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Abstract. This paper concerns the macroscopic behavior of solutions to parabolic equations with large, highly oscillatory, random
potential. When the correlation function of the random potential satisfies a specific integrability condition, we show that the random
solution converges, as the correlation length of the medium tends to zero, to the deterministic solution of a homogenized equation in
dimension d > 3. Our derivation is based on a Feynman—Kac probabilistic representation and the Kipnis—Varadhan method applied
to weak convergence of Brownian motions in random sceneries. For sufficiently mixing coefficients, we also provide an optimal rate
of convergence to the homogenized limit using a quantitative martingale central limit theorem. As soon as the above integrability
condition fails, the solution is expected to remain stochastic in the limit of a vanishing correlation length. For a large class of
potentials given as functionals of Gaussian fields, we show the convergence of solutions to stochastic partial differential equations
(SPDE) with multiplicative noise. The Feynman—Kac representation and the corresponding weak convergence of Brownian motions
in random sceneries allows us to explain the transition from deterministic to stochastic limits as a function of the correlation function
of the random potential.

Résumé. Nous considérons le comportement macroscopique de solutions d’équations paraboliques présentant un terme poten-
tiel aléatoire de grande intensité et oscillant rapidement. Lorsque la fonction de corrélation du potentiel aléatoire satisfait une
condition précise d’intégrabilité, nous démontrons que la solution aléatoire converge vers la solution déterministe d’une équation
homogénéisée quand la longueur de corrélation du milieu tend vers zéro en toute dimension d > 3. Notre preuve s’appuie sur une
représentation probabiliste de type Feynman—Kac et sur la methodologie introduite par Kipnis et Varadhan permettant de montrer
la convergence de mouvements browniens dans des milieux aléatoires. Lorsque les coefficients aléatoires sont suffisamment mélan-
geants, nous présentons un taux optimal de convergence grace a une approche quantitative du théoréme de la limite centrale pour les
martingales. Des que la condition d’intégrabilité mentionée ci-dessus n’est plus satisfaite, nous pensons que la solution restera for-
tement stochastique pour toute longueur de corrélation du milieu. Nous montrons, pour une classe de potentiels décrits comme des
fonctionnelles de champs gaussiens, que la solution converge vers celle d’une équation différentielle stochastique. La représentation
de Feynman—Kac et la convergence faible de mouvements browniens nous permet d’obtenir une description précise de la transition
d’une limite déterministe vers une limite stochastique en fonction des propriétés de la fonction de corrélation du potentiel aléatoire.
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1. Introduction

Solutions of partial differential equations with small scale structures arise in many aspects of physical and applied
sciences. Homogenization theory has proved to be useful, both from the theoretical and numerical points of view, to
provide macroscopic descriptions for such solutions. We consider here the setting of a parabolic equation with a large
and highly oscillatory random potential. One of the salient features of such models is that the properties of the limit-
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ing macroscopic model strongly depend on the correlation properties of the random medium. When an integrability
condition on the correlation function is met, then the stochastic solution converges in the limit of vanishing correlation
length to a deterministic, homogenized solution. However, when that condition is not satisfied, the random solution
remains stochastic in that limit and converges to the solution of a stochastic partial differential equation (SPDE) with
multiplicative noise. The main objective of this paper is to provide a derivation of such results and an understanding of
the transition from deterministic to stochastic limits from a probabilistic point of view. When the solution converges
to a deterministic limit, we also derive optimal rates of convergence provided the potential satisfies certain mixing
conditions.

Similar such equations have been analyzed recently. When the random potential is Gaussian, a Duhamel infinite
series expansions and combinatorial techniques allows us to understand such a convergence for a relatively large class
of parabolic equations including parabolic Anderson and Schrddinger models; see [3-5,35,36]. These explicit methods
do not seem to extend to non-Gaussian potentials. In the one-dimensional setting of the heat equation, the convergence
to a stochastic limit in the mixing case was addressed in [29] using the same probabilistic (Feynman—Kac formula)
representation we consider in this paper. The convergence to deterministic limits for time-dependent potentials (not
considered in this paper) has been considered in [18,30].

In this paper, we adapt the Feynman—Kac approach to analyze a parabolic equation in dimension d > 3 of the form

1
atugziAu£+iV5u£, (L.1)

where V. (x) =7V V(x/e) is a large, time-independent, highly oscillatory, random potential. An imaginary potential
is introduced to obtain a uniform bound on the energy of the solution, which considerably simplifies the analysis of
exponential functionals of Brownian motion and the passage to the limit as ¢ — 0. The corresponding heat equation
(with iV, replaced by V,) might be analyzed using techniques developed in [18] but this problem is not considered
further here. Note that the scalar equation of the form d,u = %Au + 1V u may be recast as the system

w\ _ (a0 [(m 0 —V\ [u
8f(uz>_<20 %A)(uz>+<v o><u2)’ (1.2)

with u = u; + iup. Here, V may model a conservative process of interaction between two components otherwise
satisfying independent diffusions. We obtain (1.1) by looking at the long time, large distance asymptotic limit
us(t,x)=u(t/ &2, x /€) for ¢ <« 1. To obtain nontrivial effects from the potential, it suffices to impose on V a weak
amplitude £° with ¢ > 0 to be determined. Deriving the equation of u,(t, x) leads to (1.1) with y =2 — ¢. We an-
alyze the asymptotic behavior of u, as ¢ — 0, and prove homogenization and convergence to SPDE under different
assumptions on V (x).

There is a large body of literature on stochastic homogenization, starting from the work of Kozlov [24] and
Papanicolaou—Varadhan [28], where elliptic operators of the form V - a(;)V are considered for stationary and er-
godic coefficients. Homogenization results show that as ¢ — 0 the elliptic operator converges in an appropriate sense
to a homogenized operator with constant coefficients. The rates of convergence are less well understood. Yurinskii
[34] provided the first quantitative estimates for the statistical error. Discrete cases have been analyzed in [12,15,26,
27], using analytic and probabilistic approaches respectively. For the fully-nonlinear case, see [1,11]. Whend =1, an
explicit solution is available, which simplifies the analysis of the statistical fluctuations and allows to derive central
limits for the random fluctuations, see [7,10,16]. In the setting of bounded random potentials, [2,6,8,14] analyzed
elliptic equations and derived central limit results.

From a probabilistic point of view, different realizations of the random differential operator V - a(;)V correspond
to families of diffusion processes, so that homogenization may be recast as a problem of weak convergence of random
motions in random environments; see [22] and the references therein. For the heat equation considered here, our
setting is that of a Brownian motion propagating in random sceneries. It is the continuous counterpart of Kesten’s
model of random walk in random scenery, for which the invariance principle has been proved in [9,20]. The weak
convergence of Brownian motion in random scenery is based on the Kipnis—Varadhan approach [21]. We apply to the
homogenization setting the point of view of the medium seen from an observer and their methods of corrector equation
and martingale decomposition. The same probabilistic approach was used in [25] to handle equations in more general
forms with random potentials written as derivatives of bounded processes.
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Theorem 2.2 below provides a convergence result for the most general class of potentials for which such a con-
vergence is expected; see Assumption 2.1 below. Using the probabilistic representation, the difference between the
heterogeneous and homogenized solutions is approximately reduced to the Wasserstein distance between martingales
and Brownian motions. We use the quantitative martingale central limit theorem developed in [27] to estimate the
Wasserstein distance and obtain the optimal convergence rates when the random potential satisfies additional mixing
conditions in Theorem 2.6. The mixing property is only used in moment estimation. While this imposes the constraint
that the random potentials be sufficiently short-range-correlated, we apply the same quantitative martingale central
limit theorem and extend the result to long-range-correlated Gaussian potentials; see Theorem 2.9 below.

When Assumption 2.1 below is not satisfied, we do not expect convergence to a deterministic homogenized solu-
tion. Exhibiting all possible macroscopic limits in this case seems to be out of reach. From the analysis of the simpler
setting of random fluctuations beyond homogenization [6,7,16], we expect the class of possible limits to be rather
large. We consider here a large class of random potentials with covariance function decaying sufficiently slowly so
that Assumption 2.1 is violated and prove a result of convergence to SPDE in Theorem 2.11. A sharp transition to
stochasticity is thus observed beyond Assumption 2.1. In the long-range-correlation setting, these results relate to limit
theorems of sum of strongly correlated random variables, where non-Gaussian limit might appear in certain circum-
stances [32]. Our random coefficients are chosen as functionals of Gaussian processes and we obtain a SPDE driven
by multiplicative Gaussian noise in the limit. Similar type of limiting equation is analyzed in [19] by Feynman—Kac
formula. In [23], the heat equation with long-range correlated Gaussian potential is studied with a similar type of
limiting equation as in [19].

The rest of paper is organized as follows. We state our main results in Section 2 and discuss possible extensions
in Section 2.3. We then prove convergence to homogenized limit and error estimate under different assumptions in
Section 3. The result of convergence to SPDE is proved in Section 4. We present some technical lemmas in the
Appendix.

Here are notations used throughout the paper. In the product probability space, we use E to denote the expectation
only with respect to random coefficients and Ep the expectation only with respect to the Brownian motion starting
from the origin. Joint expectation is denoted by EEp. a < b stands for a < Cb for some e-independent constant
C > 0. We use a A b =min(a, b). N(u, o?) is the Gaussian distribution with mean u and variance o2, and q:(x)
denotes the density function of N (0, #). When we write ¥ (r) < 1 Ar~# for any g > 0, the constant of proportionality
might depend on .

2. Main results

We rely on the Feynman—Kac representation for the solution to (1.1) in dimension d > 3. Assuming the initial condi-
tion u. (0, x) = f(x) for f €Cp (Rd), the Feynman—Kac solution is given by

t
ug(t, x) = ]Eg{f(x + By exp(i/ Ve(x + Bs)ds) } @2.1)
0

Without any regularity assumption on V,, (1.1) is not always solvable in the classical sense, and the solution given
by (2.1) is not necessarily a classical solution. In Propositon A.1, we show it is indeed a weak solution almost surely
provided that V,(x) =&~V V(x/e) for some random potential V (x) that has locally bounded sample path.

Since V (x) may be unbounded, proving uniqueness of the solution to (1.1) is a difficult task. Such a task becomes
easy when the equation is posed on a bounded domain since V is then bounded almost surely. But calculations with
the corresponding Brownian motion on bounded domains involve standard complications which we wish to avoid
here. When we refer to “the” solution to (1.1), we therefore mean the weak solution given by the Feynman—Kac
probabilistic representation in the rest of the paper.

In the following, we state the main results of homogenization and convergence to SPDE respectively.
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2.1. Convergence to homogenized limit and error estimate

Let (£2, F,P) be a random medium associated with a group of measure-preserving, ergodic transformation {zy, x €
R4}. Let V € L2(£2) with fg V(w)P(dw) = 0. Define V (x, w) = V(7,w) and we consider the equation when d > 3:

1 1
alué‘(ta-x?w) = EAM@(Z,X,CU) +1;V<§,a)>u5(t,x,a)), (2'2)

with initial condition u, (0, x, w) = f(x) for f € Cp(R?), i.e., in (1.1) we choose y = 1. For detailed setup of random
medium, we refer to e.g. [22,28]. We will write u, (¢, x) and V (x) from now on.

Let {Di,k=1,...,d)} be the L2(2) generator of T, defined as 7 f(w) = f(tyw), and Laplacian operator L =
%ZZ:] D,%. We use (-, -) to denote the inner product in L2(£2) and || - || the L2(§2) norm, and assume that:
Assumption 2.1.

(V, =L7'V) < o0. (2.3)

By assuming T is strongly continuous in L?(§2), we obtain the spectral resolution

T, = / ey (de), (2.4)
R‘/

where U (d§) is the associated projection valued measure. We assume there is a non-negative power spectrum Ié(é )
associated with V, i.e., R(&)dé = (2n)4(U (d¢)V, V). Then Assumption 2.1 is equivalent to

R()
—=d§ < o0. 2.5)
/Rd €12
We also have that
R(x) := (T, V,V) = / e R(&) dt. (2.6)
Qm)¢ Jpa
Defining
_ 4 R()
2 1
o2 =2V, —L-1V) = / R g,
< ) Qm)d Jpa &7
and unom (¢, x) such that
1 1,
OUhom (t, X) = EAMhom(tv x)— 50 Uhom (£, X) 2.7

with same initial condition upom (0, x) = f(x), we have the following theorem:

Theorem 2.2 (Homogenization). Under Assumption 2.1, uo(t, x) — unom(t, x) in probability as ¢ — O.

Remark 2.3. Clearly, Assumption 2.1 merely ensures o2, i.e., the homogenized constant, to be well-defined. Since u
and upom are both bounded, moment convergence holds as well. Furthermore, if [ € L (Rd), lug(t, )1, [Uhom(z, +)|
are both bounded by U(t,-) € L2(RY), which solves U = %AZ/{ with initial condition U(0,x) = |f(x)]|, so

Jpa Eflue (t, x) — ttnom (£, x)1*} dx — 0 as € — 0.

We are also interested in the convergence rate of u, — upom. T0 give error estimate, one possible assumption we
need is the following strongly mixing property of the random potential V (x):
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Assumption 2.4. E{V®(x)} < 0o and there exists a mixing coefficient p(r) decreasing in r € [0, 00) such that for any
B>0,p()<Cg(1A r=P) for some Cg > 0 and the following bound holds

E{¢1(V)p2(V)} < 0 () E[6F(V)E[93(V)) (2.8)

for any two compact sets Ki, Ko with d(K1, K2) = infy ek, xek,{1X1 — x2|} = r and any random variables
D1(V), ¢2(V) with ¢; (V) being Fk,-measurable and E{¢p;(V)} = 0.

Remark 2.5. Under Assumption 2.4, we have |R(x)| = |[E{V(O)V(x)}| S 1A |x|~# for any B > 0. Note that

24 Re . 1 _(d R(x)
7= 2n)4 /Rd HE ds = T[¢1/2F<2 1) /Rd x]|4—2 dx, (2.9)

so the strongly mixing assumption implies finiteness of the homogenization constant.

The following is the result of convergence rate for strongly mixing potentials:

Theorem 2.6 (Error estimate for strongly mixing potentials). Under Assumption 2.4, if f € C2° (RY), the following
error estimates hold:

NG d=3,
Ef|ue (. x) — tthom (1, %) |} < (1 4+1)Ca 5, { £/TToge] d =4, (2.10)
e d > 4.

Remark 2.7. As suggested by the notation, Cq, y,, only depends on the dimension, initial condition and mixing coef-
ficient. If we follow the proof, it is easy to check that we only need to assume p(r) < 1 Ar~P for sufficiently large B,
and the regularity assumption on f could be improved as well.

The error estimate given in Theorem 2.6 is universal in the sense that it is independent of the potential as long as
Assumption 2.4 holds. The strongly mixing property is only used when estimating moments of V (x) and controlling
relevant integrals. For Gaussian potentials, the calculation of moments is straightforward, and this enables us to extend
the error estimate to long-range-correlation setting.

Assumption 2.8. 'V (x) is a zero-mean Gaussian random field with auto-covariance function R(x) ~ |x |_ﬁ as x — oo

for B e 2,d).

The condition B > 2 ensures that R(x)|x|>~¢ is integrable so Assumption 2.1 holds. On the other hand, 8 < d so
R(x) is not integrable and it is the long-range-correlated case. The following theorem is a precise description of how
the homogenization error depends on the interaction between the dimension d and the decay rate 8 of auto-covariance
function.

Theorem 2.9 (Error estimate for long-range-correlated Gaussian potentials). Under Assumption 2.8, if f €
cx (R?), the following error estimates hold:

o whend=23,4,
E{|ue(t, x) — unom(t, x)|} < (1 +1)Cyq, 7 peP/*7, 2.11)
o whend >4,

P21 Be(2,4),

Ef|ue(t, x) — tthom (1, %) |} < (1 +1)Ca .5 { £4/TToge] B=4, (2.12)
e Be@,d).
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The result shows that for sufficiently long-range-correlated random potentials, the convergence rate in homoge-
nization could be potential-dependent, e.g., when 8 — 2, the error is of order £#/2~! and could be arbitrarily close to
O(1). On the other hand, it can be shown that when the covariance function is integrable, i.e., 8 > d, we recover the
result for strongly mixing potentials.

2.2. Convergence to SPDE

Let (£2, F,P) be a probability space. The following is our assumption on random coefficient V(x) = V (x, ) with
w € $2 labeling the particular realization.

Assumption 2.10. V (x) = @ (g(x)), where

e g(x) is a stationary Gaussian field with zero mean and unit variance. The auto-covariance function Rg(x) =
E{g(0)g(x)} satisfies that |Rg(x)| < T4, min(l, [x;|~%) with a; € (0,1) and Ry(x) ~ cq[I%, Ixi|™% as

dlxi| = 0. a = Zle a; €(0,2).

e @ is a deterministic function with Hermite rank 1, i.e., fR @2()6)\/% exp(—x2/2)dx < oo and if we define Vi =

E{® () Hk(g)} with Hy(x) = (—1)k exp(xz/Z)fx—I; exp(—x2/2) the kth Hermite polynomial, then Vo =0, V| # 0.

min,-:1

,,,,,

We will see later that R(x) = E{V(0)V (x)} ~ VZca [T, x|~ and since & = >"¢_, a; < 2, R(x)|x|>~¢ is not
integrable, so o2 in (2.7) is not well-defined and we do not expect the result of homogenization. We consider the
equation when d > 3:

1 I
Ohits (1%, 0) = 5 Aus (1. %, 0) + imve, w)ug(t,x, ), (2.13)

o

with initial condition u, (0, x, w) = f(x) for f € Cp(RY), i.e., in (1.1), we choose y = 5 < 1. The following is the
result of convergence to SPDE.

Theorem 2.11. Under Assumption 2.10, we have u¢(t, x) — uspae(t, x) in distribution, with uspde solving the SPDE
with multiplicative noise:

1 . .
at’/ispde = EA”spde +1Vi/ca Wlfispdm 2.14)

where W (x) is a generalized Gaussian random field with covariance function E{W(x)W(y)} = ]_[flzl |x; — yi| 7.

For the limiting SPDE (2.14), the product between W and Uspde 1s in the Stratonovich’s sense. The solution will be
defined through a Feynman—Kac formula and shown to be a weak solution.

Remark 2.12. The proof of Theorem 2.11 also holds for d = 1,2. When d =2, since aj,a2 € (0,1), a =)+ €
(0, 2) is automatically satisfied. When d = 1, we have « = a1 € (0, 1).

2.3. Remarks

One of the main ingredients in the proof of both homogenization and convergence to SPDE is the weak conver-
gence of Brownian motion in random scenery. In the homogenization setting, Kipnis—Varadhan’s result implies
g1 fé V(Bs/e)ds = oW, in C([0, T]) in P-probability, with only necessary assumptions of stationarity, ergodic-
ity, and finiteness of asymptotic variance. In the SPDE setting, Proposition 4.7 below shows g~/2 fot V(Bs/e)ds =
ViJed fot W(BS) ds in the annealed sense, where V is chosen as functionals of stationary Gaussian process. The dif-
ference between the results of weak convergence sheds light on the transition from homogenization to stochasticity
from a probabilistic point of view.
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To obtain optimal error estimate, a quantification of ergodicity is in need and we assume a strong mixing of the
random potential. Ergodicity is quantified by controlling the tail of the mixing coefficient and is used only to estimate
the fourth-order moment of the random potential. When the fourth-order moment can be estimated explicitly without
any mixing condition, then similar error estimates can be derived. We considered here the example of long-range-
correlated Gaussian potential and derived convergence rate depending on its decorrelation rate.

In the homogenization setting of low dimensions, when d = 2, weak convergence of Brownian motion in random
scenery has been proved for specific types of short-range-correlated potentials in the annealed sense, including Gaus-
sian, Poissonian [17] and piecewise-constant cases [31]. The size of potentials then includes a logarithm correction. It
is not clear whether Kipnis—Varadhan’s approach works to obtain weak convergence in probability. With the annealed
weak convergence, homogenization could be derived by showing the convergence of E{u, (¢, x)} and E{|u. (¢, x)|2}
respectively. When d = 1, [29] derived a stochastic limit for short-range-correlated potentials.

Intuitively, Theorem 2.2 of homogenization corresponds to law of large numbers while Theorem 2.6 and 2.9 relate
to error estimate. It is natural to inquire about central limit type result, i.e., the weak convergence of &~ (u,(z, x) —
Unom(t, x)) for appropriate § > 0. In [4], for the same type of equations, central limit type of result is derived by a
different approach for Gaussian potentials. The probabilistic approach is currently under study.

3. Proof of homogenization and error estimate
3.1. Feynman—Kac formula, medium seen from the observer and auxiliary equation

The solution to (2.2) is written as

o (f, x) = ]EB{f(x + B,)exp(ié /l v(x tBS>ds> } 3.1)
0

with Brownian motion By starting from the origin.
By the scaling property of Brownian motion,

2

t/e
ug(t,x) = ]EB{f(x + sBl/sz)exp<isf
0

(o0

Since upom is deterministic, by stationarity of V, the difference between the solutions to the heterogeneous and ho-
mogenized equations can be written as

E{‘Ms(t, X) — Uhom(?, x)‘}

1/2
= IE{ ‘]Eg{f(x + EBt/Sz)eXp<i8/ V(Bs)ds)} — Eg{f(x +8Bt/gz)exp(—%azt> } H (3.2)
0

2
Now we look at X, (¢) := efé/a

process taking values in §2 with invariant measure PP, and the generator of y, is given by L = % Zz: 1 D,%, see e.g.
[22].
We define the corrector function @, for any A > 0 such that

2
V(rp,w)ds =¢ 6/8 V(Bs)ds. For ys := tp w, it is a stationary, ergodic Markov

M —L)®, =V, (3.3)
then the following proposition holds.

Proposition 3.1.

1
D, = ——U(d&)V. 34
’ fRdH(l/znsP @ G4
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Under Assumption 2.1, A(®;,, ;) — 0 as L — 0.
Under Assumption 2.4,

Vi d=3,
MDy, @y) S| AMlogr| d=4, (3.5)
A d > 4.

Under Assumption 2.8,

AL Be(2,4),

Dy, @) S | Allogh] f=4, (3.6)
A B >4
If we define
21
e = / 25 1 ag)v G.7)
Rd &

fork=1,...,d,0%= ZZ:] 7% ||%. Defining o/\z = Zzzl | D ®;.||%, the following proposition holds.

Proposition 3.2. Under Assumption 2.1, Dy ®; — ny in L>(2) as A — 0.
Under Assumption 2.4,

o d=3,
lof —0?| < Allogh| d=4, (3.8)
A d > 4.

Under Assumption 2.8,

AREL e 2,4,
lof —o?| < { Alloghl B =4, (3.9)
A B > 4.

Proof of Proposition 3.1. First, we have

s R(¥) g < o RE®
~Jra A+ E1 151

M@y, Da) =/ dg. (3.10)

re A+ (1/DIER A+ (1/2)1E

Under Assumption 2.1, i.e., I@(S)Iél_2 is integrable, by the dominated convergence theorem, A(®;, ®,) — 0 as
A — 0.
If Assumption 2.4 holds, R(&) is bounded, and we obtain by direct calculation:

My, @3) S 227 / L_ROVID

R 1+ 52 |52

_ 11 R()
<)Ld/21/ 1y +A/ RE) 4
~ igl<1 L+ IE17 67 5 el=1 1§14 5

dj2—1 Uk pd=3
< A4 —d A, 3.11
g [0 o

sowhend =3, AMP;, D) S VA. When d =4, 1 (®;, D) < Allogi|. When d > 4, 1(D;, y) S A.
If Assumption 2.8 holds, R(&) < |&|#~ at the origin, and the proof is similar. ]
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Proof of Proposition 3.2. Since
22E7

..
| Dk ®s — ni > = df : Y KO
e Jra (L + LgP)2(1/4) €14

W+ E g

R(£)d& sf de,
H@d

and

2 2
5 5 16 / A+ AlE19) Ié(é)dé,

AT T T amd Jaa B+ EP)?

we obtain the result as in the proof of Proposition 3.1.

Now we are ready to prove the main theorems. We choose A = &> from now on.
By It6’s formula, the process of Brownian motion in random scenery can be decomposed as

1/e2
X, (1) = e/ V(tp,w)ds = R® + M?,
0

where

2

t/e
RE:=¢ f A, (33) ds — £(3y ) + €3 (30),
0

1/€2 d '
Mf::s/ > Dy, (y,) dBY.
0
k=1

Therefore, the error is decomposed correspondingly as u. (¢, x) — upom (£, x) = &1 + &>, where

&1 =Ep{f(x+¢&B,2)exp(iR; +iM;)} —Ep{f(x +&B,2)exp(iM;)},

& =Ep{fx ~|—£B,/82)exp(iMf)} - EB{f(x + sB,/gz)exp<_%02t) }

269

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

We see & is caused by the residue R?, i.e., a measure of how close X, (¢) is to a martingale, while &, relates to the
convergence of the martingale M/, i.e., a measure of how close the martingale is to a Brownian motion. Since f is

bounded, we have the estimate E{|£1]} S EEg{|R;|}. It is straightforward to check that

E{|&11} SEEs{|R; |} S VM@, @2)(1 +1).

(3.19)

In the following, we estimate the convergence of M; to a Brownian motion in different ways to prove homoge-

nization and error estimate respectively.
3.2. Homogenization: Proof of Theorem 2.2

We rewrite

t/z?2 d . 1/82 d .
Mf=¢ / > (De®; — ) () dBf + & / > () dBE =3 + &,
0 0
k=1 k=1

SO

&2l < [Ep{f(x +eB, ) exp(iM;)} — Ep{f(x +eB,2) exp(ia)}|

_F

1
IEB{f(x + B, /:2) exp(i&)} —Ep {f(x + B, /:2) exp(-igzt) H

1
SEs{I&I} +Es{f(x +¢B,)2) exp(i&s)} — ]EB{f(x + sB,/Sz)exp(—zo2 )}

(3.20)
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On one hand, we clearly have that

d
EEs{|E1} < |1 11Dk — mill?. (3.21)
k=1

On the other hand, by ergodic theorem and the fact that E{n;} =0for k=1,...,d, and ZZ=1 el = o2, we
obtain for almostevery w e 2 and k=1, ...,d:

2

t/e
82/ nk(tp,w)ds — 0,
0

1/e2 d
82/ Z ni(tp,w)ds — o>
0
k=1

almost surely. Now by martingale central limit theorem [13, page 339, Theorem 1.4], we conclude for almost every
o € §2 that:

1/2 d
(83, JEN: /0 > mi(rp,0) dij) = (W, oW?), (3.22)
k=1

where W,! is a d-dimensional Brownian motion and W is an independent 1-dimensional Brownian motion. Therefore,

Ep{f(x+ €B,/:2) exp(i€s)} —Ep {f(x +¢B,/:2) exp(—%ozt)} -0 (3.23)

as ¢ — 0 almost surely.
To summarize, we have

E{|u8(t,x) - uhom(tax)”

d
SVM®L &)+ + [t 1Dx®x — il
k=1

. 1
+ ]E{ ‘EB {f(x + sB,/Sz) exp(1€4)} —Ep { flx+ EBt/sz) exp(— 502t> } ‘ } . (3.24)
By Proposition 3.1 and 3.2, and the dominated convergence theorem, the proof of Theorem 2.2 is complete.
3.3. Error estimate: Proof of Theorem 2.6 and 2.9

Defining f(é) = fRd f(x)e ¥ dx, we can write & as

1

f= G

A~ . : . 3 Pof. _ 2
/ f(é)GIS‘XEB {el(Eg Bt/£2+Mr) _ elaf Bt/gz (1/2)0 t}d.‘;:, (325)
R4

2
where ¢£ - B, o2+ M;=¢ Ot/ ¢ ZZ=1 &k + DD (y5)) dB!C is a continuous, square-integrable martingale for almost

. . e . . _ 2 . .
every o € £2. The estimation of E B{el(‘gg ByjatMi) _ oiek By 0=(1/2)0 t} reduces to a control of the Wasserstein dis-

tance between &§ - B, /> + M; and €€ - B, > + o W;, where W; is an independent Brownian motion from B;. A
general quantitative martingale central limit theorem is proved in [27], from which we extract the following result for
continuous martingales.
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Proposition 3.3 (Theorem 3.2, [27]). If M; is a continuous martingale and W; is a standard Brownian motion, then
di (M1, W) < (1 VOE{[(M); — 1|}, (3.26)

with the distance d i defined as

dix (X, Y) =sup{[E{f(X) — fF(N)}|: f € CFR),

f/”oo = l’

I o <k} (3.27)

For the sake of convenience, we present the proof in the Appendix.
Since of = Zgzl (Dr @, Dy ®,), by Proposition 3.3 we have for almost every w € £2:

[Ep{e€5 B M) _em1/20e 4D |

1/e2 d
[ Yol Dior0) s (16 +07)s
k=1

}. (3.28)

}dé,

< (1 v ;)Eg{
JOgr + o2

Now we can write |£3] < &5 + &, where

t/e d
* /0 3 (& + De@i(y)) ds — (IE12 + o)
k=1

1 ~ 1
85=—f |f(€)|<1v7)1E3{
@my Jpe gl + oy

1
&= Gmyd /1‘@

First, we have

F&)||e /20D _ =172 4001 g

& S |of — ot (3.29)

Secondly, we rewrite

1 R 1 t/s2
Es= —— IvV— |E Zf V4 Bsd}d, 3.30
: (Zn)déd}f@)( v (|s|2+af>t> B{e [z (3.30)
where
d 2
Z).£(x) :=;(§k+/w 0, G (x —y)V(y)dy> ~ Il o,

with G, the Green’s function of A — %A. Note that we have used the fact that
D, (z,) = f 04 G = V).
R

2
Clearly Z; ¢ has zero mean; and by the ergodic theorem, we expect &2 fol ¥z 1,£ (By) ds to be small. This is quantified
by the following control of the variance of Brownian motion in random scenery.

Lemma 3.4. IfV is a mean zero, stationary random field with covariance function R(x), and Bs is Brownian motion
independent from V , then

1/e2 2
EEB{<8/ V(Bs)ds> }gz/ |R(XB| dx. (3.31)
0 Rrd |x|972
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Proof. By direct calculation, we have

/e 12/ 2u)
7)( u
EEB{(S/(; V (Bs )ds) }—28 / / /]Rd G )d/z dx duds
t 2
=252/0 du(e2 ”)1u<t/52/ R(x )(2 )d/2 ~RF/20 g

o [Tl R, a2 [ L poy 1
= 2 o Jren<ie oo a2 RO gz 4

z/ [RCOL (3.32)
R4 |x|d_2 O

A

Now we write Z ¢(x) = Zj 3£ (x) + Z3,5 ¢ (x) with

d 2
Zipe(x) = Z( /R G =)V () dy) — o, (333)
k=1
d
Zore) =2 & /R 3y G = V() dy. (3.34)
k=1

Since af = ZZ:I (D ®;,, Di®@y), we have E{Z; ; £(x)} =0,i =1, 2. Therefore, Lemma 3.4 implies

IR12.6 @] +[Raie ()]

3 A 1
E{& S —— 1V ——
{&1 S o) /ﬂ;d’f@ﬂ( v ’7(|§|2+J%)t>\/t‘éd 2

where R; 5 £ (x) :=E{Z;; £(0)Z; 5, ¢ (x)},i =1, 2. By recalling (3.19) and (3.29), we have

dx dg, (3.35)

E”Mg(l, X) — thom (7, x)|}

S <JW+ 02 — 02| + efd f(é)\//d 'RI’A’E(xl)llJ;,'ZQZ’A’S(X)' dxd§>(1 +0). (3.36)
R R

The estimation of R, ; ¢ is done for strongly mixing potentials and long-range-correlated Gaussian potentials
respectively in the following sections.

3.3.1. Strongly mixing case: Proof of Theorem 2.6
Defining

e—c\/xlx\ 1
1AN—
-z TP

Fpep(x) =227 TemeVAlxl 4 j o (3.37)
for ¢, B > 0, we have the following result.

Proposition 3.5. Under Assumption 2.4, there exist a constant ¢ > 0 and a sufficiently large B > 0 such that

[Ripe@)|+[Rasne] S (1+ IEI)ZFA,C,/S(X)- (3.38)
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Proof. We first consider R ; ¢ (x). By denoting ¢; (x) = fRd G)(x —y)V(y)dy,forany m,n =1, ...,d, we have
2 2
E{ (9, #1(0))" (8x, #2.(x)) "}

= /4d 3, G1. (Y1), G1.(21)3x, G (2) 0, G (2)E{ V (=y) V (=21) V (x — y2)V (x — 22) } dy1 dy2 dz1 dz2
R

= /4d 0x,, G5.(31) 0y, G (21) 05, G2.(¥2) 0%, GA(22) R(y1 — 21) R(y2 — z2) dy1 dy2 dz1 dzo + D
R
= 1D @11 Dy @)1 + L (3.39)
where I,,,, are remainders in the calculation of fourth moment. By Lemma A.6, we obtain

[Lmn| < 2/4dyame(yl)BmGA(Zl)3nGx()’2)3nGA(Zz)“I’(X — Y1+ y2)¥(x —z1 +z2)dy1 dy2dz; dza, (3.40)
R

where |¥ (x)| < 1 A |x|~# for any B > 0. Since G, is the Green’s function of A — %A, by scaling property, G (x) =

A4/271G 1 (V/Ax). The estimate |VG(x)] < e~ Pl x|'=4 holds for some p > 0 [33, page 271, (6.49)]. Therefore, by
change of variables, we have

1 e~ Pyl g—plzl y—z 2
Lunl| S ——Ux———)dydz]) . 341
""”'”(k /R T [zdT (x ﬁ) ' Z) G4D
Since of = men:l | Dy ®;. 112 | D, @y ||%, we derive the following estimate
1 e—Plyl a—pll y 2
R <|- —————Y|x———)dydz | . 342
| ‘“MN(A Jou o (x ﬁ) g Z) (342

Now we consider R ; ¢ (x). Similary, we obtain that

Rans| =4 3 6ty f 0 G (%G R(x — v+ ) dydz
m,n=1
1 e~ Pl e—plzl y—2z
< g [ dydz. 3.43
SR SATTE T '( ﬁ)y G4
Since [P (x)| ST A |x|~# for B > 0 sufficiently large, by Lemma A.4, we obtain
2

Riae @]+ [Rope 0] < (14 1€1) Ficp(x) (3.44)
for some constant ¢ > 0, and 8 > 0 sufficiently large. The proof is complete. ]

By combining Proposition 3.5 and (3.36), we obtain that

E{|us(l’x) _uhom(tsx)”
< (,/x(@, ®;) + |of —o?| +e fRd %dx)(l +1). (3.45)

We also see that for the initial condition f, the only requirement is | f (&)|(1 + |&]) being integrable.
By Proposition 3.1 and 3.2 and A = £2, we have under Assumption 2.4

NG d=3,
VM@, @) + |0} — 2| «/—|log8 d=4, (3.46)

d > 4.
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Together with the following Lemma 3.6 and (3.45), the proof of Theorem 2.6 is complete.

Lemma 3.6.
A2 g=3
Fi. ’
/%dxg llogh| d=4, (3.47)
R X7 1 d> 4.

Proof. Note that 1 A [x|~# gives a term of order 1 since B could be sufficiently large. We first look at

— ‘ :|
/ #)Ldﬂ—le—m/xlﬂ dx = )Ld/2—2/ i dy < 24/2=2 (3.48)
Rd |x]972 Rre |yl?72
. —cv/Alx
Now we only have to deal with 1 A eleflzl
1A dxf/ —dx—i—/ ———dx. (3.49)
Rrd |x]972 |x|4=2 <1 1x]4=2 =1 |x[d=4
When d > 4, RHS is bounded. When d < 4,
efc\/ﬂxl (42 00 o—cr
————dx =AY — dr, 3.50
/|x>1 |x|2d74 /\/X rd=3 ' ( )
which concludes the proof. ]

3.3.2. Long-range-correlated Gaussian case: Proof of Theorem 2.9
If we follow the proof of Proposition 3.5, it is straightforward to check that when V is Gaussian, the following estimate
holds:

R 1 ()] + [Rane ] S (14 161) (B () + F2, (1), (3.51)

with
1 e~ Pyl g—plzl y—z
F ,(x):=— —— —|R|[ x — —— ) dydz.
o0 (%) A/R YT T '( ﬁ) '
From (3.36), we have

E{‘M@(l,x) - Uhom(tsx)“

Fp p(x) + F} ,(x)

< <,/,\<¢A, ;) + |of — 0|+ 8\/fd = dx)(l +1), (3.52)
R

then Theorem 2.9 comes from Lemma A.5 and Propositions 3.1, 3.2.

4. Proof of convergence to SPDE

From the proof of Theorem 2.2, we see that the key assumption for homogenization to occur besides stationarity
and ergodicity is the integrability of Ii’(é)|“§|’2. In other words, R(x) has to decays faster than |x|~2 at infinity. In
this section, we go beyond Assumption 2.1 by assuming R(x) decays sufficiently slowly, and prove the transition to
stochasticity from homogenization.
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First, we recall that the nth order Hermite polynomial is defined as
H,(x) =(—1)"ex x_2 iex —ﬁ 4.1)
nte) = P\2 ) P\ 72 ) '
and it has the property that

n!(E{XY}D" m=n,

E{H,(X)H,(Y)} = {0 m£n (4.2)

if X, Y ~ N(0, 1) and are jointly Gaussian.
Under Assumption 2.10, g(x) is a stationary Gaussian field with zero mean and unit variance, so we can expand V
in Hermite polynomials [32, Section 3]:

o]

Vi
V) =@ (g(0) = T Ha(g), (4.3)

n=0
where V, = E{H,(g(x))®(g(x))}. By the assumption Vy =0, V| # 0, we have

0 2

\%
Rx)=E{VO)V)}=E{2(0)P(g(x)} = Z ﬁE{Hn(g(o))Hn(g(x))}
n=0 " "
=3 n—”!Rg(x)" = VIR (x)+ Y n—';Rg(x)". 4.4)
n=0 n=2
Since Y o2, ‘;—",2 <00, R(x) ~ VlzRg(x) as |x| — oo. In addition, Rg(x) ~ cg ]_[flzl |x;| 7%, which leads to R(x) ~
V12cd ]_[?:l lx; | =% as minj—1 4 |xi| = o0.

The assumption of V; # 0 is crucial for the appearance of Gaussian noise in the limiting equation, and it turns
out that by this assumption we can reduce the possibly non-Gaussian case to Gaussian case, namely V(x) = g(x),
so conditioning on B, X (¢) := g~/2 f(; V(B /¢)ds is Gaussian, and we can prove its weak convergence by proving
convergence of the conditional mean and variance. Before that, following [19] we define the solution to the limiting
SPDE (2.14).

4.1. Limiting SPDE

We first define the formally-written random variable fé W(B;)ds = fé Jga 8(x — Bs)W(dx) ds, where W (dx) is the
generalized Gaussian random field independent from Brownian motion B;. We use [E to denote the expectation with
respect to W(dx), and assume that the covariance function E{W (dx)W (dy)} = ]_[f: 1 1xi — yi|7% dx dy. For a con-
struction of such generalized Gaussian random field, we refer to e.g. [19, Section 2].

For Brownian motion B, we use B;(s) to denote its ith component. Later below we shall consider a collection of
several vector-valued Brownian motions. The jth element of that collection will be denoted by B/, and its value at

time s by B, while the value at time s of its kth coordinate would be B,f (s).

Proposition 4.1. Assume o; € (0,1),i =1,...,d and Z?:l a; <2 and define Yo (t) = fé Jra ge(x — B)W(dx)ds,
where q; is the density of N(0, €). Then Y. (t) converges in L? as ¢ — 0 to some random variable Y (1), denoted as

t t
Y(t):/ W(Bs)ds=/ f §(x — By)W(dx) ds.
0 0 JR4

When conditioning on B, then Y; is a Gaussian random variable with zero mean and variance

t t 1
ElY ()2 :/ / ds du. 4.5
VON= 1 ) T s = mae & *)
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Proof. We first point out that the RHS of (4.5) is almost surely finite, and this comes from the fact that «; € (0, 1) and
> o <2and

t t 1 t t 1 d
EB{/ f dsdu} :/ / ———dsdu f x| % q(x)dx. 4.6)
0 Jo ]_[l‘-’=1|Bl-(s)—B,-(u)|“i 0 Jo |s_u|27:1<xi/2 E R

Secondly, we calculate

t t
EEs{Y (1)} =/ / / Ep{ge(x — Bo)ge(y — By)} —————— dxdydsdu. (4.7)
0 Jo Jr [Tz lxi — yil®
By Lemma A.7 we obtain g ge(x — By)ge(y — B \xli—yil"‘i dxdy = ol \Bi(sl)—B;(u)W_" as ¢ — 0. By
Lemma A.8 and the dominated convergence theorem, we have the convergence
t t 1
EEg{Y2(1)} — / / EB{ - }dsdu. (4.8)
0 Jo [Tiz; IBi(s) — Bi(u)|“
Similarly, we can show
t t 1
EEB{YSI(t)Ysz(t)} —>/ / ]EB{ ] : }dsdu 4.9)
0 Jo [Tizi 1Bi(s) — Bi(u)|

as €1, &2 — 0. Thus, we have shown that {Y, ()} is a Cauchy sequence in L2, since

lim EEg{(Ye, (1) — Ye, (1)} = 0.
e1,60—>0
The limit is then denoted as Y () = [y W(By)ds = [ [ga 8(x — By)W (dx) ds.

Next, we consider the conditional distribution. Since Y (1) — Y (¢) in L?, there exists a subsequence & such that
Y,, (t) — Y () almost surely. Note that W(dx) and B; are independent, so the probability space is the product space.
Then we know that conditioning on the Brownian motion, Y, (f) — Y () almost surely as k — oo, and this leads to
convergence in distribution. Given B, Y, (¢) is Gaussian with variance

t pt
1

EYZ(I) 2/// x—B (y—B)———dxdydsdu

{s } o Jo RN%( $)qe (Y u 1_[?:1 T y

t 1
—>/ / 7 ! ds du. (4.10)
0 Jo [Tz 1Bi(s) — Bi(w)|

The proof is complete. |

Remark 4.2. If we define Y(t) = fé fRd d(x — B;)W(dx) ds for independent Brownian motions B', B%, the
same proof implies that 1), t) are jointly Gaussian with covariance function given by t 1} =

implies that Y'(t), Y*(t) are jointly Gaussian with ' ion given by E{Y'(1)Y?(1)}
f(; fé 1—[?1:1 |Bi1 (s) — Biz(u)|_“i ds du when conditioning on B!, B2

Remark 4.3. By the same discussion as in Proposition 4.1, we can define random variable fot fRd Sy —x —
By)W(dy)ds as the L? limit off(; /Rd q:(y —x — Bs)W(dy) ds for any x € RY. Itis straightforward to check that the
joint distribution offé Jpa8(y —x — BHW(dy)ds, ..., fé Jga 8(y —x — BNYW(dy) ds does not depend on x, where
B',i=1,..., N are independent Brownian motions.

With the random variables fot fRd 8(y —x — By)W(dy)ds for any x € R, the solution to the SPDE

1 .
E)tu:EAu—l-iWu 4.11)
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with initial condition u (0, x) = f(x) is formally written by Feynman—Kac formula as

t
u(t,x):IEB{f(x—i—B,)exp(i/ /dS(y—x—Bs)W(dy)ds>}.
0 JR

We point that the u(#, x) defined as above coincides with the usual definition of weak solution to SPDE (4.11):

277

4.12)

Definition 4.4. A random field u(t, x) is a weak solution to (4.11) if for any C* function ¢ with compact support we

have

t
/ u(t,x)¢>(x)dx:/ f(x)qb(x)dx—}-l/ / u(s,x)A¢(x)dxds
RY R? 2Jo Jre

t
+if fu(s,x)mx)dsvv(dx),
d 0

(4.13)

where the stochastic integral on the RHS of the above display is understood as a Stratonovich type integral whose

meaning is given in Definition 4.1 of [19].

Proposition 4.5. Ifo; € (0,1),i=1,...,d and 27:1 o; <2, u(t,x) is a weak solution to (4.11).

The proof is a direct adaption of Theorem 4.3 in [19], and we do not present it here.
4.2. Convergence to a stochastic equation: Proof of Theorem 2.11

First we reduce V (x) = @ (g(x)) to the Gaussian case by the following lemma:

Lemma 4.6. In the annealed sense, X, (t) := e ~%/% [/ (®(g(Bs/e)) — Vig(Bs/e))ds — 0 in probability as & — 0.

2
Proof. Since ®(g) — Vig=> o7 Yo i, (g) and ZZ’;O % < 00, we have conditionally upon B that

n=2 n!

1 [ ’Z“ V2  (By—B,\"
2 N u
n=2

c ('[! B, — B, \>
5—/ / Rg< i u) ds du
g¥ 0 0 &

for some constant C. Since R, is bounded and satisfies | R, (x)| S ]_[f=1 |x;| 7%, we have

t t
1
E{Xg(t)z} <C sup |R (x)}/ / 1\B,—B,|>Me ds du
wzm o Jo TI IBi(s) — B

C t t
+—a/ / 1|BS_BM|SM5deu’
€”Jo Jo

which leads to

C t t
EEg{X.(1)*} <C sup |Rg(x)|+—a/ / Ep{l5,—p,|<me} ds du.
x|=M & Jo Jo

By Lemma A.9, first let ¢ — 0, then M — oo, the proof is complete.

(4.14)

(4.15)

(4.16)
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Now we can prove the weak convergence of X (f) = g—e/2 fé V(Bs/e)ds.

Proposition 4.7. For fixed t > 0, in the annealed sense X (t) = Vi./ca f(f Jga 8(x — Bs)W (dx)ds as ¢ — 0.

Proof. By writing

o= [ (2(s(2)) - va(2)) o [ s (2)

and applying Lemma 4.6, we only need to show the weak convergence of £ ~%/2 fot Vig(Bs/e)ds.
By conditioning on B, we calculate the characteristic function as
) ds du> .

E io /lv B4 Vlz@zftftR B: — By
€X 10 ——= S =X —
p 8a/2 18 p 2ev o Jo 8 )
a41xi] = oo and [Ry(x)| <TT%, 1|7, we have

d . .
Recall that Ry (x) ~ cq [ [;—; |xi|™% as min;—;

,,,,,

// (S L’)dsduecd// ! ds du
[T, Bi(s) — B (u)|

almost surely. Now we only need to apply the dominated convergence theorem to derive

1 ! 1
EE 0——= V d E —-0%V d
B{CXP<1 a2 / 1g< ) s)} — B{exp< 1 Cd/ / 1_[! Bi(s) — Byl s

4.17)

(4.18)

an )}

= IE]EB{eXp<i9V1\/a/ / 8(x — By)W(dx) ds>} (4.19)
0 JRd
ase — 0. U
Now we are ready to prove the main theorem.
Proof of Theorem 2.11. For fixed (¢, x), we let
1 ' /x4 By
Ze:=u.(t,x)=FEp{ f(x + By)expl i a2 V . ds )¢, (4.20)
t
Z0 1= Ugpde(t, x) =Ep {f(x + By) exp(ivlﬁf /Rd 3(y —x — By)W(dy) ds) } “4.21)
0
and claim that Vm, n € N, E{Z""Z,} — E{ZI'Z;)}.
Actually, we have
m ) m—+n _
E{z"Z,} = EEB{Hf(x—i—B,J) [T r(x+8/)
j=l1 j=m+1
. t /[ m J m-+n J
B B
xexp(%/z/ (Zv<x+ “)— 3 V<x+ S))ds)}, (4.22)
€ 0 \;=1 € j=m+1 €
where B,j ,j=1,..., N =m + n are independent Brownian motions. Since all relevant functions are bounded and

continuous, to prove the convergence of IE{ZZ’?Z} — ]E{Z(’)"fg}, we only need to prove the annealed weak conver-
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gence of
N N 1 ¢ B{
W, = § B/ E . :
e = Ol]B[+ ﬂ]m‘/(; V<?>ds
j=1 j=1

N ] N t )
:Zang+V1@Zﬂj/() /Rda(y—Bg)W(dy)ds (4.23)
j=1 j=1

foraj, Bj € R, where we have used the stationarity of V (x) and Remark 4.3.
Now we write W, = I} + I, 4+ I3 with

N .
—S a8/, (4.24)
N j
1 B
j=1

N t J J
e o) e
j=1

I3 — 0 in probability by Lemma 4.6, and for I; + I, we calculate

EEg{exp(i01 > +i6212) }

_EB[exp(lelzotj )exp(——Vl 07 Zﬁ,ﬂ] a// ( )dsdu)} 4.27)

i,j=1

and by the same proof as in Proposition 4.7, we have

L[ (" e (Bi=Bi 4 crt cq
— | ———— )dsdu — i - 7 ds du (4.28)
0 Jo 3 0 Jo [Tz |BL(s) — B} (u)|%

almost surely. Therefore, we see that

N ) N t )
11+12:>Za./B,]+V1\/aZﬂj//d(S(y—Bf)W(dy)ds (4.29)

- ; 0 JR

j=l1 j=1

in distribution in light of Remark 4.2, so (4.23) is proved.

Note that |Z,|, | Zo| are uniformly bounded, if we let Z, = Z, | +1Z; 2, Zo = Zo,1 + 12y, 2, the corresponding real
and imaginary parts are uniformly bounded as well. From the fact that E{Z" Z’ } — E{Z} Zo} we know Vm,n € N,
]E{Zm Z” »} = E{Z§, 01 0’2} So

WK
?\T‘l»—t

E{exp(i61Ze,1 +162Zc2)} = {(191 Zet +i62Z02)" )

=~
Il
(=]

{(19120 1 +1602Z02)"} = Efexp(i6) Zo,1 +i62Z0,2)}. (4.30)

A
WK
»|>—

~
Il
=}

which completes the proof. ([
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Appendix: Technical lemmas

Proposition A.1. Consider the equation 0;u = LAy + iV (x)u with initial condition u(0, x) = f(x) € Cp (RYY. Let us
define u(t, x) =Ep{f(x 4+ B;) exp(i fé V(x + Bs)ds)}. If V has locally bounded sample path almost surely, we have
forany ¢ € C° (RY),

t
/ u(t, )p(x) dx = / FO0() dx + / / (s, )~ Ap(r) dx ds
R4 Rd 0 JRrd 2

t
+i// u(s, x)Vx)p(x)dxds, (A.1)
0 JRd

i.e., the Feynman—Kac solution u(t, x) is a weak solution almost surely.

Proof. Fixing any §, M > 0, define

Vst () = /R i =V Ly dy, (A2)

where ¢;5 is a family of compactly supported mollifier. Fixing the realization, since V (y)1|yj<um is bounded, Vs j is
bounded, and we have Vs p7(x) — V(x)1xj<p almost everywhere as § — 0. In addition, V5 s is smooth, so for the
equation d;us y = %Aua, m +1Vs pmus, y with initial condition us 4 (0, x) = f(x), we have its classical solution given
by the Feynman—Kac formula

t
usm(t,x)=Ep {f(x + By) exp<i/ Vs, m (x + By) dS>}, (A.3)
0

and if we first let 6 — 0, then M — oo, us p (¢, x) — u(t, x) by the dominated convergence theorem. Since us p is
also a weak solution, we have

! 1
/ ua,M(t,X)go(x)dX=/ f(X)w(X)der/ / uspm(s, x)z Ap(x)dxds
Rd R o Jrd 2

t
+if /d us,m(s,x) Vs m(x)p(x)dxds. (A4)
0 JR
Let § - 0, M — oo, we complete the proof. O

Proposition A.2. If M, is a continuous martingale and W; is a standard Brownian motion, then
dik (M, Wh) = (1VOE{[(M)1 — 1]}, (A.5)
with the distance dy i defined as

di (X, Y) =sup{[E{f(X) — F(D)}|: feChM),|

o =07y <K} (A.6)

Proof. Since M, is continuous, the quadratic variation process (M), is continuous as well. We define
t=sup{tr €[0,1]: (M), <1}, (A7)
and it is clear that 7 is a stopping time. We construct M, on [0, 2] as
M, t €0, ],
M = %Z + b ; 2 ﬁ éL— (M)-]1, (A8)
My +bi—my, 1€2—(M),2],

where b is an independent Brownian motion.
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Clearly M, is a continuous martingale and (M)z =1, s0 1\7[2 ~ N (0, 1). Therefore, dy x (M1, W1) = d1.x (M, 1\712)
and we have

dix(My, Ma) < dy (M1, M) + dy (M, Mp). (A9)
For the first term, if || /" |lco <k,
k
[E{f (M)} —E{f (M)} —E{(M| — My) f'(Mp)}| < 5E{<M1 — M)?}. (A.10)
Note LHS = [E{f (M)} — E{ f (M;)}| because E{E{(M| — M) f'(My)|F;}} = 0, and E{(M| — M;)*} = E{{M); —

(M)} <E{|{M); — 1]} _
For the second term, we have My = M. + bi_(u), . So similarly

- k
[E{f 1)} = E{f (M)} = E{bi-on, f' (M)} = SE{I_ . | (A1)
LHS = |E{f(M2)} — E{ f(M;)}| since b is independent from M, and
k k
RHS = JE{1 — (M)} < 5IE{|1 — (M)1]}.
To summarize, we have dj (M1, W) < kE{|1 — (M)]}. 0

Lemma A.3.

e Plx=yl o—plyl < —plx] 1
— = dy<e k(1 . A12
/Rd =yl [y Y < +|x|d—2) (A12)

Proof. See [8] Lemma A.1. O

The result in Lemma A.4 is of convolution type. We prove it by the domain decomposition method. Here are some
notations appearing in the proof. If we denote B(z,r) ={y: |y —z| <r},thenVx € RY letp = |x| >0, A ={z: |z] <
|z — x|}, Ay = {z: |z| > |z — x|}, and define (I) = B(0, p) N Ay, (II) = B(x, p) N Ay, (III) =R4\ ((I) U (II)).

(), (II), (III) appears in the proof of Lemma A.4, and we will estimate the integral in each of them respectively.
¥ is assumed to be some positive function such that ¥ (x) < 1 A |x|™* for any @ > 0.

Lemma A 4.

1 =Pyl g=plzl y—z e—cVAlx] 1
S (x-S )dydg SAYE eV g A 1A — A.13
o b (x Ny ) e T A1
for some ¢ > 0 and sufficiently large B > 0.
Proof. By Lemma A.3, we have
lf e Pyl e—rll ( y—z)
- — — — _y(x— 22— )dydz <)+ (i), (A.14)
A Jr2g |yl 7147t Vi
where
1
(i):xd/H/ e—Pﬁy'<1A7) dy, (A.15)
Rd lx — y|*
(ii):/ e—rilyl L <l/\ ! )dy. (A.16)
R |y|4=2 x — yl

We have used ¥ (x) S 1A # for o sufficiently large. (i), (ii) will be estimated separately but in the same way.
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First of all, we clearly have that (i) < A%/>~! and (ii) < 1. Now we assume |x| >> 1 and divide R? into three parts,
(D, (D), ).

For (i), we have that when |y — x| < 1, f‘y_x‘fl e= PV dy < e=PVANI I region (1), we have |y — x| > %, SO

1 1
/e—p«/ﬂy\ —dy < ——.
1 Ix =yl x|

%, )

/ Layore VL gy < eVl
i lx —y|*

In region (II), |y| >

In region (III), |x — y| = |y|/2, so

/ VAN _dy < / 1|y\>|x‘—dye pVIX| < gl
i |X—)’| Iyl¥

Therefore, in summary, we have

1 1
/ =PV (] A dy<1A e—oVAl L (A.17)
R4 |x — y|oc |x|ﬁ

for c = p/2 > 0 and B sufficiently large.
For (ii), when |y — x| <1,

/ eV _ L o v ]
ly—x|<1 ly|d=2 e Jx]d=2"

In region (), by a similar discussion, we have

/ —p/alyl 22dy ! < 12
) [yl [xc]@ ™ x|

In region (IT), e "‘[M > <e —p/Alx|/2 Il‘z’ o)
1 1 1
e PVAlYI 1 dy < e—PVHxl/2 _

/(m P2 ey PR [x]d=2
In region (/IT), we have

/ e 11 oo ]

i [y1972 x — y| Jx|9=2
The proof is complete. O

Lemma A.5. For

1 e— Pyl e—rlzl y
F (x):—/ ——R< ——)d dz,
=5 fena Tz K )7

and |R(x)| <1 A |x|7# with B € (2, d), we have the following estimates for some ¢ > 0:

Fop(x) S APl 1

Alx|?

1 s 1 VR © .
+1A (—2 emVARl L~ / e*"rdr+)ﬁ/2*‘/ e~rplh dr), (A.18)
|x|# Alx|B Vx|

Vx| J J 7 J
/ e “r _ldr1|x\21/2+)u /2_1e_c MX‘|X| _ﬁ1|x|z]
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and we have

B/2—-2
Frp(x)+ F2,(x) A B <4,
——dx S loglAl  B=4,
Rd |x|d=2
1 B> 4.

Proof. The proof is similar to that of Lemma A.4 and 3.6. The details are not presented here.

Lemma A.6. Let x; € R4 i=1,...,4, then under Assumption 2.4

|E{V(xDVx2)V(x3)V (x4)} — R(x; — x2)R(x3 — x4)|
< ¥ (Ix1 — x3))¥ (Jx2 — xal) + & (|x1 — xal) ¥ (Ix2 — x31),

where W (r) <1 Ar~P forany g > 0.
Proof. The proof could be found in Lemma 2.3. [18], where [E{ VO(x)} < oo is used.
Lemma A.7. When o € (0, 1), [p2 ge(x)gs (y)m dxdy — ﬁ as & — 0 for z #0.

Proof. By change of variables, we write

1
/ ‘h(x)qg()’)iadXdy—/ ge(w +y — 2)qe(y) adydw
R2 |z +x —y] |w|
1
= (/ +/ )qa(w+y—1)qe(y) m
lwi<lzl/2  Jwl>lz1/2 lwl
= (1) + (i),
and since

1
(ii) = f q(w+y)q(y) ————dydw,
[VEwtz]>|zl/2 IVew + z|*

by the dominated convergence theorem, we have (ii) — # as ¢ — 0. For (i), we write

(i)=</ +/ )qe(ery—z)qg(y) —= dydw.
lwi<lzl/2, 11> 1zl/4  Jlwl<Izl/2.yl<Izl/4 lw]

283

(A.19)

(A.20)

(A21)

(A.22)

(A.23)

For the first term, use g.(|z|/4) to bound g, (y), then integrate in y, w; for the second term, use ¢.(|z|/4) to bound

q:(w + y — z), then integrate in y, w. Since ¢.(|z|/4) — 0 as ¢ — 0, we have (i) — 0. The proof is complete.

]

Lemma A.8. Assume o € (0, 1), then fR2 Ge, (X1 + Y1) qe, (X2 + y2)[y1 — y2| “dy1dy2 < Clx1 — x2|7% for some

uniform constant C.
Proof. See Lemma A.2in [19].

Lemma A.9. Whend >3 and o € (0, 2),

1m—// B—B|<8)dsdu—
e—0 &%

(A.24)
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Proof. By explicit calculation, we have

1 t t
3_0‘/ f ]P’(|BX—BM|<8)deM
0 Jo
1 d > !
S o —
(m)d/2g2 [, Ix|<e J1x|2/(2s) x|
1 00 0 d/2—2_ —i 1
o L /272672 45 4xd
(n)d/Zga/o /ﬂ;d/o rl<e Tt <2hs S <t ja=2
1 o d/2-2 -1 L2
ZW A di A € )\,Sl)t<£2/(2s)+§8 1)\.>£2/(2S) 1S<t ds
1 o0

dj2—2 .- a2 2t et . ..
= W ) dAA € 7 182/(2)»)>t + 7 162/(2)\.)<t — 8_)\ 182/(2)»)<t = (1) + (11) + (111). (A25)

We check that (i) ~ 2=, and (ii) ~ 27, (iii) ~ £*~% 4 97 50 the proof is complete. O
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