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A GENERAL THEORY OF PARTICLE FILTERS IN HIDDEN
MARKOV MODELS AND SOME APPLICATIONS

BY HOCK PENG CHAN! AND TZE LEUNG LAI?
National University of Singapore and Stanford University

By making use of martingale representations, we derive the asymptotic
normality of particle filters in hidden Markov models and a relatively simple
formula for their asymptotic variances. Although repeated resamplings result
in complicated dependence among the sample paths, the asymptotic variance
formula and martingale representations lead to consistent estimates of the
standard errors of the particle filter estimates of the hidden states.

1. Introduction. Let X ={X;,t > 1} be a Markov chain and let Y7, Y>, ... be
conditionally independent given X, such that

(1.1) X: ~ pe 1 Xi—1), Yy~ g (-1Xy),

in which p; and g, are density functions with respect to some measures vy and
vy, and p1(-|Xo) denotes the initial density pi(-) of X;. Gordon, Salmond and
Smith [11] introduced particle filters for Monte Carlo estimation of E[y(X71)|Y1,
..., Yr]. More generally, letting X; = (X1,...,X;), Yy = (Y1,...,Yy), and ¥
be a measurable real-valued function of X7, we consider estimation of {7 :=
E[y¥ (X7)|YT]. The density function of X7 conditional on Y7 in the above hidden
Markov model (HMM) is
T
(1.2) pr(xr|Yr) H[pt(xtlxt—l)gt(ytlxt)]'
=1

However, this conditional distribution is often difficult to sample from and the nor-
malizing constant is also difficult to compute for high-dimensional or complicated
state spaces. Particle filters that use sequential Monte Carlo (SMC) methods in-
volving importance sampling and resampling have been developed to circumvent
this difficulty. Asymptotic normality of the particle filter estimate of 1y when the
number of simulated trajectories becomes infinite has also been established [6, 8,
9, 1A2]. However, no explicit formulas are available to estimate the standard error
of Y7 consistently.

In this paper, we provide a comprehensive theory of the SMC estimate @T,
which includes asymptotic normality and consistent standard error estimation. The
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main results are stated in Theorems 1 and 2 in Section 2 for the case in which boot-
strap resampling is used, and extensions are given in Section 4 to residual Bernoulli
(instead of bootstrap) resampling. The proof of Theorem 1 for the case where boot-
strap resampling is used at every stage, given in Section 3.2, proceeds in two steps.
First we assume that the normalizing constants [i.e., constants of proportionality
in (1.2)] are easily computable. We call this the “basic prototype,” for which we
derive in Section 3.1 martingale representations of m(gZT —Yrr) for novel SMC es-
timates 7 that involve likelihood ratios and general resampling weights. We first
encountered this prototype in connection with rare event simulation using SMC
methods in [5]. Although traditional particle filters also use similar sequential im-
portance sampling procedures and resampling weights that are proportional to the
likelihood ratio statistics, the estimates of ¥/ are coarser averages that do not have
this martingale property. Section 3.2 gives an asymptotic analysis of m(lﬁr —Yr)
as m — oo in this case, by making use of the results in Section 3.1.

In contrast to Gilks and Berzuini [10] who use particle set sizes m; which in-
crease with ¢ and approach oo in a certain way to guarantee consistency of their
standard error estimate which differs from ours, we use the same particle set size
m for every ¢, where m is the number of SMC trajectories. As noted in page 132
of [10], “the mode of convergence of the theorem is not directly relevant to the
practical context” in which m| = my = --- = m. A major reason why we are able
to overcome this difficulty in developing a consistent standard error estimate lies
in the martingale approximation for our SMC estimate Y. We note in this con-
nection that for the basic prototype, although both martingale representations of
m(Yr — ¥r) developed in Section 3.1 can be used to prove the asymptotic nor-
mality of Y7 as the number m of SMC trajectories approaches oo, only one of
them leads to an estimable expression for the asymptotic variance. Further discus-
sion of the main differences between the traditional and our particle filters is given
in Section 5.

2. Standard error estimation for bootstrap filters. Since Y, Y, ... are the
observed data, we will treat them as constants in the sequel. Let ¢;(-|x;—1) be a
conditional density function with respect to vy such that g; (x;|x;_;) > 0 whenever
pi(x¢|xs—1) > 0. Inthe case t = 1, g, (-[X;—1) = q1(*).

2.1. Bootstrap resampling at every stage. Let

(2.1) wi (X¢) = pr(xe|xe—1) 8 (Ye|xt) /qe (Xt [Xe—1).
To estimate yr7, a particle filter first generates m conditionally independent random
variables X, , X! .. X ™ at stage t, with X I having density ¢, (-|X!_ 1), to form X’ =

(Xi X ;) and then use normalized resampling weights

t—1°

2.2) =w, (X / Z wy (X7)
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to draw m sample paths X{ , 1 <j<m,from {)~(i , 1 <i <m}. Note that Wti are the
importance weights attached to )~(§ and that after resampling the Xﬁ have equal
weights. The following recursive algorithm can be used to implement particle fil-
ters with bootstrap resampling. It generates not only the )~(’T but also the ancestral
origins A%._; that are used to compute the standard error estimates. It also com-

putes Hi and H/ recursively, where

03 H =w---wh,(X),  H =w;---wh (X,

m ) t
=Y weX)/m, by =1/ T wixo.
j=1 k=1

Initialization: let A6 =i and Hé =1foralll <i<m.

_ Importance sampling at stage t =1, ..., T generate conditionally independent
X from g, (-[X]_)), 1 <i <m.
Bootstrap resampling at staget =1, ..., T — 1: generate i.i.d. random variables

B!, ..., B such that P(B] = j) = W/ and let

(X, Al H) = ()Niffj,Afijl,ﬁf’j) for1<j<m.

The SMC estimate is defined by

m
2.4) Ur = mir) ™ Yy (Xp)wr (XF).

i=1
Let E;, denote expectation with respect to the probability measure under which
X7 has density (1.2), and let E; denote that under which X;|X;_; has the condi-
tional density function ¢; for all 1 <¢ < T'. In Section 3.2 we prove the following
theorem on the asymptotic normality of Y7 and the consistency of its standard
error estimate. Define

t
= E({]‘[ wk(xw]

k=1

t
25) i) =m [ [Twexo,  a=n1/m,
k=1

t

Tex) = [ ] [wexi) + wix)],
k=1

with the convention no =1 and hj =T = 1. Let

T
(26) Lr(xr) = prxr|Yr) /T arlx-0.

=1
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Let fo =0 and definefor 1 <z < T,
(2.7) [i&x)[= firx)] = Eg{[v X7) — ¥r]Lr X7) X =X}

THEOREM 1. Assume that 0% < 00, where o> = Z,%il_] o? and

02 = E [ f2X) — 2 XDk X))

(2.8) ) ) .

0y =E4 [fz (X¢)h; (Xt)]
Then /m(Yrr — Y1) = N(0, 02). Moreover, if E,T7(Xr) < 00, then 52(Yr) LS
o2, where for any real number .,

m Xi . 2
2.9) Pw=nY( ¥ L&) -u) .

— o \. ; . wr
Jj=1". AL =]

2.2. Extension to occasional resampling. Due to the computational cost of re-
sampling and the variability introduced by the resampling step, occasional resam-
pling has been recommended, for example, by Liu (Chapter 3.4.4 of [13]), who
propose to resample at stage k only when cvg, the coefficient of variation of the
resampling weights at stage k, exceeds some threshold. Let 711 < 7o < --- < 7, be
the successive resampling times and let 7 (k) be the most recent resampling time
before stage k, with T(k) = 0 if no resampling has been carried out before time k.
Define

k
(2.10) we) = [] wx),  Vi=wu(X})/(mip),
t=t(k)+1
where vy =m™! ’]’-’:1 Vi (i,ﬁ). Note that if bootstrap resampling is carried out at

stage k, then Vki, 1 <i < m, are the resampling weights. Define the SMC estimator

@2.11) dor =Y Viv(Xh).
i=1

In Section 4.3, we show that the resampling times, which resample at stage k when

cv% exceeds some threshold c, satisfy

P p
(2.12) r—>r* and 1,1 forl <s <r*asm — oo,

for some nonrandom positive integers r*, 7|, ... and 7%.

In Section 4.2 we prove the following extension of Theorem 1 to or and
give an explicit formula (4.6), which is assumed to be finite, for the limiting vari-

ance o3y of /m (YorR — ¥T).
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THEOREM 2. Under (2.12), /m(Yior — Y1) = N (0, 063g) as m — 0o. More-
over, if E;I'r(X1) < 00, then 820R(1}0R) LS O'(%R, where for any real number |,

St =m 3 z.”T(XT) v (&) - M])z.

_llAt_

2.3. A numerical study. Yao [15] has derived explicit formulas for {7 =
E(X7|Y7) in the normal mean shift model {(X;, Y;):¢t > 1} with the unobserved
states X; generated recursively by

X, — X1, with prob. 1 — p,
1z, with prob. p,

where 0 < p < 1 is given and Z; ~ N (0, &) is independent of X;_1. The obser-
vations are Y; = X; + &, in which the ¢&; are i.i.d. standard normal, 1 <t <T.
Instead of X7, we simulate using the bootstrap filter the change-point indicators
Ir .= (,...,It), where I; = 1{x,+x, ) for t > 2 and I; = 1; this technique
of simulating E(Xr|Y7) via realizations of E(Xr|Ir,Y7) is known as Rao-
Blackwellization. Let C; = max{j < t I; J = 1} denote the most recent change-
pointuptotimet, A, = (t—C;+1+&~ H=land e = Ay Z ¢, Yi. It can be shown
that E(X7|I7,Yr) = pwr and that for t > 2, P{I; = 1|I,_1, Y,} =a(p)/{a(p) +
b(p)}. where a(p) = po.14¢(Yy) and b(p) = (1 = P)p,_, 14, (¥s). in which
¢, v denotes the N (u, V) density function.

The results in Table 1 are based on a single realization of Y0gp with &£ =1 and
o =0.01. We use particle filters to generate {Iilooo :1 <i <m} form = 10,000 and

compute 1/A/OR for T =200, 400, 600, 800, 1000, usingAbootstrap resampling when
cvt2 > ¢, for various thresholds c. The values of 6or (¥or) in Table 1 suggest that

TABLE 1
Simulated values of @OR + 60R (E@OR) //m. An italicized value denotes that Wt is outside the
interval but within two standard errors of YoRr; a boldfaced value denotes that 1 is more than two
standard errors away from YoR

c T =200 T =400 T =600 T =800 T =1000

oo —0.3718%+0.0067 —0.1791+0.0281 —0.3022+0.0136 0.5708 £0.0380 —0.5393 £ 0.0180
50 —0.3592£0.0019 —0.1453 £0.0056 —0.2768 £+ 0.0020 0.6004 0.0030 —0.5314 £ 0.0024
10 —0.3622+0.0019 —0.14214+0.0032 —0.28024+0.0029 0.6013 +0.0024 —0.5287 +0.0015
5  —0.3558+0.0018 —0.138240.0027 —0.2777+0.0026 0.6004 £0.0022 —0.5321 £0.0012
2 —0.3584 £0.0013 —0.1421 £0.0024 —0.2798 £0.0018 0.6030 & 0.0020 —0.5316 & 0.0008
1 —0.3615£0.0013 —0.1402£0.0027 —0.2761 £0.0019 0.5997 £0.0019 —0.5291 £0.0014
0.5 —0.3610+0.0016 —0.1488 £0.0036 —0.2785+0.0020 0.6057 £0.0021 —0.5315+0.0014
0  —0.3570£0.0032 —0.1485£0.0067 —0.2759 £0.0033 0.6033 £0.0031 —0.5301 & 0.0047

Yr —0.3590 —0.1415 —0.2791 0.6021 —0.5302
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TABLE 2
Fraction of confidence intervals YR & 6 /+/m containing the true mean ¥

62= ‘A’%)R('}OR) 2= ﬁT
T 1se 2 se 1se 2 se
200 0.644 0.956 0.980 1.000
400 0.652 0.948 0.998 1.000
600 0.674 0.958 1.000 1.000
800 0.716 0.974 1.000 1.000
1000 0.650 0.958 1.000 1.000

variability of 1}0R is minimized when ¢ = 2. Among the 40 simulated values of
1/A/OR in Table 1, 24 fall within one estimated standard error [= 60R(1/A/0R) /A/m]
and 39 within two estimated standard errors of ¥r7. This agrees well with the cor-
responding numbers 27 and 39, respectively, given by the central limit theorem
in Theorem 2. Table 2 reports a larger simulation study involving 500 realiza-
tions of Yipoo, with an independent run of the particle filter for each realization.
The table shows confidence intervals for each 7', with resampling threshold ¢ = 2.
The results for 80R(1}0R) agree well with the coverage probabilities of 0.683 and
0.954 given by the limiting standard normal distribution in Theorem 2. Table 2
also shows that the Gilks—Berzuini estimator V7 described in Section 5 is very
conservative.

3. Martingales and proof of Theorem 1. In this section we first consider in
Section 3.1 the basic prototype mentioned in the second paragraph of Section 1, for
which m (Y — ¥7) can be expressed as a sum of martingale differences for a new
class of particle filters. We came up with this martingale representation, which led
to a standard error estimate for @7, in [5] where we used a particle filter a7 to
estimate the probability « of a rare event that X7 belongs to I'. Unlike the present
setting of HMMs, the X7 is not a vector of hidden states in [5], where we showed
that m(@r — «) is a martingale, thereby proving the unbiasedness of &7 and de-
riving its standard error. In Section 3.1 we extend the arguments for m(¢r — o)
in [5] to m(yrr — ¥r) under the assumption that the constants of proportionality
in (1.2) are easily computable, which we have called the “basic prototype” in Sec-
tion 1. We then apply the results of Section 3.1 to develop in Section 3.2 martingale
approximations for traditional particle filters and use them to prove Theorem 1.

3.1. Martingale representations for the basic prototype. We consider here the
basic prototype, which requires T to be fixed, in a more general setting than HMM.
Let (X7, Y7) be a general random vector, with only Y7 observed, such that the
conditional density pr(X7|Y7) of X7 given Y7 is readily computable. As in Sec-
tion 2, since Y7 represents the observed data, we can treat it as constant and simply
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denote pr(x7|Y7) by pr(x7). The bootstrap resampling scheme in Section 2.1
can be applied to this general setting and we can use general weight functions
w; (X¢) > 0, of which (2.1) is a special case for the HMM (1.1). Because pr(xr) is
readily computable, so is the likelihood ratio Lt (x7) = pr(x7)/ ]_[tT:1 qr(x¢|Xe—1).

This likelihood ratio plays a fundamental role in the theory of the particle filter
estimate a7 of the rare event probability « in [5]. An unbiased estimate of 7
under the basic prototype is

G.1) Yr=m"Y Ly (Xp)y(Xp)HE .
i=1

where Hti is defined in (2.3). The unbiasedness follows from the fact that m(gZ/T —
Y1) can be expressed as a sum of martingale differences. There are in fact two mar-
tingale representations of m ({7 — ¥r). One is closely related to that of Del Moral
(Chapter 9 of [8]); see (3.11) below. The other is related to the variance estimate
62(1/}T) in Theorem 1 and is given in Lemma 1. Recall the meaning of the notation
E, introduced in the second paragraph of Section 2.1. Let # denote the number

of copies of Xi generated from {X,i, e XZ’} to form the m particles in the kth
generation. Then, conditionally, (#,i, ..., #7") ~ Multinomial (m, Wkl, o WL

LEMMA 1. Let fo =yt and define for 1 <t <T,

3.2) fi(x) = Eg[v (Xp) L1 (X7)[X; =%/].
Then f;(x;) = Eq[fr(Xr)|X; =x,] and

m

(3.3) mr —Yr) =Y (e + - +edp_),
j=l1
where
o= X &) - (X)L,
3.4 J R i N7 (SN F
€y = Z (# —mW,)[ (X} H; — fo]-
itAl_ | =j

Moreover, for each fixed j, {8]{, Fi, 1 <k <2T — 1} is a martingale difference
sequence, where
Fu—i=o((Xi1<i<mjU{(XL, X, ,Al):1<s<1,1<i<m)),
3.9 A
Fou =0 (Fu1 U{(X], A)):1 <i<m})
are the o-algebras generated by the random variables associated with the m par-
ticles just before and just after the tth resampling step, respectively.

PROOF. Recalling that the “first generation” of the m particles consists of
X } ¢ T (before resampling), A; = j if the first component of Xi is X { . Thus,
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A§ represents the “ancestral origin” of the “genealogical particle” Xi. It follows
from (2.2), (2.3) and simple algebra that for 1 <i <m,

(3.6) mW/ = Hj_,/Hj,
3.7) Yo AXDH = Y #AX)H],
itAl=j itAl_|=j

noting that )NC; has the same first component as Xf_l. Multiplying (3.6) by
f;(ii)ﬁ ; and combining with (3.7) yield

Z Yo AX) - A (X)]H

t= lz.A;_l =j
(3.8) + Z Yo #—-mW)f(X)H!
t=1;. A;—l j
= > frXpH_ - fo
it AL =j

recalling that Al =i and H} = 1. Since fo = Y7 and fr(x7) = ¥ (x7)L7(x7)
by (3.2), it follows from (3.1) that

m
(3.9) mOr —yr) =Y fr(Xp)Hy_, —mfo.
i=1
Since Y7 # =" mW/ =m for 1 <t <T — 1, combining (3.9) with (3.8)
yields (3.3).
Let E,, denote expectation under the probability measure induced by the ran-
dom variables in the SMC algorithm with m particles. Then

En(31F1) = En{(# —mW{)IX1,.... XTI AX)H] ~ fo] =
since E,, (#{l]-"l) = lej . More generally, the conditional distribution of

(X ..., XJ") given ]:Zt 1 is that of m 1.i.d. random vectors which take the value

XJ with probability W;. Moreover, the conditional distribution of (X .. X’")
given Fo ;1) is that of m independent random variables such that X ! has dens1ty

function ¢, (- |Xl_ ) and, therefore, Em[f,(X,)|}"2(,_1) f,_l (Xt_ ) by (3.2) and
the tower property of conditional expectations. Hence, in particular,
En(e}lF2) = ) {En[R(XY)IX{] - Ai(X))}H] =0.
it Al=j
Proceeding inductively in this way shows that {81{ , Fr, 1 <k <2T — 1} is a mar-
tingale difference sequence for all j. [
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Without tracing their ancestral origins as in (3.4), we can also use the successive
generations of the m particles to form martingale differences directly and thereby
obtain another martingale representation of m (Y — ¥r). Specifically, the preced-
ing argument also shows that {(Z,}, o 2}, Fi, 1 <k < 2T — 1} is a martingale
difference sequence, where

Zétfl = [ft(f(;) - ft—l(Xifl)] tiflv

(3.10)
zb, = fi(X))H] — Z w! f.(X])H].
j=1
Moreover, Z ,1 ..., Z;! are conditionally independent given Fj_;. It follows from
(3.1), (3.6), (3.10) and an argument similar to (3.8) that
y 2T—1
3.11) mWr —yr) =Y (Zi + -+ Z}).
k=1

This martingale representation yields the limiting normal distribution of /m (Y7 —
Yr) for the basic prototype in the following.

COROLLARY 1. Let oé = 512 + -+ 522T—1’ where

E [f2X) — f2 XD Xem)),  ifk=2t—1,

(3.12) &= ! -

E {[fiXohi X)) — fol™/hi X}, if k=2t.
Assume that 08 < 00. Then as m — o0,
(3.13) Mt — ) = N(0, o).

The proof of Corollary 1 is given in the Appendix. The main result of this sec-
tion is consistent estimation of 0(2: in the basic prototype. Define for every real
number (,

20 =m™! Z{ > LX) v (Xy)Hp

J=1Nic Al =)

[1+Z > #’—mW:| }2

=l Al | =j

(3.14)

and note that by (3.4) and (3.8),

m . .
W) =m S (e -+ el )
j=1
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We next show that &2(i/7) LS 0% by making use of the following two lemmas

which are proved in the Appendix. Since for every fixed T as m — oo, Ur =
vt + 0,(1//m) by (3.13), it then follows that &2(yrr) is also consistent for a(%.

LEMMA 2. Let1 <t <T and let G be a measurable real-valued function on
the state space. Define hy, n; and §; as in (2.5).
() If E4[IGX)|/ hf_(X;—1)] < 00, then as m — o0,

(3.15) m~! ZG X)) L E,[GXo)/hE (X)),
(ii) Iqu[|G(Xt)|/h*(Xt)] < 00, then as m — 0o,

(3.16) m! ZG (X!) > E,[GX))/hf (X))

In particular, for the special case G = wy, (3.15) yields w; LS {,_1 and, hence,

ﬁi Hi | P
(3.17) *“l'i = *ti =n, wp---w;— 1 as m — Q.

hi( X))  hi(X})
Moreover, if E,[|G(X)|/h}_{(X;~1)] < 00, then applying (3.15) to |G(-)| x
1{6(y>m) and letting M — oo yield

_ i i P
(3.18) m lZ}G(Xt)‘1{|G()~(§)|>s\/%}_)O as m — oo for every & > 0.

LEMMA 3. Let1 <t <T and let G be a measurable nonnegative valued func-
tion on the state space.

() If E4lG(Xy)/h}_(X;~1)] < 00, then as m — o0,
(3.19) m max Y GEX)So.

1<j< 3
_]_mi:ALI:j
(i) If E;[G(X;)/ h}(X;)] < oo, then as m — oo,
(3.20) m~' max Y G(X]) 20.

1<j<m
i: A; =j

COROLLARY 2. Suppose O’C2 < 00. Then 6%(Yr1) LS UCZ as m — oQ.
PROOF. By (3.4) and (3.8),
2T—-1 o )
Sed= ¥ A& -[1+T T @-mw]i
k=1

it AL =j =lial =)
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We make use of Lemmas 2 and 3, (3.12) and mathematical induction to show that
forall 1 <k <2T —1,

m ) k
(3.21) m3 (] 44 e]) B Z 57.
j=1 =1
By the weak law of large numbers, (3.21) holds for £k = 1. Next assume that
(3.21) holds for k = 2t and consider the expansion

m—l

[(e] + +el )" — (el +--+e))’]

-

1

~
Il

(3.22)

m m
Z 8k+1 Z +8k 8k+1

Let C,j =1{(,0):i # ¢ and Al = Af = j}. Suppressing the subscript ¢, let U; =
[fre1(Xpy ) — frXDIH] . Then e, =3, 4i_; Ui and

(3.23) m > (eh,, ) =m IZU2 m™ 'Y > Ui,
j=1 i=1

=i nec/

By (3.12), (3.17) and Lemma 2(i),
(3.24) m™! Z U} 563

Since Uy, ..., U, are independent mean zero random variables conditioned on
Fo, it follows from (3.17), Lemmas 2(ii) and 3(ii) that

2Varm<z 3 UW‘&)

I=li,0ec!
2
(3.25) _m_zz Y En(UPUFFa) <m™ Z{ > En(U |]-"2t}
=i pec/ =10 A=

S[m_IZEm(Uizlfm)}[m_l max ) Em(Uiz'fz’)}io'
2 S L
By (3.23)-(3.25).

— - j 2 P ~
(3.26) m Y (e5,41)" = Gy
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We next show that

m
_ 1 / i P
(3.27) m~! Z(g{ +...+gét)g£t+l = 0.
j=1
Since 8{ e 8%1 are measurable with respect to Fo; for 1 < j <m and 8%; e

. &y 4 independent conditioned on JFj;, by the induction hypothesis and
by (3.17) and Lemma 3(ii), it follows that

m . . .
m=2 ) Var (61 + -+ £3,)e3,.11F2)

m

S (CESRERIA L SR IEE]

Jj=1 itAl=j

< [m—1z(8{+...+8ét)2} |:m—1 max Z En(U; |}‘2,)} —>O
Jj=1 :

1<J<m
DA=]

and therefore (3.27) holds. By (3.22), (3.26), (3.27) and the induction hypothesis,
(3.21) holds for k =2¢ + 1.

Next assume (3.21) holds for k =27 — 1. Suppressing the subscript 7, let S; =
# —mWH[fi(X))H! — fol. Then

(3.28) m~! Z ef,) =m™! Zsz +m~! Z Z Si Se.
I=1G,pec
From Lemma 2(i), (3.12) and (3.17), it follows that

m
m™' " En (S} Fa—1)
i=1

(3.29) =m~"Y" Va, (#1F-1) [ £ (X) Al - fo]?
i=1

- Z w,(X>< ~w (X

mu_),

oy AL
ViR - AP % 33,
Technical arguments given in the Appendix show that

m
(3.30) m~2 Vary, <Z S?HFae ) Lo,
i=1

(3.31) m2E,, [(Z > SS@) ‘.7:2, 1} =0

7=l i0ec!
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and

m 2
(3.32) m_zEmHZ(E{ o +s§,_1)e§,} ‘fz,_l} 50
j=l1

under (3.21) for k =2t — 1. By (3.22) and (3.28)—(3.32), (3.21) holds for k = 2t.
The induction proof is complete and Corollary 2 holds. [J

Let \I—’(XJ") = wN(XT) — Y7 and define ‘iT asin (3.1) with W in place of ¥. Then
replacing Y7 by W7 in Corollaries 1 and 2 shows that as m — oo,
(3.33) VmUr = N(0,0%),  &2(0) 562,

where 5*2(,u) is defined by (3.14) with ¢ replaced by W, noting that replacing v
by W in the definition of 0(2: in Corollary 1 gives o2 defined in (2.8) as fo =0.

3.2. Approximation of 1/A/T — YT by U7 and proof of Theorem 1. 'We now re-
turn to the setting of Section 2.1, in which we consider the HMM (1.1) and use
weight functions of the form (2.1) and the particle filter (2.4) in lieu of (3.1). We
make use of the following lemma to extend (3.33) to @T — Y.

LEMMA 4. Let w; be of the form (2.1) for 1 <t < T and define nr and {r by
(2.5) and Y by (3.1) with  replaced by W = — 7. Then

T
(334  prxr)[=prxr|Yr)] = 77;1 H[Pz(lext—l)gt(Yzlxt)],

t=1

T
(3.35)  Lr(xr)=n7 []wxo),

t=1
(3.36)  r — Y = mwp) Y WXy )wr (Xf) = (@ - wr) " nr Py
i=1

PROOF. By (2.1) and (2.5),

T T
nr =/H[wt(xt)61t(xt|xt—l)] dVX(XT)=/H[Pt(xt|xt—l)gt(Yt|xt)]dVX(XT),
=1 t=1

and (3.34) follows from (1.2). Moreover, (3.35) follows from (2.1), (2.6) and
(3.34). The first equality in (3.36) follows from (2.3) and (2.4). By (2.3) and (3.35),
w1 ---IDT> wT(iiT)
nr wr

Hence, the second equality in (3.36) follows from (3.1). [

(3.37) Lr(Xp)HL_ | = (
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The following lemma, proved in the Appendix, is used to prove Theoerem 1.
Although it resembles Lemma 3, its conclusions are about the square of the sums
in Lemma 3 and, accordingly, it assumes finiteness of second (instead of first)
moments.

LEMMA 5. Letl <t <T,G beameasurable function on the state space, and
[';(X;) be defined as in (2.5).

(i) If Eq[G*(X)T1—1(X;—1)] < 00, then
m 2
m_IZ[ 3 G(f(;‘)] =0,(1) asm— oo.
J=15 Al =)
(i) If Eq[G*(X)T/(X))] < oo, then
m 2
m_lz[ > G(Xi)} =0,(1)  asm— oo.
J=170: Al=j
PROOF OF THEOREM 1. By (3.17), (3.33) and (3.36),
(3.38) @ —yr) = (1+0,(D)ymIr = N(0,0?).

Since 67(0) = m™' Y1 {(¥;. 41 _ Lr X Hy_(w(Xi))? 5 o2 by (3.14)
and (3.33), and since 02(0) = (1 + op(l))az(wT) in view of (2.9), (3.17)
and (3.37),

(3.39) X)) B o2,

. X S -
Letting ¢ = X i _; S8y (Rp) —yrl, by = X wr(Kf) /iy and
a =y — yr, it follows from (2.9) that

2 m
(3.40) &2(r) = — Z(c,+ab) Zc—i— Zb cj+— b
m-

]l

Since a = Op(m~'/?) by (3.38), m™ ' Y1 ¢ = 62(yr) 2 52 by (3.39), and
since m ! ZT:1 b? = 0,(1) by Lemma 5 (with G = wy,),

2a m m m P
‘; Zlbjcj < |a|<m_1 Zlb§+m—1 Zl(,f) £o.
J= J= J=

Hence, by (3.40), 62(y7) > o2. O
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4. Extensions and proof of Theorem 2. In this section we first extend the
results of Section 2.1 to the case where residual Bernoulli resampling is used in
lieu of bootstrap resampling at every stage. We then consider occasional bootstrap
resampling and prove Theorem 2, which we also extend to the case of occasional
residual Bernoulli resampling.

4.1. Residual Bernoulli resampling. The residual resampling scheme intro-
duced in [2, 3] often leads to smaller asymptotic variance than that of boot-
strap resampling; see [6, 14]. We consider here the residual Bernoulli scheme
given in [7], which has been shown in Section 2.4 of [9] to yield a consistent
and asymptotically normal particle filtering estimate of 7. To implement resid-
ual Bernoulli resampling, we modify bootstrap resampling at stage ¢ as follows:
let M(1) =m and let S,l, ...,étM(I) be independent Bernoulli random variables
conditioned on (M (1), W,i) satisfying P{g;’ =11Fy_1}= M(t)W,i — LM(t)W,iJ.
For each 1 <i < M(r) and t < T — 1, let Hi = H'_|/(M(1)W/) and make
#o= MW | + S; copies of ()Nii, Ai_l, ﬁ;) These copies constitute an aug-
mented sample {(X{, Atj, H,j) 1<j<M(@t+1)}, where M(t + 1) = Ziﬂi(ll) #;'.
Estimate {7 by

A M@ N
Jrr=[M@Dwr]" Y v (X )wr(XF).
i=1

Let \TJT,R be (3.1) with ¥ = ¢ — ¥7 in place of i and M (T) in place of m.
Since H,_, is still given by (2.3) and Lemma 2 still holds for residual Bernoulli
resampling, it follows from (3.17) and (3.37) that
M@ .
MG~y =7 Y (Xp)wr(XF)
i=1
M(T)

(4.1) = (L) > WXy Ly (X ) (X))

w---wr)
= (1 +0,(D)M(T) V7 R.
Because replacing ¥ by W in (3.2) modifies f; to f; as defined in (2.7), we have

for residual Bernoulli resampling the following analog of (3.11):
N 271 i
(42) M(T)\IJT,R = Z (le,R 4.4 Zk,lg / -|))’
k=1
where Zb, = (XD = fio X_DIH]_y, Z5, g = (#, = MOW]) i XD AL
Let ol% = Ziil_l G]iR, with

O R=0%-1.  Onr = Eqly (X)) fFXnhi X)),
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in which y(x) = (x — [x])(1 — x + Lx])/x, wi®x) = ki (X 1)/h} (%) =
Lrwy(x;) and ‘722z—1 is defined in Theorem 1. Since Var(§) = y(x)x when £ is
a Bernoulli(x — | x]) random variable,

M(t) '
Var( Z Zy R

M@) . e
fz,_l) S (MW MW 2R (Y
i=1

i=1

and, therefore, it follows from Lemma 2 that
M([k/21)

(4.3) m_lVar< > Zix

i=1

fk—1>£>GﬁR, 1<k<2T—1.

By (4.1)-(4.3) and a similar modAiﬁcation of (3.32 for residual Bernoulli resam-
pling, Theorem 1 still holds with 7 replaced by 1 r; specifically,

(4.4) Jm@rr —vr) = N0,08),  62(Prr) > of,

where 62(,u) is defined in (2.9). The following example shows the advantage of
residual resampling over bootstrap resampling.

EXAMPLE. Consider the bearings-only tracking problem in [11], in which
X: = (X¢1,..., Xq)' and (X1, X;3) represents the coordinates of a ship and
(Xr2, X14) the velocity at time 7. A person standing at the origin observes that
the ship is at angle Y, relative to him. Taking into account measurement errors and
random disturbances in velocity of the ship, and letting ® be a 4 x 4 matrix with
Do =P34 =1=®d;; for 1 <i <4 and all other entries 0, I" be a 4 x 2 matrix
with I'1; =T'3p =0.5, I'y; =42 = 1 and all other entries 0, the dynamics can be
described by state-space model

X =0X, 1+ Tz, Y,:tan_l(Xt3/Xt1)+u,,

where X1 ~ N(0,0.5%), X2 ~ N(0,0.005%), X3 ~ N(0.4,0.3%), X4 ~
N(—0.05,0.012), z,1 ~ N(0,0.001%I,) and u; ~ N(0,0.005%) are indepen-
dent random variables for ¢+ > 1. The quantities of interest are E(X71|Yr) and
E(X73|YT). To implement the particle filters, we let g; = p; for ¢+ > 2. Unlike
[11] in which g1 = p; as well, we use an importance density g; that involves
p1 and Y7 to generate the initial location (X171, X13). Let £ and ¢ be independent
standard normal random variables, and r = tan(Y; + 0.005&). Since u; has small
variance, we can estimate X3/ X1 well by r. This suggests choosing ¢; to be de-
generate bivariate normal with support y = rx, with (y, x) denoting (X3, X11), SO
that its density function on this line is proportional to exp{—(x — w)? /(21)}, where
uw=0.4r/(0.36 + r?), T = 0.09/(0.36 + r2). Thus, q1 generates X1 = + +/T¢
and X3 =r X1, but still follows p; to generate (X2, X14). By (2.1),

x? (x13—04)?% ¢?

2052  2(0.3)2 2 )

wi(x1) = |x11]4/7(1 +”2)6XP{—
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TABLE 3

Simulated values of ¥ + & (Yr)//m (for bootstrap resampling) and @T,R + 6(1,@T,R)/\/ﬁ (for
residual Bernoulli resampling)

E(X11lYT) E(X73|YT)

T boot(P) boot resid boot(P) boot resid
4 —0.515 —0.536 —-0.519 0.091 0.098 0.095
+0.026 +0.009 +0.007 +0.007 +0.002 +0.001
8 —0.505 —0.515 —0.497 —0.118 —0.121 -0.117
+0.043 +0.012 +0.011 +0.008 +0.003 +0.003
12 —0.503 —0.532 —0.508 —0.327 —0.346 —0.331
+0.042 +0.014 +0.010 +0.027 +0.009 +0.007
16 —0.506 —0.538 -0.516 —0.538 —0.572 —0.549
+0.044 +0.015 +0.010 +0.046 +0.016 +0.011
20 —-0.512 —0.537 —0.532 —0.747 —0.783 -0.777
+0.045 +0.016 +0.011 +0.066 +0.023 +0.017
24 —0.512 —0.551 —0.540 —0.950 —1.023 —1.002
+0.047 +0.016 +0.012 +0.088 +0.029 +0.022

noting that 0.005|x11|/7(1 + r2) is the Jacobian of the transformation of
(&,0) to (xn,xlg). For t > 2, (2.1) yields the resampling weights w;(x;) =
exp{—[Y; — tan™ (xt3/x,1)]2/[2(0.005)2]}. We use m = 10,000 particles to es-
timate E ((X11,X713)|YT) by particle filters, using bootstrap (boot) or residual
(resid) Bernoulli resampling at every stage, for different values of 7. Table 3,
which reports results based on a single realization of Y7, shows that residual
Bernoulli resampling has smaller standard errors than bootstrap resampling. Ta-
ble 3 also considers bootstrap resampling that uses g; = p; fort > 1, asin[11] and
denoted by boot(P), again with m = 10,000 particles. Although boot and boot(P)
differ only in the choice of the importance densities at = 1, the standard error of
boot is substantially smaller than that of boot(P) over the entire range 4 < T < 24.
Unlike Section 2.3, the standard error estimates in Table 3 use a sample splitting
refinement that is described in the first paragraph of Section 5.

4.2. Proof of Theorem 2. First consider the following modification of Up:

m

45 VYor:=m"" ZLT(X’T)‘P(XIT)Hé(T) = 77;1511 Vg, (YorR — ¥T).
i=1

Analogous to (3.11), mWor = erH(Zk +---+ Z"), where

ZZS—] = [ffs( ) - ffsfl (Xi’b 1)]H£ 1°

Zh = fo,(XL)HE ZVJ
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Let 75 = 0. Since vy, LS [ |:it* & by (2.12) and Lemma 2, it follows from
—s—1
(2.5) and (4.5) that

Vmor —¥r) = (1 +0p(D)vmUor = N(0,08),
similarly to (3.38), where
r*+1
U(%R = Z Eq{[frzs* X)) — fri*_l (Xr;il)]htj_l (er*,l)}
(4.6) o
+) Eq [frzj Xep)hze(Xep) ]

s=1

Moreover, analogous to (3.3), m\TJOR = Z;f’:l(s{ + -+ 8£r+1)’ where

o= > ey = foo (X, )IH] .

it Al =j

Ts—1

e, = ) —mVi)f (XL A
itAL =)

Ts—1

therefore, the proof of &(%R(@OR) LS Gg)R is similar to that of Theorem 1.

4.3. Occasional residual resampling and assumption (2.12). In the case of
occasional residual resampling, Theorem 2 still holds with ¥or replaced by ¥ orr
and with U(%R replaced by

41
odrr = 2 Eq{[f2:(Xep) = 2 Xex DI (X D)
s=1

Ts

+ZEq[y< [1 wf(xt)>fé(xgwht;(xf;)].
s=1

t=t ;+1

In particular, \/m (Yorr — ¥7) = N(O, a(%RR) and 8%R(1}0RR) 2 U(%RR.
Assumption (2.12) is often satisfied in practice. In particular, if one follows
Liu [13] and resamples at stage t whenever

- p— b
mu}

m m Yiy_ 5712
4.7) CVt =m_ Z _ 2izilv X)) —v]

where ¢ > 0 is a prespecified threshold for the coefficient of variation, then (2.12)
can be shown to hold by making use of the following lemma.
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LEMMA 6. Let resampling be carried out at stage t whenever cvt2 > c. Then
(2.12) holds with

Mz 1 wE K0P |
= —1>
h*, 1(Xr“*_1) ) _C}

To_

= inf{t >10 Eq<
(4.8)

forl<s<r*

where 1§ =0 and r* = max{s : 7] < T}, provided that

[H;S*_,* Wi XpP
Eq<

4.9) h* (XT* 5

)—l;éc forl<s<r*.

PROOF. Let 77, + 1 <¢ <17 and G(x¢) = ]_[k 4 wy (X). Apply
Lemma 2(i) to G and G2, with # — 1 in the subscript replaced by the most re-
cent resampling time z.°_,. It then follows from (4.7) that

(4.10) cvﬁ—’lEq[GZ(XZ)/hjil(X,L)]—1 on {1 =1 ,}.

In view of (4.8) and (4.9), it follows from (4.10) with £ = ¢ that P, {r, >
T, Tyl =T, 1}—p>0 for 1 <s <r* and from (4.10) with 7 |, +1<{ < 1]

that Py{ty =€, 151 =71, l}—>0 O

5. Discussion and concluding remarks. The central limit theorem for parti-
cle filters in this paper and in [6, 8, 9, 12] considers the case of fixed T as the
number m of particles becomes infinite. In addition to the standard error esti-
mates (2.9), one can use the following modification that substitutes 7 in 62(1pr)
by “out-of-sample” estimates of ¥rr. Instead of generating additional particles to
accomplish this, we apply a sample-splitting technique to the m particles, which is
similar to k-fold cross-validation. The standard error estimates in the example in
Section 4.1 use this technique with k = 2. Divide the m particles into k groups of
equal size r = |m/ k] except for the last one that may have a larger sample size.
For definiteness consider bootstrap resampling at every stage; the case of residual
resampling or occasional resampling can be treated similarly. Denote the parti-
cles at the rth generatlon before resampling, by {X i l <i=<rl=<j<kj and
let X,1 I X be sampled with replacement from {X .. X” }, with weights

Wt] = wt(X )/(mw,) where w, =r 121 lw,(X ). W1th these “stratified” re-
sampling weights, we estimate /7 by

5.1) Yr=k IZ¢T where V] = (rw})” Zw X wr (XY).



2896 H.P.CHAN AND T. L. LAI

Similarly, letting @;’ =(k—1)"! D00 1}%, we estimate o2 by

A - k r X 2
(5.2) Gqp=m1 S { § —wT(J )[W( 7)) —vr ]}-
J=li=1" . gl Wr

T—171

Chopin (Section 2.1 of [6]) summarizes a general framework of traditional parti-
cle filter estimates of 7, in which the resampling (also called “selection’) weights
w (X;) are chosen to convert a weighted approximation of the posterior density
of X; given Y;, with likelihood ratio weights associated with importance sam-
pling (called “mutation” in [6]), to an unweighted approximation (that has equal
weights 1), so that the usual average Y7 1= m~ i—1 ¥ (X%) converges a.s. to
Y7 as m — o0o. He uses induction on ¢ < T to prove the central limit theorem for
Vm @ — ¥r): “conditional on past iterations, each step generates independent
(but not identically distributed) particles, which follow some (conditional) central
limit theorem” (page 2392 of [6]), and he points out that the particle filter of Gilks
and Berzuini [10] is a variant of this framework.

Let V; be the variance of the limiting normal distribution of ,/m; (Y7 — ¥r) in
the Gilks—Berzuini particle filter (pages 132—134 of [10]), that assumes

(5.3) mp — 00, then my — oo, ... and then mp — 00,

which means that m| — oo and m; —m;_1 — oo for 1 <t < T. The estimates of
V; proposed in [10] use the idea of “ancestor” instead of the ancestral origin we
use. For s < ¢, particle ils is called an ancestor of )Nif if )Nif descends from )NK’S Thus,
the ancestral origin is the special case corresponding to s = 1 (the first generation
of the particles). Let

t mg
k.t
(5.4) N = Z Z 1{)~(§ is an ancestor of X¥ and of X¢}
s=1i=1
X k. g 0 _
(5.5) ZZZN — ¥y (X)) — ).
m, k=1¢=1

Theorem 3 of Gilks and Berzuini (Appendix A of [10]) shows that ‘7, /Vi 21
under (5.3). The basic idea is to use the law of large numbers for each generation
conditioned on the preceding one and an induction argument which relies on the
assumption (5.3) that “is not directly relevant to the practical context.” In contrast,
our Theorem 1 or 2 is based on a much more precise martingale approximation of
m(xﬁT — ) or m(lﬁOR — ¥7). While we have focused on importance sampling in
this paper, another approach to choosing the proposal distribution is to use Markov
chain Monte Carlo iterations for the mutation step, as in [10], and important ad-
vances in this approach have been developed recently in [1, 4].
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APPENDIX: LEMMAS 2, 3, 5, COROLLARY 1 AND (3.30)—(3.32)

PROOF OF LEMMA 2. We use induction on ¢ and show that if (ii) holds for
t — 1, then (i) holds for ¢, and that if (i) holds for #, then (ii) also holds for ¢. Since
G = Gt — G, we can assume without loss of generality that G is nonnegative.
By the law of large numbers, (i) holds for # = 1, noting that Aj = 1. Let ¢ > 1
and assume that (ii) holds for + — 1. To show that (i) holds for ¢, assume u; =
E, [G(X;)/h}_;(X;-1)] to be finite and suppose that, contrary to (3.15), there exist
O<e<landm; <my < --- such that

(A.1) PmHm—l Y G6(Xi,)
i=1

in which M = {m1, my, ...} and we write X;m (= )N(;) to highlight the dependence
onm.Let 8 =¢3. Since x = (x A y) + (x — y)*, we can write G()Nii?m) =U!
V,’;m + S;'vm, where

Ui, =G(X ) A©6m) — E [GXL,) A Em)|Fasl,
Vi =En[GXL,) A Gm)Faa], S, =[GXi,)—om]".
Since Ey (U} ;| F2i—2) =0 and Cov,, (U}, U/, | Far—2) = 0 for i # ¢, it follows

from Chebyshev’s inequality, (U,"’m)2 < SmG()?j’m) and § = &3 that
m .
Py, { m~! > UL,

i=1
m
< (em)™* Vary, (Z U
i i (2
= (em) 2 Y En(|U; | | Fi-2)
i=1

: >28}>8(2+M;) for all m € M,

(A2)

> &

-7:21—2}

i=1
(A3)

<em IZE X )| For- 2]—>8Mz,

as m — oo, by (3.16) apphed to G*(X;—1) = E4[G(X;)[X;—1], noting that
E [G*(X;—1)/h}_(X;—1)] = ;. Application of (3.16) to G*(X;_1) also yields

m
(A4) m v Do
i=1

From (A.3), it follows that

m
m~! ZU’
i=1

(A.5) Py { e} <e(l+ uy) for all large m.
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Since u; < 0o, we can choose n; such that
Eq[GXDNi6x)>n/ By X)) <k~

Hence, by applying (3.16) to Gi(X;—1) = E;[G(X)1{GX,)>n}|Xs—1], we can
choose a further subsequence my that satisfies (A.1), my > n /8 and

m
m~! Z Em[G(X;ym)l{G(i;’mbnk} | Far—2] > 2k—1} <k~ ' form=my.
Then for m = my, with probability at least 1 — k!,

> Pu{S;,, #01F2—2} ZP ) > 8m|Fa 2}

= (8m)_1 Z Em[G(ii,m)l{G(X?m)>8m}|]:2t—2]
i=1
<2571t
Therefore, Py, {S; # 0 for some 1 <i <m}— 0 as m = my — 0o. Combining
this with (A.4) and (A.5), we have a contradiction to (A.1). Hence, we conclude

(3.15) holds for ¢. The proof that (ii) holds for + whenever (i) holds for ¢ is similar.
In particular, since (i) holds for t = 1, so does (ii). [

PROOF OF LEMMA 3. We again use induction and show that if (ii) holds for
t — 1, then (i) holds for 7, and that if (i) holds for 7, then so does (ii). First (i) holds
for t =1 because Ay =i, hj=1and E;G(X) < oo implies that for any & > 0,

Pm{m’l max G(X )>s}<qu{G(X1)zem}—>0 as m — o0o.
1<i<m

Let ¢ > 1 and assume that (ii) holds for ¢ — 1. To show that (i) holds for ¢, suppose
(= E¢[G(X)/hy_;(X;—1)]) < oo and that, contrary to (3.19), there exist 0 <
e<land M ={mi,my,...} withm| <my < --- such that

(A.6) Pm{m 1r<r1Ja<xm Z G(X,)> 28} >e(Q+u;)  forallme M.
TAL =]
Asin (A2),let§ =¢3and GX!,)=U] , + V], +Si . For1 <j<m,

Pm{ m! Z Uti’m > S‘fzt_z} < em™! Z Em[G(ii’mﬂfzt_z],

it Al =j it Al =j
by an argument similar to (A.3). Summing over j and then taking expectations, it
then follows from Lemma 2 that

(A7) ZPmHm_l > U
j=1

zA’lj

>e} <e(l+ puy) for all large m.
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By (3.20) applied to the function G*(X;_1) = E4[G (X)) [X;-1],

(A.8) m~! max Z Vl’;m 20 as m — oQ.

l<jsm & .
itA_ =]

As in the proof of Lemma 2, select a further subsequence m;, such that (A.6) holds
and P, {>1" S}, =0} — 1 as m = mj — oo. Combining this with (A.7) and
(A.8) yields a contradiction to (A.6). Hence, (3.19) holds for ¢.

Next let 7 > 1 and assume that (i) holds for 7. To show that (ii) holds for 7,
assume [i; = E [G(Xt)/h*(Xt) | to be finite and note that }_.. Ai= G(X k) =
Zi:A, =it kG(Xt «)- Suppose that, contrary to (3.20), there exist O < e <1and

M:{ml,mz,. .} with mq <my < --- such that

Pm{m_llin,ajm Z # >2s}>8(2+ﬁt)

(A9) T Al =)
for all m € M.

Let § = &3 and write #;‘,mc(f(;',m) = ﬁf’m + Vtiym +#, ,,Si . where

t,m>
ﬁti,m = (#i,m - thi,m)[G(i;.,m) A (Sm)]7
Vi =mW,,,[GX],,) A (6m)]

and Si is defined in (A.2). Since E,, (#' | Foi1) = mW!

tm,Varm(#;mlfzt 1)<
mW’ = w; (X m)/Wr.m and since #t m» - -+ #iy, are pairwise negatively corre-

lated condltloned on ]:Zt 1, we obtain by Chebyshev s inequality that for 1 < j <

m, P {|m= Zz Al =j m| > €|F2—1} is bounded above by
DAL tm
1 . . )
g 2 Vatu (1 P2 )[G(XG ) A @)
itAl_ | =j
e .
< G* Xl
- mU_sz C ( l,m)
’ i:A;_ =j

where G*(-) = w(-)G(-). Hence, applying Lemma 2 to G* and noting that,
by (2-5)9 Eq[G*(Xt)/h;t](Xt—l)] = é’;l,&t and II)t,m = m_l Z;n:l wm(Xi,m) _p)
g“t_l by Lemma 2, we obtain

m

(A.10) me{ m™t Y UL >
j=1 itAl_ =]

By (3.19) applied to G* and Lemma 2,

—1 i o1, -1
(A1) m 1I§nja<xm AZ .th’m fwz,m[m lggm AZ .G (Xi )} = 0.
i: \=J i: \=J

8} <e(l+ i) for all large m.
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Finally, by Lemma 2 applied to G, (X;) = w;(X;) G (X)1{G(X,)>sm}

m
Z Pm {#;,m S;,m 7’5 0|f2t—1}

i=1

Py {#, ,, > 01 F2—1}1

s

1 1S} m#0}
(A.12) = _
1 & G (Xt )
S_Z [;n|f2t71)u
Sm i=1 wt(Xt,m)
[ ZGm } 20
(Swtm X

as m = my — 0. Since (A.10)—(A.12) contradicts (A.9), (3.20) follows. [J

PROOF OF LEMMA 5. The proof of Lemma 5 is similar to that of Lemma 3,
and in fact is simpler because the finiteness assumption on the second moments
of G dispenses with truncation arguments of the type in (A.2). First (i) holds for
t = 1 because A6 =i, hj=1and

m
Puim™' Y G* (X)) 2K <K 'E,G*X))—>0  asK — oo.

i=l
As in the proof of Lemma 3, let # > 1 and assume that (ii) holds for ¢t — 1. To show
that (i) holds for ¢, suppose u; := Eq[Gz(X,)F,_l(Xt_l)] < 00. By expressing
G= _G+ — G™, we may assume without loss of generality G is nonnegative. Write
G(X}) = U/ + V/, where V! = E,;[G(X})|X]_,]. By the induction hypothesis,

m= Y (Y A =i Vi )2 = 0,(1). To show thatm_l S a2 Ul )2 =

O, (1), note that E,, (U} UE | F2:—2) =0 fori # €. Hence, it follows by an argument
similar to (A.3) that

<(Km)~ ZEm )| Far—2]

L K EJ|GX) — E [GX)IX 1]/ k(X))

Next assume that (i) holds for ¢ and show that (ii) holds for ¢ if [L,N:;
Eq[Gz(X,)F,(X,)] is finite. Note that Zz:A;’:j GX) = Zi:A;'_l:j #G(X)).

Write #G (X)) = Ul + V/, where V/ = mW!G(X}) = w,(X)G(X!)/w;. Since
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wy LS & I and since E, {lw; X)GX) T 1 X} < ,ut < 00, it follows from
the induction hypothes1s that m lzm 1 Al V) = O0,(1). Moreover,

since Varm(# | For—1) < mW’ and Covm(#t,# |f2,,1) <0 for i #£ ¢, it follows
from an argument similar to (A.3) that

m 2 m
Pm{m_lz( > U;) zK‘sz} < (Km)~"Y_ mw]G*(X])
=1 Al =) i=1

p -1 2 *
— K7 E [G°(X))/ ki (X)),
noting that E,[G*(X;)/h*(X,)] < ;' i, < oo. Hence,
m . 2
m—12< > U;> = 0,().
=10 AL =)

This shows that (ii) holds for #, completing the induction proof. [

PROOF OF COROLLARY 1. Recall that {(Z}, ..., Z{"), Fi, 1 <k <2T — 1} is
a martingale difference sequence and that Z}, ..., Z,! are conditionally indepen-
dent given Fi_1, where Fy is the trival o -algebra; moreover,
2T—1 / m
(A.13) Vm@r =)=y (Z Z;;/ﬂ).
k=1 \i=1

Fix k. Conditioned on Fy_1, YX. := Zi //m is a triangular array of row-wise in-
dependent (i.i.d. when k = 2¢) random variables. Noting that E,,[ ﬁ(Xi)lXﬁ_l] =
fi—1(X¢_)), we obtain from (3.10) that

Em[(zéz—l)2|]:2t—2] ={E [ft (Xl)|Xt - f?—l( i—l)}(Hti_l)z,
Em[(zét)2|]‘—2t 1 Z Wt ft Xj)(Hj |:Z Wt ft XJ)HJ:|

Let ¢ > 0. Since Wj = wt(if)/(mu_fz) and w, > o

m
Z Ep, |~7:k 1] k2 ZEm[(Ynﬁi)zl{|y,’;i|>e}|]:k—l] e 0,
i=1

by (2.5) and Lemma 2. Hence, by Lindeberg’s central limit theorem for tri-
angular arrays of independent random variables, the conditional distribution of

" Z,i/\/% given Fi_1 converges to N (0, 5k2) as m — oo. This implies that for
any real u,

(A14)  En (T ZVm E ) B w52 | <k<oT -1,
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where i denotes the imaginary number v/—1. Let §; = 22:1(27’:1 Z,{ //m).
Since {27’:1 Z,ﬁ //m, Fr,1 <k <2T — 1} is a martingale difference sequence, it
follows from (A.13), (A.14) and mathematical induction that

E, (eiuﬁ(T/;T_‘ﬁT))

—E, [eiusszz E, (ei” X ZéT—l/«/mLFZT_z)]

= e 012, (57 2) 4 o(1) = - - = exp(—ul0d/2) + o(1).
Hence, (3.13) holds. [l

PROOF OF (3.30)—(3.32). For distinct i, j, k, £, define ¢;; = (mW!)(m Wtj),

cijke = mMWHmW) W mW)), ciije = mWH2mW/)(mWf) and define
Cijks Ciij, cijj similarly. Since #, = >7)"_, I{B[h:i}, where B,h are 1.i.d. conditioned
on J7,_1 such that P{Bth =i|Fy_1}= W}, combinatorial arguments show that

Eyn[(# —mW})(# —mW])(# —mW)(# —mW/) | Fai]

=m ™ m(m — 1)(m —2)(m — 3)

(A.15)
—4m*(m — 1)(m —2) +6m> (m — 1) — 4m* + m*]cijie
= (3m_2 - 6m_3)c,~jkg,
i i\2 (gl AYS k
Em[(#t _th) (#t —mW; )(#t —mW, )|]:2t—l]
(A.16)
= (3m ™2 — om ™ )cigju + (—=m ™! +2m e,
En[(# — mW))* # —mW!)*| Fy 1]
(A.17) = (3m ™2 —6m)ciijj + (—m "+ 2m ) (ciij + cijy)
+(1— m_l)cij,
En[(#; —mW})* | Fy 1]
=m[W (1= Wj)* + (1= wi)(W))"]
(A.18)

+3m(m — D[(W))*(1 — wi)*

+2(W) (1= W) + (W) (1= w))?),
(A19)  En|(# —mW))# —mW/ )| Fo1} =—m'cij.

3

To prove (3.30), let T; = mWZ[ﬁ(iﬁ)ﬁi — A T=m"! ", Ti and
T* =m~' ' maxi<j<m Ziif‘i}l:j T;. We can use (A.17) and (A.18) to show that
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m2En[(X0, 82)2|Fa—1] is equal to

m
m 23" En(SHFa—1) +m 2y En(SES3HFar—1) =T > +o0p(1)
i=1 i#j
as m — o0o. By Lemma 2(i), T 2 5 &4,. From this and (3.29), (3.30) follows.
To prove (3.31), let D; = mW! [ fi(X))H! — fo], D=m~" Y™, |D;| and D} =
m~! maxj<j<m Zi:A§_1=j |D;|. By (A.15)—(A.17), the left-hand side of (3.31) is
equal to

1 /3 6\ S 1\ o
W W—E Z Z DiDE +W I_E Z Z ’TiTK
I=Yanec! =1 pec!
4 /1 2 n 2
AE2E A T )

J=Li Al = et AL =)

<3(DD¥?*+TT*  form>2.

By Lemmas 2 and 3, the upper bound in the above inequality converges to 0 in
probability as m — oo, proving (3.31).

By (A.19), Ey(S;Sj|Fa—1) = —m~'D;D; and, similarly, E,,(S}|F2—1) =
T, — m_lDiz. Therefore, by (3.4), the left-hand side of (3.32) is equal to

m ) . 2
URD I ENNETERNG e S (D DY N R
j=1 itAl =) i Al =)

since T;* + (D;“)2 20 by Lemma 3 and since (3.21) holds for k =2t — 1 by the
induction hypothesis. [
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