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Abstract. We study a BGK-like approximation to hyperbolic conservation laws forced by a multiplicative noise. First, we make
use of the stochastic characteristics method and establish the existence of a solution for any fixed parameter ¢. In the next step, we
investigate the limit as ¢ tends to 0 and show the convergence to the kinetic solution of the limit problem.

Résumé. Dans ce papier, nous étudions une approximation de type BGK pour des lois de conservations hyperboliques soumises a
un bruit multiplicatif. Dans un premier temps, nous utilisons la méthode des caractéristiques dans le cadre stochastique et établis-
sons I’existence d’une solution pour tout parametre ¢ fixé. Nous nous intéressons ensuite a la limite quand ¢ tend vers 0 et prouvons
la convergence vers la solution cinétique du probleme limite.
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1. Introduction

In the present paper, we consider a scalar conservation law with stochastic forcing

du +div(A))dt = @)dW, te(0,T),xeT",

(1.1)
u(0) =ug

and study its approximation in the sense of Bhatnagar—Gross—Krook (a BGK-like approximation for short). In partic-
ular, we aim to describe the conservation law (1.1) as the hydrodynamic limit of the stochastic BGK model, as the
microscopic scale ¢ goes to 0.

The literature devoted to the deterministic counterpart, i.e., corresponding to the situation @ = 0, is quite extensive
(see [1,12,16-21]). In that case, the BGK model is given as follows

_ £
X = F7 L 0xeTV.£eR, (1.2)
&

(3 +a)-V)f=
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where y,:, the so-called equilibrium function, is defined by

Xut (S) = 10<§<u‘3 - 1u~‘3<§<0,

and a is the derivative of A. The differential operator V is with respect to the space variable x. The additional real-
valued variable £ is called velocity; the solution f*¢ is then a microscopic density of particles at (¢, x) with velocity &.
The local density of particles is defined by

u®(t, x) =/ fi@, x,8)dE.
R

The collisions of particles are given by the nonlinear kernel on the right-hand side of (1.2). The idea is that, as ¢ — 0,
the solutions f® of (1.2) converge to y, where u is the unique kinetic or entropy solution of the deterministic scalar
conservation law.

The addition of the stochastic term to the basic governing equation is rather natural for both practical and theoretical
applications. Such a term can be used for instance to account for numerical and empirical uncertainties and therefore
stochastic conservation laws has been recently of growing interest, see [2,3,6,8,11,13,23-25]. The first complete well-
posedness result for multi-dimensional scalar conservation laws driven by a general multiplicative noise was obtained
by Debussche and Vovelle [6] for the case of kinetic solutions. In the present paper, we extend this result and show
that the kinetic solution is the macroscopic limit of stochastic BGK approximations. As the latter are much simpler
equations that can be solved explicitly, this analysis can be used for developing innovative numerical schemes for
hyperbolic conservation laws.

The BGK model in the stochastic case reads

1u€>$ — F*¢
&

dF® +a(§)- VF®dr = m—ﬂﬂﬁ@dW—%%UﬂGﬁﬂﬁ»m’

(1.3)
F&(0) = F{,

where the function F® corresponds to f® 4 19, the local density «° is given as above, and the function G? will be
defined in (2.1). Note, that setting @ = 0 in (1.3) yields an equation which is equivalent to the deterministic BGK
model (1.2). Our purpose here is twofold. First, we make use of the stochastic characteristics method as developed by
Kunita in [15] to study a certain auxiliary problem. With this in hand, we fix ¢ and prove the existence of a unique
weak solution to the stochastic BGK model (1.3). Second, we establish a series of estimates uniform in & which
together with the results of Debussche and Vovelle [6] justify the limit argument, as ¢ — 0, and give the convergence
of the weak solutions of (1.3) to the kinetic solution of (1.1).

Let us make some comments on the deterministic BGK model (1.2). Even though the general concept of the proof
is analogous, we point out that the techniques required by the stochastic case are significantly different. In particular,
the characteristic system for the deterministic BGK model consists of independent equations

dx; (1) ©. i=1 N
=a;(§), i=1,...,N,
dr

and the &-coordinate of the characteristic curve is constant. Accordingly, it is much easier to control the behavior
of f¢ for large &. Namely, if the initial data f; are compactly supported (in &), the same remains valid also for the
solution itself and also the convergence proof simplifies. On the contrary, in the stochastic case, the £-coordinate of
the characteristic curve is governed by an SDE and therefore this property is, in general, lost. Similar issues has to be
dealt with in order to obtain all the necessary uniform estimates. To overcome this difficulty, it was needed to develop a
suitable method to control the decay at infinity in connection with the remaining variables w, ¢, x (cf. Proposition 5.3).

There is another difficulty coming from the complex structure of the characteristic system for the stochastic BGK
model (1.3). Namely, the finite speed of propagation that is an easy consequence of boundedness of the solution
u of the conservation law in the deterministic case (see for instance [20]) is no longer valid and therefore some
growth assumptions on the transport coefficient a are in place. The hypothesis of bounded derivatives is natural for
the stochastic characteristics method as it implies the existence of global stochastic flows. Even though this already



1502 M. Hofmanovd

includes one important example of Burgers’ equation it is of essential interest to handle also more general coefficients
having polynomial growth. This was achieved by a suitable cut-off procedure which also guarantees all the necessary
estimates.

The exposition is organized as follows. In Section 2, we introduce the basic setting and state the main result,
Theorem 2.1. In order to make the paper more self-contained, Section 3 provides a brief overview of two concepts
which are the keystones of our proof of existence and convergence of the BGK model. On the one hand, it is the
notion of kinetic solution to stochastic hyperbolic conservation laws, on the other hand, the method of stochastic
characteristics for first-order linear SPDEs. Section 4 is mainly devoted to the existence proof for stochastic BGK
model, however, in the Section 4.2 we establish some important estimates useful in Section 5. This final section
contains technical details of the passage to the limit and completes the proof of Theorem 2.1.

2. Setting and the main result

We now give the precise assumptions on each of the terms appearing in the above equations (1.1) and (1.3). We
work on a finite-time interval [0, T], T > 0, and consider periodic boundary conditions: x € TV where TV is the
N-dimensional torus. The flux function

A=(Ay,...,An):R— RN

is supposed to be of class C*", for some n > 0, with a polynomial growth of its first derivative, denoted by a =
(ai,...,apn).

Regarding the stochastic term, let (2, ¥, (¥;):>0, IP) be a stochastic basis with a complete, right-continuous fil-
tration. The initial datum may be random in general, i.e., Fo-measurable, and we assume ug € L?(§2; L? (TN)) for
all p € [1,00). As we intend to apply the stochastic characteristics method developed by Kunita [15], we restrict
ourselves to finite-dimensional noise. Our method extends to infinite-dimensional setting, however, substantial gener-
alization of the results concerning stochastic flows have to be established. Let 4l be a finite-dimensional Hilbert space
and (ek)i=1 its orthonormal basis. The process W is a d-dimensional (¥;)-Wiener process: W (¢) = Zzzl Bi(t)ex
with (ﬂk)zz | being mutually independent real-valued standard Wiener processes relative to (¥7):>0. The diffusion
coefficient @ is then defined as

®(z): 4 —> L*(TV)
d

h— Y g 2O))lex by, ze L2(TV),
k=1

where the functions g1, ..., g4 TN x R — R are of class C*", for some n > 0, with linear growth and bounded
derivatives of all orders. Under these assumptions, the following estimate holds true

d
G, 6) =Y |s. &)  <c(1+17). xeTV geR. @.1)
k=1

However, in order to get all the necessary estimates (cf. Corollary 4.11, Remark 4.12), we restrict ourselves to two
special cases: either

g(x,00=0, xeTV k=1,...,d, (2.2)
hence (2.1) rewrites as

G*(x,§) <CIl’, xeTV §€eR,
or we strengthen (2.1) in the following way

G*(x,6)<C, xeTVN geR. (2.3)
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Note, that the latter is satisfied for instance in the case of additive noise.

In this setting, we can assume without loss of generality that the o-algebra ¥ is countably generated and (7 );>¢ is
the completed filtration generated by the Wiener process and the initial condition. Let us denote by P the predictable
o-algebra on £2 x [0, T'] associated to (#;);>0 and by P; the predictable o -algebra on 2 x [s, T] associated to
(#7)s>s- For notational simplicity, we write L%i (2 x[s,T] x TV x R) to denote!

L¥(2 x[s, T x TV xR, P, ® B(T") @ BR), dP ® dt ® dx ® d&).

Concerning the initial data for the BGK model (1.3), one possibility is to consider simply F§ = 1,,-¢, however,
one can also take some suitable approximations of 1,,~¢. Namely, let {ug; & € (0, 1)} be a set of approximate Fp-
measurable initial data, which is bounded in L? (£2; L?(TV)) for all p € [1, 00), and assume in addition that ug — uo
in L' (£2; L1(T™)). Thus, setting F§ = Lis~¢, f§ = Xug yields the convergence f5 — fo = xu, in LY(£2 x TN x R).

Let us close this section by stating the main result to be proved precisely.

Theorem 2.1 (Hydrodynamic limit of the stochastic BGK model). Let the above assumptions hold true. Then,
for any ¢ > 0, there exists F¢ € L%o (2 x [0, T] x TN x R) which is a unique weak solution to the stochastic BGK
model (1.3) with initial condition F(f = 1”8>5‘ Furthermore, if f* = F® — 1p-¢ then (f°®) converges in L¥(£2 x
[0, 7] x TV x R), for all p € [1,00), to the equilibrium function x,, where u is the unique kinetic solution to the

stochastic hyperbolic conservation law (1.1). Besides, the local densities (u®) converge to the kinetic solution u in
LP (2 x[0,T] x TN), forall p € [1, c0).

Throughout the paper, we use the letter C to denote a generic positive constant, which can depend on different
quantities but & and may change from one line to another. We also employ a shortened notation for various L?-type
norms, €.g., we write || - ||, » . for the norm in L?(£2 x TV x R) and similarly for other spaces.

,X,

3. Preliminary results

As we are going to apply the well-posedness theory for kinetic solutions of hyperbolic scalar conservation laws (1.1)
as well as the theory of stochastic flows generated by stochastic differential equations, we provide a brief overview of
these two concepts.

3.1. Kinetic formulation for scalar conservation laws

The main reference for this subsection is the paper of Debussche and Vovelle [6]. For further reading about the kinetic
approach used in different settings, we refer the reader to [4,10,16,17], or [21]. In the paper [6], the notion of kinetic
and generalized kinetic solution to (1.1) was introduced and the existence, uniqueness and continuous dependence on
initial data were proved. In the following, we present the main ideas and results while skipping all the technicalities.
Let u be a smooth solution to (1.1). It follows from the Ité formula that u also satisfies the kinetic formulation of

(1.1)
B,F—f-a(é).VF:8u:g¢(u)W+8g<m— %G23u2§>, (3.1

where F =1,-¢ and m is an unknown kinetic measure, i.e., a random nonnegative bounded Borel measure on [0, T'] x
TV x R that vanishes for large & in the following sense: if B = {& € R; || > R} then

lim Em(T" x [0, T] x B}) =0.
R—o0

Hence we arrive at the notion of kinetic solution: let u € L? (2 x [0, T], P, dP® dr; LP(TN)), Vp e[l,00). Itis said
to be a kinetic solution to (1.1) provided F = 1,¢ is a solution, in the sense of distributions over [0, T] x TV x R,

IB(TN) and B(R), respectively, denotes the Borel o -algebra on TV and R, respectively.
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to the kinetic formulation (3.1) for some kinetic measure m. Replacing the indicator function by a general kinetic
function F we obtain the definition of a generalized kinetic solution. It corresponds to the situation where one does not
know the exact value of u (¢, x) but only its law given by a probability measure v; .. More precisely, let F(¢),t € [0, T],
be a kinetic function on £2 x TV x R and v x(§) = —0: F(t,x,&). Then F is a generalized kinetic solution to (1.1)
provided: F(0) = 1,,~¢ and for any test function ¢ € C°([0, T') x TV x R),

T

T
/O(F(t),3z<p(t))dt+(F(0),<P(0))+/0 (F(n),a(&)-Ve)dr

Y
=—Z/ / /gk(x,é')fp(t,x,E)dvz,x(é)dxdﬂk(t)
o /o JTv R

1 T
-3 f / / G2(x, )3 0(t, %, &) dvy x (€) dx df + m(35) (32)
0 ™V JR

holds true P-a.s. The assumptions considered in [6] are the following: the flux function A is of class C' with a poly-
nomial growth of its derivative; the process W is a (generally infinite-dimensional) cylindrical Wiener process, i.e.,
W) = Zkzl B (t)er with (Br)k>1 being mutually independent real-valued standard Wiener processes and (ex)i>1

a complete orthonormal system in a separable Hilbert space il; the mapping ® (z) : 4t — L?(T") is defined for each
z€ L>(TN) by @ (2)ex = gk (-, z(-)) where gx € C(TV x R) and the following conditions

3 et &) <c(1+1£P),

k>1

> ek &) — g, O = Cl1x = yI2 + 15 — ¢ 1h(lg — ¢1)).

k>1

are fulfilled for every x,y € TN, &, ¢ € R, with & being a continuous nondecreasing function on R satisfying, for
some o > 0,

h(8) <Cs8*, d§<I1.

Under these hypotheses, the well-posedness result [6], Theorem 11, Theorem 19, states: For any ug € L?(£2 x TV)
for all p € [1, 0o) there exists a unique kinetic solution to (1.1). Besides, any generalized kinetic solution F is actually
a kinetic solution, i.e., there exists a process u such that ' =1, ¢. Moreover, if 11, u; are kinetic solutions with initial
data u1 0 and u2 o, respectively, then for all ¢ € [0, T']

E|ui(t) — ua(t) ||L; <Ellui,0—u20llz:-
3.2. Stochastic flows and stochastic characteristics method

The results mentioned in this subsection are due to Kunita and can be found in [14] and [15]. To begin with, we
introduce some notation. We denote by Cé’a(Rd) the space of all /-times continuously differentiable functions with
bounded derivatives up to order / (the function itself is only required to be of linear growth) and §-Holder continuous
Ith derivatives.

Let B, = (B/,..., B™) be an m-dimensional Wiener process and let b* : R? — R?, k =0, ..., m. We study the
following system of Stratonovich’s stochastic differential equations

dgy =b(¢)dr + Y b*(¢r) o dBf. (3.3)
k=1

Under the hypothesis that b', ..., b" € Cllfl’s(Rd) and b0 € C}l)’a(Rd) for some / > 1 and § > 0, and for any given
y e R?, s € [0, T], the problem (3.3) possesses a unique solution starting from y at time s. Let us denote this solution
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by és.,(y). It enjoys several important properties. Namely, it is a continuous C’-¢-semimartingale for any & < & and
defines a forward Brownian stochastic flow of C l-diffeomorphisms, i.e., there exists a null set N of £2 such that for
any w € N¢, the family of continuous maps {¢ ;(w); 0 <s <t < T} satisfies

(1) ¢s1(@) = 1(@) o psr(w) forall0<s<r<r<T,
(i) ¢ss(w)=Idforal0<s<T,
(iii) @y s (w) :R? — R? is [-times differentiable with respect to y, for all 0 <s <t < T, and the derivatives are
continuous in (s, t, y),
@iv) @5 (w) ‘R 5> RYisa Cl—diffeomorphism forall0<s<tr<T,
(V) .41, =0,...,n—1, are independent random variables forany 0 <79 <--- <, <T.

Therefore, for each 0 <s <t < T, the mapping ¢; ; (@) has the inverse p; ;(w) = ¢S,f(a))_1 which satisfies

i) psi(w): RY — R is [-times differentiable with respect to y, for all 0 <s <t < T, and the derivatives are
continuous in (s, , y),
(vii) pgr(@) = psr(@) o prs(w) foral0 <s <r <t <T,

and consequently py ; is a stochastic flow of C’-diffeomorphisms for the backward direction. Indeed, the following
holds true: For any 0 < s <t < T, the process ps(y) satisfies the backward Stratonovich stochastic differential
equation with the terminal condition y

t m t
psa(y) =y — / b (pri (1)) dr =) / b (prs () o dB,
N k=1 s

where the last term is a backward Stratonovich integral defined by Kunita [15] using the time-reversing method. To be
more precise, the Brownian motion B is regarded as a backward martingale with respect to its natural two parametric
filtration

0(By, —B;s<ri,rmn<t), 0<s<t<T,

the integral is then defined similarly to the forward case and both stochastic flows ¢ ; as well as ps; are adapted to
this filtration. Furthermore, we have a growth control for both forward and backward stochastic flow. Fix arbitrary
8 € (0, 1), then the following convergences hold uniformly in s, 7, P-a.s.,

5.0 _ lim lps. I _
yloo (14 yDIHe 7 ylsco (14 [ypI+e 7
(1+yD° . A+yp?

im —— =0, lim ——— =0.
[yl=o00 1+ |5 (¥)] Iyl—o0 14 |05, (¥)]

In the remainder of this subsection we will discuss the stochastic characteristics method where the theory of
stochastic flows plays an important role. We restrict our attention to a first-order linear stochastic partial differen-
tial equation of the form

m
dv=0"(y)- Vyvdi + Y b (y)- Vyvo dBf,

k=1
(3.4)
v(0) = v,
with coefficients b¥ :RY — R? k=0, ..., m. The associated stochastic characteristic system is defined by a system
of Stratonovich stochastic differential equations
m
dgp = () dr + > b* () o dBY. (3.5)

k=1
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A solution of (3.5) starting at y is the so-called stochastic characteristic curve of (3.4) and will be denoted by ¢, ().
Assume that b', ..., 6™ € CyT(RY) and b° € C}°(RY) for some [ >3 and § > 0. If the initial function vy lies in
Cl4(R?), then the problem (3.4) has a unique strong solution which is a continuous cle -semimartingale for some
& > 0 and is represented by

u(t,y) =vo(¢, ' (), te€l0, T, (3.6)

where the inverse mapping ¢, Uis well defined according to the previous paragraph. It satisfies (3.4) in the following
sense

t m t
v(t,y>=vo(y>+b°(y>-/0 Vyv(r,y>dr+Zbk<y)-/o Vyu(r, y) o dBY.
k=1

Moreover, if the initial condition v is rapidly decreasing then so does the solution itself and

p
E sup </ \v(t,y)|(1+|y|)ndy) <00, VmneNy,pell,o0).
1€[0,7] \JR4

The choice of the Stratonovich integral is more natural here and is given by application of the [t6—Wentzell-type
formula in the proof of the explicit representation of the solution (3.6). Indeed, in this case it is close to the classical
differential rule formula for composite functions (cf. [14], Theorem 1.8.1, Theorem 1.8.3).

4. Solution to the stochastic BGK model

This section is devoted to the existence proof for the stochastic BGK model (1.3). Let us start with the definition of
its solution.

Definition 4.1. Let ¢ > 0. Then F® € LY (2 x [0, T] x TN x R) satisfying F* —1o-¢ € L' (2 x [0, T] x TV x R) is
called a weak solution to the stochastic BGK model (1.3) with initial condition F§ provided the following holds true
forae.t€[0,T], P-a.s.,

t
<F€(t),g0)=(F§,<p>+/0 (F?(s),a-Ve)ds

&

1t d ¢
+1 /0 (Leroe — FE0), 9} + 3 /0 (F#(5), 9 (g10)) 4B (5)
k=1

1 t
+ 5/0 (F(s), 3 (G* 9z ¢)) ds.

Remark 4.2. In particular, for any ¢ € C° (TN x R), there exists a representative of (FE(t), ) € L%®(£2 x [0, T])
which is a continuous stochastic process.

In order to solve the stochastic BGK model (1.3), we intend to employ the stochastic characterics method intro-
duced in the previous section. Hence we need to reformulate the problem in Stratonovich form. It will be seen from the
following lemma (see Corollary 4.4) that on the level of above defined weak solutions the problem (1.3) is equivalent
to

lyesg — F® 1
dFf +a(§) - VFodt =25 """ dr— 0 F*d o dW + ZangasGde,
&

FE(0) = F{.
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Lemma 4.3. If X be a CY (TN x R)-valued continuous (F;)-semimartingale whose martingale part is given by
— [y 3 X P AW, then

t 1 t t 1 t
—/ 8§chdW+§/ Bg(GzagX)dl:—/ 8§X¢odW+Z/ 3 X 9 G dt. 4.1
0 0 0 0

Moreover, the same is valid in the sense of distributions as well: let X be a D’ (TN x R)-valued continuous
(F1)-semimartingale whose martingale part is given by —fot 0 XD dW, ie., (X(1),9) is a continuous (F;)-
semimartingale with martingale part —fé(agXQ),(p)dW for any ¢ € CSO(TN X R). Then (4.1) holds true in
D' (TN x R).

Proof. We will only prove the second part of the statement as the first one is straightforward and follows similar
arguments. Let us recall the relation between Ité and Stratonovich integrals (see [14] or [15]). Let Y be a continu-

ous local semimartingale and W be a continuous semimartingale. Then the Stratonovich integral is well defined and
satisfies

t t
1
/ lPodY:/ wdy + (v, 7)),
0 0 2 !

where ({-,)); denotes the cross-variation process. Therefore, we need to calculate the cross variation of —ds X gk
and the Wiener process i, k = 1,...,d. Towards this end, we take a test function ¢ € C> (TN x R) and
derive the martingale part of (9 Xgk, @) (in the following, we emphasize only the corresponding martingale
parts).

(X,<P>=~--—/0 (g X gk, ) P (s),

t
(X, gk<p>=--~—f0 (0 X gk, gro) dBr(s),

t

(e X, gk<p>=~~+f0 (0 X g e (gk)) dBi (s),
where
(0 X gr. 9 (gr9)) = — (0 (9 X g1). gk )
= —(07 X g}, ) — %(ikmsgi, )
= —(9: (879 X), o) + %(%X?)sg/i ¢).

Consequently

t 1 t
(((—9s Xgx 0). Bi)), =/0 (3 (870 X), ¢)ds — 5/0 (0 X 0e g7, ) ds
and the claim follows by summing up over k. O
Corollary 4.4. Let & > 0. If F* € LS(2 x [0, T] x TN x R) is such that F* —1p-¢ € L'(£2 x [0, T] x TV x R)

then it is a weak solution to (1.3) if and only if, for any ¢ € CSO(TN X R), there exists a representative of
(Fe(t), 0 (gkp)) € L°°(82 x [0, T1) which is a continuous (¥;)-semimartingale and the following holds true for
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ae. t €[0,T], P-a.s.,

t
(FE@), 9)=(F§. ¢) +/0 (F®(s),a-Vo)ds
1t d .t
¥ /0 (Lieyoe — FE ), 90}t + 3 /0 (F#(5), 0 (g1)) o dBe(s)
k=1

1 t
_Z/o (F?(s), 8 (¢ds G*))ds.

As the first step in order to show the existence of a solution to the stochastic BGK model, we shall study the
following auxiliary problem:

1
dX +a(&) - VXdt = —9: XD o dW + 23§X35G2 dr,

4.2)
X (s) = Xo-

It will be shown in Corollary 4.10 that this problem possesses a unique weak solution provided Xo € L®(£2 x TV x
R). Let

§={8@t,);0<s<1<T}

be its solution operator, i.e., for any 0 <s <t < T we define S(z, s) X to be the solution to (4.2). Then we have the
following existence result for the stochastic BGK model.

Theorem 4.5. For any € > 0, there exists a unique weak solution of the stochastic BGK model (1.3) and is represented
by

1 t
Fé(r) =e /St 0) F§ + " / e U881, 5) 1,6 (5)» ¢ ds. (4.3)
0

The proof of Theorem 4.5 will be divided into several steps. First, we have to concentrate on the problem (4.2).
4.1. Application of the stochastic characteristics method

In this subsection, we prove the existence of a unique solution to (4.2) and study the behavior of the solution operator
S. The equation (4.2) is a first-order linear stochastic partial differential equation of the form (3.4), however, the
coefficient a, as well as ¢ G? in the case of (2.2), is not supposed to have bounded derivatives. For this purpose we
introduce the following truncated problem: let (kg) be a smooth truncation on R, i.e., let kg(§) = k(R_lé ), where k
is a smooth function with compact support satisfying 0 < k£ < 1 and

. 1
1, iflg <4,

k@)z{o, if €] > 1,

and define g,f(x, £)=gr(x,E)kg(€),k=1,...,d,and a® (&) = a(&)kg(§). Coefficients @& and G2, respectively,
can be defined similarly as ® and G2, respectively, using g,f instead of g;. Then

1
dX +aR(§) - VX dt = —3: XD 0 dW + -0 X3 G2 dr,
4
4.4)
X(S) = XO

2For notational simplicity we write GX -2 as an abbreviation for (G®)2 and similarly g]f’z instead of (glf)z.
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can be solved by the method of stochastic characteristics. Indeed, the stochastic characteristic system associated with
(4.4) is defined by the following system of Stratonovich’s stochastic differential equations

d
1
dg) = —-0:G® (@) dt + ) g (1) o dBi(0),

4 k=1
. 4.5)
dpl =af(¢?)dt, i=1,...,N,
where the processes <plo and goﬁ ,i =1,..., N, respectively, describe the evolution of the &-coordinate and xi-

coordinate, i = 1, ..., N, respectively, of the characteristic curve.
Let us denote by %I?z (x, &) the solution of (4.5) starting from (x, &) at time s. Then <pR defines a stochastic flow of
C3-diffeomorphisms and we denote by ¥ X the corresponding inverse flow. It is the solution to the backward problem

d
l ~ A
dyf = 20:GR2 (Y dr =3 g () 0 dBi(o),

k=1

_ A (4.6)
Ayl = —af(yQ)dr, i=1,...,N.

Remark 4.6. Note, that unlike the deterministic BGK model (i.e., gx =0,k =1, ..., d), the stochastic case is not time
homogeneous: (pslft #* gaéet_s.

Proposition 4.7. Let R > 0.1f Xg € C 30(TN x R) almost surely,3 there exists a unique strong solution to (4.4) which
is a continuous C>? -semimartingale for some O > 0, i.e., it satisfies (4.4) in the following sense

t
X(r,x,s;s>=Xo(x,és)—a’*<s>-/ VX (r,x, & 5)dr

d t
- [ Xt g0 g

k=1
1 R,2 !
+ZagG “(x, ) 0e X (r,x,&;5)dr.
N
Moreover, it is represented by
X(1,x,8:9) = Xo (¥ (x, §)).

Proof. The above representation formula corresponds to (3.6). It can be shown in a straightforward manner using the
1t6—Wentzell formula (see [15], Theorem 6.1.9). O

It is obvious, that the domain of definition of the solution operator to (4.4), hereafter denoted by S R can be
extended to more general functions which do not necessarily fulfil the assumptions of Proposition 4.7. In this case, we
define consistently

SR(t.9)Xo = Xo(¥ (x.8), 0<s=<i1<T.

Since diffeomorphisms preserve sets of measure zero the above is well defined also if X¢ is only defined almost
everywhere. The resulting process cannot be a strong solution to (4.4), however, as it will be seen in Corollary 4.9 it
can still satisfy (4.4) in a weak sense. In the following proposition we establish basic properties of the operator S¥.

Proposition 4.8. Let R > 0. Let SR = {SR (t,5),0<s <t < T} be defined as above. Then

3 n > 0 is the Holder exponent from Section 2.
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(i) SR is a family of bounded linear operators on L' (2 x TN x R) having the operator norm bounded by 1, i.e., for
anyXoeLl(.Q x TN xR),0<s<t<T,

[$*@9Xol | =1%ol - (4.7)

(i) SR verifies the semigroup law
SR, 5) =81, r)oS (rs), 0<s<r=<i<T,

SR, s)=1d, 0<s<T.

Proof. Fix arbitrary 0 <s <t < T. The linearity of S R(t,s) follows easily from its definition. In order to prove (4.7),
we will proceed in several steps. First, we make an additional assumption upon the initial condition X, namely,

XoeL'(2 x TV x R) N L>®(2 x TV x R). (4.8)

Let us now consider a suitable smooth approximation of Xy. In particular, let (k5) be an approximation to the identity
on TV x R, and (k) a smooth truncation on R, i.e., define ks (§) = k(6%), where k was defined at the beginning of
this subsection. Then the regularization X¢, defined in the following way

X5 (@) = (Xo(w) * hs)ks,

is bounded, pathwise smooth and compactly supported and

X)— Xo inL'(2xTVxR);  |x} L =1%ol (4.9)
Furthermore, also all the partial derivatives 9 X g, oy X, 8, i=1,..., N, are bounded, pathwise smooth and compactly
supported.

Next, the process X° = SR (1, 5) X 8 is the unique strong solution to (4.4) or equivalently

1
dX +a® () - vXdt = -9 XPRdW + 5 (GR23: X) dt,

(4.10)
X(s) =X}

which follows by a similar approach as in Lemma 4.3. For any x € TV, £ € R, the above stochastic integral is a well
defined martingale with zero expected value. Indeed, foreachk =1, ...,d, we have?

T T
Ef |8gX‘sg,§(x,§)’2dr=CE/ Ve e X3 (R (x, ) - 9w R (v, &) dr

T
< CIE/ loev R (x, &) dr < 00
S

since g,f is bounded and the process 0 w_fr (x, &) solves a backward bilinear stochastic differential equation with
bounded coefficients (see [15], Theorem 4.6.5) and therefore possesses moments of any order which are bounded in
O0<s<r<T,xeTV, & € R. Nevertheless, we point out the same is not generally true without the assumption (4.8).
In this case, the stochastic integral can happen to be a local martingale only, which would significantly complicate the
subsequent steps.

We intend to integrate the equation (4.10) with respect to the variables w, x, & and expect the stochastic integral to
vanish. Towards this end, it is needed to verify the interchange of integrals with respect to x, £ and the stochastic one.

4By V& we denote the gradient with respect to the variables x, &.
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We make use of the stochastic Fubini theorem [5], Theorem 4.18. In order to verify its assumptions, the following
quantity

T 1/2
/ /(E/ |85X‘Sg,§(x,§)|2dr) dé dx
™ JR s
T 5 1/2
=/TN/R|g,§(x,s>|<E/Y Ve e Xo (s (6, 6)) - 091, (. 6)] dr) dé dx

should be finite. Recall that g,f, k=1,...,d, are bounded and the moments of 0 wfr (x, &) are finite and bounded
in s,7,x,&. Thus, since V, ¢ Xg is bounded and pathwise compactly supported it is sufficient to show that so does
VieX g(lﬂfr (x, £)). However, this fact follows immediately from the growth control on the stochastic flow WR. In-
deed, all the assertions of [15], Section 4.5, in particular Exercise 4.5.9 and 4.5.10, can be modified in order to obtain
corresponding results for the component %’? r’o only. Hence, for any n € (0, 1), we have uniformly in s, r, x, P-a.s.,

W5 e . A+gD"
im ——— =0, lim ———— =0.
lgl—>o0 (14 1&[)1+7 =00 14 [y R0(x, £))

Consequently, it yields: for any fixed L > 0, there exists [ > 0 such that if |£| > [ then it holds uniformly in s, r, x,
P-a.s.,

(1+1g)" = L1+ [95 0 6))])-

The support of Xg as well as V, ¢ Xg in the variable £ is included in [—%, %]. Therefore, if in addition (1 + [£])7 >

L(1+ %) then |1,bfr’0(x, &) > % for all s, r, x, P-a.s., and accordingly Vx,gXS(Wfr(X, &))=0foralls,r, x, P-as. As
a consequence, the stochastic Fubini theorem can be applied.
Therefore, integrating the equation (4.10) with respect to w, x, £ yields

E/ /X‘S(t,x,S)d’g‘dx—f—E/l/aR(g)-f VX% (r, x,&)dx dé dr
T JR s JR TN

t
=E/ /nggderlE/ / /8;(GR’2(x,§)8§X‘S(r,x,é))d&dxdr,
™ Jr 2 Js Jov Jr

where the second term on the left-hand side vanishes due to periodic boundary conditions and the second one on the
right-hand side due to the compact support of G®-% in &. Hence we obtain

E/ /SR(z,s)nggdxz]E/ /nggdx,
™ JR ™ JR

where the integrals on both sides are finite. Note, that if Xg is nonnegative (nonpositive) then also SX(z, s)XS stays
nonnegative (nonpositive). Therefore,

(SR, )X =Sk (X)) ", (SRa, X)) =Sk, 9)(x3),

and by splitting the initial data into positive and negative part we obtain that (4.7) is satisfied with equality in this case.
In addition to (4.9), also the convergence S®(z, s)Xg — SRz, )Xo holds true in L1(£2 x TV x R). Indeed,
let us fix 81,8 € (0, 1). Then (4.7) is also fulfilled by X' — Xg* hence the set {SR(1,5)XJ; 8 € (0, 1)} is Cauchy
in L'(22 x TV x R) and the limit is necessarily S®(z, s) X since diffeomorphisms preserve sets of zero measure.
Finally, application of the Fatou lemma gives (4.7) for Xg.
As the next step, we avoid the hypothesis (4.8). Let X € L1(£2 x TV x R) and consider the following approxima-
tions

X8=X01|x0|5n, neN.
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Then clearly

XS—)X() iIlLl(.QXTNXR)’ ||Xg||L1 .ESHXOHLILXE

and X{j € L(82 x TV x R) hence the estimate (4.7) is valid for all X{- As above, it is possible to show that
SR(t,5)X8 — SR(t,5) X0 in L'(2 x TV x R) and by the lower semicontinuity of the norm we obtain the claim.
Finally, item (ii) can be shown by the flow property of ¥ :

SR(t.r) o S¥(r. )Xo =Xo (WX (¥F (x.£))) = Xo (v (x. £)) = " (1. ) Xo. 0

Corollary 4.9. Let R > 0. For any F; ® B(TVN) ® B(R)-measurable initial datum Xo € L®(2 x TV x R) there
exists a unique X € L%), (82 x [s, T]1 x TN x R) that is a weak solution to (4.10), i.e., the following holds true for any

¢ € CX(TN xR),ae.tels,T], P-as.,

t
(X(0),¢) = (X0, 9) +/ (X(r),a® - Ve)dr

d 1t
+Zf <X(r),8§(g,§¢))d,3k(r)+§/ (X (r), 8 (G™28s¢)) dr. 4.11)
k=17$ $

Furthermore, it is represented by X = SR(t, 5)Xo.

Proof. Let us start with the proof of uniqueness. Due to linearity, it is enough to prove that any L°°-weak solution to
(4.10) starting from the origin X( = 0 vanishes identically. Let X be such a solution. First, let (h;) be a symmetric
approximation to the identity on TV x R and test (4.10) by ¢ (x, £) = h, (y —x, { —&). (Here, we employ the parameter

T in order to distinguish from the regularization defined in Proposition 4.8, which will also be used in this proof.) Then
XT(t):=X (@) * he, fora.e. r € [s, T], satisfies

t d
Xf(r,y,o:—/ [aR.vx<r>]f<y,c>dr—Z/ [0: X (" g]" (v, ) dBr(r)
k=1Y*

N

1 [ :
+§/ [9:(GR28: X ()] (v, ©) dr

hence is smooth in (y, ¢) and can be extended to become continuous on [s, T]. Now, we will argue as in [9], Theo-
rem 20, and make use of the stochastic flow ¢X. From the Itd—Wentzell formula for the Itd integral [15], Theorem 3.3.1,
we deduce

t
X0 5.0) =~ / [ - VX ] (0,5, 0) dr
d t y
- f [0 X (" gf]" (o (7, ©)) dBr(r)
k=1"%
1 [ . o
+§/ [0 (G* 20 X ()] (¢, 5, ) dr
t
+ / VX' (r R (5.0) a®(8° 5. 0)) dr

d o
+3 / 0 X (r, o8 (5, ) gF (02,5, ) dBe (1)
k=1Y%
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t
+ / RXT(r ol (5.0)GR2 (R, (5. ) dr

N =

d t _ _
-> f %[0 X (M gR] (0F, 5.0 gl (ok. (57, 0)) dr
k=1"%

=h+h+l+l+Js+16+17.

As the next step, we intend to show that J; +J4 — 0,J2 +J5 = 0, and J3 +Jg +J7 — O in D(TVN x R), P-as., as
T — 0. Remark, that unlike [9], working with the Stratonovich form of (4.10) would not bring any simplifications
here. To be more precise, the Stratonovich version of the Ito—Wentzell formula (see [15], Theorem 3.3.2) is close to
the classical differential rule formula for composite functions hence any correction terms (as Jg, J7 in the Itd version)
are not necessary; however, due to the dependence on x, & of the coefficients g,f, the corresponding Stratonovich
integrals would not cancel and therefore in order to guarantee their convergence to zero, one would need to control
the correction terms Jg, J7 anyway.

Let us proceed with the proof of the above sketched convergence. Towards this end, we employ repeatedly the
arguments of the commutation lemma of DiPerna and Lions [7], Lemma II.1. In particular, in the case of J; 4+ J4 we
obtain for a.e. r € [s, t], P-a.s., that

a® . vxT(r)—[a® - vX)]"— 0 inD(TV xR). (4.12)
Indeed, since
a®®) - VX (r,x, &) —[a® - VX(©)] (x,8)

=/TNfRX(r,y,<;>[aR<s> —a®(©)] - Vhe(x =y, & =) dz dy

and t|Vh¢|(-) < Cha,(-), we obtain the following bound by standard estimates on convolutions: for any ¢ €
C>(TN x R)

R R T R
[la® - VX" () = [a" - VXD, 8)] = Cla" | yy100 @ [ X O Lo i 10 0 v <2
where Ky C TV x R is a suitable compact set and p, ¢ € [1, oo] are arbitrary conjugate exponents. As a consequence,

it is sufficient to consider X (r) continuous in (x, £) as the general case can be concluded by a density argument. We
have

ANAX(r’y’C)[“R(E)‘“R(€>]-Vhr(x—y,s—;)dcdy
1
:/TNfRfo X(V,y,C)DaR(g‘ +U(E_§))(S_§)'Vhr(X—y,$—C)dad{dy
1
=/11*N./R/(.) X(r,x — 15,6 —t0)Da® (& — (1 — 0)78)¢ - VA(F, §) do d¢ d§

— Xx.6a"©)- [ [ EhG.E i =0
™ JR
hence (4.12) follows by the dominated convergence theorem. Moreover, we deduce also that for a.e. r € [s, t], P-a.s.,
a®(ef0) . VX" (r, k) = [a® - VX ()] (¢F) — 0 inD(TV x R). (4.13)
It can be seen by using the change of variables formula: let J Wfr denote the Jacobian of the inverse flow X | then

(a®(@50) - VX7 (r, 0f,) = [a® - VX (] (X)), 0)|
=|(@®-vx"(r) = [a" - VXD, o () v )]
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<Cla®| W10 (R) | X @) “LP(K) lo(w )1 ”Lq(K)

<Cla®| WLoo(R) iSSSrSSuTP”X(’) ||Lp(K)||¢’||L°°(K) ‘YSSBET”h”sI?r ”Lq(K) < 0,

which holds for a suitably chosen compact set K € TV x R as ¢(1//SI?,) is compactly supported in TV x R and any

conjugate exponents p, g € [1, 00]. The estimate of sup;, -7 [|J 1//5, lLa (k) is an immediate consequence of the fact

that for almost every w € §2 the mapping (r, x, &) — Dwf, (w, x, &) is continuous due to the properties of stochastic

flows (see Section 3.2, (vi)) and therefore (7, x, &) > J WSI?, (w, x, &) is bounded on the given compact set [s, T'] x K.
Having this bound in hand, we infer (4.13) by using density again. Accordingly, the almost sure convergence J| +J4 —

0in D'(TV x R) follows by the dominated convergence theorem.

In order to pass to the limit in the case of J, 4 J5, we employ the same approach as above so we will only write the

main points of the proof. We obtain

o (¢55) 0 X7 (r.05%) = [8£ 9 X (O] (05,). @)

= CHg,f I WLoo(R) isisrsfquHX(”) HLI’(K) I®1lLoo k) S;IET “hpsl,er [ L9(K)

hence for a.e. r € [s, T'], P-a.s.,

el (o) X7 (r0ff,) — [el 9 X (O] (¢f,) — 0 in D'(TV xR)

and accordingly we conclude by the dominated convergence theorem for stochastic integrals [22], Theorem 32, that

PP-a.s. (up to subsequences) J, +J5 — 0in D'(TV x R).

Now, it remains to verify the convergence of J3 + Jg + J7. As the first step, we will show that for a.e. r € [s, T],

P-as., in D' (TN x R)

1

1
5 [0 (g% 0: X ()] + Eagng(r)g,f’z — [ X (gl g8 — 0.

Towards this end, we observe

1 v 1
[0 (6F20: X )] . ) = S0 X (gl B (x = =),

1 1
SO XT(rx )8 (0 8) = S0 X (). dehe (x — - & = ))g 2 (x. 6).
—0: [0 X (gl ] (. )8l (6, 8) = —(0 X (Mg, dshe(x — - § = ))gif (x, ),

and hence the left-hand side of (4.14) evaluated at (x, &) is equal to

1
3 L [ ex e e 0.0 - gl ) aehee = v.6 = 01dcay

™ JR

= —/;TN /RX(” YO8 0, O = &8 (6, ©) e 8 (v, Dhe(x =y, € — ) de dy

1
+ 5/ / Xy, O(gR 0. 0) — gf (6. 8) 0% he(x — v, & — O)de dy
™ JR

=L (x,§) +L(x,§).

Next, we proceed as in the case of J; + J4. We obtain

‘(Il +1Ip, ¢>| = CHgkR ”%VI'OO(TNXR) ”X(l") ”L19(K¢) ||¢||L‘1(']]'N><R)

4.14)
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which holds true for a suitable compact set Ky C TV x R and arbitrary conjugate exponents p, g € [1, co] and in the
case of X (r) continuous in (x, &)

1, §) — =X (%, 6) (degf (x. )",
L. §) — X (%, 6) (degf (x. )",

which yields (4.14) by the dominated convergence theorem and density. As the next step, we conclude that
(L(ef)) +L(ef). )]

2
< Cll& [y sy €5 SUP IX Do iy 9l oocry sup |35 Lo iy
s<r<T s<r<T
and consequently for a.e. r € [s, T], P-a.s.,

I I
S0 (g 20 X )] (02) + 502 X7 (r. 0% ) & (o)
= 9:[0: X (e ] (e4,) 8k (¢5,) — 0 inD'(TY x R).

Therefore, the desired convergence of Jz 4 Jg 4 J7 is verified.
Finally, since it holds true for a.e. ¢ € [s, T'] that

X' 5 X() in L°(TV x R), Pass.,
we obtain for any ¢ € C°(TVN x R)
(X (1 05%), &) = (X 0, (w5 P ]) = Tim (X7 (), & (w5 )
= lim (X" (1, ¢}), ¢) =0

hence X = 0 since (p‘f, is a bijection and the proof of uniqueness is complete.

The proof of the explicit formula for X follows by employing the regularization Xg as in the proof of Proposi-
tion 4.8. The process X° = SK(t, s)Xg is the unique strong solution to (4.4) or equivalently (4.10) by using a similar
approach as in Lemma 4.3. Consequently, it satisfies for all ¢ € C>° (TN x R)

t
\y

(X‘S(t),qb):(Xé,qb)—i—/ (X°(r),a®(&) - Vo)dr

d t 1 t
+Z/ (X‘S(r),ag(g,§¢))dﬁk(r)+§/ (X°(r), 3 (G285 ¢)) dr.
k:l S S

Now, it only remains to take the limit as § — 0. As Xg — X for a.e. w,x,& we have X4 = SR(t,s)Xg —
SR(t,5)Xo = X for ae. w,x,& and every t € [s, T]. Therefore, the convergence in all the terms apart from the
stochastic one follows directly by the dominated convergence theorem. For the case of stochastic integral we can
apply the dominated convergence theorem for stochastic integrals. Since it holds

(X°(r), % (g80)) — (X (1), % (g89)), ae. (w.r)eR x[s,T]

and, setting K =suppp C TV x R,

(x°(r), 0 (e 9))| < € /K |X5(wX (x, )| dg dx < C,
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where the constant C does not depend on § due to the fact that

w,x,E :

IX3] 0 < IXollze
w,x,€

Thus, we deduce (up to subsequences) the almost sure convergence of the stochastic integrals. Furthermore,
SR(t,5)X( is exactly the representative (in ) of the unique weak solution of (4.10) that satisfies (4.11) for all
t € [s, T], in particular, t — (SR (¢, 5) X0, ¢) is a continuous (¥1)1=s-semimartingale for any ¢ € C?O(TN xR). O

As the next step, we derive the existence of a unique weak solution to (4.2) which can be equivalently rewritten as

1
dX +a(§) - VXdt = —9: XD dW + = : (G*9: X) dt,
2
(4.15)
X(s) = Xo

due to Lemma 4.3. With regard to the definition of the truncated coefficients, let us define

(s, x, &) =inf{r = 5; [ (x, 6) > R}

(with the convention inf@ = T). Clearly, for any s € [0, T], x € TV, EeR, kR (s, x, &) is a stopping time with respect
to the filtration (¥;);>s. Nevertheless, it can be shown that the blow-up cannot occur in a finite time and therefore

suptR(s,x, &) =T, P-as.,se[0,T],xeTV £ecR.
R>0

Indeed, for any R > 0, the process ¢*-0 satisfies the It6 equation

d
o0 =" g8 (pf) dpr).
k=1

where all the coefficients g,f satisfy the linear growth estimate (2.1) that is independent of R and x and therefore the

claim follows by a standard estimation technique for SDEs. Moreover, if R’ > R then due to uniqueness ® (s,x,&) >
tR(s,x,&) and SR (r,5) X9 = SE(z, 5) X0 on [0, TR (s, x, £)]. As a consequence, the pointwise limit

[St, 9)Xo](w, x,&) == [S®t, 5)X0](@w,x, &), 0<s<t<T,

lim
R—o0
exists almost surely and we obtain the following result.

Corollary 4.10. The family S = {S(t,s),0 <s <t < T} consists of bounded linear operators on L' (2 x TN x R)
having the operator norm bounded by 1, i.e., for any X¢ € L! (£2 x ™ x R),0<s=<t<T,

HS(ta S)XO ”L(L.x.é = ||X0||LL10X‘§_ .

Furthermore, for any F; ® B(TV) ® B(R)-measurable initial datum Xo € L (2 x TN x R) there exists a unique
X e L%i (82 x [s,T] x TV x R) that is a weak solution to (4.15). Besides, it is represented by X = S(t, s)Xo and

t = (S(t,5)Xo, ¢) is a continuous (F;);>s-semimartingale for any ¢ € C° (TV x R). Consequently, S verifies the
semigroup law

S(t,5)=8@,r)oS8(r,s), 0<s<r=<t<T,
S@s,s)=Id, 0<s<T.

Proof. The first part of the proof follows directly from Proposition 4.8 while the rest is a consequence of Corol-
lary 4.9. O
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Corollary 4.11. For all n € [0, c0) it holds

sup E sup [(S(, s)10>§—10>g)(1+|§|)”||L1 <C. (4.16)

0<s<T s<t<T

Proof. Remark, thatif (2.2) is fulfilled, then forany0 <s <t <T and x € TV the process w‘f;o(x, 0) = 01is a solution
to the first equation in (4.5) for any R > 0. Moreover, since the solution to (4.5) is unique, we deduce

>0, if&=>0,

As a consequence, the same is valid for the inverse stochastic flow WR’O hence SR (¢, §)1p>e =1p>¢ forall R > 0 and
thus the left-hand side in (4.16) is zero.

In the case of (2.3), it is enough to prove the statement for any S® provided the constant is independent on R. The
stochastic characteristic system (4.5) rewritten in terms of Itd’s integral takes the following form

d
dg) =" gl (@) dBi (),

k=1

dgo,—a( )dt i=1,...,N,

whereas, in the case of the inverse flow, (4.6) reads

d
dy == gf () dBi (o),

k=1
Ayl =—af(y)dr, i=1,....N.
Thus, we obtain

R
STt $)1oo¢ — Loo¢ = IZLI [ eR@R (60 dBer)>E Io>¢

= 1\&|s|zz’,1 [ eR @R (x,6) A ()]

(1 I [ eR R (x, £) dB(r) )
(1+ |g)m+2

and since the fact that 1//” o (ps ;= (ps - implies

d . d .
> / gf (VR (x.8)dBe(r =) / gl (oR (v, ©)) dB(r)
k=175 k=1Y*
by setting (x, &) = <sz (v, ¢), we deduce that

E sup /TNfR|S(t,s)10>g —1o-¢|(1+ 1£])" d& dx

s<t<T

d n+2

t
Z/ s (R (v, 0)) dBr(r)

k=1

(n+2)/2
<C+C sup (Z/ Flef0,0)] dr) =C,

(,5)eRV xR

<C+C sup E sup
(v,0)eRN xR s<t<T
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where the constant C does not depend on R and s. (]

Remark 4.12. Let us make some comments on hypotheses (2.2), (2.3) as the proof of Corollary 4.11 is their only
use. The main difficulty in proving (4.16) comes from the unknown structure of dependence of the stochastic flows @R
and Y& on & in connection with the remaining variables w, x, s, t. Although one cannot say much in general, some
generalizations are possible. Namely, by using x;(§) =1_¢cs <y — ly<g<—¢ instead of x,(§) = 1o<g <y — Lu<e <0 One
can relax the condition (2.2) in the following way

dc € R such that gr(x,c) =0 Vx € ']I‘N,k =1,...,d. “4.17)

Such a generalization allows for instance to treat the linear case gr(x,&) =& —c, k=1, ...,d. Furthermore, in the
linear case one can also combine multiplicative and additive noise, in particular, if the stochastic characteristic curve
is governed by a linear system of stochastic differential equation as for instance

N

dg) =) (1+¢})dBi(0),

k=0

do! =¢%dr, i=1,...,N,

i.e., non of the conditions (2.2), (2.3), (4.17) is fulfilled since go(x, &) =1+&, gr(x, &) =1+ x1, k=1,..., N, then
both forward and backward stochastic flows are given by explicit formulas where the dependence on & is clear and,
as a consequence, the statement of Corollary 4.11 remains valid.

Now, we have all in hand to complete the proof of Theorem 4.5.

Proof of Theorem 4.5. Recall, that the local densities are defined as follows
u(t, x) = /R fo(t, x,8)dé = /R(Fa(t, x,§) —1o-¢) dé (4.18)

hence the function F*¢ is not integrable with respect to &. For the purpose of the proof it is therefore more convenient
to consider the process h°(t) = F®(t) — S(t,0)1p>¢ instead and prove that it exists and is given by a suitable integral
representation. Due to Corollary 4.10, S(z, s)19~¢ is the unique weak solution to (4.15) hence h® solves

(Leoe — S(t, 0)1gag) — h*
&

dhf +a() - VhEdt =

dt — 9 h* D AW — %ag (G?(—d:h®))dr, (4.19)
7 0) = xus.

in the sense of distributions. Then, by Lemma 4.3 and the weak version of Duhamel’s principle, the problem (4.19)
admits an equivalent integral representation

1 t
he (1) =e7° S, 0) xug + g f e TVES (1, 9)[Lue 5y -6 — S(5,0) 1o ] ds (4.20)
0
and thus can be solved by a fixed point method. According to the identity

/ Moot — lpg|dé = |a— Bl. a.BeR,
R

some space of &-integrable functions seems to be well suited to deal with the nonlinearity term 1,¢-¢. Let us denote
H =L>*0,T; L'(2 x TN x R)) and show that the mapping

1 t
(Kg) (1) =e/°S(t, 0) xus + = / e TS, 5)[Lygs)>s — S(s,0)10-¢ ] ds,
€ Jo
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where the local density v(s) = fR(g(s, &) + S(s,0)1p-¢ — 1p-¢) d& is defined consistently with (4.18), is a con-
traction on J. Let g, g1, g2 € # with corresponding densities v, vi, va. By Proposition 4.8, Corollary 4.11 and the
assumptions on initial data, we arrive at

[xowl,

_ [,
<e sl +- f e 1y — S5, )Mozl 1 ds
w,x,& & 0 w.x.E
<|ugl, + sup (Ixvwllr  +[SCs. 0105 —Losz |1 )
,x 0<s<t w,x,& ,x,E

<C+ sup [g®|, .

0<s<t @&

with a constant independent on ¢, hence
”'Kg”LtooLi_xs <C+ ”g”L?cLzl“g < 0.

Next, we have

t
|Ken® = el =7 [ Myome = Toonely &

1

&

1 t

= —/ e U=9)/e Hvl(s) — vz(s)HL, ds
E 0 ,X

1

t
1 f e % g1(s) — g2(9)]| 1 s,
;) w,x,§

IA

S0
1K g = Keallpeory = (1=e"")ligr —82llpery

and according to the Banach fixed point theorem, the mapping K has a unique fixed point in . Moreover, we
deduce from Corollary 4.10 that h® is measurable with respect to P ® B(T") ® B(R) and therefore, according to
the semigroup property of the solution operator S, we obtain the existence of a unique weak solution to (1.3) that is
expressed as (4.3) and the proof is complete. (]

Remark 4.13. As a consequence of Corollary 4.10, it can be seen that the representative h®(t) of the unique weak
solution to (4.19) that is given by (4.20) satisfies: t — (h®(t), @) is a continuous (F;)-semimartingale for any ¢ €
cx (TN x R). Accordingly, t — (F®(t), ¢) is a continuous (F;)-semimartingale for any ¢ € cx (TN x R) provided
FE(t) is the representative of the unique weak solution to (1.3) given by (4.3).

4.2. Further properties of the solution operator

In the previous subsection we showed that the family S consists of bounded linear operators on L'(£2 x TV x R)
with the operator norm bounded by 1 which was essential for the existence proof for the stochastic BGK model in
Theorem 4.5. Nevertheless, for the proof of convergence of the BGK approximation in the next section, namely, to
derive certain uniform estimates, we need to study also its behavior in other spaces. In particular, S(z, s) X is well
defined if X € L7 (22 x TV x R) and we obtain the following result.

Proposition 4.14. For any p € [2, 00), the family S consists of bounded linear operators on LP (2 x TN x R) having
the operator norm bounded by 1. Moreover, the solution to (4.2) belongs to LP(§2; L*°(0, T, LP(TN x R))) provided
Xo € LP(22 x TN x R) and the following estimate holds true

sup E sup ||S(r,s)X0||’L’§£ §C||X0||I’i(,;‘x‘$. 4.21)

0<s<T s<t<T
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Proof. Note, that it is enough to prove the statement for any S¥ as the limit case of S then follows by Fatou lemma

provided the constant in (4.21) does not depend on R. If R > 0 is fixed then we use the same approach as in the proof
of Proposition 4.8, i.e., we will only prove the statement under the additional assumption

Xoe LP(2 x TV x R)NL®(£2 x TV x R).
Let X, 8 be bounded, pathwise smooth and compactly supported regularizations of X such that

Xp— Xo inLP(2xT"xR),  [|Xg],» <IXoly .

and X° = SR, s)Xg is the unique solution to (4.15). Now, we apply the It6 formula to the function A (v) = || v||’Z,, .
x,&

If ¢ is the conjugate exponent to p then /' (v) = p|v|?~%v € LY(TV x R) and
B'(v)=p(p— D|P21d e L(LP(TV x R); LY(TV x R)).
Therefore

@l =17,

t
_p/ / /}X(S’p_zX‘saR(E)-VXSdédxdr
s JTN JR
d t
—pZ/ /TN/R’X(s‘p_zxaaéxagg(x’é)dédxdﬂk(r)
k=1$

t
+£[f /|X5|p_2X585(GR’285X‘3)d§dxdr
2 Js Jov Jr

— t
* @/ /TN/R}X8|p72|8$X8|2GR’2(X,E)dédxdr.

Using integration by parts, the second term on the right-hand side vanishes. Besides, having known the behavior of
X? for large &, we integrate by parts in the fourth term and obtain the fifth term with opposite sign. To deal with the
stochastic term, we also integrate by parts and observe

‘p/RVX“\”‘QX‘SasX‘sgﬁ(x,s>ds
-2
=P(P—1)fR|X‘S|p 35X5X5g;§(x,é)d$+pr|X“|”agg,§(x,g)dg
hence
-2
—P/H;|X8|p X‘SasX‘sg;f(x,é)dE=/R|X‘S|Paggk’?(x,g)dg

and we arrive at

d ot
ol =1xls, +3 [ [ 10 ek e arapuon
x,& x.& =15 TN JR

where the stochastic integral on the right-hand side is a martingale with zero expected value. Taking the expectation
now yields

E[X° @], =ElX5]7,

p
P
vas
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In order to derive (4.21), we employ the Burkholder-Davis—Gundy inequality and boundedness of 0g gi:

B sw [0, <E[X],
s<t<T x.§

IE sup /f /|X‘S|p85gk (x,&)dE dx dBi(r)

s<t<T

T ) 172
= IE||X(‘§||€£E +CE < fs [x*@)ls, dr>
=[x}y, + 58 s [x0], +c/ B[ 0)|7, o

hence

£ sup |07, <CE|X}Z,
s<t<T x& x,€

Note, that the constant C does not depend on §, s, R. Therefore, the fact that the operator norm is equal to 1 as well
as the validity of (4.21) follow easily by the same reasoning as in the proof of Proposition 4.8. (]

Proposition 4.15. Assume that w € L?(2 x TV) for all p € [1, 00). Then for all n € [0, o) there exists r € [1, 00)
such that

sup E sup H(S(I,S)Xw)(1+|$|)n”L;§ Sc(l-’_”w”r%,x)’

0<s<T s<t<T

where the constant C does not depend on w.

Proof. We will prove that the claim holds true for all S® with a constant independent of R. Let us denote by v &-*
the vector of all x’-coordinates of the stochastic flow ¥ X, i.e., wslf;x(x, &)= (wf;l(x, )., 1//51?;N(x, £)). Since it
holds, for any m € [0, 00),

(1+Jw?™
= (14 EP)m

[Xwl < &1 <|w]

we can estimate

[S*@ ) x| (1 181") = [ Xyt ) (V5 @ )| (1 + 181)"

_ L w6 )

T A+ L ePm
(1+5[H"?

T+ 1S ePm

n
wa,‘O(x,sn<|w<1/f.!f;"<x,g>)|(1 + 1€1)

SR, H[(1+ 1w) " 1ig1<pw) ], (4.22)

where the exact value of the exponent m will be determined later on. Now, we make use of the classical moment
estimate for SDEs that in our setting reads

1+ 190G, O1P)?
sip E sup (I + |y (yzg“)l ) <C. Vpell.oo).
0<s<T  s<t<T (I+¢15)P

(y,2)eTN xR
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and rewritten in terms of the inverse flow by setting (x, §) = (pslf, ,0)

1+ |&1%)P
sup [E sup A+150) <C, Vpell, o0), (4.23)

0ss<t  s=i=1 (14 [y 800, 6)12)p ~
(x,£)eTN xR

with a constant independent of R. Therefore, employing (4.22), the Young inequality, (4.23) and Proposition 4.14 we
obtain by a suitable choice of m

sup E sup /;IN/HJSR(I’S)XM(]+|§|)nd§dx

0<s<T s<t<T

1 2\n
<C sup E sup / / ( :O|§|) dé dx
0<s<T  s<t<TJTN JR (1 + | ; (x, £)|2)2m

+C sup E sup /TNfRBR(t,s)[(Hlez)m1|s|<\w|]|2d$dx

0<s<T s<t<T

<CH )+ P Ll <O+ Twii)

which completes the proof. (I

5. Convergence of the BGK approximation

In this final section, we investigate the limit of the stochastic BGK model as ¢ — 0 and prove our main result,
Theorem 2.1. To be more precise, we consider the following weak formulation of (1.3), which is satisfied by F¢, and
show its convergence to the kinetic formulation of (1.1). Let ¢ € C°([0, T') x TV x R) then

T T
/0(Fe(t),a,(p(t))dt+(F§,<p(0))+/0 (FE(t),a-Vo@))dt

1

T T
:_5/0 (lus(,)>g—Fs(t),go(t)>dt+/0 (0: F* (1)@ AW (1), 9 (1))

T
+%/ (G2 FE (1), ds (1)) dt. (5.1
0

A similar expression holds true also for 4#¢, namely, it satisfies the weak formulation of (4.19). However, as in the
following we restrict our attention to the representatives F¢(¢t) and h®(¢), respectively, given by (4.3) and (4.20),
respectively, we point out that both are true even in a stronger sense. For the case of 4°(r), we have: let ¢ € C2° (TN x
R) then it holds for all ¢t € [0, T]

t
(h* (1), ¢) = (5, o) + /0 (h (). a - Vo) ds

1 t
+ g/o (Lue(s)>¢ — S5, 0)1o=¢ — h°(s), @) ds
t t
—f (0:h® ()P AW (s), ) — %/ (G?85h® (s), B ) ds. (5.2)
0 0

Proof of Theorem 2.1. Taking the limit in (5.1) is quite straightforward in all the terms apart from the first one on the
right-hand side and can be done immediately. Remark, that according to the representation formula (4.3) it holds that
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the set of solutions {F*; & € (0, 1)} is bounded in L%O(Q x [0, T] x TV x R), more precisely, F¢ € [0, 1],e € (0, 1).
Therefore, by the Banach—Alaoglu theorem, there exists F' € L%O (£2x[0,T]x TV x R) such that, up to subsequences,

Fe 5 F oin L33(2 x [0, T] x TV x R). (5.3)

Hence, almost surely,
T T
/O(Fa(t),atgo(t))dt—>/0 (F(1), dp(1))dr,
T T
/(Fe(t),wV(p(t))dt—)/ (F(),a-Veo())dr,
0 0

Lo e Lt s
3 fo (GZ0: FE(1), dg (1)) dt —> 3 /0 (G*0: F (1), ds (1)) dr.
and, according to the hypotheses on the initial data,
(F5» 9(0)) —> (Lug=¢, 9(0)).
We intend to prove a similar convergence result for the stochastic term as well. Since
(F?, 9 (gke)) —> (F. 0: (gk)),  ae. (w,1) €2 x[0,T],
and, due to the boundedness of F° and the assumptions on gy,
|(F®, 0 (se))| < C,

the dominated convergence theorem for stochastic integrals gives (up to subsequences) the desired almost sure con-
vergence

T T
/0(8§F5(t)q)dW(t),<p(t))—>/o (0: F(1)@ dW (1), 9(1)).

Furthermore, multiplying (5.1) by ¢ yields, almost surely,

T
/O (Lt — F¥(0), (D) dt —> 0 (5.4)

and, in particular,
Oglyeng — O F¢—0 5.5)

in the sense of distributions over (0, 7) x TV x R almost surely. In order to obtain the convergence in the remaining
term of (5.1) and in view of the kinetic formulation of (1.1), we need to show that the term %(lus>§ — F?) can be

written as dgm® where m® is a random nonnegative measure over [0, T'] x TV x R bounded uniformly in &. However,
if we define

1 ré
m*(§) = ;/ (Lue=e — FE(2)) dg

1 ré
_ / (Lieg — S(t.0)lgo — () d. (5.6)

& J_x

it is easy to check that m® > 0 since F¢ € [0, 1]. Indeed, m®(—o0) = m®(c0) = 0 and m®(t, x, -) is increasing if
& € (—oo, u(t, x)) and decreasing if & € (u°(z, x), 00).
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Due to the convergence in (5.1) it can be seen that for almost every w € §2 there exists a distribution m(w) such
that, almost surely,

T T
/()(mﬂ(p(t))dt—)/() <m,¢(t))dt, (5.7)

for any ¢ € C2°([0, T) x TV x R). Besides, the conditions on test functions can be relaxed so that (5.7) holds true for
any ¢ € C°([0, T] x TV x R). Now, it remains to verify that m is a kinetic measure. The following proposition will
be useful.

Proposition 5.1. The set of local densities {u®; e € (0, 1)} is bounded in LP($2; L0, T; LP(TN))) for all p €
[1, 00).

Proof. We need to find a uniform estimate for u*. It follows from the definition of #® (4.18) and (4.3) that

us(t,x) = 671/8 /R(S(l, 0)1u8>$ - 10>£)d$

1 t
+—/ e“‘—””/(S(t,s)1ug(s)>s — 1o-¢) d& ds.
€ Jo R

Let us now define the following auxiliary function

H(s) = ‘/R(S(t,S)lu%s»s - 10>€)d5‘~

Then

H(t) <e "*H(0) + (1- e_’/g) [nax H(s)

<s<t

and we conclude that H(r) < H(0),t € [0, T]. In order to estimate H (0), we make use of Proposition 4.15 and
Corollary 4.11. If p =1 they can be used directly

E sup/ |u8(t,x)|dx§E sup/ /|S(l,0)ll,s>é—10>g|d§dx
T ™ JR 0

0<t<T 0<t<T

<E sup ”S(t’O)XMS”Ll +E sup ||S(t,0)lo>g—lo>§ ”Ll
0<t<T ©E 0<t<T x§

ry )
Lo

whereas the case of p € (1, 0o) can be dealt with by the Holder inequality and the fact that

<C(1+ |uf

|S(t, O)1u8>§ - 10>S |[J = |S(t, O)1u8>$ - 10>£;‘ ‘

Indeed,

p
E sup/ uf(t,x)|"dx <E sup/ </|8(t,0)1u8>§—10>5|d§) dx
T~ TV \/R

0<t<T 0<t<T

<CE sup S, 0)x, (1 + |§|)p||Li__E

0<t<T

+CE sup [[(SG 0)lo-¢ = To-e) (1+161)"] 1,

0<t<T

<C(1+ |uf rL[fox)'
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The above exponents r, are given by Proposition 4.15 and the proof is complete. (]

Corollary 5.2. For any n € [0, 00) it holds

sup E[rf(n)(1+1€1)"|, <C.
0<t<T ©§

Proof. It follows from (4.20), Proposition 4.15, Corollary 4.11 and Proposition 5.1 that

sup En* (1 +18)"] 1 < sup B[S )xuew (1+IE)"]
0<t<T wE 0<s<i<T g

+ sup B[ (Tog = SGs. 0 oe) (1 + )] 1

0<s<t<T

§C<1 c@|l”, )5c.
+ 0w [y, 0

As a consequence, the assumptions of [6], Theorem 5, are satisfied for vi + = 0us(r,x)=¢ and hence there exists a
kinetic measure v, , vanishing at infinity such that v¥* — v in the sense given by this theorem. We deduce from (5.5)
that d: F = —v hence F is a kinetic function in the sense of [6], Definition 4.

Remark, that it follows now from (5.6) that the function m® (¢) satisfies

sup Elm*@)(1+1€1)"|,1 < CCe),
0<t<T x8

for any ¢ fixed. Nevertheless, we do not know yet if this fact holds true also uniformly in ¢. Towards this end, we will
study the weak formulation for 4® and employ a suitable test function.

Proposition 5.3. For any p € [0, 00) it holds
E/ |&1%P dm® (1, x,8) < C. (5.8)
[0,T]xTN xR

Proof. Let p € [1/2, 00). Regarding (5.2), we need to test by ¢(§) = Si:—:ll. Due to the behavior of m® and h® for

large £ we can consider test functions which are not compactly supported in £, however, in this case the stochastic
integral is not necessarily a martingale. Therefore we will first employ the truncation ¢°(£) = @(£)ks(£) and then pass
to the limit. We have

T
0< E/ (me (), 3¢ dt
0

1 T
=E(hf, ¢°) — E(n*(T), ¢°) — EE/ (G?8h® (1), 3¢ dt.
0
The first and the second term on the right-hand side can be estimated by Corollary 5.2
E(h§. ¢°) — E(h*(T).¢’) < C,

while for the remaining term we first employ the growth properties of G and 0¢ G? to obtain

T
E/ (G*85h® (1), 3 ¢°) dt
0

T
< CIE/O ([n¢ @], (1+ [€])e0® + (1+ &%) 02 0°) dt

T
< C]E/O (|ne @], (1 + 16N> ) ar < €.
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The constant C is independent of § thus the claim follows.
If p =0 a suitable modification in the above estimation leads to the proof in this case whereas the case of p €
(0, 1/2) follows from (5.8) for p =0 and p = 1/2 due to the fact that |£]2? <1+ |&]. O

Setting p = 0in (5.8) we regard m® as random variables with values in M, ([0, T'] x TN x R), the space of bounded
Borel measures on [0, 7] x TV x R whose norm is given by the total variation of measures. We deduce that the set
of laws {P o [m®]™'; e € (0, 1)} is tight and therefore any sequence has a weakly convergent subsequence due to the
Prokhorov theorem. Consequently, the law of m is supported in M, ([0, T] x TV x R). Besides, m is nonnegative as
it holds true for all m®. Moreover, since Cq([0, T'] x TV x R), the space of continuous functions vanishing at infinity
equipped with the supremum norm, is the predual of M ([0, T] x TV x R) and C2°([0, T] x TV x R) is dense in
Co([0, T] x TN x R) it can be seen that (5.7) holds true for any ¢ € Co([0, T] x TV x R). Now, it is left to verify the
three points of the definition of a kinetic measure [6], Definition 1. The second requirement giving the behavior for
large £ follows from the above uniform estimate (5.8). Indeed, let (ks) be a truncation on R, e.g., the set of functions
defined in the proof of Proposition 4.8, then

E/ &12P dm(t, x, &) < hmianEf |&1%Pks (8) dm(t, x, €)
[0,T]xTN xR §—0 [0,T]xTN xR

§—0 &—0

=liminflimE/ |§|2Pk5(§)dm8(t,x,§)fc.
[0,T1xTN xR

As a consequence, m vanishes for large &£. The first point of [6], Definition 1, is straightforward for ¢ € Co([0, T] x
TV xR)asa pointwise limit of measurable functions is measurable. The case of ¢ € C ([0, T'] x TV x R) now follows
by employing the truncation (k) together with the dominated convergence theorem as § — 0 and the behavior of m
at for large &. In order to show predictability of the process

t—> ¢(x,E)dm(s, x, &)
[0,£]xTN xR

in the case of ¢ € Co(TVN x R) let us remark that due to (5.2) it is the pointwise limit (in w and ) of predictable
processes

r—> ¢(x,&)dm® (s, x, &)
[0,¢]1xTN xR

and hence is also measurable with respect to the predictable o -algebra. The case of ¢ € C,(TV x R) can be verified
by using truncations as above. Therefore, we have proved that m is a kinetic measure.

Finally, we deduce that F satisfies the generalized kinetic formulation (3.2) and thus is a generalized kinetic
solution to (1.1). Since any generalized kinetic solution is actually a kinetic one, due to the reduction theorem [6],
Theorem 11, it follows that F =1,.¢ and v =§,, where u € LP(£2 x [0, T] x TV) is the unique kinetic solution to
(1.1). Therefore, it only remains to verify the strong convergence of f* and u® to yx, and u, respectively.

According to (5.3), we deduce for f® = F® — 1p-¢ that

55y in L2 x [0, 7] x TV x R),
and by (5.4) it holds
Xut — xu inD'((0,T) x TV x R), P-ass.
Besides, {x,¢; € € (0, 1)} is bounded in L>(£2 x [0, T] x TV x R) hence (up to subsequences) it converges weak* in

this space and since C2°((0, T') x TV x R) is separable and dense in LY([0,T] x TV x R), it follows that Xu 18 the
limit, i.e.,

Jur 5 g in LO(2 x [0, T] x TV x R).
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Furthermore, according to Proposition 5.1, it holds for any n € [0, c0)

sup E[ f(lxuw)l + xum]) (1 +1&1)" d&dx < C, (5.9
0<t<T TV JR

hence we can relax the conditions on test functions and obtain the strong convergence x,: — x, in L2(.Q x [0, T] x
TV x R). Indeed,

T T
E/ f /|xue—xu|2dsdxdr=ﬂ<:f / f|xus|—2xuexu+|xu|dsdxdt—>o (5.10)
0 ™ JR 0 ™ JR

since for the first term on the right-hand side we have

T T
Ef / /IXMdgdxdf:]E/ / /(Xuflg>o—xusls<0)d5dxdt,
o JrvJr o JrvJr

where 1¢-., 1: <o can be taken as test functions due to (5.9) and for the second term on the right-hand side we consider
Xu as a test function. As |x¢ — xg|” = |xa — x| we conclude also the strong convergence in all L”(£2 x [0, T'] x
TN xR), p €1, 00).

Moreover, a similar approach can be used to prove the convergence of f*. Indeed, the same calculation as in (5.10)
gives

ff— xu inL*(2 x[0, 71 x TV x R)

and using the uniform bound of { f¢; & € (0, 1)} in L®(£2 x [0, T] x TV x R) we deduce the convergence in L? (£2 x
[0, 7] x TV x R) for all p €[1,00).
Eventually, by the properties of the equilibrium function we have

u® —u inLl(.Q x [0, T] XTN).

On the other hand, it follows from Proposition 5.1 that the set {©#%; ¢ € (0, 1)} is bounded in L”(£2 x [0, T] x V),
for all p € [1, 00), hence by application of the Holder inequality, we get also the strong convergence

u —u inLP(£2 x[0,T1x TV) Vp €[1, 00).

Therefore, the proof of convergence in the stochastic BGK model is complete. (]
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