section 4 below should help, and its relation with other expansions in
the literature, especially in the context of lattice trees, is discussed in Section 7.1

below. In its statement, for a vector 7 = (n1,...,n,_1), # denotes the largest co-
ordinate of 7, and n the smallest coordinate of n. If I C J, ={1,...,r — 1}, let
n; = (n;)ies, and form € Zy letn —m = (ny —m, ...,n,_; — m). Finally, de-
fine

3.7 miamy=myVvmy)—mi Amy)+1=|m; —my| + 1.
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CONDITION 3.2 (Lace expansion and its bounds). There exist )A(,E,ll),mz (%10, I_éh ,
- A 2 - - - ~ 3 - - - ~ 3 - N 4 - N 5 -
k), 22 0o Gk k) 2 (kips K1y k), &5 (K), &3P (K), &9 k),

Xml,mg;nl Xml,mz;nl,nz

and constants a > 1 and p € [0, 1) such that, forr € {3,4,5} and all nn € N“l,l_{' €
R(r—Dd

~(r) 7 ~(lol+1) 7 7 7 N(hl+D 7
k=) > Ry, Ktor Ky k)i, 155 (ki)

lo, Iy, I 1=smi<nj ,1=my=<np,

38 (Ll+1) 7 QP
2 ~(r
X zﬁ[;_mz (kp,) + k5" (k),
where the sum over Iy, 11, I is over all partitions of {1, ...,r — 1} such that 1 € I,
L #@andir=min{i €{1,...,r —1}\ 11} € . The lace expansion coefficients

satisfy the bounds
39 |k d<c,  kPol<cn, |k E)] < C(i—nl?+777),

and, uniformly in Iy, I, I [with (im VvV n), =m| vV my V n, in 3.11) and (m v
Mg =M1V M2V Ny V Ny in (3.12)],

(3.10) 20 (0| < Comy ama)™e,

Xml?mZ

G |3xP )] < Comy ama) " ((m1 amy) + (m v n)P),

Xml,mZ;n*

~(3 > _
B2) [ o O] < Cn N ) (my 5m2) ™ ((my ama) + (m v m)L,).
We may, and shall, assume a € (1, 2). As an example, consider expansion (3.8)
for » = 3. In this case we must have Io = @, I} = {1}, I = {2}, and so (3.8)
becomes
~3) 7 A > A2 A2 ~(3) 7
3.13) k)= 3 A B8 DB, (ko) + 85 ().
1<m<nj,1<my<nj
Clearly Theorem 2.2(ii) holds [with 1 +¢ =a A (2 — p)] if for every T > O,
there exists C7 > 0 such that
5 5 4 _ - . _
nE[| X)) (k) — XY) (0)|*] < Crn=@r =Dy — jjan@=p
(3.14)
forall j,l € Zy, and k € R4 satisfying j </ <nT and |k| <T.

Thus the following result implies that Theorem 2.2(ii) follows from Conditions 3.1
and 3.2.

THEOREM 3.3 (Tightness criterion). Assume that Conditions 3.1 and 3.2
hold. Then (3.14) holds. As a result, conditions (i) and (ii) of Theorem 2.2 hold,
and so if (2.3) also holds for some ¢ > 0, then { P}'} are C-relatively compact on D
forall e > 0.
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The final result is immediate from Theorems 2.2 and 3.3.

COROLLARY 3.4. Assume Conditions 3.1 and 3.2 as well as (2.3) and (2.5).
Then ., N Np.

We give a short overview of the proof of Theorem 3.3. To abbreviate notation,
for a function f]_(r) :N"~! - R, and for /, j € N such that [ > j, we write

(315) Af(r) (_l)r—l Z ( 1)(71+ 0o lfog:)l
o€{0,1)~1
where (81 Di = j —i— o;i(l — j). In particular, A f @ _ fi — fj, so Condition 3.1(a)
is a bound on At 1(k) where the variable k € Rd is fixed in this notation. Note
also that for r = 1, Afj(y = £ and for r > 2, Afj(,rj) =0.
We claim that for j </in N,
(1) % () 4

(3.16)
= (A2V) "3 ARY) (k. k. —k, —k)//vn),

where k € R? is again fixed in the above notation. To see this, let X; = X 5'21 k),

and let X ; j denote the complex conjugate of X ;. Then the left-hand side of (3.16)
is
nE[(X; — X)* (X = X )?]
2 > 5 \2
= (=D*E[(=DX; + X;)" (=D X; + X;)]

(3.17) =AV)"'(=*
Z ( 1)01+ +U4EM11|:H XEZ)[) (k) l_[ XEZ)Z)./(_k):|
ae{0,1}4

1 A
= i 2 (DTN (k. k. —k. —k) /).
( ) aef{0,1}*

where (3.4) is used in the last line. This proves (3.16). Therefore, to prove Theo-
rem 3.3, it suffices to show that for each T > 0 there exists a constant C7 > 0 such
that

j an(2—p)

]
forall j </ €Zy, and k € R% satisfying [|k|? < T3.

/-
A7) ()] < CriP|—=

(3.18)
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By applying the linear operator A to (3.8), we obtain that At(s) (k) satisfies

At(S)(k) Z Z A ~ ([lo|+1) (k)At(|Il|+l) (k )AI(HZH_I) (klz)

m1m2]l my,l—m j—mp,l—my
[ mip,mp<j
(3.19) .65 5 -
yjl (k)-"_AA (k)’

where y(s) (k) denotes the contribution due to terms where m € [j ] + 1,1] o

my € [j + 1,1]. To check this, one should note, for example, that if f nyn2ng.ng =
(2)h(2)k,g)n4, then Af(s) (Z)Ah(Z)AkG)
In Section 6, we bound the contrlbutlons to (3 19) one by one. In order to bound
Atj(-i) (k), we need to rely on bounds on Atj(.’zl) k), Atﬁ) (k) and Atj(-’ l) (k), respec-

tively. These bounds are similar in spirit to the bound on Afj(.,sl) (k) required for
Theorem 3.3, and we start by proving these simpler bounds using Condition 3.2.

LEMMA 3.5 (Verification of Condition 3.1 for LT and OP). For all L suffi-
ciently large, Condition 3.1 holds for lattice trees in dimensions d > 8 and oriented
percolation in dimensions d > 4.

PROOF. For any model satisfying the assumptions of [24] (which is a gener-
alization of the inductive method derived in [20, 28]) for a given set of parameters
(including @ > 2 and B = L/P" for some p* > 1), (3.6) in Condition 3.1(b) is
immediate from the third bound in [24], (8).

We next verify Condition 3.1(a). Fixing K’ > 0 and assuming that |k|> < K'/j,
we note that claim (3.5) holds trivially for all small j by taking K large enough.
To establish the claim for large j, let a(k) =1 — ﬁ(k), where we recall that
D(-) is the single step kernel. Then [24], (5), (6) implies that either a(k) <
(ylog(j +1)/(j + 1) or a(k) > n (where y and n are positive constants). If
a(k) < (ylog(j + 1))/(j + 1), then [24], (H3) gives claim (3.5) With a=6-—1
(provided that d/p* > 2), by using [24] (5), when ||k|sc < L™! and [24], (6),
when ||k||ooc > L', and using the uniform bound on |fj(.2) (k)| provided by the sec-
ond bound in [24], (8). Otherwise a(k) > (y log(j 4+ 1))/(j + 1) and a(k) > n, so
by [24], (H4), claim (3.5) holds with a = 6 (so also witha =6 — 1).

The assumptions of [24] with § =d/2 > 2 and p* = 1 are proved in [30], Sec-
tion 2.1.2, for oriented percolation (see also [25] for the contact process) when
d > 4. For lattice trees, the assumptions of [24] are verified in [31], Section 3.3,
with ® = (d —4)/2 and p* =2, whend > 8. O

4. Proof of Theorem 1.1. Recall that the survival probability of BRW sat-
isfies nP(N,, > 0) — 2/V (Kolmogorov [35]), and the r-point functions scale to
those of SBM when the branching law has all moments; see, for example, [19],

Theorem 3.2. By [32], Proposition 2.4, u, f'i% Np, so by Theorems 3.3 and 2.2 it
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remains to verify Conditions 3.1 and 3.2. For this we will only require (1.12) for
{=4.

Let (1) j>0 denote the factorial moments of the distribution (p;;)m,>0, that is,
A1 =1, A2 =V and more generally,

e !
@) aj=Y — _p.<oo forj<4by(I.12) with £ =4.
= = )]
Also, we write P; for the set of partitions of J, = {1, ...,r — 1} into j nonempty
sets 1* = (I{, ..., I7) where we order the elements of I* € P; by ordering the

smallest elements so that / 1* contains the element 1, I;‘ contains the smallest ele-

ment of J, \ I{" etc. Then, [19], Proposition 2.3, states that for every X ezdr=D
and every 1 = (ny,...,n,—1) withn; > 1 foralli=1,...,r — 1,

(42) ”(x)—ZA 3 H ,ﬁ" Y G,

j=I I*e’PS 1

s 141

1) = Teens D@t G = @i 2). Let k(D) =
> jel kj. From (4 2) and an induction it is pos51ble to derive (3.8) (see below),
where 1fi Jr\{j} when n =n; with j minimal, then for r =3, 4,5,

where (D * t(ll IH)

(4.3) & () = D))y ey

and

(4.4) 20 gy k) = A28y my D((J))™ ™ D k(1)) D(k(12)),
4.5) )zr(nzl),mz;n* (k1o kll ) l_élz) = A38my,my Lim, Sn*}i)(k(‘]r))ml_l

x D(k(11))D(k(1)) D (k(Io))™ ™,
2”(131),”12;71*,?1** (lz) = )‘45in1Jm]l{musn*An**}lA)(k(Jr))mlil

X D(kl)b(kz)b(k3)n*—m1+lb(k4)n**—m1+1
(4.6) A )
+ A38m.my 1 m1<n*An**}D(k(Jr))ml

x D(k1)D (ko) D (k3 + k)7 (k3, kg).

Ny =M, Ny — N1

(In most cases, k; € R? is the jth coordinate of k the few cases where k; € R is
the jth coordmate of k € R? will be clear from the context.)

In particular, note that m| = m> in the summation in (3.8). The form of the final
formula is different, but whenever it is used we shall see below that it will be the
case that Iy = {3, 4}, I) = {1}, and I» = {2} and so it may be recast as the previous
formulas. We now give a direct derivation of (3.8) without using (4.2) to give some
intuition for (3.8) in the simplest possible case.
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Consider an individual o = Oaj - -- o, in the Galton—-Watson tree T. Then
by (1.14),

P(¢(a) = x1le € T) = D™ (x1),

that is, the path in T from O to « is embedded as a simple random walk path with
step distribution D. Therefore,

t,f) (x1) =E(Np, (x1)) = E[ Z ]l{¢(a):x1,aeT}]
la|=n1

4.7) = > D"(x)P@eT)

lee|=n
= D™ (xE[N,,]1= D" (x1),

which is also immediate from (4.2) and induction.
We have for r € {2, 3, 4, 5},

r—1
B () =E[]‘[ N, (m}
i=1

_ Z Z [P(¢(ai):xi,ai€T,Vi<r)

leey|=ny loy—1|=ny—1
= > - > P@@=xiVi<rleeT,Vi<r)
leey|=ny loty—1|=ny—1

X P(a; € T, Vi <r).

Taking Fourier transforms, we get

fnﬁr)(]}')z Z Z P(a; €T,Vi<r)
oy |=ny loy—11=nr—1
(4.8) x 3R TP(¢ (o)) = x;, Vi < rlay € T, Vi <r)
X
=Y - Y P@eT, Vi<, o, K.
ey |=n1 lotr—1|=ny—1

Here 7o, ..o, , (12) is the Fourier transform of the random vector in Z47—D ob-
tained by running independent random walks (with kernel D) along the branches
of the tree generated by «y, ..., a-—1 and considering the final positions of the
r — 1 leaves in Z?. (Although the reader should note from the above that we use
the term “leaves” loosely as we include the cases where «; is an ancestor of «;.)
This follows from the independence in (1.14).

We let o vV B = 0ay ---ajqB1 - - - B denote the concatenation of two words
in the set of finite words W and «|m = O« - - - «,, denote the ancestor of « in
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generation m. Fix ay,...,a,—1 € W with |¢;| = n;, and let i» € {2,...,r — 1}
be such that m, = |a1 A @;,| is minimal among all «;, i > 2 (take ip minimal if
there is more than one choice). If «; is a descendant of «;,, or conversely, then
n = |ai| A |aj,| =n; (take i =1 if a1 = «;,). To find the contribution to (4.8)
from these terms, set J/ = {1,...,r — 1} \ {i} and sum over 8 = o] A «;, and use
the independence properties of the Galton—Watson tree from (1.14) to see that this
contribution equals

> >  PBVaeTicl)

|Bl=n|o|=n;—n.i#i
% Z Z eiki~yei(1;i-(y+x{)iei)
Y xiiel
xP(¢(B)=y. d(B V) —¢(B)=x{|p Ve eT,ie))
.9) | X P en T IR =) |
|Bl=n Y
x Y PleTiel)
|/ |=n g —n,i#i
x 3 S DP(P(af) =i € Jlo) €T, i € J)
x/ieJ

= D(k(I))"T, ) ko),

which by (4.3) is /2}%”(12). In the last line we have used (4.7) and (4.8). Note that

some of the coordinates of 71; — n may be zero. Therefore /2;5”(12) represents the
contribution from the terms when « is a descendant of «;, or conversely.
Assume now that « is not a descendant of «;,, and «;, is not a descendant of .

This means that there is a proper branch point between «; and {a>, ..., o,—1} at
time m, € {0,...,n — 1}. Let 8 = a1|m, be the parent of the branching children.
Let j € {2,...,r — 1} denote the number of children of 8 which are ancestors of

some «;, i <r — 1. Let m; =m, + 1 and w; = «1|m be the child of 8 which is
the ancestor of o1, and let wo # wy be the child of B which is the ancestor of «;,.

When j > 3 we let w3, ..., w; denote the other j — 2 children of B which
are ancestors of {«;:i # 1,i»}; use the tree order in W to order them. For s =
1,...,J, let IS/ C{1,...,r — 1} denote the set of i such that wy is an ancestor of
;. Therefore 1 € I{ and iy =min{i € {1,...,r — 1}\ I{} € .

We now derive (3.8) for r = 3. In this case j =2, I] = {1}, I, = {2} = {i2}, and
)

(4.10) n=npAnp.
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If m is the total number of children of 8, then the number of ways we may choose
w1 and wy is (mmf!w, and so the remaining contribution to (4.8) is

n 00
2 2P o L PBEDAski+k)DE)D k)
my=1m=2 |Bl=mi—1
x Z P(a} € T)P () € Tty (k1)iitgy (k2)
lof|=n;j—my,i=1,2

n

5> [ > P(BeDmpk —I—kz)}

my=1-|B|=m;—1

x D) D (k)i kD)ins o, (K2).

na—mji

In the first line the product ﬁ(kl )b(kz) arises from the steps taken by w; and w;
from their parent. The term in square brackets equals ﬁ(kl + k)™~ by (4.7)
and (4.8). Letting (lo, I1, o) = (@, I{, I;) and using (4.10), we see this estab-
lishes (3.8) for r = 3 with ¥V as in (4.4). [It is also easy to derive the above by
iterating (4.2).]

We omit the derivation of (3.8) for » =4 and move straight to the more complex
r =5 case. Then j <4, IOZUS 31 [1p as in (3.8)], 1 € I} and 12612;&@
The number of ways to choose wy, ..., w; when B has m children is (m ]), The
contribution from Iy = & (which imphes j =2 and is the main term), and from
the case where there is a true branch point, may be calculated as in the r = 3 case
and is

SN S LD

I, hmy=n=np Aip, m=2 |Bl=m;—1

x Y Y PBeDmgk(y)

laf|=n;—my,ieli & |=n;j—m1,i€l)

x P(ajeT,iel)P(e] €T,icl)

(4.11) . R . .
X D(k(ll))D(k(lz))mo,;1 (kr ity (kpy)
=3 3 D) DkU) D k(D)
11,1b mlfni/\nﬁ
X A ED G,
Here the first sum is over I, I> a partition of {1, ..., 4} into nonempty sets such

that 1 € I and i, € I, and in the last line we have again used (4.8). This gives the
Iy = @ contribution to (3.8) with x ! as in (4.4).
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Consider next the contribution from |Ip| =1, in which case j =3, [[j|=1o0r 2
for j = 1,2 and iy € {2, 3}. For the sake of definiteness assume that i = 2. Let
ng =n I,- Then the contribution to (4.8) is the sum over I, I1, I a partition of
{1, ..., 4} into nonempty sets such that |lop]| =1,1 €I} andip =2 € I, of

IR IS SRD S

m)<nm=3 |Bl=m1—1|a}|=no—my,icly

x > > P(B e Tyiing(k(J,))P(o; € T,i € Io)

la)|=ni—my,iel | |=n;—m,ich
x P(a] €T,ie))P(a]" €T,i€l)

x D(k(Io)) D (k(11)) D(k(I2)) iy (k(10))
X Mg (k(ll))’/hoz”/ (k(IZ))
=i > Lpmy=ng DKUY T D(k(10)) D(k(ID))

mlini/\ﬂﬁ
3 3 —m AL D 7\ MRID (7
x D(k(12)) D(k(I))" ’"ltﬁllgm (i), o, (K1)

This gives the |Iy| = 1 contribution to (3.8) with 2@ as in (4.5) (and n, = ng).

Finally consider the |Ip| = 2 contribution. In this case j =3 or 4, I} = {1},
I» = {2} and Iy = {3, 4}. The contribution from j = 3 means there is a later split in
the Iy part of the tree, which results in a 3-point function in the above calculations.
So after a short calculation this contribution becomes

330 Limy=nsang D))" Dk Dka) D(k3 + ka)
mi Snll /\I’l[2
4.12) o 3 ) .
X 13y ng—m, (K3, k4)tn —" (kll)tﬁlz_ml (k).

After some relabeling [note that 71 I, = (n3, n4)] this gives rise to the second part of
)2(3) in (4.6) [with (n4, n4) = (n3,n4)]. The j =4 case corresponds to four dis-
joint ancestral branches from 8 to «1, ..., o4, and this gives rise to a contribution
of

2 4
A Y Lym=mang D k(J)m‘_l(H )(]‘[ﬁ(kj)n.fm1+1>

my=njp Anp,
4.13)

2 ~2 7
x £2) (k,l)tglz)_ml(k,z).

ny—mi

After some relabeling [n I, = (n3,n4)] this corresponds to the first part of )2(3)
in (4.6). This completes the derivation of (3.8).
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To verify Condition 3.1, note that from (4.7)
j

12, () =17 (k) = (]‘[ [)(k)) Dk —1] (]‘[ D(k)) > (cosk - x) — 1) D(x).

Therefore by (1.10) and the fact that | cos(y) — 1| < y2/2, (3.5) holds with K =
o2 /2 for all K’ > 0. Condition (3.6) with K = o2 can be obtained from (4.7) since
the left-hand side is the mean square displacement of an n-step walk in Z¢ with
kernel D and so equals no?.

We next verify that <™ and Xm1 m, satisfy the bounds in Condition 3.2. Since
|D(k)| < 1 for all k, we see from (4.7) that [\” (k)| < 1. For r = 3,4, we use the
fact that critical BRW satisfies
(4.14) 27| < ciar 2.

This is true because the left-hand side is

. =l r—1 r—1
zeWE{H N, <xi>] < E[Z [T (xn] = E[H N} =i’
] i=1 i=1

X i=1
where the last holds by a standard moment generating function calculation as
in [18], Section L5. Therefore |/<S4) (k)| < C(@ —n), and & (k)] < C(7 — n)?,
as required. The bounds on Xm1 mz(k) A(z) I (k) and 23 (k) trivially

Xm S My

hold, the latter by another application of (4 14). This completes the verification of
Condition 3.2, and hence the proof of Theorem 1.1.

5. Weak convergence proofs.

5.1. Proof of Theorem 2.2. In this section we prove Theorem 2.2 which gives
a criterion for tightness of a sequence of measure-valued processes. The section
concludes with the simple proof of Corollary 1.7.

The first step toward our tightness criterion is to develop a user-friendly version
of what is sometimes called Jakubowski’s theorem (Theorem 5.2 below), which
involves tightness of the real-valued or complex-valued processes obtained by inte-
grating a separating class of test functions with respect to the underlying measure-
valued processes. The second step will be to reduce the tightness of these R- or
C-valued processes to a fourth moment bound.

DEFINITION 5.1 (Separating class). A class Dy C C,(R?, C) is a separating
class in Mp(RY) if

(5.1) [t (¢) = v(@) for every ¢ € Do] = [ = v].
Since the distribution of a random vector is determined by its Fourier transform,

we have that Dy = {x > ¢/** : k € R?} is a separating class.
The following theorem is standard; see, for example, [43], Theorem I1.4.1.
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THEOREM 5.2. Let Dgy be a separating class containing 1. A sequence of
probabilities { P, },en on D is C-relatively compact if and only if the following two
conditions hold:

(CC) For every n > 0and T > O there is a compact K, 7 C R? such that

(5.2) sup P, (sup X:(Ky ) > 17) <.
n t<T

(C-vP) For every ¢ € Dy, the sequence of probabilities {P,?}HEN on D(C) de-
fined by P,f’ (o) = P,({X: (@) }i>0 € @) is C-relatively compact.

For x € Z4 and k € R?, let

(5.3) g (x) =cos(k-x) and ¢y (x) =k,

Recall from (2.1) that X (k) = X;(¢r), and in particular, X +(0) = X,(1). To pre-
pare for a user-friendly version of Theorem 5.2 for Do = {¢x :k € R?} we start
with a well-known tail estimate. We let e; be the jth unit basis vector in R? and
for a finite measure, 1, on R and M > 0, define

d  .1/M
2 =M Y [ [0 = ey k.
j=1

LEMMA 5.3. There is a C = C(d) so that for any i € Mp(R?),
w(lx| > vVdM) < CZ(u, M).

PROOF. If wu; is the jth marginal of w, then the left-hand side is at most

2?21 wj(|x;| > M). Now apply Proposition 8.29 in Breiman [6] to each marginal.
O

We will apply the following result to the conditional probabilities Py .

THEOREM 5.4. Let (X" n € N} be a sequence of processes (under proba-
bility measures P,) with sample paths in D. Assume that:

(i) for each k € R, {X™ (k), n € N} is C-tight in D(C), that is, {X " (k), n €
N} is tight in C, and for any T, e > 0, k € R, there exist § = 8(e, T, k) > 0 and
ng =no(e, T, k) € N such that
(5.4) sup P,,( sup |)A(t(") (k) — X (k)| > 8) <e;

nzno s, t<T,|s—t|<8

(i1) for any T, e > 0 there exist no =no(e, T) > 0,6(e, T) >0 and no(e, T) €
N such that
(5.5) sup P sup X&) - X&) > e) <&

|k|<no,n>ng 5, t<T,|s—1t|<6
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(i) forany T >0and j=1,...,d,

i () (n)
5.6 1 E,|X;"(1)—X )] =0.
G0 (n,k.f)gl%oo,())ts;q; n[ o (D t (Sk]e])]

Then {X"™} is C-tight in D.

PROOF. We wish to apply Theorem 5.2 and so will verify its hypotheses with
Do={¢r:k € Rd} as above. Note that (C-vP) is immediate by (i).
Step 1. C-tightness of Z(X,("), M). Let Z,M’" = Z(Xl(n), M). Then clearly

|z}t -z
(5.7) ’

d  1/M
=M Z/O X7 (1) = X + X7 Erjey) — X (Ee)| .
=1

We first claim that for &, T > O there are n; € N and ny, §; > 0 so that

(5.8) sup P, sup  |zMm - zMon| s 8) <e.
M=1/n1.nzn 5,1 <T,[s—1]<8;

Define
T,(R,T)= [sup XMy > R},

s<T
and choose R = Ry > 1 so that
sup P, (T (R, T)) < &/5.
n
This is possible due to the C-tightness of {X" (1), n € N}, given by (i). Let no,

no and 8 be as in (5.5), and set ny = no(e%/(5Rd), T), n1 = no(e*/(5Rd)) and
81 =8(¢?/(5Rd), T).Xf n > ny and M > 1/n,, then by (5.7)

Pn( sup ]Z,M’"—Zﬁw’”]>8>

s, 0<T,|s—t|<é;

< Py(TCa(R, 7))
M d
tT 2,

+En[ sup |Xt(n)(§kjej) —X§”)(§kjej)|1rn(R,T)f]dkj-

5, t<T,|s—1]|<d)

(5.9)
/M
E,,[ sup {Xt(")(l)—X§")(1)|1rn<R,T>f]

5, t<T,|s—t|<6;

Let Wy = Supy,—7.s_sj<o, 1X (D) — X (D] Write 1 = Ly, o250y +
1w, <¢2/54y and use the fact that [W,| < R on the event I',(R, T)“, and similar
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reasoning for the second term, to see that the right-hand side of (5.9) is strictly less
than

5 5,0 <T,|s—1|<8

e, M i @ ) 2
_+?j§/o [RP.( sup X)) = X" ()| > £2/(5d))

+ &2 /(5d)
+RP( sup X (o) — X Ergey)| > £2/(5))

5,1 <T,|s—1]|<é;
+62/(5d) ] dk;.
Applying (ii), this is bounded by
e Md (Y/M2Re*  2¢?
— + —dk=e¢,
5 e Jo S5dR  5d

which establishes the claim (5.8).
Step 2. We next claim that for e, T > 0 there are M3(¢e, T) > Oand n3(e, T) e N
so that

(5.10) sup P, (sup zMn S 8) <e.

M>Ms,n>n3 t<T
First let §; =61(e/2,T), n1 =n1(e/2,T) and ny =n(e/2,T) be as in (5.8), so
that

(5.11) sup P, sup |zt —zZMn| > 8/2) <¢&/2.
M=1/n.nzn; 5,1<T,|s—1]|<8

If T,e >0, then by (5.6) forn >ny(e,T) and M > M»(e, T),

d
(5.12) supE (2= sup E[XV(D) — X)) <

t<T j=lt§T,|kj\§1/M

Let ny =no(e281/(5T), T) and My = M»(£%81/(5T), T) be as in (5.12) so that
2
)
(5.13) sup En[ZZMSI"] L8
n>ny,M>M,,i5 <T 5T
Then (5.11) and (5.13) together imply that for M > M3 = M, v (1/n1) and n >

n3=ni Vvnjp,

M,n M,n
alyup 2t =€) < ol s, 7> o)

+ P,,( max sup |zMn — Zl./;[l’”| > 8/2)
0=<i81 =T t¢[is;,(i+1)8;AT]
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M,n &
< E[zMm 4+ &
= 516 /2) iner [ Zis" 1+ 5
2T 8231

+ <
=56 5T T2

This proves (5.10).

To conclude the proof of Theorem 5.4, we combine (5.10) with Lemma 5.3 to
conclude that for n > n3(5/C‘, T)=n3zand M = \/EM3(8/(_?, T) (and C > 1 asin
Lemma 5.3),

Pn(supX,(")(|x| > M) > 8) < P,,(supZtM”1 > s/C_’) < % <e.

t<T t<T

By increasing M3 we can handle n < n3, and so {X} satisfies (CC) in Theo-
rem5.2. O

We next verify that the tightness condition in Theorem 5.4(iii) follows from
(3.6) and (2.3).

LEMMA 5.5. Assume that )_, |x|2t,$2) (x) < Kn, that is, (3.6) holds, and for
a particular ¢ > 0, u,(S > &) - No(S > ¢), that is, (2.3) holds. Then Theo-
rem 5.4(iii) holds for the measures { P} :n € N}.

PROOF. By (2.3), it is sufficient to show that

lim supEM”[(X(”)(l) X(n)(ék))ﬂ{bs] 0.

n—00,k—0 t<T

Since the term in brackets in the expectation is nonnegative, the expectation satis-
fies

0< E, [(X"(1) = XM (&) Lis=e)] < Eu, [X™ (1) = X (8]
k
1— cos(ﬁ -x)

2
ENHOE D ke,

(5.14) tP (x)

CII

by (3.6). This converges to zero as k — 0, uniformly in¢t <7. O

We finally reduce the tightness conditions in Theorem 5.4(i) and (ii) to the fourth
moment condition in Theorem 2.2.

LEMMA 5.6. Suppose that & > 0, (2.3) holds and {X{"(1),n € N} is tight
in R. Suppose also that there exist ¢, ny > 0 and constants Cy, 7 > 0 for k € RY,
T > 0 with SUP|k|<np Ci.7 < Cr < 00 such that:
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Foralln e N, T €N, k € R? and all s,t € Hyr={m/n:meN,0<m<
n(T + D},
(5.15) ES[|1 X (k) — X 0| < Crorlt — 5|6
Then Theorem 5.4(1) and (ii) hold for the measures { P; :n € N}.

PROOF. The tightness of {X(()")(l), n € N} in R implies that the same is true

of {)A((()")(k), n € N} in C for any k € R?. Note first that we may define a new
probability space with probability measure P on which all of the processes X ")
are defined each with their respective laws P;. Since also |X;(&) — X ()| <

|)A( (k) — X s(k)|, it is then sufficient to show that for some § = §(g) > 0,
sup P( sup |)A(,(")(k)—f(s(")(k){ >8> <e

(5.16) nzno(k,e,T) Vs, t<T,|s—1]<8
for each k € R4

and

(5.17) sup P sup |j(t(n)(k) . )A(S(,")(k)| - 8) .

lk|<no,n=ny(e,T)  s,t=T,|s—t|<8

To derive the above from our fourth moment conditions we can use a familiar
dyadic expansion argument of Lévy; see, for example, [33], Theorem 1.4.3. We
omit the details which are standard. [

PROOF OF THEOREM 2.2. Recall that (2.3) for a single ¢ > 0 implies it
holds for all ¢ > 0 as both are equivalent to (1.3). Fix any & > 0. By assumption,
supnn_1 > |x|2E[Nn(x)] < 00, 80 (3.6) holds. The tightness of {X(()")(l), n e N}
is trivial because X(()")(l) = 1/n. By Lemma 5.5, Theorem 5.4(iii) holds for the
probabilities {P;}. By assumption, (2.6) holds, so (5.15) holds. Therefore by
Lemma 5.6, (i) and (ii) of Theorem 5.4 hold for { P;}. Theorem 5.4 now applies
to the probability measures {P; :n € N}, and shows that {X M} are C-tight in D
under these measures.

If also (2.5) holds, then by [32], Proposition 2.4, for all ¢ > 0, P; f'd—'di PSO, and

so P? = PI%O by the above. As & > 0 is arbitrary, it follows that 11, —> No. [

5.2. Proof of Corollary 1.7. We prove the following result, which includes
Corollary 1.7.

COROLLARY 5.7 (Extrinsic one-arm lower bound). Let d > 8. Then for suffi-
ciently large L and any s > 0,

(5.18) liln_l)gl)anAP(HTH > R+/vn, Nps > 0) > No(||X|| > R, S >5) and

(5.19) liminfP(| 7]l > Rv/vn|Nps > 0) = No(I X[l > RIS > ).
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Moreover (1.27) holds.

PROOF. The first claim follows from Theorem 1.2 and the facts that
nVAP(|TIl > RVvn, Nug > 0) = i, (| X[ > R, S > 5),

and ¢ (X) = 1 x|>R,s>s} 1S a lower semi-continuous function on DM Fp(R?Y)) (as
is easy to check). The second claim then follows since (S > s) = No(S > s).

To establish the third claim (and hence prove Corollary 1.7), let §, R > 0. By
the modulus of continuity for the supports of super-Brownian motion [43], Corol-
lary III.1.5, and the fact that if E is a Poisson point process with intensity N, then
X; = [v;E(dv) is a super-Brownian motion starting at 8y, we conclude that

hm[l — exp< No('/‘ X,(B%)dt > 0))] =limN0(/A X,(B%)dt > O) =0.
50 0 540 0

Therefore there exists s > 0 such that

8> No(/os X,(B%)dt > 0) > NO(U{XI(BICQ) >0}, X;(1) :o)

>0
= No(IIX|| > R. S <3s).
It follows that for R > 0,
liminfr AVP(|T|l > Rv/on) = liminf u, (| X™ | > R, S > 5)

(5.20) >No(| Xl > R, S >s)
> No(lIX[| > R) - .
Thus
liminfr AVP(IT > Rv/om) > No(IIX]| > R),

so that if r, = R\/vn and R = 1, we have

.. 2 %
l}lrggolfrnIP(llTH >ry) > WNO(HXH > 1),
and a standard interpolation argument gives the third claim. [J

6. Tightness: Proof of Theorem 3.3. In this section we prove Theorem 3.3.
The proof is then organized as follows. We must show (3.14) which, as we saw in
Section 3, would follow from (3.18). In Section 6.1, we begin by bounding sums

that frequently enter our analysis. Our starting point of the analysis for Af(s)(£)
is (3.19), for which we need to prove bounds on At(3) (k) and At(4) (k). These are
established in Sections 6.2 and 6.3, respectively. Flnally, in Sectlon 6.4, we bound
At](-’ l) (k) and complete the proof of Theorem 3.3.
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6.1. Preparations.

LEMMA 6.1 (Bounds on lower point functions). Assume that Condition 3.1
holds. Then:

(a) there exists a C > 0 such that uniformly in k,
(©6.1) 2w <,

and
(b) if K and K' are as in Condition 3.1, then for all | > j and uniformly in
k € R such that |k|*l < K’,

(6.2) AT )] < KL= j1(G+ D7+ k).
Assume that Conditions 3.1 and 3.2 both hold. Then:

(c) thereis a C > 0 so that for n > 0, uniformly in k,

(6.3) )| < Ci
and
(6.4) i o)| < ci?.

REMARK 6.2. In specific models one often derives (6.3) and (6.4) from (6.1)
using an inductive argument together with model-specific combinatorial bounds.
Here we will use our general Conditions 3.1 and 3.2 to derive them directly.

PROOF OF LEMMA 6.1. For (6.1), we use |fy> (k)| < 25> (0), 757(0) = 1
[by (1.2)] and sum the bound in Condition 3.1 over j € [0, n — 1]. For (6.2), we
sum the bound in Condition 3.1 over [j,/ — 1] and note that the bound in (3.5) is
decreasing in j. For (6.3), we use Condition 3.2 for r = 3, with the fact that

Z (miamp) %<2 Z (m —m+1)"¢

my,my<n m,m’:
m<m'<n

522 Z (m —m+1)"“ <Cn,

m<nm’'—m=>0

(6.5)

and use (6.1) for the arising two-point functions.
For (6.4), consider Condition 3.2 for r = 4, where |/€n54)| < Cn. For |Iy| =0,
|11 =1and | Ip| =2, use (6.3) tobound |2’ (k1,)]. (6.1) to bound |fy", (k1)
2

ni—mi
and (3.10) to bound | )E,Sﬂmz |. This allows us to bound the contribution from these
terms by

C > (miamy) i <Ci’.

my,my<n
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The same bound holds if cardinalities of /; and I are reversed. If |I;| =1 for
j=1,2,3,thenuse (6.1) to bound the 7 terms and (3.11) to obtain the same bound,
recalling that p < 1. As these are the only possible |/;| values we are done. L[]

In our analysis we frequently rely on summation bounds involving powers of
m1 A m>. These bounds are stated in the following two lemmas.

LEMMA 6.3 (Summation bounds). For a € (1,2) there is a C so that for
Jj=1,

(6.6) Y. (miamp) ¢ <Cj,
mp,my<j
(6.7) Y miam)™(j—mi+1)7<C,
my,my<j
(6.8) Yo miamy) V(G —m 4+ )7 < CjF,
my,my<j
69) > mam) V(G —mi+ DT —m+ DT <C.
my,my=<j

PROOF. The proof of (6.6) is given above in (6.5). By considering the two
cases 0 <mj; —my < jand 0 <my —m < j we bound the left-hand side of (6.7)
by

j
D (G—mi+DT2Y (m+1)"*<C.

my<j m=0

Similarly for (6.8) the bound is

j
Y G-mi+1DT2Y (m+ DT <

my<j m=0
For (6.9), note that (m Amg)_(‘"l) < 1 since a > 1, and that

j
Y (j-s+Dh<C.
s=0 O

We note that A applied to the factors x leaves their bounds unchanged. There-
fore from the bounds in Condition 3.2, for m|,my <l and s = 1, 2, 3, we see that

6.10)  [AZY 0] < Clmy ama)~[(my smy) + 1P]=2 He=a

Ximy,ma; j.l
(6.11) < C(myamy) 14D,
Note here that if s = 1, then A )Q(S) (l_é) = )Q,sfl),m (12) by definition.

my,mo;j,l
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6.2. Bound on Afj(-?l) (%). To bound Afﬁ) (k) we will rely on the lace expansion
from Condition 3.2.

PROPOSITION 6.4.  Assume that Conditions 3.1 and 3.2 hold. For each K' >0
there is a C so that, for all j <1 and uniformly in k such that |k|*l < K,

6.12) |Ai ®)| = Cli— jI.

PROOF. We may assume j < [ as otherwise the left-hand side is zero.
From (3.8) we may write

ARG = Yz @ADL (DA ()

Jj—my,l—m Jj—ma,l—mj
mi,my=<j

(©.13) O O
+ )71-,1 (k) + A;%j,l k),
where )7;’3,) (I;) denotes the contribution due to terms where m; € [j + 1,[] orm; €

[/ + 1,1]. By (3.9), |A/€J<?l) (l?)| < 4C, which satisfies the required bound since
Jj <. Apply (6.1) in Lemma 6.1 to obtain

~2
(6.14) A7, kD] =2C,
and (6.2) in Lemma 6.1 to |AtA(.2) (kp)| as well as (3.10) to arrive at

Jj—my,l—m

~ g ~(2 ~(2
S A AR, G|ARD, L (k)]

my,my<j

<Cll—jl > miam) (k> + (G —mi+1D7).

my,my=<j

(6.15)

This gives rise to 2 terms, which we bound one by one. We may use (6.6) to bound
the term containing |k| by

CIkIPlL—jI Y (miamy)™ < ClkI*|l - jlj < CK'll - jl,

my,my<j

where we use that |1€ |2j < K’. The term containing no factor of |l; 2 is [by (6.7)]
bounded by

Cll—jl Y. (miamy)™ (G —m+D"*<Cll—j|
my,ma=<j
Both terms satisfy the required bound.
To bound )7/(31) (I?), we note that when applying the A operator to fﬁ(3) (12) in (3.8),
the variable 7 enters both in the summands and in the domain of summation for
m1,my. We only get a contribution to Afj(-?l) (/2) frommy € [j+ 1,1]if no =1 and
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so when applying the A operator we only sum over n; € {j, [} and not over n;.
Similar constraints apply to m| € [j + 1, /], and as a result,

e = Z A AT ki, (k)

my<jmo=j+1
2
+ Z Z X7$111)M2(k)At]( )mzl mz(kZ)tl ml(kl)
ma<jmi=j+I1

+ Y AL OF, ki, (k)

j<my,mp<l
=31+ X+ X3.
By (3.10), (6.1) and (6.14), | 2| + | 2| is at most
I
C Y D (m—m+1)""<Cll—jl

my=j+lmi<j
The same reasoning shows that |X3| < C|l — j|. All terms satisfy the required
bound, and we are done. [

6.3. Bound on Afﬁl) (k). We next investigate Afj(.ftl) %):

PROPOSITION 6.5.  Suppose that Conditions 3.1 and 3.2 hold. For each
K' > 0 there is a C so that, for all j < and uniformly in k such that |k|*l < K,
(6.16) AR ()| < Clt - .

PROOF. We may assume j < [ as the expression being bounded is zero if
j =1. The analogue of (3.19) and (6.13) for r =4 is

~4) 7
A (k)

(617) Z Z A ~([lol+1) (l_(»)Alfj(lle_l) (k )At (I2|+1) (klz)

m1 mp; Jj,l mi,l—m j—my,l—my
lo, I, Iamy,my<j

~(4) 7 ~4),7
+ PP + Ak @),

where y l) (k) denotes the contribution from terms (m, m2) such that m; € [j +
1,1] forz =1or2.
It follows from (3.9) that

A& @ < cr=cii - jI.

(since [ > j) and hence satisfies the required bound.
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Consider next the summation term in (6.17). Note that s = |Io] + 1 is 1 or 2.
For s = 2 we have |I;| = |I»| = 1 and can use (6.14) to bound |AF'? k1),

j—mp,l—my
and (6.2) to bound |Az<2)m1 1—m, &1)|, and (6.11) to see that for |K|*/ < K, the

s = 2 contribution to the sum in (6.17) is at most

C Y, miam)™ Nl —jl(ki)>+ (G —mi+ 1%

my,my<j

<C Y (myam) Ul — jI[K'T + (G —my+ 17

my,my=<j
<Cll—jl[K'jI +1]=Cll - jIl,

as required, where (6.6) and (6.7) are used in the next to last inequality.

For s =1 we have |I1| =1, |I3| = 2, or conversely. Use (6.14), Proposition 6.4,
(6.11) and then (6.6) to see that for |k|21 < K’, the s = 1 contribution to the sum
in (6.17) is at most

C Y (miam)™l—jl<Cjll = jl<Cll—jl,

my,my<j

as required.
Turning to )Qﬁ) (k), consider first the contribution from (m, my) € [1, jI x [j +

1,1]. To get a contribution to Af/(-ftl) (l_é) from my € [j + 1,1] we must have ny, =1
(here 7 is a triple of j’s and {’s) and so 7| 1, = l. Therefore when applying the A
operator, the I, variables are held fixed at [/ while the others are allowed to vary
through {j,/}. As a result the contribution from these terms equals the sum over
Iy, I, I of

(6 18) Z Z A ~ (| lp]+1) [(kl()’ k[],k12)At(|IlH_1) (k )l(|12|+1)(k 2)

Kmy,ma; j, Jj—mi,l—m
mi=lmy=j+1

Here, to simplify notation, we write ¢, )(k) for the r-point function where all time
variables are equal to n.

The contribution to (6.18) when |Iy| = 1 (whence |I1| = |I3] = 1) is handled
using (3.11) (with the fact that n*, m; <) together with (6.1) and (6.14), giving a
bound of

[

J
C Y. D (miam) I<Cl—jlL,

mo=j+1m=1
as required.

For the contribution to (6.18) from |Iy| =0, so |I1| = 1,|I2| =2 (or |I}] =
2, || = 1), we use (3.10), (6.14), and (6.3) [or (3.10), (6.1) and Proposition 6.4]
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to see that for |E|21 < K’, the contribution is at most
I

J
C > D (mamy)~“l<Clll-j,
my=j+1m=1

as required. This establishes the required bound on the contribution from terms
(m1,mo) €1, j]1 x [j + 1,1] and the terms (m,m3) € [j + 1,1] x [1, j] may be
handled in an identical way.

Finally consider the contribution to ﬁ;j) (k) from (my,mo) € [j + 1, 11?. In this
case we only get a contribution to yJ 1) (k) if ny; =ny, =1, and so when applying

the A operator the variables in I} U I, are set to [ and only the I variables vary
through {j, [}. As a result the contribution here equals the sum over Iy, I, I3 of

/
(619) Z AX’\(|IO|+1) (kloakllaklz)t(llllJrl)(k )l(|12|+1)(k[2).

my,ma; j,l
my,my=j+1
If [Io| = 1, then |I| = || = 1, and so using |7,>), (k1,)| < C [by (6.1)] we see
from (3.11) (with ny, m; <[ and p < 1) that the contribution from |Iy| =1 is at
most

1
(6.20) C Y (mam)~Ul=<Cli—jl,
my,my=j+1
as required. If |Ip| =0, then |I1| = 1, |I2| = 2, or conversely, and so using (3.10),
(6.1) and (6.3) we may also bound this contribution by (6.20). This completes the
proof that |y(4) (k)| < Cl|l — j| for |k|zl < K’, and hence establishes the required

bound on |At(4) . O

6.4. Bound on Aff} (k). The following proposition verifies (3.18) (with K/ =
T3), and hence completes the proof of Theorem 3.3.

PROPOSITION 6.6.  Suppose that Conditions 3.1 and 3.2 hold. For each K’ >
0 there is a C so that, for all j <1 and uniformly in k such that |k|2l <K',

| — j|an@=p)
6.21) AfS) )| < crP|—2 J

PROOF. Without loss of generality, we assume throughout this proof that
[ > j. Our point of departure is (3.19). We now bound all the contributions in
that decomposition of Af](-,sl) (k) one by one.

The bound on AR) (k). By (3.9) for r = 5, we obtain that

(6.22) AP B < C(ll = jP*+1P79) < CP (11— jI/1)",
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since a € (1,2) and 1 <[ — j <[. The above is no more than the required bound
in (6.21).

Bounds on terms with my, my < j. We bound the summands in (3.19) accord-
ing to the value of s € {1,2,3} arising in Ax®). For s =3 we have |Iy| = 2,
Iy = {1} and |I| = 1. Use (6.14) to bound |A7'” (k1,)| and (6.2) to bound

ma,l—my
|72, (k)] and see that by (3.12) for |k|2l < K, the s = 3 contribution is
at most
C > (miamy)~[(myamy)+IP]I|l — J(ki 4+ G —my+ 179
my,my<j
<Cl|l —j
x Y [miam)' T+ (myam)TUPY[K +1( —my 4+ 1)7¢]
my,my<j

=Cll - j|[K/ Z (j—mi+ 1>+ 1j2 44 K jIP +ll+p],
mi<j
where in the last line we have used (6.8) and (6.7). Clearly the above is at most
Cl— I[P+ 1274+ 1P + 17

(6.23) <CJ|l - |a/\(2 P)[l3 a+ll+p]

—j an(2-p)

’

<Cl3‘

which is the required upper bound.

We continue with the sum involving A ¥ ®. In this case |/;| = 1 and |I>| =2, or
conversely, |Ip| = 1, and we may use (6.10), Proposition 6.4 and (6.14) to bound
the s =2 contrlbutlon for |k|21 <K', by

Cll—jl Y. (miamy)™[(miamy)+17]

my,my<j
<Cl—jl Y [myam)' ™ +1P(myamp)™] < Cll — jI[j>~ + jI”].
miy,my=<j

The last expression is less than the left-hand side of (6.23) and hence by that in-
equality satisfies the required bound.

Finally consider the sum involving )Emll my (I;) Inthis case |I1| =3 and || =1
(or conversely), or |I1| = |I>| = 2. In the former case we may use (6.10), Proposi-
tion 6.5 and (6.2) to bound this contribution (for |k|21 <K')by

Cll—jIP1 Y (miam) [|kI> + (j — ma+1)7%]

mp,ma<j
(6.24) <Cll—jPI(jIkP+1)
<Cll—-jPt<cr
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which is smaller than required. In the case |/{| = |I2| = 2 we may use Proposi-
tion 6.4 (twice) and (6.10) to bound this contribution (for |k|zl <K’ by

Cll—jI* Y (mamy)“=<cCll—j?j=<cP

my,my<j

which is again smaller than required.

We have shown that the summation over m1, my < j in (3.19) satisfies the re-
quired bound.

Bounds on terms with my € [j + 1,1] and m1 < j (or vice-versa). To get a
contribution to Af;fl) (l?) from my € [j + 1, 1] we must have n;, = (where nisa
quadruple of j’s and I’s), and so 7 is held constant at / over I5. So when applying
the A operator, the I, variables are fixed at /, while the others range over j and [
as usual. As a result the contribution to this term is again the sum over Iy, Iy, I»
of (6.18).

Using (3.12), (6.1) and (6.14), we see that the contribution due to || = 2 is
bounded by

J l
Cl Z Z (myamp)~[(m1 amy) +17]

mi=lmo=j+1

j
(6.25) <ClU=jll Y [(G—mi+ D@D 40P —my+ 17

mi=1
<Cll — jl[lj* +1'7],

where we have used the fact that here m; amy =my —m;+ 1> j —m1 + 1 for
all mp > j to get the first inequality. This quantity is bounded by the left-hand side
of (6.23) and so by that inequality satisfies the required bound.

When |Iy| = 1, we have |I1| = 1,|| =2 (or |I1| =2, || = 1), and we
use (3.11), (6.14) or (6.1) and (6.3) or Proposition 6.4 to get a contribution of
at most (6.25) (for k|21 < K'). R

Finally consider |Iy| = 0. For |k|2I < K’, the absolute value of the contribution

from A7 #® is bounded by [use Proposition 6.5 and (6.1)]

[—my,j—m1"l—my

I J ,
C > D mam) - jll<Cll—jPl=CP(l—jl/1),
my=j+1my=1

which is less than the required bound. The contribution from Atl Tons i fl(3)
1,J—mi1 m2

obeys an identical bound [use Proposition 6.4 and (6.3)]. The contribution from
AF® £ " is bounded in absolute value by [use (6.4) and (6.14)]

I—my,j— m1tl —my

CZ Z (my amy) ™1 —ma+ D2 <Cll — jP <CP(l - j| 1),
mp= lmz j+1
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which is again less than the required bound. The contribution from m| € [j + 1, ]
and m, < j is handled similarly.

Bounds on terms with mi,my € [j + 1,1]. In this case we get a contribution
only if n;, =ny, = 1. So when applying the A operation the variables in /; and
I, are set equal to [ and only the I variables vary between j and [. As a result
the contribution from these terms equals the sum over Iy, I1, I of (6.19). All these

contributions are of two kinds. The contributions involving )?,(,,1]), my (k) are bounded
by [use (6.10), (6.1), (6.3) and (6.4)]

l
C Y miam)T(—ni Amy)+1): < Cll— jPP =P - jI/1),

mi,my=j+1
which satisfies the required bound. The contributions involving the terms
Az ;(k) and Az® (k) are each bounded by [use (6.10), (6.1) and

Xml_,mz;l, Xml,mz;l,j
(6.3) in separate calculations]
I
Cl > (myamp)™[(myamy) +1P] < CI[|l — jII>~“ + 17|l — jI]

mi,my=j+1
=C|l — jI[P~ +1"7],

and so again satisfies the required bound, as in (6.23).

Conclusion of the proof of Proposition 6.6. Summing up the bounds for Ag®
and the four cases my,my < j,m; < j,j+1<my<l,my<j,j+1<m <l
and j + 1 <my, my <[ gives the claimed bound (6.21). [J

7. Proof of Condition 3.2 for lattice trees. In this section, we use the ideas
in [31] to prove Condition 3.2 for sufficiently spread-out lattice trees in dimension
d > 8. The expansion in [31] is based on an adaption of the lace expansion on a tree
for a network of self-avoiding walks, derived by the first author and Slade in [29].
We follow the same strategy as described for BRW in Section 4, and explain how
the lace expansion in [31] can be used to yield the required estimates. We first
derive the expansion in Section 7.2. In Section 7.3 we prove the bounds on x ",
and in Section 7.4 we bound &), Both of these proofs are carried out assuming
Proposition 7.3, which is in turn established in the Appendix.

Before beginning the proof, in Section 7.1 we relate Condition 3.2 to existing
expansions in the literature and give some intuition underlying our conjecture that
it should also be verifiable in other settings, notably OP. The results in Section 7.1
will not be used directly in subsequent proofs, and those interested in the details
of the verification for LT’s may prefer to move directly to Section 7.2.

7.1. Discussion of Condition 3.2. In this section, we discuss the form of Con-
dition 3.2. Condition 3.2 should be thought of as an expansion for the 3-point
function [when r = 3, (3.8) is indeed precisely the lace expansion for the 3-
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point function], but one where there can be extra connections that need to be
handled appropriately. We start by ignoring these extra connections, and discuss
the lace expansion for the 3-point function, which has all the important features,
but is notationally less cumbersome. We will indicate how some of the bounds
in (3.10)—(3.12), as well as (3.9), can be derived from bounds on the lace ex-
pansion for the 3-point function that have been proved elsewhere in the litera-
ture.

To explain the idea behind the expansions and bounds in (3.8) in Condition 3.2,
consider the 3-point function for lattice trees containing the origin o at time 0 and
points x1 and x;, at times (tree distances from the origin) ny and n;,, with i, = 2.
Such a lattice tree can be considered as the minimal subtree (the backbone) con-
taining these three points, plus some ribs (each rooted at a backbone vertex) that
are themselves lattice trees. These ribs interact in the sense that they must avoid
each other. In this context the lace expansion gives an exact expression for the 3-
point function, via an inclusion-exclusion type approach to collecting and count-
ing the interactions between the nodes along the path(s) from (o, 0) to (x1, n1) and
(xi,, ni,), working outwards from the branch point. It pretends as if certain ribs
do not interact, and in doing so overcounts some of the configurations where ribs
intersect each other. It then corrects this overcounting by subtracting off configura-
tions where particular ribs intersect each other. It proceeds by assuming further ribs
do not interact, and correcting, with each correction term including another pair of
intersecting ribs. The variable m; — 1 € [0, ny] (resp., mp — 1 € [0, n;,]) indicates
the time at which a particular contribution to the expansion from the branch point
in the direction of x; (resp., x;,) stops, while mo 41 € [0, (m; Am2) — 1] indicates
the corresponding quantity from the origin to the branch point, and the time of the
branch point is denoted m € [mo+ 1, (m1 Am3) — 1]. See, for example, Figure 1.
So roughly speaking, the m; are locations along the backbone at which prior and
subsequent ribs are independent (i.e., have no interaction). The various quantities
arising from this expansion can be bounded in absolute value by certain convo-
lutions of 2-point functions that can be expressed in terms of Feynman diagrams
which indicate which ribs intersect each other.

To be a bit more precise, as a special case of what we establish in Section 7.2,
the lace expansion for the 3-point function (where i; = 2) for lattice trees can be
expressed in the form

ny niy
~(3),7 ~ >
D=3 3 [sml,m(k)
m1=1mp=1
(m1 Am2)—2
U (mamnz2y D b (ki +k)p Dk + ko)
mo=0

~ = | ~2 ~(2 ~ 7
X Emy—(mo+-1).ma—(mo+1) (k)}r,&l)_ml k)i iy (k2) + R, (),
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mi—ms mi — My

Fic. 1. Two examples of star graphs S% with  branch lengths (q0,q1,92) =
(my,ny — my,ni, — my) equal to (5,5,4) and (0,5,4), respectively. The dotted line repre-
sents where the lace expansion from the branch point has stopped, which defines m; — 1 > my,
my — 1 >my and mg + 1 < my.

where the error term /2}%3)(/_{') contains degenerate cases where the path from the
origin to (n1, x1) in the tree passes through (n;,, x;,) or vice versa, as well as terms
corresponding to m| — 1 =ny or my — 1 =n;,. The first term in the sum over m
and my corresponds to the case where the expansion reaches all the way to the
origin (including situations where the branching time is m, = 0, such as depicted
on the right-hand side of Figure 1). In such cases there is no tmo) (k1 + k) ,oD(k1 +
k») term, and we can think of this as corresponding to my = —1. Note also that the
sum over the branch point is included in the é terms.

It follows from Proposition 7.1 and (7.53) below (both proved in [31]) that ver-
tex coefficient Egl ¢, 1s bounded uniformly in k as follows [a is as below (3.6)]:

(7.1) E0,.0,(B)] < Cbhy, .

where

(7.2) be o, = ((£1 V £2) +1)”“@tD

(7.3) + (a8 (A L)+ 1)

So far we have considered only the lattice tree 3-point function. For the cases
r > 3 we repeat the lace expansion from the first branch point, in the direction
of the origin, (n1,x1) and (n;,, x;,) (where now i need not be equal to 2) but
including the additional connections to some (x;, n;) for i € J, \ {1, i2}. The extra
connections appear in the form of indicator functions for the connections in the
above analysis. They add further complexity to the Feynman diagrams, by adding
extra paths from some part(s) of the diagrams to (x;, n;), and a number of cases
(corresponding to the many places in the diagram where the extra paths can be
attached) need to be considered. For example, when r = 5, each of the two further
connections to (x;, n;) with i € J5 \ {1, i} may originate on the branch to x1, nj
prior to (<) m; — 1 or after (>) m; — 1 or on the other branch prior to my —
1 or after mp — 1. The superscript in x indicates one plus the number of these
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connections that satisfy the former (i.e., being prior to m| — 1 or my — 1 on the
respective branches). Indeed, we will see that

AN (9
(myAmy)—2
= L{(m, Ama)>2) Z i) o (k1 + ka)pD(ky + k2)ép, - —(mo+1),ma— (m0+1)(k)
mo=0

(74)  +Enymy (0.
Using (7.1)—(7.3), we get a bound of the form (3.10). The factor x ) (k) obeys

Xm1 mo;ny
the related form
~(2) 7
Xy myin, (K)
= L{m1Amp)=2)
(7.5)
(myAmp)—2 . . -
x Y B0+ k2)p Dkt + k2)Emy—mo+1).ma—mo+1)im, (6)
mo=0

+ &y myin, (),

where égl Loiny (l?) corresponds to é‘gh A (12) where an extra line to (x4, n,) is added,
where x, is the spatial variable related to n,. As a result, &, ¢,.,, (k) obeys the

same bound as égl, ,32(12), apart from being multiplied by a factor £ V £5. It is not
hard to see that therefore (7.5) is bounded by

miAmy

~(2)

‘ Xy, moins (k)| <C Z (ml Vv my) — ) m—mg,my—my
my=0

(7.6) |
< C(myamy)~@ D,

~(3)

as required. The bound on ) S (k) is similar.

We turn our attention to the bound on /?,%5) (%), which contains the contributions
where m; — 1 =ny or my — 1 = n;,. To make the description as easy as possible,
suppose that ip = 2, consider the terms in the lace expansion where m; — 1 =ny,
and assume that my — 1 corresponds to the branch point m,. This assumption
simplifies the situation considerably, because in such terms there is no interaction
between the branch of the backbone to (x;,,n;,) and the branches to (0, 0) and
(x1,n1) (all from the branch point). In other words, the intersections between ribs
take place on an interval of nodes (containing the branch point) in the backbone
from mg+1tom; —1 = ny. The leading contribution from these terms is therefore
of the form

(myAmp)=2

(7.7) S i@k + k) p Dkt + k) Rny— gt 1yina g ()

mo=0
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where the expansion coefficient 7, —(no+1):n,n3.n4 (E) is due to the expansion co-
efficient arising in the lace expansion for the two-point function /), where three
extra connections are added. We add the branch to n, by connecting it somewhere
along the backbone from (o, 0) to n1, between mo + 1 and m; — 1 = n; (and this
tells us where the branch point is) while the branches n3 and n4 must be attached
either within the same interval (after the branchpoint), or to the branch from the
branch point to (x;,, n;,), or to the other added branch. Summing over the number
of possible addition/connection locations gives rise to a factor of at most (n] — mg)
in the first case and (1 —m) in each of the other two cases. The ordinary two-point
function expansion coefficient satisfies [31]

(7.8) | ()| < COm + 1)~ @+,

and we obtain

(7.9)  [Rny—tmot 1y s )] < CGE—mo +1)7 x (ny —mo + 1),

and we conclude [see (6.1) below] that this contribution to /255) (l_é) is bounded by

(7.100  C > Cli—mo+1)*x (g —mo+1)"* <Cli —n* + Ci> ™,

mo=ni

as required. In obtaining this bound we have used (n — mg + D2 <20 — 4)2 +
2(n1 — mg + 1)%. General contributions to /2,%5)(1_5) are more difficult to handle as
one needs bounds on more complicated lace expansion coefficients. We will need
“diagrammatic bounds” of the form (7.8) and its just noted extension. These are
obtained in Propositions 7.1 and 7.3 below.

The above discussion briefly explains how, in the context of lattice trees, the
main assumptions in Condition 3.2, that is, (3.9) and (3.10)-(3.12), follow from
the bound |7, (12)| < C(m + 1)~@tDh jn (7.8). Despite differing in the details,
much of the discussion above applies equally well to the setting of oriented per-
colation (and to some extent the contact process as well). Indeed, a bound of
the form (7.8) is one of the crucial steps in the analysis of the lace expansion
for the r-point function for OP, and has been derived in [30], Proposition 2.2(i),
while a bound of the form (7.1) is proved for OP in [30], Proposition 2.3(ii) (see
also [27], Proposition 2.2, where such a statement is proved for CP and reproved
for OP). This gives some idea as to how we arrived at Condition 3.2, and why
we hope that it can be verified for other models as well, notably OP. Hence-
forth we return our attention to LT, and make the above steps precise in this con-
text.

7.2. The expansion. Using similar notation to that in [31], Section 2.1, we let

S% = S;O j1.jo be the abstract tree with one branch point of degree 3 and three legs
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having jo, ji and j» vertices, respectively. We refer to the vertices in Sif as [i, jl,

where i € {0, 1, 2} is the label of the branch, and 0 < j < j; fori =0, 1, 2.4 We
refer to the three branches as Sl.1 = [i, [0, j;]], with the vertices [i,0], i =0,1,2
being identified. If some j; = 0, then the degree of the vertex [0, 0] is < 3, and
the branch point is a misnomer. In particular, S(3),0,0 corresponds to a single ver-
tex.

Fix r € {3,4,5). Let ng = 0 and x = 0. The quantity 7" (¥) is the probability
that (x;,n;) € T for each i € {0, ...,r — 1}, that is, for each i, there is a path of
length n; in the lattice tree 7 from o leading to x;. While for BRW there may
be several ancestral lines satisfying this restriction, because of the lattice tree re-
striction, the vertices making up these paths are unique. Recall that tﬁ(r)()_c') in-
volves a normalising constant p~!, where p = pz.(0) is bounded above and below
(1 < p < C) uniformly in L; see, for example, [17].

For fixed x € Z4, let T(x) be the set of lattice trees containing x (and not neces-
sarily the origin). For fixed 7, X, let T (X) denote the set of lattice trees containing
x0=0,...,x,_1 with tree distances 0, ny, ..., n,_; from the origin, respectively.
Each 7 € Tj(X) contains a minimal subtree M (7), containing xo, ..., x,— and
that subtree has the topology of some finite rooted tree T with labeled leaves
oo =0,aq,...,0-_1. For each such T the branch generation m, = | /\f;l1 o] (re-
call from Section 1.2.1 that /\17;11 a; is the most recent common ancestor of the
«;’s) and the index iy = inf{i > 2: |o; A 1| = m,} are uniquely defined. For fixed
n,ir €{2,3,4,5) and my < n, let T(#1, my; i2) denote the set of T with this m,
and iy. For fixed T let Tt(x) denote the set of lattice trees 7 containing X with
minimal subtree M (7)) having topology T. It follows that

r—1
(7.11) M@= > Y wmn.

ip=2Mms <N TeT(i,my;ir) TeTT(X)

Now each T € T(n1, my;ip) itself consists of a minimal tree Ty containing
0, a1, o, with a branch point 8 = a1 A «;, of generation my, and r — 3 branches
Tsj from vertices 5 = (sj €Ti2:j€{2,...,r — 1} \ i2) (note that some of the s;
may be equal) that are compatible with T1» and i» in the sense that
§€(T12:,)" > ={(52,53, .., Siy_1,Si 41, -, 5_1) such that each s; € Ty,

si| > my for eachi > iy, and |s;| > my foreach 1 <i <ip}.

Note that, with a relabeling of vertices, T2 has the topology of Sf;, where
(90, 91, q2) = (my,n1 — my, n;, — my); see, for example, Figure 1. The point
of changing notation from Tj; to S?} is that we want to use the lace expan-

4In [31], the branches were instead labeled 1, 2, 3.
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sion from [31] on Sf’;’ expanding from the branch point in the direction of the 3
leaves. The vertices 0, a1, and «;, in T2 have the corresponding labels [0, go],
[1, g1] and [2, g»], respectively, in Sg while the branch point o A «;, has the label

[0,0] =11,0]=1[2,0] in Sg. Also the compatible vertices 5 (some of which may
be equal) from which to attach branches in the Sf} labeling become

se (Sgﬁiz)r*3 = {(52,53, .+, Siy—1, Siy+1, - - - » Sr—1) such that each s; € Sg,
(7.12) si €[1,10,¢11] U [2, [0, g2]] for each i > i3,
and s; € [1,[1,q11]U[2,[1, g2]] foreach 1 <i < ip}.

Given X,n,ms and i, let ® = ®(g,X;i2) = {¢ : sg — Z4:9(0, qo]) =
0,9([1,q1]) = x1, ¢([2, g2]) = x;,}, and for ¢ € ® define

TG, ¢) = {R={Rs:5s €S}}: Ry € T(p(s)) Vs}.

For ji € {1,2}, s = [j1, j2] € Sg, ¢ € @, and R a lattice tree containing ¢ (s),
we write (x,n) € Ry if x € R, and the tree distance from x to ¢(s) in Ry is
n — (jo + my) [this implies that the tree distance from x to 0 in Ry U ¢(S§) is n if
this combined object is a lattice tree]. We now write

r—1

(7.13) &=y Y P,
i2=2m*§”l/\”i2

where [recall § = g (msy, n1, niy) = (My, N1 — My, Niy — My)]

2@ = Y e D W(H(S)

se(S3 -3 cd
se(Sq;iz)’ ¢

(7.14) x 3 [1‘[ W(RS)M I [1+Usz]][ I 1{<x,,n,>enﬁ}],

ReT(G,$) ses} 5,183 J¢lin

W)= ] D) —¢@)

/-Q3
oo ESZ,

Ust = —1ir,nR,#2)-

This is to be understood as follows. A lattice tree 7 with given 7, X, m, i, consists
of a minimal tree containing xi, x;, (that is also equal to an embedding of Sg

for g defined by m,, i, and 7) together with some branches, which are lattice
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trees R, associated to each of the vertices s € Sg. These R; must be mutually
avoiding for the resulting object to be a lattice tree, and in addition, connections
to (xj,nj):j€{2,...,r — 1} \ {i2} must exist within them. The weight of any
lattice tree can be written as the product of the weight of its minimal tree and
the weights of its branches. The sum over ¢ is over all embeddings of S%, which
are not necessarily 1-1, but the product of [1 + Us;] means that we only count
1-1 embeddings [since ¢ (s) € R, for each s € S?i] and that the R are mutually
avoiding.

For fixed X, 7 and i», define Kér;l)()_é) to be the contribution to (7.13) from
my =ny An;, (in which case m, = n). Then

(7.15) D7) = szg} ),

ir=2
and by definition,

r—1 (nl/\n,-z)fl

(7.16) &= Y U@+ @)

ir=2 my=0
Let us now focus on the term tr(nr* ’%) (X) when my <njAn i,- Note that by definition
of i, my < n1 A n;, implies that m, < n*(i2), where n*(i2) = min;<,_1{n; —
Lii<ip)}-
Given an abstract tree S and lattice trees R = (R :s € S), let

K[S1=KI[SI(R) = [] 1+ Uyl
s,teS
Then (7.14) becomes
A ®= 2 T WEs))

3 -3 ed
se(Sq 12)’ ¢

x 2 [l_[ W(Rs)}K[Sf;][ I1 1{(xj’”j)‘572sj}i|'

ReT(G,$) sesg j¢liz

(7.17)

The lace expansion for the three-point function for lattice trees involves ex-
panding the product K [Szl[], and in each term of the expansion searching out-

wards (from the root [0, 0] of S?;, i.e., from the branch point 8 of T) for the
first point at which there is no indicator involving a pair of vertices on either
side of this point. This expansion was carried out in [31], (2.17). To prepare for
this, for fixed i, g; and M; define Sl-1 L to be the tree with no branch points and
qi — M; vertices labeled [i, M; 4+ 1] to [i, g;]. Then the lace expansion [31], (2.17),
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yields
2

(7.18) K[S3]= > J[SLITI KIS,

M<j i=0

where J[S>. ] is defined below, and we use the notation M < ¢ (resp., <) to mean
that the inequality holds componentwise. This arises in the following way. Notice
that

K[SI=[]00+Udd= > [] Us.

s,t€S reg(S) stel’

where G(S) denotes the collection of all subsets of “edges” st with s, € S
(and S is S% or Si1+). If both s and ¢ are on the same branch i of S%, that is,

s =1[i, j] and t = [i, j'] for some j < j’ (or vice versa), then st is said to cover
the interval [i,[j, j']]. If s = [i, j] and ¢ = [i’, j'] with i # i’ and j, j' # 0,
then st is said to cover [i, [0, j]] U [i/, [0, j']]. A graph T € Q(S}) is a con-

nected graph if every edge in S} is contained within an interval covered by some

st € I'. For each I" € Q(Sg) there exists a unique M (I') such that S}[ is the

largest connected subgraph of Sg containing [0, O] on which G is connected. Let-
ting

M= ¥ Tlow

3 ystel
Fegconn (SM)

where G°°™ denotes the subset of G consisting of connected graphs, gives (7.18).
See, for example, [31], Section 2, for more details.
Note that Si} has a simpler topology (i.e., no branch point) when some M; =0

(as is the case when m, = 0, e.g.), and in fact SS 0.0 corresponds to a single vertex.
Rearranging the order of summation, we obtain

@ =p7t Y Y w(g(s])

11715:? Pped

(7.19) x Y []_[ W(Rs)][l[s},]lzllf[sh]}

ReT(G,$) sesf7 i=0

X |: Z 1_[ ]l{(xj,nj)est}]'

3 ln g
Se(sz}:iz)’ 3jé¢lin

Let f(iz) = (lp, I, 1) (ip) be a partitLon of {1,...,r — 1} satisfying all the
restrictions in Condition 3.2. Let (S; M(I ))"~3 be the subset of (Sg, iz)’ —3 such
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that s; € [1,[My + 1,q1]] for each j € I} \ {1}, s; € [2,[M> + 1, ¢q2]] for each
J €D\ {iz2},and s; €[1,[0, Mi]]U[2, [0, M2]] for j € Iy. Then

2 @®=p7t Y 3> W(g(SY)

I(in) M<q 9€®

(7.20) x Y []_[ W(Rs)][J[Sig]lz[K[Sh]}

ReT(G,4) seS} i=0

X [ Z n :u-{(x_,',n_,-)e’/asj}]_

Ee(sfm(i))r*3 j¢lia

We next decompose (7.20) into pieces based on M. The cases where some M; =
qi require shghtly different treatment, so we first consider the case M < q.

The case M < g: In this case m, > 0 and each Sl is nonempty (although if
M; + 1 = g;, then it consists of a single vertex). Any ¢: Sz — 74 can be repre-
sented as (¢, ¢o, P1, P2), where ¢ :Si;l — 74 and ¢; :Sil M Z4 are the restric-
tions of ¢ to those subgraphs of S%. Let us write v; = ¢ ([i, M;]) = ¢ ([i, M;]) and

vi = ¢ ([i, M; + 1]) = ¢; ([i, M; + 1]) for each i =0, 1, 2. We will sum over v, y.
The weight W (¢ (Sg)) factors as

2
(7.21) W(p) = W) [ [ W@z D(yi — vi).

i=0
Let
O, =Dy (V) = {¢:s}4 — 2 such that ¢ ([i, M;]) = v;, fori =0, 1,2},
= &k (U) = [p € Py : ([0, 0]) =0},
®; = &;(yi, x]) = {#:S}, — 2% such that ¢([i, M; + 11) = yi, ¢ ([i, ¢i1) = x/},

where x, = xo = 0, x{ = x1 and x} = x;,. Note that this forces y; = x/ if M; + 1=
qi-
Let

={R={Ry:s €83 }: Ry € T(¢x(s)) Vs} and
T; = {R={Rs:s €S}, }: Ry e T(¢i(s)) ¥s}  foreachi=0,1,2.

Also introduce

I_,_{Il\{l}, ifi=1
b\ i) ifi =2,
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(81, (1)

= {(Sj)jeli/ 185 € [i, [(M, + 1),ql‘]] Vje Ii/}’ i=1,2

(7.22)

and
(8% (1) = {(s)jery 155 € [1. 11, M{]]U[2, [1, Ma]] ¥ < ip and
sj € [0, [0, Ml]] U [2, [0, Mz]] Vj> iz}.

Then the contribution to (7.20) from M < q is

(723) p7' Y Y Z[ > Wigo(So4)) 2 [ [1 W(RsﬂK[S&]}

I() M<G ¥ ~P0€®0 ReTy seS),
2
1] X west)) X[ TT wero|xist)
i=1"¢;c®; ReT; seS],
(7.24)
X ) [1 ﬂ{(x,—m,-)enxj}]
SeSl y, Ui el
2
x [Z{]‘[zcl)(yi - v,-)] Y. Wigx(Sh))
v Li=0 Pn €D
(7.25) x 3 []_[ W(Rs)]J[Sf;,]

= 3
ReT, SGSM

DY l_[ﬂ{m,nnens,}}-

Se(S%, (o))l €l

_ We define the terms Ao, A;, i = 1,2 and A, (which depend on m,, n,y,x, M,
I) according to the terms in the large brackets [-] above so that (7.23)—(7.25) is
equal to

P Y ST YT AgAiArAL.
i(iz) M<[]' Y0,Y1,¥2
Now letting mo = my — Mo — 1 and m; = m,+ M; + 1 fori =1, 2, observe that by

the symmetry of D and translation invariance [and recalling that t(§2) ) =1{y=0]

(726) Ao=pt2(vo) and A;=prl VG —y)  fori=1,2.

I —m;

Here we adopt the convention [consistent with (7.11)] that tér) (¥) =0 if one of the
components of 7 is negative. Let us demonstrate why this holds, for example, for
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the term A1 in the case I} = {1, 2, 3}. Given M, and g define {1 =g — M| — 1 =
ni —mj and S1 = S1 (as defined for these values of M and g1). Now observe

that for general Z and w,

4
(@) =p"" Y W)
TGTz(lf))
(7.27)
|
=07 Y WDt Lws,teT)-
TGTEI ('LU])
Any lattice tree 7 containing the points (o, 0), and (w;, ¢;) fori =1,...,3 can

be expressed as the union of a backbone ¢ (Sél) [starting at (0, 0) and ending
at (wy, £1)] and mutually avoiding ribs R; [themselves lattice trees emanating
from each vertex ¢;(i) along the backbone], such that w, and w3 are vertices
within this collection of ribs, of tree distances £, and £3 from the root in the lattice
tree 7.

It follows that (7.27) can be written as

@y=p"" Y W(gi(S))
¢1€P(0,w1)
(7.28) x > [T wR)K[St,]

ReT; ieS}1

XY L tery ) L{ws t)eR -

57,8 //esl

On the other hand, by translating by —y; we have that the term A (for I} =
{1,2,3})is

S W(esh)) Z[]‘[ W(R)} [s! ]

¢1€®1(0,x1—Yy1) ReT; seSl1
(7.29)
XY L—yma—m)eRy) LG —yrns—myeR,)
s/,s”eS}
(7.30) = Plﬁ, o, G =),

since ny —m| =4£1,and we haveset {; =n; —my,i =2, 3.
We write

(7.31) 1@ =V E) = 0Y@) 18R,
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(N

where £ (X) denotes the contribution to tngr)()?) — Kﬁ(»r;l)()?) from terms with

M < §. Since also 2?2;12 > 7y = 27> We obtain

iy
SRR ) o 35 3({) I

[ m=lmy=1 5y \j=1
(7.32) S

((myAmp)—1)An*(ip) my—1 .
x [pz > Y i (v0)Ax (M)].
my=1 mo=0

We continue to identify A, (1\2 ), which is given by the last line in (7.25). To con-
nect up with the calculations in [31] we wish to describe this quantity viewed
from the perspective of the branch point, so via a change of coordinates we will
identify ¢, € &, with the branch point y* and the translated map in &% . For
VI = (Mo, My, M>) and 3 = (vo, v1, v2), we let

(733)  mp@= > W($(S5) D [1_[ W(Rs)]f[siz]

b D% (V) ReT, ses}l

be the same quantity defined in [31], Definition 4.12, and bounded in [31], Sec-
tion 6. Recall that for ji € {1,2}, s = [j1, jo] € sg, ¢ € ® and Ry a lattice tree
containing ¢ (s), we write (x,n) € R, if x € Ry, and the tree distance from x to
¢(s) in Ry is n — (jo» + m,) [which implies that the tree distance from x to o in
Rs U d)(Sé) is n if this combined object is a lattice tree]. We now wish to record
the spatial and temporal location of the vertex x € R relative to the branch point
(ys, my =mgo + Mo + 1) of S%. To this end, for ¢, € ®}, we write

(x4, ny) € Ry if x4 € Ry, and the tree distance from x, to ¢ (s) in Ry is ny — jo.

(The latter implies that the tree distance to the branch point of S3 1S o+ny— jo=
ns.) We now define

T, Gx) = 3 Y W(he(Sy)
s*e(S}J(IO))l ¢r €% (V)
(7.34)

x X[ TT WRo IS i e

o 3
ReT, SESM
and

ﬂﬂ;n*’n**({j; Xy Xx) = Z Z W(¢71 (Si}))
(S, 8%4) € ¢T[€¢); (73)
(8%, ()

XZ[HW(R)} ]{w)en i

ERERAE S R
ReTy seSZ/[ (Fanmae) €

(7.35)
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In terms of this notation, we can identify

Ar (M)
(7.36)

- Z Z T, it jy—mo—Mo— l(v Vs x10 y*)Z 1_[ D(y; — v;).
Yx V0,V1,02 =0
Furthermore, define, using the same conventions, and writing n*(iz, m1, mp) =
((m1 Amp) — 1) An*(iz)

n*(iz,my,mz) my—1

(7.37) Xty moity G E) =07 35 D 150 (50) A= (M)

my=1 mo=0

Then we obtain that
(N9, =
127 (X)

(7.38)
e (Hol+1)0 0 D
:Z Z Z mel0m2n1 (y’ ())(l_[ ! _y_])>
mi=lmy=1 3 =1
The case where M; = q; for some i € {0,1,2}: Let Q = Q(M,Z]) =1{i €
{0,1,2}: M; = gq;}, and Q¢ =1{0,1,2}\ Q. Then Si1+ and T; are empty for each
i € O, and there is no sum over ¢;. Moreover, W (¢ (Sg)) factors as
(7.39) W) =W(dr) [ Wiz D(yi — vi).
ieQ¢
Then the contribution to (7.20) from M £ q is given by

Y Y Y il

I(ip) M<g: Y0-Y1)2

MG
where fori =0, 1, 2, we define xlf as in the M < g case and
A/.= Al', %fiEQc,
]l{yi:xl{}, ifi e Q,
and
x= Z[H ﬂ{v,’:xl{}i”: [] zD0i — Ui)i|
v ieQ icQ°
3 3
(7.40) x> W(ex(Sy) 2 [ I1 W(R.Y)}J[SM]
¢n P ReTy seS}l

X Z l_[ ]l{(x]',ﬂj)GRs_/}'

EE(S}I(IO))”O\ j€lo
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Setting mo = —1if Mo =qo, m1 =n1+1if M1 =q1,andmy =n;, +1if M =
q> (this is consistent with our notation mg =m, — Mo — 1 and m; =m, + M; + 1
fori = 1,2 if M; < g;), we see that the contribution t(r)’(x) to I;Er)()?) — K;Ergl)()?)
from terms with M £ q is given by

t};’")‘()'c’) — Z Z Z Z Z( 1_[ :H-{yjzx}}]]‘{mj_Ian})

I Q#@mi<ni+1liegyma<ni,+lpecgy y jeQ\{0}

(1j1+1)
X ( 1_[ nIJ—mj( _yJ)>
jeoe\oy
(7.41)

n*(iz,my,my)  my—l

X [pz_l a3 > [Toe Qf}figlzo) (o)

my=0  mo=—1eq)
+ ]l{OGQ}]l{mOZ—l}]A;T(M):|'

We let K;Er;z) (¥) denote the contribution to t}lrm (xX) from Q N {1,2} # @.
The remaining contribution is when Q = {0}, whence My = m, (in particular
this includes all remaining cases where m, = 0) and

=1 @)
(7.42)
(I |+1) —>
+2 ¥ w(ITa 6 )
[ misnima=ni, y \j=1
n*(iz,m,mz)
X |:/0]1{y0=0} Z A;r(m*, My, M2):|
my=0

Define

n*(iz,my,my)

Iy|+1
T43) it 02500 = Phiyomo) D Al My, Ma).

m=0
Then we obtain that

(r).(X) Eriz)(i)
(7.44)

n,z

+2 >y 2 Kooy 3 ¥ (l’[t(” HE -—y,))
1

1 mi=1mp=1 Yy
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We now combine the above results. Letting

(HHol+1) Xp) = (Hol+1)©

3 (Hol+1)®
Xm17m2:7t10 (s X1o

Kmi,my; i (V. X1p) + Xmy,mo; il (s 1)
we have arrived at

r) =y (D) = r;2) .-

() =k (X)) + k(X))
(7.45)

Y Y Y Sl G 0>(n A ,_y,>)

[ misnima<ni, 5y

Given k € R0 Jet l_c'll. = (kj: j € I;). Multiplying (7.45) by ei’z"?, and sum-
ming over X, we obtain

=P+ Y Y Y

[ M1=nim=nj, Y0.¥1,)2

X jen iy (jy=yD ol Ejpeny Kjy v (|11|+1)
XZG j1en kj -(xjy J1€l kjy ”1 ()C1 y1)
X,
(7.46) bL|+1
X Zelzfzelz W) el Ljpeny Kipy2y (l 2|+ )(x L= )2)
X1,
ik -x (ol+D) (= =
(T iy, G- %)
}[0 iely

This is equal to
’\(r 1)(k)+l’(\(r 2)(k)+z Z Z (‘11|+1)(k )"(|12|+1)(k 2)"(‘10|+1) ( )

ny —mi np,—my m1 mainy,
[ mi=npmay=nj,

where we define

~ (|1 |+1) c ik;-x; (M H—l)
(7.47) Xm10m2 o ( )_ZZ(H eIZ/z JAR 1_[ elki X> mlom2 i (y’ [0)

Yy X iely

7.3. The bounds on X assuming diagrammatic bounds. We continue to
bound the coefficients arising in the lace expansion. We start with || = 0, and
see that from (7.37) and using (7.36),

X H=p2>"3 3 12 (yo) 3 (@ — y)
Y« v

mo,Mp>0:
Moy+mo=<n*(ip,m,mz)—1

(7.48) 5
x [TzeD (i —vi),

i=0
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where (Mg, M1, M) = (Mo, my — mg — My — 2, my — mg — My — 2). We note
that in (7.48), the spatial location of the vertex at time m is equal to yg + (vg —
o) + (¥« — vo) + (v1 — y«) + (y1 — v1) = y1, as required. Here we recall the spatial
location of the branch point is y,.

Similarly, from (7.43) with Iy = &,

X’§111)$12 3= PL{y,=o) Z Z Z ﬂ{v0=0}77(m*,M1,M2)(6 — Vx)
Y« my<n*(ip,my,mp) v
(7.49) )

x [[zeDGi — vi).
i=1
We are aiming for the bound (3.10). Note that from (7.48),
~(HQ (7 2
25, 00] < C > 2D (o)
mg,My>0: voYx y
Mo+mo=<(mjAmp)—2

7TA7[(6 - y*)|

(7.50)
2

x [[zeDGi — vi).
i=0
Using that 3, D(x; — y;) = 1 and also that sup,, >_, 7, (x) < K, we get that
DS, @< >0 3NN 1@ (o) | (B — v D (3o — vo)

mo,My v Yo Vs

(7.51) =C Y Y Y3 120 | @) D(vo — uo — y4)

mo,My i Y0 Y«
=C > > Iy ).
mo, Mo : Mo+mo=<n*(iz,mi,mz)—1 u
Similarly,
~(1 > o
(7.52) |34, <C > Lmg=—1) D _|70j7 (@)]
mo, Mo : Mo+mo<n*(iz,mi,mp)—1 i
Since all of the bounds that we will obtain for y (©1+D also apply to x (fol+D#

(they are in fact easier in this case), henceforth we will only derive explicit bounds
on x (Hol+D® 1 et

2 1 1

7.53 B(M) = :
(7.53) (M) Z(:)(ME+1)(d_6)/2 (M; + M; + 1)@-9/2

where {i, j} ={0, 1,2} \ {¢}. The following bound is proved in [31], Section 6:

PROPOSITION 7.1 (Bound on  [31]). There exists C > 0 such that for suffi-
ciently spread-out lattice trees above 8 dimensions,

(7.54) > |w @] < CBM).

u
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PROOF. See [31], where bounds are proved for the various contributions
to 7, correspondlng to laces of various types. All these bounds are of the form

as given in B(M ). As in [31], Definition 2.8, a lace L on S3 (with all M; > 0) is

acyclic if there is at least one branch Sl ,1€{0,1,2} (called a special branch) such
that there is exactly one bond, st € L, covering the branch point of 57171 that has

an endpoint strictly on branch Sl.l. A lace that is not acyclic is called cyclic. Cyclic
laces have 3 edges covering the branchpoint, while acyclic laces may have two or
three. In each case there can be many edges that do not cover the branchpoint.

The contribution from acyclic laces with two edges covering the branchpoint
comes from [31], (6.3)-(6.5).° The contribution from acyclic laces with three
edges covering the branchpoint comes from [31], (6.6)—(6.9) and [31], end of Sec-
tion 6.2, together with simplifications (note that in [31], the quantities m; do not
represent the same thing that they do in this paper). For example, note that [31],
third line of (6.6) (ignoring the constants in the numerator) is bounded by

M, 1
(My + M + 1) (My — ma + 1)d=9/2

my€[M/2,M5]

1
P e T T

my <M

= ks ) > 1(01—4)/2
(My + M+ D= 5 (m+1)

1 C
< .
= My + My + D@D (M + 1)@

The contribution from cyclic laces comes from [31], (6.10), and end of Sec-
tion 6.3, together with simplifications. [

Recall that (Mo, My, M) = (Mg, m1 — mg — My — 2,my — mg — My — 2),
where m1, my > 2. By changing variables to m| = m — 2 and m/, = m, — 2, the
following lemma is sufficient to verify (3.10).

LEMMA 7.2 (Bound on )A(,(,,]l),mz). Ford > 8, witha = (d — 6)/2 > 1, and for
my,my >0,

> B(Mo, my —mo — Mo, ma —mo — Mo)
mo, Mo : mo+Mo=(mjAmz)

(7.55)
<C(@myamp)™ %

SNote the typo in (6.3) in the reference, where the very last exponent should be (d — 4)/2 instead
of (d —6)/2.
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Consequently, for sufficiently spread-out lattice trees above 8 dimensions, uni-
formly in k,

(7.56) %D &) < Comy ama)™.

Xmy,mo

PROOF. We start with (7.55). By symmetry in m1, m;, there are two terms to
consider. First, when £ =0, {i, j} = {1, 2} in (7.53) and with m = my + M),

Z (Mo + 1)"“=92my + my — 2my — 2Mo + 1)~ @=9/2
mOsM0:m0+M0§(m1Am2)

= Y > Mo+ D)y +my —2m 4 1)/
m=<(mjAmz) Mo<m
(7.57)

<C Y (my+my—2m+ 1)@

m=(myAmy)

< C(myamy)~@=972,
Similarly, when ¢ =2, {i, j} = {0, 2} in (7.53) and again with m = mo + Mo,

2 (ma —mo — Mo+ 1)~“=02(my —mo +1)"@=9/2

mo, Mo : mo+Mo<(mjAmy)

= Y (my—m4+ DTN (g —mg+ )72

m=(myAmy) mo=<m

<C > (m—m+1D)"UO2m —m 4 1)~@702

m=<(myAmy)

< C(myamy)~ @972,

(7.58)

As ¢ =1 is similar, (7.56) now follows immediately by (7.51), (7.52) and Propo-
sition 7.1. [J

We continue our analysis of x(%0*DY for |Iy] > 0 by defining some nota-
tion. Recall (7.33), (7.34) and (7.35). Then for |Iy| < 2 and with (Mg, My, M») =
(Mo, m; —mo — Mo — 2, mp —mg — Mg — 2), and using that the temporal variable
of the branch point equals m, = mo + Mo + 1, we have

(Ho|+D©

Xy myiiig,

2
759 =03 > i (30) <ﬂ z2eD (i — w))

Y« U mo,My: Mo+mo<n*(ip,mi,mp)—1 i=0

(5’: 5510)

X nM;ﬁ]O—mo—M()—l (U = Ve xIO - y*)'
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We are aiming for the bounds (3.11) and (3.12), and we proceed as in (7.48)—
(7.51). Note that from (7.47),
| (|IO|+1)©( )|

ml ma;nj,

(7.60) <C 3 YN 1200

My,my: Yo )_5]0 Y« v
Mo+mo<n*(iz,my,mz)

X T iz g, —mo—mtg—1 (= ¥ Xt = y) s D (o — vo)

(7.61) <C Z ZZ| Mn1 —mo—Mo— 1(u x10)|

Moy, my: i xlo
Mo+mo<n*(iz,my,my)

Denote the canonical basis vectors in R? by &1, e, €3. To bound x %I+ for
|lg] = 1, 2, we will make use of the following version of Proposition 7.1 with extra
arms attached, in which p = (10 — d)/2 when d < 10, p € (0, %) for d =10 and
p =0ford > 10.

PROPOSITION 7.3 (Bound on 7w with extra arms). For lattice trees in dimen-
sions d > 8 with L sufficiently large,

Z|nﬂ;n* (”7’ x*)|
U, Xy

(7.62)

2 3
< C|:nf + ZM,-:|B(A7I) +C )y [Z B(M + rzj)}

i=0 O<t<n,Lj=1

and, recalling that (M NV n) = (M1 V Mo NV 1y V Nyy),

Z |7TA71;n*,n** (ﬁ’ Xxs x**)|

o
U\ Xy X
2

(7.63) SC(M V n)y |:(n>k V )P+ ZML:|B(M)
i=0

3
+CMVn) Y [Z B(M + tzj)}.

0<t<n,VnuLj=1

The proof of Proposition 7.3 is deferred to the Appendix where the arguments
in [31] which led to Propostion 7.1 are suitably modified. Let us now prove the
required bounds (3.11) and (3.12) assuming Proposition 7.3 with p = (10 — d)/2
when d < 10, p € (0, %) ford = 10 and p = 0 for d > 10.
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PROPOSITION 7.4 (Bound on )A(,flrl),mz;n with r =2,3). Ford > 8 and a =
(d —6)/2, and for my,my > 0,

> (my —mo — Mo) B(Mo, my —mo — Mo, my —mo — Mo)
mo, Mo :
mo+Mo=(mjAmz)
(7.64)
< C(myamy)~[(my am2) +mf],

> MoB(Mo, mi —mo — Mo, ma —mo — Mo)
mo, Mo :
mo+Mo=<(mAm3)
(7.65)
< C(myamy)~[(my ama) +mf],

> > B((Mo, my —mo — Mo, m> —mo — Mo) + té;)

O<t=n mo,Mo:
mo+Mo=<(myAm3)

(7.66)
< C(miamp)~[(m1 am2) + (m1 vV mp)P].

Consequently, for sufficiently large L, above 8 dimensions, and uniformly in l;,

767 |32, (@] < Cmyam)™[(my sma) + (my v ma v n,)P],

Xmldﬂz;n*

and [recall that (M V N) s =M1V MV Ny V Ny |

(7.68) |3 (K)| < Cm V n)ss(my ama)~*[(m1 amy) + (m Vv n)P,].

Xml ST e s Mo

PROOF. We start by proving (7.64). From (7.53) there are three terms to con-
sider. First, when £ =0, {i, j} = {1, 2} in (7.53) and with m = mq + M),

Y (mi—mo— Mo)(Mo+1)~70/2

mo+Mo<(miAmy)
X (my 4+my —2mg — 2Mo + 1)~ @=9/2
(769 < > Y Mo+ 1) my 4+ my —2m 4 1)"O2
m=(mjAmp) Mo<m
<C Y (mi+my—2m+1)"@92
m=(mjAmz)

< C(myamy)~ @972,
Next, when £ =1, {i, j} = {0, 2} in (7.53) and again with m = mqy + My,
(770) Y. mi—mo— Mo)(mi —mo— Mo+ 1)~/

mo+Mo=(mjAmz)

X (my —mo + 1)7(d74)/2
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< > Y mi—m+ DT my —mg 4 1)7 @Y

m<(myAmy)mo=m

<C > (mi—-m+1)"UI 2y —m 4 1)"-02

m=(myAmy)

< Cmy amy)~ @92 3" (my —m 4 1)@=/

m=<m)

+C(my amy)™ @2 3" (my —m + 1) @/2
m=<mji
(7.71) < C(my am2)”"@=92[(m) amyp) +m?],
where p is as described above. Finally, when £ = 2, {i, j} = {0, 1} in (7.53) and
again with m = mqg + M,
Y (mi—mo— Mo)(my —mo+1)” @Y/
mo+Mo=<(myAmp)

X (my —mg — Mo + 1)~4=0/2

772 < Y (ma—m+ DTN g —mg+ 1) @O

m<(mjAmy) mo=m

<C Y m—mA )" 2 ny gy 1) @02
m<(miAmy)
< C(m1 ama)™ =2 [(my ama) + m{],

as in the derivation of (7.71). This proves that all contributions in (7.64) obey the
required bound.

We continue by proving (7.65). There are three cases to consider. First, when
£=0,{i, j} ={1, 2} in (7.53) and with m = mqy + M,

> Mo(Mo 4+ 1)@= 1 sy — 2mg — 2Mg + 1)~@=9/2
mo, Mo :
mo+Mo=(miAm3)
= X S Mo+ DT my +my —2m 4 1)~

m=myAmy Mo<miAmy
< Cmy Am2)P(my amy)~ =92,
as required. Second, when ¢ =1, {i, j} = {0, 2} in (7.53) and if m| < m3, then
> Molmy—mo+ 1)~ my —mo — Mo+ 1)~ O

mq, Moy :
mo+Mo=<(mAm3)

< > (my—mo+ D@02 — g — Mo+ 1)~ @=6)/2

mq, Moy :
mo+Mo<m|
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<Cmiamy) W92 3 N (my—mo+ )"0
mo=<mi Mo<m|—mg

< Clmiamy)™ 0P 37 (my —mo+ 1)

mo<mj
< C(myamy)”™ 92 (my Amy)P.
Finally, when £ =1, {i, j} = {0, 2} in (7.53), and if my < m1, then
> Moy —mo+ D)7 TI 2y —mo — Mo+ 17O

mo, Mo :
mo+Mo=<(myAm3)

< Y ma—mo+ 1)U S Gy —mg — Mo+ 1)"470/2

mo=<mp Mo<ma—myg
=C Y ma—mo+ 1) 2my amy) =B
mo=m3

< C(my amy)™ 9782 = C(my ama) =992 (my amy).

This proves that all contributions in (7.65) obey the required bound.

We continue by proving (7.66). By (7.53) the +¢ term appears as (e 4 1),
where b = (d — 6)/2 or (d —4)/2. Summing this term over ¢ < co gives at most
C(e)'=2 = C(e)!(8)7?, from which we obtain the desired bounds from (7.64)
and (7.65).

We next prove (7.67). By (7.60), combined with (7.62) in Proposition 7.3,

2
~QQ 7 >
X myen )] < € XM: [n”+_ZE)Mi}B(M)
mo, My : i=
mo+My<(miAmp)—2

3
+C > Z[ZB(M+tEj):|,
mo, Moy : t=nlj=1
mo+Mo=<(myAma)—2

(7.73)

and the bound on | § @®| is the same. Expressing the M; in terms of m;, the claim
now follows from (7.64)—(7.66) together with (7.55). The proof of (7.68) is identi-
cal once we notice that the extra factor of (i V 1), arises from (7.63) and the fact
that M; <m;,i=1,2. [

7.4. The bounds on k") assuming Proposition 7.3. In this section we prove
that (3.9) holds for lattice trees, via the following proposition:

PROPOSITION 7.5. For lattice trees with d > 8, and L sufficiently large,
(3.9) holds witha =2 A ((3d —20)/(d — 4)) > 1.
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PROOF. Recall the notation of Section 7.2. By (7.14) and (7.12), £1"*2) (%) =

nl/\n
O unless n; A n;, =n. From (7.15),

"
=D DD DEMEAIC)

X =2

(r l)(k)| Zelkx Z trErl/l\il), ﬁ(x)

ir=2

(7.74)

_ Z t(” lz)(o)

ir=2

From (7.14) if n > 0, then go > 1 and proceeding as Section 7.2,

o= Y Y wes) X [[Twe]

Ses3,) 3 ped RET(§.¢) seS]
X [ I1 L(xjnpers; ][ I [1+Ust]
Jél,in vt€S3
< > Y wes)) Y [1‘[ W(R)
Ses3,) 3 ped ReT(§.¢) seS]
x [ [1 ﬂ{(x,«,nj)eRSj}]
¢z
x [ M n+va ] [1+Usw]]
s,teS(l),[l,qo] s/,t’GS%\S(])Ay[LqO]
(7.75) <oty * Dx1g i) ).

Note that in deriving bound (7.75) we have used the fact (as in Section 7.2) that
W ($(S2)) factors as W (¢ (S i)W (@ (S 01 W (¢ (sz \ So.11. jop)- A least
one component, say j, of 77 — n is equal to 0. In this case t(r;m(i) = t(gr;lmn(*) =

unless y; = 0, and so tf m(y) is bounded by the (r — 1)-point function of the
remaining coordinates. Hence by (7.75) for each iy,

1"120) < pi?, () DO)ig 2 (0) < pi 2 (0)D(0)i{,"(0) < Clii — n|"~,

0,i—n

where we have abused the (» — 1)-point notation slightly and used the fact (see
(2.5) and (3.4), or [31], Theorem 1.9) that 71 (0) < C7" 2. Similarly,

020 <" PO < Cli—n"? ifn=0.
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Multiplying the constant by a factor of » — 1 arising from summing over i, <r — 1
in (7.74) gives the requlred bound on |Kf 1)()c)|

Recall now that «; (r:2) (3 (X) is the contribution to (7.41) due to Q N {1,2} # &,
so that my — 1 =ny or my — 1 = n;, (and with m, < n). We concentrate on
the contribution due to Q = {1} only [where m| — 1 = ny and n*(iy, m, my) =
n*(in,my) = (my — 1) A n*(iy)], as the other contributions are similar. From
(7.40), (7.34) and (7.35), and as in (7.59), for |Iy| < 2 and with (Mo, M1, M) =
(Mo, ny —mqo — Mg — 1, my —mg — Mg — 2), this is equal to

Y Y e,

] mM2=niy ¥0,Y2,Y0,V2,Yx

(7.76)  x [p Z ,Ei?(yo) 837 1 —mo— Mo~ (0= y*;)_flo—y*)]

moy, My :
mo+Mo=<n*(iz,mz)—1

x ( [T zDGi - Ui))-

ie{0,2}

By taking the Fourier transform, using ) ;¢ ,Ellilgl)(x) <@ —my+ D71 and
proceeding as in (7.51) and (7.60), we have

kP E) <> > (@ —my+ DRI

[ m2=ni,
(7.77)
X Z ZZ| Mnlo mo—Mo— l(u xIO){
mo, Moy : i x[()

mo+Mo=<n*(ip,mz)—1
where it is understood that T, (u; X)) =mu) if Iy =@

The |Ip| = O contribution to (7.77) is bounded, as in Proposition 7.1 and
Lemma 7.2, by

C > D Gi—m+DET R Z|nM<u>|

I:]Iy|=0"2="iy mo, Mo :
mo+Mo=(njAm3)

<C > Y Gi—my+ D"y amy),
T+ |Ip]=0"2=Niy

with b = (d — 6)/2 and || <r — 2. We take a power ¢ = ¢(r) € (0,1) to be
determined later on, and split depending on whether my < n; — n® or not. When
mo > n1 — n¢, then we can bound

(7.78)

(7.79) @ —my+ D" = @ —ny 11 —my + DI
| <C@—n)+Ci"",
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and summing (n; Ama)~b over my in (7.78) gives a constant. This gives a bound
of

(7.80) Cla—n) 3 +a"%].

When, instead, m, < ny — n¢, then we can bound (7 — m; + 1)|I2|_1 <n
use that

(7.81) Y (mamy) Tt <cim@VER,

mo<n|—n¢
We now verify (3.9) witha =2 A ((3d —20)/(d —4) > 1 and p as in the previous
section but chosen in (0, 1/3) if d = 10. Combining the above bounds yields that
the contribution to £+ due to |Iy| = 0 is bounded by

(7.82) C[(ﬁ - E)r—3 4+ =3 ﬁr—3ﬁ—(d—8)s/2].

When r =3 or 4, ¢ = 1/2 will prove the claim. When r = 5, we optimize over &
which gives ¢ = 4/(d — 4), yielding a bound of the form C[(71 — n)> 4 n¥/ @91,
We complete the proof by writing 8/(d —4) =3 — (3d —20)/(d —4) <3 —a so
that the bounds (3.9) hold.

The contribution to (7.77) from |Iy| =1 is 0 if r = 3. For r > 4 it is bounded
using Lemma 7.2 and Propositions 7.3 and 7.4 [and using the trivial bound (17 —
mo 4+ DI2I=1 < 3r=4since || <r — 3] by

Y i —my+ DR

I:|Iy|=1"M2=Niy

X Z Zz‘ﬂﬂ;nlo—mo—Mo—l(ﬁ;xlo)’

mo, Mo : i Xl
mo+Mo=<n*(iz,mz)—1

<Ci"™* Y (niamy) [ amy) + (1 Vm)P +nf ]
my=ni,

=3 and

(7.83)

§Cﬁ’_4[ > (nlAmz)l_b+ﬁp]§ﬁp+r_4.

My =nij,

This satisfies (3.9) when r =4 since p < 1 and whenr = 5 provided3—a > p+1,
which holds for our choice of a and p (p < 1/3 is used here).

The contribution to (7.77) from |Iy| =2 is 0 if r = 3,4. For r =5, since |I3| —
1 = 0 the contribution is bounded, again using Lemma 7.2 and Propositions 7.3
and 7.4, by

78 ¢ > Y 3 22 ity my a1 G o)

T:|Ip|=2M2=ni, mo, Moy : u X
mo+Mo=<n*(iz,m2)—1
(7.85) <Cii Y. (n1am) P[(niama)+ (ny v mo)P + 77,7

my=nij,
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As in (7.83) and the previous argument, this is at most altP <7374 and so satis-
fies (3.9) with r =5. [

APPENDIX: PROOF OF PROPOSITION 7.3

Recall that Proposition 7.3 states that for lattice trees in dimensions d > 8 with
L sufficiently large,

2 3
A1) Dl Gnol = 23w o+ S 3 16

U, Xy j=0 0<t<n, j=I
and, recalling that (M V 1) = (M1 V Mo V 1y V By,

Z |nﬂ2;n*,n**(ﬁ; Xy x**)}

Uy Xy X

(A.2) ) 5
<M Vn)**HZ M; +n§]B(1V4) +3 S B+ fej)i|-
j:() 1<ny ]=1

In this section we prove these results by making simple but important modifi-
cations to the diagrammatic bounds derived in [31] that were used there to prove
Proposition 7.1. In that work the derivation of the diagrams and subsequent bound-
ing totalled about 30 pages. We will not repeat the arguments to the same level of
detail here, but will instead focus on the modifications required. We start in the
next section by giving an overview of the proof.

A.1. Overview of the proof. Recall first how diagrams arise. By putting ab-
solute values around J [S?\Z] in (7.34), (7.35) and (7.33),

|7 4., (U5 X5

(A3) < ¥ Y W(¢x(Sh)

5*6(5}1(10))' ¢r €DE (V)

x ) [H W(Rs)}|J[Si*4]m{(x*,n*)é7zs*}

ReTy, seSi-l
and
|7 i, (U3 X o) |
(A.4) = Y > wW($(Sh))

(S4,54x) € Pr €dr )
(8%, (1))

=S 3
ReT, seSM
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If the indicators 1y, n)ERs,) and 1y, n,,)eR,,, ) Would be absent, then we
would simply obtain |7rM(v)| and in this Appendlx we study these extra indi-
cators.

Recall that J [S?G[] = ZF cgeomn (ng ) [ Ls;er Us:. There are many connected graphs

to sum over, so it is convenient to restructure the sum in terms of minimally (except
possibly for an extra edge covering the branch point) connected graphs, which
are called laces. Here we call a connected graph minimal when removing any
of its edges disconnect the graph. Indeed, for each connected graph on S}[ one
can construct an associated lace. Any given lace L has a corresponding set of
compatible edges C(L) such that if we combine any subset of C(L) with L, we
obtain a connected graph on Si} whose associated lace is again L. In particular,

any edge s’t’ that is completely covered by some edge st € L is compatible with L.
See [31], Section 2, for precise definitions. Then [31], (2.10), states that

(A.5) Iy 1= Y Tlu« T1 1+Uw,

N=1 LE,C(N)(S?;I) stel s't'eC(L)

where £V (Si;l) is the set of laces on Si;l consisting of exactly N edges. We define

quantities 7 ™) to be the contributions to the corresponding 7 quantities from laces
consisting of exactly N edges. Note that the sum over N is in fact finite as for N
large (depending on M ) all summands are O (finite M limits the number of possible
edges in a lace).

Since Uy € {0, —1}, this is only nonzero when all Us; = —1 for all st € L, in
which case the terms in the sum over N are alternating in sign. Clearly,

(A.6) IsEI<Y. Y T1=Uad [T 140w,

N=1 LEE(N)(S?VI)SZGL s't'eC(L)
and so
> [ T wero |18y
ReTy, seSi}
(A.7) o
<y Z 3 [1‘[ W(Rs>] [Ti-Usd ] 01 +Usel.
N=1[ecrm Sg)RETn 5653 stel s't'eC(L)

Of course, since each [1 4+ U] is either O or 1, we obtain a further upper bound
by taking a product over any convenient subset C C C(L) on the right-hand side
of (A.6). Note that [31], page 687, after (2.11) shows that we need only consider
minimal laces. Henceforth (as in [31]), it will be assumed that all of our laces are
minimal (recall that our definition allowed for an extra edge covering the branch
point).
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We start with (A.3). We note that the effect due to the extra indicator
L{(x,,n,) &R, ) 18 to add a path to the corresponding vertex coming from s, € Si}
within the existing diagram. There are different cases, depending on whether
Sy € S?Pl is part of an edge in the lace or not. When it is part of an edge of the
lace, it can in fact be part of several edges, with a maximum of three. We bound
these cases separately.

When s, € Sf’ﬁ is not part of an edge in the lace, we can use self-repellence
[essentially dropping some factors of [1+ Uy/] in (A.7)] to upper bound this effect
on 7., by multiplying the bound by the number of possible s, € Si;l, where s,
72

Ny —Mg

cannot lie on the branch (0, [0, Mp]), and multiplying by

the temporal coordinate of s, € Si}. Now, |f,512) (0)] < K uniformly in m, and thus

we just multiply our bound by M| + M + 1, which is an upper bound on the
number of possible ribs that are not involved in an edge in the lace. This leads to
the Z,‘zzo M; contribution to the right-hand side of (7.62).

The situation where s, is part of (at least one) edge of the lace is much more
complicated, so let us first recall how to derive the diagrammatic bounds with-
out any extra arms. For this purpose, define p(x) = p,.(x), which is a two-point
function for paths of unrestricted length.

Ifs e S}I is part of (at least one) edge of the lace, then (A.6) contains a factor

! (0) where mg, is

—Ug; (or —Uyy) for every ¢ € S}I for which st € L. For s € Si}, let y; denote the
spatial location of the root of the rib Ry. A factor —Us; or —Uy, which are the
indicators that R intersects R;, implies that both ys and y, send out an arm to a
vertex Z; that is in the intersection of R and R;, but imposes no restriction on
the length of that arm. Thus, while the backbone consists of paths of some fixed
lengths m for an appropriate m, the factors Uy, give rise to paths of an unrestricted
length, and hence factors of the form p(z;; —-). When s € Si;l is part of precisely
one edge in the lace, we get a factor p(zs; — ys) that originates from the factor Uy,
at the vertex s (together with a similar term at ¢ € Si}, depending on the number of

other Uy, in the lace). When s € Si} is part of precisely two edges in the lace, this

gives rise to a factor ,0(3)(z st — Vs> Zst; — Ys) that originates from the factors Uy,
and Uy, at the vertex s, where for Z € 740=D, p"(Z) = > T50.21 iz W({T).In
particular,

3
(A.8) PG = Y WD =pY 1) (z1.2)
T20,21,22 n,n’

is the (unnormalized) three-point function summed out over the backbone lengths.
This can easily be bounded by

(A.9) PPz, 22) < Y pw)pz1 —w)p(za — w).

weZd
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Intuitively this comes from ignoring the mutual-avoidance between the three trees
emanating from the branch point w. More formally, note that the right-hand side
of (A.9) can be expressed as

(A.10) Yo W(T) DD w(T) > w(T),

w T'30,w T">w,z1 T">sw,z

and (A.9) follows since every 7 3 0, z1, z2 appears as at least one triple 7" U 7" U
T" for some w.
When s € S}l is part of precisely three edges in the lace, this gives rise to a

factor p(4) (Zsty — Ys» Zsta — Ys» Zst3 — Ys) that originates from the factors Uy, , Uy,
and Uy, at the vertex s € Si;l, where now

4
(A.11) PPz, 2)=p Y tyow (21,22,23)

n,n',n’

is the (unnormalized) four-point function summed out over the backbone lengths.
This can again easily be bounded in a similar way as in (A.9), but things are a
bit more difficult since now there are multiple possible topologies for the subtree
leading to the points (z1,n), (z2,n’) and (z3,n”).

We now begin describing the effect of an addition of the indicator 1(,, ,,)e R, }-

When s, € S}[ is part of precisely one edge in the lace, the factor p(zs,; — ys,) 1S

replaced with p,(:)_mS* (Zs,r — Ysus X — Y5, ), where now
(A.12) P21, 22) = p Y 10,21, 22),
n

is the (unnormalized) three-point function for which part of the tree has fixed
length and part has a length that is being summed out over. Moreover, arguing
as for (A.9),

A13) PR <p? Y. D 1P, @ —wp — w).

weZd m'<m

Comparing (A.9) to (A.13) we see that (apart from normalization constants) the
effect of the indicator 1, ,.) ERs,) is (a) to add a line to (x4, ny) of time length
ny — mg, and displacement x, — ys, and (b) to restrict the time length of parts of
the paths in the three-point function.

When s, € S?VI is part of precisely two edges in the lace, the factor p® (Zs,1; —

. . 4
Vs.» Zsa1, — Vs,) 18 replaced with a factor p,(l*)_mS* (Zsyut; = Vsur Loty — Vsur X — Vs, )

where now
4
(A.14) p,(,f)(zl,m,a):p Z t,fl/)’m/,,m(Z1,zz,z3)-
m/’m//sm

In bounding this quantity in a similar way to (A.13) one must consider different
possible connection topologies, but again the effect of the indicator 1., )eR,,)
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is (a) to add a line to (x4, n4) of time length n, — mg, and displacement x, — y;_,
and (b) to restrict the time length of parts of the paths in the four-point function.
Finally, when s, € S}I is part of precisely three edges in the lace, the factor

. . 5
o® (Zspt; — Ysu» Tsutr — YVsulsaty — Vs,) 18 replaced with a factor ng*)—ms* (2,1, —

Vsus Lsuty = Vsus sty — Ysu» Xx — Vs, ), Where now

4
(AIS) )0,515) (Z] , 22,23, Z4) = Z tr(n/),m”,m”’,m(zl 5 22,23, Z4)v

m’,m"” ,m" <m

and again the effect of the indicator is (a) and (b) above.

A similar analysis can be performed when we have the two indicators
L, eRy,) a0d Ly e, - The situation where s, = sy adds further
complexity to the situations described above in that another extra line to a point
(X5 — Vs, » Nx — My, ) 1s added. We refrain from giving more details here.

Let us now describe how we handle these modified diagrams. The bounds on
the diagrams are obtained by bounding combinations of two-point functions, using
the bounds ||tm)||1 <K, ||t(2)||Oo < K/(m + 1)?/2, as well as the x-space bound
p(x) < K(xll2 + 1D~ (= 2. The latter x-space bound may be found in Theo-
rem 1.2 of [17]. Essentially, [31], Lemma 5.4 (restated below as Lemma A.1) states
that for every £ > 1 and all m; > 1,

(A.16) sup( 12 w12 % 0™ ) (0) < Clmy + -+ mg + 1) 7@,

and also gives bounds on the L' norm which imply the above bound on ||t,(,,2) II1-
(In fact, in [31] the fixed-length 2-point functions are unnormalized, and more-
over in [31], Lemma 5.4, one is dealing with convolutions of ,o*k and fixed length
functions of the form 4, = z.D * pt,,;,_2 * z. D instead of ¢,,, but the same bounds
hold up to constants.) The bound (A.16) is used repeatedly to bound the diagrams
in [31], and so it is important to understand how this kind of bound can be used on
our modified diagrams.

In Proposition 7.3 we will, for example, wish to bound (A.13) summed over

22, instead of p®(z;). We may use the fact that 2. t® (z — w) < K uniformly
@) 4 0)(z1) [instead of p(z1)].

The extra line in C 1, (tm, * p)(z1) compared to p(z1) will be carried along
in this bounding scheme, and, since it is always next to a line in the backbone (i.e.,

in /, to obtain a bound on this sum of C }_,,/ (¢,

a line of fixed length), it will amount to replacing a line tme)(v — u) for some v, u

by C Zm,<m (t(z) * t(z))(v u). Thus, instead of the left-hand side of (A.16) we
would have somethlng of the form

c > sup(t,gfl)* *t(z)*t(, s 0) (x)
m'<m
(A.17)

<C > (mi+-Amp+m +1)" 2

m'<m
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since bound (A.16) still applies to the left-hand side of (A.17) (which has an extra
path of length m”). As explained in more detail below, following the bounds in [31],
Section 6, then implies a bound of the form of the second term in (7.62). We use
similar ideas for the bound on 7 ;; with fwo extra arms. As explained in more detail
below, this extra arm gives rise to another factor of 7 in our bound.

The remainder of the proof is organized as follows. In Section A.2, we start
by investigating the contribution to 7 Min from laces on an interval, starting with
the single-edge lace in Section A.2.1, and considering first the effect of adding
the indicator 1, »,)eR,, ), followed by the combined effect of the indicators
Ly ners,) ad Ly n,,) e R, )- We continue the analysis with two-edge laces
on an interval in Section A.2.2, followed by the general case of laces on an inter-
val with more than two edges in Section A.2.3. Finally in Section A.3 we study
general laces on Si;l .

A.2. Laces on an interval. Recall Section 1.2.2. Define A,, (u) by

2(D*pt?, « DYw),  ifm>2,
(A.18) him(u) = z.D(u) ifm=1,
Liu=0y, ifm =0,

where pt(gz)(u) = pl{y=o). For I > 1 and given m € Zﬂr, we define h,(;’:l)(x) =
(A, * -+ * hy,)(x) to be the [-fold spatial convolution of the A,,;, and similarly
for [ € {1,2, 3,4} we define p*!(x) to be the I-fold spatial convolution of p(-)
with itself, with o0 (x) = 1)

Define

o
(A19) /)= Y h(x) = Ls—o) + 2 D) +22(D * p * D) (x).
m=0

It is easy to show that for some v > 0, p'(x) < C,(L{x=0} + Lix=£0) [L2V (x| +
142171, for each x assuming that p(x) satisfies this bound (but with a different
constant). In other words, o’ (x) satisfies [31], (1.4), with a different constant C.

In this section we consider the case where exactly one of the M ;’s, say M; = M,
in S?;I is nonzero. This corresponds to S = [, [0, M;]] = [i, [0, M]], and we will
denote vertices [i, £] in [i, [0, M]] by £.

A.2.1. The single-edge lace. Consider the further special case of the unique
lace L on S consisting of one edge (i.e., the lace L = {OM}). Thus, we study
n(g’lj)w’o(vl), where we recall that 7 5)(5) denotes the contribution to 7 ; (v) from
laces containing only one edge. Every other edge on S is compatible with this lace.

In particular, for this L,

(A.20) [T11-Us] [] [1+Ugr] <[—UomlK[1, M —1].
steL s't'eC(L)
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Also —Uom = LirgnRy#0} < 2z ezd Liz1eRo}LizieRyy)- Of course by definition,
[AS R() and V] € RM.

Let S— = {1,...,M — 1} and ®} (¢1,8) = {¢/:S— — Z¥:¢'(1) = ¢4,
¢ (M — 1) = &}, From (7.33), (A.7) and (A.20), and assuming that M > 2, we

can (e.g.) bound "3 |rr((01’)M70)(17)| by

D Liw=v=o) Y, W(#:(S) D [1‘[ W(Rs)}[—UOM]K[l,M—u

PredE(v1) ReTy seSi;[

(A21) <Y > Lpgmn=) Y. W(dx(S))

v ¢z ePG(v1)

x 3 [1‘[ W(Rg}l{meno}ﬂ{zleRM}K[l, M—1]
ReT, SES

Y ¥ wRo| X wRw| ¥ wb@nzbwm - e

21 V1 “Rp>0,z1 Rm>v1,21 {1,0

(A.22) x[ > W(e'SH)
¢'e®S_(¢1,82)

X > []‘[ W(Rs)}K[l,M— 1]]

Rs€T(¢'(s)),s€S—"seS—
As for A; in (7.26) this is equal to

(A23) 3" oz —0)p(zi —vD) Y 22Dt (&2 — ) D1 — &)

iU 61,62

<> hu)p*? (v — o)

v

(A.24) <sup > hy)p"? (vi — (0 +wy))

w1 vy

(A.25) =suphy * pUP (w).
w

The supremum over w; may seem odd in the above but this kind of bound will be
useful when we will need to bound multiple edge laces. See the first diagram in
Figure 2. The same is true when M < 2.

Notation. We will use Cg to denote positive constants of the form CB(L) where
B (L) approaches 0 as L — oo and C is a constant which may depend on d but
not L, and may change from line to line.

Applying the following lemma (see [31], Lemma 5.4) with/ =1 and m; = M,
we see that the quantity in (A.25) is bounded above by Cg(M + 1)~@=9/2,
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Z
Ty wy !

wy 2 wy__1n/ a

o Sy M—s, Ul

0 M u1 0 M U1 T

FI1G. 2. The diagram arising from a lace containing only one edge, and two of the diagrams arising
from adding an extra arm; at sy, =0 and 0 < sy« < M, respectively. Dark lines correspond to h terms
and light lines to p terms.

LEMMA A.1. The following bounds hold for all £ > 1 and k € {1, ..., 4} with
=Y,

Cp
([ 4 1)(d—2k)/2

(A26) AV s o0 < and |h"], < Ci.

Note that to prove Lemma A.1, the only fact about p(-) required (apart from
symmetry and translation invariance) is the bound p(x) < K (||x|]2 + 1)~¢@=2
(see [31], (1.4), Lemma 5.8, Proposition 5.9, Lemma 5.10, Section 5.4.1). Since
0’ (+) also satisfies this bound, it follows that Lemma A.1 remains valid when any
p is replaced by p’.

Recall that 71((&’ 1)1/1,0); " (v; x4) denotes the contribution to 7o, p,0):n, (V; x) from
laces containing only N edges. Asin (A.21), > 5 . |7T(((},)M,O);n*(a; X4)]| is bounded
by

222220 2 Wiex®)

5+€8 Xx T VI ¢redf(v))

20 x ¥ [TTWR) |t ermy KlLs. = KI5+ 1M = 1]
’fée']rn seS

X :H'{(x*s”*) éRs*}’

where if s, =0ors, =M, K[1,5, — 1]K[sx+ +1, M —1]=K[1,M — 1].
Proceeding as above, the contribution to the above sum from s, = 0 is

(A28) ZZZ[ ) W(Ro)n{m,n*)eno}}p(vl—znhM(vo.

Xx 21 V1 “Rp30,71

Let ¢ denote the “branch point” in Rq for the connection from o to z; and x, (it
could be o, x4, z1 or some other point). The connection from o to x, in Ry is of
length n,, and the branch point ¢ is connected to o by some path of length n” < n,
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in Rg. Proceeding as above, (A.28) is bounded by

YSNY D  hwr @y (xi = O p(€ = z1)p (01 — 21 A (V1)

Xx 21 V1 n’<nyg €

<ZZ DD hw(@)pE —21)

VI n’<nyg ¢
x [Z Py (s — 4)]p<v1 — k()

(A29) <C1 Y suphy s p"2 s hy(w) < Cy S (M +n'+1)" 2,

w
n'<ns n'<ns

where we have used Lemma A.1 to bound both the sum over x, and the supremum
over w. See the second diagram in Figure 2. The contribution from s, = M gives
the same bound. We are left to bound

20200 2 W(@x9)

O<ss<M Xx 21 VI ¢re®f(vy)

30 x ¥ [TTWRO [ticrma K11 5. = 1KTs. + 1. - 1)
ReT, S€S

x ]]'{(x*,n*) éRs*}

This is bounded by

> Zzzzhv*(iﬂw 5. (V1 = Oy, (xs — ) p(v1 — 21)p(21 — 0)

O<se<M Xx 21 VI

= > Zth*(;)hM o (V1 — c)[zhn*_s*(x*—z)}p“”(m)

O<se<M Vi1

(A31)
<C ) thZ)M oy %P (0) < CpMM + 1)~4=9/2
O<se<M

< CgM(M 4 1)~@=9/2,

where we have again used Lemma A.1 to bound the sum over x,. See the third
diagram in Figure 2.

So what we have seen in this section is that the bound on (1) was obtained by
using Lemma A.1 and takes the form Cg(M + 1)_(d /2 When we add an extra

arm to 71, we again use Lemma A.1, but the bound becomes
(A32)  Cp > (M+n'+1) 792

n'<ny

+CpM(M + 1)@=/,
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Zl x**

w1 Ty Tyx
Tz, —C2
wyn n” A1 w_n_|n" A1
G ¢ G
G G
0 n n U1
T, T 0 M U1 o M U1
w; 1
§
% Si n' M — s, u1
C? L
T

FI1G. 3. Some of the diagrams arising from a lace containing only one edge, with two extra
arms added at sy and syx. From left to right the figures correspond to the situations where
0 < 54 < Sy < M, two cases of sx = S = 0, and 0 < sy = Sy < M, respectively.

with the first term arising when the extra arm is added at a vertex of S coinciding
with one of the endpoints of edges of the lace, and the second term coming from
the rest (when the extra arm does not coincide with the lace edge), as in the second
and third diagrams of Figure 2.

Now consider what happens when we add a second arm, where the two arms
arise from indicators 1y, ,,)ew,,} and Ly, u,,)eR,,,)> respectively. There are
contributions from s, = 54 and s, 7 4. In the latter case, without loss of gen-
erality assume that s, < 4. If 0 < 54 < 544 < M, then (see the first diagram of
Figure 3) hy(vy) in (A.24) is replaced with

XX Yoo A @)D b (e — SR (G2 — 1)

S & n' =AM n” (M Angy)—n'

X Zhn**—n’—n” (X — Dy —p—p (V1 — $2)

KX

<C Z Z hn’ * hn” * hM—n’—n”(Ul):| .

n’ <ngs—n' n'<ngANM

Note that the sum over n” and n” replaces the sum over sy, s4« here.

We can now proceed as in (A.31) (performing the “extra” sum over n” at the

very last step) with héﬁ)M_s*)(vl) replaced by hgz,s)n,/ M_n,_n,/)(vl). These two
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objects satisfy the same bounds in Lemma A.1, so there is no change to the bounds
until we perform the last sum to get an additional factor } v, _, 1 <n, at the
end. When 0 = s, < 5.« < M, the additional effect of the second arm is to replace
hp(vr) in (A.28) with

Y hw @)Y hn—n Kaw — Sy (V1 — £2)

&2 n'<nAM Kok

=C X [hEZ%M A

n" <ngs AM

(A.33)

and again we get no change to the bounds in (A.29) until performing the final
sum over n” to get an extra factor 7,,. Similarly when 0 = s, < s, = M, for the
convolution Y 2, P(z1 —w1)p(vi —2z1) appearing in (A.24), in addition to replacing
p(z1 — wy) by (coming from the first added arm)

(A.34) DY hw (@ —wi) Y g (ke — S (1 — 01),

&

we replace p(v; — z1) with

Z [Zh //(Q—v])Zhn*_n/(x* Sp(z1 —fl)i|

”<n** M= &

(A.35)
<C Y [hwxpi—v)]

n' <ngx—M

This allows us to again proceed as above, performing the sum over n” last to get
an extra factor of 7.

It remains to consider the case sy = Sys. If 55 = 544 = O, then there is a tree
rooted at w; that branches (the branching could be degenerate) to the points x,
and x,, (and zp). Either z; branches off after the x., x,, branch point or before;
see the second and third diagrams of Figure 3. According to these cases, either
p(w1 — z1) 1s replaced with

Z [Z Zh (wy — gl)zhn*fn/(x*_é‘l)

n"<ng. n'<ng {1

th €2 = 21)S P (s — §2),0(Z1—§2)]

Ksese

SC Z [Z hE:/n//)*p(wl_Zl)}’

n" <nyy n'<ng
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which we can bound as before (getting an extra n,, from the sum over n” at the
end), or p(wq — z1) is replaced with

Z [ Z Zh (wl _é‘l)zhn”—n ({2_51)

' <nye 0 <My Angy)—n" &

X Zhn**—n”—n/(x** $) Zhn* —n""—n’ x - CZ)/O(ZI - gl)]

K

<€ ¥ [ X Shwtwr - e -

//<n /<n ;1

where we have first performed the sums over x, and x,., and then the sum over ¢».
We can now proceed as before, summing over n” at the very last step to get an
additional factor of n... The cases where s, = s« = M or (see the last diagram in
Figure 3) 0 < s, = 54+« < M can be handled similarly, giving the same extra factor
of M.

In the more general/complicated diagrams to be considered later, the addition
of a second arm is handled in the same way, thanks to Lemma A.1 and the fact that
we decompose the diagrams without regard to s, and s.,.. We can always perform
the final sum over n” < n,, at the very last step to give the extra factor n,.. For
this reason, hereafter we explain only the effect on the bounds of adding the first
arm.

A.2.2. Two-edge laces on an interval. Consider now the contribution from
laces on the interval S to the sums in Proposition 7.3, or their armless ana-
logues consisting of exactly N = 2 edges. These are laces of the form L =
{0(t) + 1), yytM} with O <ty <M and 11 < (tj + 1) < M, and a sum over all
such L is equivalent to summing over #; and #,. Thus

> J1=Ual [ 1+ Ugel

LeL®(S)steL s't'eC(L)
M—-1M—-1-1
= Y Uow+myUnm [] [1+Ugr]
t1=1 =0 s't’eC(L)
M—-1M—-1-1
(A.36) <> > Uoy+m)UnuKIl,ty = 1IK[0 + 1,00 + 10— 1]

=1 n=1
xK[hh+6+1,M—1]
M—1
+ > Uy UymKI[1, 1y — 11K [11 + 1, M — 1],
=1
since each of the intervals [1,¢#;, — 1], [/ + 1,1+t — 1], [ti +tr +1, M — 1] is
covered by one of the edges in the lace (so any edge in these intervals is compatible
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with the lace). As above —Uy; < ZzleZd 1iz,eRo} Lz €R,)» and similarly —U; y <
ZzzeZd Lizyer LzeRy)-

Now let 13 = M — (t; + 1), and use the fact that W (¢, (S)) factors into the
weights of the embeddings of the intervals [0, #1], [¢1, t1 +12], [t1 + 2, M], and pro-
ceed as in Section A.2.1 to get a bound on ) |7r((§’)M’0)(17)| of the form [see (7.33)
and (A.7)]

M—-1M-—1-t

S D D> hyuhy (uy — u)h (v — uz)p(z1 — u2)

n=1l tn=1 UVv1,U1,u221,22

(A.37)
x p(z1 —o)p(z2 —up)p(vy — 22)
M—1
+ D> =0y D D hy )by (vi —u1)p(zi — 2)p(z1 — o)
n=1 n V1,U1,2 21,22
(A.38)
x p(z—upp —z22)p(z2 — 2)
M*lM*]*l‘l
<> > sup Y hyuDhy(uz — un)hy (v — u)
h=1 n=1 "0"2vu1.uy
(A.39) ) )
x 0 (uz — (0 + w1))p*? (v) + wy — uy)
M—1
+1{=0p D sup ¥ > hy @y (w1 —u)p® (2 —wy)
=1 WHLW2 yyouy,z
(A.40)

x D () +wr — 2)p(z — uy),

where in (A.38) we have used the fact that if z; € R;, and z2 € R4, then there
exists some branch point z from which these connections in R;, take place. The
quantities (A.39) and (A.40) can be represented in terms of diagrams as in Fig-
ure 4.

We decompose the diagram according to which of 1, #5, 3 are comparable to M.
In particular, at least one of 1, t2, t3 needs to be at least M /3, and we decompose
depending on which it is. We start by bounding (A.40), which corresponds to the
case where f, = 0. We then continue to deal with the general term in (A.39), which
corresponds to general t, > 0.

The case (A.40) with r, = 0 is easiest. The contribution to (A.40) from 3 =
M —t; >t,sothatty < M/2,1s

> sup > hy u)p®P (2 —wi)p(z —uy)

n=<Mp2W%2uyz

(A41) X Y (i —u)p® (v +wa — (uy + 2z —uy))

V1
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w1 ug U1

21

[2)
29

0 T Ul v +wy
Y z v + w2

21 22 -
o 1, U] V1

FIG. 4. The opened diagrams corresponding to 2-edge laces on a single branch, with ty > 0 and
t) =0, respectively. Dark lines correspond to h terms and light lines to p terms.

< > sup Y by u)p®P @ —wi)p(z —uy)

n<M/2¥H%2uyz

x sup Y hyy (v — u)p™? (v) + wa — (w1 +72')).
7 VU]

We first bound the sup over z' by Cg(t3 +1)~@=9/2 < Cy(M + 1)~@=/2 ysing
Lemma A.1. Then using Lemma A.1, again we write

> sup Yy (u)p (@ —wi)p(z —uy)

n<Mm/2 Yl uz

< Y Chn+1)TUO <y
H<M/2

(A42)

Thus (A.41) is bounded by (C}’g)z(M +1)"W@=9/2, By translating the diagram by
—uv1 (so shifting the origin to the position of the old v;) we can obtain the same
bound for the contribution to (A.40) from #; > 3. This completes the bounds on
(A.40) with r, = 0.

We proceed to adapt the bounds on (A.40) with #, = 0 due to the contribution
where we have an extra indicator 1y, ,yeR,, }- We refer to this as adding an extra
arm. Let E = {0, 1, M} denote the vertices that are part of at least one edge. When
we add an extra arm, the quantity corresponding to (A.40) includes terms where
s« € E and where s, ¢ E.

For s, ¢ E, and 1, = 0, see Figure 5. After again taking the summation over x,
[e.g., as in (A.31)] we are left with terms (summed over s, ¢ E) of the form

M—1
2

t1=1 Y1 W2 01 0,2
(A43) 5 5
x p (z —w1)p"? (v1 + wy — 2)p(z — u1)
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w1 z

V] + w9
07, [.g* U7 U1
wy z
L v + wo

0 7 T s —h U1

T

FI1G. 5. Two diagrams corresponding to a 2-edge lace (with top = 0) on a single branch, with an
extra arm added at sy, where O < sy < t1 and t] < s« < M, respectively.

or

M—1
2
sup Y hy DRG0 —u)

n=1*"%2vuu,z
(A.44)
x pUP(z = w1)p™? (v1 4wy — 2)p(z — u),

depending on whether s, < 1 or s, > t1. Decomposing the diagrams exactly as we
did without the extra arm (i.e., ignoring the fact that we have 2*? instead of &)
gives us a bound of

M
Z (C//g)z(M 1)@/ < (Cfs)z Z (M +1)~@=4/2
s« ¢E sx=1
(A.45)

< (Cp)*(M +1)~=0/2,

This demonstrates a theme that will appear more generally. When we consider
diagrams with an extra arm added, we will always decompose the diagram as
in [31] (i.e., ignoring the extra arm). When the extra arm does not fall at an end-
point of an edge of the lace (i.e., when s, ¢ E), our job will be rather easy, as
above.

A bit more difficult are the cases where s, € E. This situation gives rise to
1 4+ 1 4 3 terms (corresponding to s, = 0, M, t1, resp.; see, e.g., Figures 6 and 7),
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giving

M—1
(A46) > > sup YD by )y (vi —u)p™P (vi + wy — 2)p(z — u)

n'<ny ti=1 Y12 vy uyz

(A.47) x> oD@ = Ohy(wi =) >y (x4 =€)
¢ X

M—1
(A.48) + > > sup DD hy ey (v — u)

W<ne—M ti=1 Y12 v up,z
(x2)
x p N (wy; —2)p(z—up)
(A.49) x 3 oD (@ = Oy (¢ —vi —w2) >y (X4 =€)
¢ X

M—1
+3 3 sup O ke ey (vr — ur)

fi=1 n'<ne—t; Y1W2 v w2

(A.50)
x p* (@ —w)p*? (v1 +wy — 2)

(A.51) x Zhw(; —uD)pZ =)D ey (X5 — 0)

(A.52) - Z sup Y Y hy (ui)hey (v1 —u1)2p<*2><;

f=1Yw2 v o

xy oy 3 hw(z—ul)p(*)<v1+wz—z>hn~<;—z)

Z pn'<ng—tin” <ne—t;—n’

(A.53)
X Z hn*—n/—n”—tl (xx—20)
Xx

M—1

(A.54) + D sup DDy ()i (v —u1)2p<*2><v1+w2—c>

=1 Yr%2 v oy

x>y > hw(z—ul)p(*”(z—w1>hn~<;—z)

Z n'<ny—tn"<ny—t;—n’

X Z By —n'—n7—1y (X — £).
Xx

(A.55)

Here the terms (A.50)-(A.55) arise according to where the branch point for the
connection from u to z1, z» is relative to the branch point for the connection to x.
In each case above, the sum over x, can be replaced by C; using Lemma A.1. We
then proceed to decompose the diagrams exactly as in [31], depending on whether
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Ty

n' Z
wy 2 V] 4+ wo
o o 1 V1
Ly
z ,
w1 v + w9
o— T v

357

FI1G. 6. Two diagrams corresponding to a 2-edge lace with ty = 0 on a single branch, with an extra

arm added at s« = 0 or sy, = M, respectively.

t1 > M/2ort; < M/2. See Figure 8 for an example in the case of (A.54)—(A.55)

when t; > M/2.

We can bound (A.46)—(A.47) as follows. First (after performing the sum over

X4 ), the contribution from small #; is at most

(A56) > Y sup Zhn(m)mz—uozp(*”(z—;)h (wy =)

W <ny 1 <M/2%W2uyz

*2
(A.57) x Y hiy (w1 —un)p®? (v1 +wr — 2).
|
Ty
wy - v1 + w2 w1 ¢ ,7//2
¢ Ty
n'
o T U1 U1 o T U7
Ty
z
wi NS ULt
o 1 U7 U1

V1 + w2

U1

FIG. 7. Three diagrams corresponding to a 2-edge lace with tp) = 0 on a single branch, with an

extra arm added at s« = 1.
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t t3 t t3

tl t‘d tl t;;

FIG. 8. Onthe left are two diagrams (see the rightmost diagrams of Figures 4 and T7) corresponding
to a 2-edge lace without and with an extra arm added. The same decomposition is used in each case.
The decomposition when t| > M — t| appears on the right.

Now note that (A.57) is equal to

Cg

(*2)
(A.58) hm*p* (z—wy—u 1)_(l+)—(d4)/2’

by Lemma A.1. Again using Lemma A.1 the sup in (A.56) is in fact

C
A.59 he, ¢y 5 0O (wy) < £ .

When #; > M /2 we translate the entire diagram by —v; and make corresponding
changes of variables in the sums, then repeat the above analysis to obtain a bound
on (A.46)-(A.47) of

Y Cg

2Ly s T D G+ 1y

(A.60)
Cg C
+ ¥ b }
Wi +1)<d /2 (13 + @=H/2
> o D ——
=R TR R
C
+ B

S Cp }
(M + DD, S (o n+ D07
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(Cp)? N Cp
TS (M D@D T (M 4 DD

Cp
X Z (' + 1)@=972

/<n

(Cp)? (Cp)? n?
(A.61) = ; (M +n' + 1)[d=9/2 + (M + 1)d- "
n <ns

The second and third terms are similar and lead to identical bounds on (A.48)—
(A.51).

Using the fact that ), _ g h,(x) < p’(x) and the above translation and changes
of variables for t{ > M /2, we see that the bound on (A.52)—(A.53) is

S5 sup > hy uhy # p%P (2 —uy — wa)p'(z —uy)

n"<neti<M WV W2up,z

X by % p*P (7 — wy)

= Z Z " Cﬁ (d—-4)/2 Cfdff))/z
iy Motopmp 0D (B+1)

Cﬂ C,B
" Z (ts + DED2 (0 + 1) + 1)[d=0)/2

Cp
— Z Z d—4)/2 d—6)/2
e, ,<M[<M+n”+ D@D (1 + 1)d-0/
Cp Cp
(M+ )(d 4)/2 (t+n”—|—])(d 6)/2

< Z (C,B)z + (C/g)2 P
S M D@ T (M @

so also satisfies the bound (A.61). Similarly, (A.54)—(A.55) also satisfies (A.61).
Let us now turn to the case (A.39), which corresponds to general #, > 0. We
again start by analyzing the situation without the extra arms caused by the indi-
cators 1y, nyer,,) and Ly, ) &R, )- There is complete symmetry between
t1 and t3, so we shall only consider ¢#; < #3. The sums over #{, can be bro-
ken up into regions E® = {7:1; +th <2M/3}, F® ={f:1o + 13 <2M/3} and
G = {f: t2 > t1 V t3 = t3}. Note that these regions have considerable overlap, so
we get an upper bound when we add up the contributions from sums over 71, #; in
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these regions. With 13 = M — t; — t», the contribution to (A.39) from fe E@ is
bounded by

M—-1M—-1-1
Y Lpsmmsup Y hy )k, (uz — u)p*? (uz — (0 + wy))
=1 t=1 Wy ,up

X sup Zh,3 (vi— (u+ u/))p(*z)(vl +wy —u)

u,u',wy vy

= M/3
n=1 n=1 B=MPY G L+ D@2 (55 4 1)dH/2

M—-1M—-1-1t 2
S S S
=2 @ —I—t2+l)(d B2 S M @A

=1 n=1

(A.62)

The same bound can be obtained for 7 € F®) by symmetry and translation in-
variance (indeed, we can translate by —v; and the condition #; < 3 has not
been used yet). For f € G® we do use the condition 73 > #; to get a bound
of

Cs
Z Z (t1+t2+1)(d 4)/2 (t3—|-1)(d 4)/2

n>M/311:11=13

(A.63) = m Z Z (13 + 1)(d /2

B<Mt1=t3

B Z - (Cp)?
(M—I—l)(d o (t3+1)(d 60/2 = (M + 1)[d-9/2

We note that the case G is not needed in our induction (in N) argument car-
ried out in Section A.2.3 below for N > 2 and extra arms. This will simplify that
argument a bit.

Now consider adding an extra arm to (A.39) due to the indicator 1y(,, ,,)e R, }-
If the arm is added at s, ¢ E = {0, #1, t; +t2, M}, we can perform exactly the same
decompositions as above, then sum over s, to obtain the bound (A.45). Consider
now the contribution from s, € E. Again by symmetry we may assume #3 > |
throughout. If s, = 0, the contribution is at most (we suppress the restrictions #; > 1
and 13 > 11)

S > sup > hy uhy(wy —9)

1+t <M n'<n, wi ui,uz,¢

(A64) XY hy oy (t = Ohyy (uz — u) p*? (¢ — u2)
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x sup Y hyy (v1 — u2) p*? (1 + wy — uy)

wy
< Y Y cpluntn+n+1) Vg yT@H2,
i+t <M n'<n,
If s, = #1 + 12, a similar argument gives the same bound. If s, = #;, we get at most

YooY sup D Ay by (uz — ur)p®P (uz — wy)

A+t <Mn'<ng—t; 1 urun

X Sup Y by (¢ — ur)hy (v — u2)p™? (01 +wz — ¢)

w
2 ¢

X (Z hn*—n’—tl (o5 — §)>

< > Y ' 41+ 1) IR0 4 4 )2,

t1+tr<M n'<n,

(A.65)

If s, = M a similar argument gives the same bound. So the total contribution we
need to bound is (consider the cases t| + 1, > M /2 and t3 > M /2 separately)

Cﬂ[ Y Y+ ) 1y

H+h<M: 3>t n/<ny

+ 3+ DT (1 4+ 1)—(d—4>/2]

SCISI:(M+ 1)—(d—4)/2 Z Z (n/+t3—i— 1)—(d—6)/2

t3<M n'<n,

+ Z (n’+M+1)_(d_4)/2 Z (t] + 1+ 1)"@=9/2

n' <ny H+th<M

FMA D@2 N S (i pa 1)

t1+tr<M n'<ng

£ M) Y ()02

n'<n <M

< Cﬂ[(M +1)TEIRE 4 S (M 4n + 1)‘<d‘4>/2},

n'<ny

again leading to the bound in (A.61). This proves (7.62) in Proposition 7.3 for
laces on an interval in the case where N = 2. As we have discussed at the end
of Section A.2.1, adding a second extra arm can be handled relatively easily, and
gives (7.63) for laces on an interval in the case where N = 2.
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A.2.3. Laces on an interval with more than two edges. Let
2N-1

(A.66) WY =17ez2V "1 Y =M1 >0,1j_1 > 01.
i=1

Then [31], Lemma 5.7, shows that

(A.67) Zn(OMo)(v) <> 3 M™M,0,v1,0),
VI Fen()

where M;(N)(a, b, x, y) is defined recursively as follows. First,

(A.68) M (@, b, x,y) = hi(x —a)p"P((x + y) — (a + b))
and
A n(a,b,x,y)
_ {hzl x4y —@hy(x — x+)p*P((@+b) —x),  n#0,
hy(x —a)p((x +y) —x)p*P((@+b) - (x+y), n=0.

Here we have corrected a misprint in the corresponding (5.6) and (5.7) in [31].
Then, for N > 1, define

(A70) MM (a,b,x,y) =" Aynla.bu )M 1) v, x,y).
u,v

(A.69)

(t3,....oN —

It is shown in [31], Lemma 5.6, that also

1
(A.71) M;N)(a,b,x,y)=ZM((;lVW.’)N @ b, V)Any oy (XY, u, ).

u,v

This enables a proof in [31], Section 5.1, Case 1, by induction on N that

(Ccp¥

(N)
(A.72) Z sup ZMaN (a,b,x,y) < M+ 1)@

a,b
,H%IV) Y X

We now explain how to carry out the induction. We start by initializing the in-
duction hypothesis. We have seen that this is true for N = 1, by Lemma A.1 and
for N =2 by decomposing the diagrams and using Lemma A.1. The induction
argument involves dividing H;flv) up into cases EWN) = {f:t; 4+ 1, < M/2} and
FWN) = {?: thoN—2 + tan—1 < M /2}, which contain all possible 7 when N > 3. In
the former case, we decompose the diagram by breaking off the first piece, and us-
ing the fact that the remainder has backbone length at least M /2, to obtain bounds

(Cp)" G
(M/2) + 1)d=/2 [Z Z (1 + 0+ 1)(d Y IR ; (t + 1)(d—6)/2]
(A.73)

(Ccp)
— (M4 1)d=9/2’
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and the second case gives the same bound by a symmetric argument. This advances
the induction hypothesis, and thus completes the proof of (A.72).

When we add an extra arm, we again make the same decompositions. Either the
extra arm is on the piece that is broken off, or on the remainder of the diagram. We
first describe how the induction works when the added arm is not at the endpoint
of any edge in the lace.

Fort; >2and 1 <s' <t — 1, define

AT4) M@, b x.y) = hy xhy_g(x —a)p"? ((x + y) — (a + b))

and
All,lz;l,s/(a’ bv X, }’)
(A.75) )
hy % hyy—g (X +y — aYhy (x = (x + ) p*? ((a + b) — x),
r #0,
hy % hyy—g (x = @)p((x + ) = x)p% (@ +b) — (x + ).
n =0.

Similarly if 1, > 2, for 1 <s’ <1, — 1 define

At1,12;2,s/ (a’ ba X, y)
(A.76) =hy, (x +y — ahg xhy_g(x — (x +3))p*?((@ +b) — x),
th #0.

Note that A.; (resp., A.2) corresponds to adding a vertex on an odd (resp., even)
piece of the backbone. Now define for N > 1 and £ =1, 2,

N);t N-1
(ATT) MY a,b,x, ) =D Ay s (a bou, M v, x, ),

(3,..

and for N > 1 and 1 < j < N define M (N) 2=l and M (N) 2= recursively by

N);2j—1 N—-1);2j-3
(A78) M=~ (a,b,x,y)EZ;Az.,zz(a,b,u,v)M((,%.}ZNJ_l);S,(u,v,x,y),
u,

(#3500 s2N—1);8

N);2j N—-1);2j-2
(A79) M;(;S/) ](aab’x’ y)EZAll,lz(aabvuav)M( ) I~ /(u, U,x,y).
u,v

Here the extra superscript indicates where on the backbone an extra vertex is
added. Modifying the derivation of (A.67), one can readily show that

2N—1t,—1

(A80) Y lmon oy @2 <D0 3 D0 3 MI0,0,01,0),

B, U ey (=1 5'=1
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where n((é\,’ ,)V’,lfg); s (V; x4) is the contribution to n((é\f 1)\/1,0);;1* (V; x4) from the extra arm

being attached at a point which is not the endpoint of any edge in the lace. We prove
by induction that

2N—11,—1 N
NM(Cp)
(N)Z B
E sup E E E M (a,b,x,y)d < M+ a2

Hggnaby X ¢=1 s§'=1

or equivalently, absorbing the factor N into the (C 5)N ,

—1t—1 N):t M(Cﬂ)N
A8 Y supZ Z > M (a,b,x,y)fm-

H(N)“ Yox =1 =1
To verify (A.81), first prove the result for N = 1,2, and for N > 2 note that the
left-hand side is bounded by

te—1

(A.82) 3 sup ZZZM(N”(a b, x,y)

TeEM @by =1 x y—1

2N—1 te—1

(A.83) + Y sup Y3 MV @ bx.y)

TeEN) @by =3 x g=|

2N—-1 tg—1

(A.84) + > sup > S MV a,b,xy)

FeFMW) @by g—oN_2 x g1

2N-3 tp—1

(A.85) + 3 sup X3S MM @, b, x, ).

FeFN) @by p—1 x g1

To bound term (A.82), use (A.77) and proceed as in the no arm case, applying our
bounds on A and the (already proved) bound on the ordinary M~ =1 This bounds
(A.82) by

|:Z Z Z (t1+t2+ )(d 4)/2 Z Z (S +1+ )(d 6)/2]

{=11,<M/21<s'<ty Hn<M/2s'<n

(Cp™N D
X
(M/2) + 1)d=H/2
_ Mep? N ()
= (M/2)+ D2 = (M 4 D672
as required. For term (A.83), for £ # 1, 2 we use
(N) ¢

N—1);¢-2
(a,b,x,y) = ZA,lJz(a,b,u,v)M((t% 32N 1)S/(u,v,x,y).
u,v
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Proceeding as in the no-arms case, but now applying the current induction hypoth-
esis, we obtain a bound on (A.83) of

M(Cg)N D M(Cp)N
By (I1+t2+1)(d D2 ((M)2) 4+ 1)d—9/2 = (M/]2) + Hd=H/2’

t,h<M/21<s'<t;

as required. By symmetry the same bounds apply to (A.84) and (A.85). Having
completed the inductive proof of (A.81), we may use (A.80) and conclude that

(A.86) Slrn @ x| < @t

=~ (0,M,0);ny — (M +1)d=6)/2
A modification of the above inductive proof can be used to establish, for example,
the same bounds with k extra factors of M if we add k vertices on the backbone. It
can also be used to show that if we replace any p in the diagram by p’ we do not
change the bounds. It can also be used to show that if any p(z) is replaced with
> n'<n, hw (2), we get a modification to the bound on the whole diagram that is the
same as the modification when N = 1.

Let n(N) e1d (3 x,) denote the contribution to ﬂI(VI ) (¥; x,) from adding the ex-
tra arm at aﬁ endpoint of some edge of a lace. We proceed less formally now with
the inductive argument and focus on the multiplicative factors that must be pulled
out in the induction. In place of the upper bound in (A.81) our induction hypothesis
now has an upper bound of the following form:

Cp et
(A.87) Z (M +n' + @572 + (M + 1)d=4)/2 My -

As before, when we add an extra arm, either it is on the piece that is broken off, or
on the remainder of the diagram. Without loss of generality, we may consider only
e EM.

Consider first ; > 0. The contribution when the extra arm is added at s, = 0 or
s« = 11 (i.e., is on the piece broken off) may be found using the reasoning in (A.64)
and (A.65) and the upper bound without arms in (A.72). This leads to a bound of

D> R }
“ (1 + 1 +n'+1)EH/2

1, n'<

(Cﬂ)N_l
(M + 1)(d—4)/2

(A.88) N
(Cp) n.
= M+ "
The remaining contribution in this case is from the extra arm being on some piece

of the remaining diagram. There are N — 1 such pieces where the extra arm can
be added, leading to a factor of N which can be absorbed into the exponentially
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small factor (C,g)N . Therefore, using the induction hypothesis (A.87), and (A.72)
with M = t; + t», we may bound this contribution by

(5 ey G
o (M +n' + 1)(4—4)/2 (M + 1)(d 4)/2 = tH+1+ 1)(d—4)/2’
which, in turn, is bounded by (A.87).

Consider now the case t» = 0 where the arm is added at s, = 0 or #;. We con-
sider only the latter case here, as the former is relatively straightforward. In this
case, as in Figure 7 we get 3 terms incorporating different local topologies of
the connections in R, to x, and other vertices [as in (A.50)—(A.55)]. This gives
bounds

XX e
(;1+n//+1)(d 0)/2 (M + 1)d-4/2

//<n

P 3 SRS IS (/) e /) W
(1 + D=0/ (M +n" + D)@572 7 (a1 + 1)@4H2"

”//<n*
(A.89) - N_1
(Cp)™ ™
+ ; Z(tl—i—n + 1)d=60/2 (M + 1)(d=9/2
CcpN cp)N

(M +1)Ed=H2 2 (M +n" + 1)@= H/2

//<

that is, we again recover the bound (A.87). As for the case f, > 0, if the arm is
added at some other endpoint of a lace edge, then we use the induction hypothesis
to get a bound of

(Cﬁ)N_l

[ Z (Cﬁ)N 1 Cﬁ
wen, M1+ ne=ore

nP - 7
M+ D@H72" ]IZ (1 + D@On

+

This shows that
(N),end -,
Z ‘ﬂ(O,M,O);n* (U; )|

Ccp)
<> M+ + DdD72

n'<ny

(A.90)
Ccp)N

(M + 1)d— na"

P

+

A.2.4. Summary of the bounds for laces on an interval. Let us summarize
what we have shown so far in this section:

We restricted our attention to S = [i, [0, M]], which corresponds to laces on
an interval. We have recalled that, by using Lemma A.1 and decomposing the
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diagrams, the terms ) |7T(((;\,’1)v1,0)(l7)| are bounded by (C,g)N(M +1)~@=H/2 We
have then proved using the same lemma and decomposition that when we add an
extra arm, the bound becomes

3 |n(((§’vl)w’0);n*(6; x| < (CHN (M + 1)"@D2[M 4 nP]

(A91)
+ Y €N (M A )T,

n'<ny

The same bound holds with M = M; + M; when S = [, [0, M;]] U [, [0, M]],
since these all correspond to laces on an interval. Thus we have verified (7.62) of
Proposition 7.3 when some M; = 0. As we discussed at the end of Section A.2.1,
adding a second extra arm can be handled relatively easily, and gives (7.63) for
laces on an interval.

A.3. Laces on Si.l where all M; > 0. In [31], Section 6, Proposition 7.1 is
proved by establishing

(A.92) Z|n(N>(u) < (Cp)V B,

where B(]l71) is defined in (7.53) and 7™ is the contribution to 7 from laces
containing exactly N edges.

There are many different diagrams that arise, depending on the various types
of laces. The laces are first characterized as acyclic or cyclic (see the definition in
the proof of Proposition 7.1), and the former case is further characterized by the
number of edges in the lace that cover the branch point. In each case the bound
is achieved by decomposing the resulting diagrams into components for which
(A.72) applies directly (i.e., the components are some of the diagrams that arise
in the case of the lace expansion on an interval), or small perturbations of such
components that can be bounded by induction on N; (which roughly speaking is
the number of edges with endpoints on branch i ). We will first illustrate the general
approach and some of the additional difficulties via one particular example of an
acyclic lace with two edges covering the branch point. We will complete the proof
by describing the basic diagrammatic bounds in general and the modifications to
those bounds when we add an extra arm.

Consider the set of acyclic laces on S°- with two edges covering the branch-
point, and a single additional edge on branch 1, such that all 3 edges have a
common endvertex on branch 1. Note that this situation (3 lace edges meet-
ing at a common vertex) did not arise when we considered laces on an inter-
val. Letting s denote the location along branch 1 (see, e.g., Figure 9) where

these edges meet we can bound the contribution to ) _; |711(5)(ﬁ)| from such laces
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© ul
M, 1— S
<1
29 v
My
0 U

FI1G. 9. A lace with 3 edges meeting at a common point and 1 of the 3 diagrams arising from that
lace.

by
D3 hg(uolh, (u2)
v 21,22
X Y hshpy—s(u1 —v)p(z1 — v)p(22 — 21)
0<s<M,
(A.93) x [0 (w1 — 21)p%? (uo — 22)0*? (w2 — 22)
(A.94) + 0%y — 22)p*P (o — 22)p"*? (2 — 21)
(A.95) + 02 (uy — 22)p*P (o — 21)p*? (w2 — )],

where the three terms (A.93)—(A.95) arise from the three possible topologies of a
tree connecting from v to trees from each u;. Figure 9 corresponds to the contri-
bution from (A.94).

These diagrams are decomposed depending on the relative sizes of My and M.
Suppose without loss of generality that M> > M. Then in each case above we rear-
range the terms and take the sum over u; inside all other sums and use Lemma A.1
in the form

(A.96) sup Y gy (u2)p*? (uz — 2) <
Zz

uz

Cg
(M, + 1)[d=9/2°

to get a bound of Cg(Ma + Mo + 1)~“=%/2 multiplied by
DO hmywo) D hgWhyy—s(uy —v)p(z1 — v)p(z2 — 21)

uo,u1 v 21,22 0<s<M;
(A.97) x [0 (u1 — 21)p™* (o — 22)
(A.98) + 0"y — 22)p*? (o — 22)

(A.99) + 0% (uy — 22)p*P (o — 21)].
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Comparing this with the diagram arising from a lace on an interval contain-
ing two edges that share a common endvertex, we see that the above diagrams
are all the same as that on an interval except that some p has been replaced
with p®*?). Similar to the discussion below (A.86) we can prove by induction
(first proving the N = 1, N = 2 cases) that diagrams arising from laces (with
N edges) on an interval of length M (= My + M, in this case), and with a
single p term replaced with p*?), are bounded by C /13\' (M + 1)~@=9/2 1t fol-

lows that the contribution to ) ; |711(5)(ﬁ)| by acyclic laces of this kind is at most

Cg(Mo + M+ D)7@=02(My + My + 1)"@=D/2 Tt is easy to see that if we
have a lace with the same structure of edges covering the branch point, but with
extra edges not covering the branchpoint, we can decompose in the same way.
Under this decomposition we first extract the part of the diagram involving M>
and u», which corresponds to a diagram for laces on an interval of length M>,
which we have already shown to be bounded by (C ﬁ)N 2(My + 1)~W@=9/2 <
(Cp)N2 (M3 + My + 1)~ @=9/2 (here we are still assuming that M» > Mo, and Cp
is changing from place to place), where N> — 1 is the number of edges contained
strictly on this branch. As above, the remainder of the diagram corresponds to those
of laces on an interval of length Mo + M7, with some p replaced with p*?), so is
bounded by Cfgv_Nz (Mo + 1)~@=9/2_This achieves the desired bounds with no
arms added, for laces with this kind of arrangement of edges covering the branch-
point.

Still considering the same kinds of laces, when we add an extra arm to some
(x4, 1), it is either added at some backbone vertex that is not the endpoint of any
edge of the lace, or it is added at an endvertex of some lace edge. In each case, after
using Zx* he(xx — ¢) < K, we perform the same decomposition, with the same
kinds of caveats as for laces on an interval. When the arm is added at a vertex that
is not the endpoint of a lace edge, it is either added on the M, branch or the My, M,
branches. In the former case, we can use our result for laces on an interval with an
extra arm added, and the above bound for diagrams with a p replaced with p*? to
obtain bounds M>(Cg)N2 (M + 1)=U=D/2 < My (Cp)N2 (M + Mo + 1)~@=9/2
and (C,g)N_NZ(Mo + M + 1)"@=0)/2 44 required. When the arm is added on
the Mo, M| branches (not at the endpoint of some lace edge), we first prove by
induction that diagrams for N-edge laces on an interval of length M (= My + M,
in this case) with some p replaced with p*?) and an extra vertex on the backbone
are bounded by M (Cﬂ)N (M + 1)~@=9/2 and apply this to the interval of length
Mo+ M; with N — N; edges on it to get bounds (Mo + M1)(Cg)¥ =N (Mo + M, +
1)~@=6)/2 3nd (as above) Cévz (Ms + Mo+ 1)~@=9/2,

Suppose instead that the extra arm to some (x,, n4) is added at the endvertex of
some lace edge, after using Zx* he(xx — ¢) < K, the effect of this is to replace at
most two p terms in the diagram with p’, and at least one p term in the diagram
with Zn/<n* h, * p; see, for example, Figure 10. If the added arm is on branch 2,
then we can use the previous section, where we bounded diagrams for laces on an
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F1G. 10. Some adjusted diagrams from adding an arm at the coincidence point of three endpoints
of edges, for the diagram in Figure 9.

interval with an extra arm added (at an endvertex of a lace edge) to get a bound
(CHN LMo+ 1)@V 37 ) (My 1/ + D7 =92] < (Cp) M [nf (Mo +
My 4+ 1)"W@=4/2 Sw<n, My + M +n' + 1)~@=9/2] from branch 2 and as
usual (Cp)N=N2(My + My + 1)~@=9/2 for the remainder of the diagram. If the
added arm is on one of the endpoints of a lace edge on branch O or 1, then we
prove by induction that diagrams arising from laces with N edges on an interval of
length M with some p replaced with p*?) followed by at most two p terms with
p’ terms and at least one p term in the diagram with }_,,_, h, * p, are bounded
by (Cﬂ)N[nf(M +1)~@d=0/2 4 > w<n, (M + n' + 1)~@=6/2] Then we perform
the same decomposition, and apply the induction result above with N — N, edges
on an interval of length My 4+ M/ and [getting a bound on the removed branch 2
of (Clg)N2 (M> + My + 1)_(‘1_4)/2 as usual] to obtain the bound

X [nf(Mo—i-Ml + DT LS (Mo + M+’ + 1)‘(d‘6>/2].

n'<ny
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This verifies the bound (7.62) in Proposition 7.3, for acyclic laces with 2 edges
covering the branchpoint that each meet another edge (on branch 1) at a common
vertex.

A.3.1. The general case with no added arms. In the above, the diagrams with
no arms added were bounded above by (C,g)N (My+ M+ 1)*(d*6)/2(M0 + M5 +
1)~@=9/2 and the diagrams with an extra arm added satisfied modified bounds
that we are now quite familiar with: multiplying by 21-2:0 M;; or multiplying by
a factor n?; or replacing (Mo + M1 + 1)_(‘1_6)/2 or (Mo + M> + 1)_(‘1_6)/2 with
Swen, (Mo + My 40" + )72 or 30 (Mo + Ma 41" + 1)7 @702 re-
spec_tively. We turn now to the general settiﬁg of minimal laces on a star shape
of degree 3, for which the basic diagrams (with no arms added) are bounded
in [31], Section 6. In [31], Section 6, each diagram is decomposed according to
the relative lengths of pieces of the diagram (in particular the M; and the tempo-
ral lengths from the branch point to the first endpoint of some lace edge on each
branch). Ignoring the factors (Cﬂ)N , their bounds take one of the forms described
below, where [M] =M + 1 for any M € N, M, M’', M" are the values of M;,
M=MvVMNvM'~M+M +M", and b; = (d —i)/2. In addition, s and s etc.
represent lengths of certain subintervals of branches (typically from the branch
point to the first endpoint of some lace edge on a branch) of length M or M’,
respectively.

For laces with 2 edges covering the branchpoint (see [31], (6.1)—(6.5)), the
bounds take the form

(Alol) Z[S+M//]_b4[M/+(M—S)]_b4’
s<M
(A.102) [M/ 4 M/’]_b4[M + M”]_b6,
w103 MY [ MR
s<M

For acyclic laces with 3 edges covering the branch point (see [31], (6.6)—(6.9)),
the bounds take the form

(A104)  [MI7 > [M+ M7,
s<M

[M]—lu Z Z [Z[S—I-MN]_M[M/—{-(M—S)]_IM

s'<M’s"<M"=s<M
(A.105) + [M/ + M//]—b4 [M + M//]—bé
+ [M/+M//]—b4 Z [M+M//]_b4],
s<M
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(A106) [M]™™ Y Z [s+ MM —s' +M—s—s"]>
s'<M’ s,s"
s+s”§M
and
bg

(A.107)  [M17%[M + M7,

(A108) [MI7(M17% S N [M/+5"]7™,
/<M/ //<M//

(A109) [MIPo[M17% S0 ST (MY 45 M — 5+ M — 5],

s’ <M’ s<M

(A110) [MI2[M' +M" T S 3 M —s1,
s:M—s>=M"/3s'<M’

A1) MM Y -

s:M—s<M"/3s'<M’

and

(A112) [M]_bét Z [M _ S]—b6[M// +s]*b4’
s<M

(A.113) [M + M/]_b4[M/]_b6[M”]_b6_

The last term here arises from the second bound in [31], (6.9), and is a bound on
the 5th and 6th diagrams of [31], Figure 24. Although the bound presented here is
not exactly as it appears in [31], (6.9), note that it can be obtained from the fact that
in the 5th diagram the branches 1 and 3 are topologically equivalent, while in the
6th diagram 2 and 3 are equivalent. So in each case we choose the decomposition
presented in [31], depending on which of two equivalent M’s is larger.

No new bounds (i.e., none in addition to the above bounds) arise for cyclic laces.

A.3.2. The general case with an extra arm. When an extra arm is added to the
diagram, it can be attached at a location that is the endpoint of 0, 1, 2, or 3 edges of
the lace. For a fixed lace, let E; denote the vertices in S}I that are the endpoints of
j edges of the lace, j =0, 1, 2, 3. Although the case of 3 endpoints of lace edges
coinciding (see, e.g., Figure 9) did not arise in the case of laces on an interval,
a particular case has already been treated in this section.

Regardless of where the extra arm is located, perform the same decompositions
of diagrams as in [31] that gave rise to the bounds of the previous section. Ignoring
factors of N which can be absorbed by the exponentially small (C,g)N when we
sum over N, what is the effect on the bounds when we add the extra arm at s, ?
Depending on s, we have the following contributions. (In what follows, e is always
bounded above by Z?:o M;.)
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e The contribution from s, € Eg is to multiply the bound by Z,’z:o M;.

e The contribution from s, € E| is to replace some [o]*b" (with i € {2,4,6,8})
with -, [e + n']7bi.

e The contribution from s, € E, may involve some p being replaced by p’ (which
does not affect the bounds), while some [e]~% (with i € {2, 4, 6, 8}) is replaced
with } ./, [e + n'1~bi (to be consistent with our diagrams for laces on an in-
terval the summation variable could be n” instead of n’).

e The contribution from s, € E3 may involve one or two p being replaced by
o’ (which does not affect the bounds), while some [e]~% (with i € {4, 6}) is
replaced with },/_, [e +n’ 177 (to be consistent with our diagrams for laces

on an interval the summation variable could be n” or n”’ instead of n’).

In the no-arms case we then had to transform these bounds into the form of
B(M), so what remains is to consider the effect of these modifications (i.e., of a
single replacement of some term [o] ™% with di<n o+ t17%, and ¢ is n’, n” or
n"") upon the aforementioned transformation into the form of B(M).1f i <6, then
we can simply use the bound

2
(A.114) Yo le+t17 < o] <Y Mo

1<ny j=0

thus the resulting quantity is bounded by Z?:o M multiplied by the original
bound with no extra arms attached. One can then just use the original transfor-
mation, but now including the extra factor Z?:o M;.

It therefore remains to consider the case where i = 8. There are two situations,
corresponding to (A.106) and (A.109), respectively, that is,

A5 M1 S S s+ MY M s M s — s ]

s'<M’ s,s": 1<ny
s+s"<M
and
(A116) Mm% 30 S M7 5] Y M~ M —s 1]
s’ <M’ s<M 1<nyx

Here, (A.116) is smaller than (A.115), so we need only bound the former. First
perform the sum over ¢ to get a bound of

nf[M]fbo Z Z [S+M//]—b4

s'<M’  s,s":
s+s"<M
(A.117) B B
snf[M]™ 37 > [M'T
s'<M's"<M

(A.118) <nP[M)™*[M"]7% <n? B(M).
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This establishes the claim (7.62). As we discussed at the end of Section A.2.1,
adding a second extra arm can be handled relatively easily, and gives (7.63). U
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