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ASYMPTOTICALLY OPTIMAL DISCRETIZATION OF HEDGING
STRATEGIES WITH JUMPS

BY MATHIEU ROSENBAUM AND PETER TANKOV
LPMA, Université Pierre et Marie Curie and LPMA, Université Paris Diderot

In this work, we consider the hedging error due to discrete trad-
ing in models with jumps. Extending an approach developed by Fuka-
sawa [In Stochastic Analysis with Financial Applications (2011) 331-346
Birkhéuser/Springer Basel AG] for continuous processes, we propose a
framework enabling us to (asymptotically) optimize the discretization times.
More precisely, a discretization rule is said to be optimal if for a given cost
function, no strategy has (asymptotically, for large cost) a lower mean square
discretization error for a smaller cost. We focus on discretization rules based
on hitting times and give explicit expressions for the optimal rules within this
class.

1. Introduction. A basic problem in mathematical finance is how to replicate
a random claim with Fr-measurable payoff Hr with a portfolio involving only
the underlying asset Y and cash. When Y follows a diffusion process of the form

(l) dYtZM(I’YZ)dt+G(taYZ)dWZ’

it is known that under minimal assumptions, a random payoff depending only on
the terminal value of the asset Hr = H (Y7) can be replicated with the so-called
delta hedging strategy. This means that the number of units of the underlying asset
to hold at time ¢ is equal to X; = apg;}}y,)’ where P(t, Y;) is the price of the option,
which is uniquely defined in such a model. However, to implement such a strategy,
the hedging portfolio must be readjusted continuously, which is of course physi-
cally impossible and irrelevant because of the presence of microstructure effects
and transaction costs. For this reason, the optimal strategy is always replaced with
a piecewise constant one, leading to a discretization error. The relevant questions
are then: (i) how big is this discretization error, and (ii) when are the good times to
readjust the hedge?

Assume first that the hedging portfolio is readjusted at regular intervals of length
h = % A result by Zhang [27] (see also [3, 18]) then shows that for Lipschitz
continuous payoff functions, assuming zero interest rates, the discretization error

T T
g;l_':/(; XtdYt—/(; Xh[l‘/h]dYt
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satisfies

T T 132pP\?
@) lim nE[(€])°] = EE[/O (W) o, Ys)4ds]
Of course, it is intuitively clear that readjusting the portfolio at regular determin-
istic intervals is not optimal. However, the optimal strategy for fixed n is very
difficult to compute.

Fukasawa [15] simplifies this problem by assuming that the hedging portfolio
is readjusted at high frequency. The performance of different families of strategies
can then be compared based on their asymptotic behavior as the number of read-
justment dates n tends to infinity, rather than the performance for fixed n. Consider
a sequence of discretization strategies

O:T61<Tln<...<TJﬂ<...’

with sup; |T;§rl — T;’| — 0 as n — o0, and let Ny := max{j > 0; T;’ <T} be
the total number of readjustment dates on the interval [0, T'] for given n. To com-
pare two such sequences in terms of their asymptotic behavior for large n, Fuka-
sawa [15] uses the functional

3) Jim E[N7]E[{E")r].

where (£") is the quadratic variation of the semimartingale (£/');>0. He finds that
when the underlying asset is a continuous semimartingale, the functional (3) ad-
mits a nonzero lower bound over all such sequences, and exhibits a specific se-
quence which attains this lower bound and is therefore called asymptotically effi-
cient.

In the diffusion model (1), the asymptotically efficient sequence takes the form

‘ ) 82P(TJ’.1, Yyn)
Tj’:l-i—l = lnf{t > TJn, |Xt — XTJ(1| Z hnT]},
“)
oP(t,Y;)
Xi=—7—,
Y
where /1, is a deterministic sequence with /#, — 0. In this case,
. n n 1 T 82P 2 2
(5) Jim E[N7]E[(E >r]=gE[ 3y2° 8 ¥s) ds] »
whereas for readjustment at equally spaced dates, formula (2) yields
, T T 192P\? A
©) Tlim_ E[NF]E[lE"),] = EE[/O (W) o (s, ¥y) ds}.

Using the Cauchy—Schwarz inequality, we then see that the asymptotically efficient
discretization leads to a gain of at least a factor 3, compared to readjustment at
regularly spaced points.
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Remark that the discretization scheme (4) is very different from the classical
approximation schemes for stochastic differential equations such as Euler or Mil-
stein schemes. In order to be implemented it requires the continuous observation
of (X;) and (Y;), which of course makes sense in the mathematical finance con-
text because the prices are, essentially, continuously observable and the need for
discretization is due to the presence of transaction costs.

While the above approach is quite natural and provides very explicit results, it
fails to take into account important factors of market reality. First, the asymptotic
functional (3) is somewhat ad hoc, and does not reflect any specific model for the
transaction costs. Yet, transaction costs are one of the main reasons why contin-
uous (or almost continuous) readjustments are not used. Therefore, they should
be the determining factor for any discretization algorithm. On the other hand, the
continuity assumption, especially at relatively high frequencies, is not realistic. In-
deed, it is well known that jumps in the price occur quite frequently and have a
significant impact on the hedging error. It can even be argued that high-frequency
financial data are best described by pure jump processes; see [7].

The objective of this paper is therefore two-fold. First, we develop a framework
for characterizing the asymptotic efficiency of discretization strategies which takes
into account the transaction costs. Second, we remove the continuity assumption
in order to understand the effect of the activity of small jumps (often quantified by
the Blumenthal-Getoor index) on the optimal discretization strategies.

Models with jumps correspond to incomplete markets, where the hedging issue
is an approximation problem,

T 2
(7) n’%nE(C"'—/ X[_dY[—HT) ,
0

where Y is now a semimartingale with jumps. The optimal strategy X* for this
problem is known to exist for any Hr € L?%; see [9, 10, 13, 14, 19, 24]. If the
expectation in (7) is computed under a martingale probability measure, then for
any admissible strategy X',

T 2 T 2
E<c +f X!_dy, - HT> _ E<f (X — X;"_)dY,)
0 0

®)
T 2

+ E(c—l—/(; X;_ dY; — HT> .
Indeed, [ X/ dY; is essentially the orthogonal projection of Hr on the subspace
of L? constituted by the stochastic integrals of the form [ X,_ dY; where X,_ is an
admissible hedging strategy. Therefore, the quadratic hedging problem (7) and the
discretization problem can be studied separately. Given that the quadratic hedging
problem has already been studied by many authors, in this paper we concentrate
on the discretization problem.
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Our goal is to study and compare discretization rules for stochastic integrals of

the form
T
/ X;_dY;,
0

where X; and Y; are semimartingales with jumps, with the aim of identifying
asymptotically optimal rules. In particular we wish to understand the impact of
the small jumps of X on the discretization error, and therefore we assume that X
has no continuous local martingale part; see Remark 3.

A discretization rule is a family of stopping times (Ts)f>O parameterized
by a nonnegative integer i and a positive real ¢, such that for every & > 0,
0=T5 <T{ <T; < ---. For a fixed discretization rule and a fixed e, we let
n°(t) =sup{T?:TF <t} and Ny = sup{i: T < T}. Motivated by decomposi-
tion (8), we measure the performance of a discretization rule with the L? error
functional

T 2
9) Ee) == E[(fo (X, — X,,(,)_)dY,> }

Also, to each discretization rule we associate a family of cost functionals of the
form

(10) cﬁ(g)zE[ 3 |XTig_XT;_1|ﬂ},

i>1:TP<T

with 8 € [0, 2]. The case 8 = 0 corresponds to a fixed cost per transaction, and the
case B = 1 corresponds to a fixed cost per unit of asset. Other values of § often
appear in the market microstructure literature where one considers that transaction
costs are explained by the shape of the order book.

In our framework, a discretization rule is said to be optimal for a given cost
functional if no strategy has (asymptotically, for large costs) a lower discretization
error and a smaller cost.

Motivated by the representation (4) and the readjustment rules used by market
practitioners, we focus on discretization strategies based on the exit times of X out
of random intervals

(11) T+1 il’lf{t>7}8:X[¢(X7}8—8Q1}8,X]}8 +85Ti8)},

4

where (a;);>0 and (a,);>0 are positive F-adapted cadlag processes.

In Theorems 1 and 2, we characterize explicitly the asymptotic behavior of the
errors and costs associated to these random discretization rules, by showing that,
under suitable assumptions,

. -2 f(atval’) i|
Slg%g €@ = |:./ Atg((lt,at) ’

llm gafﬂcﬂ(g) |:/ )\'tu (atsal‘) dt},
e—=0 g(a,, ar)
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where, for a, a € (0, 00),
X

f(g,ﬁ):E[/(;f (x;")Zdz], g(a.@)=E[t*] and
uP(a,a) = E[}X:*|ﬁ] < 00,

with t* =inf{t > 0: X ¢ (—a, a)}, where X™ is a strictly «-stable process deter-
mined from X by a limiting procedure, and the processes A and A are determined
from the semimartingale characteristics of X and Y.

This allows us to determine the asymptotically optimal intervals as solutions to a
simple optimization problem (Proposition 2). In particular, we show that in the case
where the cost functional is given by the expected number of discretization dates,
the error associated to our optimal strategy with the cost equal to NV, converges to
zero as N — oo at a faster rate than the error obtained by readjusting at N equally
spaced dates.

As applications of our method, we consider the discretization of the hedging
strategy for a European option in an exponential Lévy model (Proposition 4) and
the discretization of the Merton portfolio strategy (Proposition 5). In the option
hedging problem, we obtain an explicit representation for the optimal discretiza-
tion dates, which is similar to (4), but includes two “tuning” parameters: an index
which determines the effect of transaction costs (fixed, proportional, etc.) and the
Blumenthal-Getoor index measuring the activity of small jumps.

This paper is structured as follows. In Section 2, we introduce our framework
and in particular the notion of asymptotic optimality based on the limiting behavior
of the error and cost functionals. The assumptions on the processes X and Y and
on the admissible discretization rules are also stated here. Section 3.1 contains the
main results of this paper which characterize the limiting behavior of the error and
the cost functionals, and Sections 3.2 to 3.4 provide explicit examples of optimal
discretization strategies in various contexts. Sections 4 and 6 contain the proofs of
the main results and Section 5 gathers some technical lemmas needed in Section 6.

2. Framework. Asymptotic comparison of discretization rules. We are inter-
ested in comparing different discretization rules, as defined in the Introduction, for

the stochastic integral
T
/ X,_dY;,
0

where X and Y are semimartingales, in terms of their limiting behavior when the
number of discretization points tends to infinity.

The performance of a given discretization rule is assessed by the error func-
tional £(g) : (0, o0) — [0, co) (which measures the discretization error associated
to this rule) and a cost functional C#(¢): (0, 00) — [0, c0) (which measures the
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corresponding transaction cost), as defined in (9) and (10). We assume that the
cost functional is such that

limCP(¢) = +o0.
el0

For C > 0 sufficiently large, we define
e(C) =infle > 0:CP(e) < C}
and £(C) := E(e(C)).

DEFINITION 1. We say that the discretization rule A asymptotically domi-
nates the rule B if

(o)

lim sup — <1

To apply Definition 1, the following simple result will be very useful.

LEMMA 1. Assume that for a given discretization rule, the cost and error
functionals are such that there exist a > 0 and b > 0 with

. —a _ 5 . b }3 _ 2
(12) Llil(’)lé‘ E(e)=& and £1££ Cl(e)=C

for some positive constants & and C. Then

E(C)~C Yy E 45 C — 0.

We shall consider discretizations based on the hitting times of the process X.
Recall that such a discretization rule is characterized by a pair of positive
[F-adapted cadlag processes (a;);>0 and (a,);>0, and the discretization dates are
then defined by (11).

REMARK 1. Consider the discretization rules A = (a,a) and B = (ka, ka)

with k£ > (. These two strategies satisfy EA (C)= EB (C) for all C > 0. Therefore,
the optimal strategies will be determined up to a multiplicative constant.

Assumptions on the processes X and Y. Our first main result describing the
behavior of the error functional will be obtained under the assumptions (HY), (HX)
and (HX! ) stated below.

loc
(HY) We assume that the process Y is an [F-local martingale, whose pre-

dictable quadratic variation satisfies (Y); = fé Ag ds, where the process (A;) is
cadlag and locally bounded.
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(HX) The process X is a semimartingale defined via the stochastic represen-
tation

t t
X = Xo—l—/ by ds +f / zZ(M — n)(ds x dz)
0 0 Jz|<1

t
+// zM(ds x dz),
0 J)z|>1

where M is the jump measure of X, and u is its predictable compensator, abso-
lutely continuous with respect to the Lebesgue measure in time, u(dt x dz) =
dt x us(dz), where the kernel p,(dz) is such that for some o € (1, 2) there exist
positive cadlag processes (A;) and (I?,) and constants ¢4 > 0 and c— > 0 with
¢+ + c— > 0 and, almost surely for all 7 € [0, T],

(13)

(14)  x%u((x,00)) < K; and x%u,((—o0, —x)) <K,  forall x > 0;

x*pi((x,00)) = c4hy and  x%p((—00, —x)) > c- A
(15)

when x — 0.

(HX{;C) There exists a Lévy measure v(dx) such that, almost surely, for all 7,

the kernel i, (dz) is absolutely continuous with respect to A;v(dz),
(16) wi(dz) = Ki(2)Av(dz)

for a random function K;(z) > 0. Moreover, there exists an increasing sequence of
stopping times (t,) with t,, — T such that for every n,

(17) _/OTnA;{I\/K,(z)— 11*v(dz)dt < C,,

Cin <A <Cy, I?, <C, and |b;| < C, for 0 <t < 1,, and some constant C;, > 0.

REMARK 2 (Concerning the assumptions on the process Y). The assumption
that Y is a local martingale greatly simplifies the treatment of quadratic hedging
problems in various settings because it allows us to reduce the problem of mini-
mizing the global quadratic risk to myopic local risk minimization. In particular,
under this assumption, the error functional (9) becomes

T
E(e) = E[/O (X: — Xyer)* A dt].

While it may be unrealistic to assume that the stock price process is a local mar-
tingale for computing the hedging strategy, in the present study we have a differ-
ent objective. We are looking for the asymptotically optimal rule to discretize a
given strategy, that is, the rule which minimizes, asymptotically for large number
of discretization dates, the principal term of the discretization error. In the case of
equally spaced discretization dates, it is known (see [25] for a proof in the context
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of Itd semimartingales with jumps) that this principal term does not depend on the
drift part of the processes X and Y. We conjecture that the same kind of behav-
ior holds in the context of random rebalancing dates, which means that the drift
terms do not need to be taken into account when computing asymptotically opti-
mal discretization rules. Our methodology allows us to determine asymptotically
optimal discretization for a given process X, which may correspond, for example,
to a quadratic hedging strategy computed in the nonmartingale setting.

REMARK 3 (Concerning the assumptions on the process X).

— In this paper, we focus on semimartingales for which the local martingale part is
purely discontinuous, with the aim of determining the effect of small jumps on
the convergence rate of the discretization error. Therefore, we do not include a
continuous local martingale part in the dynamics of X. Indeed, it would asymp-
totically dominate the purely discontinuous part as shown in Proposition 7 in
the Appendix. The dynamics of Y can, in principle, include such a continuous
local martingale part, however in the usual financial models, when X has no
continuous local martingale part, this is also the case for Y. Note that from the
practical viewpoint, many exponential Lévy models popular among academics
and practitioners (Variance Gamma, CGMY, Normal inverse Gaussian etc.) do
not include a continuous diffusion part.

— Assumption (HX) defines the structure of the integrand (hedging strategy) X,
by saying that the small jumps of X ressemble those of an «-stable process,
modulated by a random intensity process (A;). This assumption introduces the
fundamental parameters which will appear in our limiting results: the coeffi-
cients «, ¢4 and c_ and the intensity process A. These parameters are deter-
mined uniquely up to multiplying A by a positive constant and dividing ¢ and
c_ by the same constant. Note also that these parameters can be estimated from
market data; see [1, 11, 12, 26].

— The parameter o measures the activity of small jumps of the process X. In
the case where X is a Lévy process, the parameter « coincides with the
Blumenthal-Getoor index of X; see [4].

— The assumption 1 < « < 2 implies that X has infinite variation and ensures that
the local behavior of the process is determined by the jumps rather than by the
drift part; see [22]. Note that in a recent statistical study on liquid assets [1],
the jump activity index defined similarly to our parameter « was estimated
between 1.4 and 1.7. However, this assumption does exclude some interesting
models and other statistical studies find that this parameter can be smaller than
one for certain asset classes [2, 8].

— The assumption (HX{OOC) is a technical integrability condition. In the sequel,
we shall always impose (HXIIOC) and sometimes also (HXﬁ)C) with p > 1. The

representation (16) of the compensator u of the jump measure of X implies that

the jump part of X is locally equivalent to a time-changed Lévy process. Indeed,
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time-changing the process with a continuous increasing process A; = fé Asds
has the effect of multiplying the compensator by A;, and making a change of
probability measure with density given by (30) has the effect of dividing the
compensator by K;(z). The objects v(dz) and K;(z) in this representation are
not unique, but they do not appear in our limiting results. In particular, it is easy
to show that the Lévy measure v necessarily satisfies a stable-like condition
similar to (15),

(18)  x%v((x,00)) > cy and x%*v((—00, —x)) = c_ when x — 0.
Indeed, there exists a constant ¢ > 0 such that
V=D =(f =D lpy<ijp+1f = Uljpp=12 forall f>0.

From this simple inequality, and denoting I, = [p(/K;(z) — 1)?v(dz), one
can easily deduce, using the Cauchy—Schwarz inequality that for another con-
stant C,

. 2
5011+c{/ v(dz)} 12
X

fxoov(dz) — fxoo K:(z)v(dz)

and also that

<CIl

([ ) ([ o)

for yet another constant C. By (17), under (HXIIOC), I; < oo for almost all ¢. For

any such ¢, we can multiply the above inequality with x*/? and take the limit
x — 0; we then get

o0 o0
lim x° / v(d2) = lim x° f K. (2)v(d2).
X — X

x—0

but the latter limit is equal to c4+ by assumption (15). Moreover, it is always
possible with no loss of generality to choose v so that it also satisfies

(19) xv((x,00)) + x*v((—00, —x)) < C

for some constant C < oo and all x > 0. Indeed, by property (18), it is enough
to show this for all x > ¢ with some ¢ > 0. But for this, it is enough to take

A

K
K;(z)zk—t for |z] > ¢
t

and use (14). Such a choice clearly does not violate condition (17). In the sequel
we shall assume that v has been chosen in such a way.
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EXAMPLE 1. In applications, the process X is often defined as solution to a
stochastic differential equation rather than through its semimartingale characteris-
tics. We now give an example of an SDE which satisfies our assumptions. Let X
be the solution of an SDE driven by a Poisson random measure

' t .
X,:Xo—i-/o bsds—i-/o / 1)/s(z)N(dsxdz)
(20) lz|<

'
+/0 /|z|>IVS(Z)N(ds x dz),

where N is a Poisson random measure with intensity measure dt x v(dz), N is the
corresponding compensated measure, and y : [0, T] x 2 x R — R is a predictable
random function.

PROPOSITION 1. Assume that v is a Lévy measure which has a compact sup-
port U such that 0 € intU and admits a density also denoted by v(x), which is
continuous outside any neighborhood of zero and is such that

o) =acy + 0(x) and x*T'D(=x)=ac_ + O(x)
20
whenx | 0

for some a € (1,2) and constants c+ > 0 and c_— > 0.

Suppose furthermore that for all w € Q2 and t € [0, T], y:(z) is twice differ-
entiable with respect to z, y/(z) > 0 for all z € U, y;(0) = 0, and there exists an
increasing sequence of stopping times (t,) with t, — T and a sequence of positive
constants (C,) with C,, < oo for all n, such that for every n, almost surely,

1
|| < Cy, C_ = Vt/(z) <C, and |V;//(Z)| <Gy

(22)
forall0<t<rt,,zeU.

Then the process X satisfies the assumption (HX) with 1, = y/(0)* and the as-
sumption (HXﬁ)C)for all p > 1.

The proof of this result is given in Appendix D.

Assumptions on the discretization rules. Our first main result (asymptotics
of the error functional) requires the following assumptions on the discretization
rule (a, a):

(HA) The integrability condition

T
E[ sup max(gs,ﬁs)z/ Atdt} < 00.
0

0<s<T
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(HA1oc) There exists an increasing sequence of stopping times (t,) with 7,, —
T such that for every n, C% <a,,a; < Cy,for0 <t <1, and some constant C,, > 0.
To obtain our second main result concerning the behavior of the cost functional,
we shall need the following additional technical assumptions:
(HA3) For some § € (0, 1) with (1 4+§) < «,

T
E[ sup (max{gsﬂ_l,aﬂ_l}H’S+max{gg”‘s)ﬁ—l,5§1+5)ﬂ—1})/ Ibs|1+5ds}
0

S
0<s<T

+E[ sup max{a,, @} EVC= DI+ minta | 7, ) (F-DAC)1+)

0<s<T

N

T -~
x/ K1+5ds} < 0.
0
(HA’) For some § € (0, 1),

T —~
E[ sup min(gs,ﬁs)_"‘m"s)/0 Kt”‘sdt

0<s<T

T
+ sup min(gs,ﬁs)_l_‘sf |bt|1+‘3dt} < 0.
0

0<s<T

REMARK 4. Condition (HA/Z) replaces condition (HA3) in the case g = 0.
For given g and given processes X and Y, we shall call a discretization rule (a, @)
satisfying assumptions (HA), (HAjoc) and (HA3) (if 8 > 0) or assumptions (HA),
(HAjoc) and (HA’Z) (if B = 0) an admissible discretization rule.

3. Main results. In this section, we first characterize the asymptotic behavior
of the error and cost functionals for small . From these results we then derive the
asymptotically optimal discretization strategies using Lemma 1.

3.1. Asymptotic behavior of the error and cost functionals.

THEOREM 1. Under assumptions (HY), (HX), (HX 1Y, (HA) and (HA1oe),

loc
. -2 _ r f(Q[’al) ]
(23) alg%s E(e) = E|:'/(; Ay —g(gt, 7 dt |,

where, for a,a € (0, 00),

*

ran=£l[ )y al swad=Er]

with ™ =inf{t > 0: X} ¢ (—a, a)}, where X* is a strictly a-stable process with
Lévy density
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and the constants c— and c4 are defined in assumption (HX) [equation (15)].

THEOREM 2. We use the notation of Theorem 1.

(1) Let assumptions (HY), (HX), (HX! ), (HA), (HAjoc) and (HA ) be satis-
fied. Then

P L }
24) hr%s C (8)_E|:/O 48(%»@) dt|.

(ii) Let B € (0,®), and assume that (HY), (HX), (HXlOC) (HXIOC) (for some
o > T Vv 2), (HA), (HAloc) and (HA») hold true. Then

. a—Bp u (a;,at) ]
(25) EIE)I%)S CP(e)= [/ Ap————— o(a,,a) dt |,

loc

where
uPa,a)= E[|X’t"*|ﬁ] < 00.

REMARK 5. Theorems 1 and 2 enable us to apply Lemma 1 and conclude that
for any admissible discretization rule based on hitting times, the error functional
for fixed cost behaves, for large costs, as

7 a 2/(@—p)
g ~C‘2/(“_ﬂ)E[ PRACILOM ] [ j “’)d} .
( ) /0 tg(gﬂal) / ' g(a[9al)

When the cost is equal to the expected number of rebalancings (§ = 0), the error
converges to zero at the rate C ~2/%. On the other hand, for equidistant rebalancing
dates, under sufficient regularity, the L? discretization error of the quadratic hedg-
ing strategy in exponential Lévy models is inversely proportional to the number
of rebalancings; see [6]. This means that while in diffusion models, asymptoti-
cally optimal hedging reduces the error without modifying the rate at which the
error decreases with the number of rebalancings [cf. equations (5) and (6)], in pure
jump models, any discretization based on hitting times, and a fortiori the optimal
discretization, also improves the rate of convergence.

3.2. Application: Computing the optimal barriers. In this section, we suppose
that the assumptions of Theorem 2 [part (i) or (ii), depending on S] are satisfied.
In view of Lemma 1, we shall use the following definition of an asymptotically
optimal discretization rule.

DEFINITION 2. A discretization rule (a, @) is said to be asymptotically opti-
mal if it is admissible, and for any other admissible rule (a’, @),

[/ Atf(_za l‘) :| [/ )\‘tu (at at) d :|2/(Cl_ﬂ)
g(a,, ar) g(a,.a;)

(26) <EU A f(at, t) } U N uﬁ(at,a)d]Z/(oc—ﬂ)
="l “e@.a) "g(d),a) '
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The following result simplifies the characterization of such rules.

PROPOSITION 2. Let (a, a) be an admissible discretization rule, and assume
that there exists ¢ > 0 such that for any other admissible rule (a’,a’),

f(atsal‘) +C)\. u (azaat) f(al/ :,/ +C)\, u (Cf;v__,;)
g(a,, ar) gla,a) ~ ' glal, glay,
a.s. forallt € [0, T]. Then the rule (a, a) is asymptotically optimal.

27) A,

PROOF. By the nature of assumptions (HA), (HAjc) and (HA) [resp.,
(HA )], for all ¥ > 0, the rule (ka, ka) is admissible. In addition, by the scaling
property of strictly stable processes,

f(KQ[’ KEI) = K2+af(6_lt7 al‘)7 g(KQ[’ Kat) = Kag(gp a[),
uf (ka,, ka;) = kPul (a,,a).

Using these identities in the left-hand side of (27) and the fact that (27) holds for
any (a’, a’), integrating both sides and taking the expectation, we get

T = T B =
E[/ Atf(gtailt) dl:| +CKa_ﬁE|:/ )\tu (KQI,K_(lt) dl:|
0 gla;,a;) 0 g(ka,, kay)

< E[/ PRACC L) dr} +cEUTA,—“ﬂ(K/Q;’K/_a; dt].
0 0

"e(k'd), k'a)) g(k'a;, k'ay)

Under the assumptions of Theorems 1 and 2, all expectations above are finite.
Indeed, the limiting error functional is finite by assumption (HA) since clearly
f(a,a) < max(a, E)zg(g, a). The finiteness of the limiting cost functional is
shown by applying Lemma 6 to the limiting strictly stable process to obtain a
bound on the function »? and then using assumption (HA») or (HAS).

Now, choose « so that

E/ M———dr =1 = K=E/ )»7 ¢
0 g(ka,, kay) 0 gla,,ar)

and «’ so that

T wPw'd, «K'a
E[/ )\‘t#dt}=lca_ﬂ
0

g(k'a;, k'ay)

1 T B, a 1/(a—pB)
= K’I—EI:[ )LZM (az t) d[] ]
0

K g(a;. ap)
This yields

r f(Q,,Ez) n2 f(Qt» t) i|
E[/o A e, a ‘”] = (<) E[/o Aeaay )
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Substituting the expression for «’, we finally obtain (26). [

The above result shows that we may look for optimal barriers as @ and a as
minimizers of

f(c_lﬂ?l) + C)\.I M'B(Qt’_al) }’
gla,, ay) gla,,a)

provided that the resulting g, and a; are admissible. Moreover if (a, @) is the solu-
tion of (28), then the scaling property shows that the solution of

f(gtsfl‘) + C/)\,t uﬂ(gt’_al‘) }
g(a,, ar) gla,, ay)

(28) min{At

min{At

is given by (ka, ka) with k = (¢’ /c)!/@=P+2 1f ¢/ > ¢, then k > 1, resulting in a
smaller cost functional and a bigger error functional. Therefore, in practice ¢ may
be chosen by the trader depending on the maximum acceptable cost: the bigger c,
the smaller will be the cost of the strategy and, consequently the bigger its error.

The functions f, g and u appearing above must in general be computed numeri-
cally. However, when the constants ¢4 and c_ in (15) are equal, which corresponds
for example to the CGMY model very popular in practice [7], the results are com-
pletely explicit, as will be shown in the next paragraph.

3.3. Locally symmetric Lévy measures. In this section we discuss a case im-
portant in applications, when the asymptotically optimal strategy can be computed
explicitly in terms of A and A.

PROPOSITION 3. Let the cost functional be of the form (10) with B € [0, 1].
Let the processes X and Y satisfy the assumptions (HY), (HX) with cy = c_,
(HX\ ) and (HX?. ) with p > ﬁ Vv 2 (if B > 0). Assume that the processes A, b

loc loc
and A satisfy the following integrability conditions for some § > 0:

A\ @re=p) T
E[( sup —> / A,dt} < 00,
0<t<T Az 0

A\ UHDB-0)/Qra=p) T _
E|:< inf —) / K,1+5dt:| < 00,
0<t<T A; 0

At o7 1+8
E|| sup — |by| " dt | < o0,
0<t<T At 0

A\ B=DAHD) T
E[( inf —) / |bt|1+5dt]<oo.
0<t<T A; 0

and, if B =1,

or,if B <1,
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Then the strategy given by
A\ /@ rap)
a,=ar= C<_>

is asymptotically optimal.

PROOF. The fact that X satisfies (HX) with c; = c_ means that the limiting
process X* is a symmetric stable process. Let (a, @) be an admissible discretization
rule. With a change of notation a, := Q’era’ and 6; = g;g and using the results

from Appendix A [Proposition 6, equations (53) and (54)], we can compute

fla,an) o , )
ga,.a) @+@+" (1+62(1+w),

uﬁ(gtval‘)
g(gt’al)
_ol'(l+oa)sina/2
T

© _ap —a)2 B-1 p—1
ol (z+2a) " (lz+a(1+6)|" +|z+a(1—-6)|" ")dz.

For fixed a;, both ratios are minimal when 6 = O (for the second functional this
follows from the convexity of the function x +— xP~1 for x > 0 and B < 1). More-
over, from the structure of assumptions (HA), (HAjoc) and (HA») [resp., (HA/Z)],
it is clear that the strategy obtained by taking 6 = 0, that is, the strategy (a, a) is
also admissible. Therefore, the asymptotically optimal strategy, if it exists, will be
symmetric in this case. By the same arguments as in the previous section, we can
show that the optimal strategy, if it exists, minimizes

S as, ar) M’B(at, a)
"glar.a;) " gla.a)
for each 7. Plugging in the explicit expressions computed above, we see that this
functional is minimized by
A\ [/ Cre=p)
a=c(5)

A;
for a different constant c. By the assumptions of the proposition, this strategy is
admissible, which completes the proof. [

A

3.4. Exponential Lévy models. In this section we treat the case when the pro-
cess Y (the asset price or the integrator) is the stochastic exponential of a Lévy
process. More precisely, throughout this section we assume that

t
Y, = Yo + / Y,_dZ,,
0
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where Z is a martingale Lévy process with no diffusion part and with Lévy mea-
sure v which has a compact support U € (—1, 0o) with 0 € int U and admits a den-
sity v(x) which is continuous outside any neighborhood of zero and satisfies (21).
From the martingale property and the boundedness of jumps of Z, it follows imme-
diately that assumption (HY) is satisfied with A; = Y,2 Ir 229(dz). For the choice
of the integrator X we consider two examples corresponding to the discretization
of hedging strategies on one hand and to the discretization of optimal investment
policies on the other hand.

EXAMPLE 2 (Discretization of hedging strategies). In this example we assume
that the integrand X (the hedging strategy) is a deterministic function of Y, which
is indeed the case for classical strategies (quadratic hedging, delta hedging) and
European contingent claims in exponential Lévy models; see [6, 19].

PROPOSITION 4. Let X; = ¢(t,Y;) with ¢ (1, y) € C"2([0, T) x R) such that
forallY >0and T* €[0,T),

) 09(t, y)
min
(t,)€el0, T*Ix[-¥, 7] 3y

> 0.

Then, assumptions (HY), (HX) and (HX? ) (for all p > 1) are satisfied with

loc
9 9 _ 9 ¢
bt=—¢(S, Ys)+_¢(S, Ys)Ys/ ZU(dZ) and )Vtz(yt_(p(t,yt)) .
ot Ay lz|>1 dy

Assume additionally that the function ¢ is such that the integrability conditions of
Proposition 3 are satisfied for some § > 0. Then the strategy given by

@ —a - C<8¢(t, Yz))a/(2+a_ﬂ)y(a—2)/(a—ﬂ+2)
=t — - t
dy

is asymptotically optimal.
PROOF. Applying Itd’s formula to ¢ (¢, Y;), we get

t t -
X, = $(0, Y0)+/O bsds+/0 fll<]ys(z)N(dsxdz)

t
+/0 -/I.z|>1 vs(2)N(ds x dz)

with v, (2) = ¢ (¢, Y (1 + 7)) — ¢ (¢, Y;), which means that we can apply Proposi-
tion 1. The local boundedness conditions required by this proposition follow from
the local boundedness of ¥ and the continuity of the derivatives of ¢. The second
statement is a direct corollary of Proposition 3. [
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REMARK 6. Using the Cauchy—Schwarz inequality and the fact that ¥ admits
all moments (because Z has bounded jumps), one can show that the following
more compact condition implies the integrability conditions of Proposition 3: for
some § > 0,

E[( sup @l (t, Y (1+x)) + sup [¢;(, Y1)

)2+3
xeU,0<t<T 0<t<T

+ (Osi?SfT ot Y,))—a<z+s>] <00,

This condition can be checked for specific strategies and specific parametric Lévy
models using the explicit formulas for the hedging strateigies given in [6, 19], but
these computations are out of scope of the present paper.

REMARK 7. When 8 =0 and o — 2, we find that the optimal size of the
rebalancing interval is proportional to the square root of % (the gamma),
which is consistent with the results of Fukasawa [15], quoted in the Introduction.

EXAMPLE 3 (Discretization of Merton’s portfolio strategy). A widely popu-
lar portfolio strategy, which was shown by Merton [21] to be optimal in the con-
text of power utility maximization, is the so called constant proportion strategy,
which consists of investing a fixed fraction of one’s wealth into the risky asset.
Since the price of the risky asset evolves with time, the number of units which
corresponds to a given proportion varies, and in practice the strategy must be dis-
cretized. Given the importance of this strategy in applications, it is of interest to
compute the asymptotically optimal discretization rule in this setting.

Assuming zero interest rate, the value V; of a portfolio which invests a pro-
portion 7 of the wealth into the risky asset Y and the rest into the risk-free bank
account has the dynamics

T dy, T , Vi
29) Vr=Vp +/ 2V, 2y, +/ X, dY,  withX, =7
0 Y, t— 0 Y, t
The following result provides the asymptotically optimal discretization rule for
this integral.

PROPOSITION 5. Assume that U C (—%, o) ifm>1and U C (—1, —%) if
7w < 0. Then the strategy given by

a, =7, = V& Cra-Py~2+)/Cra=p)

is asymptotically optimal for the integral (29).

PROOF. Applying the 1t6’s formula, we find the dynamics of the integrator X,

! 4 X,_z?
X, = Xo+ (7 — 1)/ / v(dz) ds.
0 Ju +z

X
14z

N(dsxdz)—i—(l—n)/(;th -
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Hence, X can be written in the form of (20) with

Vs = 1+2 s = s Rl1+2 |z|<1 |z|>1 .

Under the assumption of this proposition, the process X does not change sign, and
we can assume without loss of generality that (7 — 1) X is always positive (other-
wise all the computations can be done for the process —X). Since X is a stochastic
exponential of a Lévy process with bounded jumps, it is locally bounded, which
means that by Proposition 1, X satisfies the assumption (HX) with

=y O =] = DX,_|*

and the assumption (HXﬁ)C) for all p > 1. Moreover, since the compensator of the

jump measure of X is absolutely continous with respect to the Lebesgue measure
(in time), we can take A; = |(7r — 1) X|%. Also, one can choose I?t =CX; for C
sufficiently large in condition (14).

To check the integrability conditions in Proposition 3, observe that the processes
Ay, A, Ky and b, appearing in these conditions, are powers of stochastic exponen-
tials of Lévy processes with bounded jumps. They can therefore be represented as
ordinary exponentials of (other) Lévy processes with bounded jumps, but an expo-
nential of a Lévy process with bounded jumps admits all moments, and its max-
imum on [0, 7] also admits all moments; see Theorem 25.18 in [23]. Therefore,
the integrability conditions in Proposition 3 follow by using the Cauchy—Schwarz
inequality, and the proof is completed by an application of this proposition. [

4. Proof of Theorem 1. Step 1. Reduction to the case of bounded coefficients.
In the proofs of Theorems 1 and 2, we will replace the local boundedness and
integrability assumptions of these theorems with the following stronger one:

(H;) There exists a constant B > 0 such that % <At a,,a; < B, |As| 4 |bs] +
|[?,| < B for 0 <t < T. There exists a Lévy measure v(dx) such that, almost
surely for all ¢, the kernel u,(dz) is absolutely continuous with respect to A;v(dz):
wi(dz) = K (dz)A;v(dz) for a random function K;(z) > 0. Moreover the process
(Z;) defined by

(30) zo=¢( [ (K@) =D = wids xd)

t
is a martingale and satisfies
EQ[ sup |Zt|_’°] <oo and E[ sup Zt] < 00,
0<t<T 0<t<T
where Q is the probability measure defined by
dQ
d_P Fr :

=Zr.
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Indeed, we have the following lemma.

LEMMA 2. Assume that (23) holds under the assumptions (HY), (HX) and
(H{). Then Theorem 1 holds.

PROOF. First, observe that for every n,

EHfOTn/R((KS(z))_l —1)*M(ds x dz)}l/z]
< EH/Otfl S(Z)fl_1|§1/2((1<S(z))‘1 —1)’M(ds x dz)}l/z]

+ EH/O /IKS(Z)‘1—1|>1/2((KS(Z))_l —1)>M(ds x dz)}l/z].

Using the Cauchy—Schwarz inequality for the first term and the fact that the second
integral is a countable sum together with Proposition II.1.28 in [20] for the second
term, we see that this last expression is finite since by assumption (HXlloc),

i 12
n . )
EM Amwmgﬂ““” —nmwx@ﬂ

T _1
—i—E[/O /Is(z)'—1>1/2‘(KS(Z)) — 1|u(ds xdz)] < 00.

This implies that the process

t
—1
L, :/0 /R((KS(Z)) — 1) (M — p)(ds x dz)
is a local martingale and satisfies E [[L]lT/AZTn] < oo for every n; see Defini-
tion I1.1.27 in [20]. The process Z; := £(L); is then also well defined, and we
take 0, := 1, Ainf{t: Z; > n}. Then
12 on AT 2 1/2
SUp Zing, <n+|AZg,|1o,<T <n+ [Z], A =1+ (/0 Zt_d[L]t)

0<t<T N

<n+nlL1}/% .
the last term being integrable. Therefore, we can define a new probability mea-
sure Q" via
do"
dP
By Girsanov’s theorem (Theorem II1.5.24 in [20]), M is a random measure with
predictable compensator u<" := dt x A,v(dz) under Q" on {t < 0,} and

=7 .
7 tAGy

Zt_/\lo‘” = 5(/0'(Ks(2) -1)(M - ,uQ”)(ds X dz))

tAoy



ASYMPTOTICALLY OPTIMAL DISCRETIZATION 1021

Therefore, by similar arguments to above, we can find an increasing sequence of
stopping times (y;) with y, — T and such that both

E[O;JET Zt/\yn] <oo and EY [OiltlET Z ] < 0.

Now we define Y/" =Y; A and X" via equation (13) replacing the coefficients
)\.[, b[ and K[(Z) with )\. = )\‘[/\)’ , b = bf/\]/n and Kn(Z) KZ(Z)1I<}/n + lt>)’n‘
Moreover, we define @ := g, ,,, , @ =y, The stopping times T/" and " (1)

are defined similarly. Note that A" i= A;1<,, satisfies [ A7 ds = (Y™),, that X"
coincides with X on the interval [0, y;,] and that the new coefficients satisfy as-
sumption (H/). Consequently,

Vn T 2
) 2 )
181&}8 E[fo (X — Xy0) Atdt} 218111(}8 E[(/o (XF = Xn) dY”) ]
I’l _}’L
_EU A” —”_” d]
" g(at,ay)
:E[/ f(a”a’)dt]
o g,an I
which implies, by assumption (HA), that

Vn a,,a r T -
E[/ f( == t) <E| sup max(gs,ﬁs)zf A, dt | < +o0,
0 g(a;,at) i LO<s<T 0 i

and so by Fatou’s lemma,

|:/ Atf(at’at) <E| sup max(as,as)/ A,dt < +00.
g(at,at) i Lo<s<T

Therefore, by dominated convergence
11mE[ f(atval’) }
n Yn g(at ’ al‘)
On the other hand,
T T
e2E | (X: — Xy))? A, dt < E[ sup max(a,,as)’ | A dt].
Yn 0<s<T Yn

The right-hand side does not depend on & and converges to zero as n — oo by
the dominated convergence theorem. Therefore, the left-hand side can be made
arbitrarily small independently of ¢, and the result follows. [

Step 2. Change of probability measure. We first prove the following important
lemma.
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LEMMA 3.  Under the assumption H{, almost surely,

lim s —T7)=0.
64)01 TEET( l+1 )

PROOF. In this proof, let us fix w € Q. By way of contradiction, assume
that there exists a constant C > 0 and a sequence {&,},>0 converging to zero

such that for every n, there exists i(n) with Tli’;l) . Tli’;l) > C. From the se-

quences {T(n)—H}” and {T(,,)}n we can extract two subsequences {7 (¢(n))+1}”

and {T(¢ (n))},, converging to some limiting values 77 < 7. For n big enough,
there exists a nonempty interval Z which is a subset of both (77,77) and

Eb(n Eb(n
(T(((l;)((r)z))-i-l’ 1(?5(”))) Now using that sup, e M e [X; — X5| <2Begn),

i@+ Tig )
we obtain that sup, ,.7 |X; — Xs| =0, Wthh cannot hold since X is an infinite

activity process. [

Let AT;41 =T;41 AT — T; A T. The goal of this step is to show that

hrns ZE[/ (X, — n(,))zA,dt}

(31)
TipqAT

(X, — XT,.)Zdt].

-2
= hﬁ)l E9Q |:Z ZT /\TATl/\Tg /

i=1 LAT

We have

T
ezE[ / (X: — Xy)* Ay dz]

Tipq AT
—22 [/T (X, — X1)* (A, —AT,»)df]

AT

) 0 TitiNT )
ZE [ TrnrA / (X; — X1) dz]

T; AT

Since fort € [T;, Ti+1), (X: — X1, )2 < B2¢2, using the boundedness of A, (31) will
follow, provided we show that

+00 T, AT
(32) lim E[/ |A; — AT dt} =0
el0 = T;AT
and
(33) 11mZEQ [125) ar = Zinr|ATi] =0.
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Limit (32) follows from the dominated convergence theorem (A is bounded by
assumption (Hl’ ) and A, ;) — A, almost everywhere on [0, 7] since A is cadlag
and by Lemma 3). Using the fact that Z~! has finite quadratic variation together
with Lemma 3 and the Cauchy—Schwarz inequality, we get that, in probability,

+00
. -1 -1
im Y |Zz 7= Zg | AT =0,
sLOiZO

Then (33) follows from the integrability of sup, (o 71Z; ! which is part of assump-
tion (H)).

Step 3. First, observe that by the dominated convergence theorem, since
sup; AT; tends to zero, (31) is equal to

Sp:=1lmS¥
1 Slﬁ)l 1

e Ti 1

with §¢ := E? [Z Ir,<T A7, Z;IS_ZE]QT [/ (X, — XTi)zdt”.

‘ ! i T

i=0 !

For this expression to be well defined we extend the processes A, b, a, a by arbi-

trary constant values beyond 7' and define the process X for ¢ > T accordingly.
Define a family of continuous increasing processes (As(2))r=0 indexed by s >

0 by Ag(t) = fs”t A dr, the family of filtrations G = Fr,4, and of processes

(X1)i=0 and (X!);=0 by

X=X X7,

1

Ti+Az (0 Xt

Ti+A7 (1) .
1 1 __ _
_/T,- byds,  Xi=Xp o

The process ()2';),20 is a (Gﬁ)-semimartingale with (deterministic) characteris-
tics (0, v, 0) under Q, and therefore, it is a (G;')—Lévy process under Q (Theo-
rem I1.4.15 in [20]).

Let 7; = inf{t > 0: f(; ¢ [_QT,- g,ar;el}. Using a change of variable formula we

obtain that
Tin T Xi)2
f (X,—XTi)zdt:/ (—S)_lds.
7 0 AT+ A7 (5)

Using the cadlag property of A together with the various boundedness assumptions
and the integrability of supy_, .y Z; I we easily get that

0 ArZ7! 5o
S; =limEQ| S 1peqp—— Tt ¢—2F¢ [/ X Zdt:| .
1= lim L;T,sr . ° EAfy ()
Then we obviously have that

o0 ArZ7Y T T 5oL
=t p| S g [ ]|
A o M EF (Tip1 =T Lo
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Now note that

T ds

34 T; T, = _
G T a@mag o)

Then

ZTl Tivn—T; _ T2
[ZIT,<T i Q’+ e ZE]%[[_/O (X1 dt]

My ES [T =T
ad T —T; T,

- EQ|:Z In<rArZy' g—e2E2 [/ (X;)Zdt” + R
i=0 E}‘Ti (7] 0

with

o
|R®| < CEQ[Z <727 (Tig1 — Th)
i=0

y )7, Ery [5i] EfT g ds/(\(T; +Ag, (S)))]H
Ez, [fy' ds/O(T; + AL ()]

Using (34), we obtain that

\R8\<CEQ_§:1T<TZ—1 AV Er [5]— Ex Uﬁ L”
— i= L A L l
= T Lo aT + A7 ()

1
<CE? Ilr,<rZ4 / —‘ds
Z = M AT+ AL () }

)

which is easily shown to converge to zero. Consequently, we conclude that

0, ] x.
. T =T o0 [ (7 e
(35) SI:hmEQ[E:lTi rArZ 2 L2 U X dt].
0 ST B m b X

Tit1

1 1

)\.T’l )L(S)

<CE? Z <127 .

Step 4. Comparison of hitting times and associated integrals. We start with the
following lemma:

LEMMA 4. Letk e Ry andn € N. Then

T .. n o
iﬁ’”(gﬂ,an)sE%iK/O |X;|”dt) }Sf:’n(gn,ﬁn)
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whenever the expression in the middle is well defined, where [ . and f, are deter-
ministic functions defined by

ig’”(a, b) = EQ[</Orl | X, |< dt)n] and

7" @, b) = EQ[( [ AT dr)n],

with X, = )A(? and
) =inf{r: X, < —ae + tB* or X, > be — t B?},
) =inf{r: X, < —ae — tB* or X, > be + 1 B?},
t/ =inf{r:|AX,| > e(a + b)).
The proof follows from the fact that | X ; - X §| < ¢B? and that X is a g;' -Lévy

process under @, and that a jump of size greater than ¢(a + b) immediately takes
the process X' out of the interval.

LEMMA 5.

(36) lsiil(}gf(wra)nig,n(a’ b) = lgifgef(x+a)n?';’"(a’ b) = f**"(a, b)

uniformly on (a, b) € [ay, az] X [b1,b2] for all 0 < ay; <ap <00 and 0 < by <

by < 00, with
* n
f*”"”(a,b):E[(f |X;‘|”dt) ]
0

where X* is a strictly a-stable process with Lévy density

Ct Iyso+c-lyco

*
Vv (x):
|x|1+a

and v* =inf{t > 0: X} ¢ (—a, b)}.

PROOF. For e > 0, let us define X! = s_lﬁgat, Xf’l = X? —tB%e* 1, Xf’Z =
X¢ +tB%* ! and

ol =inf{r, X' < —a), 2 =inf{r, X52 > b},
ol =inflr, X2 < —a), o =inflt, X5 > b)
ol =inflr, X6 < —a), o =inf{r, X{ > b}
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We write 77 = rf’l A rf’z for i = 1,2,3. Similarly, we define /¢ := inf{z:
|AX?| > (a+ b)}. Observe that by a change of variable in the integral,

43 n
et proa ) =0 ([ xifar) |

_( + ) —K.n tze/\r.m K "
g~ (keI f (a,b):EQK/ | x¢| dt) }
0

From Lemma 11, we have that X converges to X} in Skorohod topology. From
Skorohod representation theorem, there exists some probability space on which are
defined a process Y* and a family of processes Y¢ such that Y¢ and X* have the
same law, Y* and X™* have the same law and Y? converges to Y* almost surely, for
the Skorohod topology.

This implies that Y&! and Y%?2 also converge to Y* almost surely, where
Yf’l =Y - tB%*~! and Yf’z =Y+ tB?*~ !, Now using that the application
which to a function f in the Skorohod space associates its first hitting time of a
constant barrier is continuous at almost all f which are sample paths of strictly
stable processes (see Proposition VI.2.11 in [20] and its use in [22]), we obtain
that o converges almost surely to o* for i = 1,2, 3, where o and o* are de-
fined through Y&l ye2 Y* in the same way as 77 and T* through xel xe2 x*
Moreover, since o5 < o/:¢ for all &, we also have that o5 A 0/¥ — o* almost
surely.

Now remark that, almost surely, Y converges almost everywhere in ¢ to Y;*;
see Proposition VI.2.3 in [20]. Therefore, since |Y/| ltsaf < max(a, b) and
Y711 <gienos < max(a, b) + B?t, using the dominated convergence theorem, we
obtain that almost surely

O—f n o* n
(/ |Yf]"dt) —><f ]Y,*\Kdt> and
0 0
afA(r-i'g n o* n
(/ ¢Y5|“dt> _></ |Y,*|"dt>.
0 0

Finally, we deduce that

‘L’f" n T* n
(/ |Xf|”dt> _></ |X;k|”dt> and
0 0
tSAT)e n T* n
</ \xf;“m) %(f |X;"]"dt>,
0 0
in law.

Now note that /¢ is the first jump time of a Lévy process with characteristic
triplet given by (0, e*v|(—(a+b)e, (a+b)e)c, 0). Using that this process is a compound
Poisson process, we get

P[t/¥ > T] < exp{—Te*v((—00, —(a + b)e] U [(a + b)e, 00))},
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which, by property (19), implies that the family (z/:%)s~¢ has uniformly bounded
exponential moment. This implies that the families

AT n Ty n TEAT)E n
(/ {Xf|"dt> and (/ |Xf}”dt> :(/ {Xf|"dt>,
0 0 0

parameterized by ¢, are uniformly integrable, and therefore the proof of the con-
vergence in (36) is complete.

It remains to show that the convergence in (36) is uniform in (a, b) over com-
pact sets excluding zero. To do this, first observe that f*"(a, b) is continuous
in (a, b) on compact sets excluding zero (this is shown using essentially the same
arguments as above: continuity of the exit times for stable processes plus uni-
form integrability). Second, since both f “n and fi e " are increasing in a and b,
a multidimensional version of Dini’s theorem can be used to conclude that the
convergence is indeed uniform. [J

Step 5. First, let us show that
T; T; N
S —hmEQ|:er<TAT Z; S EE, U X,zdt”.
E]:Ti [7i] 'LJo

Indeed, the absolute value of the difference between the expressions under the limit
here and in (35) is bounded from above by

o0 =

i —T; _ T A~ A

EQ|:E 1T,~§TAT,~ZTI_1%8 ZEJ%_A |:/. |(X;—X;)(X1+Xt)|dti|:|
i=0 EJ’T,-[I"] 'LJo

[ o0
T — T 3 -
37 <CE%| Y lnerzy'—5—¢EZ, [rﬁ+rﬁe]}
Li=0 E]—'Tl. [7i]

r —0,3 _ —0,2 _
& e Xf (ar,ar)+e VF. (ar,ar
< CEC| Y 1yap 2y (T — 1L @@ £ Je an, an) |
Li=0 S (ar,ar)

where C is a constant which does not depend on ¢. Using Lemma 5 and the fact
that o« > 1, we get

_1—0
b
(@ b) —0 ase — 0.

s27 0 (a,b) + ¢
sup o1
1/B<a,b<B S, (a,b)
This, together with the fact that E€[supy-, -7 Z; 11 < oo, enables us to apply the

dominated convergence theorem and conclude that (37) goes to zero.
Finally, we have that

5_2_“72’1(61 ar,)
Ly AT,
S1 <limsup EC| Y 1p<r A7, Z7 (Tiy) — T)) e L
el0 ,X(:) n " e f¥ N ay, ar)



1028 M. ROSENBAUM AND P. TANKOV

—2—a 2,1 —
Si >11msupEQ|:er<TATZ (Tiqq — T,-)g _%81 (QTi’aTl):|.
&l0 =0 e f, (ar,ar)
Using for («,n) = (0, 1) and («, n) = (2, 1) the uniform convergence on [1/B, B]
of g~ (k+an ig” and 8_(’“”")”72’” toward f**" which is continuous, together
with a Riemann-sum type argument and the dominated convergence theorem, we
obtain that

*,2 *,2,1 —
SleQUOTA,Z— Md}_E[/OTA,Mdt].

f*0%(a,,a) f*%%a,, a;)

5. Preliminaries for the proof of Theorem 2. In this section, we prove some
technical lemmas concerning the uniform integrability of the hitting time counts
and the overshoots, which are needed for the proof of Theorem 2.

LEMMA 6. Under the assumption (HX), for all € [0, @) and ¢ > 0,
E}'Tl» [lXTiH - Xr; |ﬂ]

_ _ Tit+1
<cefl max{gg, I,E’; YEz, [/ |bs|ds:|
1 1 1 7"1
(38)
+ ceP~max{ay,, ar )V

Tiv1
x min{ar,,ar,} PP COER, [ / K, ds],
"LJT;

provided that the right-hand side has finite expectation.

COROLLARY 1. Under the assumption (HX), for all € > 0,

Tiv1
g% < ce? ! min{c_lTi,ETi}_lEfTi [/T |bs|ds]
i

Tit1
+cminfay,,ar,} *EF, |:/ K ds:|,
LT
provided that the right-hand side has finite expectation.

PROOF. Apply Lemma 6 with 8’ =0, aT = aT = min{ar,, ar;}; then multi-
ply both sides of (38) by &* and use the fact that the hlttlng time of the new barrier
is smaller than 7;41. O

PROOF OF LEMMA 6. First of all, from (14) we easily deduce by integration
by parts that

/ |zlpu(dt x dz) < CK,x'"® and
x<|z|=1
(39)
/ 22u(dt x dz) < CK,x*®
lz|<x
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for all x > 0, for some constant C < 00.
For this proof, let

F () = xlozvsoaye Qan )’ + x| Loaage + %71 gap e<xz0ar,e)’ ™
+ |x|/31x<72£ri5‘
By 1t6’s formula,
262 E 5, [1X1,,, — X1,1°]

= E]'—Ti [f(XTi+1 - XTI)]
Ti+

o [/T F/(Xy — X1.)bs ds}

Tiy1
@) k| [ [z X - 0 - X
— f'(Xs — X1zl |z <1} u(ds x dz)}
Tiy1
+E]-'Ti|:/T_ /R{f(XS—_"Z_XTi)

P Xy — X1} (M — w)(ds x dz)]

The first term in the right-hand side satisfies
Tiy ,
Ery [/T f(Xs—XTI.)bsds]

Tit
< (2e)P! max{g%_l,E%_I}EfTi [_/; Ibslds].

For the second term, we denote As :={z: X; +z — X7, € (—2aye, 2ar.e)} and
decompose it into two terms,

Tit1
Er | [ 1rt =X
(X = X1) = Xy = X121t bt (ds % dz)]
Tit+1 8 B—1 B—1 —p—1
SCEfT,[f / {lzIP + &~ max{ay. a7} '}
‘Un Japearer Pl

[zl u(ds x d2)|
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< CeP~{max{a), “. @), “} +max{a), @y Y max{a) @ @} )]

Tiv1
X Efri |:/T K ds}

1

and

Tit1
Ery| [ [ 15t 4= X - £ - X

(X — X121 et ) (ds x dz)},

which is smaller than

Tit1 =,
Erp, [/;l f&{/o Xy — X, +x)(z—x)a’x}u(dsxdz)]
Ti+1
= Er | [ [ 50 = Xzt s x da)|

_ _ Tiy1 plare
< CeP2 max{gg, 2,5[;, Z}E;T, [/ / 22u(ds x dz)]
1 1 1 ]’*l

—3gTi£
_ _ Tiy1 plare
+ Cef! max{g’; 1,5? 1}E]-‘T‘ [/ / 22u(ds x dz)}
i i i T; _327}8

< CeP (max{g%_z, E%_Z} +¢ max{g’%_l , 5’%_1 )

X maX{QZT;“, EQT:"}

where we used (39) in the last inequality. Assembling the terms and doing some
simple estimations yields the statement of the lemma, provided we can show that
the third term on the right-hand side of (40) is equal to zero. Splitting it, once
again, in two parts, we then get

T+
E]:Ti|:f 1/ ’f(XS+Z—XT;‘)_f(XS_XTi)|M(dSXdz)i|
noJac

Titi
<ceq [ | 2l u(ds x d2) |
YLIT; —00,—ar, £)U(ar;€,00)

Tiv1
< Cmax{g’%ﬁa, E’%ﬁa}E;Ti [/ K, ds},

i
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and for the other term, using the “isometry property” of the stochastic integral with
respect to the random measure together with (39), we obtain

Tis f(Xs—‘f‘Z—XTi)—f(XS_XTi) 2
£ [</T /As B2 _p—2 (M — p)(ds x dz)) }

max{gTi .ar, }

Ti+1 357‘1.8
<Ce?Ex, [/ / 22 u(ds x dZ)}
"L

7327}_ &

Tiv1
< CeP~ " max{at a5 “)EF, [f K, ds].
4 1 1 ]'vl
Using the fact that both these terms have finite expectation by the assumption of
the lemma, we can now apply standard martingale arguments to show that the third

term in (40) is equal to zero. [

LEMMA 7. Assume (HX) and (HA3). Let {t,} be a sequence of stopping times
converging to T from below. Then there exists €* > 0 such that

NE 148
(41) sup E|:(8”‘_’3 > 1Xr, — X1, |ﬂ) } <00
i=1

O<e<e*
and
NE. 1+6
. . a—p _ B —
(42) nl;n;@l;ggE[(s Y X7 Xm) }—0-

i=Ng +1

PROOF. In this proof, we shall use the notation
A, = sup (max{gf_l,af_l }1+8 + max{g§1+8)ﬁ_l,5§1+5)ﬁ_l })|bt|1+s
0<s<T

BV (2—a))(145) ,B—2)A(—a))(1+6)l’(”tl+5.

+ sup max{a,,a}' min{a,, @, }¢

0<s<T

We now use a martingale decomposition of the sum of the increments. So we write

n
S 1X7, — X1, 1f = My + My + Z,,
i=1

n

My =Y {IX1, = X1,_,|f — Ex,_ [IX1, — X1,_,1P]},
i=1

T; Ti
n J7 AT ds
Ti_q 43s
Mf:ZEfr,«l[|XTi—XT,-_1Iﬂ]{1— T }
i=1 Er, Uz As'™ ds]
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Ti-1

T.
" Jr AsTlds
T_; s
Z” = Z E]:Tifl [|XTZ - XTi—l |'B] lT, Ti_ )
i=1 Er, Uz, As'™ ds]

where we write
Al = sa_lmax{c_l%_l,ﬁgi_lﬂbsl
+ max{ar,, ar, V- min{ar,, ar; yB=2N O g

The processes M! and M? are martingales with respect to the discrete filtration
.7-";1 := Fr,. Note that for every F-stopping time 7 < 7, Nf is an F4_stopping
time. The Burkholder inequality for a discrete-time martingale M then writes

-, N& (148)/2
E[|Mys — My:|'°] < CE ( > (M,-—Mi_l)z) }
L \i=Ne+1

_ N?
<CE|l Y M —M,-1|1+5},
Li=Ne+1

and therefore,
a—p | 1 1+6
E[|e*"(M ¢ =M Ng) ]

— N%
<Ce PUDE| N |1X1, — X1, )P —Ex [IX7, — Xn_llﬂ]}lw}
Li=Ne+1

— N%
< Cg(a—ﬂ)(1+5)E Z E]'—Tl»_l [lXTl _ XTi_l |f3(1+3)]:| )
Li=Ne+1

By Lemma 6, this is smaller than

, , Tye
CE[@‘"(I'HS)_1 sup max{af ! @P _1}/ K |bg| ds

N
0<s<T NE

/ / TNS ~
+ &% sup max{a,,a,}’ V> min{a,,a,}"? _Z)A(_“)/ " K ds]
Ty

0<s<T
e 1/(1+6)
A ds} ),

b TN?_ Ty
<Cs (EU Asds}—i-E[f
Ty Ty

& &
T T

&
T

with B’ = B(1 + 8), where the last estimate can be obtained, for example, by
Holder’s inequality.
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Similarly, the process M? satisfies
a—B(ag2  _ ag2 \|1+8
E[|e* 7P (My: — My:)| ]

— N;{

T; T, T; T. 1+6
<CE| > { As"'ds — Ex, 1[/ AS"lds“ }
LT

Li=ne+1 VU Tim

T; . 146 The
{ Al ds} } < CE[/ r (A;?s)1+5ds]
T Tye

_ &
NT
7 N

Li=Nt+1

Tne __
<CE / Asds:|.

L TNl{t

The process Z can be treated along the same lines as well, since by Lemma 6,
Tye 1+4 Tye
E[|e*P(Zy: — Zno)|' "] < CEH/ T AS ds} ] < CEU r Asds]
TN? TN?

The three expressions above are uniformly bounded by the assumption of the
lemma, proving (41). To show (42), observe that

Tye T __ T
E[/ r Asds} < E[/ Asds} + E[ sup / Asds].
Tye, T T <T JTi-1
The first term does not depend on ¢ and converges to zero as n — oo by the as-

sumption of the lemma and the dominated convergence. For the second term, we
use Lemma 3 and the absolute continuity of the integral. [

In the case 8 = 0, assumption (HA>) can be somewhat simplified.

LEMMA 8. Assume (HX) and (HA). Let {t,} be a sequence of stopping times
converging to T from below. Then there exists €* > 0 such that

sup E[(e*N%)'™] < o0

O<e<e*

and

lim lim E[(s%(N5 — N2))' ] =0.

n—00 ¢ |0
PROOF. We follow the proof of Lemma 7, taking 8 = 0 and
Al = e "min{ar,, ar,} ' |bs| + minfar,, ar,} K,

and using Corollary 1 instead of Lemma 6. [
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6. Proof of Theorem 2. Step 1. Reduction to the case of bounded coefficients.
As before, we start with the localization procedure.

LEMMA 9. Assume that (24) holds under the assumptions (HY), (HX) and
(H l’) and (25) holds under the assumptions (HY), (HX) and (H 'g) for some p >
# V 2. Then Theorem 2 holds.

PROOF. The arguments related to the localization of Z are the same or very
similar to those in Lemma 2, and so they are omitted. We set u(a, b) = 1 for any
(a, b). With the same notation as in the proof of this lemma, and using (42) in the
first equality we then get, for 0 < 8 < «,

N7
lime* PE X7 — X7 |P
lim [;l T; Tio1|

NS
Yn
— Lim lime®—A _ B
_ngrgolg%e E[;p(n XT,,_1|}
1=

T - a—p n n P
_nlggolslir(}s E|: Z ’XT,- _XTi_1| ]
iZIZTinf}/n

M‘B(Q[a El‘)

Yn
n—eo LJo g(a,;, a)

:E[/T,\,Mdt],
0 g(Q[5al‘)

where the assumptions of the lemma are used to pass from the second to the third
line.
Step 2. Change of probability measure. The goal of this step is to show that

Np
Sy :=lime* P E X7, —Xr._, |
2 81&}8 [; | X1, Tyl

(43) N

— lime* P EC -1 _ B

= lelil(}é‘ E [EIE—ISTZT[JXE XTi_1| i|
For the right-hand side to be well defined we extend the processes A, b, a, a by
arbitrary constant values beyond T and define the process X for r > T accordingly.
The case 8 = 0 being straightforward, we assume that g > 0.

To prove (43), it is enough to show that

o
(44) lim EQ[e”“*3 Zl In<r(Z3' = 271 )1 X1, = X7, ﬂ =0
1=
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and

ime* PEQC[71 _ Bl —
(45) 181&}8 E [ZTN; |XTN*}+1 XTN; I”]1=0.
The second term can be shown to converge to zero using Lemma 6. For the first

term, for 1 <« < %, Holder’s inequality yields

00 K
EQ|:(8a_ﬁZIT,»§T(Z£-1 - ZY_}il)|XTi — X1, |’3) :|
i=1

<E? [O;JET Zz—,o]K/p

~ kp/(p—K)q(p—K)/p
XEQ[<8“_’321T,«5T|XT,-—XTi_llﬂ) } ’

i=1

which is bounded by a constant for ¢ sufficiently small by Lemma 7 (applied
under Q) (the assumptions are satisfied because we are working under H /’) and
therefore all coefficients are bounded). Therefore, the expression under the expec-
tation in (44) is uniformly integrable under Q as ¢ | 0. On the other hand, by the
Cauchy—-Schwarz inequality,

o0
e Py 1T,-§T|Z;~il — Z;il_l||XT,. —Xr._,|P

i=l

NE 1/2
<g@=h/2 (Z(z;il - Zill)z)

i=1

N 1/2
X sup |Xz|ﬂ/2<8a_ﬂZ|XT,-—XT,-_1|’3> .

0<t<T i=1
Since Z~! has finite quadratic variation, and the last factor is uniformly integrable
under Q by Lemma 7, due to the first deterministic factor, the whole expression
converges to zero in probability, and (44) follows.

Step 3. Using the same notation as in the proof of Theorem 1 (step 3), we have

o0 1 ES X3
8“‘_’3EQ|:Z I, <12y [(Ti = Ti-1)—5 = ]
et E;TH[Ti —Ti-1]
0 x.|8
E]:Ti—l Xz,

o0
= SHEQ[Z 11, <1 23" iy (T = Tz-—of} + R,
i=1 Fr, 1[Ti]
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where one can show, using first Lemma 6 and then exactly the same arguments as
in the proof of Theorem 1, that R®* — 0 as ¢ | 0. Then, from the previous step,

EJQETH X, —anlﬂ}

[ o0
Sy =lime* PEC| > 17, <27 (T = Tioy)

40 i EZ, 1T —Tii]
e ] E].Q‘T |Xf,|ﬂ
=lime* PEC| > 15, <r Z7" Ar_ (T; — Ti_l)%}.
&0 Li=1 EfTi_l [7i]

Our next goal is to replace X z, with X 2 in the above expression, where 7; = inf{t >
0: )A(t ¢l—are, arel}. Leta = min(QTi,ETi) and define

—ea)(x/(ea))* +2 — B
2 —¢a

f(x) = (ea)ﬂ ('8 1|x\<sa + |x|ﬁ1|x\>aa-

f is a twice differentiable function satisfying for small enough &
(46) I/ <Cef™t and |f"(x)| <CeP2,
and hence Itd’s formula can be applied. Then,

|E]%-i_1 [|va{|ﬁ - p?fi |ﬂ]|

<|ER, [f(Xe) = FED+|ES, [FKe) = F(Xe]|

By definition of X and X and because all coefficients are bounded, the first term
satisfies

EZ, [f(Xe) = fR)]| = CePEL, (7.
For the second term, we use It6’s formula,

EZ, [f(Xe) = f(Xe)]

= E]%H [ f-;i i A%{f(j(s +2) — f(X) — Z1|z|§lf/(Xs)}U<dZ) ds:|
f,‘\/f,' R R -
+ EJgT» [ N /R{f(XS— +2) — f(Xs=)}(M(ds x dz) — v(dz) ds):|,
i1 AT

where M is the jump measure of X It follows by standard arguments that the local
martingale term has zero expectation. To deal with the first term we use the bounds
in (46) and decompose the integrand as follows:

| [ 17+ = R0 = 2lger f R}

§C8'B_2/ zzv(dz)+C£ﬁ_l/ Iz|v(dz) < CeP~,
lz|<e

lz|>¢
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so that finally
ES  [IX:1 —1X:1P]| <CeP'EL [F)1+CPEL [17 - 4]
Fr LT K - Ty Fr_ L T

Substituting this estimate into the formula for S,, we then get

S —lime*fE2| 31 zZ:! o (T =T, Ey el lim R®
= Ti-1
with

o0
|R®| < Cs"‘_lEQ|:Z ln,lsrzii,kﬂq (Ti = Ti—l)}
i=1

0 e’ » E]gT-_l ITi — fl|
+CEQ| Y Uy, <1 Zg! g (T = T —5——— |.
i=1 Fr. [7i]
Ti

The first expectation is bounded (because A is bounded) and Z~! is integrable, and
therefore the first term converges to zero. For the second term, we observe (using
the notation of the proof of Theorem 1, step 4) that

0,1 _ 0 ~ —0,1 _
ié‘ (QTlaaT,) S EFTifl[Ti] S fg (QTl’aT,)
and
~ N N N N —0,1 _ 0,1 _
ER, |-l <E°[nt) — 8] <7 (ag,.an) - [ (g, ar).

In view of Lemma 5 we then conclude that the second term converges to zero as
well. Finally, we have shown that

B —
. _ s _ Ug (QT,, aaT,', )

Sy =lim&* ﬂEQ|:Z gy <rZg! A (T = Tro)——p———
el0 i=1 Fr_, [7i]

where uf is a deterministic function defined by

ub(a,b)=E[|X:|f],  t=inf{r > 0:X, ¢ (—ae, be)}.
Similar to the last step of the proof of Theorem 1, we can now write

> e~ Pul (ay, . ar_)
525llmSuPEQ[Z1T,-_1§TZE.11)»T,-_1(T,' —Ti_1) — i 1
el0 i=1 € ig’ (gTi_l’aTi—l)

- e~Pul(ay, ar )
S22llmsupEQ[Z1Ti—lSTZ7_",-11)"Ti_1(Ti_Ti—l) et Do
el0 i=1 e f, (QTi,l’aT,;l)
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Using Lemma 11 we obtain uniform convergence of
e P uf (a,b)
=T, (a,b)

uP(a,b)
f01(a,b)

T B(a..a T Big 7@
SQIEQ[/ xtzgl%dz}zE[/ PAC L dr]
0 [N ay, ar) 0 %N a,, ar) U

APPENDIX A: SOME COMPUTATIONS FOR STABLE PROCESSES

PROPOSITION 6.  Letr X be a symmetric a-stable process on R with character-
istic function E[e"Xi]=e~tol" 0 <o <2, and o =1inf{t > 0: X; ¢ (—a, b)}
witha,b > 0. Then

. Tab _a(ab)1+(“/2) a é o«
ram=e| [ x| =S (G 2)(1+5)

The proof of this result is based on the following lemma, where we consider the
exit time from the interval [—1, 1] by a process starting from x.

toward and conclude that

LEMMA 10. Let X be as above and t1 = inf{t > 0: X; ¢ (—1, 1)}. Then

M e T 120 = x)* X2 4 (a/2))
ser= | [T ] = FEE

Lye(=1,1)-

PROOF. Without loss of generality, we let o = 1 in this proof. Let f (u) =
Ir e"* f(x)dx. Using the arguments similar to the ones in [16], one can show
that the function f satisfies the equation £* f(x) = —x2 on x € (—1, 1) with the
boundary condition f(x) =0 on x ¢ (—1, 1), where £“ is the fractional Laplace
operator

cf = [ = ). 1<a<2,

d
LS @ = [t~ f@ =yl @) oi, a=1

dy
Eaf(x):%l;(f(x'i‘y)—f(X))W, O<a<l.
Moreover, the function f satisfies the system of integral equations

1 SN 2
;‘/0 f(u)|ul®cos(ux)du = x~, lx] <1,

1 oo .,
—/ f(u)cos(ux)du =0, |x] > 1.
T JO
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Let fi(u) =u=F072 1140 n() and fo(u) = u=CrO72 ]340 n(u), where J is
the Bessel function; see [17], Section 8.40. Then, from [17], Integral 6.699.2, we
get

(47) foo f1(u) cos(ux) du = /OO fa(u) cos(ux) du =0, x| > 1,
(48) / Fiao|ul® cos(ux) du = 2@~ ‘>/2r<1 ;0‘) x| < 1,

/ Fa(u)u|® cos(ux) du = 2@~ 3)/2F(1—;a>(1—(1+a)x2),

49)
x| <1,
A _ 'ay/2) o2
(+1)/2 2\a/
50 f1(u)cos(ux)du =2 7(( 2/2) (1 X ) ,
x| <1,
A _ ay/2) (a2
—y—(a+3)/2 2\ 1+(a/2)
s fa(u)cos(ux)du =2 7(( 52 (1 —X ) )

x| < 1.
From (47)—(49),

i fiw) =2 (u)
2@=D2r((14+a)/2)(1 +a)

S =
To conclude, we compute the inverse Fourier transform of f from (50)—(51). O

PROOF OF PROPOSITION 6. Once again, we set o = 1 without loss of gener-
ality. Recall a result of Blumenthal, Getoor and Ray [5]: the law of a symmetric
stable process starting from the point x with |x| < 1 and observed at time 7| has
density given by

1l . na 2 2
u(x,y>=;sm7(1—x2)“/ =1y —x"", =L

By the scaling property, we then deduce that the density of a symmetric stable
process starting from zero, and observed at time 7, p is given by

—a2 1
|z]

Similarly, from the preceding lemma, we easily deduce by the scaling property

that
x| [T 2 2(A% = xH*Hx? + (2/2)A?)
fax):=E [/0 X; d] G1ao) lie(—a,4)-

(52) o (2) = % sin "2 @b~ bz + )
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This function satisfies the equation L% f4 (x) = —xZon[—A, A] with the boundary
condition f4(x) =0on x ¢ [—A, A]. Taking A > max(a, b), we then get by Itd’
formula

E[fa(Xz,,)] = f4(0) E[ [ % dt]

By symmetry, it is sufficient to prove the proposition for @ > b. Taking A =a in
the above formula, we finally get

Ta,b
E [/ x? dz}
0

aa”
F(3+ a)

_ aa®t? B 2sinma/2 (ab)“/2/a<zz+ga2><a_z>a/2%.
'GB+a) al'G+a) b 2 z—b z

Computing the integral (using [17], Integral 3.228.1 and the standard integral rep-
resentation for the beta function) then yields the result. [J

/ fa(X)pa,p(x)dx

REMARK 8. Let us list here several other useful results which are already
known from the literature or can be obtained with a simple computation. By a
result of Getoor [16]: under the assumptions of Proposition 6,

1 27T(1/2)

E¥[n]=— (1—x2)*/?
o N2 +a)/2T((1+a)/2)
B 1 (1 _ x2)a/2
o I'(l+a)
By the scaling property we then deduce that for general barriers
a—+b\* (ab)*/?
53 E = E(@=b)/(a+b) =—.
(53) [7a,p] ( > ) [t1] oT (1)
Similarly, from (52), we easily get, for 8 < «,
i 2
E[1Xe, 7] = S22 gy

(54) '
x /0 T4+ a+b)"*(z+alP + 12+ 0P dz.

This integral can be expressed in terms of special functions and is equal to

g( b \**sinma/2
a <a+b) - B(l—a/2,a—p)

b
F 2,1 —a/2,a/2+1 -8, ——
X <01/ of2,0/2 + B a+b)
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a \*?sinra/2
+bﬁ<a+b) - / B(l—a/2,a —B)

b
Flo/2,1—a/2,a/2+1 -8, —),
x a2 1-a/2.a2+1-p. )

where B is the beta function and F is the hypergeometric function; see [17], Inte-
gral 3.259.3.

APPENDIX B: CONVERGENCE OF RESCALED LEVY PROCESSES

LEMMA 11. Let X be a Lévy process with characteristic triplet (0, v, y) with
respect to the truncation function h(x) = —1 Vv x A 1 with

x*v((x,00)) > ¢y and x%*v((—o0, —x)) —> c_ when x — 0

for some o € (1, 2) and constants cy > 0 and c— > Qwith c; +c— > 0. For e > 0,
define the process X¢ via X¢ = ¢~ X,a;. Then X¢ converges in law to a strictly
a-stable Lévy process X* with Lévy density

cylyso+c_lyico

(55 Vi(x) = [

Assume in addition that there exists C < 0o, such that for all x > 0,
v((—=x,x)) <Cx™¢
and for a,b € (0,00) and B € (0, @), let
uP(a,b)=E[|X5|P].  t°=inf{t >0:X? ¢ (—a.b)}.
Then
Lif&uf(a, b) = u’s(a, b)

uniformly on (a, b) € [B_l, B]zfor all B < oo, with
uP (@, b) = E[| X% |P]
and t* = inf{t > 0: X} ¢ (—a, b)}.
PROOF. Part (i). From the Lévy—Khintchine formula it is easy to see that the
characteristic triplet (A?, v8, ) of X? is given by
A® =0,
v¥(B) =¢e%v({x:x/e € B}), B € B(R),

y=etly b [ vanientre) —nco)|.
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Under the conditions of the lemma, by Theorem VII.2.9 and Remark VII.2.10
in [20], in order to prove the convergence in law, we need to check (a) that

Cy —C—

ale—1)’
where the right-hand side is the third component of the characteristic triplet of
the strictly stable process with Lévy density (55) with respect to the truncation
function £, and (b) that |x|> A 1 - v¥(dx) converges weakly to |x|> A 1 - v*(dx).
Since o > 1 and 4 is bounded, for n sufficiently small, using integration by parts
and the assumption of the lemma, we obtain

. & _1; a—1 _
?g)ly —}?111(’)18 /|x|5nV(dX)(8h(x/8) h(x))

&

Yy —

= lime*~! /_8(—8 —x)v(dx) + /n(e —x)v(dx)}
—n e

el0

=lime®~! /_8 v([—n, x])dx — /17 v([x, n) dx}

8¢0 -n &

— lim &%~ /_sv((—oo,x])dx —/nv([x,oo))dx}

S\LO -7 &

— 0 e
=lime®~! / ¢ dx—f idx}:—&.
&0 - |x|* e |x|* ala—1)

For property (b), it is sufficient to show that for all x > 0,

o o0
/ IzZP Al -vg(dz)—>/ Iz A1-v*(dz) and
X X

—X —X
/ 122 A 1-vE(d7) —>/ 122 A 1-v*(d2).
(0,0 —0

This is done using integration by parts and the assumption of the lemma as in the
previous step.

Part (ii). First, similar to the proof of Proposition 3 in [22], it is easy to show that
X¢: converges in law to X7, as ¢ | 0. To complete the proof of the convergence

of uf(a, b) to u® (a, b) for fixed a and b, it remains to show that for all B €,a),
E[|x:. ]
is bounded uniformly in ¢. From Lemma 6,
E[|x5|P] < ce@E[+]

for some constant C which does not depend on ¢. On the other hand, for ¢ small
enough,

E[t°] < E[inf{t:|AX;| > e(a + b)}] = m Ol
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for a different constant C’ [the equality above holds because inf{s: |AX,| > e(a +
b)} is an exponential random variable with parameter v((—ea, £b)¢) by the Lévy—
I1t6 decomposition].

It remains to show that the convergence is uniform in a and b. First, let us
show that u” (a, b) is continuous in (a, b) for (a, b) € [B~', B]? and therefore also
uniformly continuous on this set. Let (a,) and (b,) be two sequences with a,, —
ae€[B~!, Bl and b, — b € [B~!, B]. For any process Y, we write 7(4.p)(Y) :=
inf{t > 0:Y; ¢ (—a,b)} and O(4,5)(Y) := Yz, (v)- Then

ba, — ab, a+b

a, + b, n
an + by an + by

a—+b

*

Oy b (X*) = Oap)(X") where X" =

Since clearly X" converges in law (in Skorokhod topology) to X*, we can
once again proceed similar to the proof of Proposition 3 in [22] to show that
O(a,,by) (X*) converges in law to O, ) (X ™). Then, as above, we use the uniform
integrability of |04, 5, (X*)|? for B € (0, &) to show that E[|O, 5,)(X*)|?] con-
verges to E[|(9(a,h)(X*)|ﬁ].

Next, letting § > 0, we use the uniform continuity of u? to choose p such that
for all (a,b) and (a’, b’) belonging to [B~!, B, |a — a’| + |b — b| < p implies
luf(a,b) —uP (', b)) <8/2.

Next, for every A > 0,

uf()»a, Ab) = Aﬁufk(a, b),

which means that uf (La, Lb) converges to uP (ha, Ab) uniformly on A € [A, A2]
forO0 <ij <ty <oo.For B '=qgy<a; <---<ay=B with aj11 —a; <p
for i =0,..., N — 1, this enables us to find &y such that for all ¢ < gg, every
i=0,...,Nandallx e [B72 1],

p p 8
(56) |u8 (Aa;, AB) — u” (\a;, AB)| < 3

Now, let (a, b) € [B~1, B] be arbitrary, but to fix the ideas, assume without loss of
generality that a < b. Since uf(a, b) is increasing ina on a < b,

b b
uf(a, b) e [uf <a,~E, b>, uf (aH_lE, b)},
where i is such that a; < a% < aj+1, and by the property (56), also

B YR s 4 b )
ug(asb)e u al'E7b _E,M ai+l§vb +§ .

We finally use the uniform continuity of uP to conclude that u E (a,b) € [uP(a,b)—
8,uP(a,b)y+48]. O
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APPENDIX C: A TOY MODEL WITH A CONTINUOUS COMPONENT

Through a toy model, we show in the next proposition that if we include a
continuous local martingale part in X, it dominates the purely discontinuous part.

PROPOSITION 7. Assume (HY) and there exists B> 0,0 > 0and o’ € (1,2)
such that |A;| < B, % <a,,a; < B and X is a Lévy process with characteristic
triplet (62, v, 0) with respect to the truncation function h(x) = —1V x A 1 where
v is a Lévy measure with Lévy density

cylyso+c-lyrco
|x|1+a’

v(x) =

Then Theorems 1 and 2 hold with . =1, a =2, B < o' and X} =oW;, where W,
is a Brownian motion.

PROOF. We first show that Theorem 1 holds with X} = o W;. We follow the
steps of the proof in Section 4. Step 1 follows from the assumptions of the propo-
sition, and there is now no need to change probability. Also, Lemma 3 easily holds
in the setting of Proposition 7. For step 3, note that A; = 1 and therefore

X;:X;:XTI._H—XTZ., T, =Ti+1—T;.

Thus we easily get (35) with Q = P and Z; = 1. Then for step 4 we have

5. n
By () Retar) | = o an

with B? taken equal to zero in the definition of 7 defining S g’”(a, b). Then note
from [22], 7{ has uniformly bounded polynomial moments of any order and X?
(with @ = 2) converges toward o W;. Following the proof of Lemma 5, this gives
that

lime™2 £ (@, b) = f**" (@, b).

Finally, we obtain that the preceding convergence is uniform in (a, b) as in steps 4
and 5 follows easily.

In the same spirit, in order to show that Theorem 2 holds with X} = o W; and
o =2, it is enough to follow the steps of the proof in Section 6. This can be done as
in the preceding paragraph. However, we still need to prove part (ii) in Lemma 11
in the case where a Brownian component is present, meaning we take X = o W;
for the limiting process and « = 2 in the definition of X7. To this end, remark that
in the setting of Proposition 7,

X P < c(1+]X5 P,
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with X, = X; — oW, and ¢ = inf{t > 0: X¢ ¢ (—(a + b), a + b)}. Thus, using
Lemma 11, we get that

E[IX::|"]

is bounded uniformly in e. Then we can replicate the end of the proof of
Lemma 11. [J

APPENDIX D: PROOF OF PROPOSITION 1

PROOF. The process X can be written as

t_ t t
X: = Xo +/ by ds +/ / zZ(M — n)(ds x dz) +/ / zM(ds x dz),
0 0 Jiz|=1 0 Jlz[>1

where M is a random measure whose compensator p is given by pu(w, dt x dz) =

|
dt x 5y, N d) ey ) = %126%@ dt x dz. Hence,

o= BOlyevdy,

14((x, 09)) /V T e dy
Vtil(_x)_

s (=00, —x)) = /_ 5 1yeu dy.

By assumption (21),
oo _ C+ l—« L _ Cc— 1—«
v(y)lyeudy_—a—i—O(x ) and v(y)lyeudy_—a—i—O(x )
X X —00 X
as x — 0 and

0 -x C
/ v(y)lyeu dy +/ v lyevdy = —
X —00 X

for some C < oo and all x > 0. On the other hand, by Taylor’s theorem, y,_l x)=
ﬁ with x* € [0, x]. Therefore, we easily obtain that for some C < oo,
t
(57 x%p((x, 00)) +x%pr (00, —x)) < € max Y/ ()% forall x;
xe

liil(}xal/«t((% 00)) = c4 ¥/ (0)* and
X
(58)

lifgx"‘uz((—oo, —x)) =c_y/(0)*,

which proves assumption (HX).
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To show (HXﬁ)C), let v be a strictly positive Lévy density satisfying (21), contin-
uous outside any neighborhood of zero. We need to prove that the random function
K;(z) defined by

P @) lenw)
Vi @) (v ()
satisfies the integrability condition (17). Let (7,,) be the sequence of stopping times

from condition (22), let ¢ < 7, and ¢ be small enough so that {|z| < e} C ¥, (U),
t <1,. Clearly,

_/R|\/K,(z)—l|2pv(dz)§/l VK@ — 1 v(dz)

7|<e

K:(z) =

(59
+ -/|Z|>€,zey,(U) K (2v(dz) +v({z:z] > €}).

The third term above is clearly bounded. To deal with the second term, observe
that by the fact that v and v are continuous outside any neighborhood of zero,
condition (22) and the fact that U is compact, on the set {z:|z| > €,z € y:(U)} for
t S tl’lv

K, < C1+amaX{D(Z):Z elU, |zl >¢/Cp}
" min{v(z):|z| > &,z€ CU}

Therefore, the second term in (59) is also bounded for ¢ < 7,,. We finally focus on
the first term in (59). First, observe that on the set where |z| < &,

K@) — 1] < ’ 2|+ O @1 @)
T @y oy 0 @) 2|12 (z)
60) AN 1‘ @10 @)
v (@) |zl (z)
N ‘ v @I @) 1‘
2|1+ v(2) '
For the first term in (60), by Taylor’s formula and using condition (22),
2|1+ y/ (29! 20t

‘Iyz‘l(z)l”‘”m’(o)m B ‘ = ‘W N 1‘ = 1+ G () =% O

< (I +a)C* ™z,
where z* € [z A 0, z Vv 0]. In the second term, similarly,

¥/ (0)
v (@)

- 1\ < Calyl (7 @) = Y/ O)] = Cly, ()] < €2,
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For the third term, it follows from (21) that for some constant C < oo,

v @G @) 1‘ B ‘1 +Cly '@
|z (z) -

¢ -1
1—Clz| <l @I+

_CU+Gy
- 1—-Cs

In addition, assume that ¢ is chosen small enough so that Ce < 1. Therefore,

|z].

|Ki(z) — 1| < clz]

for some constant ¢, < oo (which may later change from line to line). This easily
implies that for p > 1,

/|| VK@ — 1" v(dz) < cn. .
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