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ON THE LARGE DEVIATION RATE FUNCTION FOR THE
EMPIRICAL MEASURES OF REVERSIBLE JUMP
MARKOV PROCESSES

By PAUL DUPUIS! AND YUFEI LIU2
Brown University

The large deviations principle for the empirical measure for both contin-
uous and discrete time Markov processes is well known. Various expressions
are available for the rate function, but these expressions are usually as the so-
lution to a variational problem, and in this sense not explicit. An interesting
class of continuous time, reversible processes was identified in the original
work of Donsker and Varadhan for which an explicit expression is possible.
While this class includes many (reversible) processes of interest, it excludes
the case of continuous time pure jump processes, such as a reversible finite
state Markov chain. In this paper, we study the large deviations principle for
the empirical measure of pure jump Markov processes and provide an explicit
formula of the rate function under reversibility.

1. Introduction. Let X (7) be a time homogeneous Markov process with Pol-
ish state space S, and let P(¢,x,dy) be the transition function of X (¢). For
t € [0, 00), define T; by

T, f (x) i/Sf(y)P(t,x,dy).

Then T; is a contraction semigroup on the Banach space of bounded, Borel mea-
surable functions on S ([6], Chapter 4.1). We use £ to denote the infinitesimal gen-
erator of 7; and D the domain of £ (see [6], Chapter 1). Hence, for each bounded
measurable function f € D,

1
Lf() = lz‘fél?[/s FOVP (. x.dy) — f(x)]

The empirical measure (or normalized occupation measure) up to time 7' of the
Markov process X (¢) is defined by

1 T
(1.1) () = ?fo Sx ().
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Let P(S) be the metric space of probability measures on S equipped with the
Lévy—Prohorov metric, which is compatible with the topology of weak conver-
gence. For nn € P(S), define

.. Lu
(1.2) I1() = — inf | ==dn.
ueDJs u
u>0

It is easy to check that I thus defined is lower semicontinuous under the topology
of weak convergence. Consider the following regularity assumption.

CONDITION 1.1. There exists a probability measure A on S such that fort > 0
the transition functions P (t, x, dy) have densities with respect to \, that is,

(1.3) P(t,x,dy)=p(t, x, y)A(dy).

Under additional recurrence and transitivity conditions, Donsker and Varadhan
[2, 3] prove the following. For any open set O C P(S)

1
1.4 liminf — log P . >—inf I
(1.4) iminf - log P(nr() € 0) = inf 1),
and for any closed set C C P(S)
1
(1.5) limsup — log P(nr(-) € C) < — inf I(n).
T—o0 T neC

We refer to (1.4) as the large deviation lower bound and (1.5) as the large de-
viation upper bound. Under ergodicity, the empirical measure n7 converges to the
invariant distribution of the Markov process X (¢). The large deviation principle
characterizes this convergence through the associated rate function. While there
are many situations where an explicit formula for (1.2) would be useful, it is in
general difficult to solve the variational problem. The main existing results on this
issue are for the self-adjoint case in the continuous time setting; see [2, 9, 11].
Specifically, suppose there is a o-finite measure ¢ on S, and that the densities
in (1.3) satisfy the following reversibility condition:

(1.6) p(t,x,y)=p(,y,x) almost everywhere (¢ X ¢).

Then T; is self-adjoint. If we denote the closure of L by L (see, e.g., [6], page 16)
and the domain of £ by D(L), then L is self-adjoint and negative semidefinite

/2

. . . 5.1 . .. .
(since T; is a contraction). We denote by (—L£) '~ the canonical positive semidef-
1/2

inite square root of —L ([10], Chapter 12). Let D /2 be the domain of (—E_) .
Donsker and Varadhan [2], Theorem 5, show under certain conditions that / de-
fined by (1.2) has the following properties: /() < oo if and only if u < ¢ and
(di/dp)'/? € Dy )5, and with f =dpu/dgp and g = f1/2,

(1.7) I(w) = (=£)"%¢|?,



LDP FOR EMPIRICAL MEASURES 1123

where | - || denotes the L? norm with respect to . Typically, ¢ is taken to be the
invariant distribution of the process.

It should be noted that this explicit formula does not apply to one of the simplest
Markov processes, namely, continuous time Markov jump processes with bounded
infinitesimal generators. Let B(S) be the Borel o-algebra on S and let o (x, I') be
a transition kernel on S x B(S). Let B(S) denote the space of bounded Borel
measurable functions on S and let ¢ € B(S) be nonnegative. Then

(1.8) L0 =q() fs (fO) — FOO)a(x, dy)

defines a bounded linear operator on B(S) and L is the generator of a Markov
process that can be constructed as follows. Let {X,,, n € N} be a Markov chain in
S with transition probability «(x, I'), that is,

(1.9) P(Xpt1 €| Xo, X1, ..., Xp) =a(X,,T)

forall I' € B(S) and n € N. Let 11, 72, ... be independent and exponentially dis-
tributed with mean 1, and independent of {X,,, n € N}. Define a sojourn time s; for
eachi=1,2,...by

(1.10) q(Xi—1)si =T1.

Then

n n+1
X)) =X, forZsi§t<Zsi
i=1 i=1

(with the convention Z?:ls,- = 0) defines a Markov process {X(¢),t € [0, 00)}
with infinitesimal generator £, and we call this process a Markov jump process.

A very simple special case is as follows. Using the notation above, assume S =
[0,1], g =1 and for each x € [0, 1], a(x, -) is the uniform distribution on [0, 1].
The infinitesimal generator £ defined in (1.8) reduces to

1
Lf@) = /O FO)dy — f(x),

which is clearly self-adjoint with respect to Lebesgue measure. If C is the col-
lection of all Dirac measures on S, then C is closed under the topology of weak
convergence on P(S). Hence, a large deviation upper bound would imply

1

(1.11) limsup —log P(nr € C) < — inf I ().
T—ooo T necC

However, the probability that the very first exponential holding time is bigger than

T is exactly exp{—T7}, and when this happens, the empirical measure is a Dirac

measure located at some point that is uniformly distributed on [0, 1]. Hence,

o1 L1
l%rgloréfflog P(nr(-)eC) > hTrgloréf?log P(ti>T)=-1.
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In fact, we will prove later that the rate function for the empirical measure of this
Markov jump process never exceeds 1. However, if the upper bound held with the
function defined in (1.7), one would have 1 (§,) = oo for a € [0, 1], and by (1.11)

lim sup ! log P(n7(-) € D) = —00,
T—o0 T
which is impossible.
This example shows that this type of Markov jump process is not covered by [2,
3]. In fact, the transition function P(t, x, dy) takes the form

P(t,x,dy)=e"8:(dy) + (1 —e ") 1jo,11(») dy,

which means that we cannot find a reference probability measure A on S such that
P(t, x, -) has a density with respect to A(-) for almost all x € § and t > 0, which is
a violation to Condition 1.1 used in [2, 3], and also violates the form of reversibility
needed for (1.7).

A condition such as Condition 1.1 holds naturally for Markov processes that
possess a “diffusive” term in the dynamics, which is not the case for Markov jump
processes, and the form of the rate function given in (1.7) will not be valid for these
processes either. The purpose of the current paper is to establish a large deviation
principle for the empirical measures of reversible Markov jump processes, and to
provide an explicit formula for the rate function like the one given in (1.7). We also
show why the boundedness of the rate function results from the fact that tilting of
the exponential holding times with bounded relative entropy cost can be used for
target measures that are not absolutely continuous with respect to the invariant
distribution.

Finally, we mention that [1] evaluates (1.2) for certain classes of measures when
L is the generator of a jump Markov process satisfying various conditions. How-
ever, it does not present an expression for an arbitrary measure, and indeed in
appears that the authors are unaware that (1.7) is not the correct rate function for
such processes, or that the large deviation principle had not been established.

The paper is organized as follows. Section 2 presents our assumptions on the
process. In Section 3, we state the main result, Theorem 3.1. The proof of Theo-
rem 3.1 is divided into two sections, Section 4 for the upper bound and Section 5
for the lower bound. In the final section, we discuss the special feature of Markov
jump processes that leads to the boundedness of the rate function.

2. Assumptions. Our first assumption is that the Polish state space S is com-
pact. While compactness is not needed, it lets us focus on the novel features of
the problem. For standard techniques to deal with the noncompact case see, for
example, [3].

A construction of Markov jump processes was given in the Introduction, and
we continue to use the notation introduced there. The jump intensity ¢ in (1.8) is
assumed to be continuous on §, and there exist 0 < K| < K» < 00 such that

2.1 Ky <q(x) = K».
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Reversibility seems necessary to obtain an explicit formula for the rate function,
and we will make such an assumption. Recall that D is the domain of L.

CONDITION 2.1. L is self-adjoint (or reversible) under w in the following
sense: for any f,g €D

22) fs (LF ) g7 (dx) = /S (Le()) f (@) (dx).

An equivalent condition for (2.2) to hold is the “detailed balance” condition,
that is, for r-a.e. x,y € §

(2.3) gax,dy)r(dx) =q(y)a(y, dx)m(dy).

Note that (2.3) directly implies [¢(L f(x))7(dx) =0 for all f € D.

To ensure ergodicity of X (¢), we need several conditions on the transition func-
tion « in (1.9). Recall that P(S) is the metric space of probability measures on §
equipped with Lévy—Prohorov metric, which is compatible with the topology of
weak convergence.

CONDITION 2.2. « satisfies the Feller property. That is, a(x, -) : S —> P(S)
is continuous in x.

REMARK 2.3. The Feller property and the compactness of S guarantee o
has an invariant distribution ([4], Proposition 8.3.4), which we denote by 7. The
boundedness of ¢ enables us to define a probability measure 7 according to

- Ja(/q(0))7 (dx)
Js(1/q)7 (dx)’

Since 7 is invariant under «, that is, 7 (-) = [ga(x, )7 (dx), we have

(2.4) m(A)

/S(ﬁf(X))ﬂ(dX) = fO) = f@O)]a(x,dy)7 (dx) =0.

@ o
Js(1/q(x)7 (dx) Js S[
By Echeverria’s theorem ([6], Theorem 4.9.17), 7 is an invariant distribution of

X ().

CONDITION 2.4. « satisfies the following transitivity condition. There exist
positive integers ly and no such that for all x and ¢ in S

@) — W
'§ :21.01’ (x,dy) < 'E T (¢, dy),
i=ly J=no

where a®) denotes the k-step transition probability.
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REMARK 2.5. Under this condition, 7 is the unique invariant distribution of «
([4], Lemma 8.6.2). Thus, m defined by (2.4) is the unique probability distribu-
tion that satisfies [¢(L f(x))m(dx) =0, and hence by [6], Theorem 4.9.17, is the
unique invariant distribution of X (¢).

CONDITION 2.6. There exists an integer N and a positive real number c such
that

a™(x,) < ()

forallx € §.

REMARK 2.7. This type of assumption is common in the large deviation anal-
ysis of empirical measures. See, for example, [5], Hypothesis 1.1.

CONDITION 2.8. The support of w is S.

REMARK 2.9. This condition guarantees that any probability measure n €
P(S) can be approximated by measures that are absolutely continuous with respect
to 7. Indeed, given § > Olet {x;, N;, j=1,..., J}besuchthat /] <o0,x; € N; €
B(S), the N; are disjoint, LJ]J~:1 N;=S8,7(N;j) > 0andsup{d(x;,y):y € N;j} <4
for j =1,...,J (this can be done by an open covering argument). Given any
n e P(S) and A € B(S), let

J
T(ANN;)
(A=) —— ~ ) n(N;).

i=1

Then 7 is absolutely continuous with respect to 7. Since 7°(N i) =n(N;) and
sup{d(x;,y):y € Nj} <6, 7> — n in the weak topology as § — 0.

REMARK 2.10. Condition 2.8 excludes the existence of transient states. Al-
though one can obtain an LDP for X (¢) that has transient states, one would end up
with a rate function that depends on the initial state.

3. A large deviation principle.

3.1. Definition of the rate function. In this subsection, we define the rate func-
tion /. In later sections, we prove that I thus defined is the correct form of the
large deviation rate function for the empirical measures of the Markov jump pro-
cesses. All conditions stated in Section 2 will be assumed throughout the rest of
the paper. We wish to study the large deviation principle for the empirical mea-
sures nr € P(S) defined by (1.1). Under compactness of S and Condition 2.2, nr
converges in distribution to an invariant distribution of £. As pointed out in Re-
mark 2.5, 7 is the unique invariant distribution of £, and thus nr converges in
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distribution to 7. Let H be the collection of all distributions that are absolutely
continuous with respect to , that is,

(3.1) H={neP(S):nKnr}.

For n € H, and assuming that the integral is well defined, consider
—/Ql/z(x)ﬁ(Ql/z(x))n(dx),
S

where 6 = dn/dm. This is a rewriting of ||(—£_)1/2g||2 in (1.7). By inserting the
form of £ from (1.8), we obtain the candidate rate function

62 10)= [ geom@n = [ 62w 2»gatx. dyymdx).

Note that by applying (2.3) and using the Cauchy—Schwarz inequality, one can
prove that / defined by (3.2) is nonnegative. Recall that K> is the upper bound of
q asin (2.1), and thus [ is bounded above by K». In addition, it is straightforward
to show that / is convex on H.

We want to extend the definition of / to all measures in P(S). As pointed out in
Remark 2.9, H is dense in P(S) under the topology of weak convergence. Hence,
we can extend the definition of [ to all of P(S) via lower semicontinuous regular-
ization with respect to the topology of weak convergence. Thus, if 1, — n weakly
and {n,} € H, liminf,_, o I (,) > I(n), and equality holds for at least one such
sequence. This extension guarantees that the extended / is convex, lower semicon-
tinuous and bounded above by K> on all of P(S). The compactness of S and the
lower semicontinuity of I ensure that / has compact level sets. Being a nonneg-
ative, lower semicontinuous function with compact level sets, / indeed is a valid
large deviation rate function.

We have finished the definition of the rate function 7, and are now ready to state
the large deviation principle.

3.2. A large deviation principle. Our main result is the following.

THEOREM 3.1. Let X (t) be a Markov jump process satisfying all the assump-
tions in Section 2. Let I be defined as in Section 3.1. Then the large deviation
bounds (1.4) and (1.5) hold.

To prove Theorem 3.1, it suffices to show the equivalent Laplace principle ([4],
Theorem 1.2.3). Specifically, we establish that for any bounded continuous func-

tion F:P(S) - R

1
(3.3) Jim - log E[exp|—=TF(n1)}] = ,,ei%fs>[F(") +1(m)].
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By adding a constant to both sides of (3.3), we can assume F > 0 and do that for
the rest of the paper. The proof is based on a weak convergence approach and is
split into two parts: a Laplace upper bound and a Laplace lower bound.

Relative entropy plays a key role in the proof, and we hence state the definition
and a few important properties. Details can be found in [4].

DEFINITION 1. Let (V, A) be a measurable space. For & € P(V), the relative
entropy R(-||¥) is a mapping from P (V) into the extended real numbers. It is
defined by

d
RO = [ (1og£)dy

when y € P(V) is absolutely continuous with respect to ¥ and log dy /d? is inte-
grable with respect to y. Otherwise, we set R(y ||9}) = oo.

If V is a Polish space and A the associated o -algebra, then R(-||-) is nonneg-
ative, jointly convex and jointly lower semicontinuous [with respect to the weak
topology on P(V)?]. We state the following two properties of relative entropy.

LEMMA 3.2 (Variational formula). Let (V, A) be a measurable space, k a
bounded measurable function mapping V into R, and ¥ a probability measure
on V. The following conclusions hold:

(a) We have the variational formula

3.4 —lo /e_kdz?: inf {R s +fkd }
(3.4) g , Lot Y I9) , 4

(b) The infimum in (3.4) is attained uniquely at yy defined by

dyo, | . k) —k
%(x)—e //Ve dv.

THEOREM 3.3 (Chainrule). Let X and Y be Polish spaces and B and y prob-
ability measures on X x ). We denote by [B]1 and [y]1 the first marginals of
and y and by B(dy|x) and y (dy|x) the stochastic kernels on ) given X for which
we have the decompositions

Bdx xdy) =[Bli(dx) ® B(dy|ldx) and y(dx xdy)=[yli(dx)®y(dyldx).
Then the function mapping x € X — R(B(-|x)|y (-|x)) is measurable and

R(Blly) = R((BLIly]) + /X R(BCIO)Ny (1)) (B (dx).

We devote the next two sections to proving the Laplace upper bound and the
Laplace lower bound, respectively.
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4. Proof of the Laplace upper bound. In this section, we prove the Laplace
upper bound part of (3.3), that is,

. 1 .
4.1) l;rgloréf—? log E[exp{—T F(n7)}] > nelng)[F(n) +1(n)].

Recalling the construction of X (¢) in the Introduction, we define a random in-
teger R7 as the index when the total “waiting time” first exceeds 7, that is,

Ry—1

(4.2) Z si<T < Zs,

Then the empirical measure n7 can be written as

1 T
o= /O Sx () dr

1 Rr—1 Rr—1
(4.3) =;[ > éx,.l<-)si+aXRT1(-)(T— > siﬂ
i=1

i=1
1

Rr—1 Rr-t ¢
= — 8 * T_ .
T[Z Kt (JL)+ XR““( Z q(x,-oﬂ

i=l

The proof of (4.1) will be partitioned into two cases: R7/T > C and 0 < Ry /T <
C, where C will be sent to oo after sending T — oo.

4.1. The case RT/T > C. Let F:P(S) — R be nonnegative and continuous.
Then since F > 0,

1 1 [TC]+1
— 7 log E[1{(C.00)(R7/T)e  TFM)] > —log P Y o5 < T}
i=1

| [rei+
=——1log P Z : <T
T i=1 q(Xifl)

1
z—?logP Z T, < KpT ;.
i=1

|TCJ+1 }

Using Chebyshev’s inequality, for any « € (0, 00),

\TCJ+1
LTy
{ > riSKzT}:P{ TaXisiT T > kol

i=1

TC|+1
SeaKzTE[ —ay T

"]

— eaKzTe(LTCJJrl)10g(1/1(+a)).
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For the last equality, we have used that if t is exponentially distributed with mean 1
then Ee“" = 1/(1 — a) for any a € (—o0, 1). Combining the last two inequalities,

. 1
liminf —— log E[1{(c.00)}(RT/T) - exp{—T F (n7)}]

T—ooo T
> sup [—Krx+ Clog(l+a)]
ae(0,00)

=—C+ClogC+ Ky — ClogK>.
Note that —C + ClogC 4+ K> — Clog K2 — o0 as C — oo.

4.2. The case 0 < Ry /T <C.

4.2.1. A stochastic control representation. In this case, we adapt a standard
weak convergence argument; see [4] for details. Specifically, we first establish a
stochastic control representation for the left-hand side of (3.3) and then obtain a
lower bound for the limit as 7 — oo. In the representation, all distributions can be
perturbed from their original form, but such a perturbation pays a relative entropy
cost. We distinguish the new distributions and random variables by an overbar. In
the following, the barred quantities are constructed analogously to their unbarred
counterparts. Hence, 7; and X; are chosen recursively according to stochastic ker-
nels 6; () and @; (+), that is, 0; (-) and &; (-) are conditional distributions that can de-
pend on the whole past. Specifically, o;(-) depends on {)_(0, 7, X1, T, ..., )_(i_l}
and @;(-) depends on {Xo, T1, X1, T2, ..., X;_1, T;}; 5 is defined by (1.10) using
X; and 7;; Ry is defined by (4.2) using s;; and 7 is defined by (4.3) using X,
7; and Rr. It will be sufficient to consider any deterministic sequence {rr} such
that 0 <r7/T <C,and rr/T — A for some A € [0, C] as T — oo. We restrict
consideration to controlled processes such that Ry =rp by placing an infinite cost
penalty on controls which lead to any other outcome with positive probability. Let
1(A) denote the indicator function of a set A, and recall that our convention is
0 - co = 0. By applying [4], Proposition 4.5.1, and Theorem 3.3, the following is
valid:

1
——log E[exp{—TF(nr) — T -00-1(rr # R7)}]

(4.4) - . .
= —%logE[exp{—TF(nT) —T.00- 1<{ Z si <T < Zs,-} )}i|
i=1 i=1
rr—1 rr c
:infE|:F(ﬁT)+oo-1({ Z 5<T <Z§,-} )
@.5) i=1 i=1

1
4 = > [R@i-1lle) + R(5; IIU)]}

i=1
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where the infimum is taken over all control measures {&;, 5;}. Since in Section 5
we will prove a similar but more involved representation formula, Lemma 5.1, we
omit the proof of this representation. Due to the restriction Rt = r7, one can write
nr as

) 1 rr—1 z rr—1 z;
4.6) 77 () = ;[ > .0 gt SX,T#-)(T - )}

i=1 i=1 Q()_(i—l)

In the following proof, we repeatedly extract further subsequences of T'. To keep
the notation concise, we abuse notation and use 7" to denote all subsequences. Note
also that in proving a lower bound for (4.4) it suffices to consider a subsequence
of T such that

4.7 sup—% log E[exp{—T F(n7) — T - 00 - 1(rr # R7)}] < 00.
T

We assume this condition for the rest of this subsection.

The relative entropy cost in (4.5) includes two parts, RE I = % Z;Ll R(ai_1]e)
and RE% = %2;21 R(oi|lo). We will prove that for any sequence of controls
{@;, 07} in (4.5)

(4.8) liminf E[F(7j7) + RE} + REZ] > inf [F(n) +1()].
T— o0 neP(S)

Toward this end, it is enough to show that along any subsequence of T such
that r7/T — A, we can extract a further subsequence along which (4.8) holds.
In addition, it suffices to consider only functions F that besides being non-
negative, are also lower semicontinuous and convex. This restriction is valid
since I is convex and lower semicontinuous, and follows a standard argu-
ment in the large deviation literature. The interested reader can find the details
in [8].
In light of (4.5) and (4.7), we assume without loss of generality

(4.9) sup E[F (iit) + RE} + RE7] < <.
T

Since the proof of (4.8) is lengthy, we analyze each term on the left-hand side
of (4.8) separately in the following subsections.

4.2.2. The term RE‘T. The cost RElT comes from distorting the dynamics of
the embedded Markov chain, and indeed the analysis gives a very similar con-
clusion to that of an ordinary Markov chain ([4], Chapter 8). For any probability
measure v on S x §, we will use notation [v]; and [v], to denote the first and
second marginals of v. We have the following result for RE 1T
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LEMMA 4.1. Consider any sequence of controls {a;,a;} in (4.5) such
that (4.9) holds. Along any subsequence of T satisfying rr/T — A, define a se-
quence of random probability measures on S x S via

1 &
ur(dx,dy) = ; 285{571 (dx)ai—1(dy).
i=1

Then one can extract a further subsequence such that E ur converges in distribu-
tion to a probability measure 1 on S x S, and

liTminfE[RElT] > AR(Allh ® ).
—00
Furthermore, if A > 0 then [i satisfies

(4.10) [l = [it]o.

PROOF. By the chain rule (Theorem 3.3) and the joint convexity of relative
entropy,

S
E[RET]=E 721@(&,-_1”0:)]
i=1

T _
=E| =) R@g,  ®a-1l5, ®a>}

L™ i=1

>E %TR(MTII[MT]I ®a)]

-
> ?TR(EMT”[EMT]I Q).

Since S x S is compact, for any subsequence of T there exists a further subse-
quence along which E 7 converges weakly to a probability measure ji. Under the
Feller property of o (Condition 2.2), [Eur]i ® o converges weakly to [ii]; ® o.
The lower semicontinuity of relative entropy then implies

liminf E[RE}] > liminfr—TR(E,uT IEur] @ @) > AR(ZIAL ® «).
T—o0 T—oco T
This finishes the first part of Lemma 4.1. For the second part, we employ a stan-
dard martingale argument. Let F; be the o-algebra generated by the random vari-
ables {(Xo, ..., Xi), (f1, ..., Ti)}. Thus, Fi is a sequence of increasing o -algebra’s
and, since «; selects the conditional distribution of X i, for any bounded continuous
function f on §

£ (1 - [ smaan |7 | =0



LDP FOR EMPIRICAL MEASURES 1133

Hence, for integers 0 <i <k <ry — 1

£ (£~ [ roaian )(£&0 - [ roinan)|=o.

and thus for any bounded continuous function f on §

2
E[/sXsf(x)“T(dx’dy)—fSXsf(y)MT(dx,dy)]
2
1 'z — 1 rr
ol == ;-1 (d
E|:rT§f(X 1) I"T;_/:S‘f(y)a 1( y):|

E[fo?,-l)— / f(y)&il(dy)r

Since 0 < A =limr_orr/T, we have rr/T > A/2 for all T large enough. Us-
ing Chebyshev’s inequality and the last display, we conclude that [ur]; — [ur]2
converges to 0 in probability as T — oo and, therefore, [fi]; = [ft]» with proba-
bility 1. This concludes the second part of Lemma 4.1. [

4.2.3. The term RE%. We now turn to the second cost RE%. This cost comes
from distorting the exponential sojourn times. We introduce a function £ which is
closely related to the relative entropy of exponential distributions: £(x) = x logx —
x + 1 for any x > 0.

LEMMA 4.2. Given any sequence of controls {a;, 0;}, fix a subsequence of
T for which the conclusions in Lemma 4.1 holds. Then we can extract a further
subsequence along which

liTrE)ioréfE[RE%] z/ C(u)E(dx, du).

SXR+

Here, & is a finite measure on S x Ry and is related to fi in Lemma 4.1 by

4.11) / ué (dx, du) = A[i]; (dx).

Ry

Before proving this lemma, we define g: Ry — R by g(b) = —logb + b — 1.
The functions g and ¢ are related by

g(x) =xt(1/x),
and g has the following property.
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LEMMA 4.3. Let o be an exponential distribution with mean 1. Then
(4.12) inf{R(yHa):f uy(du):b} =g(b).
Ry

PROOF. Let 0} be the exponential distribution with mean b, that is,
1
op(du) = Ee_“/b du.

Then d‘”’ 2(u) = e(l_l/b)” for u > 0. Picking any y such that R(y||o) < oo and
Jr, uy(a’u)

dy
R(yno):/R log(da)wdu)

= R+log<50 )V(du)-i—/ log(d )y(du)

1
= R(y|lop) —I—/R [—logb + (1 — E)u]y(a’u)
= R(yllop) + g(b)
> g(b)

and the infimum in (4.12) is achieved when R(y ||op) =0, thatis, y = o03. U

PROOF OF LEMMA 4.2. Lemma 4.3 guarantees that

1 &
(4.13) RE} > Zg(/ u&,-(du)>.
i=1

Recall the definition of F; as the o -algebra generated by the controlled process up
to time i. Since o; selects the conditional distribution of t;,

E[#|Fi_1]= / uG: (du).

Define m; = [uo;(du), fori =1, ..., r7 — 1. The definition of m,, requires more
work. Recalling the definition of Ry by the equation analogous to (4.2) and the
restriction that Ry =rr,

rr—1

T - Trp
i=1 Q(Xi—l) B 6I(er—l)
Multiplying both sides by g (X rr—1) and taking expectation conditioned on F, 1,

rr—1 -

- Ti _ . -
q(XrT1)<T— ; C](Xi—l)) < E[rrTIJ-"rTq]—/uarT(du)-
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Define

_ ~ rr—1 T
(4.14) Ar =q(X _1)(T— = )

" ; q(Xi-1)

and define m,, by

/u&rT(du), it Ay < /u&rT(du) <1,
(4.15) e, =11, if Ar <1 5fu5,T(du),

Ar, it1<Ap < /u&rT(du),

that is, m,, is the median of the triplet (A7, Jud,,(du), 1). Since g is increasing
on (1, 00), we have g([ uo,,(du)) > g(m,,) in all three cases. Thus, by (4.13),

1< 1 <
(4.16) RE} = 5 3o [usitaw) = 7 2ot

i=1

Next, consider the measure on S x R defined by
1 &
(4.17) §r(dx, du) = — _2;55(1_71 (dx)8 -1 (du)m;
1=
The total mass of E&r is
1 &
E&r(SxRy)=— X;E[%i].
1=

According to (4.9) and the assumption that F' > 0, we have
(4.18) sup E[RE%] < .
T

By (4.16) supy E[Z;il g(m;)/T] < co. We also have by a straightforward cal-
culation that x < max{50, 10g(x)/9}. Using this and the fact that rr/T < C, we
have supy E[Z;Ll m;/T] < oo, that is, the total mass of E&7 has a bound uni-
form in 7. Thus, when viewed as a sequence of measures on the compact space
S x [0, co], E&7 is tight due to the uniform boundedness of the total mass. We
denote the weak limit by &, which is a finite measure. Since the function £ is non-
negative and continuous,

T—o00

1 &
liminf E[REZ] > liminf E| — ni
iminf E[RE7] > im int [T;g(mz)}

T—o00

(4.19) zliminfE[f . E(u)ST(dx,du)]
SxR4
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=liTminf L(m)EET (dx, du)

o) SXR+

> fSXR+ L(m)é(dx, du).

We next explore the relation between § and fi. In order to establish (4.11), it
suffices to show that for any bounded continuous function f on S

[ wr@Eaxsan=a [ i@,
SXR+ S
By the definitions of &7 and ur,
_r

(4.20) /S o W COEEr @ dw = /S FOOLE s (do).
Then (4.18) and (4.19) imply there is a uniform upper bound on

/ (Z(u)/ f(x)EET(dx, du).

R, S

If we consider [ f(x)E&r(dx,du) as a sequence of measures on Ry with

bounded total mass, then [ f(x) EEr(dx, du) converges weakly to [ f (x)E(dx,
du). Since ¢ is superlinear, [4], Theorem A.3.19, implies that

lim uf(x)EST(dx,du)zf

uf (x)é(dx, du).
T—o0 SXR+ SXR+

Using
. r ~
tim 2 [ eotEnrli@n =4 [ f@lin@
T—-oo T Js S
and (4.20) we arrive at (4.11). 0
4.2.4. The term Ent.

LEMMA 4.4. Given any sequence of controls {a;, 0;}, fix a subsequence of
T for which the conclusions in Lemma 4.2 hold. Then we can extract a further
subsequence along which

liminf E[F (7j7)] > F(7])
T—o0
for some probability measure i on S, which is related to & in Lemma 4.2 by

(4.21) q(0)7(dx) = [£]1(dx).
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PROOF. As a sequence of probability measures on the compact space S, we
can always extract a subsequence of 7" such that Enr converges weakly to a proba-
bility measure on S which we denote by 7. The convexity and lower semicontinuity
of F imply that

liminf E[F(77)] > liminf F(Efjr) > F (7).
T—o00 T—o00
By the definitions of 77 in (4.6) and At in (4.14),
q(x)Enr(dx)

rr—1

g [ 7 ( % >]
== —E 6__ d —_— +(S_ d T —_ =
r [; %imi X)Q(Xi—l) g (490 ; q(Xi-1)

rr—1
= ?E|: ,—Zl 8%, ,(dx)Ti +85, (dx)AT}

1 rr—1 i
=7 ( ; E[E[3%,_,d0)T|Fia]]+ E[53, _, (dx)AT]>

1 rr—1 )
== ( Z E[S;(i_l (dx)m;] + E[S;(rT_l (dx)AT]>,

i=1
Recalling the definition of £7 in (4.17), we have

1 <& _
[E&r]i(dx) = Y E[8z,  (dx)m;].
i=1
This implies the total variation bound

1 -
lq(x)Efjr (dx) — [E&r11(dx) |1y < T EIAT =y ].

Recalling the definition of m,, in (4.15), we conclude that

1
lq(x)Efjr (dx) — [E&r11(dx) |1y < T

By taking limits, we arrive at (4.21). [J

Lemmas 4.1, 4.2 and 4.4 together imply for a sequence of controls {&;, 7;} sat-
isfying (4.5), along any subsequence of T such that rr/T — A, we can extract a
further subsequence along which

liTminfE[F(ﬁT) + REL + REZ]
(4.22) e
> F(7) + AR(AlA]) ® @) +fS  LE(dx. du),
XIR4
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where 7, fi and & satisfy the constraints (4.11), (4.21) and (4.10) if A > 0.

Recall that our goal is to prove (4.8). Hence, we need to establish the rela-
tionship between the right-hand side of (4.22) and the rate function / defined in
Section 3.1.

4.2.5. Properties of the rate function 1. We prove the following lemma, for
which we adopt the convention 0 - co = 0. This is in fact the key link, showing that
the rate function that is naturally obtained by the weak convergence analysis used
to prove the upper bound in fact equals / for suitable measures, and also indicating
how to construct controls to prove the lower bound for this same collection of mea-
sures. Note that the constraints appearing in the lemma hold for the subsequence
appearing in (4.22) due to Lemmas 4.1, 4.2 and 4.4.

LEMMA 4.5. Let 1(n) be defined by (3.2). Suppose that n < m, that u and &
satisfy the constraints

(4.23)  q(x)n(dx)=I[5li(dx) and /R ué(dx,du) = Alpli(dx),
and that when A > 0 the constraint (] =[]y is also true. Then
(4.24) I1(n) < AR(ul[nli ® @) + /S " C(u)é(dx, du).

Moreover,
znn=m{ARWMuh®ay+£IRewmwmdm}

where the infimum is over all possible choices of A > 0, u and & satisfying these
constraints.

The proof of this lemma is detailed. The reason we present it here instead of in
an Appendix is the previously mentioned fact that the construction of A, p and &
that minimize the right-hand side of (4.24) indicates how to hit target measures 7
that are absolutely continuous with respect to the invariant measure in the proof of
the Laplace lower bound.

PROOF. We first prove the inequality (4.24). If the right-hand side of (4.24) is
00, there is nothing to prove. Hence, we assume it is finite. First, assume A > 0, in
which case R(u||[u]1 ® @) < 0o. Define

(4.25) QiAWMMML

so that by (2.4)
(4.26) 7(dx)=qx)m(dx)/Q.
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Since 7 is invariant under «, by [4], Lemma 8.6.2, [u]; < 7. By (2.1), ¢q is
bounded from below, and hence [11]; < 7. Recall that the definition of / in (3.2)
uses 8 =dn/dn. Define ® = {x € S:6(x) = 0}. By (4.23),

[l ) = 12 D) M&X ()
_ Jr, u2j1(dulx)

B A
Jr, u2p (dulx)

- A

where for a measure v on S x R, v|; denotes the regular conditional distribution
on the second argument given the first. Thus, [x]{(®) = 0. Now suppose that

[§]1(dx)

(4.27) q(x)n(dx)

q(x)0(x)m(dx),

/ 0'2(x)8' 2 (y)q(x)a(x, dy)m (dx) = 0.
SxS

Then for r-a.e. x € S\ ®, a(x,®) =1, and hence (u; R )[(S\ V) x ®] =1.On
the other hand, w((S\ ®) x ®) =0 due to []; = []2. This violates the fact that
R[] ® a) < oo. We conclude that

f 012(x)0'2(y)q(x)ac(x, dy)m (dx) > 0.
SxS
Lemma 3.2 implies that
~log / 0120162 (y)ar(x, dy) 7 (dx)
SxS

(4.28) = —log | Se“/z)“"g@(x)“og@(”]a(x,dy)ﬁ(dx)
X

1
< R(uIF @)~ 5 [ [logh(x) + logb(»]u(dx.dy).

Strictly speaking, the inequality above does not fall into the framework of
Lemma 3.2 because log 6 is not bounded. However, if one goes through the proof
of this lemma ([4], Proposition 1.4.2), then the above inequality is true as long as
the right-hand side is not of the form oo — oo. Toward this end, it suffices to prove

1
(4.29) E/st[logQ(x)—I—log@(y)],u(dx,dy) :Llog@(x)[u]l(dx) < 00.

In the Appendix, we will prove [this being the only place where Condition 2.6 is
used] that

(4.30) R([nhI7) < oo.
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For now, we assume this is true. Using (4.25), (4.26) and (4.27) to evaluate the
relative entropy,

o0 = R([uliI7) = [ log( [ uszu(dmx))mh(dx)
(4.31) " 0
+ [[logbolul (@) +1og

We know from (2.1) that Q > K. Also, by (4.23) and the nonnegativity of ¢
[ 1og( [ ezl (@)
s R,
1
= ([ wgancauto) )tog( [ ugan(auto g

1
:Z/SE</R+M§2l(du|X))[§]l(dX)
1

(4.32) .
+ A Jsur, ué(dx,du) — 1 /;[g]l(dx)
! 1
=5 ([, et Jignan + [luna@n - 5 [ gwnan
1
>1- ZKZ.

The second constraint in (4.23) is used for the first equality; the definition of £
gives the second equality; both parts of (4.23) assure the third equality; finally the
nonnegativity of £ is used. Thus, rearranging (4.31) gives (4.29).

The chain rule of relative entropy gives

1
RulF @a) =3 [ [1og0(x) +logd(y)]u(dx.dy)

(4.33) =R([M]1II7~T)+/ R(Mzulla)[M]l(dX)—[loge(x)[/t]l(dX)
S S
= R(Ih 1) + R(ullh ® @) — /Sloge(xml(dx).
By (4.31) and (4.32) and the convexity of £

R([uli %) — /S log 6(0) [l (dx)

- fS log( /R ) uszl<du|x))[uh<dx>+1og%
1
4.34) -/ 6( [ uey (du|x>)[s]1<dx>
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1 0
+/mh(dx>——fq(x)n(dx>+1og—
S Als A

1 1 o
<— L dx,d 1—— d log —.
< a o twsar.an T L atom@n +10 %
In summary (4.28), (4.33) and (4.34) imply

~log [S 808 g, dy)r(d)
— —log f 0'2(0)6' 2 (y)ar(x, dy) (dx) — log O
SxS
< R(ulluh ® ) 1/ CE(dx, d
< R(ullluh ® @ +Z sx2, (w)é(dx, du)

1 1
+1-— 1 /Sq(x)n(dx) + log T
Thus,

_ / 01202 (y)q ()t (x, dy) (dx)
SxS§

1
< —eXp{—<R(ull[u]1 Ra)+ Z/

C(u)§(dx, du)
Sx +
1 1
+1-— Z/Sq(x)n(dx) + log X)}

Equation (4.24) then follows from the fact that —e™" < ar + aloga — a for any
r € Rand a € Ry by taking a = A and

= R(u|l[u] l/zddllf dl1
r= M||M1®05)+Z - (u)é(dx, du) + — Sq(X)n( x)+ og -

For the case when A = 0, (4.23) implies that fR+ ué(dx,du) = 0, which means
that fR+ ués1(dulx) =0 [£]1-a.e. Hence, by the convexity of £ and g (x)n(dx) =
[£]1(dx),

[, twsx.aw= [ e[ w@uo g

- f [£11 (dx)
S

- / 4(x)n(dx)
S

> / q()n(dx) — / 60'2(x)8' 2 (y)q(x)a (x, dy)m (dx)
S SxS

=1(n).
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Thus, (4.24) also holds in this case, and completes the proof of the first part of
Lemma 4.5.

We now turn to the second part of Lemma 4.5. The definitions and constructions
used here will also be used to construct what are essentially optimal controls to
prove the reverse inequality in the next section, and indeed the particular forms of
the definitions are suggested by that use. In particular, Ax (x) will correspond to a
dilation of the mean for the exponential random variables. In light of the second
part of Lemma 3.2, we define u by

du
d7T @ a)

ﬁel/z(x)el/zm/fs P00 @ a)dx, dy).

(x,y)
(4.35)

Note that by the Cauchy—Schwarz inequality, the detailed balance condition (2.3)
and the relation between 7 and 7 [see (2.4)] imply

K>

/ 012(x)0'2(y)(F ® ) (dx, dy) < / 0(x)a(x,dy)7 (dx) < —.
SxS S 0

Sx

Hence, u is well defined and [it]1 = [p]2. Then Lemma 3.2 implies that

—log/s S9]/2(x)01/2(y)a(x,dy)ﬁ(dx)
(4.36) x
= RGuIF © o)~ [ logb(olili (dx).

If R(u||T @ o) =00 or — [glog6(x)[1]1(dx) = oo, the last display implies
[ 206 (g ats, dyymdn =0,
SxS§

By letting A =0 and &(dx, du) = q(x)n(dx)ép(du), then & and pu satisfy (4.23)
and

AR(MII[M]l®Ot)-i-/;x]R K(M)S(dx,du)=fsq(X)n(dX)=1(n)-

Next, assume R(u||7 @ ) < oo and — [glog&(x)[u]1(dx) < oo. Define A by

4.37) A= exp{—[R(,ullﬁ Qu) — /SlogG(x)[pL]l (dx) —log Q]}
Define the measure

(4.38) p(dx) =q(x)0(x)m(dx)

and

(4.39) K =d[uli/dp.
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Then for any x € S\ ©® (recall ® = {x € §:0(x) =0})

_dlpl, 1 dluh
=== 5ek) a7

(x).
In addition,

/ e (x) log ke (x)p(dx) = / log k(1) []; (dx)
S S

(4.40)
= R(uh|17) — [ Togd(1)luli(dx) ~log ©.
Define
. [0, forx € O,
(4.41) b(x) = { Ac(x), forxg¢®,
and
(4.42) E(dx,du) =q(x)n(dx)dpx)(du).

Then & satisfies the first part of (4.23). To see that the second part of (4.23) is
satisfied, note that

[1]1(®) =0=/ uE(dx. du)
OxR4
and
A; ug(dx, du) = b(x)g (x)1(dx)

= Ak (x)q (x)0 (x)7r (dx)
= Alpl1(dx).

By using the definitions we arrive at the following, each line of which is explained
below:

AR(ull [l ® @) + /S | UwEdx,du)
= ARl @) + [ E(b()g(n(dx)
= AR(ulel ® @)+ [ qCom(an + [ - Eo)p)
= AR @) + [ g(on(d) + Aloga — A
—f—A/SK(x)logK(x),o(dx)

= [ atm(@n) + Alog 4 - 4
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+ A(R(unﬁ ®a)— /Sloge(xm]l(dx) ~log Q)

=/Sq<x>n<dx) A

The first equality uses (4.42) and the second uses (4.41). The third uses (4.41)
again, expands ¢, and uses k = d[u];/dp and n(®) = p(®) = 0. Equality four
then uses (4.40) and the fifth follows from (4.37). Note that (4.36) and (2.4) imply

(4.43) A= 0'2(x)0'% (y)g(x)a(x, dy)r(dx).
SxS

Hence, we obtain

ARl ® o) + fg CQ0E(dx, du) = 1 (). -

The representation formula (4.4), the lower bound (4.22) and Lemma 4.5 to-
gether give

. 1
liminf ——log E[exp{—T F(n7) — T - 00 - (1713 (R7/T))}]
T T

(4.44)

> neigfs)[F(n) +I(n)].

4.3. Combining the cases. In the last section, we showed that (4.44) is valid

for any sequence {rr} suchthatry /T — A € [0, C]. An argument by contradiction
shows that the bound is uniform in A. Thus,

Lrc]
liTrE)ior})f—? log{ > El[exp{—TF(nr)—T 00" (1{,T/T}C(RT/T))}]}

rr=1

1 LrcC]
> |iminf — — . —
_th_l)loIéf Tlog{TC rT\ilE[exp{ TF(r)

A

>

inf |F 1 .
nelp<s>[ () +1(n)]
We now partition E[exp{—T F (nr)}] according to the two cases to obtain the over-
all lower bound

. 1
liminf —— log E[exp{—T F (n7)}]
T—o0 T

zmin{ F(n)—i—I(n)],[—C—I—ClogC—l—Kg—Clong]].

inf [
neP(S)
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Letting C — oo we have the desired Laplace upper bound

. 1 .
(4.45) th_l)loréf—? log E[exp{—T F(n7)}] > nelgfs)[F(ﬂ) +1(n)].

5. Proof of Laplace lower bound. We turn to the proof of the reverse in-
equality

1
(5.1) lim sup 7 log E[exp{—T F(n7)}] < neigfs)[F(ﬁ) +1(m)].

T—o00

Let F be a nonnegative bounded and continuous function. Fix an arbitrary ¢ > 0
and choose 7 such that

(5.2) Fm)+1(n) < veig’(fs)[F(v) +1()]+e.

As pointed out in Remark 2.9, H defined in (3.1) is dense in P(S). Since I was
extended from H to P(S) via lower semicontinuous regularization, we can assume
without loss of generality that n <« 7. Define 8 = dn/dm. We now argue we can
further assume there exists § > 0 such that

(5.3) 5<0(x) < %

forall x € S. If n® = (1 — 8)n + 87 then dn’ /dmw > 8, and the continuity of F and
the convexity of / imply that the difference between F (775) + 1 (775) and F(n) +
I (n) can be made arbitrarily small.

Thus, we can assume 6 is uniformly bounded from below away from zero. Let
n € N, and define

n({x29(X)>n})l (dx)
T(x:0(x) > n}) POZmTRED):

Then dn"/dr < [n({x:60(x) > n})/m({x:0(x) > n})] vV n, and since n K 7 im-
plies 7({x:6(x) > n}) — 0, n"* converges weakly to 5. It then follows from the
continuity of F and the definition of / and convexity of # — —6!/? that we can
choose 7 satisfying (5.2) with 2¢ replacing ¢ and also (5.3). Hence, we assume 7
satisfies (5.2) and (5.3). Furthermore, by Lusin’s theorem ([7], Theorem 7.10), we
can also assume that 6 is continuous.

The proof of the lower bound will use the following representation. The in-
fimum in the representation is taken over all control measures {&;, 0;}, and the
properties of such measures and how 57 and Ry are constructed from them were
discussed immediately above the similar representation (4.4). The proof of the
lemma is given in the Appendix.

n"(dx) =0(x)ljgx)y<m(dx) +

LEMMA 5.1. Let F:P(S) — R be bounded and continuous. Then

1 | B
—— log E[exp{—T F(n7)}] = il’le|:F(ﬁT) + T Z(R(&i—l ller) + R(0; ||cr)):|,
i=1
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where the infimum is taken over all control measures {@;, o;}.

Suppose that given any measure n € P(S) satisfying (5.2) and (5.3), one can
construct o; and o; such that given any subsequence of T, there is a further subse-
quence 7}, such that

Ry,
. _ Il &, - -
lim E[F(rm) +— D (R@i-1llo) + R(Ui||(7)):| =F@m + 1.
Thn—o0 T, izl
Then Lemma 5.1 implies the Laplace lower bound (5.1). The construction of suit-
able o; and o; turns on many of the same constructions as those used in the proof of
the second part of Lemma 4.5. We first define u € P(S x §) as in (4.35). Then au-
tomatically []; = [i]2, and hence if we define p as the regular conditional proba-
bility such that 4 = []1 ® p, then [w]; is invariant under p ([4], Lemma 8.5.1(a)).
Define &; = p for each i, and let {X;} be the corresponding Markov chain. Next,
define p(dx) = g(x)n(dx) and
Ldpl, 1 dlph

do = 0o aw

By (5.3), there is M < oo such that 1/M <k < M, and due to the continuity of 6,
Kk 1s also continuous. Notice that

(5.5) n(dx) = (q(x)x(x)) ' [l (dx).

Assumption (5.3) guarantees that

5.4 K(x)

—log/ 0'2(x)0'2(y)(F @ a)(dx,dy) < co and
SxS

- [ togo il dx) < o0,

and (4.36) then implies that R(u||[7 ® o) < co. Define A as in (4.43). Let o; be
the exponential distribution with mean [Ax ()_(i_ 1)]_1 for each i. Thus, we can
construct a Markov jump process X (¢) using @; and &; instead of « and o, and the
infinitesimal £ generator will be bounded and continuous and takes the form:

£ () = Ak (x)q(x) /S () — £()]p. dy).

Equation (5.5) and the fact that []; is invariant under p imply [ (L_ SG))n(dx) =
0, and n is an invariant distribution of the continuous time process X. We claim
that 7 is the unique invariant distribution of X. Indeed, by [6], Proposition 4.9.2,
any invariant distribution v for X satisfies [s (L f(x))v(dx) =0. If we define

- . Ax(x)g(x)v(dx)
V(dx) = :
[s Ak (x)q(x)v(dx)
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then vV is invariant under p. However, by Condition 2.4 and [4], Lemma 8.6.3(c),
the invariant measure under p is unique, and hence the invariant measure of X is
also unique. By the definition of 57 in (4.3),

1 T
Q=7 [ drCdr
(5.6)

Rr—1 Rr—1 z
[Z 8%, (dx) +85(RT_1(dx)<T— > —= )}

CI( i— 1) i=1 q(Xi-1)

Since S is compact, we can extract a subsequence of T such that /7 converges
weakly, and by [6], Theorem 4.9.3, this weak limit is . We claim the following
along the same subsequence.

LEMMA 5.2. ERT/T] — A, E[Z | R(oillo)/T] — fSZ(AK(x)) X
qg(x)n(dx) and E[Zi:T1 8%, ,(dx)/T1— Alpli(dx).

PROOF.  As in the proof of the upper bound, a minor nuisance is dealing with

the residual time 7 — ZiR:TI 7;. However, this is more easily controlled here since
it is bounded by an exponential with known mean. Since 7 — n weakly, we have
for any bounded and continuous function f on the space of subprobability mea-
sures on S that limr_~ E[f(n7)] = f(n). To prove the first part of the lemma,
define f by

)= /S e ()q (v (dx).

Since both k and g are bounded and continuous, f is also bounded and continuous.
Using (5.5)

(5.7 f(n)=AK(X)Q(X)n(dX)=/S[M]1(dX)= 1.

Thus, lim7_ o E[f(ij7)] = 1. Now by (5.6) and the definition of Ry

1 & Z
E[f(ﬁﬂ—f(;Zagi_l(dx)q(; 1))“
i=1 1=

1 -

== [K(XRT 1)‘1(XRT 1)(2 q(Xi—1) _T):|

1 _
S?E[K(XRT 1)Q( Rr— 1)()(7T1):|
My 1AM
=7 TRr 1= T
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as T — oc. Hence,

. T
o[ (73 Z 5095 |-

Recall that F; is the o -algebra generated by {(Xo,...,X:),(1,...,7)}. Then

[ ( Z T 1>>}

:_E|:Z/<(Xl Dg(Xi—1) ]

(Xl 1)

1 i—1 'E
P Xz i <T
T [g G-t (,Zlqoe ) ﬂ
1 00 B B i—1 7

=—) E|E|«(X;-1Tl ] T)|Fi-
&t [K( VT <Zlq<xf ) ) H
1> r i—1 7.

=—>) El«(X;-11 o | Fi
T; _K( 0 (;q( e ) (%] 1]}
1 & r i—1 7. 1

=Y E|leX;_1 L <T .
T; _K( v (122:1 q(Xj-1) )AK(Xi—l)j|
el )]
T AT i=1 \j=1 q(Xj-1) ~

1 IRy

_ZE[?].

This completes the proof of the first statement in the lemma.
The proof of the second statement is similar. Define f by

Fo)= /S 0(Ak (0))q (x)v(dx).

Then as before,

f(n)=T1i_)mOOE[f(’7T)]:Tli_>mooE[ < Z(SX’ (@) q(Xi- 1))]
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Using g(x) = x£(1/x) and Lemma 4.3, we have

| & 7
E[f (7 2% (dX)Q(?_(i—D)]

i=1

1 B _
=E|:?Z£(AK(X,-_1))5,-:|
1 & -
—ZE[ Ak (X-1)) (Z ) [Tl Fi- 1]}
T _ / 1)

—E 72 —AK(}_(i_l)ﬁ(AK(Xi_l)):|

- E:_Zg(AK(Xl 1))}

L
=E| =) R@Gilo) |,
Ti:l

and the second part of the lemma follows.
The proof of the third part follows very similar lines as the first two, and is

omitted. [J

Now the Laplace lower bound is straightforward. The definition of u in (4.35)
the continuity of 8 and the bound (5.3) imply x — R(p(x, -)|la(x, -)) is bounded
and continuous. By Lemma 5.2 and the chain rule for relative entropy,

1 &
11m E|:F(77T)+ T Z R(oi— 1||05)+R(0z||0)):|
i=1

hm E[F(nT) hm/ (p(x, )lee(x, -)) [ Z% 1(dx)]

| B
+ Tlgnoo E[? gl R(5; ||a)}

— F) + AR(ul[)) ® @) + /S 0(Ak (0))q ()1(dx).

Returning to the proof of the second part of Lemma 4.5, we find that with this
choice of A, u and «, the rate function 7 (n) coincides with AR(u||[n]1 ® @) +
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[ €(Ak (x))q(x)n(dx) (note that this n corresponds to a special of Lemma 4.5
where ® = {x € §:0(x) =0} is empty). This completes the proof of the Laplace
lower bound.

6. On the boundedness of rate function. As pointed out in the Introduction,
continuous time jump Markov processes differ from the type of processes con-
sidered by Donsker and Varadhan in [2, 3], in that the dynamics do not have a
“diffusive” component, and hence Condition 1.1 does not hold. For jump Markov
models, the process only moves when a jump occurs, and there is no continuous
change of position. For these processes, the rate function is bounded, whereas for
the processes of [2, 3] the rate function is infinity when the target measure is not
absolutely continuous with respect to the reference measure. We now consider the
source and implications of this distinction.

Consider a process satisfying all the conditions in Section 2 that has 7 as its
invariant distribution. In order to hit a different probability measure n € P(S), we
need to perturb the original dynamics, which includes the distortion of the Markov
chain transition probability & and the distortion of the exponential holding time o .
Each of these distortions must pay a relative entropy cost, and the minimum of
the (suitably normalized) sum of these costs asymptotically approximates the rate
function 7 (). When n is singular with respect to 7, the relative entropy cost from
the distortion of & can be made arbitrarily small, and the rate function is almost
entirely due to contributions coming from the distortion of o. We will illustrate
this point via the following example.

Recall the model mentioned in the Introduction, where the state space S is [0, 1],
the jump intensity is ¢ = 1, and for each x € [0, 1], a(x, -) is the uniform distribu-
tion on [0, 1]. The invariant distribution 7 is just the uniform distribution on [0, 1].
Now consider a Dirac measure n = 81,2 as a target measure. 7 is not absolutely
continuous with respect to . However, we can approximate n weakly via a se-
quence of probability measures that are absolutely continuous with respect to .
For each n € N, define a probability measure 1" by its Radon—Nikodym derivative
0" with respect to  according to

1 . <1 11+1>

—1, orxe(z—=—,=+=—1

" S I S S
1

n—1

0" (x) =
otherwise.

Using the formula (3.2) for rate function, we have
1 1 4n—1
I(")=1- (/O (9"(x))‘/2dx></0 (9”(y))1/2dy> —1- %

According to the definition of rate function in Section 3.1, the rate function is
bounded above by 1. However, /(") — 1 as n — oo, and one can check that
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this is true for any sequence of absolutely continuous measures converging weakly
to n. Thus, I(n) = 1.

We now consider fixed n € N and examine the perturbed dynamics that can
hit the measure n". This is most easily understood by examining the minimizer
in the variational formula for the rate function, whose form was suggested dur-
ing the proof of the Laplace principle lower bound in Section 5. Recall that
0;i(-) and @;(-) are perturbed dynamics for the exponential holding time and the
Markov chain, o;(-) depends on {)_(o,fl,)_(l,fz,...,)_(i_l} and «;(-) depends
on {)_(o, 1, X1, T, s Xie 1, 7;}. 7; and X; are chosen recursively according to
stochastic kernels o; () and ; (-). Specifically, s; is defined by (1.10) using X; and
T;; Rt is defined by (4.2) using §;; and 77 is defined by (4.3) using X;, 7; and R7.
Following the procedure in Section 5, we first define u € P(S x §) as in (4.35).
Thus, w is the product measure. As before, we use []1 to denote the first marginal
of i and p to denote the regular conditional probability such that u = [u]; ® p.
Since u is a product measure defined by (4.35), [u]; and p are in fact the same
measure and the density with respect to 7 can be calculated as

n " c 1 1 1+ 1
dply 2 ors (“—" —)’
T _ otherwise.
2(n—1)

As in Section 5 let o; = p for each i. A direct calculation of A using formula
(4.43) shows that A =4(n — 1)/ n2. Also, « defined in (5.4) reduces to

n 1 1 1 1
o forxe(———,——i——),
2(n—1) 2 2n2 2n
n

-, otherwise.
2

Kk(x) =

Asin Section 5, 0; should be the exponential distribution with mean [Ax (}_( i_l)]_l.
Hence, if X;_; falls into (1/2—-1/(2n),1/2+1/(2n)), o; would be the exponen-
tial distribution with mean /2, otherwise o; would be the exponential distribution
with mean n/[2(n — 1)]. Now the perturbed Markov jump process, denoted by
X(t), is constructed using @; and &; defined as above. As proved in Lemma 5.2,
the expected value of the relative entropy cost

1 &
= 2 (R@i-1lle) + R(Gillo)
i=1

converges to

1
1(n") = AR(l[nh ® @) + /0 2(Ak ()" (dx)
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as T — o0o. We have noted that p(x,dy) = [u]i1(dy) and a(x,dy) = w(dy), and
by using (6.1)

AR(ullp]h ® @)

1
:A/O R(p(x, Y (x, )l (@dx)

log(n — 1)
)
This converges to 0 as n — oo. Hence, the relative entropy cost that comes from
the distortion of the Markov chain converges to 0. For the second term, we have

1 " _ 2(n—1) 4n—1)
/0 £(Ak (x))n" (dx) = — —

4(n—1)

= T<logn —log2 —

(log(n — 1) 4+ 2log2 — logn) — +1,

which converges to 1 as n — oco. Thus, as n" approaches the target distribution 7,
the relative entropy cost that comes from the distortion of Markov chain vanishes,
and the rate function becomes solely determined by the relative entropy cost that
comes from the distortion of exponential waiting times.

One can generalize the argument to more general discrete target measures,
where one utilizes the original dynamics to make sure neighborhoods of the var-
ious points are visited, and then uses the time dilation to control their relative
weight.

APPENDIX
A.1. Proof of inequality (4.30).

PROOF. Recall that R(u||[u]1 ® @) < 0o, where [u]; =[]z and 7 is in-
variant under «. Additionally, we also have Condition 2.6, that is, there exists an
integer N and a real number ¢ € (0, co) such that

(A.1) a™(x,) < ()

forall x € S. Now let p be the regular conditional probability such that u = [u]1 ®
p. Then

R(ulllnli @ ) = R([n]1 @ plilnh ® @) < oo.
The chain rule of relative entropy implies that
R(uli®p®---@plluh ®a®: ® a)
N

(A.2)
=N-R([uli @ plinl @ a) < oo.

Indeed, since [w]; is invariant under p, for any integer n the nth marginal of
(h®p®---®p,_1lis

[[M]1®p®---l®p]n=[uh.
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Hence, (A.2) follows by induction:
R(uh ® p®---Qpllnh ®a®'r}'®“)
n

=R([uh®@p®---Qplluh ®a®-
n—1 n

+/R(p||a)d[[u]1®p®---®p]n
S n—1

— (= 1) R([us ® plllu]: ®a) + fs R(plle) dluly

=n-R([uh ® pllinl ® ).

Let [v]i|; denote the conditional probability of the kth argument of v given the jth
argument of v. Note that one can define a mapping from P(S¥*1) to P(5?) such
that each v € P(SN+1) is mapped to [v]; ® [v]n41)1. Since the relative entropy
for induced measures is always smaller, (A.2) implies

R([uh ® p™M [l ® a™) < o0.

Now since [(]; is invariant under p, it is also invariant under p(N ) and, therefore,
el ® p(N N, = []1. Using the chain rule of relative entropy again gives

R([M]l ||[[M]1 Y Ol(N)]Z) < 00.

This implies (4.30), since

0o > R([uli [l ® «™],)

d
— R([uh |7) — log/S (L)

> R([uh1[I7) — loge,
where c is from (A.1). O

®a™M),
= [l
ar

A.2. Proof of Lemma 5.1. The proof of the representation is standard, save
for the fact that Ry is random. We include a proof here for completeness.

PROOF. Define for each k € N

Ry Ak—1

PN Ti MO )}
)= Sy. (- Sx o mk—1OIT = )
() T[ 2 8 Oy 8 1(>< )

i=1 i=1

For any measure vk e P(S x R+)k), we can decompose vk as

(A.3) W=a0®610a1Q0m® - ® Gk_1 ® 1.
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Choose the barred random variables X; and 7; according to oz, and o; as before
and define the corresponding R7 Ak the following way: if Zl 1 T/g(Xi—) > T,
then Ry A k = Ry where Ry is the integer that satisfies

RT—l T RT .
S o olpoyE
i=1 Q(Xi—l) iZIQ(Xi—l)

otherwise define Ry A k = k. We also define

1 RrAk—1 _L—_
ﬁT(-)ﬁ;[ sy O—a

i=1 Q(Xi—l)
(A4) i
Ry Ak—1 7.
+85. IMT - ! )
Kt )< ; q(xi_l))}

If we denote the multidimensional probability measure corresponding to the orig-
inal dynamics by u* € P((S x R4)%), that is,

Mk =a® x (Ho),

k
then applying Lemma 3.2 gives

1
- log E[exp{—T F (n})}]
(A.5)

1
= inf / F(7%) dvF + = R(V*| u* ]
vEeP((SxR)F) LS (SxR )k (nT) T ( M)

By applying Theorem 3.3 repeatedly to R(v¥||1¥), we obtain
- k

ROMI) = E[ (R lla) + RGillo) |

—i=1

We can thus rewrite (A.5) as

1
- log E[exp{—T F(n%)}]
(A.6)

k
Z R(@;—1]la) + R(G; ||a))}-

H |

= inf
vkeP((SxR+)k)

Now for each vk € P((S x R4)X), we construct another measure 7F € P((S x
]R+)k ) recursively as follows: define &y = & and 61 = 0. Forall 2 <i <k, define
a;—1 and o; by
(&i—1,0i) if s <T
xi_1,07), i — =T,

i L = Q(Xj—l)

(a,0), otherwise.

@i-1,0;) =
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Thus, we retum to the original dynamics with zero relative entropy cost after
R7. Define ¥ usmg a; and g; by (A.3). From the definition (A.4), we have

E[F(UT)] = F(UT)], and

k ~-R7 Ak
E[Z(R@_l ) + R(: ||a))} —E| ¥ (R@_1lle) + RG; ||o>)]

i=1 - i=1

R Ak
=E| Y (R@-1le) +R(5i||0))]

L i=1

r k&
<E| Y (R@—1lle) + R@Ha))].

Li=1

Hence, we can rewrite (A.6) as

1
——log E[exp{=T F ()}]
(A.7) _
1 Rr Ak
= inf E[F(ﬁ’}) += D (R@i—1lle) + R(3; ||U))]-

vkeP((SxR1)F) P

Using the pointwise convergence of both Rt A k — Rr and Ry ANk — Rp as
k — oo, by the dominated convergence theorem

lim —— log E[exp{ T F(1})}] = — - log E[exp{~T Fy)}].

k— 00

lim E[F(7%)] = E[F@ir)].

k— 00

Also, by the monotone convergence theorem

Rr Ak Rr
Jim E [ > (R@i-1lle) + R(Gi ||o>))} = E[Z((R(&i_l le) + R(Gi ||o)))}.

i=I i=1

Hence, by taking limits on both sides of (A.7), we arrive at

1 _ 1 R
- log E[exp{—T F(n7)}] = infE|:F(ﬁT) + T Z((R(&i—l ller) + R(o; ||0))):|,
i=1

where the infimum is taken over all controlled measures {«;, 6;}. This proves the
lemma. [
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