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Abstract. We give a dual representation of minimal supersolutions of BSDEs with non-bounded, but integrable terminal conditions
and under weak requirements on the generator which is allowed to depend on the value process of the equation. Conversely, we
show that any dynamic risk measure satisfying such a dual representation stems from a BSDE. We also give a condition under
which a supersolution of a BSDE is even a solution.

Résumé. Nous donnons une représentation duale des sur-solutions minimales d’équations différentielles stochastiques rétrogrades
avec des conditions terminales intégrables mais non nécessairement bornées, et de faibles hypotheses sur le générateur qui peut de
plus dépendre de la valeur processus de I’équation méme. Réciproquement, nous montrons que toute mesure de risque dynamique
satisfaisant une telle représentation duale provient d’une EDSR. Nous donnons aussi une condition sous laquelle une sur-solution
d’EDSR est en fait une solution.
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1. Introduction

Since their introduction by Pardoux and Peng [15], non-linear Backward Stochastic Differential Equations (BSDEjs)
have found numerous applications in mathematical finance. For instance, they are used to constructively describe the
optimal solution of some utility maximization problems, see [11]. Through the g-expectations of Peng [16], BSDEs
offer a framework to study non-linear expectations and time consistent dynamic risk measures as described by Rosazza
Gianin [19] and Delbaen, Peng and Gianin [4]. Mainly driven by its financial applications, the study of BSDEs has
been extended in various ways beyond the question of existence and uniqueness of solutions. Many authors have been
interested in questions such as numerical approximation, structural and path properties of BSDE solutions, see for
instance the survey of El Karoui, Peng and Quenez [9] for an overview. The subject of this paper is to study BSDEs
by convex duality theory.

Deviating from the usual quadratic growth or Lipschitz assumptions on the generator of the BSDE, Drapeau,
Heyne and Kupper [6] show existence of the minimal supersolution of a BSDE. They study the properties of minimal
supersolutions and give the link to cash-subadditive risk measures of El Karoui and Ravanelli [8]. Our main objectives
are, on the one hand, to derive a dual representation of minimal supersolutions of BSDEs, and, on the other hand, to
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study conditions under which an operator satisfying such a representation is the minimal supersolution or a solution
of a BSDE.

Dual representation of solutions of BSDE with quadratic growth in the control variable, linear growth in the value
process and bounded terminal condition are by now well understood, see for instance [1] and [8].

In this work we give the dual representation of the minimal supersolution functional of a BSDE in the framework of
Drapeau, Heyne and Kupper [6]. The #'—L duality turns out to be the right candidate to constitute the basis of our
representation. As a starting point, we consider the set of essentially bounded terminal conditions. In this case, we ob-
tain a dual representation of the minimal supersolution at time 0 and a pointwise robust representation in the dynamic
case. We show that when the generator of the equation is decreasing in the value process, the minimal supersolution
defines a time consistent cash-subadditive risk measure. It allows for a dual representation on the space of essentially
bounded random variables, which agrees with the representation of El Karoui and Ravanelli [8] obtained for BSDE
solutions. Our dual representation is obtained by showing that the representation of El Karoui and Ravanelli [8] can
be restricted on a smaller set. Then we can use truncation and approximation arguments to obtain the representation
in the general case, due to monotone stability of minimal supersolutions. A direct consequence of our representation
is the identification of BSDEs solution and minimal supersolution in the case of linear growth generators. Note that
our truncation technique appears already in the work of Delbaen et al. [4] where it is used to construct a sequence
of p-dominated risk measures. Furthermore, prior to us Barrieu and El Karoui [1] and Bion-Nadal [2] already used
the BMO-martingale theory in the study of financial risk measures, but in different settings from ours. Using standard
convex duality arguments such as the Fenchel-Moreau theorem and the properties of the Fenchel-Legendre transform
of a convex functional, we extend our dual representation to the set of random variables that can be identified to
H'-martingales. Notice that this representation is obtained in the static case.

Our representation results can be seen as extensions of the dual representation of the minimal super-replicating
cost of El Karoui and Quenez [7] to the case where we allow for a non-linear cost function in the dynamics of the
wealth process.

The second theme of this work is to give conditions based on convex duality under which a dynamic cash-
subadditive risk measure with a given representation can be seen as the solution, or the minimal supersolution of
a BSDE. The cash-additive case has been studied by Delbaen, Hu and Bao [5]. Their results are based on m-stability
of the dual space, some supermartingale property and Doob—Meyer decomposition of the risk measure. We shall show
that in the cash-subadditive case, discounting the risk measure yields similar results, hence showing an equivalent
relationship between existence of the minimal supersolution and the dual representation.

The rest of the paper is structured as follows: The next section is dedicated to the setting of the probabilistic
framework of our study. We also introduce the notation and gather some results on minimal supersolution of BSDEs.
Our representation results are stated and proved in Section 3. The question of deriving a BSDE from the representation
is dealt with in the last section.

2. Minimal supersolution of convex BSDEs

Given a fixed time horizon T > 0, let (£2, F, (F;):ef0,7], P) be a filtrated probability space. We assume that the
filtration (F;) is generated by a d-dimensional Brownian motion W and it satisfies the usual conditions. We further
assume that Fr = F. The set of F; measurable random variables is denoted by L? where random variables are
identified in the P-almost sure sense. For 1 < p < 0o, we denote by Lf the set of random variables in L? which
are p-integrable and set L? = L1T7, and L* is the set of essentially bounded random variables in L(%. Statements
concerning random variables or processes like inequalities and equalities are to be understood in the P-almost sure or
P ® dr-almost sure sense, respectively. The set of stopping times with values in [0, 7] is denoted by 7. We consider
the sets of processes

S:={Y:2 x[0,T]— R; Y is adapted and cadlag},
T
L:= {Z (2 x[0,T]— R%: Z is predictable, and / ||ZS||2ds < +oo},
0

HP = {X € S: X is a continuous martingale with sup |X;| € L”]
tel0,7T]
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and
BMO = {M: M € H! such that | M| gpo < oo},

where || M| ppo :=sup,e7 |E[{M)1 — (M) | F:1"? |l 0o The set Hﬂr denotes the set of non-negative martingales in
H'. Further, let L% and LS, be the sets of non-negative and strictly positive random variables in L, respectively.
Notice that X; = E[X7 | F;] for all 0 <t < T and every X € H'. Therefore, %' will be identified with the set of
random variables X € L', satisfying sup;cpo.7 | ELX | Fill € L'. The dual of the Banach space ! can be identified
with BMO, see [13], Theorem 2.6.

We further consider the sets

T 1 T
Q:= {qeﬁr eXp(/ ququ——/ IIqullzdu)eL‘”},
0 2 Jo

T T
D:= {ﬁ : 2 x [0, T] — R; B predictable, / B, du € L™ and / B du < oo}.
0 0

In our setting, the dual variables will appear to be closely related to the sets D and Q. The idea of defining the set Q
with stochastic exponentials in L is motivated by the fact that the representation will rely on the #!~L° duality. For
q € Q, we denote by Q9 the probability measure whose density process is given by the stochastic exponential M9 :=
exp([ qu dW, — %fqg du) and for B € D we denote by Dﬁt = exp(— j;l Budu), 0 <s <t < T, the discounting
factors with respect to 8. In the case where 8 € D4 := {8 € D: B > 0}, the measures with density M[q Dg,z was
referred to by El Karoui and Ravanelli [8] as subprobability measures.

A generator is a jointly measurable function g : £2 x [0, T] x R x RY — (—0o0, +00] where £2 x [0, T'] is endowed
with the predictable o-field, and such that (y, z) — g;(w, y,z) is P & dr-almost surely lower semicontinuous. We
denote by g* the pointwise Fenchel-Legendre transform of g, that is

g )= sup |-vB+qz—g(® .2}, B.g)eRxR?
(v,2)eRxR4

where the scalar product between two vectors ¢, z € R is denoted by ¢z := ¢ - z. For any (8, ¢) € R x R?, the process
g*(B, q) is predictable, see [18], Proposition 14.40.

Following [6], a supersolution of the BSDE with terminal condition X € L? and driver g is defined as a couple
(Y, Z) € S x L such that

2.1)

Y —f;gu(Yu,Zu)du—l-f; Z,dW, >Y,, forevery0<s<t<T,
Yr > X.

The following equivalent formulation of (2.1) will sometimes be useful: a pair (Y, Z) is a supersolution if and only if
there exists a cadlag, increasing and adapted process K with Ky = 0 such that

T T
Yth—i—/ gu(Yu,Zu)du—i—(KT—K,)—/ Z,dW,, foreveryO<r<T. 2.2)
t t

The control process Z of a supersolution (¥, Z) is said to be admissible if the continuous local martingale [ Z dW is
a supermartingale. Given a driver g we define

A(X) = {(Y, Z)eS x L: (Y, Z) fulfills (2.1) and Z is admissible}, XelL’

A supersolution (Y, Z) € A(X) is said to be minimal if ¥ < Y for every (Y, Z) € A(X). A generator g is said to be
(Pos) positive, if g > 0;
(DEC) decreasing, if g(y, z) < g(y’, z) whenever y > y';

(CONV) convex, if (v, z) = g(y, z) is convex;

(Lsc) lower semicontinuous, if (y, z) — g(y, z) is lower semicontinuous.
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Theorem 2.1. Let g be a driver satisfying (CONV), (LSC) and (POS). For any X € X :={X € LY X~ e LY such
that A(X) # O, there exists a unique minimal supersolution (Y, Z) € A(X) which satisfies

Y; =essinf{Y;: (Y, 2) € AX)} forallt €[0,T].
Proof. See Appendix. (]
For a generator g which satisfies (CONV), (LsSC) and (P0S) we define the operator £ : X — S U {00} as

£ X Y if A(X)+# o,
’ 400 else,

where Y is defined in Theorem 2.1 and depends on X. We conclude this section by the following structural properties
and stability results for £.
Proposition 2.2. Let g satisfying (CONV), (LSC) and (POS), let X, X' € LY and m € R. It holds

(i) Monotonicity: if X’ < X then £(X') < £(X);

(ii) Convexity: Eg(AX + (1 — A)X') < A&E(X) + (1 — M EN(X"), for all 1 € (0, 1);
(iii) Cash-subadditivity: if g is (DEC) and m > 0, then Ey(X +m) < Ey(X) + m;
(iv) Cash-additivity: if g : (v, z) > g(2), then: Eo(X +m) = Ey(X) + m;

(v) Normalization: for every y € R such that g(y,0) = 0 it holds Ey(y) = y.

Furthermore, for any sequence of random variables (X,) C L° such that inf, X,, € L', it holds

(vi) Monotone convergence: lim Ey(X,,) = Ey(X) whenever (X,) is increasing and converges P-a.s. to X € LY
(vii) Fatou: &(liminf X,,) < liminf&y(X,,).

As a restriction on L' the operator &) is L' -lower semicontinuous.

Proof. See Appendix. O

3. Dual representation
3.1. The bounded case

The following proposition provides the dual representation of g-expectations, see also [9], Proposition 3.3. Note that
such a representation was already obtained in [8] in the more general quadratic case, where the value function of the
BSDE was written as a supremum over a set of measures with uniformly integrable densities. Here, we show that
under the linear growth assumption the representation can be restricted to a set of measures with densities in L.

Proposition 3.1. Let X € L*™ and f be a driver satisfying (CONV), (LSC) and (POS), as well as the linear growth
condition

fy,2) =a+blyl+cllzll, a,b,c>0.
Then the solution (Y, Z) of the BSDE

T T
Y,=X+/ fu(Yu,Zu)du—/ Z,dw,, te][0,T], 3.1
t t

admits the dual representation

T
Y, = esssup Egq |:DﬁTX — / Dfufu*(ﬁu, qu) du ‘ ]-",i|, te[0,T]. (3.2)
(B.9)€DxQ ' t
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Before going through the proof, let us provide the following well known lemma, see [8].
Lemma 3.2. Let f:R x RY — (—o00, 00] be a function satisfying (LSC), (CONV) as well as
|f(r.2)| <a+blyl+cllzl.  (v.2) eRxR?

for some positive constants a, b and c. Then, f admits for all (y, z) € R x R? the dual representation

fo= max {-By+qz—f"B.9)}=-By+qz— (B9 (3.3)

BeR,geR
for some |B| < b and ||q|| < c.

Proof. We shortly present the argument. First, the dual representation of f is a consequence of the Fenchel-Moreau
theorem, since the growth condition implies that f is proper. Second, the growth condition on f implies f*(8, q) >
—By+qz— f(y,2) = —a—By+qz—bly| —clz| forall (y,z) € R x R. In particular f*(B,q) > —a+m|B|(|B] —
b) +nllqll(lgll — ¢) for every n, m € N, showing that f*(8, q) = oo for all b < |8] or ¢ < ||¢||. Hence, the supremum
in (3.3) can be restricted to |8] < b and ||¢|| < c. Finally, f* being lower semicontinuous and having a domain
contained in a compact set, the supremum is therefore a maximum. (]

Proof of Proposition 3.1. First notice that by Lemma 3.2, f is globally Lipschitz due to the boundedness of g and S.

This ensures existence and uniqueness of a strong solution for the BSDE with bounded terminal condition, see [15].

Let (B8,q) € D x Q. With the same arguments as in [8,9], using 1t6’s formula applied to Df .Yy between ¢ and T

where (Y, Z) is the solution of the Lipschitz BSDE with bounded terminal condition (3.1), it holds

T T
Yi=Djp X~ / DL (=BuYu + quZu — fu(Yu. Zy)) du — / D}z, aw2’
! t

7

forall (8,q) € D x Q. Since —B, Yy + quZu — fu(Yu, Zy) < f;(ﬁu» qu), it follows

T
ZEQq[DﬁTX_/t Dﬁu(_ﬂuYu +quZy — fu¥y, Zu))du

T
Y, > esssup EQq[DfTX—/ Dﬁufu*(ﬂu,qu)du‘ft]. (3.4)
(B.g)eDxQ :

For the other inequality, since f satisfies the conditions of Lemma 3.2, for all (w, t) € £2 x [0, T'] the subgradients
of (w, t, Y, Z;) with respect to (Y;, Z;) are non-empty for all (w,t) € £2 x [0, T]. Therefore, by means of [18],
Theorem 14.56, we can apply a measurable selection theorem, see for instance [17], Corollary 1C, to assert the
existence of a predictable R x R-valued process (8, ) such that

fY,Z)=—-BY +3Z — f*(B.q), P®dt-as., (3.5)

and |8| <b and ||| < c. Hence,
5 N
Yr = EQ‘7 |:Dt,TX _/ Dl,ufj(ﬂuvéu)du ‘ ]:t:|- (3.6)
t

But even though ¢ is bounded it is not guaranteed that the density of Q7 belongs to L. Thus, we introduce the
following localization by defining

S
/ G dW,
0

o= inf{s > 0:

zn}AT, neN,
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and put ¢" := Gljo,on € Q and B" := B0 on] € D Then, since [|G, || < c, the density process of Q9" is bounded and

the sequence of positive random variables (D qu /dP) converges P-almost surely to D qu /dP. Further-
more, for any p > 1 it holds

P 1 -1 T
:|=E|:exp(/0 pququ——/ | pa! ||2du+%/o ||q;;||2du>] (3.7)

< exp(wczT).

d éﬂ
il
dP

2

Hence (Dg "T do?" /dP) is uniformly integrable. Therefore, since X is bounded it holds

lim o [Py X | F] = Ega[ D, X | 7).

n—oo

Let us show that

T _
ti| ZEQq [f Dtéufj(ﬁu»éu)du Ft]. (3.8)

t

im o] [ L5 (B0

t

For almost all w e 2 and t <u < T, by definition of A" and ", it holds (B (®), g} (®)) = (Bu(@), Gu(w)) for n

large enough. Hence, the sequence (D f “(B 1.q)')) converges P ® dr-almost surely to D Wi (Bu» Gu)- Since the
processes B and ¢ are bounded, by Equatlon (3.5) and the linear growth assumption on f, we can find two positive
numbers C; and C; such that

T T T
\f;(ﬁu,qu>\du501/ |Yu|du+czf A (3.9)
0 0 0
It is known that if X is bounded and f is Lipschitz, then the solution (Y, Z) of the BSDE is such that Y is bounded and

f Z dW is in BMO, see for instance [14] and [1], Proposition 733 Equation (3.9) and BMO C H? forall 1 < p < oo,
see [13], together with Holder’s inequality imply

[(qu f | £ (Bl i) Iduﬂ
() el ()] ([ 1) ] e

where C is a positive real number independent of n. Recalling that D#" is bounded, we get the required uniform
integrability to derive (3.8). Now, from Equation (3.6), we obtain

IA

_ T _
Yt:EQé[DfTX_/ Dﬁuf;(ﬁusqu)du‘ﬁ}
t

T _
= lim EQqn[Dth /Dﬁuf;(ﬂg,qg)du(f,]

n—oo t

T
< esssup EQq[DtTX / Dﬁuf:(ﬁu,qu)du‘f,}.
($.4)DxQ ‘

Together with Equation (3.4), this concludes the proof. ]

3Notice that in [1], the generator does not depend on y, but the same proof carries over to the general case as mentioned in [8].
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Remark 3.3. Equation (3.6) enables us already to obtain the representation of the g-expectation with respect to mea-
sure with square integrable densities. This is a well-known result. The role of the subsequent localization procedure
is to prove that the representation can, in fact, be written with respect to measures with bounded densities. This turns
out to be important for the representation in the non-bounded case, since we work on the H'—L*> duality.

Considering a more general driver, we can build on the result above to represent the minimal supersolution func-
tional defined on the set of essentially bounded random variables.

Theorem 3.4. Let g be a driver satisfying (CONV), (LSC) and (POS). Then, the operator &y : L*° — R U {co} admits
the dual representation

&= sup |Egu[Dh,X]—eorB ). (3.10)
(B.9)eDxQ

where the penalty function o is given by

az,s(ﬂ,q%:EQq[/ DY 85 (Bu- qu) du fz}, (B.q)eDxQ (.11
t

foreveryO0<t<s<T.
In addition, for any t € [0, T], and X € L* such that £y(X) < o0,

&(X)= esssup [Egi[DF X |F]—arr(B.9)). (3.12)
(B.9)eDxQ

Proof. First inequality: Let X be a bounded terminal condition. If A(X) # &, then we fix a supersolution (Y, Z) €
A(X). Lett €[0,T] and (8, q) € D x Q. Let us define the localizing sequence of stopping times (t,,) by

s
/ Z,dW,
t

We apply It6’s formula to ¥, = Df «Yu for u > ¢t. Since (Y, Z) satisfies the equivalent formulation (2.2), there exists a
non-decreasing process K such that

T, 1= inf{s >t

>n}/\T, neN.

A%, = =B DL Yudu + D} (2, AW, — g, (Yu, Z,) du — dK,,).

Hence, K being non-decreasing, it follows

Tn Tn
Yo, — Y < / Dfu(—ﬁ,,yu +quZu — §(Yu, Zy)) du +/ Dfuzu aw 2’
t t

Applying Girsanov’s theorem, it follows that ft'M” Dﬁ uwZu dW,,Qq is a Q7-martingale between ¢ and 7. Taking con-
ditional expectation on both sides, using the definition of g*, the facts that Y;, > E[X | F;,] and g > 0, we are led
to

Tn
Y, > Ego D:‘f,nE[Xm,,]—/ D,’?ug;ﬁ(ﬁu,qu)dulﬁ]

t

Since X is bounded, taking the limit on the right hand side we obtain by dominated convergence

r T
Y[ZEQ‘I DfTX_/ Df:ug:(ﬁu’ch)du‘ft],
L t

so that taking the supremum with respect to 8 and g and by the fact that ¥ was chosen arbitrary, we have

T
&E(X) > esssup EQq[DfTX—f Dfug,’:(ﬂu,qu)du
t

]—',]. (3.13)
(8.9)€DxQ
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If A(X) = @, then Equation (3.13) is obvious.
Second inequality: Let n € N, and define

'»v.2)= sup {-By+qz—g"(B.9)}.
{181<n: gl <n)

For every n € N, the function g" satisfies the assumptions of Proposition 3.1. Namely, g" is proper, has linear growth
in y and z and satisfies (CONV), (LsC) and (P0OS). Moreover, the sequence (g") is non-dereasing and by the Fenchel—-
Moreau theorem, it converges pointwise to g. By Proposition 3.1, the solution (Y”, Z") of the BSDE with generator
g" and terminal condition X has the dual representation

)

Let us denote by (Y, Z") the minimal supersolution* of the BSDE with driver g" and terminal condition X. Since
for every n € N we have g" < g, it holds g"* > ¢*, and, by minimality of Y”* we have ¥;" <Y;'. Thus, foralln ¢ N

T
Y/'= esssup Egq |:DfTX —/ Dfugﬁ’*(ﬂu,qu)du
(8.9)€DxQ !

T
77 < esssup EQq[DfTX—/ Dfug:(ﬂu,qu)du‘f,]. (3.14)
(B.9)eDxQ t

If t =0, taking the limit as n goes to infinity and using the monotone stability of minimal supersolutions of BSDEs,
see Theorem A.1, we obtain

T
E(X)<  sup EQq[DgTX—/ Dgyug;“(ﬁu,qu)du].
(B.9)eDxQ 0

Therefore Equation (3.10) holds true. If ¢ € [0, T'] and &) (X) < oo, then it holds, by monotonicity, lim,, 176’ < 00.
Hence, taking the limit in Equation (3.14), by Theorem A.1 we have

)

which ends the proof. (]

T
E(X) < esssup EQq[DfTX—/ Dfug:(ﬂu,qu)du
(8.9)€DxQ t

In the next corollary, we extend the result of Theorem 3.4 by giving conditions under which the representation is
valid on the whole space L even in the dynamic case.

Corollary 3.5. Let g be a driver satisfying (CONV), (DEC), (LSC) and (POS). Then either £(X) = 400 for all
XeL*® tel0,T],or&:L*® — S admits the dual representation

§X)= sup |Egi[D! X|F]-ar(B.9)}. XeL®1€[0,T], (3.15)
(B.g)eD1xQ

where the penalty function o is defined in Theorem 3.4.

Proof. If for every X € L™ the set A(X) is empty, then the domain of £ is empty. On the other hand, if there exists
& € L such that A(§) # @, then A(X) # @ for all X € L. In fact, using —||£||co < & we have A(—||€]l00) # @
and by (DEC), see the arguments of the proof of Proposition 2.2, we have A(—||&|lc + ¢) # @ for all ¢ > 0. Hence
A(X)# @ forall X € L=, since X < || X|loc and A(|| X ||oc) # @ for all X € L™

The rest of the proof is similar to that of Theorem 3.4. Because g satisfies (DEC), the domain of g* is concentrated
on R x R¥, so that the representation can be restricted to D4 x Q. (]

4 As explained in Remark 3.6 we cannot ensure at this point that Y” = ¥".
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Remark 3.6. For a given BSDE, it is not a priori clear that the minimal supersolution solution and the solution agree,
since the measure induced by the process K appearing in the definition of the minimal supersolution can be singular
to the Lebesgue measure. Proposition 3.1 and Corollary 3.5 show that if the terminal condition is bounded and the
generator is of linear growth both in y and z, then the minimal supersolution of a BSDE coincides with its solution.
In particular, £(X) is a continuous process, compare [6], Proposition 4.4.

3.2. The extension to H!

The goal of this section is to extend the dual representation of & to the space H'. We define
SQ={MeLy,: EM]<1}.
We denote by £; the convex conjugate of &, defined as

Ey (M) := sup {E[MX]—&(X)}, MeL™.
XeH!

The following lemma is a consequence of the Fenchel-Moreau theorem and the structural properties of &.

Lemma 3.7. Let g be a driver satisfying (CONV), (DEC), (LsC), (POS) and such that & is proper.5 Then, the operator
&o: H! — ]—00, 00] is a(’Hl, L*®)-lower semicontinuous, and admits the dual representation

Eo(X)= sup {E[MX]—E M)}, XeH. (3.16)
MeSQ

Proof. & is proper, convex since g fulfills (CONV), and o (L', L>®)-lower semicontinuous by [6], Theorem 4.9, and
therefore, since H! C L!,itis o (7—[1 , L°°)-lower semicontinuous. By the Fenchel-Moreau theorem, it follows

Eo(X)= sup [EIMX]1-E(M)), XeH (3.17)
MeL®>®

A standard argument shows that we can restrict the previous supremum from L°° to SQ. On the one hand, let M € L™
with E[M] > 1and & € #! such that & (%0) < oo. By cash-subadditivity, see Proposition 2.2, it holds

E§(M) > sug{E[M(so +n)] =& +n)}

> sug{n(E[M] — 1)} + E[M&] — £ (&) = +o0.

On the other hand, let M € L°° \ L° and & € H! such that (&) < co. There is X € ’H}r such that E[MX] <0
since LY is the polar cone of ’H_I,_. By monotonicity of &, we have Ey(—nX + &) < Ey(&). Hence,

EX(M) > sulg{nE[—M)_(] + E[M&)] — E(—nX +£0))

> sug{nE[—M}_(]} + E[M&] — &(§0) = +00.

Therefore, we have

&o(X) = sup  {E[MX]—E&5(M)}.
MeL%: E[M]<I1

550 is proper for instance if there exists yy € R with g(yg, 0) = 0. In fact, in that case, the pair (yg, 0) is in .A(y) and therefore Ey(yg) < yp < 00.
And by (P0S), £&y(X) > E[X] > —oo forall X € HL
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Now, let M € L% such that E[M] < 1, and for all 1 € (0, 1), we put M* = (1 — )M + A. Then, M* € SQ. Since for
any X € H! we have & (X) > E[X], it follows from the definition of &y that £5(1) < 0 so that by convexity, it holds
limsup, _, o &5 (M M < E(M). Let X € #H!, applying dominated convergence theorem to (M”*X) implies

* fn A * A
E[MX]—&5(M) < h{rl}(r)lf{E[M X]— & (M™)}.

Hence, &)(X) < supyesol EIMX] — 56*(M)}. The other inequality follows by sets inclusion. Thus, Equation (3.16)
holds true. O

We observe that there is a relationship between the sets SQ and D x Q, and the dual representation of &.

Remark 3.8. Any element of SQ may be parametrized by elements of D1 x Q and vice versa. Indeed, for ev-
ery M € §Q, since M/E[M] is a strictly positive random variable with expectation 1, there exists a unique pro-
cess q € Q such that MY = M/E[M], with M} = exp(fot qudW, — %fot ll¢|1> du) and taking B € Dy such that

exp(— fOT Bsds) = E[M] € (0, 1], we have M = exp(— fOT Bs ds)M3.. Conversely, given (B, q) € Dy x Q, it holds

exp(— fOT By ds) exp(fOT qudW, — % fOT lig||?> du) € SQ. This underlines the importance of working with probability
measures with bounded densities in the previous section.

Remark 3.9. To every M € SQ corresponds a unique q € Q. Hence, for all X € L°°, Corollary 3.5 yields

do“ B T B x
SO(X)Z sup E FDO,TX —EQlI Doyugu(ﬂu,qu)du
(B8,9)€D+xQ 0
T
= sup sup {E[MX]—EQq[/ Doyug;(ﬂu,qu)du}}
MeSQgeD,: D) ,=E[M]) 0

= sup {E[MX]—amin(M)},

MeSQ
for the penalty function
! B
Amin(M) 1= inf Egq |:f Do’ug: Bu» qu) dui| (3.18)
{BeD+: D ,=E[M]) 0

defined on § Q.
We may now present the main result of this section, the extension to ! of the dual representation Theorem 3.5.

Theorem 3.10. Let g be a driver satisfying (CONV), (DEC), (LSC) and (POS) and such that &y is proper. Then the
operator &) : H' — ]—00, +00] admits the dual representation

SoX)= sup {Egi[D} X]-a0(B.0)}. XeH (3.19)
(B.0)eD1xQ
where
T
ao(B.q) == Eqq [/0 Dg,ugZ(ﬁu,qu)du} (B.q) €Dy x Q. (3.20)

Proof. Due to Lemma 3.7 and Remark 3.9, it suffices to show that £§ = amin on SQ, where amiy is the penalty
function defined by Equation (3.18).
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First inequality. For all X € H!, it holds
p T e
Eo(X) > sup  Egq |:D0’TX —/ Do’ug;‘(ﬂu,qu)du}. (3.21)
(B.9)€D+xQ 0

In fact, let X € H'. If A(X) = @, then the result is trivial. Suppose that A(X) # @, and take (¥, Z) € A(X). Let
(B,q) € D4+ x Q, arguing exactly like in the first part of the proof of Theorem 3.4 we obtain a localizing sequence of
stopping times (t,) such that

Tn
Yo > Ega [Dg’TnE[X | Fe,1— f D} 85 Bur qu) dui| for all n € N. (3.22)
0

Since X € H!, the sequence of martingales (N") given by N[ :=E[E[X | 5,1 | Ft]l = E[X | Fr,a¢]l is in H!, and
is such that (Sup; 0,771 IN/'), is uniformly integrable. Therefore, by [3], Theorem 4.9, see also [13], Lemma 2.5,
(N™) admits a subsequence again denoted by (N") which converges weakly in #!. Thus, the sequence of products
(Dg, . NT) converges weakly in H! to Dg’TX , since (Dg’ ) is bounded by 1. Now, as a consequence of the bound-
edness of the martingale M,q = E[dQ?/dP | F;], the function X — E [M%X ] from ! to R is linear and continuous,
and therefore o (', BMO)-continuous. Hence, taking the limit on both sides of Equation (3.22) leads to

T
Yo > Egq [Dg’TX_/ Dg,ug:(lguv ‘Zu)d“i|'
0
This implies, by means of Remark 3.9, that

E(X) > sup {E[MX]— amin(M)},
MeSQ

that is, for every M € SQ we have apyin (M) > E[M X] — £ (X) so that taking the supremum with respect to X € HL,
we obtain by definition of £*

amin(M) = E5(M).

Second inequality. The main argument for the second inequality is to show that the penalty function o, defined
by Equation (3.18) is minimal, that is,

Efw(M) == sup {E[MX]—&y(X)} =amin(M), MeSQ.
XeL>®

In fact, that would imply
5§(M) = EZOO (M) = amin(M),

where the first inequality is obtained by sets inclusion. To that end, it suffices to show that for every ¢ > 0 the set
{M € SQ: amin(M) < ¢} is convex and closed in L!, since by convexity, it would then be o (L', L*®)-closed and
therefore o (L, L°°)-closed.

Convexity: Let A € [0, 1], M', M?> € SQ and ¢’ € Q such that M;' =M /E[M',i=12Put M* =AM+ (1 —
A)M?. For a given ¢ > 0, there exists 8/ € D, such that D’g’lr = E[M'] and

T .
8+amin(Ml) ZEQ‘Ii |:/(; Dg,ng*(ﬁL,qllA)du]
1 1 2 2
Applying Itd’s formula to log(A M} Dlﬂ + 1= 1M/ Df ) such as in the proof of [5], Lemma 2.1, we have

1 1 2 2 t 1 1t ) t A ah
AM{ D, + (1 — )M Dg’tzexp(/o q,i‘qu—E/O laz]| du—/o ﬁjdu) =M/ D,
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gt _ A s
and DO’T = E[M*], with

1 1 2 2 1 1 2 2
. AM{ Df gl + (1M Dfq? . aM{ Df B!+ —nM DY, p?
q; = r =

1M DL+ (1 —ME DL, 1M DL+ (1= ME DL,

s s s
This follows from the facts that M4 E[M*] = M* = M1 D(/)S,T and M4" > 0. Therefore, joint convexity of g* and
the definition of (8%, ¢*) lead us to

T

26 + datmin(M") + (1 = Votimin (M) > E[/ (Mg D, + (1 —9MT DE gk (B, 47) du]
0

T s
= Equ [/(; Dg’ug:(ﬁ;‘,q,i‘) du].

Therefore, taking first the infimum for 8 € D, such that Doﬁ r=E[M *] on the right hand side, and then the limit on
the left hand side as ¢ goes to 0 we have

ACmin (Ml) +d- )»)amin(Mz) 2 Omin (MA)

Closedness: Let ¢ > 0 and (M™) be a sequence in SQ converging to M € SQ in L' and such that oin(M™) < ¢
for every n € N. Let us show that opjn (M) < c. For all n € N let ¢” be such that M? = M"/E[M"] and g be such
that M? = M/E[M]. Let ¢ > 0 be fixed. For every n € N, there exists 8" € D such that DgnT = E[M"] and

T n
8+amin(Mn)2EQq" |:/0 D(/)S,ug::( Z’qg)du:|

Since (M™) converges to M in L', the sequence (E[M"]) converges to E[M], with E[M"] > 0 and E[M] > 0.

Therefore, (M,qn) converges to M,q in L! for all ¢ € [0, T]. We also introduce the martingales M|' := E[M" | F;] and
M, := E[M | F;],t € [0, T]. We choose a fast subsequence (M"™"™) such that P(|M7"™ — M| >1) <27"/m and for
all m € N, define the stopping time

" :=inf{r € [0, T]: |M;"™ — M;| > m for some n}.
Then, (t™) is a localizing sequence of stopping times since

P(t"=T)>1-P(|Mp"™ — Mr| > 1forsome n) — P(IM7| >=m — 1)

1 E[|M
> 1 EUMr
m m—1

For every m, the sequence (Mf,;," " — Mm) is bounded, therefore (Mf;,,m) converges to (M;m) in L2. Tt follows by
Burkholder-Davis—Gundy and Doob’s inequalities that there exists a positive constant C such that

m

T n,m
B [ gt~ Moqu P = e[ M)
0

§CE[< sup |M,”’m—M,|>2] — 0.

te[0,7m] n—00

n,m

Thus, up to a subsequence, (g™ M9 " 119 =) converges P ®d¢-a.s. to g M1y r=1. But since the sequence of strictly
positive martingales (M4"") converges P ® dr-a.s. to M4 > 0, it follows that

lim ¢"" 1|
n— o0

0,tm] =¢qlp,m P ®dt-as.
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Since (t™) converges P-a.s. to T we obtain, by a diagonalization argument, another subsequence again denoted
(g™) which converges P ® dt-a.s. to g. As for the convergence of the sequence (8"), since (exp(— fOT Bl du)) =

(E[M™]) converges to E[M], it follows that the sequence (fOT Bl du) converges to —log(E[M]), and (E[fOT By dul)
is uniformly bounded. Hence, we can apply a compactness argument, see for instance [3], Theorem 1.4, applied on

the product space, to obtain a sequence (8") in the asymptotic convex hull of (8") which converges P ® df to a
positive predictable process 8. In addition, Dg r = E[M] since the sequences ( fOT Bl du) and ( fOT E;’ du) converge to
the same limit. Now applying Fatou’s lemma, convexity and lower-semicontinuity of g* lead us to

T
s+1iminfamm(M")zEU liminf M? D’f‘ugu(/su,qu) ]
0

n—o0 n—o0

T
2E|:/0 llmmeq D'Bugu(ﬁu,qu du] |:/ MID g’ug:(ﬁu,qu)du}zamin(M).

Once again the result is obtained by letting ¢ tend to 0. (]
We recover the robust representation of coherent (cash-subadditive) risk measures.

Corollary 3.11. Under the assumptions of Theorem 3.10, if the generator g is positive homogeneous in the sense that
gy, A2) =Ag(y,z) forall>0and (y,z) €eRxR?,

then &y is also positive homogeneous and the dual representation of &y reduces to

&X)= sup  Egi[Df,X], Xen
(B.9)eD4xQ ’

Proof. Let A be strictly positive, and (£p(AX), Z) the minimal supersolution in A(AX). By positive homogeneity
of g, we have (&g(AX) /A, Z/1) € A(X), therefore Ey(AX) > AE)(X). Using the same reasoning on A(X) we have
Eo(AX) < A&)(X), hence & is positive homogeneous.

The representation (3.11) follows from Theorem 3.10 since the convex conjugate of the positive homogeneous
function g is the indicator of a closed convex set (i.e. it is either 0 or 00). O

Let us conclude this section with an example.
Example 3.12. Let X be any random variable in H'. Consider the BSDE
dY; = —g(Y;, Zy)dt + Z, dW;, Yr=X (3.23)
with generator g defined on R x RY by
2y ify>0,zeR,
g(y,2):=10 ify<0,z=0,
+oo ify<0,zeRe\ {0}

The function g satisfies the conditions of Theorem 3.10. Therefore, the minimal supersolution £8(X) of Equation
(3.23) admits the dual representation (3.19). Moreover, defining

1
= {(ﬂ,q) €Dy xQ: B> Z”"”2}’
one can check that g* takes the value 0 on KC and +00 on the complement of K. Thus,

ES(X)=sup EQq[Dg’TX].
B.9)ek
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4. Cash-subadditive risk measures and BSDE

The operator & studied in the previous section can be seen as a risk measure. In fact, when the generator does not
depend on y, the functional p defined by p(X) := &(—X) is a convex risk measure in the sense of Follmer and
Schied [10], and u(X) := —&y(—X) defines a monetary utility function. If the generator g does depend on y and
satisfies (DEC), then p is instead a cash-subadditive risk measure as defined in [8]. In particular, for all m > 0 holds
p(X —m) < p(X)+m.

In this section we start with a cash-subadditive risk measure satisfying a given robust representation and show, in
Theorem 4.5, that such a risk measure must be the minimal supersolution of a BSDE. Thus, we are given a dynamic
cash-subadditive risk measure® of the form

T
$i(X):= esssup EQq[DfTX—/ Dfuf(ﬂu,qu)du‘]-}}, tel0, T, A.1)
(B.9)€D+xQ t

where X is a random variable in %! and f : R x R¢ — (—o0, oo] a given proper function. A function f is said to
be

(NORM) null at the origin if, f(0,0) =0.

Remark 4.1. Since Dﬁ lDf u= Dﬁ u» the penalty function o defined by Equation (3.11) satisfies the following cocycle
property introduced in [2] for monetary convex risk measures:

(B, q) = .1 (B. ) + Egi[ DL . u(B.q) | Fy]  for every (B.q) € Dy x Q. 4.2)

In the cash-additive case, the cocycle property takes the form

as,u(Q) = as,t(‘]) + EQq [at,u(Q) | ]:s]‘

Hence, the characterization of time-consistency in terms of the cocycle property given by [2], Theorem 3.3, shows
that when g does not depend on y, £ is time-consistent even if the normalization condition g(0) = 0 is not assumed,
compare [6], Proposition 3.6.

In what follows we use the notation of the previous section. In particular, for any ¢ € Q we denote by M? the
martingale density process of the probability measure Q7 with respect to the reference measure P. We follow a
method already put forth in [5] in the cash-additive case. The main idea is the following:

Proposition 4.2. For any X € H' and for each (B, q) € Dy x Q the process

t
o(X) = (Dfitzp,(X)— /0 Dz?,uf(ﬁu,qu)du)

tel0,T]

is a Q4-supermartingale.

Proof. Let 0 <s <t < T. We start by showing that the set
8 T s
{EQ"[Dt,TX —/ Dy, f(Bu, qu) du ‘ fr}: (B.q) € Dy x Q}
t

is directed upward. Let (B!, ¢1), (8%, ¢%) € D4 x Q. Let us define the stopping time

T :=inf{s >t Li < L%},

6Actually, this is only a risk measure up to a transformation as explained above.
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with L= E . [D} X — [T Dl f(Bl.qi)du | Fil, i = 1,2, and put § = q'ljor) + ¢*lir,7) and B :=
ﬂll[o,f] + ﬂ2l(r,T]. We have (B,c}) € D+ x Q and, by definition, i,, > maX{Ll, L,2}, with i,[ = EQ,; [DfTX —

ftT Df,uf(,éu, éu) du | .7:;].
Therefore, by [10], Theorem A.32, there exists a sequence (8", ¢") € Dy x Q such that

n T n
¢ (X) znl_i)rgoEQq" |:D5TX _/ Dﬁuf(ﬂ,’},q;') du ‘ ]:t:|

t

In addition, this convergence is monotone. Therefore, ¢;(X) is integrable, and it is also Q9-integrable for every ¢ € Q
since dQ9/dP € L. Hence, for any (8, q) € D4+ x Q, it holds

Egi[ei(X) | F]

n T n
Bor| D, Jim Ege | Dx = [ Dls(et.at)au| 7] | 7]

t

t N
— Egq |:/ Dg,uf(ﬁuv qu) du ‘ ]:s:| _'/(; D(/)Syuf(ﬁus qu) du

n T n t
nlingng,sEQq[EQqn |:D£ID5TX_/ Df,tDEuf(/B;l’qZ)du_/ Dﬁuf(ﬂu’%z)d”)]:t] ‘fsj|
t

N

—/O DYy, f (Bu- qu) du,

where the second equation follows by dominated convergence theorem. We put 8" = B0, + B"1¢ 1) and ¢" =
qli0,n1 +q"1¢ 7). It follows that

on T . _ _ s
Egu[¢i(X) | Fy] = Df lim E g [DﬁTX— / D;’juf(ﬂs,qﬁ)du]ﬂ] - /0 D§ £ (Bu. qu) du
N

< D} 4,() - /0 DE £ (Bur gu)du = gy (X),

where the inequality follows by definition of ¢ (X) and the fact that (8", ") € Dy x Q. ]
Next we give two consequences of the previous result.

Corollary 4.3. Let X € H', suppose in addition that ¢o(X) admits a subgradient (B, q) € Dy x Q, i.e. (B, q) is such
that ¢o(X) = Ega[Dly X — [} Dl f(Bu. qu) du). Then for each t € [0, T] we have

T
¢:(X) = Egs [D,’?Tx ~ [ Dhus B au] f,], (43)
t

that is, (B, q) is a subgradient of ¢;(X). Moreover, the process

t
(Dg,td)f(x) _‘/(; Dg,uf(ﬂuv %A)du)

t€[0,T]

is a Q1-martingale.

Proof. Let (8, ¢q) € D4 x Q be such that

T
$o(X) = Egs [DéTX ~ /0 DY\ f Buqu) du].
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By the previous proposition and the choice of (8, ¢) we have for any ¢ € [0, T']

t T
o [D(i,@(X) - D{{uf(ﬁu,qu)du} <60(X) = Eq [D(iTx - Dé",uf(ﬂu,quu},
from which ensues

T
Eoi[Df,6:00] < Egn [Dérx - DS,L,fwu,qu)du}
t

T
= Egq [Dg’t<DfTX —/t Dﬁuf(ﬁu,qu)duﬂ.

Ftila

Since we have

T
¢f(X)ZEQq|:D£TX_/ DEuf(ﬂu»Qu)d“
t

and 0 < Dg , < 00 we conclude that

T
¢,(X)=EQq[DfTX—/ Dfuf(ﬂ,,,qu)du‘]-}} 09-a.s.
t

From Equation (4.3) we have, for all € [0, T'],

' T
DY /(%) - /0 DL £ (Bur qu) du = Eq [Dg,rx— /0 D{iuf(ﬁu,qu)du\ft] 0-as.
O
Corollary 4.4. Assume that the function f satisfies (NORM). Then, for every X € H! the process (¢:(X))ie[o,1] is

a P-supermartingale and admits a Doob—Meyer decomposition of the form ¢ (X) = ¢po(X) + M — A where A is a
cadlag adapted and increasing process with Ao =0 and M a continuous local martingale.

Proof. The P-supermartingale property of ¢ (X) follows from Proposition 4.2 and the fact that £(0,0) = 0. Let us
show that ¢ (X) has a cadlag modification which is still a P-supermartingale. Let ¢ € [0, T'], since ¢ (X) is a P-
supermartingale, for all s € [t, T]1 N Q we have E[¢y(X) | F;] < ¢:(X). Hence, by Fatou’s lemma and due to the fact
that our filtration satisfies the usual conditions we obtain the inequality 4),+ (X) < ¢:(X), where

¢ (X) = , Jim 95 (X).

On the other hand by continuity of martingales we have, for all (8, q) € D4+ x Q,

T
¢ (X) > Ega [DfTX—f Dfuf(ﬁu,qu)du’ft] P-as.,
t

so that taking the supremum with respect to 8, ¢ yields ¢, (X) > ¢;(X) P-a.s., thus we have ¢7(X) = ¢(X) P-a.s.
We conclude by [12], Proposition 1.3.14, that ¢ (X) has a cadlag modification which is again a supermartingale. This
path regularity of ¢ (X) ensures that it admits a Doob—Meyer decomposition. (I

Now we want to link the dynamic risk measure defined by Equation (4.1) to a BSDE. In that regard, we assume
that f is (CONV) and (LSC), and we denote by g the function defined on R x R¢ by

gy.2)= sup {-By+qz—f(B.9)}
B>0;geRd

The function g is (DEC) and if f is (NORM) then g is (POS).
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Theorem 4.5. Assume that the function f satisfies (CONV), (LSC) and (NORM). For all X € H!, there exists a unique
predictable d-dimensional process Z such that (¢ (X), Z) is the minimal supersolution of the BSDE with generator g
and terminal condition X .

Proof. Supersolution property: Let X € H'. We start by proving that there exists Z such that (¢ (X), Z) is a superso-
lution of the BSDE with generator g and terminal condition X. By Corollary 4.4 there exist processes A and M such
that ¢, (X) = ¢o(X) + M; — A,, and by martingale representation there exists a process Z € L such that

t
(X) = do(X) + /0 ZudW, — A,. (4.4)

By definition of ¢ (X) and Equation (4.4), fot Z,dW, > E[X | ;] — ¢o(X). Thus, f Z dW is a supermartingale as

a local martingale bounded from below by a martingale. Let (8, g) € D4 x Q. Applying Itd’s formula to Dg (9 (X)
leads us to

d(Df 61 (X)) = =B, DY ¢ (X) dt + D}, dpy(X)
= B, D} d(X)dt + D} (—dA, + Z; dW;)
= B, Dl ¢ (X)dr + Dfy (~dA, + Z,q, d1) + D}, Z, dW2".

Therefore,

d(D{i,@m - fo "Dl B qu)du)
= Dg’[(—ﬁ,qbt(X) dt —dA; + Z;q;dt — f(Br, q) dt) + DgJZ, dW,Qq. 4.5)
By the Q9-supermartingale property proved in Proposition 4.2, we have
dA; = (=B (X) + i Zi — f(Br.qp)) dr.
Since B and g were taken arbitrary, it holds
dA; > g(¢r(X), Z;) dt. (4.6)

Hence Equation (4.4) gives, forall 0 <s <t < T,

t t
¢X(X)_./ g(¢u(X)’ZL¢)du+/ ZydW, = ¢ (X),

which shows that (¢ (X), Z) is an admissible supersolution.

Minimality: Showing that the process ¢ (X) is minimal is done using exactly the same arguments as those used to
prove Equation (3.21) in the second step of the proof of Theorem 3.10 and the first part of the proof of Theorem 3.4.
Replacing 0 by ¢ and the expectation by the conditional expectation in the proof of Equation (3.21) does not affect
the reasoning. Recalling that since g is (CONV), (DEC) and (P0S) the minimal supersolution is unique concludes the
proof. |

Theorem 4.6. Assume that the function f satisfies (CONV), (LSC) and (NORM). Let X € H', if ¢o(X) admits a
subgradient (B, q) € Dy x Q then the minimal supersolution (¢ (X), Z) is actually a solution.

In addition, for P @ dt-almost all (w,t) € 2 x [0, T1, (B;, q:) € 0g(w, t, $:(X), Z;), subgradient of g with respect
to (¢:(X), Zy).
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Proof. Let X € H! and (B8, ¢) € D4 x Q be a subgradient of ¢o(X). Then, by Corollary 4.3 and the decomposition
appearing in Equation (4.5), we have

dA, = (_IBZ¢Z(X) +aq:Z — f(Br, Qt)) dr.

Definition of g and Equation (4.6) give

g(¢t(X)’ Zt)df = (—.Bt¢t(X) +q:Z: — f(Brs Qt)) dr =dA; > g(¢t(X), Zt)dt~

Then, dA; = g(¢:(X), Z;) dt, showing that (8, q) € dg(¢(X), Z) P ® dz-a.s. Equation (4.4) yields

T T
¢r(X)=X—/ g(%(X),Zu)du-lr/ Zy dW,.
t t
Hence (¢ (X), Z) is a solution. O

We conclude by the following complete characterization of the minimal supersolution suggested by Corollary 3.5
and Theorem 4.5.

Theorem 4.7. Assume that the function g satisfies (CONV), (DEC) and (POS), g*satisfies (NORM). If X € L*°, then
the following are equivalent:

(i) There exists a predictable d-dimensional process Z such that (£(X), Z) is the minimal supersolution of the BSDE
with terminal condition X and driver g.
(ii) The functional £ admits the representation

T
E(X)= esssup EQq[DfTX—/ Dfug*(ﬁu,qu)du‘ft], te[0,T].
(B.9)eD+xQ '

Appendix: Some properties of the minimal supersolution operator
The aim of this appendix is to present the proofs of some properties of the minimal supersolution used in the paper.

Proof of Proposition 2.2. See [6], Proposition 3.2 and Theorems 4.9 and 4.12, but for the sake of readability we give
the details for the points (iii), (iv) and (v).

As for (iii), let m € R with m > 0 and X € X. Since X +m > X, if A(X) = & then A(X + m) = &. In that case
Eo X +m)=00=E)(X). If AX)#D,let (Y,Z) e A(X).Forall0<s <t <T,since g fulfills (DEC), we have

t t t t
Ys+m—/ gu(Yu+m,zu>du+/ zudwuzmus—/ gu(Yu,zu>du+/ ZudW, = m +Y,.
S S N S

Thus, (Y +m, Z) € A(X + m), which implies Ey(X + m) < Yy + m. Taking Y = £(X), we have E(X + m) <
Eo(X) + m showing the cash-subadditivity.

As for (iv), if g does not depend on y, one can show that & is additionally cash-superadditive, that is, Ey(X +m) >
Eo(X) +m for m > 0. Indeed, using the same argument we have A(X) # & implies A(X +m) # @ and (Y —m, Z) €
A(X) for all (Y, Z) € A(X + m). Then, if g does not depend on y, it follows that Ey(X + m) = Ey(X) + m for all
meR,.Thus, Eg(X)+m=EX)+mT —m™ =X +mT) —m™ =EX +m+m™) —m™ = E(X +m) for
allm e R.

As for (v), if g(y, 0) =0, we have (y, 0) € A(y), and therefore Ey(y) < y. If g is (P0OS), for all (Y, Z) € A(y), the
supermartingale property of Y and the terminal condition yield Yo > E[Y7] > y. Hence, &(y) > y. ]

Next, we recall the proofs of the existence, uniqueness and monotone stability of the minimal supersolution with
respect to the generator. These results were already obtained in [6]. Here we argue that their proofs are also valid, up
to a slight change, if we replace the assumption (DEC) by (CONV) on the generators.
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Recall that for X € X :={X € L% X~ e L'}, the condition (POS) ensures that the value process Y of a supersolu-
tion (Y, Z) € A(X) is a supermartingale such that

Y > —E[X | F] forallse[0,T], (A1)
see [6], Lemma 3.3.

Sketch of the proof of Theorem 2.1. The uniqueness of Z follows by the supermartingale property of ¥ and the
martingale representation theorem. The existence is proved by constructing, through concatenations, a sequence of
supersolutions (Y”, Z") whose value processes (¥Y") decrease to the process essinf{Y;: (¥, Z) € A(X)}. By a com-
pactness argument, a subsequence in the asymptotic convex hull of (Z") which converges strongly to a process Z can
be selected. The proof is completed by showing that there is a modification Y of essinf{Y;: (¥, Z) € A(X)} such the
candidate (Y, Z) is actually an admissible supersolution. In the case where g does not satisfy (DEC) but (CONV), this
is done as in the proof of the next theorem. ([

Theorem A.l1. Let X € X be a terminal condition, and let (g") be an increasing sequence of generators, which
converge pointwise to a generator g. Suppose that each generator is defined on R x R¢ and fulfills (CONV), (LSC)
and (POS) and denote by Y" the value process of the minimal supersolution of the BSDE with generator g". Then
lim,— o0 Y = E0(X). If; in addition, lim,—, o Y < oo, then for all t € [0, T] the set A(X) is non-empty and (Y]')
converges P-a.s. to & (X).

Proof. By monotonicity, see Proposition 2.2, the sequence (Yé’) is increasing. Set Y = lim,,_, o, Y, if ¥y = oo there
is nothing to prove. Else, we put ¥; :=lim,, Y /', t €[0, T]. It follows from the supermartingale property of Y” and the
monotone convergence theorem that Y is a cadlag supermartingale. Using the arguments of the proof of Theorem 2.1,
we construct a candidate control Z as pointwise limit of convex combinations (Z™) of (ZM), where (Y™, Z") is the
minimal supersolution of the BSDE with generator g”". It remains to verify that (Y, Z) € A(X). Fatou’s lemma gives

t t t t
YS—'/ gu(Yu,Zu)du—i—/ Z,dW, zlimsup(Ys—/ g’;(Yu,zu)du+/ zuqu>.
N N

k— 00 K K

And for every k < n, denoting by A} the convex weights of the convex combination z", using (CONV) we have

t t t t
Ys—/ gIM‘(Yu,ZM)du+/ Z, AW, Zlimsup(YS"—/ gL’j(Y:,ZZ)du—/ ZZqu)
N N n

N s

Mll t '
> limsupij)\;1 (YS’ - / gk(Yl’t, Z;)du + / Z, qu>
" i=n § y
zlimsupZ)\;?<Y; —/ g’(Y;,z;,)dqu/ z;dwu)
" i=n § s
>Y;. (A.2)

As to the admissibility of Z, by means of Equations (A.1) and (A.2), we have
t
/ ZudW, > —E[X" | F] - Yo
0

so that f Z dW is a supermartingale as a local martingale bounded from below by a martingale. Thus, Z is admissi-
ble. ]
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