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Abstract: This paper deals simultaneously with linear structural and func-
tional errors-in-variables models (SEIVM and FEIVM), revisiting in this
context the ordinary least squares estimators (LSE) for the slope and in-
tercept of the corresponding simple linear regression. It has been known
that, subject to some model conditions, these estimators become weakly
and strongly consistent in the linear SEIVM and FEIVM with the measure-
ment errors having finite variances when the explanatory variables have an
infinite variance in the SEIVM, and a similar infinite spread in the FEIVM,
while otherwise, the LSE’s require an adjustment for consistency with the
so-called reliability ratio. In this paper, weak and strong consistency, with
and without the possible rates of convergence being determined, is proved
for the LSE’s of the slope and intecept, assuming that the measurement
errors are in the domain of attraction of the normal law (DAN) and thus
are, for the first time, allowed to have infinite variances. Moreover, these
results are obtained under the conditions that the explanatory variables are
in DAN, have an infinite variance, and dominate the measurement errors
in terms of variation in the SEIVM, and under appropriately matching ver-
sions of these conditions in the FEIVM. This duality extends a previously
known interplay between SEIVM’s and FEIVM’s.
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1. Introduction and main results

1.1. Linear structural and functional errors-in-variables models
(SEIVM and FEIVM)

We consider the linear errors-in-variables model (EIVM)
yi =B& +a+d, xi=& +ei (1.1)

where (y;, z;) € R? are vectors of observations, &; are unknown explanatory/la-
tent variables, the real-valued slope 8 and intercept « are to be estimated, and
0; and g; are unknown measurement error terms/variables, 1 < i < n, n € N.
EIVM (1.1) is also known as a measurement error model, or regression with
errors in variables. It is a generalization of the simple linear regression of the
form y; = B&; + o+ 0; in that in (1.1) it is assumed that, in addition to the two
variables n := ¢ + « and £ being linearly related, now not only 7, but also &,
are observed with respective measurement errors §; and &;.

This paper deals simultaneously with structural and functional versions of
EIVM (1.1) (SEIVM and FEIVM). In an SEIVM the explanatory variables &;
are assumed to be independent identically distributed (i.i.d.) random variables
(r.v.’s) that are independent of the error terms, while in case of an FEIVM, one
treats them as deterministic variables. The vectors of the error terms {(d,£),(0;,&;),
i > 1} are usually, and also presently, assumed to be i.i.d. mean zero random
vectors.

Hereafter, the following notations will be used:

n

n n
! ol m oy
Up = — E Uy, Usp = — Uy UVp = — UiVs,
n 4 n n
i=1 =1

=1

_ _ 1
Siwo = (Ui — ¢Ty)(v; — €Ty), and Sy, = - Z Si s
=1
where {u;, 1 <i <n} and {v;, 1 <i < n} arereal-valued variables and constant

(1.2)

- 0, if the intercept « is known to be zero,
1, if the intercept « is unknown.
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1.2. Least squares estimators for the slope and intercept in
SEIVM s

It is well-known that the ordinary least squares estimators (LSE’s) of the slope
and intercept of the simple linear regression y; = Sx; + « + §;, 1 < i < n, that

is

.S, .
are inconsistent in SEIVM (1.1) when 0 < Var&, Vard, Vare < co. However, if
E(de) = 0, using the so-called reliability ratio k¢ that is defined via what is

known as the signal-to-noise ratio k as

E¢? — c(E¢)? k E¢? — c(EE)?

k:: d k:: —
MERET T T Be2 — o(BE)? 1 Vare’

1.4
Vare (1.4)

one can adjust Bn and &, and obtain consistent estimators for 8 and « as
follows: 3 . ~
Bn =k By and  @n =7, — Bl (1.5)

The reliability ratio k¢ is a measure of relative spread of the explanatory
variables &; to that of the observables z;, and, clearly, 0 < k¢ < 1. Larger
values of k lead to larger values of k¢ and to that §; are more dominant over
the measurement errors ¢;, and to that z;, and hence the statistical inference in
SEIVM (1.1), are more precise.

To ensure identifiability and the possibility of consistent estimation of un-
known parameters in the model (1.1), such as § and « for example, it is common
in the literature to make use of some side conditions in this regard. Assuming
prior knowledge of k¢ of (1.4) in SEIVM (1.1) is one of the several standard
conditions of this kind (cf. Cheng and Van Ness (1999) for further details on
identifiability in (1.1)). In practice, this assumption is usually unrealistic. Hence,
(consistent) estimation of the reliability ratio k¢ has become a standard practice
in SEIVM (1.1). The estimators (3, and @, in (1.5), with known or estimated
ke, are also known as the correction-for-attenuation estimators for 5 and o.

A new type of SEIVM (1.1), with new asymptotic methodologies and results,
was introduced in Martsynyuk (2004), and then studied also in Martsynyuk
(2005, 2007a, 2007b, 2009), where the explanatory variables &; are, for the first
time, assumed to belong to the domain of attraction of the normal law (DAN)
with a possibly infinite variance. In particular, this enriched the traditional two-
moment space of the explanatory variables that had been used for consistency
and central limit theorems studies in SEIVM (1.1) in the literature.

Remark 1.1. For iid. r.v.’s {£,&,i > 1}, £ € DAN means that there are

constants a,, and by, b, > 0, for which (3>°1" | & — an)b,* z N(0,1), n — oo,
where a,, can be taken as nE€ and b,, = v/nl¢(n), where l¢(n) is a slowly varying
function at infinity defined by the distribution of £, that is l¢(az)/le(2) — 1,
as z — oo, for any a > 0. If £ € DAN, then E|{|¥ < oo for all v € (0,2),
and le(n) = /Var > 0, if Var{ < oo, and le(n) oo , as n — oo, if
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Var & = 0o. Also, & € DAN with some nonstochastic constants a, and b, > 0 if

and only if >°1" (& — E£)?/b2 £ 1, n = oo, with some nonstochastic constants
by, > 0 (cf. Feller (1971, p. 236, Theorem 2)), and hence, £ € DAN implies that

Sy (&=E€,)/ (ntZ(n)) £ 1 and, if also Var & = oo, that S &2/ (ki (n)) £,
as n — oo. In addition, ¢ € DAN if and only if maxi<j<, &2/ > 1, &2 5o,
n — oo (cf. Breiman (1965)).

Example 1.1. From Remark 1.1, all the distributions with finite positive vari-
ances are in DAN. As to some examples of the distributions in DAN that have
infinite variances, a Pareto distribution and its modification that has a some-
what heavier tail, with the respective probability density functions (pdf’s)

2 .
fl(u)—{ e if u>1,

0, otherwise,

and

4logu
if 1
Plw=q T TUT
0, otherwise,

were shown to belong to DAN and to have the following slowly varying functions
at infinity in the respective norming constants b,, as in Remark 1.1:

logn

l1(n) = y/logn and {2(n) = 3

(cf. Martsynyuk (2013, Example 1)).

Among other things, it was observed in Martsynyuk (2005, Remark 1.1.6)
that the LSE’s 3, and &, of (1.3), as well as the estimators
= Syy = _ =
Bn == and a, =7, — BnTn, (1.6)
Say
are strongly consistent in SEIVM (1.1) with 0 < Vard < oo and 0 < Vare < o0
when Var§ = oo (independently of whether E(de) = 0 or not). Thus, unlike
in the traditional model with 0 < Varé < oo, the LSE’s do not require any
adjustments for consistency if Var{ = oo, when one can formally put k¢ := 1.
This can be interpreted as follows: the impact of the finite variance measurement
errors €; in the observables x; is negligible as compared to that of the infinite
variance explanatory variables &;, so much so that the model becomes close in
spirit to, and behaves as if it were, the simple linear regression y; = Sx; +a+§;,
1 < i < n. The LSE’s of (1.3) and estimators in (1.6) in SEIVM (1.1) with
Varé = oo add to a handful of examples of consistent estimators in special
SEIVM’s that do not require any additional information, such as prior knowledge
of k¢ for example (cf. Van Montfort (1988) and texts Kendall and Stuart (1979)
and Cheng and Van Ness (1999) for details on these examples). It is interesting
to note that the existence of these consistent estimators for 8 implies that § is
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identifiable, and the latter fact, when (9, ¢) has a normal distribution, can also
be concluded from Reiersgl (1950), as it accordingly holds if and only if £ is not
normally distributed.

1.3. Least squares estimators in FEIVM ’s

We now turn our attention to FEIVM (1.1), a companion to SEIVM (1.1), and
describe a parallel picture on the LSE’s of (1.3) in it.

When 0 < Vard < oo and 0 < Vare < oo, just like in SEIVM (1.1) with
0 < Var¢ < oo, the LSE’s of (1.3) are inconsistent in FEIVM (1.1) with the
deterministic explanatory variables {;};>1 satisfying the assumptions

lim &
Jm &,

which have been most common for FEIVM (1.1). The estimators in (1.5), with

<oo and 0< lim (€2, - (£,)?) < oo, (1.7)

n—roo

limn_mo 555

lim,, 00 Sge + Vare (1.8)
in place of k¢ of (1.4), are adjustments of the LSE’s for strong consistency when
E(de) = 0, where, similarly to kg, the ratio in (1.8) usually requires estimation
and may be viewed as a measure of relative spread of the explanatory variables
to that of the error terms.

In Martsynyuk (2005, 2007b, 2009), simultaneously with SEIVM (1.1) with
¢ € DAN, we studied FEIVM (1.1) and established new asymptotics in it un-
der the conditions on the deterministic explanatory variables that match the
condition & € DAN, and hence are also new and most general in the context.
Accordingly, we assumed that

lim €,| < oo, 0 < lim (€2, — (§,)%) and,

n—oo n—oo

e v T = . maxi<icn &

if lim (€2, — (£,)%) = o0, also lim ——m=r>t = (), 1.9

This also led to the obtained asymptotics being very similar in form for the
SEIVM and FEIVM in hand that, in turn, extended a previously known inter-
play between SEIVM’s and FEIVM’s (cf. Martsynyuk (2005, pp. 158-159) and
Martsynyuk (2007b, Section 2.2)).

It was argued in Martsynyuk (2005, Remark 2.1.10 (e)) that the LSE’s 3, and
G, of (1.3), as well as the esimators in (1.6), are weakly consistent estimators
of the slope and intercept in FEIVM (1.1), provided that |lim, . &,| < oo,
lim,, 00 (€2,, — (£,)?) = 00, 0 < Vard < oo, and 0 < Vare < oo, while these
estimators are strongly consistent if, additionally, all the four limits in (1.9) are

satisfied and E|6|>t2, E|e|>T® < oo for some A > 0. The limit lim,, o (£2, —
(€,))?) = oo parallels the condition Var¢ = oo in SEIVM (1.1) discussed above,
makes the ratio in (1.8) take its maximal possible value 1, and results in FEIVM
(1.1) resembling the corresponding simple linear regression y; = fx; + o + §;,

1 <i < n, due to the effect of the measurement errors ¢; being less pronounced.
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Liu and Chen (2005) proved that in FEIVM (1.1) with 0 < Vard < oo and
0 < Vare < oo, the LSE 3, of (1.3) is consistent, both strongly and weakly if
and only if lim,, o (€2,, — (€,,)%) = oo, while the LSE é,, is a weakly consistent
estimator of o if and only if lim,, o n&,, /max(n, > 1 (& — €,)?) = 0.

Miao et al. (2011), among other things, refined the results of Liu and Chen

(2005) by obtaining rates of strong and weak consistency for 3, and &, in
FEIVM (1.1) (with ¢ =1 in (1.2)) as follows:

if 0 < E]§|P < o0 and 0 < Ele|P < oo for some p > 2, and
limy, 00 See/n'~2/P = oo, then nil/p\/@(ﬁn - B) %0,
and, if also n'/2=9%1/P|¢ |/, /See = O(1) for some 6 € (1/2,1],
then n' =9 (&, —a) X3 0, as n — oo;
(1.10)

if 0 < Vard < oo, 0 < Vare < oo, limy 0 Se¢ = 00, and

limy, 0 8555,21/71 = oo for some real numbers b,, such that 0 < b,, — 0,
then by ' \/nSee (B — B) = 0 and, if also lim, o0 (€,,)?/ (b2 See) = 0 and

By, o0 n1/2[€,,]/(bnSee) = 0, then by ' /n(6y — @) 5 0, as n — oo,
(1.11)

1.4. Model assumptions and introduction to main results

The results of Martsynyuk (2004, 2005), Liu and Chen (2005) and Miao et al.
(2011) in connection with consistency of the LSE’s of (1.3) in EIVM (1.1), which
were discussed in sections 1.2 and 1.3, are all for the model with 0 < Vard < oo
and 0 < Vare < oo. In contrast, in this paper we deal with SEIVM and FEIVM
(1.1) where both measurement errors § and e are, for the first time, allowed to
have infinite variances via assuming that

(A1) {(6,€),(0:,€i) }i>1 are i.i.d. mean zero random vectors with d,¢ € DAN

and the respective slowly varying functions at infinity ¢s5(n) and £.(n)
that are such that Y. 8;/(y/nls(n)) B N(0,1) and
S e/ (Vile(n)) B N(0,1), as n — oo (cf. Remark 1.1).

Concerning our conditions on the explanatory variables, throughout the paper,

{€,&}i>1 are 1id. r.v.’s with £ € DAN, Var{ = oo,
and the slowly varying function at infinity f¢(n) as

(A2) in Remark 1.1, and ¢ is independent of (9, ), in SEIVM (1.1),
{&}i>1 are deterministic and lim See = oo, in FEIVM (1.1).

n—oo
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Sometimes, we will also assume that

(A3) limsup [, | < oo in FEIVM (1.1).
n—roo

The main Theorems 1.1 and 1.2 of the present paper prove respectively weak
and strong consistency of the LSE’s 3, and d, under (A1)-(A3), and some
additional assumptions that ensure that the explanatory variables dominate the
measurement errors in terms of variation, a natural requirement for obtaining
meaningful inference in the model (1.1). In our main Theorems 1.3 and 1.4, we
refine the results of Theorems 1.1 and 1.2 and establish possible rates of weak
and strong consistency of Bn and &,.

To the best of our knowledge, EIVM (1.1) with the explanatory variables
having an infinite variance or spread (as in (A2)), and with the error terms pos-
sibly having infinite variances (as in (A1)), as well as estimation problems in this
model, have not been previously studied in the literature. On the other hand,
various authors have studied practical and theoretical aspects of linear regres-
sion when both errors and regressors may have infinite variances, and established
asymptotics for the LSE’s for the slope and intercept in it. Initial work in this
regard was offered in Blattberg and Sargent (1971) and Smith (1973), under the
condition that the errors followed stable laws. Andrews (1987a, 1987b) provides,
among other things, a complete list of references for applications of infinite vari-
ance regression, particularly in economics. Assuming that the regressors are in a
stable domain of attraction (in particular, in DAN), Cline (1989) considers the
LSE’s for the slope and intercept in linear regression and determines necessary
and sufficient conditions for their weak consistency in terms of a relationship
between the regressors’ and errors’ distributions. The latter relationship roughly
amounts to a certain asymptotic dominance of the tail probabilities of the re-
gressors over those of the errors. For some further related works on infinite
variance linear regression models and asymptotics for the LSE’s in them, we
refer to a useful survey of the literature in Cline (1989).

1.5. Main results with remarks
Theorem 1.1 (weak consistency of the LSE’s). Let (A1) and (A2) be satisfied.
Assume also that, as n — oo,
2(n)
(2 (n)
2(n)
See
and, if Vard = oo and El|de| = oo, that
e(n)ls(n)
(2 (n)
e(n)ls(n)
See

—0, in SEIVM (1.1),
(1.12)
—0, in FEIVM (1.1),

—0, inSEIVM (1.1),
(1.13)
—0, inFEIVM (1.1).



2858 Yu. V. Martsynyuk

Then,
By, Lt B, n— oo. (1.14)
If (A3) is also valid in FEIVM (1.1), then

bnBa, n— . (1.15)

Hereafter, without loss of generality, we assume for convenience that See > 0
for allm > 1 in FEIVM (1.1), in view of having lim,,_,« Sge = 00 in (A2).

Theorem 1.2 (strong consistency of the LSE’s). Let (A1) and (A2) hold true.
In SEIVM (1.1), assume that Vare < oo and, if Vard = oo, that E|de| < co. In
FEIVM (1.1), if Vare = oo, let

> 1 Ee?1 "
Z_M < 0 for some d>O, (1'16)
“—n See

and, if Var § = oo, suppose additionally that (A3) (if « is not known to be zero)
and one of (2.2)-(2.5) are satisfied, and that either E|de| < oo, or Elde| = 0o
and

o 1/2 /oo 1/2
1 (Bl < p1/2er E&%1y 51<pn1/240
Z _( Hel=nt2r }) ( Gk }) < oo for some wv,n>0.
— " See
n=1
(1.17)
Then, .
Bn 2258, n— oc0. (1.18)
If (A3) is also valid in FEIVM (1.1), then
fn 2%, n— oo, (1.19)

Remark 1.2. When Var ¢, Vare < oo in SEIVM (1.1) and lim,,—oo See, Vare <
oo in FEIVM (1.1), the respective ratios £F(n)/£2(n) and lim,, o, See/€2(n) that
appear in (1.12) coincide with the signal-to-noise ratio k of (1.4) and its proto-
type lim,, o0 See/Vare in FEIVM’s (cf. (1.8) and the lines below it). Otherwise,
€2(n)/€2(n) and lim,, o See/¢2(n) extend the notion of the signal-to-noise ratio
as, in view of Remark 1.1, if £ € DAN with Var{ = oo (or if lim,, o See = 00)
and ¢ € DAN with Vare < oo, then £Z(n) (or lim, o Sge) and £2(n) continue
to be the respective measures of spread of the explanatory variables & and mea-
surement errors £;. Condition (1.12) states that & must vary substantialy more
than €; do, so much so that the signal-to-noise ratio converges to infinity, as
n — oo. It agrees with the intuitive notion that in (1.1) the signals & should
dominate the errors e; in order to diminish the effect of the latter and thus
observe more precise data x; resulting in more precise estimators of 5 and «a.
For example, in SEIVM (1.1), when ¢; follow the Pareto distribution with the
pdf f1(u) as in Example 1.1, while &; have the pdf fo(u) of that example, with a
heavier tail and thus a larger variation, then ¢2(n)/¢2(n) = logn/(log” n/2) — 0,
as n — oo, that is (1.12) is satisfied. It is also natural and desirable to control
the effect of the measurement errors ¢; on inference in EIVM (1.1). In Theo-
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rem 1.1, if Vard = oo and F|de| = 0o, we have condition (1.13) in this regard.
For example, in SEIVM (1.1), (1.13) amounts to saying that, further to having
€2(n)/0Z(n) — 0, as in (1.12), we assume that (¢3(n)/¢Z(n))(¢2(n)/(Z(n)) — 0,
as n — oo.

Remark 1.3. Conditions (1.16) and (1.17) for strong consistency of 3, and
Gy, in FEIVM (1.1) in Theorem 1.2 are of the same essence as, and amount to
stronger versions of, respective conditions (1.12) and (1.13) required for weak
consistency of these estimators in Theorem 1.1. Indeed, in view of (2.26), func-
tions £Z(n) and £3(n) in (1.12) and (1.13) can be replaced with Ee®1¢. < /. (n)}
and E(52]l{|5|§ Jnts(n)} that are also slowly varying functions at infinity (cf.
(2.10)). Thus, if Vare = oo, from (1.16) for example, the ratio Be?1 (| |<,1/2+41/
S¢e approaches zero, as n — oo, and does so at an appropriate rate, and this
and (2.11) clearly imply that ¢2(n)/See = (1 + o(1))Ee*1jc|< me. (n)}/See —
0, n — o0, as in (1.12). As to how fast Ee’ly<p1/2+4y/See in (1.16) and
(Be?1Ljcj<n/atry BS? L 51<p1/240y)/?/See in (1.17) may converge to zero, we
note that the series in (1.16) and (1.17) are both of form >~ 7, f(n)/n. By the
MacLaurin-Cauchy integral criterion, examples of convergent series of this form
are

B ¢ 1.
o TS

n>1 >e®

(1.20)
Thus, if Vare = co and the slowly varying function E52ﬂ.{‘8|§n1/2+d} converges
to infinity, as n — oo, then in (1.16), Sge may also be a slowly varying function,
but with the rate of convegence to infinity being, for example, at least (Inn)?
times as fast as that of E€2]].{‘E|§n1/2+d}. In particular, if € has the Pareto dis-
tribution with an infinite variance and the pdf fi(u) as in Example 1.1, then
Ee®1(|.|<p1/2+ay = (1+ 2d) logn, and the rate of convergence to infinity of See
may be as slow as (logn)?*! for example, where ¢ > 1. For discussions on con-
ditions (2.2)—(2.5) that are used in Theorem 1.2, we refer to Remark 2.1 after
the proof of Lemma 2.1.

Remark 1.4. As briefly mentioned in the introduction, SEIVM (1.1) and
FEIVM (1.1) have exhibited some interplay in the literature in that they share
similar asymptotic results provided that the respective conditions on error and
explanatory variables in FEIVM (1.1) resemble those in SEIVM (1.1). The-
orem 1.1 of the present paper adds further to this interplay: Bn and &, are
weakly consistent both in SEIVM (1.1) and FEIVM (1.1), under the same as-
sumptions on the error terms in (A1), while the conditions on the explanatory
variables in (A2) and those on ; versus (d;,¢;) in (1.12) and (1.13) in FEIVM
(1.1) are simply deterministic versions of the respective conditions in SEIVM
(1.1). In view of such duality between the two models in Theorem 1.1, we believe
that strong consistency for 3, and @, in SEIVM (1.1) in Theorem 1.2 should
also hold true when Vare = oo and E|d¢| is not necessarily finite, under similar
assumptions to those in FEIVM (1.1) in Theorem 1.2. However, we were unable
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to prove this, since we could not verify one of the key convergence for the proof
of Theorem 1.2 when Vare = Var £ = oo, namely that S../Sge =% 0, n — co.

Remark 1.5. We note that in the special case of (A1) when Vard, Vare < oo,
Theorems 1.1 and 1.2 hold true simply under (A2) and, in case of consistency of
Qi also under (A3). Hence, Theorems 1.1 and 1.2 extend weak and strong con-
sistency results for 8, and d, in SEIVM and FEIVM (1.1) that were previously
obtained in Martsynyuk (2004, 2005) and Liu and Chen (2005) (cf. sections 1.2
and 1.3).

The following theorem provides refinements of (1.14) and (1.15) of Theo-
rem 1.1, under some stronger model assumptions than those used in Theo-
rem 1.1.

Theorem 1.3 (rates of weak consistency of the LSE’s). Let (A1)—(A3) be sat-
isfied. Suppose that there exist a sequence of positive real numbers {by }n>1 such
that, as n — oo, b, — 00 and

2
bnﬁg(") -0, in SEIVM (1.1),

gg(”)

2n) B2 2(n) + £2(n) (121)
byt 22 L 0 50, in FEIVM (1.1),

See  n See

and, if Var§ = oo and Elde| = oo, that

bnM —0, in SEIVM (1.1),
tZ(n)
L m)s(m) (1.22)
b M) pEIVM (11).
See
Then,
bu(Bn — B) 50, n— oo. (1.23)
If also
b2
E" ((2(n) +£3(n)) = 0 in FEIVM (1.1), n — oo, (1.24)
then
b(dn — ) 50, n— oo (1.25)

Remark 1.6. In FEIVM (1.1), if the explanatory variables {¢;};>1 behave as if
they were i.i.d. r.v.’s in DAN and had an infinite variance, like in SEIVM (1.1),
so that, like in Remark 1.1,

lim See/v(n) =1, (1.26)
n—r00
with some slowly varying function at infinity »(-), then the respective condition
in (1.21) reduces to having only b,,¢2(n)/Sg¢e — 0, n — oo, while that of (1.24)
is automatically satisfied. Indeed, (1.26) and convergence to zero of the first
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summand in (1.21) imply that b,, cannot converge to infinity as fast as, or faster
than, a slowly varying function Se¢e does. This, via (2.11), implies (1.24) and
that b2 (E2(n) + B(n)/ (nSee) = (bu/See) bn () + E(m))/n] — 0 in (1.21), as
n — 00.

Remark 1.7. In the special case of FEIVM (1.1) with 0 < Vard < oo and
0 < Vare < oo, the results and respective conditions of Theorem 1.3 reduce to
those of Miao et al. (2011, Theorems 2.3 and 2.4) quoted in (1.11), provided
(A3) is assumed when dealing with é,,. Accordingly, (1.23) with b, = b ' /nSe¢
holds true if Seg — oo and Seeb? /n — oo, and, if additionally (A3) is satisfied,

we have (1.25) with b,, = b '\/n, where positive real numbers b,, are such that
bp, — 00, as n — oo.

Theorem 1.4 (rates of strong consistency of the LSE’s). Let (A1)-(A3) hold
true. In SEIVM (1.1), on assuming that Vare < oo and, if Vard = oo, that
E|de| < oo, we have

Sglg“(ﬁn—ﬁ) 250 and Sglg_“ (G —a) 50 for anya € (0,1], n — oo.

(1.27)
In FEIVM (1.1), if there exist a sequence of positive real numbers {by}n>1 such
that b, — oo, as n — oo, and

lim sup < 00, if Vard, Vare < oo,
n—00 133
1 2 (B anrszivy + B85 <pi/2en
Z 1 ( {le|<nt/2H7} {lo]<nt/2+ }) <oo  for somewv,n >0,
—~ See
otherwise,
(1.28)
then ~
bu(Bn — B) “5 0, n— o0, (1.29)
and, provided also that for some d,0 > 0,
i 1 by (BT jejcnsavay + B Lyjscirzvoy) (1.30)
n n
n=1
and ) 5
( {|e|<n1/2+d} {]8]< 1/2+9}) =0, n-— o0, (1.31)
D
we have
by (G —a) 250, n — oo, (1.32)

Remark 1.8. In FEIVM (1.1), (1.29) and (1.32) of Theorem 1.4 are refinements
of (1.18) and (1.19) that were obtained under (2.3) if Vard = oo in Theorem 1.2,
and condition (1.28) of Theorem 1.4 implies those in (2.3) (if Vard = o) and
(1.16) (if Vare = o0), and hence the one in (1.17) as well. One can also obtain
versions of Theorem 1.4 corresponding to when Vard = oo and, instead of
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(2.3), one of (2.2), (2.4) and (2.5) is assumed in Theorem 1.2. In FEIVM (1.1),
similarly to comparing the assumptions of Theorem 1.2 to those of Theorem 1.1
in Remark 1.3, the conditions of Theorem 1.4 are seen to be stronger than the
ones of Theorem 1.3: (1.28), (1.30) and (1.31) imply that convergence to zero
in (1.21), (1.22) and (1.24) hold true at an appropriate rate.

Remark 1.9. In view of being unable to estimate with a deterministic sequence
how fast S¢¢ could possibly converge to infinity almost surely when £ € DAN
and Var ¢ = oo, we provided the stochastic rate of ng_ @ for strong consistency
in (1.27), for any a € (0, 1]. In the special case of a = 1, (1.27) reduces to (1.18)
and (1.19) obtained for SEIVM (1.1) in Theorem 1.2.

Remark 1.10. Further to Remark 1.7, we compare the results of Theorem 1.4
for FEIVM (1.1) with d,e € DAN to (1.10) that is due to Miao et al. (2011,
Theorems 2.1 and 2.2) and proved under E(|d|? + |¢[?) < oo for some p > 2.
Thus, if p = 2, then the speed of strong consistency for the LSE /3, in (1.10) is
\/See, which is the maximum possible rate by, in (1.29) of Theorem 1.4 when
Vare, Vard < oo, in view of having limsup,, . bn//See < oo in (1.28). Both
consistency results hold true in this case simply if lim,, o See = 00. If at least
one of the error variances is assumed to be infinite in Theorem 1.4, then b,
in (1.29) for strong consistency of 3, is slower than /See (cf. (1.28)). As to
the respective rates of strong consistency of the LSE &, in (1.10) and (1.32),
we note that while they are both slower than /n, the rate b, in (1.32) can
sometimes be a bit faster than the rate of n!=% in (1.10), where 6 € (1/2,1]:
for example, when Vare, Var§ < oo, we can have b, = n'/2/(Inn)%/? in (1.32),
with ¢ > 1, under (A2), (A3) and (1.28). Moreover, when (A3) is satisfied
and, in particular, Vare, Vard < oo and b, = n'=% for some a € (1/2,1] in
Theorem 1.4, then (1.32) holds true under the conditions of lim,, . Sge = 00
and n'=%/,/See = O(1), and this amounts to (1.10) for dy,.

Remark 1.11. By adapting accordingly the conditions of Theorems 1.1-1.4,
we can also prove weak and strong consistency, with and without determining

the respective possible rates of convergence, for the estimators B, and a, of
(1.6). The statements and proofs of these results are omitted here.

2. Auxiliary results and proofs
2.1. Awuxiliary results

Lemma 2.1. In FEIVM (1.1), let {6,0;}i>1 be i.i.d. mean zero r.v.’s and § €
DAN with Varé = oo, and let

See > const >0 for alln > 1. (2.1)

Assume that one of the following conditions (2.2)—(2.5) is satisfied:

o] 1 .
Zgg<oo; (2.2)
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1 Eé21 n
Z M < oo for someb > 0; (2.3)

1 E§%1 n
Z {|5|< 2t} 5_ < oo for someb > 0; (2.4)

2

—n ng?,
00 (n+1) Ita_q 9
Z 1 E6 ]l{|5|<(n+1)(1+a)(1/2+b)} 21 n1+a+1 5

1+a 2 nltetl .o
=" §2p1+a Ez 1 57,

< oo for some a,b> 0.

(2.5)
If the intercept a of (1.1) is not known to be zero, suppose also that (A3) holds

true. Then,

S a.s.
280 %0, n— . (2.6)
See

Proof of Lemma 2.1. The proof of (2.6) reduces to showing that

. 151 a.s
T o

n — oo, (2.7)

on account of having

S (Ta_Bh () d&?)

e (11 +

See  \€&2, &, See

and, if @ # 0 (and ¢ of (1.2) is 1), also applying the strong law of large numbers
(SLLN) for 4,, and conditions (2.1) and (A3).

If (2.2) holds true, then (2.7) follows directly from Lemma A.2 of Appendix
(with 7 = 1), using only that F|d| < oo, while the rest of the proof is dedicated
to establishing (2.7) when one of the conditions (2.3)—(2.5) is satisfied.

First, we note that the following three statements are equivalent:

§ € DAN; (2.8)
22P(|6] > 2)
EENONZE) Lo, s oo 2.9
E6*1 1522} 2
{(z) := E6°1(5/<.} is a slowly varying function at oo. (2.10)

That (2.8)<(2.9) is due to Lévy (1937), while it follows from Feller (1971, p. 313,
Theorem 1a) that (2.8)<(2.10).

It is not hard to see next that for any nondecreasing slowly varying function
at infinity £(-), including £(-) of (2.10),

0(z)

Indeed, since lim,, o £(2")/£(2"T1) = 1 (cf. Remark 1.1), we have that for all
n > some ng,

Va > 0, < const for all z > some zg > 0. (2.11)

2™y ety 2e(2m)  L(2mth

@)~ @i et (e (2.12)
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and, if 2" < z < 2"F1

() _ 12 | ) _ e et L een

P N0 e O D ) @)

(2.13)

Combining (2.12) and (2.13) results in

0(2)

ZG.

() o, 02

< max { (2m0)a’ " (2not1)a

} for all z > 2not+l,

We next observe that, due to (2.8)—(2.11), for any b > 0,

[M]8

4 < (2.14)

s o ((n2th) -
P(|6n| > nf"'b) S CO’]’LStZ W S CO’I’LStZ
n=1

n=1 n=1

Consequently, sequences {&,0,}n>1 and {£,0,1 ( }}nZI are Khinchin

1
|6n|§"7+b

equivalent (that is > ° | P(&,0, # §n(5n]l{|6 |<n%“’}) < 00) and, in view of

having >, & — oo, n — oo, via Shorack (2000, p. 206, Proposition 2.1) for
example, as n — oo,

&0 as S &b, EUTR
i 80 s g if and only if {0:]<i27} a.sg

i & ST e 250, (2.15)

Thus, the proof of (2.7) is now reduced to showing the second convergence in
(2.15) that, in turn, amounts to establishing

i & (51'11{\51»\9'%“’} — EM{M\Q%“’}) as

= , M — 00, (2.16)
Z’i:l 512
with some b > 0, provided that
Z?:l &bl i Z+b
WI<27) 50, n— oo (2.17)

L &
From Griffin and Kuelbs (1989, Lemma 6.2 with 6 | 0), (2.9) implies

2E|0|Lg 150> 2} .

) 0, z— oo, (2.18)

with £(z) of (2.10). On using (2.18), (2.11) and (2.1),

Zi:l 5iE5]]'{|6|§i%+b}

_ ‘Zizl GEOL 5+

S € Y €
n n 1/2 (<n 1 . 1/2
CZ G ey (DL €)' (SE CaE )
7 <cons 7
. O T
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n 1/2
- tﬂ(n%er) Z 1 o const . modr \V?
= cons Vn j14+2b - pl/4 + | alt2d

i=1

const < 1 1

1/2

that is (2.17) has been verified.

In the rest of the proof, we will establish (2.16), and thus (2.7) as well,
assuming that one of the conditions (2.3)—(2.5) is satisfied.

If (2.3) holds true with some b > 0, then (2.16) is on account of the Borel-
Cantelli lemma and having

S 6 (15 ity — B ity > d
S € B

ne2s2 2
_ 2im1 8BS L s<iteoy _ Eo L si<nttny
T BL ) T eXL g

for any d > 0.

The Héjek-Rényi inequality (cf. Lemma A.1 of Appendix) and steps similar
to those in Kounias and Weng (1969) that were used for concluding Lemma A.2
of Appendix, give (2.16) when (2.4) is valid.

Finally, suppose that (2.5) is satisfied with some a,b > 0. Due to (2.1), for
any d > 0,

’Zz 1 &( (5:1<i3 ) _E5]l{|6|§i%“})’ .

mlta —
Yim1 &
s EEPL | iy (m(1+a)(%+b)) / (m(1+a)(%+b))
< e < pe < const——m————",
P30 &) DD 5 mite
(2.20)
with £(-) of (2.10), and via Kolmogorov’s inequality, we similarly have
P i ’Zizml*““& (6i]l{|6i|§i%+b}_Eaﬂ{\5\ﬁi%+b})‘ >4
mite<n< (m41)l+a E?:l 52 =
n mtTep
(5. — 2
= m1+a<v?i%r)ri+1)1+a . ; fz (511“51-\9%”} E(S]l{lt?léi%“’}) 2d Zl 2
1=m- T 1=
m 14+a
£ (fm + D)D) S 2
< . (2.21)

@ (L 52)
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We note that for any n € N, there exist m € N, such that

‘Zi:l Si (6i1{‘6i|§i%+b} B E5]l{|6|§i%+b})’

i &
ml+a
< ‘Zi:l & (6i]l{|6i|§i%+b} B E5]l{|6|gi%“’})‘
- m1+a
Yy &

Y imitay Si (5i]l{|6i|§i%+b} — E51{|6|§i%+b})‘

mlte<n<(m+1)tte Z?:l 512

(2.22)

Now, on combining (2.20)—(2.22) and using (2.11), (2.5) and the Borel-Cantelli
lemma, we obtain (2.16) under (2.5) and thus conclude the proof of Lemma 2.1.
O

Remark 2.1. According to (2.3), we must have £2, — 0o, n — 0o, and, further-
more, the relative variability of § to that of &1,...,&,, namely Edzﬂ{‘é‘gnl/wb}/

§_Qn, must converge to zero at an appropriate rate. This ratio also plays a role
in (2.4), but less prominently so when &2/ 3" | &2 — 0, n — oo. If the latter
convergence has a fast enough speed in (2.4), then there is no need for having
€2, — 00, n — oo, even when Vard = co. Concerning condition (2.5), it is
satisfied for any a,b > 0 when lim, 5_271 exists and is finite, regardless of
whether Var § < oo or Vard = oo (cf. (2.11)). If lim,, o £2,, = 00 in such a way
that lim, . £2,,/v(n) = 1, with some slowly varying function at infinity v(-),
as if {&,}n>1 were i.i.d. r.v.’s in DAN (cf. Remark 1.1), then

n+1)tte—1
Zgznllaﬂ ¢2 _ 1)1+~ Dp((n+ 1)1 — 1) — pltay(plte) o)
SR e )

= o(l), n— oo

Consenquently, (2.5) holds true in this case as well, both when Vard < oo
and Vard = oco. We also note that the series in (2.2)-(2.4) are all of form
>0, f(n)/n. For examples of convergent series of this form we refer to (1.20)
in Remark 1.3.

2.2. Proofs of the main results

Proof of Theorem 1.1. We have

A S;vy - Bswz 555 - BS& + Séa - ﬁsaa
n — = - = 5 2.23
Z 2 S Sgg + 2S§5 + See ( )

where, in view of the weak law of large numbers (WLLN), (A1), (A2), Re-
mark 1.1, and (1.12),

See - 5_2_71 . C(gn)2 - €2y,
See See See  See
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(1+ oP(1))€§(”) +op(1), in SEIVM (1.1),

l¢(n)
- ég(n) =op(1),
(1+0p(1)=5 = +op(1), in FEIVM (L1),
139
(2.24)
with ¢ of (1.2), and, since |Sec|/See < (See/See)'/?,
See
S; =op(1), (2.25)
as n — oo.
For § € DAN,
2
E&*1 0 (n E2 if
{\;2\(37;(%( W o Vars’ if Vard < oo, (2.26)
4 1, if Varé = oo,

(cf., e.g., Giné et al. (1997, proof of Lemma 3.2)). On combining (2.26) with
(2.9),
nP (|6] > v/nls(n)) =0, n — oco. (2.27)

In FEIVM (1.1), we have

Ses i (& — c€,)ds
See  Mii(& —cE,)?
D1 (& = ) (Ol ysi < vmesmy) — EOLgjs1< s (m)})
S (& — c€,)?
ESL{51< vats(n)} ot (Ei—C€n) Doty (Ei—cE,)0il (5,15 s (n)}
E?:1 (& — Czn)Q Z?:1 (& — Czn)z

)

(2.28)

where, in view of (2.11), (2.1), and (2.26), for any d > 0,

p [ EE = ) il s<vmesmy = B gsi<vmom)| o
Sy (6 — &)’ -
Eé%1
< Prlsvmt o) o EVREM) g (2.29)
A2 370 (& — c€,)? "

while, similarly to (2.19),

|ESL{151< /ey ()} Doiet (& — €€,)] - E0|15)> mes(
S (& = c€,)? - V/See

O} NYG) (2.30)
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and, due to (2.27), for any d > 0,

P <|Z?—1(€i _ncgn)(si]l{\_&\>\/ﬁfg(n)}| . d)
Zi:1 (& —c€,)?

<P (CJ{I&-I > ﬁ&(n)}) <nP(|5| > Vnls(n)) =0, (2.31)

i=1

as n — oo. Putting together (2.28)—(2.31) gives

S
D88 _ op(l), n — oo, (2.32)
See
which is also true in SEIVM (1.1), since S¢s = &5, — ¢€,,0, = op(1) and
Sg_gl = op(1) in this model, as n — oo, simply by the WLLN, (A1) and (A2).
- Convergence

565
See

follows directly from the WLLN, (A1) and (A2), if E|ds| < oo, or from (1.13),
Remark 1.1 and having

=op(l), n— oo, (2.33)

1+ 0p(1))%, in SEIVM (1.1),
¢

|S¢$s| < (S66S55)1/2 _
See — See

n)le(n)
See

(1—|—0p(1))€6( in FEIVM (1.1).

Finally, weak consistency of the LSE 3, is concluded from (2.23)-(2.25),
(2.32) and (2.33), and then, that of &, is easily seen via

dn — = ?n - — ann = gn - ﬁgn - (Bn - B)(En + gn)- (234)
O

Proof of Theorem 1.2. Similarly to the proof of Theorem 1.1, we obtain strong
consistency of 3, on account of (2.23) and arguing that

SEE a.s,

250, (2.35)

See
Sz oy (2.36)

See
ERNEN (2.37)

See

and g

b 23, (2.38)

See

as n — 0o. The proof of strong consistency of &, goes via (2.34) and is omitted.
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In SEIVM (1.1) with Vare < oo and E|de| < oo, (2.35)—(2.38) are immediate.
Consider FEIVM (1.1) now. Convergence in (2.35), seen from the SLLN if
Var e < oo, reduces to proving that for some d > 0,

7,7'_ 52]]. <3 a.s
D16 galls 1/2+ay =30, n— oo, (2.39)
Noge

if Vare = oo, similarly to (2.24) and (2.15). Due to (1.16), (2.39) is on account
of Lemma A.2 of Appendix with r = 1. Clearly, (2.35) = (2.36). As to (2.37)
and (2.38), if Vard < oo, then Sss5/See == 0 and hence, Sgs/Sge = 0 and
|Ssel/See < (Ss5/See)?(See/See)/? “% 0,n — oo. Suppose now that Vard =
oo. Using (A3) (if o # 0), one of the conditions (2.2)—(2.5) and Lemma 2.1, we
obtain (2.37), while convergence in (2.38) follows from the SLLN, if E|de| < oo,
and from the condition (1.17) and Lemma A.2 of Appendix (with r = 1), if
E|de| = oo, similarly to concluding (2.35). O

Proof of Theorem 1.3. Consider first SEIVM (1.1). By the WLLN, (A1), (A2),
Remark 1.1, and (1.21), as n — oo,

Ses by, See
b, 28 — 1) =op(1) and by2E = op(1), 2.4
= e =orl) md BGE o), 20)
while S 62( )
n
b, EE:bns—l 1)) = 1 2.41
S =iy (0 +orl) = oel) (2.41)

and, using also (1.22) when Vard = oo and FE|de| = oo,

1
bnOzp—() =op(1), if E|de| < o0,
|S6s|< Ei(n)
" See ~ . (S55Se)1/? le(n)ls(n)
" See A

b

(14+o0p(1)) =0p(1), if E|de| = oo.

(2.42)
Combining (2.40)(2.42) and (2.23), we obtain (1.23) for the LSE £,.
As to (1.25) for &, arguing similarly and applying also (2.34), (A1), (1.21),
(2.11), and (1.23), we get

bn(dn - a) = bn(gn - ﬁgn) - bﬂ(Bn - B)(En + g")

ﬂiﬁg) Op(l)) + Op(l)Op(l) = Op(l), n — oQ.
(2.43)

We will now prove (1.23) and (1.25) in FEIVM (1.1). Similarly to (2.41) and
(2.42), we have

See —p, K?(n)

by,
See See

(I+o0p(1l))=0p(1) and b,
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as n — oo. The respective version of (2.40) is obtained similarly to the lines in
(2.28)—(2.31), which amount to the proof of (2.32). Thus, in order to prove that
bnSes/See = op(1), it suffices to adapt only (2.29) and (2.30). Accordingly, on
account of (2.26), (A3) and having b,,/S¢e — 0 and b2/3(n)/(nSe¢e) — 0 from
(1.21), as n — oo,

p (5, o1& = ) Oillgs < mestoy = BOLgsicymso)| -
Dim (& —cg,)? B

, Eo’1 . B2 2
<bh— {|6|<fl5(_ )} < const—22+~ 5(n) -0 (2.45)
d Yy (& —c€,)? nSee

and

|ESL{15)< mts ()} Dorer (& — €€,)]
E?Zl (51 - CZn)2
(2.46)

Likewise, we conclude that b,,S¢./See = op(1), n — oo, and then, via (2.23)
and (2.44), that (1.23) holds true. The proof of (1.25) is as in (2.43), with
the difference that one has to use (A3) and that convergence b,fs5(n)//n — 0
and b,l.(n)/v/n — 0 used in (2.43) has to be guaranteed by condition (1.24)
now, since in (1.21), Sge and hence b, may not necessarily converge to infinity
respectively as, and at most as fast as, slowly varying functions, like they do in
SEIVM (1.1), as n — oc. O

n

b
< t——FE|5|1 — 0.
< cons Sec 101241515 y/mes ()}

Proof of Theorem 1.4. Clearly, if Vare < oo and E|de| < oo, then (2.35)—(2.38)
hold true also when Sg¢ is replaced with Sg;, for any a € (0, 1], and, via (2.23),
this results in the first convergence in (1.27). Consequently, for the second con-
vergence in (1.27), we have

Sic (G —a) = S (n — Bn) — Sic (B — B)(E, +En)

a.s. Sl a( Bgn) + 0(1) = 0(1), n — oo,

where, by using the Hartman-Wintner law of the iterated logarithm for > ¢
and, if Varé < oo, for """, §;, and applying the Marcinkiewicz-Zygmund SLLN
for See and, if Vard = oo, for Y | &,

- S, p=a)/4 /" 5, S L€
l1—a — \ __ 33 =1 =1t | a.s.
S&é (On—0En) = (n1/4) nl/4 ( n3/4 —8 n3/4 ) ='o(1), n—oco.
(2.47)

Consider FEIVM (1.1) now. First, let VarJ, Vare < oo. Then, on account of
Lemma A.3 of Appendix, (1.28), the SLLN, and (A2), as n — oo,

bnﬁz b Dy (&i—E,)0 1), (2.48)

See \/S_ﬁﬁ \/HZ?:l(gz —-&,)?
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SEE a.s. Sss bn Sss a.s.
bp=—— "="0(1), b,— = =" 0(1), (2.49)
See See \/See \/See
and g
by 222 =2 o(1). (2.50)
See

Suppose now that at least one of the error variances is infinite. Condition
(1.28) implies that

Z biE52]l{‘5‘Snl/2+n}/(n§_2n) < oo and hence that b2/€2, — 0, n — oco.

n=1

(2.51)
Using (2.51) and adapting the steps of the proof of (2.6) under (2.3) and (A3)
(o # 0), we note first that convergence in (2.48) reduces to

Y i1 8 (0 gjs,j<inraeny — EOLgj51<in/24n3)

by Nz %0, n— oo, (2.52)
i=1Si
since
855 5_571 bn < C(En)2 a.S. g_(sn

due to (2.51), (A3) and the SLLN, and since we have (2.15), with b,/ > 7 &2
replacing 1/ """ | &2, as well as

|3 e §i 0Ly 51<i1/24ny]
! Y, &

b, E52]l{‘5‘<n1/2+n}
= —
Ve, v
where the latter convergence is argued similarly to (2.19), by using (2.51) and
(2.11). The Borel-Cantelli lemma and convergence of the series in (2.51) give

(2.52). Condition (1.28) also implies that Y " | by B6* 1 5/<p1/210y/ (nSee) < 00,
leading to

< const 0, n—oo,

py 200 o o(1), n— oo, (2.53)

(cf. the proof of (2.35) via (2.39)). Similarly to the proofs of (2.48) and (2.53),
we argue (2.49) via (1.28). Finally, as to (2.50),

1/2 1/2
bn|558| < (bn%> (bn S‘EE) 4z o(l), n— .
See See See

Thus, we obtain (1.29) using (2.23) and (2.48)—(2.50).
Concerning (1.32) for the LSE @&, in FEIVM (1.1), using the expansion in
(2.43), we only need to show that

b(0n — BEn) = 0(1), n — oo. (2.54)



2872 Yu. V. Martsynyuk

Similarly to (2.15)—(2.17), with 6 > 0 as in (1.30) and (1.31), as n — oo,

bn E?:l 5iﬂ'{‘5¢‘§i1/2+9} LS')

bpdn, L2550 if and only if 0
n
bn 1-17 51]]. < _E(S]l 7 a.s
if and only if Lim (il s j<irverey Usl<at/z+03) — 0,
n
(2.55)
since, on taking & = 1 in (2.19) and using (1.31),
n n 1/2
by, |Zi:1 Eéﬂ.{‘é‘gil/2+9}| < constb—n Z (E62]l{"(1;‘gi;/2+9})2
" v \i= AN

bnE52]l{‘5‘Sn1/2+e} N
vn

Convergence in (2.55) is concluded by applying Lemma A.1 of Appendix and
condition (1.30). Convergence b,&, —>3 0, n — oo, is proved in the same way.
Thus, the proof of (2.54) and hence that of (1.32) is now complete. O

0.

< const

Appendix

This section contains auxiliary results from the literature that are used for the
proofs in Section 2.

The well-known Hajek-Rényi inequality can be found in, for example, Petrov
(1987).

Lemma A.1 (the Héjek-Rényi inequality). Let Xi,...,X, be independent
r.v.’s such that EX; = 0 and EXE < oo foralli=1,....n, and let 0 <
cn < cpo1 <---<cy. Then, for any x >0 and m < n,

1 m n
, 2w> §F<c$nZEX,§+ > ciEX,f).

k=1 k=m-+1

Kounias and Weng (1969) generalized the Hajek-Rényi inequality and, as a
consequence, proved the following almost sure convergence.

Lemma A.2 (Kounias and Weng (1969)). Let {X;}i>1 be a sequence of r.v.’s
such that E|X;|" < oo for some v > 0 and all i > 1, and let {b;};>1 be a
nondecreasing sequence of positive constants. Suppose that

e E|X,|" & El/anr
2 |b;"1| <oo for0<r<1, or ;%<oo for 1 <r,
then n
2im1Xi a
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The following almost sure convergence for weighted partial sums comes handy
for us in the proof of Theorem 1.4.

Lemma A.3 (Chow (1966)). If {X;}i>1 are i.i.d. r.v.’s with zero mean and
finite variance and {an;,1 < i < n,n > 1} is a sequence of real numbers
satisfying Y iy ap ;=1 forn > 1, then

n
D1 n,iXi as,
== %0, n— oo.
nl/2
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