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This paper discusses particle filtering in general hidden Markov models
(HMMs) and presents novel theoretical results on the long-term stability of
bootstrap-type particle filters. More specifically, we establish that the asymp-
totic variance of the Monte Carlo estimates produced by the bootstrap filter
is uniformly bounded in time. On the contrary to most previous results of this
type, which in general presuppose that the state space of the hidden state pro-
cess is compact (an assumption that is rarely satisfied in practice), our very
mild assumptions are satisfied for a large class of HMMSs with possibly non-
compact state space. In addition, we derive a similar time uniform bound on
the asymptotic L? error. Importantly, our results hold for misspecified mod-
els; that is, we do not at all assume that the data entering into the particle filter
originate from the model governing the dynamics of the particles or not even
from an HMM.

1. Introduction. This paper deals with estimation in general hidden Markov
models (HMMs) via sequential Monte Carlo (SMC) methods (or particle filters).
More specifically, we present novel results on the numerical stability of the boot-
strap particle filter that hold under very general and easily verifiable assumptions.
Before stating the results we provide some background.

Consider an HMM (X,,, Y;,),.en, Where the Markov chain (or state sequence)
(Xn)nen, taking values in some general state space (X, X), is only partially ob-
served through the sequence (Y,),en of observations taking values in another
general state space (Y, )). More specifically, conditionally on the state sequence
(X»)nen, the observations are assumed to be conditionally independent and such
that the conditional distribution of each Y, depends on the corresponding state
X, only; see, for example, [2] and the references therein. We denote by Q and yx
the kernel and initial distribution of (X},),cN, respectively. Even though 7 is not
necessarily a temporal index, it will in the following be referred to as “time.”

Any kind of statistical estimation in HMMs typically involves computation of
the conditional distribution of one or several hidden states given a set of observa-
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tions. Of particular interest are the filter distributions, where the filter distribution
qsx (Yy) at time n is defined as the conditional distribution of X, given the corre-
sponding observation history Yy = (Yo, ..., Yy) (this will be our generic notation
for vectors). The problem of computing, recursively in n and in a single sweep
of the data, the sequence of filter distributions is referred to as optimal filtering.
Of similar interest are the predictor distributions, where the predictor distribution
oy (Yy _1) at time » is defined as the conditional distribution of the state X, given
the preceding observation history ¥} ~! (more precise definitions of filter and pre-
dictor distributions are given in Section 2). In this paper we focus on the compu-
tation of these distributions, which can be carried through in a recursive fashion
according to

. J1A()g(Yn) (x)epy (Y5~ ")(dx)
(1) b, (YE)(A) =
6] T gy )y (Y1) (dx)

@) b, (Y2)(A) = / QU Mg, (Y)dx),  Aed,

Ac X,

where g(Y}) is the local likelihood of the hidden state X, given the observation Y,,.
Steps (1) and (2) are typically referred to as correction and prediction, respectively.
In the correction step, the predictor ¢, (Yg’_l) is, as the new observation Y, be-
comes available, weighted with the local likelihood, providing the filter <]3X (Yg);
in the prediction step, the filter ¢_5X (Ygy) is propagated through the dynamics Q
of the latent Markov chain, yielding the predictor ¢, (Y,/) at the consecutive time
step. The correction and prediction steps form jointly a measure-valued mapping &
generating recursively the predictor distribution flow according to

¢ (56) = @(Ya) (0 (Y5 ")

(we refer again to Section 2 for precise definitions).

Unless the HMM is either a linear Gaussian model or a model comprising only
a finite number of possible states, exact numeric computation of the predictor dis-
tributions is in general infeasible. Thus, one is generally confined to using finite-
dimensional approximations of these measures, and in this paper we concentrate
on the use of particle filters for this purpose. A particle filter approximates the pre-
dictor distribution at time n by the empirical measure qb)[;/ (Yy ~1y associated with

a finite sample (E,’;)f.\’: | of particles evolving randomly and recursively in time. At
each iteration of the algorithm, the particle sample is updated through a selection
step and a mutation step, corresponding directly to correction and prediction, re-
spectively. The selection operation duplicates or eliminates particles with high or
low posterior probability, respectively, while the mutation operation disseminates
randomly the particles in the state space for further selection at the next iteration.
The most basic algorithm—proposed in [19] and referred to as the bootstrap parti-
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cle filter—performs selection by resampling multinomially the predictive particles
(E,’;)fvz | with probabilities proportional to the local likelihood a)jl = g(Yn)(g,i) of
the particle locations; after this, the selected particle swarm is mutated according
to the dynamics Q of the latent Markov chain. Here the self-normalized impor-
tance sampling estimator ¢ (Yy) associated with the weighted particle sample
(Sr’;, wil)lN: | provides an approximation of the filter (]B(Y(’)’). Thus, subjecting the
particle sample (é}};) lN: | to selection and mutation is in the case of the bootstrap par-
ticle filter equivalent to drawing, conditionally independently given (S,’;)INZ |» DEW
particles (E}; +1)1N= | from the distribution CID(Y,,)(qﬁ)[(V (YS’_I)) obtained by plugging
the empirical measure ¢)1(v (Y(;l_l) into the filter recursion, which we denote

G) i ™ oro ).

Since the seminal paper [19], particle filters have been successfully applied to
nonlinear filtering problems in many different fields; we refer to the collection [17]
for an introduction to particle filtering in general and for miscellaneous examples
of real-life applications.

The theory of particle filtering is an active field and there is a number of avail-
able convergence results concerning, for example, L” error bounds and weak con-
vergence; see the monographs [1, 5] and the references therein. Most of these
results establish the convergence, as the number of particles N tends to infinity,
of the particle filter for a fixed time step n € N. For infinite time horizons, that
is, when n tends to infinity, convergence is less obvious. Indeed, each recursive
update (3) of the particles (S,i)f.vz | 1s based on the implicit assumption that the

empirical measure qﬁ)[(\' Yy ~1) associated with the ancestor sample approximates

perfectly well the predictor ¢, (Y, ~1y at the previous time step; however, since
the ancestor sample is marred by an error itself, one may expect that the errors
induced at the different updating steps accumulate and, consequently, that the to-
tal error propagated through the algorithm increases with n. This would make the
algorithm useless in practice. Fortunately, it has been observed empirically by sev-
eral authors (see, e.g., [34], Section 1.1) that the convergence of particle filters
appears to be uniform in time also for very general HMMs. Nevertheless, even
though long-term stability is essential for the applicability of particle filters, most
existing time uniform convergence results are obtained under assumptions that are
generally not met in practice. The aim of the present paper is thus to establish the
infinite time-horizon stability under mild and easy verifiable assumptions, satisfied
by most models for which the particle filter has been found to be useful.

1.1. Previous work. The first time uniform convergence result for bootstrap-
type particle filters was obtained by Del Moral and Guionnet [7] (see also [5] for
refinements) using contraction properties of the mapping ®. We recall in some
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detail this technique. By writing
o (V) = 9x(¥5) = ¢ (¥) — @(¥a)(9y (v5 ™)

sampling error

+ (Ya)(¢y (Y5 ™)) — @{¥a)(9 (Y5 ™)

initialization error

one may decompose the error d)N (Yy) — ¢y (Yy) into a first error (the sampling er-

ror) introduced by replacing ®(Y, )(¢N Yy~ ) by its empirical estimate ¢N (Yg)

and a second error (the initialization error) originating from the dlscrepancy be-
.. N n—1 . . .

tween empirical measure ¢, (Y ) associated with the ancestor particles and the

true predictor ¢, (Y(’;_1 ). The sampling error is easy to control. One may, for exam-
ple, use the Marcinkiewicz—Zygmund inequality to bound the L? error by ¢cN~1/2,
where ¢ € R is a universal constant. Exponential deviation inequalities may also
be obtained. For the initialization error, we may expect that the mapping ®(Y;,) is
in some sense contracting and thus downscales the discrepancy between ¢)1(V (Yo

and ¢, (Y, ~1). This is the point where the exponential forgetting of the predictor
distribution becomes crucial. Assume, for instance, that there exists a constant
p €10, 1[ such that || ®(Y;!)(n) — ®(Y,) (V)] < "1 — v| for any integers
0 <m < n and any probability measures p and v, where || - || is some suitable norm
on the space of probability measures and ®(Y,) L P(Y,)oD(Yy_1)o---0D(Yp).
Since ®(Y,7)(w) is the predictor distribution ¢, (Y,;) obtained when the hidden
chain is initialized with the distribution p at time m, this means that the predic-
tor distribution forgets the initial distribution geometrically fast. In addition, the
forgetting rate p is uniform with respect to the observations. The uniformity with
respect to the observations is of course the main reason why the assumptions on
the model are so stringent.

Now, decomposing similarly also the initialization error and proceeding recur-
sively yields the telescoping sum

¢y (Y3) — 6 (¥5)
=y (¥5) — @(¥a)(y (¥ ")
“)
+Z (V)@ (¥5) — (i) o @{Yi(@y (¥ ™"))

+ O(Y7')(¢y (o)) — @(Y]') (¢ (Yo)).-
Now each term of the sum above can be viewed as a downscaling (by a factor
0"~k of the sampling error between ¢>Q’(Yé‘) and @(Yk)(qﬁ)](\’(Yé‘_l)) through the
contraction of ®(Y;’, ;). Denoting by §, the L” error of qﬁ)](v (Yy) and assuming that
the initial sample is obtained through standard importance sampling, implying that
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8o < cN -1z provides, using the contraction of <I>(Y,f+1), the uniform L? error
bound 8, <cN~V2Y7_ p"*F <eN~V2(1 - p)~l.

Even though this result is often used as a general guideline on particle filter sta-
bility, it relies nevertheless heavily on the assumption that the kernel Q of hidden
Markov chain satisfies the following strong mixing condition, which is even more
stringent than the already very strong one-step global Doeblin condition: there ex-
ist constants €™ > ¢~ > 0 and a probability measure v on (X, X) such that for all
xeXandAe X,

5) € V(A) <Q(x,A) <eTv(A).

This assumption, which in particular implies that the Markov chain is uniformly
geometrically ergodic, restricts the applicability of the stability result in question
to models where the state space X is small. For Markov chains on separable metric
spaces, provided that the kernel is strongly Feller, condition (5) typically requires
the state space to be compact. Some refinements have been obtained in, for exam-
ple, [2, 4, 5, 16, 20, 25-28, 33].

The long-term stability of particle filters is also related to the boundedness of
the asymptotic variance. The first central limit theorem (CLT) for bootstrap-type
particle filters was derived by Del Moral and Guionnet [6]. More specifically, it
was shown that the normalized Monte Carlo error /N (qb)](v Yy - ¢y Yy “hyn)
tends weakly, for a fixed n € N* and as the particle population size N tends to infin-
ity, to a zero mean normal-distributed variable with variance a)%(Y(;’_l)(h). Here

we have used the notation uh = [ h(x)(dx) to denote expectations. The origi-
nal proof of the CLT was later simplified and extended to more general particle
filtering algorithms in [3, 14, 16, 21, 24]; in Section 2 we recall in detail the ver-
sion obtained in [14] and provide an explicit expression of the asymptotic variance
a)%(Y(’;_l)(h). As shown first by [7], Theorem 3.1, it is possible, using the strong
mixing assumption described above, to bound uniformly also the asymptotic vari-
ance a)%(Y(;’_l)(h) by similar forgetting-based arguments. Here a key ingredient

is that the particles (é,‘;)lN: | obtained at the different time steps become, asymp-
totically as N tends to infinity, statistically independent. Consequently, the total
asymptotic variance of v N (qb)[(v (Y(’f_1 Yh—¢y (Yy ~!1Yh) is obtained by simply sum-
ming up the asymptotic variances of the error terms VN (CID(Y,:’H)((;))];’ (Yé‘ Nh —
(Y] 1) o ¢(Yk)(¢)];’ (Yé‘fl))h) in the decomposition (4). Finally, applying again
the contraction of the composed mapping ®(Y,}) yields a uniform bound on the
total asymptotic variance in accordance with the calculation above. In [12], a simi-
lar stability result was obtained for a particle-based version of the forward-filtering
backward-simulation algorithm (proposed in [18]); nevertheless, also the analysis
of this work relies completely on the assumption of strong mixing of the latent
Markov chain, which, as we already pointed out, does not hold for most models
used in practice.
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A first breakthrough toward stability results for noncompact state spaces was
made in [34]. This work establishes, again for bootstrap-type particle filters, a uni-
form time average convergence result of form

n
. -1 TNyk\ 7 yk
© i sup (17t 18308) - o) =0
where || - ||pL denotes the dual bounded-Lipschitz norm. This result, obtained as

a special case of a general approximation theorem derived in the same paper, was
established under very weak assumptions on the local likelihood (supposed to be
bounded and continuous) and the Markov kernel (supposed to be Feller). These
assumptions are, together with the basic assumption that the hidden Markov chain
is positive Harris and aperiodic, satisfied for a large class of HMMs with possibly
noncompact state spaces. Nevertheless, the proof is heavily based on the assump-
tion that the particles evolve according to exactly the same model dynamics as the
observations entered into the algorithm, in other words, that the model is perfectly
specified. This is of course never true in practice. In addition, the convergence re-
sult (6) does not, in contrast to L” bounds and CLTs, provide a rate of convergence
of the algorithm.

1.2. Approach of this paper. In this paper we return to more standard con-
vergence modes and reconsider the asymptotic variance and L? error of bootstrap
particle filters. As noticed by Johansen and Doucet [21], restricting the analysis
of bootstrap-type particle filters does not imply a significant loss of generality,
as the CLT for more general auxiliary particle filters [29] can be straightforwardly
obtained by applying the bootstrap filter CLT to a somewhat modified HMM incor-
porating the so-called adjustment multiplier weights of the auxiliary particle filter
into the model dynamics. Our aim is to establish that the asymptotic variance and
L? error are stochastically bounded in the noncompact case. Recall that a sequence
(tn)nen of probability measures on (R, B(R)) is tight if for all € > O there exists
a compact interval | = [—a, a] C R such that w, (I°) < € for all n. In addition, we
call a sequence (Z,),eN of random variables, with Z, ~ u,, tight if the sequence
(n)nen of marginal distributions is tight. In this paper, we show that the sequence
(a)% (Y(?_1 Y(h))nen+ of asymptotic variances is tight for any stationary and ergodic
sequence (Y,)neN of observations. In particular, we do not at all assume that the
observations originate from the model governing the dynamics of the particle filter
or not even from an HMM.

Our proofs are based on novel coupling techniques developed in [15] (and going
back to [23] and [11]) with the purpose of establishing the convergence of the rel-
ative entropy for misspecified HMMs. In our analysis, the strong mixing assump-
tion (5) is replaced by the considerably weaker r-local Doeblin condition (19).
This assumption is, for instance, trivially satisfied (for r = 1) if there exist a mea-
surable set C C X, a probability measure Ac on (X, X)) such that Ac(C) =1 and
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positive constants 0 < €5 < eé’ such that forall x e X and all A € X,
(7) ec hc(A) =Q(x,ANC) < elrc(A),

a condition that is easily verified for many HMMs with noncompact state space
[we emphasize, however, that assumption (19) is even weaker than (7)].

REMARK 1. Finally, we remark that Del Moral and Guionnet [7] studied the
stability of SMC methods within the framework of a general normalized Feynman—
Kac prediction model consisting of a sequence (i, ),eN of measures-defined recur-
sively on a sequence (E,, £,;),en of measurable spaces by
J Gn (0K (x, A) e (dx)

f G (x)ppn(dx) '
where G, is a positive potential function on E;, and K, is a Markov transition
kernel from (E,, &,) to (E,+1, Ent1); see also [5], Section 2.3. Conditionally on
the observations (¥y),en, the flow of predictor distributions can obviously, by
(1)—(2), be formulated as a normalized Feynman—Kac prediction model by let-
ting (En, &) = (X, X), ftn = ¢y (Y§), Gy = g(¥,), and K,, = Q, 1 € N. Impos-
ing, as in [7], the assumption that the transition kernels (K;,),cn satisfy jointly
the global Doeblin condition (5) provides a mixing rate o that is uniform in the
observations, and any stability result obtained for fixed observations holds thus
automatically true also when the observations are allowed to vary randomly.

Similarly, we could in the present paper have taken directly the recursion (1)—(2)
as a starting point, by suppressing its connection with HMMs and describing the
same as a normalized Feynman—Kac prediction model indexed by a stationary and
ergodic sequence (Y, ),eN of random parameters. However, as the results obtained
in [15], which are fundamental in our analysis, describes the convergence of the
normalized log-likelihood function for general HMMs, a quantity whose interpre-
tation is not equally clear in the context of Feynman—Kac models, we have chosen
to express our results in the language of HMMs as well.

Un+1(A) = Aec&py,

To sum up, the contribution of the present paper is twofold, since:

e we present time uniform bounds providing also the rate of convergence in N of
the particle filter for HMMs with possibly noncompact state space;

e we establish long-term stability of the particle filter also in the case of mis-
specification, that is, when the stationary law of the observations entering the
particle filter differs from that of the HMM governing the dynamics of the par-
ticles (€))7 _|.

1.3. Outline of the paper. The paper is organized as follows. Section 2 pro-
vides the main notation and definitions. It also introduces the concepts of HMMs
and bootstrap particle filters. In Section 3 our main results are stated together with
the main layouts of the proofs. Section 4 treats some examples, and Section 5 and
Section 5.2 provide the full details of our proofs.
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2. Preliminaries.

2.1. Notation. We preface the introduction of HMMs with some notation. Let
(X, X) be a measurable space, where X is a countably generated o -field. Denote
by F(X) [resp., F4(X)] the space of bounded (resp., bounded and nonnegative)
X /B(R)-measurable functions on X equipped with the supremum norm || f || =
sup,cx | f(x)[. In addition, denote by P(X) the set of probability measures on
(X, X).Let K: X x X — R, be a finite kernel on (X, X'), that is, for each x € X, the
mapping K(x, -) : X 5 A K(x, A) is a finite measure on X, and for each A € X,
the function K(-, A): X 2 x — K(x, A) is X'/B([0, 1])-measurable. If K(x, -) is a
probability measure on (X, X') for all x € X, then the kernel K is said to be Markov.
A kernel induces two integral operators, the first acting on the space M(X") of
o -finite measures on (X, X) and the other on F(X). More specifically, for u €
M(X) and f € F(X), we define the measure

uK: XY sA— /K(x,A)u(dx)
and the function
Kf:Xsx— /f(x/)K(x,dx’).

Moreover, the composition (or product) of two kernels K and M on (X, X) is
defined as

KM:X x X 3 (x,A) /M(x/,A)K(x,dx/).

2.2. Hidden Markov models. Let (X, X) and (Y, ))) be two measurable spaces.
We specify the HMM as follows. Let Q: X x X — [0, 1] and G: X x Y — [0, 1]
be given Markov kernels, and let x be a given initial distribution on (X, X). In this
setting, define the Markov kernel

T((x,y),A) é/ 1a(x, ¥)Q(x, dx)G(x, dy'),
(x,y)eXxXY,Ac X R,

on the product space (X x Y, X ® V). Let (X,, Yy)neny be the canonical
Markov chain induced by T and the initial distribution X ® V > A —
JIa(x, ¥)x (dx)G(x,dy). The bivariate process (X,, Y,)nen is what we refer
to as the HMM. We shall denote by PP, and E, the probability measure and
corresponding expectation associated with the HMM on the canonical space
(X x V)N, (X ® V)®N). We assume that the observation kernel G is nondegener-
ated in the sense that there exist a o -finite measure v on (Y, )) and a measurable
function g: X x Y — ]0, oo[ such that

G(x, A) = / La)g(x, v(y),  xeX,Ae).
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For a given observation y € Y, we let

g{y): Xoxr—glx,y)

denote the local likelihood function of the state given the corresponding observa-
tion y.

When operating on HMMs we are in general interested in computing expecta-
tions of type E, (h (X,f)|Y(’)") for integers (k, £, m) € N3 with k < ¢ and functions
h € F(Xt=%+1), Of particular interest are quantities of form Ey (h(Xn)|Y6’_1) or
E, (h(X,)|Yy), and the term optimal filtering refers to problem of computing, re-
cursively in n, such conditional distributions and expectations as new data becomes
available. For any record y;" € Yy —k+1 of observations, let L(y{") be the unnor-
malized kernel on (X, X’) defined by

L()’/T)(xk,A)é/“-/ﬂA(me) []8e)xe)QCxe, dxes),
=k

8
®) xreX,Ae X,

with the convention
©) L{y/)(x,A) £8,(A)  fork>m
(where §, denotes the Dirac mass at point x). Note that the function yg_l >

XL(y(')’_l)]lx is exactly the density of the observations Y(;’_l (i.e., the likelihood
function) with respect to v®". Also note that for any £ € {k, ..., m — 1},

(10) L{y}") = L{yfJL{y/".,)-

Let ¢, (y;') be the probability measure defined by

(11 6, [y)(A) 2 XLy ) 1a

LA A
x Ly Ix

Note that this implies that ¢, (y') = x when k > m. Using the notation, it can be
shown (see, e.g., [2], Proposition 3.1.4) that for any 7 € F(X),

E, (h(X,)| Y1) = / By (Y2 )(d),

that is, ¢, (Y ~1y is the predictor of X, given the observations Y ~!. From defini-
tion (11) one immediately obtains the recursion

x5 MLGm)Ia _ [ 8{m)()Q0x, Ay {y5~")(dx)
&y (V0L (yn)1x S gm0y (v~ 1) (dx)

which can be expressed in condensed form as

(12) D (V8) = @ () (D [y 1))

$x(¥0)(A) =

Ac X,
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with ®(y,) being the measure-valued transformation
D (yn) : P(X) 5 o= W (yn) ()Q

and W (y,) transforms a measure u € P(X) into the measure
J1a(x)g{yn) () p(dx)
J &(yn)(x)pu(dx)
in P(&X). By introducing the filter distributions
Bx¥6) = W ) (™),
satisfying, for all h € F(X),

B (X 1Yg) = [ 105 o)

(see again [2], Proposition 3.1.4), we may express one iteration of the filter recur-
sion in terms of the two operations
Wiyn) -

n—1 n Q n
X <y0 Updating X y0> Prediction X (y0>

Y(yn) () : X3 A

As mentioned in the Introduction, it is in general infeasible to obtain closed-
form solutions to the recursion (12). In the following section we discuss how ap-
proximate solutions to (12) can be obtained using particle filters, with focus set on
the bootstrap particle filter proposed in [19].

2.3. The bootstrap particle filter. In the following we assume that all random
variables are defined on a common probability space (2, .4, P). The bootstrap
particle filter updates sequentially a set of weighted simulations in order to ap-
proximate online the flow of predictor and filter distributions. In order to describe
precisely how this is done for a given sequence (y,),eN of observations, we pro-
ceed inductively and assume that we are given a sample of X-valued random draws
(f;‘,’;)lN: | (the particles) such that the empirical measure

1 N
Ny n—1
¢y 6= & 2%

i=1
associated with these draws targets the predictor ¢, (y(')’_l) in the sense that
N (ye ™"V =N h(gL)/N estimates ¢y (yj~')h for any h € F(X). In order
to form a new particle sample (é,i +])lN: | approximating the predictor ¢, (y;) at
the subsequent time step, we replace, in (12), the true predictor ¢, (yg_l) by the

particle estimate qﬁ)j(v ( yg_l ), and pass the latter through the updating and prediction
steps. This yields, after updating, the self-normalized approximation

N i
(13) ¢'>§(V<y8>é\1f<yn>(¢§<v<y8‘l))=Z%3a§
i=1"n
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of the filter (/Sx(yg), where we have introduced the importance weights a)g £
glyn)(ED,iefl,2,...,N}and QY & ZlNzl w!. Moreover, by propagating filter
approximation (13) through prediction step one obtains the approximation

(14) Z

of the predictor ¢, (y;). Finally, the sample (én " 1) i~ 1s generated by simulating
N conditionally independent draws from the mixture in (14) using the following
algorithm:

Q nv'

set QN <0
fori=1— N do
set w;, <= g(yn) (&)
set QY «— QN 4 of
end for
fori=1— N do
draw I} ~ (0 / QNN
draw &, | ~Q(&:", )
end for

After this, the empirical measure gb)lg' (yo) = Z,N:1 8gi 1 /N is returned as an ap-
n+

proximation of ¢, (y;). In the scheme above, the operation ~ means implicitly
that all draws (for different i’s) are conditionally independent. Moreover, the op-
eration I! ~ (wt/ QN )53\1:1 means that each index I! is simulated according to the
discrete probability distribution generated by the normalized importance weights
(wh/ QM) éV:l. The procedure described above is repeated recursively in order to
produce particle approximations of the predictor and filter distributions at all time
steps. The algorithm is typically initialized by drawing N i.i.d. particles (Eé)f\’: |
from the initial distribution y and letting Zf\’: | 656 /N be an estimate of .

As mentioned in the Introduction, the asymptotic properties, as the number N
of particles tends to infinity, of the bootstrap particle filter output are well inves-
tigated. When it concerns weak convergence, Del Moral and Guionnet [6] estab-
lished the following CLT. Define for & € F(X),

_ % (LR = gy (g x Ly k)
o v ) ]g‘ﬁx(yo )( b k" l)L(yZ N iy )

THEOREM 2 [6]. For all h € F(X) and all yi~' € Y' such that
llg(ve)lloo < 00 for all yy, it holds, as N — oo,

(16) IN@Y e — gl ) > o, e Z,
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where o, (¥ -1 Y(h) is defined in (15), and Z is a standard normal-distributed ran-
dom variable.

The next corollary states the corresponding CLT for the particle filter. Also this
result is standard and is an immediate consequence of Theorem 2, the fact that

Q,QV /N converges, for all yj € Y"*+! and as N tends to infinity, in probability to

2

by (yg_l)g(yn) (see, e.g., [14], Theorem 10), and Slutsky’s lemma. Let again o,

be given by (15), and define for y € Y"1 and h € F(X),

o2(yg ") (g (yu){h — by (YE)R})
@y (36" g )2 '

(17) SO

COROLLARY 3. Forall h € F(X) and y; € Y+ such that || g(ve) o < 00
for all y, it holds, as N — oo,

(18) VN @Y i) — Gy yi)h) 2> 5, ()0 Z,

where 6X (o) (h) is defined in (17) and Z is a standard normal-distributed random
variable.

When the observations (¥;),cn entering the particle filter are random, the
sequences (o*)%(YS’ “H(h))nen and (6§(Y6‘)(h))neN of asymptotic variances are
(]-',f )nen-adapted stochastic processes, where (.7-",{ )neN 1s the natural filtration of
the observation process. The aim of the next section is to establish that these se-
quences are tight. Importantly, we assume in the following that the observations
(Yn)neN entering the particle filter algorithm is an arbitrary P-stationary sequence
taking values in Y. The stationary process (¥y),en can be embedded into a sta-
tionary process (Y )nez with doubly infinite time. In particular, we do not at all
assume that the observations originate from the model governing the dynamics of
the particles; indeed, in the framework we consider, we do not even assume that
the observations originate from an HMM.

3. Main results and assumptions. Before listing our main assumptions, we
recall the definition of a r-local Doeblin set.

DEFINITION 4. Let r € N*. A set C € X is r-local Doeblin with respect to
{Q, g} if there exist positive functions €5 : Y — R™ and eg :Y" — RT, a family
{uc(z); z € Y'} of probability measures, and a family {¢c(z); z € Y"} of positive
functions such that for all z € Y", uc(z)(C) =1 and for all A € X and x € C,

€c (2)ec(z) () uc(z)(A) < L{z)(x, AN C)

(19) A
< € (D)po(2) (Do (z) (A).
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(A1) The process (Y;)nez is strictly stationary and ergodic. Moreover, there
exist an integer r € N* and a set K € Y®" such that the following holds:

(i) The process (Zy)nez, where Z, 2 ytDr~!

P(ZyeK) > 2/3.
(ii) For all n > 0 there exists an r-local Doeblin set C € X such that for all
r—1
Yo € K,

, 1s ergodic and such that

(20) sup Ly ™)@, %) < n|L{yy ™)X [ 5 < 00
xeC¢
and
r—1
@1 inf o0 )

y(r)ilEK EC <y0_

where the functions eé’ and € are given in Definition 4.
(ii1) There exists a set D € X" such that

(22) E(In" inf 8.L{¥§™")ip) < oc.

(A2) (i) g(x,y) > Oforall (x,y) e X x Y.
(i) E(In™ || (Y0)ll o) < 00.

REMARK 5. Assumption (A1)(i) is inherited from [15]. To get some rationale
behind the constant 2/3 appearing in the assumption, note that the same is in fact
equivalent to 1 — P(Zp € K) < 2P(Zp € K) — 1. In that case there exist 0 < y~ <
y T such that

1-P(ZpeK) <y <y <2P(ZopeK)—1,

which is equivalent to P(Zy € K) > max{1—y~, (14+y1)/2}. The latter inequality
is essential when applying [15], Proposition 5; see also the proof of [15], Proposi-
tion 8.

REMARK 6. Inthe case r = 1 we may replace (A1) by the simpler assumption
that there exists a set K € Y such that the following holds:

1 P(YpeK)>2/3.
(i1) For all n > 0 there exists a local Doeblin set C € X such that for all y € K,

(23) sup g(x,y)§n||g<Y>||oo<°O'

x€eCe¢

(iii) There exists a set D € X satisfying

inf Q(x,D) >0 and E(ln— infg(x,Y0)><oo.
xeD xeD
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For the integer r € N* and the set D € X given in (A1), define
M(D,r)

(24) X B o

2{x e P(X):E(In~ xL(Y,” ' )Jip) < oo forall £ € {0,...,r}}.

A simple sufficient condition can be proposed to ensure that x € M(D, r).

PROPOSITION 7. Assume that there exist sets D, € X, u € {0, ...,r — 1}, such
that (setting D, = D for notational convenience) for some § > 0,
(25) inf Q(x,D,) >4, uefl,...,r}
x€Dy -1
and
(26) E(ln inf g(x, Yo)) <00, uel0,....r).
x€Dy

Then any initial distribution x € P(X) satisfying x (Do) > 0 belongs to M(D, r).

REMARK 8. To check (26) we typically assume that for any given y € Y, g(y)
is continuous and that the sets D;, i € {0, ..., r — 1}, are compact. This condition
then translates into an assumption on some generalized moments of the process
(Y n )neZ-

REMARK 9. Assume that X = R for some d € N* (or more generally, X is a
locally compact separable metric space) and that X is the associated Borel o-field.
Assume in addition that for any open set O € &, the function x — Q(x, Q) is
lower semi-continuous on the space X. Then for any § > 0 and any compact set
Dg € X, there exist compact sets D,,, u € {0, ..., r — 1}, satisfying (25).

We are now ready to state our main results.
3.1. Tightness of asymptotic variance.

THEOREM 10. Assume (A1)—(A2). Then for all x € M(D,r) and all h €
F(X), the sequence (a)%(Y(’)l_l)(h))neN* [defined in (15)] is tight.

PROOF. Using definition (11) of the predictive distribution and the decompo-
sition (10) of the likelihood, we get for all k € {0, ..., n — 1},
XL Ly Ly h
XL(Yg ™ ax xL(Yy LT hix
Plugging this identity into the expression (15) of the asymptotic variance yields

(T (10092
27 Yn 1 h Yk 1 d 5 <z’)X(Y(])( ) ,
@ 5 = /¢X i )[ (b (Yo~ LAYy ™12 }

¢X<Y6‘_l)h =
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where for all sequences y; ~l e y"*_ functions f and h in F(X) and probability
measures x and x’ in P(X),

A NS h)
(28) A n—1 n—1 LIy 1
£ XL x XLy = XLy~ < x 'Ly S
Using (11), we obtain for all sequences y;, ey,
T xL(yg~)1x
Gl Mg~ ix = =—F—
S XL<y§ hix

n—1

LiyH1
—H A yo I EA )

ekXL >X o=k

where 7, (yg_1 ) (ve) is the density of the conditional distribution of Y, given Y(f_l
(i.e., the one-step observation predictor at time £) defined by

(29) 7 5 (ye) 2 f &, [y dg (. yo).

With this notation, the likelihood function xL( y(’)’*1 Y1x equals the product
= K 0 Ty yO )(yk) [where we let 7wy (yq ! ) (y0) denote the marginal density of Yy].

Now, using coupling results obtained in [15] one may prove that the predictor
distribution forgets its initial distribution exponentially fast under the r-local Doe-
blin assumption (19). Moreover, this implies that also the log-density of the one-
step observation predictor forgets its initial distribution exponentially fast; that is,
for all initial distributions x and x’ there is a deterministic constant 8 € ]0, 1[ and
an almost surely bounded random variable C, , such that for all (k, m) € N* x N
and almost all observation sequences,

(30) In7, (YN (V) — Inm, (YR D] < €y 577
Using this, it is shown in [15], Proposition 1, that:

(i) There exists a function 7 : Y2~ x Y — R such that for all probability mea-
sures x € M(D, r),

lim 7, (Y))(Yo) = 7(Y=L)(¥o), P-a.s.

m—0o00

Moreover,

(31) E(|Inm(Y-L)(Yo)|) < co.

(i1) For all probability measures x € M (D, r), the normalized log-likelihood
function converges according to

(32) Jim a7 gLV ik = boo,  Pras,
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where £, is the negated relative entropy, that is, the expectation of Inw (Y _ )(Yo)
under the stationary distribution, that is,

(33) loo 2E(In7 (Y=L )(Y0)).
As a first step, we bound the asymptotic variance a)%(h)(Y(’f 71) [defined in (15)]
by the product of two quantities, namely a)%(Yg_l)(h) < A x B,,, where

m—1 -1 4
(34) Aé< sup l_[ (Y- ) (Ye) ) ’

omyeN2 k<m g T (Ve ) (Yp)

(35)

B N n <Supx€X|A5 ¢ <Ym 1< )(h ]lx)|)
= T2} w vty ror

Quantity (34) can be bounded using the exponentlal forgetting (30) of the one-step
predictor log-density. More precisely, note that

XLYE, ) x|
XL Sy
thus, by applying Proposition 16(ii), we conclude that there exist 8 €]0, 1[ and a
[P-a.s. finite random variable C, such that for all n € N,

”x(Yf;h(Y@) =

U 1 610 0))
gnmé‘l)(n)

(ol %

(36) —HH—SHH P(CxB™)

—1
tmkm=0 Tx Y )Xe) ok m=0

<exp(Cy/(1-B)%) < P-a
implying that A is indeed IP-a.s. finite.
Consider now the second quantity (35). Smce the process (Yy)nez is strictly
stationary, Y~ ! has the same distribution as ¥, for all n € N*. Therefore, for all
n € N*, the randorn variable B,, has the same dlstrlbutlon as

an 5oy <supxex|A5X ¢X<Y;11><Y_,}1)(h,11x)|>2
= R G TV AIE

We will show that sup,, cn+ B, is P-as. _finite, which implies that the sequence
(Bn)nen+ is tight. We split each term of B, into two factors according to

SUP,ex 185y ynmty (Yoh) (. 1)
[T, m(Y =5 (Y-
ILY "D ixlleo  \2SUPxex |, (Yfmfl Y=y (h, 1))
- (ng:ur Y=o 1)(Y—e)) LI

(38)
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and consider each factor separately.
We will show that the first factor in (38) grows at most subgeometrically fast.
Indeed, note that

( ILAY ) Txllos )Z:emxme)
[T 7 (Y2 (V=) "

where

P 2 <1n||L "ol ix] o Zlnn (Y_g))

According to Lemma 17, &,, > 2(fso — £xo) =0, P-a.s., as m — oo.

The second factor in (38) is handled using Proposition 16(iii), which guarantees
the existence of a constant 8 € ]0, 1] and a P-a.s. random variable C such that for
all (m, n) € (N*)2,

SUyex |8y 5 ym—1y (Yo0) (1, 1x)]
(39) Py )1 < CB"lIhln
IL(Y ) 1x1%

This concludes the proof. [

THEOREM 11. Assume (Al)—(A2). Then for all x € M(D,r) and all h €
F(X), the sequence (o (Yg)(h)nen [defined in (17)] is tight.

PROOF. Using the expression (27) of the asymptotic variance of the predictor
approximation yields for all yJ € Y**1, as

¢x<)’(’)l 1>g<)7n> = nx(y(r)l_lx)’n)

and

736~ )0m) % b lye ™ Ll ix = g~ L X,
the identity

&7 (vg)(h)

—me m{

Sy ¢X<y(]§71>< ”_1>(g(yn>{h_Q_Sx<y8>h},ﬂ.x):|2
by ETHLGE N x x ¢y GE LG 1 1

where
Bs g,k R Mg n) {h = (R} 1x)
(40) = 8 L{yi ™ (g (v {l = dx (v )}) > by (o~ L™ Jix
= 8Ly x x (v LR Mg o) [ = G (35 )R)).
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Here the equation

_ Py k‘1> Ly~ ") (g {yn)h)

41) o, [y
A= L g )

implies that

by (e LY Vg ) (B — by (V)R

= ¢ {vo DR N8 mdh) = By {vg ) x byl L g )
=0,

which implies in turn that the second term on the right-hand side of (40) vanishes.
Thus, developing also the first term and reusing the identity (41) yields

Dy, o, o 1, (0~ (g m) th — G ()R}, 1x)
G0 DLOE D Ix x dy (v5 LR Ix

_ SxL<yk_ )(g{yn)h) — $X<y8>h X § L(y;’ﬁ_1>g(yn>
by (e HL(yM 1x

s, ¢X<y§”><yk_ Y(g(yn)lt, g{yn))
o OB LG g x dy v L x
A5 g, 1y ’H>< e (g, glyn))

B @y (v5 Ly 1x)?

Thus, to sum up,
n—1
Sent, (vE™ 1>( Y(g{yn)h, g{yn)) 72
=" [ 6,08 ax >[ & E

b Z/ o Gy OE LGP 1002

providing an expression of the asymptotic variance of the particle filter that re-
sembles closely the corresponding expression (27) for the particle predictor. Using
this, the tightness can be established along the very same lines as Theorem 10, and
we leave the details to the interested reader. [

3.2. Tightness of the asymptotic L? error. In the following we show that tight-
ness of the asymptotic variance implies tightness of the asymptotic L? error (when
scaled with v/N). The asymptotic L? error given in Theorem 12 below is obtained
by establishing, for fixed time indices n, using a standard exponential deviation
inequality, uniform integrability (with respect to the particle sample size N) of the
sequence of scaled L? errors. After this, weak convergence implies convergence of
moments, implying in turn convergence of the L? error.
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THEOREM 12. Assume (A2). Then, for all functions h € F(X), constants
p € R% and all initial distributions x € P(X), P-a.s.,

Jim NEVP (| (Y5 h = (Y5 Al 71Yg )

_ wety o (TP +D/2\ P
=20, (¥{ )(h)<4m ) ,

where T is the gamma function.

PROOF. Recall that if (Ay)nyen+ is a sequence of random variables such that
AN N Aas N — ooand (A N) NeN+ 18 uniformly integrable for some p > 0, then
E(AI?P) < o0, th_mOIE(A )=E(AP) and limy_, o E(|[Ax|?) =E(|A|?); see,
for example, [31], Theorem A, page 14. Now set, for n € N*,

An (Y ™)) & VN (Vg™ N = g (¥~ h).
Let g > p and write

sup E(|Aw (Y~ )w)[*1r5™")
NeN*

o0
= sup | P(JAn, (Y5 )] = Y57 de
NeN*JO

o0
=gq sup eq_lP(}AN,X(Yg_l)(hﬂ ZE|Y6’_1)de
NeN*J0
Now, note that (A2)(ii) implies that ||g(Y;)] o is P-a.s. finite for all n € N. Thus,
Assumptions 1 and 2 of [12] are fulfilled, which implies, via Remark 1 in the same
work (see also [13], Lemma 2.1, [8], Theorem 3.1, [10], Theorem 3.39, and [9],
Lemma 4, for similar results), that there exist, for all n € N and h € F(X), positive
constants B, and C,, (where only the latter depends on %) such that for all N € N*
and all € > 0,

(42) P(|An (Y~ N)(h)| = €Y ™") < B, exp(—Cpe?).

This implies that for all n € N, P-a.s.,

sup E(|An (Y& " Ym)|1 1Y) < ¢ B, f ~lexp(—Cpe?) de < oo,
NeN*

which establishes, via [32], Lemma I1.6.3, page 190, as ¢ > p, that the sequence
(IAN, 5 (Y(;l_l)(h)lp)NeN is uniformly integrable conditionally on Yé’_l, that is,

lim sup E(|An, (Y]~ 1)(h)|p]l

|Y6’_1) =0, P-a.s.
M— o0 NeN*

(IAN, (Y31 ()= M)
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We may now complete the proof by applying Theorem 2, which states that condi-
tionally on Y(;’_l, as N — oo,

An Y5 25 o (YY) Z,

where Z is a standard normally distributed random variable. [J

We next state the corresponding result for the particle filter approximation,
which is obtained along the very same lines as Theorem 12.

THEOREM 13. Assume (A2). Then, for all functions h € F(X), constants
p € R and all initial distributions x € P(X), P-a.s.,
lim NEYP (|6 (Y§)h — &y (Y5 1| 1Y5 ™)

N—o00

r D/2)\ P
= Va5, (1~ (K22

V2w

where I is the gamma function.

4. Examples. In this section, we develop two classes of examples. In Sec-
tion 4.1 we consider the linear Gaussian state—space models, an important model
class that is used routinely in time-series analysis. Recall that in the linear Gaus-
sian case, closed-form solutions to the optimal filtering problem can be obtained
using the Kalman recursions. However, as an illustration, we analyze this model
class under assumptions that are very general. In Section 4.2, we consider a signif-
icantly more general class of nonlinear state—space models. In both these examples
we will find that assumptions (A1)—(A2) are satisfied and straightforwardly veri-
fied.

4.1. Linear Gaussian state—space models. The linear Gaussian state—space
models form an important class of HMMs. Let X = R% and Y = R?% and define
state and observation sequences through the linear dynamic system

Xiy1 = AXy + RU,
Yo =BX; + SV¢,

where (Ug, Vi)k=0 is a sequence of i.i.d. Gaussian vectors with zero mean and
identity covariance matrix. The noise vectors are assumed to be independent of X.
Here Uy is dy-dimensional, Vi is dy-dimensional and the matrices A, R, B and
S have the appropriate dimensions. Note that we cover also the case d, < dy,
for which the prior kernel Q does not admit a transition density with respect to
Lebesgue measure.
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For any n € N, define the observability and controllability matrices O, and C,
by
B
BA

@3  0,2| BAY | and C,2[A"'R A"2R ... R],

BAM!
respectively. We assume the following.

(LGSS1) The pair (A, B) is observable, and the pair (A, R) is controllable, that
is, there exists r € N such that the observability matrix O, and the controllability
matrix C, have full rank.

(LGSS2) The measurement noise covariance matrix S has full rank.

(LGSS3) E(||Yoll?) < oo.

We now check assumptions (A1)—(A2). The dimension d,, of the state noise
vector Uy is in many situations smaller than the dimension d, of the state vector
X and hence R’ R may be rank deficient (here ! denotes the transpose). Some ad-
ditional notation is required: for any positive matrix A and vector z of appropriate

dimension, denote ||z||ﬁ £ 17 A=17. In addition, define for any n € N,
(44) fn é Dl’ltDI’l + Sl’ltSn’
where
0
S 0 0
BR 0 0 s
Du=| BAR BR s R
: 0 0 0' S
BA" 2R BA" 3R ... BR

Under (LGSS2), the matrix F,, is positive definite for any n > r. When the state
process is initialized at xo € X, the likelihood of the observations y(’)’_1 eY" is
given by

SvL{ys " )ix = 2m) ™" det™ /2 (F,) exp(— S llyn—1 — Onxoll%:, ),

where y,—1 2 ['y0, ' y1, ..., ya—1] and O, is defined in (43).
We first consider (A1). Under (LGSS1), the observability matrix O, is full rank,
and we have for any compact subset K C Y”,

lim inf |ly,—1 — Orxoll5 = 00,
Iol—o00 =1 e

showing that for all n > 0, we may choose a compact set C C R% such that (20)
is satisfied. It remains to prove that any compact set C is an r-local Doeblin set
satisfying condition (21). For any y(’)_1 € Y" and x € X, the measure (SxOL(y(’)_l)
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is absolutely continuous with respect to the Lebesgue measure on (X, X)) with
Radon—Nikodym derivative ﬁ(ys_l)(xo, X,) given (up to an irrelevant multiplica-
tive factor) by

2

Qr) ’

45)  2(yg~")(xo. %) oc det™'/2(G,) exp (—1“ [y"l} - [fﬁ]xo

2 Xy

where the covariance matrix G, is

6, 2Pl 145 |1's, 0],
Cr 0

The proof of (45) relies on the positivity of G,, which requires further discussion.

By construction, the matrix G, is nonnegative. For all y,_1 € Y" and x € X, the

equation

_ 2 2
['yr—1 'x]G, |:er 1] =|"Dyyr—1 +'Cox "+ |'Sryr—1]| =0
implies that ||'D,y,—1 + ‘C,x||*> =0 and ||'S,y,—1]|> = 0. Since the matrix S, has
full rank, this implies that y,_; = 0. Since also C, has full rank [the pair (A, R) is
controllable], this implies in turn that x = 0. Therefore, the matrix G, is positive
definite and the function

—1 (@)
(x0, x,) > H[y;r } - [A:]xo
is continuous for all y,_1. It is therefore bounded on any compact subset of X>.

This implies that every nonempty compact set C C R% is an r-local Doeblin set,
with Ac(-) = AL¢P(.)/ALeb(C) and

e (o) =("©) 7" inf 4lyg")oxo, 5,

(x0,xr)€C

2

Gr

SOr =)™ sup ey o, x).

(XOJCr)GC2

Consequently, condition (21) is satisfied for any compact set K € Y"~!. It remains
to verify (A1)(iii). Under (LGSS1), the measure 6, L( y{)_]) is absolutely continu-
ous with respect to the Lebesgue measure A therefore, for any set D C R%,

inf 8, L{ys "' )D)> inf _£(y5~")(x0, x,) AP (D).
xoeD 2

x0,Xr)€ED

Take D to be any compact set with positive Lebesgue measure. Now,
sup

2
D |: ;rC 1 :| [O‘ir i| 0
(x0,xr)€ 2 r '

=< 2)\max(gr){||yr—1 ”2 + r?é‘g ”x”z[l + )‘maX(IOi’O" + tArAr)]}’

Gr
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where Amax(A) is the largest eigenvalue of A. Under (LGSS3), E(||Y0||2) < 00,
implying that (A1)(iii) is satisfied for any compact set.

We now consider (A2). Under (LGSS2), $ has full rank, and taking the reference
measure AP as the Lebesgue measure on Y, g(x, y) is, for each x € X, a Gaussian
density with covariance matrix S’S. We therefore have

”g<)’>Hoo = (Zﬂ)_dY/zdet_l/z(StS) < 00

for all y € Y, which verifies (A2)(i)—(ii).

To conclude this discussion, we need to specify more explicitly the set M (D, r)
[see (24)] of possible initial distributions. Using Proposition 7, we verify sufficient
conditions (25) and (26). To check (25), we use Remark 9: for any open subset
O C R% and x € X, Q(x,0) =E(1o(Ax + RU)), where the expectation is taken
with respect to the d,,-dimensional standard normal distribution. Let (x;),en+ be
a sequence in X converging to x. By using that the function 1o is lower semi-
continuous we obtain, via Fatou’s lemma,

liminf Q(x,, O) > E(liminf]lo(Axn + RU)) > Q(x, 0),
n—oo n—oo

showing that the function x — Q(x, O) is lower semi-continuous for any open
subset O.
Assumption (LGSS2) implies that for all (x, y) e X x Y,

d 1
Ing(x,y) > —Eyln(2n) - 51ndet—1/2(SfS)

— Danin(S")] " (11 + 11Bx112),

where Amin (S?S) is the minimal eigenvalue of S’ S. Therefore (26) is satisfied under
(LGSS3). Consequently, we may apply Theorems 10 and 11 to establish tightness
of the asymptotic variances of the particle predictor and filter approximations for
any initial distribution x € P(X) as soon as the process (Yi)xez is strictly station-
ary ergodic and E(|| Yo%) < oo.

4.2. Nonlinear state—space models. We now turn to a very general class of
nonlinear state—space models. Let X = RY, Y =R¢ and X and ) be the associated
Borel o-fields. In the following we assume that for each x € X, the probability
measure Q(x, -) has a density ¢ (x, -) with respect to the Lebesgue measure ALeb
on R4, For instance, the state sequence (Xi)xen could be defined through some
nonlinear recursion

(46) X =TXp—1) + Z(Xk—1) %>

where ({x)ken+ 18 an i.i.d. sequence of d-dimensional random vectors with den-
sity p, with respect to the Lebesgue measure Akt on R4, Here T :R? — R? and
¥ :RY — RI%d gpe given (measurable) matrix-valued functions such that X (x) is
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full rank for each x € X. Models of form (46), typically referred to as vector au-
toregressive conditional heteroscedasticity (ARCH) models, are often of interest
in time series analysis and financial econometrics. In this context, we let the obser-
vations (Yx)xen be generated through a given measurement density g(x, y) (again
with respect to the Lebesgue measure).

We now introduce the basic assumptions of this section.

(NL1) The function (x,x’) = g(x,x’) on X? is positive and continuous. In
addition, sup, ,nex2 ¢ (x, x’) < 0o.
(NL2) For any compact subset K C Y,

gx,y)
im " =

Ixll—00 yek 1€{¥) lloo

(NL3) Forall (x,y) e X xY, g(x,y)>0and
E(In*g(Yo) o) < oo.

(NL4) There exists a compact subset D C Y such that

E(ln ;Ielgg(x, Yo)) < 00.
Under (NL1), every compact set C C X = R? with positive Lebesgue measure

is 1-small and therefore local Doeblin with Ac(-) = AMP(-NC) /AL (C), pc (o) =
ALeb(C) and

€~ = inf x,x),

C (x,x/)eCzq( )

e = sup q(x,x).
(x,x")eC?

Under (NL1) and (NL2), conditions (23) and (21) are satisfied with » = 1. In ad-
dition, (22) is implied by (NL1) and (NL4). Consequently, assumption (A1) holds.
Moreover, (A2) follows directly from (NL3). So, finally, under (NL1)-(NL4) we
conclude, using Proposition 7, Theorems 10 and 11, that the asymptotic variances
of the bootstrap particle predictor and filter approximations are tight for any initial
distribution x such that x (D) > 0.

5. Proofs.
5.1. Forgetting of the initial distribution.
LEMMA 14. Assume (A1)—(A2). Then for all y > 2/3 there exist functions

Py 10,11 — 10, 1[ and C,, : 10, 1[ — Ry such that for alln € N and all 28_1 ey,

where r € N* is as in (Al) and z; = yi(iﬂ)r_l, satisfying

n—1
n' Y k(@) =y,
i=0
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all functions f and h in F(X), all finite measures x and x' in M(X), and all
n €10, 1,

|Axyx’<18_] )(fs h)|

@D <oy ey ) X o Leg ™+ x Leg T x kLR
n—1
+Cy "1 f o lloe TT 1Lz Ix] 20 x O X (X0,
i=0

e R )

(48) <(1=pym)~"

Cy " ILf Nl 1 llog T IIL(Zi)leIIOOX(X)X’(X)>

2p5(n) +
X ( py, (1) XL F x XLz )

xL(zy™"h X/L<ZS_1>h>
L0 aLizg

N Cy MM 1o Il f 0 TTAZg 1Lz 1x N2 x (X) %" (X)
XL{zg™" f x x'L(zg™ ") f

@ =epo(

PROOF. The proof is adapted straightforwardly from [15], Proposition 5. [J

LEMMA 15. Assume (Al). Then there exists a constant k > 0 such that for all
X € M(D, r) [where M(D, r) is defined in (24)],

CO (k m)iglgl*xNK(k+m)XL<Yfr_nl>]lX >0, P-a.s.,
and
Gb (k m)lglgl* XNK(k+m) “L<Y$1)1x H >0, P-a.s.

PROOF. To derive (50) we first establish that

liminf (k 4+ m) " n x L{Y*; Dy
k+m— o0

(52) 1
J— -3 ri —_— -
> r[E(ln ;gg 8xL(Y} )]1D) > —00, P-as.,



1792 R. DOUC, E. MOULINES AND J. OLSSON

where the last inequality follows from (A1)(iii). We now establish the first inequal-
ity in (52). Set ax £ _k + | (k+m)/r]|r and note that —agm €{—m,...,—m+
r — 1}. Then write

In x L(Y*; Dy

Lktm)/r]—1 .-
=LY "o+ Y- Ininfs,L(Y okt GED =l

—aj,m+ir
=0
(53) ’
r—1 )
>—> In” LY *)ip
i=0

LGkm)/r]=1
- ) I infa Ly
i=0

—a,m+(i+1)r—1
—ag,m+ir

p.

Fori e N, set [i]r L7 Li/rjr. With this notation, ax »,n = [ak,mlr + Lak.m/r]r.
Then, since [i], € {0, . — 1},

[(k4+m)/r]—1 - |
- 3 m ;EESXL(Y:ak'm+.(l+ " p

ag,m+ir
i=0

[(k+m)/r]—1

— [akm]) (i Lakm/rj—’—l)r_l
= — Z ln 1nf8 L< [len1]r+(l Lakm/rJ) >]lD

=0
(54) ’
! Lem)/ri-1 b (i —Lag /7] +1)r—1
J L= k,.m

Z Z 1nf8 LY Lkt ) J1p
j=0 i=0
1 Lktm)/r]=lag m/r]—1

--y 3 In™ inf &, L{y /" o,

b=—|akm/r]

where the last identity follows by reindexing the summation. We now plug (54)
into (53); the ergodicity of the process (Z;),ez [assumption (A1)(i)] then implies,
via Lemma 18, P-a.s.,
Jiminf (k + m) " n x L{Y* iy
+m— 00

r—1
>ZE<ln inf 8, L(Y_; 7" ip) = —rE(in" irelgaxL(Y(;_l)]lD),
Jj=0 g

which shows (52). Now, choose a constant « such that

~rE(In" inf SL(Y; ™ ip) > —Ink > —oc.
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According to (52), there exists a P-a.s. finite N*-valued random variable N such
thatifk+m > N,

In xL{Y§")ix > (= Ink) (k +m),
which implies that

inf kKK LY Wy > 1.
k+mzNK X < 0 ) X=

On the other hand, assumption (A2) implies that for all (k,m) € N* x N,
xL(Yy N1y > 0, P-a.s. This completes the proof of (50). Finally, the proof of (51)
follows by combining

IL{YS, x| o = XL{YE,Nix
and (50). [

For all probability measures y € P(X), all (k, m) € N* x N, and all sequences
ylim € Ykt define the set

M(y* )00
27 ePX): g o x XL Nx > (1/2)xL{yX,,)1x)

of probability measures on (X, &) and note that this set is nonempty since x €
M(yk ) (x). The choice of 1/2 in the definition of M (yk ) () is irrelevant, and
this factor can be replaced by any constant strictly less than 1.

(55)

PROPOSITION 16. Assume (A1)—(A2). Then there exists a constant € 10, 1]
such that the following hold:

(1) For all probability measures x and x' in M(D, r) there exists a P-a.s. finite
random variable C,, ,+ such that for all (k,m) € N* x N and all } € M(Yfm)()(),

yL(Y* 1 LYk V1
1(%) _ln(Lk_mgx) <Cy B, Pas.
xL(YZ,, )1 x'L(YZ, ) x

(ii) For all probability measures x in M(D, r) there exists a P-a.s. finite ran-
dom variable C, such that for all (k, m) € N* x N,

L(Y* y1 LYk 1
‘m(ix <kj”1> X)—ln(—x i o Y X)‘gcxﬁﬂm, P-a.s.
xL(YZ,, ) 1x xL(YZ, ~ ) 1x

(iii) There exists a P-a.s. finite random variable C such that for m € N*, all
probability measures x and x' in P(X) and all h € F(X),

1Ay (Y0 (h, 1x)|
LAY 20 Ix 1

< CB" 1l P-a.s.
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PROOF OF PROPOSITION 16(i) AND (ii). Let x € M(Yfm)(x). Recall the
notation Z; = Yl.(r”rl)r_1 and consider the decompositions
k — —1 k/r]—1 k
XL<Y—m)1X = XL(Y—nEm/rJr )L(ZEL/rrrlJ/rJ )L(YLk/rJr>]lX’

- - N VLIS ey
LYE = XLy Sz Iy,

where we make use of convention (9) if necessary.

Choose y such that 2/3 < y < P(Zy € K), where K is defined in (A1)(1).
Assume that (k,m) € N* x N are both larger than r and denote by by, £
Lk/r] + m/r]. In addition, define the event

k -1 lk/r]-1
Qim = {Q—J + {ﬂD Y 1k(Zo= V}'
r r t=—{m/r]

By Lemma 14 [equation (48)] it holds for all € ]0, 1[, on the event Q2 ,,,
yL(Y* y1 'L(Y* 1
a —py(n))<ln<i< ( k_m]) X ) —ln(X ( k_m1> x))
xL(YZ, ) 1x x'L(YZ,, ) x
Cy P llg (Vi) lloo TTEZL,, 18 (Yi) 1%
FLOYE Dy x /LYK, )iy

2C, (mnPn T, g (Yill%
xL(Y* iy x x/L(YK, )iy

@ _ b
(56) <2p,"" () +

® . b
< 2p," () +

’

where:

(a) follows from (48) and the bound 8, L(Y)1x < [];_, lg(¥Ye) s valid for
u < v, and
(b) follows from the fact that y € M(Yfm)(x).

Since, under (A1)(i), the sequence (Z,),cz is ergodic and P(Zgy € K) > v,
Lemma 18 implies that

P(U N @m)=1
>0 (k,m)eN*xN
k+m>j
Hence, there exists a [P-a.s. finite integer-valued random variable U such that (56)
is satisfied for all (k,m) € N* x Nsuchthatk+m > U.
The lower bound obtained in Lemma 15 implies that there exists a constant
« > 0 such that for all probability measures x and x’ in M(D, r) and all (k, m) €
N* x N, P-a.s.,

XLYE, Jix = Cy ™MD,

X/L(Yfm)llx > 6X,X'K7(k+m+l)’
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where C, _, is a P-a.s. finite constant.

By plugging these bounds into (56) and using Lemma 19 with n sufficiently
small (note that (56) is satisfied for all n €]0, 1), we conclude that there exist a
[P-a.s. finite random variable C, ,» and a constant 8 < 1 such that for all (k, m) €

N* x N, P-a.s.,
ln( XL(YE, )ix ) B n( x'L(Yk, )ix ) —c, g
FL(Y5 hix LYk hay) = 07 ’

which completes the proof of Proposition 16(i). Note that y € M (YK ) (x) implies
that the previous relation is satisfied with ¥ = x.

The proof of Proposition 16(ii) follows the same lines as the proof of Proposi-
tion 16(i) and is omitted for brevity. [

PROOF OF PROPOSITION 16(ii1). We may assume that the function # is non-
negative (otherwise the positive and negative parts of /4 can be treated separately).
As in the proof of Proposition 16(i), write

XLy Mh = xL{y- "/ hz-!

L

and define the event
-1

Q2 Hﬂr Y k(Zo= y}-

{=—|m/r]
By Lemma 14 [equation (49)] it holds, on the event €2,,,
XL{YS0h  X'L{YZ,)h
XL(YS)ix  x/L(YZh)ix
Cy M ko T, Y lI%
xL(YZ)1x x x'L(Y-1)1x

where we used that for u < v, §;L(Y")1x < [1j_, Ig(Ye)llo- Under (A1)(),
Birkhoff’s ergodic theorem (see, e.g., [32]) ensures that P(liminf,,,_, 00 21) = 1;
therefore, there exists a IP-a.s. finite random variable U such that (57) is satisfied
for m > U. Then, form > U,

|Ay Y0 (h, 1x)|
IL(Y ) 1x 12

7

< 2|\l oo™ () +

XLYS)Ix X X' LY x| XLk x'L(Y50h
LY 2, 1x 2 XLYTIx  x'L(YS)1x

Cy MRl T2, g (Y I%
IL(Y ) 1x 12

(58) =

<2[lhll P () +
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we have used that XL(Y:,,ll)]lx < ||L(Y:,}l)]lx||oo. By Lemma 15, equation (51),
there exist a constant ¥ > 0 and a P-a.s. finite random variable C such that

”L<Y__nl¢>]lx | =Cx™", P-a.s.

Finally, we complete the proof by inserting this bound into (58) and applying
Lemma 19 to the right-hand side of the resulting inequality. [

5.2. Convergence of the log-likelihood.

LEMMA 17. Assume (A1)—(A2). Then, P-a.s.,

(59) tim 2~ In|L{Yg)ix| o, = €oos

(60) Jim | LY, i = o
n

(61) nli)ngon_l l;lnn(Y__é‘o_l)(Y_k) =loo,

where € is defined in (33).

PROOF OF (59). Let (ay)nen+ be a nondecreasing sequence such that
lim,, oo @, = 1 and for any n € N*, o, > 1/2. For all n € N, choose X, € X such
that

(©) e LAY L o = 85, LIV = JLIYE 2] o

Note that for all k¥ € N*,

(63) 850 LIYS x> o |L(Ye Nax| o = ckm 185, L{YS ™ )ix.

On the other hand, for all probability measures x € P(X) it holds that

@ S5 L)k © I Ixlo XEAY5)1x
& (¥}l oo 18 (¥}l oo 18 (Yi) oo

where (a) follows from the bound SgkL(Yé‘)]lx < |lg{Yx) ||008);kL(Y(§<71)]lx and (b)
stems from the definition (62) of «,,. Then

0 <n~'(In|L{¥§)1x| o, — In xL{¥§)1x)

(64) 8 L{Ys 'ix

< —n" oy + 17 (In(on |L{Y$)1x] o) — In xL{Y{)1x)
(65) < —n"'Ina, +n7(In8z, LY )x — In xL{Y})1x)

= —n""na, +n" ! (In 8z, L(Yo)1x — In x L(¥p)1x)

+”_1é[1“<5 85 L(¥g)1x )—m( xL(¥g)1x )}

5 LOYE iy xL(Y& 1y
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For each term in the sum it holds, by (63),

2Ry (L)
8, LYy ™) 1x xL(YE iy
8z L(Y51 Ly
< —Inag— +1n(LkO_>IX) 4%%),
85 LYy ™ )1x xL(rE iy

For all k € N*, (64) implies that

_ I xL(rg)ix

k—1
SliYo™ Mix = 3w

[

so that 6z, belongs to the set M (Yé‘_1 ) (x) [defined in (55)]. Proposition 16(i) then
provides a constant 8 € ]0, 1[ and a [P-a.s. finite random variable C,, such that

8z L(Yh)1 L(yf)1
(66) h{LkO_)lx) _ ln(%) <C, B
35 L(Yy " )1x xL(Yy ) ix
Finally, statement (59) follows by plugging the bound (66) into (65), letting » tend
to infinity and using (32). U

PROOF OF (60). For all (p,n) € N? such that p < n, define W,, =
In ||L(YI')’*1)ILX||Oo and Wp,n 21n ||L(Y__,f’+1)]lx||oo. Note that these two sequences
are subadditive in the sense that for all (p, n) € N? such that p <n,

WO,n =< WO,p + Wp,n,
WO,n < WO,p + Wp,n-

Finally, for all x € D, m € Nand yj" ' € Y, it holds that

m—1

O LD il 2 akb iz [T i Lbf ™o,
Using the stationarity of the observation process (Yi)xez, We get, via assump-
tion (A1)(iii), for all m € N*,
(mr) " "E(Wo,mr)
(68) = (mr) "E(Womr) = (mr) " "E(In|| L{yg" x| )
> r_lE(ln;relg8xL<y,£I;+l)r_l>IlD) > —o0.

The sequences (E(Wp,))nen+ and (E(Wo,n))neN* are subadditive; Fekete’s
lemma (see [30]) thus implies that the sequences (n_lE(Wo,n))neN* and
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(n_lE(Wo,n))neN* have limits in [—o0, oo[ and that
lim n~'E(Wo,,) = lim n~'E(W,_,)
n—oo n—oo
= inf n 'E(Wp.,)
neN*
= inf n "E(Wo.n).
neN*
However, by (68) there exists a subsequence that is bounded away from —oo,

showing that

inf n"'E(Wo,,) = lim n~'E(W,) > —oo,
neN* n—oo
inf n~'E(Wp,,,) = lim n'E(Wp,,) > —oc.
neN* n—oo

Now, by applying Kingman’s subadditive ergodic theorem (see [22]) and using
again that E(Wo, k) = E(Wy x) under stationarity, we obtain

lim n~'Wy,, = inf n 'E(Wp,,) = inf n 'E(W,,)
neN* neN*

n—o0o

= lim n 'Wo, =le,  P-as.,
n—0o0

where the last limit follows from (59). This completes the proof of statement (60).
O

PROOF OF (61). Since E(| lnn(Y__olo)(Yo)D < oo and the process (Yi)kez 1S
stationary and ergodic, (61) follows from Birkhoff’s ergodic theorem. [

APPENDIX: TECHNICAL LEMMAS

LEMMA 18. If (Up)uez is a stationary and ergodic sequence of random vari-
ables such that E(|Uy|) < oo, then

k—1
(69) Llim (k +m)1< 3 Ug) =E(Uy,  P-as.

l=—m

PROOF. Denote

k—1
Qlé{a)eﬂg lim (k+m)—1< > Ug(a))):E(Uo)},
k+m—o00 —m
—1 k—1
1 U U
Qe {weQ; lim L= V@) _ lim Lﬂk t@)

m— 00 m k— 00

= E(U())}.

By Birkhoff’s ergodic theorem, P(€27) = 1. To obtain (69), it is thus sufficient to
show that 2 N Q, = &. The proof is by contradiction. Assume Q{ N Q> # &, so
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that there exists w € Q{ N 3. For such w, the fact that w ¢ Q1 implies that there
exist a positive number €(w) > 0 and integer-valued sequences (k;,(w)),en and
(my(w))nen such that k, (w) + m, (w) > n and for all n > 0,

YR @l U ()

l=—my (w)
(70) —EUn)| = €(w).
kn(®) + mp ()
Consider the following decomposition:
kn(w)—1 _
é:(i)in,,(w) Uy(w) _ my(w) Zgzl_mn(w) Uy(w)

kn (@) +mp(@)  ky(@) + my (o) )
ko) YO Uy ()

First, assume that (k,, (w)),en 1s bounded. Since k,(w) + m,,(w) > n, it follows
that m,, (@) tends to infinity, implying that

(71)

109 k(@) + g (@)
(72) " L (w)”
im — =0,
n—00 k, (w) + my(w)
whereas Z]lf”:(g’ )-1 U¢(w)/ k,(w) remains bounded. However, since w € €2, and

limy,— 0o My (@) = 00,

Zﬁ_:l—mn () Ur(@)

n—oo my (w)
which implies, together with (72), that
kn(@w)—1
Z:(i)mn () UE (a)) —E (UO) .

lim
n—=00 k() + my(w)

This contradicts (70). Using similar arguments one proves that (m; (®)),eN is un-
bounded as well. Hence, we have proved that neither (k; (®)),en nor (1, (®))neN
are bounded.

Then, by extracting a subsequence if necessary, one may assume that
limy, s o ky (w) = lim,, oo My, (@) = 00. Since w € 23, this implies that

-1 2 (0)—
lim 2ty Ut (@) _ i ZIEZ(S)) "Uy()

=EUy).

Combining this with (71), we obtain that

kn(w)—1
nte Ui(w)
‘m ZE— my (w) = E(UO)v
n—>00 k. (w)~+ my,(w)
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which again contradicts (70). Finally, { N Q> = &, and since P(Q2;) =1, we
finally obtain that P(£21) = 1. The proof is complete. [

LEMMA 19. Let (Up)rez, (Vi)kez and (Wi)kez be stationary sequences such
that

E(In* Up) < oo, E(In* Vp) < oo, E(In* Wy) < oo.

Then for all n and p in 10, 1[ such that —Inn > E(In™" Vy) there exist a P-a.s. finite
random variable C and a constant B €10, 1[ such that for all k € N* and m € N,
P-a.s.,

k—1

l=—m

PROOF. See[15], Lemma 6. [
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