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COEXISTENCE OF GRASS, SAPLINGS AND TREES IN THE
STAVER-LEVIN FOREST MODEL
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BY RICK DURRETT!' AND YUAN ZHANG!

Duke University

In this paper, we consider two attractive stochastic spatial models in
which each site can be in state 0, 1 or 2: Krone’s model in which 0 = vacant,
1 = juvenile and 2 = a mature individual capable of giving birth, and the
Staver-Levin forest model in which 0 = grass, 1 = sapling and 2 = tree. Our
first result shows that if (0, 0) is an unstable fixed point of the mean-field ODE
for densities of 1’s and 2’s then when the range of interaction is large, there
is positive probability of survival starting from a finite set and a stationary
distribution in which all three types are present. The result we obtain in this
way is asymptotically sharp for Krone’s model. However, in the Staver—Levin
forest model, if (0, 0) is attracting then there may also be another stable fixed
point for the ODE, and in some of these cases there is a nontrivial stationary
distribution.

1. Introduction. In a recent paper published in Science [17], Carla Staver,
Sally Archibald and Simon Levin argued that tree cover does not increase contin-
uously with rainfall but rather is constrained to low (<50%, “savanna”) or high
(>75%, “forest”) levels. In follow-up work published in Ecology [16], the Ameri-
can Naturalist [18] and Journal of Mathematical Biology [15], they studied the fol-
lowing ODE for the evolution of the fraction of land covered by grass G, saplings
S and trees T':

G S+vT —BGT
— 1 V j— s
dt H
ds

(1) E=ﬁGT—w(G)S—uS,
daTr
— =w(G)S —T.
dt

Here, > v are the death rates for saplings and trees, and w (G) is the rate at which
saplings grow into trees. Fires decrease this rate of progression, and the incidence
of fires is an increasing function of the fraction of grass, so w(G) is decreasing.
Studies suggest (see [18] for references) that regions with tree cover below about
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40% burn frequently but fire is rare above this threshold, so they used an w that is
close to a step function.

The ODE in (1) has very interesting behavior: it may have two stable fixed
points, changing the values of parameters may lead to Hopf bifurcations, and if
the system has an extra type of savanna trees, there can be periodic orbits. In this
paper, we will begin the study of the corresponding spatial model. The state at
time ¢ is x; 74 — {0, 1,2}, where 0 = grass, 1 = sapling and 2 = tree. Given
the application, it would be natural to restrict our attention to d = 2, but since the
techniques we develop will be applicable to other systems we consider the general
case.

In the forest model, it is natural to assume that dispersal of seeds is long range.
To simplify our calculations, we will not use a continuous dispersal distribution
for tree seeds, but instead let f;(x, L) denote the fraction of sites of type i in the
box x + [—L, L]? and declare that site x changes:

0— 1 atrate 8f>(x, L),

1 — 2 atrate w(fo(x,«xL)),
1 — 0 at rate u,

2 — 0 at rate v.

The configuration with all sites 0 is an absorbing state. This naturally raises the
question of finding conditions that guarantee that coexistence occurs, i.e., there is
a stationary distribution in which all three types are present. Our model has three
states but it is “attractive,” that is, if yo(x) < Xé (x) for all x then we can construct
the two processes on the same space so that this inequality holds for all time. From
this, it follows from the usual argument that if we start from x§ (x) = 2 then th
converges to a limit 2, that is a translation invariant stationary distribution, and
there will be a nontrivial stationary distribution if and only if P( Xgo 0)=0) <1.
Since 2’s give birth to 1’s and 1’s grow into 2’s, if Xgo is nontrivial then both
species will be present with positive density in Xgo-

If w=y is constant, u =1+ §, and v = 1, then our system reduces to one
studied by Krone [12]. In his model, 1’s are juveniles who are not yet able to
reproduce. Krone proved the existence of nontrivial stationary distributions in his
model by using a simple comparison between the sites in state 2 and a discrete
time finite-dependent oriented percolation. In the percolation process, we have an
edge from (x,n) - (x +1,n+ 1) if a 2 at x at time ne will give birth to a 1 at
x + 1, which then grows to a 2 before time (n + 1)¢, and there are no deaths at
x or x + 1 in [ne, (n 4+ 1)e]. As the reader can imagine, this argument produces a
very crude result about the parameter values for which coexistence occurs.

A simple comparison shows that if we replace the decreasing function w (G) in
the Staver—Levin model, x;, by the constant w = w(1), to obtain a special case n;
of Krone’s model, then yx; dominates 7, in the sense that given xo > 1o the two
processes can be coupled so that x; > n; for all ¢. Because of this, we can prove
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existence of nontrivial stationary distribution in the Staver—Levin model by study-
ing Krone’s model. To do this under the assumption of long range interactions, we
begin with the mean field ODE:

4G _ S +vT — BGT
—_ = v — s
a
ds

(2) EZ,BGT—(CO'FM)S,
dT S T
— =wS —T.
dt

Here, w is a constant. When it is a function, we will write w (G).

Since G+ S+ 7T =1,wecanset G=1— S — T and reduce the system to two
equations for S and T. To guess a sufficient condition for coexistence in the long
range limit we note that:

LEMMA 1.1. For the mean-field ODE (2), S =0, T = 0 is not an attracting
fixed point if

3) uv <w(B —v).
On the other hand, S =0, T =0 is attracting if
“4) wy > (B —v).

PROOF. When (S, T) = (0,0), and hence G = 1, the mean-field ODE is ap-
proximately

(ara) >4 (7)) wrea= (7077 1)

The trace of A, which is the sum of its eigenvalues is negative, so (0, 0) is not
attracting if the determinant of A, which is the product of the eigenvalues is neg-
ative. Since (w + pu)v — Bw < 0 if and only if uv < (8 — v)w, we have proved
the desired result. Similarly, (0, 0) is attracting if the determinant of A is positive,
which implies (4). U

THEOREM 1. Let n; be Krone’s model with parameters that satisfy (3). Then
when L is large enough, n; survives with positive probability starting from a finite
number of nonzero sites and n; has a nontrivial stationary distribution.

Foxall [9] has shown that for Krone’s model the existence of nontrivial station-
ary distribution is equivalent to survival for a finite set of nonzero sites, so we
only have to prove one of these conclusions. However, our proof is via a block
construction, so we get both conclusions at the same time.

Our next result is a converse, which does not require the assumption of long
range.
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THEOREM 2.  Suppose v > w(B — v). Then for any L > 0, Krone’s model
n; dies out, that is, for any initial configuration ng with finitely many nonzero sites:

tl_l)rgoP(nt(x) =0)=1.

If wv > (B — v), then for any initial configuration ng and any x € Z4, the prob-
ability
P(3t >0, s.t.ng(x)=0,Vs >1)=1.

The second conclusion implies that there is no nontrivial stationary distribution.
Comparing with Krone’s model, we see that if uv > @ (0)(8 — v) then the Staver—
Levin model dies out.

1.1. Survival when zero is stable. When puv > w(1)(8 — v), the Staver—Levin
ODE (1) may have another stable fixed point in the positive density region (and
also an unstable fixed point in between), the Staver-Levin model, like the quadratic
contact process studied by [6, 14] and [1] may have a nontrivial stationary distri-
bution when (0, 0) is attracting.

Based on the observation in [16] mentioned above, it is natural to assume that
() is a step function. In our proof, we let

wo, G €[0,1—4éo),
w1, G€[1_8091]7

where wg > w1 and §¢ € (0, 1). However, according to the monotonicity of x;, our
result about the existence of a nontrivial stationary distribution will also hold if
one replaces the “="in (5) by “>" since the new process dominates the old one.

To prove the existence of a nontrivial stationary distribution under the assump-
tion of long range, a natural approach would be to show that when L — oo and
space is rescaled by diving by L, the Staver—Levin model converges weakly to the
solution of following integro-differential equation:

5) 0(G) = {

dS;);,t) :,BDIT(X,I)G _ MS_w[D,?(x,t)]S,
(6)
% = o[ D8 (x, ]S — T,

where G=1—-S —T and
fx+[_1,1]d T(y,t)dyy---dyq

Dl (x,1) = - ’
DKG (x,1) = fx+[f/<,;(]d G(y,t)dyy---dyg |
(2k)4

are the local densities of trees and grass on the rescaled lattice. The first problem
with this approach is that since the density is computed by examining all sites in a
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square, there is not a good dual process, which was the key to proofs in [6, 14, 19]
and [1]. The second problem is that one does not know much about the limiting
IDE. Results of Weinberger [20] show the existence of wave speeds and provide
a convergence theorem in the case of a single equation, but we do not know of
results for a pair of equations.

To avoid these difficulties, we will construct test functions Siest and Tiest, SO
that under (6), the derivatives will always be positive for all x in {75 > 0} and
{Stest > 0}, where A stands for the closure of set A. The positive derivative implies
that after a positive time the solution will dominate translates of the initial condi-
tion by positive and negative amounts. Monotonicity then implies that the solution
will expand linearly and the result follows from a block construction. Details can
be found in Section 8.

THEOREM 3.  Recall the definition of w(G) in (5). Under condition
(7) o > 270 (1 + wp),
there is a constant So(B, wo, v, W) so that if
80 € (0,2795p)

the Staver—Levin forest model y; survives when L is large for any w1 > 0 and
k > 0.

Combining Theorems 1-3, we have the following results for the Staver-Levin
model:

1. When pv < w(1)(8 —v), x; survives from a finite set of nonzero sites when
L is large.

2. When uv > w(0)(8 — v), x; dies out from a finite set of nonzero sites for all
L>1.

3. When puv > w(1)(8 — v), under the hypotheses of Theorem 3, x; can still
survive from a finite set of nonzero sites when L is large, no matter how small
1S w 1-

1.2. Sketch of the proof of Theorem 1. Most of the remainder of the paper is
devoted to the proof of Theorem 1. We will now describe the main ideas and then
explain where the details can be found.

(1) The key idea is due to Grannan and Swindle [10]. They consider a model of
a catalytic surface in which atoms of type i = 1, 2 land at vacant sites (0’s) at rate
pi, while adjacent 1, 2 pairs turn into 0, O at rate co. If after a landing event, several
1, 2 pairs are created, one is chosen at random to be removed. The first type of event
is the absorption of an atom onto the surface of the catalyst, while the second is
a chemical reaction, for example, carbon monoxide CO and oxygen O reacting to
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produce CO;. The last reaction occurs in the catalytic converted in your car, but the
appropriate model for that system is more complicated. An oxygen molecule O,
lands and dissociates to two O bound to the surface when a pair of adjacent sites
is vacant. See Durrett and Swindle [7] for more details about the phase transition
in the system.

Suppose without loss of generality that p; + p» = 1. In this case, Grannan and
Swindle [10] showed that if p; # p» the only possible stationary distributions
concentrate configurations that are = 1 or = 2. Mountford and Sudbury [13] later
improved this result by showing that if p; > 1/2 and the initial configuration has
infinitely many 1’s then the system converges to the all 1’s state.

The key to the Grannan—Swindle argument was to consider

Q) = e Mgy, ()],

where ||x|| = sup; |x;| is the L* norm, ¢(0) =0, g(1) =1, and g(2) = —1. If &
is small enough then dEQ/dt > 0 so Q is a bounded submartingale, and hence
converges almost surely to a limit. Since an absorption or chemical reaction in
[—K, K]¢ changes Q by an amount > 8, it follows that such events eventually
do not occur.

(i1) Recovery from small density is the next step. We will pick g9 > 0 small, let
¢ = [eoL] be the integer part of &g L and divide space into small boxes éx =20x+
(—¢, £]9. To make the number of 1’s and 2’s in the various small boxes sufficient
to describe the state of the process, we declare two small boxes to be neighbors
if all of their points are within an L* distance L. For the “truncated process,”
which is stochastically bounded by #;, and in which births of trees can only occur
between sites in neighboring small boxes, we will show that if ¥ € (d/2, d) and we
start with a configuration that has L“ nonzero sites in B and 0 elsewhere, then the
system will recover and produce a small box By at time 7 in which the density of
nonzero sites is ag > 0 and P(t > folog L) < L%/?>7%_ See Lemma 3.1. To prove
this, we use an analogue of Grannan and Swindle’s Q. The fact that (0, 0) is an
unstable fixed point implies d E Q/dt > 0 as long as the density in all small boxes
is <ag.

(iii)) Bounding the location of the positive density box is the next step. To do
this, we use a comparison with branching random walk to show that the small box
éx with density ap constructed in step (ii) is not too far from 0. Random walk
estimates will later be used to control how far it will wander as we iterate the
construction. For this step, it is important that the truncated process is invariant
under reflection, so the mean displacement is 0. If we try to work directly with the
original interacting particle system 7, then it is hard to show that the increments
between box locations are independent and have mean 0. It is for this reason we
introduced the truncated process.

(iv) Moving particles. The final ingredient in the block construction is to show
that given a small block éx with positive density and any y with ||y — x||; <
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[clog L] then if ¢ is small enough it is very likely that there will be >L* particles in
éy at time [clog L]. Choosing y appropriately and then using the recovery lemma,
we can get lower bounds on the spread of the process.

(v) Block construction. Once we have completed steps (ii), (iii) and (iv), it
is straightforward to show that our system dominates a one-dependent oriented
percolation. This shows that the system survives from a finite set with positive

probability and proves the existence of nontrivial stationary distribution.

The truncated process is defined in Section 2 and a graphical representation is
used to couple it, Krone’s model and the Staver-Levin model. In Section 3, we use
the Grannan—Swindle argument to do step (ii). The dying out result, Theorem 2, is
proved in Section 4. In Sections 5, 6, and 7, we take care of steps (iii), (iv) and (v).
In Section 8, we prove Theorem 3.

2. Box process and graphical representation. For some fixed &g > 0 which
will be specified in (11), let / = [¢gL] and divide space 74 into small boxes:

By =2Ix + (—1,11%, xeZ?

For any x € Z¢, there is a unique x’ such that x € B, Define the new neighbor-
hood of interaction as follows: for any y € B/, y € N'(x) if and only if

sup a2l < L.
Z1€BX/,Z2GBY/

It is easy to see that A (x) C By (L) where B, (L) is the L neighborhood centered
at x with range L. To show that

®) N(x) D By ((1 —4ep)L)

we note that if |x — y|| < (1 —4eg)L, z1 € éxr, and 75 € Ey/, where Ex/ and éy/
are the small boxes containing x and y:

lzi —z2ll < llzt —xll + llx =yl + Iy — z2ll <4([eoL]) + (1 —4eg)L < L.

Given the new neighborhood N (x), we define the truncated version of Krone’s
model &; by its transition rates:

transtion at rate
1—-0 uw
2—0 v
1—-2

w
0—>1 BN (N(x))/L + 1)4,

where N;(S) stands for the number of i’s in the set S.

For any x € ZdA and & € {0, 1, 2}Zd, define n;(x, &) to be the number of type i’s
in the small box B, in the configuration £. The box process is defined by

G() = (nm(x,&).na(x. &)  VxeZd
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Then ¢; is a Markov process on {(n,n2) :ny,ny > 0,n; +ns < |1§0|}Zd in which

transition at rate
& (x) = &(x) — (1,0) et (x)
& (x) = & (x) — (0, 1) Vi (x)
G(x) = &(x) + (=1L 1) wi! (x)

GO = &)+ 1,00 WX 5 caren BEO):
where
&' @) =1Bol — ¢ (0) = ¢7(x)
be the number of 0’s in that small box.
Because ¢; only records the number of particles in any small box, and the neigh-
borhood is defined so that all sites in the same small box have the same neighbors,
the distribution of ¢; is symmetric under reflection in any axis. The main use for

this observation is that the displacement of the location of the positive density box
produced by the recovery lemma in Section 3 has mean 0.

2.1. Graphical representation. We will use the graphical representation sim-
ilar as in [12] to construct Krone’s model 7; and the truncated version &; on the
same probability space, so that:

(%) If no = &, then we will have n; > & for all ¢.

Note that > v. We use independent families of Poisson processes for each
x € 74, as follows:

{V, :n > 1} withrate v. We put an x at space—time point (x, V,') and write a §12
next to it to indicate a death will occur if x is occupied by a 1 or a 2.

{U; :n > 1} withrate u — v. We put an X at space—time point (x, U,’) and write
a 81 next to it to indicate a death will occur if x is occupied by 1.

{W):n > 1} withrate . We put an e at space—time point (x, W;7) which indicates
that if x is in state 1, it will become a 2.

(T :n > 1} with rate B/|By| for all y € N'(x). We draw a solid arrow from
(x,T;”7) to (y, T;”) to indicate that if x is occupied by a 2 and y is vacant,
then a birth will occur at x in either process.

(T :n > 1} withrate B/|Bo| forall y € B, (L) — N (x). We draw a dashed arrow
from (x, T;; ) to ( v, T;"”) to indicate that if x is occupied by a 2 and y is vacant
then a birth will occur at x in the process &;.

Standard arguments that go back to Harris [11] over forty years ago guarantee that
we have constructed the desired processes. Since each flip preserves ns > &;, the
stochastic order () is satisfied.

To finish the construction of the Staver-Levin model, x;, we add another family
of Poisson process { W,f :n > 1} with rate 1 — w, and independent random variables
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Wy » uniform on (0, 1). At any time W,f if x is in state 1, it will increase to state 2
if
o(folx, kL)) —w

l—w
These events take care of the extra growth of 1’s into 2’s in x,;. Again every flip
preserves s > 1 so we have:

Wy, x

(xx) If xo > no then we will have x; > n; for all ¢.

3. Recovery lemma. Given (3), one can pick a 6, which must be >1, such
that

(&)

so we have

u+o B
<0< —
w v

—(w+ ) >0, B—60v=>0

and since the inequalities above are strict, we can pick some ag > 0 and p € (0, 1)
such that

(10) b —(w+un)=p, p(1 —4ag) —6Ov = 0p.

Now we can let the undetermined & in the definition of &; in Section 2 be a positive
constant such that

(11) (1 —4eg)? > 1 — 2ap.

Fix some o € (d/2, d) We start with an initial configuration i in Eo, the & that have
Eo(x) =0 forall x ¢ Bo and the number of nonzero sites in Bo is at least L*. We
define a stopping time :

(12) t = inf{r :3x € Z4 such that ny (x, &) + na(x, &) > ao| Bo|}.

LEMMA 3.1 (Recovery lemma). Suppose we start the truncated version of
Krone’s model from a &y € Bq. Let to = 2d/p. When L is large,

(13) P(t > fylogL) < LY«

PROOF. As mentioned in the Introduction, we consider
0E) =21 e Mly[g ()],
xezd
where A = L™ 'ag/2 and
0, if £(x) =0,
wlE@)] =11, if&(x) =1,
0, if £(x) =2.
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If we imagine R divided into cubes with centers at AZ¢ and think about sums
approximating an integral, then we see that

(14) )\’d Z e—)h”x” S e)\/Z/ [e_”Z“ dZ S U(14)
xezd R

for all A € (0, 1]. From this, it follows that

(15) Q&) <0Uy).

REMARK 1. Here, and in what follows, we subscript important constants by
the lemmas or formulas where they were first introduced, so it will be easier for the
reader to find where they are defined. U’s are upper bounds that are independent
of A € (0, 1].

Our next step toward Lemma 3.1 is to study the infinitesimal mean

E[Q&15:) — Q1) |6 = &]
&) _(%}w St ’

LEMMA 3.2. For all & such that n1(x,&) + ny(x, &) < a0|1§0| and for all
xeZq, (&) > pQ(&) where p is defined in (10).

PROOF. Straightforward calculation gives

-
(16) §(x)=1
s ﬁNﬂN(x)d Ml S gl
gz CLFD E(0=2
For the second term in the equation above, we interchange the roles of x and y
then rearrange the sum:

No[N(x)] o —d —*
Y pNWNOl i _ g~ o 11 > et
{50 QL+ 1) F=2 YEN (x).£(y)=0

Noting that A = L~ 'ag/2, and that for any x and y € N'(x) C By, —L < ||y —
llx]| < L, we have

e MV > ga0/2,=2Ixl > (1 — gg)eHIxI
Using this with ny(x,&) + na(x, &) < a0|B0|, and B,[(1 — 4g9)L] C N(x)
from (8),

NoAN @I s
1 —
E(XX):O’B(2L+1)‘1 =

No(B,[(1 —4ep)L]) oIl
ap) Y. B
5 QL+ 1)
> (1 —ap)[(1 —4e0)? —ap] Y pe Il
E(r)=2
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Recall that by (11), g is small enough so that (1 — 4g9)? > 1 — 2ag. This choice
implies

Z NZ[N(X)] —k||x||

QL+ 1) > (1—ap)(1—3ap) Y pe Il

§(x)=2

> (1—4ag) Y. pe~*Il.
E(x)=2
Combining inequality above with (16) and (10) gives
p@ =2 3 [0 - Do —ple 428 37 [(1 - 4ag) g — v]e Il
E(x)=1 £(x)=2
> pQ(§),

which proves the desired result. [

£(x)=0

Then for any initial configuration &y, define

t
(7) M; = Q&) — Q(éo) —/0 n(&s)ds.

According to Dynkin’s formula, M; is a martingale with EM; = 0.

LEMMA 3.3.  There are constants L33 and U3 3 < 00 so that when L > L33,
we have EMt2 < U3‘3L_dtf0r all t > 0, and hence

(18) E(sup Mf) <4Us5L~%

<t
PROOF. Using (16) and (14), we see that
1
(19) 1) < CS] =08+ 0+ p+v)Uqa.
To calculate EMIQ, lett!" =it/n.
n—1
EM? =3 E(My, —My)*
i=0

20) n—1 2

_ ;0 E[Q(&lnﬂ) — Q) — f u(&)ds} :

The path of M, s € [0, ¢] is always a right continuous function with left limit.
To control the limit of the sum, we first consider the total variation of M, s € [0, ¢].
For each n, let

t
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By definition,

tll

v < Z|Q<s,n ) — Q& ' (g ds

<v, +/ s < Vi + D,
where

Vi= ) 0&) — 0@-)]
sell;
to be the total variation of Q(&s) in [0, ¢] and I1; be the set of jump times of & in
[0, ¢], which is by definition a countable set. To control V;, write I1; = U/?io l'[t(k),

where for each k, H,(k) is the set of times in which £ has a transition at a vertex
contained in Hy = BO(kL) \ Bo((k — 1)L). Then according to (14), there is some
L33 < oo and C3 3 C333 < 00, such that forall L > L33,

EVr<Z[ E(UP)- s sp |0 — 0]
xe€Hi g gre00,1,2)74:
E(=E'(y) Yy

<C:§23)L dzkd 1 —)\.kt<C(g)
k=0

2n

which implies that V; < oo almost surely, and that M; is a process with finite
variation and definitely bounded. Using Proposition 3.4 on page 67 of [8] and the
fact that M; is a bounded right-continuous martingale, we have

(22) SEMy — Mp)? = [M];,

where [M]; is the quadratic variation of M,. Noting that for any n

n—1
ZE(Mn — My n? = EM?,
i=0

combining this with the L! convergence in (22), we have
EM? = E[M],.

Since M, is a martingale of finite variation, Exercise 3.8.12 of [2] implies

23) M1 = Y (0 — Q).

sell;
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So for E[M];, similar as in (21), there is some U3 3 < 0o, such that when L > L33

EMML <Y [E(IP) - sup  sup (QG) — Q(:-)’]
k=0 *€H ¢ £rc10,1,2)2%:
24) E()=¢'(y) Vy#x

o0
< CHL™MN ka1 2k < U331
k=0

Equation (24) immediately implies that
EM? = E[M]; <U33L ™

which completes the proof. [J

At this point, we have all the tools needed in the proof of Lemma 3.1. If §y € E,
there is a u3,; > 0 such that for all £y in Lemma 3.1:

us L™ < 0(&o).

Using (18) now
E( sup M§)54U3,3L—dzologL

s<tolog L
so by Chebyshev’s inequality and the fact that o > d/2:

8U33L % log L
i L

P( sup M|z us L7)2) <

s<tgplogL
= O(L™>*1logL)
= O(Ld/z_"‘) — 0.

Cpnsider the event {t > fglog L}. For any s <fplogL, n1(x, &) +na(x, &) <
ap|Bo|, for all x € 74, so by Lemma 3.2, u(&) > pQ(&;). Consider the set

A= { sup | M| < u3.1L_d+°‘/2] N{t >tylogL}.
s<tplogL

On A, we will have that for all 7 € [0, fglog L],
t
0&) 2wl /245 [ 0 ds.
If we let £ (1) = eP'u3  L=9T%/2, then

t
f) =us L7924 p/ f(s)ds.
0

Reasoning as in the proof of Gronwall’s inequality:
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LEMMA 3.4. Onthe event A, Q(&) > f(¢t) forallt € [0, rglog L].

PROOF. Suppose the lemma does not hold. Let #; = inf{r € [0, f9logL]:
Q&) < f(1)}). By right-continuity of Q(§;), Q(&;) < f(t1) and 1, > 0. How-
ever, by definition of 1, we have Q(&;) > f(¢) on [0, #1), and by right-continuity
of Q(&) near t = 0, the inequality is strict in a neighborhood of 0. Thus, we have

u3 IL—d+Ot

Q&) =z ————

—d+a

1
+p 0 Q&) ds

us L
>
2

which is a contradiction to the definition of #;. [

n
+ '0/0 Fs)ds = £(t1)

Recalling that 1o =2d/p
f(tolog L) = ePl0108 Ly s p=d4a /5 — yyn 4% 2,

When L is large, this will be > 0U(14), the largest possible value of Q(&;). Thus,
the assumption that P(A > 0) has lead to a contradiction, and we have completed
the proof of Lemma 3.1. [

4. Proof of Theorem 2. As in the proof of Lemma 3.2, we are able to prove
the extinction result in Theorem 2, which does not require the assumption of long
range.

PROOF. When puv > w(f —v), if 8 < v, the system dies out since 7; can be
bounded by a subcritical contact process with birth rate g and death rate v (the
special case of n; when @ = 00). Otherwise, we can find a 6" such that
p

0> >1.
® "

,u—i-a)>

For n; starting from ng with a finite number of nonzero sites, consider
St =Y lyw=1 +0'1y0=2
xezd

Similarly, let 1(n;) be the infinitesimal mean of S(7;). Repeating the calculation
in the proof of Lemma 3.2, we have

w(ng) = Z [0(0" — 1) — u]1y, =1 + [0V + folx, n:)B] Ly, (0)=2-

xeZd

Noting that w (6’ — 1) — & < 0 and that
—0'v+ folx,n)p = —0v+p <0
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we have shown that p(n,) <0 for all ¢ > 0. Thus, S(7;) is a nonnegative super-
martingale. By the martingale convergence theorem, S(7;) converge to some limit
as t — oo. Note that each jump in 1, will change S(n;) by 1,6" or 8’ — 1 > 0.
Thus, to have convergence of S(7;), with probability one there must be only finite
jumps in each path of n;, which implies that with probability one n, will end up at
configuration of all 0’s, which is the absorbing state.

For the second part of the theorem, there is no nontrivial stationary distribution
when B < v. When B > v, note that when uv > w(B — v), there is a 6’ such that

M—+w>9'>é>1.
® v

We again use the

Q)= e My x)]

xez4
similar to the Q introduced at the beginning of Lemma 3.1, with 1’ > 0 and
0, if n(x) =0,
wnm]=11L  ifn)=1,
0, if n(x)=2.

Consider the infinitesimal mean of Q’(n,). Using exactly the same argument as in
Lemma 3.2, we have for any 7,

W= Y[ —o—uple M4 3" (gt —6'v)e MM

n(x)=1 n(x)=2

Thus, when A is small enough, () <0 for all n € {0, 1, Z}Zd and Q'(n;) is a
nonnegative supermartingale, and thus has to converge a.s. to a limit. Then for any
x € Z4, aflip at point x will contribute at least

e M min{1,6 — 1}

to the total value of Q’. So with probability one there is a r < oo such that there is
no flip at site x after time ¢, which can only correspond to the case where n;(x) =0
forall s € [t,00). [

5. Spatial location of the positive density box. The argument in the previ-
ous section proves the existence of a small box B, with positive density, but this
is not useful if we do not have control over its location. To do this, we note that
the graphical representation in Section 2 shows that box process &, can be stochas-
tically bounded by Krone’s model 7; starting from the same initial configuration.
Krone’s model can in turn be bounded by a branching random walk y; in which
there are no deaths, 2’s give birth to 2’s at rate 8 and births are not suppressed even
if the site is occupied.
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LEMMA 5.1.  Suppose we start from yy such that yo(x) =2 for all x € éo,
10(x) = 0 otherwise. Let My(t) be the largest of the absolute values of the kth
coordinate among the occupied sites at time t. If L is large enough then for any
m > 0 we have

(25) P(My(t) > 14+ (2B + m)Lt) <2¢~™|By.
From this, it follows that there is a C5.1 < 00 so0,

(26) E([My(tolog L)]*) < Cs.1(L1log L)?.

PROOF. First, we will start from the case where )y has only one particle at 0.
Rescale space by dividing by L. In the limit as L — oo, we have a branching
random walk 7, with births displaced by an amount uniform on [—1, 1]¢. We begin
by showing that the corresponding maximum has EM ,% (tolog L) < C(log L)?. To
this, we note that mean number of particles in A at time ¢

E(7(A) =P P(S@t) € A),

where S(t) is a random walk that makes jumps uniform on [—1, 119 at rate B. Let
Sk (t) be the kth coordinate of S(¢). We have

Eexp(0Sk(t)) =exp(Bt[p(0) —1])  with ¢(8) = (¢ +¢77)/2.
Large deviations implies that for any 6 > 0
P(Sk(t) > x) < e exp(Bt[#(0) — 1]).
By symmetry, we have that
P(|Sk(1)] = x) <27 exp(Bt[$(0) — 1])
and hence that
(27) P(My (1) = x) < 2e %P exp(Bt[¢p(0) — 1]).

Since the right-hand side gives the expected number of particles with kth compo-
nent > x.

To prove the lemma, now we return to the case L < oco. Let ¢(0) =
E exp(0Sk(t)) where S(¢) is a random walk that makes jumps uniform on
[—1,119 N Z4/L at rate B. When 6 = 1, ¢(1) — 1 = 0.543, so if L is large
¢ (1) — 1 <1, and by the argument that led to (27)

P(Mi(t) > (2B + m)t) <2e™ ™.

The last result is for starting for one particle at the origin. If we start with | Bo|
particles in Bo/L C [—1, 17¢ in the initial configuration j; then

P(Mi(t) = 1+ (2B +m)t) <2|Bole ™.
Taking ¢ = tglog L, and noting that ro = 2d/p > 1, gives the desired result. [J
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LEMMA 5.2. Foranya > 0, let M (tlog L) 1 < j < L% be the maximum of
the absolute value of kth coordinates in the jth copy of a family of independent and
identically distributed branching random walk in Lemma 5.1. There is a Cs52 < 00
so that for large L

P( max {M,f(to logL)} > Cs1Llog L) <1/L.

1=j=L

PROOF. Taking t = fglog L in (25) and recalling |1§0| = O(L%), the right-
hand side is < L9 exp(—mto log L) for each copy. So the probability on the left-
hand side in the lemma <L+ exp(—mtglog L). Taking the constant m to be large
enough gives the desired result. [

6. Moving particles in ;. Let H; , be the set of nonzero sites of n; in éx at
time ¢. In this section, we will use the graphical representation in Section 2 and an
argument from Durrett and Lanchier [5] to show that

LEMMA 6.1. There are constants 8¢.1 > 0 and an Le1 < 00 such that for all
L > L¢1 and any initial configuration no with |Hy,o| > L4/2

P(|Hi | > 86.11Ho0l) > 1 — e L

forany v € {0, ey, ..., teq}.

PROOF. We begin with the case v = 0 which is easy. Define Gg to be the set of
points x € l?o, with (a) no(x) > 1, and (b) no death marks x’s occur in {x} x [0, 1].
We have & (x) > 1 on So = HpoN Gg, and |So| ~ Binomial(|Hp o], e™*), so the
desired result follows from large deviations for the Binomial.

For v # 0, define G to be the set of points in G8 for which (c) there exists a
(), which produces growth from type 1 to type 2, in {x} x [0, 1/2]. We define
G to be the set of points y in év so that there are no x’s in {y} x [0, 1]. For any
x € By and yE B, we say that x and y are connected (and write x — y) if there is
an arrow from x to y in (1/2, 1). By definition of our process ni(y) > 1 for all y
in

S ={y:y e Gy, there exists an x € G so that x — y}.
It is easy to see that
(28) |G| ~ Binomial[| Ho 0|, e *(1 — e~“/?)].
Conditional on |Gy:
(29) |S| ~ Binomial(| B, |, e #[1 — e PICol/21Bol]),

by Poisson thinning since the events of being the recipient of a birth from By are
independent for different sites in G, .
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Since the binomial distribution decays exponentially fast away from the mean,
there is some constant ¢ > 0 such that

(30) P(IGol| > |Hoole (1 — e“"/z)/z) >1— e

To simplify the next computation, we note that 1 — e A" ~ Br as r — 0 so if the
&o in the definition of the small box is small enough

1= e PIOIIBL > 61 G |/4 Bo|.

Let p = e #B|Gol|/4|By|. A standard large deviations result, see, for example,
Lemma 2.8.5 in [4] shows that if X = Binomial(/, p) then

P(X <Np/2) <exp(=Np/8)
from which the desired result follows. [J

Let || - |1 be the L'-norm on Z<. Our next step is to use Lemma 6.1 O(log L)
times to prove:

LEMMA 6.2. For any o € (d/2,d), let Cso be a constant such that
Ces2logde1 > o — d. There is a finite Lo > L61 such that for all L > Lgo,
any initial configuration no with |Hpo| > aolBo| and any x € 7% such that
lx|lt < Cgalog L, we have

P(|Hy [cgrlogr]l = L) = 1 — e L2,

PROOF. Let n = [CgologL]. We can find a sequence xo =0, x1,...,x, =
x such that for all i =0,...,n — 1, xj—1 — x; € {0, xey, ..., xey}. For any i =
1, ..., n define the event

Ai = {|Hx,-,i| > 881|H070|}.

By the definition of Cg», [Hx [Cg 5 log L1 = L% on A,,. To estimate P(A,) note that
by Lemma 6.1

P(Ay) =1 —ZP )>1 —ZP (AS1A;_1)
i=1 i=1
> 1 — Coalog Lye =" =1 — e L2
when L is large. [
7. Block construction and the proof of Theorem 1. At this point, we have
all the tools to construct the block event and complete the proof of Theorem 1. Let

0<a<a/2—d/4, K =L'7243 T, =2mKe,+[-K,K]¢,and "}, =2mKe; +
[—K/2, K/2]d. If m 4+ n is even, we say that (m, n) is wet if there is a positive
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density small box, that is, a box with size ¢ and densities of nonzero sites > ag,
in I, at some time in [nL?, nL* + Cglog L], where Ce = C¢ 2 + to. Our goal is to
show

LEMMA 7.1. If (m, n) is wet then with high probability so is (im + 1,n + 1),
and the events which produce this are measurable with respect to the graphical
representation in (I'y, UT;;,41) x [nL?, (n + 1)L% + Cglog L].

Once this is done, Theorem 1 follows. See [3] for more details.

PROOF OF LEMMA 7.1.  To prove Lemma 7.1, we will alternate two steps,
starting from the location of the initial positive density box By, at time Ty. Let
Ao = {Tp < oo} which is the whole space. Assume given a deterministic sequence
8; with ||§; || < Ce2log L. If we never meet a failure, the construction will terminate
at the first time that 7; > (n + 1) L?. The actual number steps will be random but
the number is <N = [L?%/[Cg2log L]]. We will estimate the probability of success
supposing that N steps are required. This lower bounds the probability of success
when we stop at the first time 7; > (n + 1)L“. Suppose i > 1.

Deterministic moving. If at the stopping time 7;_; < 0o, we have a positive
density small box By, ,, then we use results in Section 6 to produce a small box

A

By, 45 with at least L% nonzero sites at time S; = T;_1 4 [C¢2 log L]. If we fail,
we let S; = oo and the construction terminates. Let A;“ ={S; < oo}

Random recovery. 1f at the stopping time S; < oo, we have a small box é)’i—l +5;
with at least L* nonzero sites then we set all of the sites outside the boxAto 0,
and we use the recovery lemma to produce a positive density small box By, at
time S; < 7T; < S; + folog L. Again if we fail, we let T; = 0o and the construction
terminates. Let A; = {T; < oo}. Let Aj(w) = y; — (yi—1 + 8;) on A;, and =0
on Af.

If we define the partial sums y; = yg + Zé’:l 8i and ¥; = 2921 Aj, then we
have y; = y; + X;. We think of y; as the mean of the location of the positive
density box and ¥; as the random fluctuations in its location. We make no attempt
to adjust the deterministic movements §; to compensate for the fluctuations. Let
Yend = (¥4 0, ..., 0) € Z4 be such that 2K (m + 1)e; € By,,,. We define the §;
to reduce the coordinates y(')‘, k=2,...,d to 0 and then increase yé to yelnd, in all
cases using steps of size < Cg 2 log L. Note that

10 = Yenalli = O(K) /€ = O(L**?) = o(N)
so we can finish the movements well before N steps. And once this is done we
set the remaining §; to 0. Moreover, note that each successful step in our iter-

ation takes a time at most Cglog L. Thus, we will get to yepq by t = nlL? +
O(L**/3)Cglog L < (n + 1)L?. At the first time T; > (n + 1)L?, we already have

(31) 3 =0, Yi = Yend-
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At this point, we are ready to state the main lemma of this section that controls
the spatial movement in our iteration.

_LEMMA 7.2.  For any initial configuration n(Ty) so that there is a small box
By, C I/, and any sequence 8;, i < N with ||8;|| < Ce2logL and any & > 0,

m?

there is a good event G with Gy — 1 as L — 00 so that (a) Gy C Ay, (b) on
Gy, lyi —yill < glL?a/3 for 1 <i <N, (c) Gy depends only on the gadgets of
graphical representation in I'y, U Ty 1.

PROOF. The first step is to show that P(Ay) — 1 as L — oo. For the ith
deterministic moving step, using the strong Markov property and Lemma 6.2, we
have

P(AF1A;_1) > 1= L2,
Then for the random recovery phase, according to Lemma 3.1, we have the condi-
tional probability of success:
P(Ai|A) = P(t; <tologL) > 1 — LY?7,
Combining the two observations, we have
(32) P(AilAi—1) > (1 — e L") (1 — L4272y 5 | — = LY"/2 _ [ /20

which implies

N N
P(AN) =71 =) P(A{)>1->_ P(A{|A;i_1)
i=1 i=1

>1— La(e—Ld/4/2 + Ld/z—a) >1— 2 d/A—a/2 _ g

The next step is to control the fluctuations in the movement of our box.

LEMMA 7.3. Let F(T;) be the filtration generated by events in the graphical
representation up to stopping time T;. For any 1 <k <d, {EZ{< i— Is a martingale
with respect to F(T;). E(Zf) =0, and Var(Ef\,) < C73L%logL so for any & we
have

P(max 1=l > sLZ“/3> 0.
i<N

PROOF. Consider the conditional expectation of Af.‘ under F(S;). According
to the discussions about the truncated process right before Section 2.1, we have
E (Af.‘ |F(S;)) = 0. Noting that 2€|Af-‘ | can be bounded by the largest kth coordi-
nate among the occupies sites of the corresponding branching random walk at time
tolog L, Lemma 5.1 implies that E((A¥)?|F(S;)) < C(log L)?. By orthogonality
of martingale increments Var(Efv) < NC(log L)?. Since N < L%/[CsalogL]+1,
we have the desired bound on the variances and the desired result follows from L?
maximal inequality for martingales. [
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To check (c), now note that under A; the success of A;LH depends only on
gadgets in

(26yi +[—€Co2log L, £Ce2l0g L1?) x [T;, Si41]
and that when the ith copy of the truncated process never wanders outside

D; =20(y;i_1 +8;) + [~Cs2(Llog L), Cs2(Llog L)]*

the success of A;41 under Ai++1 depends only on gadgets in D;. According to

Lemma 7.2 and the fact that N < L¢, with probability > 1 — L~! =1 — o(1), our
construction only depends on gadgets in the box:
N—1
U [(2€y; + [—€Cealog L, €Coalog L17) x [T}, Sit1]
i=0
U (26(yi + 8i11) + [~Cs2(Llog L), Cs2(L1og L)]?) x [Sit1. Ti411].

The locations of the y; are controlled by Lemma 7.3 so that it is easy to see that the
box defined above is a subset of I';, U I';,41, and proof of Lemma 7.2 is complete.
O

Back to the proof of Lemma 7.1, on Gy, it follows from (31) and Lemma 7.2,
when we stop at the first time 7; > (n + 1)L%:
lyi = 2K (m + Dey | < €(1+2]ly; — yill) <4¢K
which implies
By, =20y, + (—£, 01 C T}, ,,.

Noting that the success of Gy only depends on gadgets in I';, U I';, 41, we have
proved that G is measurable with respect to the space—time box in the statement
of Lemma 7.1, which completes the proof of Lemma 7.1 and Theorem 1. [J

8. Proof of Theorem 3. Our first step is to construct the test functions for S
and T and show that, under (6), they have positive derivatives for all sites in the
region of interest. According to (7), we can choose X € (0, 1) such that

1—X

(33) MR G2 )y

wo  2%(u + wo)
Let

1% /3(1—20)>

34 e(—, o —=0
34) Yo (a)o 24 (1 + wo)
and let

x x
(35) Tp=—2, Sy=-120

1+ 1+
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—M + €71 \ So

-M  —M+ 27

FI1G. 1. Test functions ford = 1.

Note that
(36) So + To = o, So/ To = yo.

Recall that for any x € 74 and r > 0, B(x,r) is defined in Section 2 to be the
L® neighborhood of x with range r. With Sy, Ty defined as above and &g to
be specified later, define the test functions Seeg(x,0) and Ties(x, 0) as follows
(Figure 1 shows those test functions when d = 1): let Sest(x, 0) = Sp on B(0, M —
€8.1), Stest(x,0) =0 on B(0, M), and
d[x, B(0, M)]Sp
d[x, B(O, M)‘] +d[x, B(O,M — eg1)]
for x € B(0,M — eg.1)° N B(0, M). Similarly, let Ties(x,0) = Ty on B(O, M —
388.1)’ TteSt(-x’ 0) == 0 on B(Ov M - 288.1)C’ and
d[x, B(0, M —2e51)“1Tp
d[x, B(O, M —2¢e3.1)¢] +d[x, B(0O, M — 3¢eg.1)]

for x € B(O,M — 3eg1)° N B(0, M — 2¢g1). In the definitions above, M =
max{4, 4x}, d(x, A) be the distance between x € R¢ and A C R? under L*°-norm,
e3.1 = €8.1(B, wo, W, v, k) is some positive constant that will be specified later in

the proof of Lemma 8.1. The following lemma shows that the test functions have
positive derivatives under IDE (6).

(37 Stest(x,0) =

(38) Tiest(x,0) =

REMARK 2. Throughout the discussion in this section, all the ¢’s, §’s, ¢’s and
¢’s introduced are constants independent to the choice of L.

LEMMA 8.1. Under the conditions in Theorem 3, there are €31 and €1 > 0 so
that under IDE (6):

d Seest(x, 0) -
dt -
dTiest(x, 0) -
dt -

e forall x € B(0O, M) = {Siest > 0},
(39)
4g1  forall x € B(O, M —2eg1) = {Tiest > 0}.
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€71 €71

2M —

Ix = (—M,M
2 ( )

€74 €. — K= €71
€71 €71

FIG. 2.  Stest with d = 2. Left: Stest with d = 2. The big box of size 2M is region {Stest > 0}. The
shadow area is the region where Stest = Sq. Right: Worst case for Stest where x = (—M, M). The big
box is the local grass environment. The shadow area is the region where Siest = Sp.

PROOF. With Ties and Sieg defined as above, for any x € B(0, M), the local

grass density can be upper bounded as follows (see Figure 2 for the case when
d=2):

_ d
DKG(x,O)gl—(K 8’“) 5051—2‘1(1—0188—'1)30.
2k K

Noting that §g < 2745, let

d
(40) £40) = %jo/&))'
It is easy to check that when g1 < €(40)
DC(x,0) < 1 -8,
which implies that
(41) w[DC (x,0)] = o

for all x € B(0, M). That is, all sites in the region of test function live in a environ-

ment with a higher growth rate wg. It is easy to see that the derivative of Tiegt can

be lower bounded by its derivative on the top, that is, for any x € B(0, M — 2¢3.1)

dTiest(x, 0) > dTiest(0,0)
dt - dt

and this holds for all ¥ > 0. Note that yy = So/ Ty according to (35). Combining
this observation with the definition of yg in (34)

(42)

> woSo — vTy

S() % v
43) woSp —vIp = a)oTo(— — —) = CUOTO()/O — _> - 0.
To wo wQ

Thus, we have the derivative of Ty is always positive for all x € B(0, M — 2¢g.1).
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Similarly, we can control the lower bound of derivative for test function Stegt as
follows: for any x € B(x, M)

d Stest (x, 0) > BTo(1 — 388.1)d
dt - 24
_ BTo(l —3des.1)
For the right-hand side of (44), according to (36)
dSest(x.0) _ BTo(1 = 3des)
dt - 2d

=To(n + wo)[(l —3des 1)

(I =80 —Tp) — (0 + w0)So

(44)
(I =80 — Tp) — (1 + wp) So.

(I =80 —To) — (0 + wp)So

B —So—To) @}
24 (u + wo) Ty

= oG-+ o) (1 = 3deg ) 20 =0y |
24 (u + wo)

Again recalling the definition in (34) that

B(1—%o) - %

29(p + wo) ’
we let

241 + wo)yo

45 =|1- 6d
@ " [ B —%0) ]/( .

So for any €31 < @5y and x € B(0, M)

(46) W > To(u +w0)[(1 - 3d8(45))% - } > 0.
Thus, let
47) £8.1 = min{€40), £45)} > 0
and
g = lmin{ono<y — —) To(e + 600)|:(1 — 3dg(45))M _ Vo]}
4 o 24 (i + wo)
> 0.

Combining (43) and (46) and the proof is complete. [

With the test functions constructed, our second step is similar to the proof of
Theorem 1. We introduce the truncated version of the Staver—Levin model, and as
before, denote the process by &;. For £ = ¢ L, where the exact value of ¢ is specified
later in Lemma 8.4, & has birth rate 8|JA (x, L)|/(2L 4+ 1)¢, where ' (x, L) in the



3458 R. DURRETT AND Y. ZHANG

truncated neighborhood defined in Section 2. Type 1’s and 2’s in &, die at the same
rates as in the original x;, while a growth of a sapling into a tree occurs at rate:

wo,  G(x,&)€[0,1-39),

(G (x. £)] = >
ol6wOI=1,"  Gaoen-su,

where
#0of 0’sin V' (x, K)
N (x, K)| ’
K =«kL, and § = &9 + 4de. First of all, with the same argument as in Section 2,

we immediately have that the number of different types in each small box forms a
Markov process ¢;. According to (8):

#of (14+2)sin N(x, K)
|B(x, K)|

<G, &) +1—(1—de)! <G(x,£) +4de,

combining this with the definition of §, we have for any &’ > £, w[G(x,&)] >
o[G(x, &)], which implies that the truncated é, once again is dominated by the
original x;. Thus, in order to prove Theorem 3, it suffices to show that & survives.

The third step is to construct a initial configuration of &) according to the test
functions defined in (37) and (38). For any x € Z4: if 24x ¢ B(0, M L) there is no
saplings or trees in B under &y. If 2¢x € B(0, ML), n;(x, &) = |Bo|Stegt(25x/L)
na(x, &) = |Bo|Ttest(2Zx /L). As noted earlier in the box process £, the locations
of the 1’s and 2’s inside each small box makes no difference.

We then look at f;(x, &), the densities of type i in each small box. For any x,
the infinitesimal means of f; and f> can be written as follows:

G(x,£) =

G(X,g) = I -

peb=cLen ikl X £0.D)hebs
y: I§yC/\/'(x,L)
(48) —[0(Gx, &) + n]fi(x, &),
Mz('x? é) = &)(G(X’ é))fl (X, é) - Vf2(-x9 é)
We prove the following.
LEMMA 8.2. There is a €33 > 0 such that for any £ = eL < eg32L and the éo
defined above, we have:
o ui(x,&) > 2e forall 2¢x € B(O, ML +4¢).
o ur(x,&) >2¢ forall 2¢x € B(O, ML —2eg 1L +4¢).
PROOF. First noting that § = 8y + 4de, 89 < 2795y, for

(49) e9) = (277So — 80)/(8d)
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8§ =38y + 4de < 2798, for ¢ < €(49). Moreover, for all x such that 2¢x e
B, ML +4¢),

#of 0’sin V' (x, K)

G(x, &) =

IV (x, K)|

Kk —eg1— 10e d
(50) <1- (—) So

2k
<1-=27985,(1 — deg | — 10de).
Let
So(1 —deg 1) — 298¢

(51) &1 = > 0.

20dSo +29+2d

It is easy to see that G(x, £) <1 —08y—4de=1—6 forall ¢ < £(51), which
implies (G (x, &) = wy for all 2¢x € B(0, ML + 4¢). Thus,

pa(x, &) = &(G(x, &)) f1(x, &) — vfa(x, &) > woSo — vTp > de;
for all 2¢x € B(0, ML — 2eg.1 L + 4¢). Then for the infinitesimal mean of type 1:
meckn=eLen ikl X a0E ) iop
y: f?yCN(x,L)
— [wo + 1] f1(x, &).
Note that
eL+n bl X 06t Es

2/3xeB(0 ML+4€) .
y:By,CN(x,L)
>279(1 —3eg — 106)? Ty (1 — Sy — Tp) B
>279(1 — 3deg | — 10de)To(1 — So — 1) B.
Recalling (46), (47) and the definition of ¢y, let
2d_18]
(52) £(52) = .
5dTo(1 — So — To)B
For all ¢ < g(52) and any 2¢x € B(0, ML + 4¢£),
12(x, &) > 274(1 — 3deg.)To(1 — So — To) B — (wo + ) So — 261 > 2.
Overall, let

€82 = min{€(49), £(51), £(52)}

It satisfies the condition of this lemma by definition. [J

Moreover, since that the inequalities for G’s in the proof above are strict and
that all other terms in the infinitesimal mean are continuous, we have:
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LEMMA 8.3. There is some 833 > 0 so that for any configuration 56 with
|fix,&0) — fi(x, &) <883, i=1,2;20x € B0,2ML)
we have:

o i1 (x, &) > e forall 2¢x € B(O, ML + 4¢),
o 1o(x,E)) > ey forall 26x € B(O, ML —2¢eg L +40)

forall ¢ =eL <egslL.

PROOF. First note that for any x such that 2¢x € B(0, ML + 4¢),
|G(x, &) — G(x,&)| <2833.

Let

(53) 8(s3) = [274So(1 — deg.1 — 10deg ) — 8o — ddeg]/4 > 0.

For any g 3 < §(53), recalling (50) and (51), we have

G(x, &) < G(x, &) + 2833

<1-2798y(1 —deg — 10deg2) + 28(53) <1 =380 —4dega
<l—-§8y—4de=1-§

which implies that

(54) (G(x,&)) =wo

for all x such that 2¢x € B(0, M L + 4¢). Furthermore, under (54), (48) implies
that

(55) |pa(x, &) — pa(x, &)] < wodss + 183 = (wo + v)3s3,

1 Ce Bo) — g (x, B < 2L + 1)—"|éo|( S A0 éo))wg.g

y: éyCN(x,L)

(56) veLen bl X sa) e Eos
y:ByCN(x,L)
+265 5+ (@0 + 10383
for all x such that 2¢x € B(0, ML + 4¢£). Noting that f; <1, 33 <1, (56) can be
simplified as
|11 (x, &0) — 1 (x, &) | < 2+ 3B 4 wo + n)ds.3.
Thus, let
&1 &1l
2(wo +v)’ 2(2+3ﬁ+wo+u)}'
Equations (54)-(56) show that &g 3 satisfies the conditions in our lemma. [

53.3 = min{3(53) ,
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Both Siest and Ties; are Lipchitz with constants Speg 11 and Tpeg 11 Let Cy;p be the

max of these two constants. At this point, we are ready to specify the size of our
small box and have the lemma as follows.

LEMMA 8.4. For & = egq4, where

)
(57) £84 = mln{ 8381 y 88—2 },
16(8 +wo + w)Ciip 2

&, be the truncated process starting from &y. At time

_ 383
2(B+wo + )

there is some Cg4 < 00 such that the probability that:

o fi(x.&g,) > fi(x.&) + csa, when 20x € B0, ML +40),
o fa(x. &g ,) = fa(x, &) + cga, when 26x € B(O, ML — 251 L + 4¢)

13.4

is greater than 1 — C g.4L*d when L is large, where

38361

BT 8B w0+ )

PROOF. Consider the stopping time
T =min{z:3x:2¢x € B(0,2ML),i =1 or 2,

fi(x, &) — fi(x,&)] > 833}

Note that each site in our system flip at a rate no larger than 8 + wp + ©. Ac-
cording to standard large deviations result as we used in Lemma 5.1, there is some
¢6.1, Cs.1 € (0, 00) independent to L such that

P(t <134) < Cq. CXP(_C().lLd) <Cei1L™

when L is large. Now consider, o*iz(x, é,), the infinitesimal variances of the local
densities. According to exactly the same calculation as we did in Lemma 3.3, there
is a C33 < oo such that

(58) o (x,&) <C33L™1

for all x € Z¢, i = 1,2 and all configurations &. Thus, we can again define
Dynkin’s martingale:

- _ _ t _
(59) Mi(x,1) = fi(x, &) — fi(x,50) _fo wi(x, &) dt
and Lemma 3.3 implies that there is a C3 3 so that

P( sup |M;(x,1)| > 03,4) < C33L74,
t<ig4
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Consider the event

(60) Ai(x) = (T > 154} N {ts‘,‘p |¥;(x, )] < g
=Ig 4

By definition, there is some Ug 4 < 0o, independent to L, such that
P(A;(x))>1—Us4L™  Vxs.t 20x € B(O, ML +4¢).

For any x such that 2¢x € B(0, ML +4¢), when A1 (x) holds, Lemma 8.3 implies
that for any x

- 8.4

(61) J1(x, & 4) = /o e1dt —cg4 > cg4.

Similarly, for any x such that 2¢x € B(0, ML — 2¢eg 1L + 4£), when A>(x) holds
- 3.4

(62) Folx, B ) > fo e1dt —cg > cya.

So let

(63) A= ( N Al(x)> N ( N Ag(x)).

x:2¢xeB(0,M L+4¢) x:20xeB(0,ML—2¢g 1 L+4L)
The conditions in our lemma are satisfied on the event A. Noting that
c c 4Md —d
P(A)>1— > [P(AS(x)) + P(AS(x))] = 1 — ——UsaL
x:20xeB(0, ML+4L) €84

let Cg4 = 4M“’U8‘4/8§l.4 and the proof is complete. [

For any x € Z¢ and any & € {0, 1, Z}Zd , define shift(£, x) to be the configuration
that for any y € Z:

shift(§, x)(y) =&(y — x).
Recalling the definition of Cj;p, on the event A, forany i =1,...,d,
E1g 4 > shift(€o, £2¢¢;).

Monotonicity enables us to restart the construction above from anyone among
the shifts. Note that the success probability of such a construction is of 1 —
O(L~). So when L is large, with high probability we can do it for 2d log L times
without a failure. This will give us a “copy” of &y at +2¢(log L)e; for each i and
will take time T = (log L)fg 4.

Thus, we can have out block construction as follows: let

Iy =2¢(logL)x +[—¢logL,tlogL1?  VxeZ?
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and 7,, =nT,n > 0. We say (x, n) is wet if
€7, > shift(£, 2¢(log L)x).

From the construction above, we immediately have that (x,n) is wet then with
high probability (x e;,n+ 1) areall wetfori =1,...,d.

To check that with high-probability, the block events are finite-dependent, note
that & is dominated by a branching random walk with birth rate A and initial
configuration &. Lemma 5.1 shows that for any m > 0

P(Mi(T1) = 2B +m)LT;) <e ™" |B(0, (M + 1)L)|

when L is large enough, where My (¢) is the largest kth coordinate among the
occupied sites at time ¢. Noting that 77 = (log L)tg 4 and that the choice of #g4 is
independent to the choice of L, let

(64) m=(d+1)/tg4.

We can control the probability that §t wanders too far as follows:
_ . = —mT;
Py, (,gl[oﬁ};o]{ Jxll & (x) #0} = @B +m)LTi) <2de™"1[B(0, (M + DL)].

Noting that
—mTi _ ,~(log L)ig 4(d+1)/13 4 _ ,~(d+D)logL _ j —d—1

e
we have
(65) Pg (terﬁ)a%)]{llxll (E(x) £0} > (28 + m)LT1> =L 1o(LY) -0

as L — oo. Thus, noting that £ = eg 4L, let

_@2B+m)LTy (2B +m)ig4
 2logL  2egy4

which is a finite constant independent to the choice of L. As L goes large, we have
that with high probability & cannot exit the following finite union of blocks by

time 77:
U r

x:llx[l<R

which implies that the block events we constructed has finite range of dependence.
Then again according_ to standard block argument in [3] and [11], we complete the
proof of survival for & and this implies Theorem 3.
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