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1. Introduction

We consider one step ahead prediction for the multinomial model. Suppose that
we observe a random variable © = (x1,22,...,25_1) distributed according to
the multinomial distribution

O (A

L1, T2+, Tk

)9?19;2 . ozk
where z, == N =Y 0= (01,...,0,1), 0, =1 — 5" 6;, and

( N ) N!
T1, 22, .. Tk z1lxz! - xy!

The parameter space is

k—1
A=30=(01,05,....06 1) | 0; >0 (i=1,....k), O :=1- 0
=1

934


http://projecteuclid.org/ejs
http://dx.doi.org/10.1214/12-EJS700
mailto:komaki@mist.i.u-tokyo.ac.jp

Asymptotically minimax predictive densities 935

The objective is to predict y distributed according to the the multinomial
distribution
p(yl0) = 0705 --- 6"

with index 1, where y = (y1,...,yk-1) and yi = 1 — Ef;ll yi, by using a
predictive density ¢(y;x).
The performance of a predictive density ¢(y; x) is evaluated by the risk func-
tion
p(ylo)

R(0,q(y;x)) =Y _ > plx,yl0) log dia) (1.1)

which is the average Kullback-Leibler divergence from the true density p(y|6)
to the predictive density q(y; ).
When a Dirichlet prior

I'(4)

wa(9)d6‘1 A dek_l = m

ot oAl - A6y, (1.2)

where A = Zle a;, a = (ay,...,ax) and a; > 0 for every ¢, is adopted, the
posterior density and the Bayesian predictive density are given by

Pr, (9|$)d6‘1 s -dﬁk_l

LNV +4) +a1—1 +ag—1
= OPrTNT L GPETAR T - dOg—
D(x1 +a1)---T(xr +ag) * k ! ot

and

B(x1+y1 +an,..., x5+ yr + ak)
B(z1 4+ a1,. .., 2 + ag)

Peuly | 7) = / D(y]0)pn, (02)d6 - A0y =

_ i (it aiy;
N+A ’

respectively, where

B(xy,... o) =
P(Zf:l ;)
We define
— I'(ka) -1 -1
Ta(0)dOy - dOg—1 = ——07" -+ -0 "dby - - - dOk_1,
{D()}* ™ g
which is 7, with a1 = ---a = a.

In the present paper, we consider the asymptotics as the sample size NV goes
to infinity, and construct a Bayesian predictive density based on a Dirichlet prior
that is asymptotically minimax in the sense described below. It is known that
a minimax predictive density for one step ahead prediction for the multinomial
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model can be constructed by using a latent information prior defined as a prior
maximizing the conditional mutual information between y and 6 given x; see
[11]. The latent information priors for one step ahead prediction is very different
from minimax priors in the reference prior formulation. However, the explicit
form of such a prior is difficult to obtain, and we need to develop asymptotic
methods.

We consider a sequence of parameter subspaces

k—1
AEN = {9_ (917925"';0]671) | 01 ZEN (7’: 17"';k)7 ok = 1_291}7
i=1

where {ex} is a decreasing sequence of real numbers such that limy 00 en =
0 and 0 < ey < 1/k for every N, to avoid singularity problems concern-
ing the boundary of the original parameter space A. Then, A, C A,
lim, 00 Acy = A, and 6; € [en, 1 — (K — 1)en]. Increasing sequences of param-
eter subspaces converging to the original parameter space are often considered
to construct asymptotic objective priors; see e.g. [2, 6], and [4].

Let m(kN) be a prior on A, such that the corresponding Bayesian predictive
density P (y | ) is minimax with respect to the parameter space A, . Thus,

sup R(0,p_ov(y | z)) =inf sup R(0,q(y;x)).
0eA. . 1 gen.,

The existence of such a prior is guaranteed by Theorem 2 in [11], since pr(z) > 0
for every z if m € P(A., ). Here, P(A.,) is the set of all probability measures
on A, .

We show that the Bayesian predictive density based on a Dirichlet prior 74
with & := 14 1/4/6 is asymptotically minimax in the sense that

sup R(0,p, o (y | 2)) = sup R(0,pr,(y| 2))| =o(N7%)  (1.3)

OEAEN OEAEN

if {en} satisfies appropriate conditions.

For example, when the model is binomial (kK = 2), the minimax prior is
0*/V6(1—0)/vV6/B(141/v6,1+41/1/6) and is different from the Jeffreys prior
6=/2(1 —0)~'/2/B(1/2,1/2) or the uniform prior.

Although the multinomial model is relatively simple, the results in the present
paper could be a prototype for further development of theories on other models.

Closely related but essentially different prediction problems have been ex-
tensively studied in the framework of reference prior and Bayes coding; see
e.g. [8, 3, 6], and [4]. In this setting, the objective is to predict a large number
of future observables without using data at hand. Roughly speaking, the Jeffreys
prior is asymptotically minimax under suitable regularity conditions.

In contrast, we consider here one step ahead prediction by using N observed
data at hand and consider the asymptotics as N goes to infinity. The priors
attaining minimax prediction in these two settings are quite different; see [10]



Asymptotically minimax predictive densities 937

and [11] for discussion on the relation between the two settings, and see [5] for
various related approaches.

In Section 2, we obtain an asymptotic approximation of risk functions of
Bayesian predictive densities based on Dirichlet priors. The approximation is
uniform on A.,. In Section 3, we prove that the Bayesian predictive density
based on the Dirichlet prior 74 with & := 14 1/4/6 is asymptotically minimax
if {en} satisfies appropriate conditions. In Section 4, some discussion is given.

2. Asymptotic evaluation of the risk function

In this section, we obtain an asymptotic approximation for the risk function of
a Bayesian predictive density based on a Dirichlet prior. This approximation is
uniform on the set A, .

Observe that the risk function (1.1) of pr, (y|z) based on 7, defined by (1.2)
is given by

k N

R(0,pr.(y | 7)) Z@Z( )9“(1—9)N * log xfﬁai
n N+A
2 Z( o age

x;=0
N@Z—l—al xi—l—ai
X{—log(m>—log(m—l“)}

—> 0;log (1 + s:) Z@Z( >9“(1—9i)N“10g(wi+1), (2.1)

7 x;=0
where
a; — Ab; q x; +a; x; — NO;
= ——————  a = — 1=
y NO; + A0, . v NO; + a; NO; + a;
Here, w; (i = 1,2,...,k) are random variables with Eg,(w;) = 0, and
Ele 6‘181 =0.
If we fix a true parameter value 6 satisfying 6; € (0,1) for all i = 1,... k,

then it is easy to verify that

R(b.pr, (v ) = L 1 ov2),

2N
A higher order pointwise approximation of the risk function has been studied;
see [9].
Here, instead of the pointwise approximation, we obtain an asymptotic ap-
proximation that is uniform for § € A, .
We use the following Lemmas 2.1-2.3 to prove Theorem 2.1. The proofs of
the lemmas are given in the appendix.
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Lemma 2.1. For every nonnegative integer m and every x > —1,

2m 1 $2m+1 2m—+1

N 1 .
-1 i—1= .4 <1 1 < -1 i—1 = i
;( ) ix+2m+11+x_0g( —l—x)_;( ) i

Lemma 2.2. Let p,,,(N,0) be the m-th central moments of the binomial distri-
bution Bi(N, 0) with index N and parameter 0. Suppose that {en} be a decreas-
ing sequence of real numbers such that imy _oceny = 0, limy oo Ney = 00,
and 0 < ey <1 for every N.

(1) For every positive integer l, there exists a positive constant Ca—1 such

that % < Cy 1 for all 6 € [en,1] and N.

(2) For every positive integer 1, there exists a positive constant Co; such that

L2l 8D < Oy for all 0 € [en,1] and N.

Lemma 2.3. Let x be a random variable distributed according to the binomial
distribution Bi(N,0). Define

x— N0

w= NO+a’

where a s a positive real number. Suppose that {en} be a decreasing sequence
of real numbers such that limy oo ey =0, imy 0o Ney =00, and 0 < ey < 1
for every N. Then, for every nonnegative integer [, there exists a constant C. (w)

20+1
such that
w2+t 1 )
Eg (- < Cy
9( 1+w> = (Ng)L 2

for all 0 € [en,1] and N.
By using the lemmas, we prove Theorem 2.1.

Theorem 2.1. Let p, (y | ) be a Bayesian predictive density based on a
Dirichlet prior m, defined by (1.2). Suppose that {en} be a decreasing sequence of
real numbers such that limy oo eny = 0, imy oo Ney =00, and 0 < ey < 1/k
for every N. Then, the risk function R(0,p,, (y | x)) satisfies

k
k—1 1 1
6. p- PSS 2194, 2.2
GS]‘Alp R( 7p a(y | :E)) 2N N2{ 1291 (60’7, a +5) ( )
6 EN 1/:1
k
1, 11 1 1 ; ,

=1

k
1 1 1
i=1

k

1 1

BN {Z g7 (30a) — 240a} + 660a? — 720a; + 251)
i=1 i
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k k
1 1 )
+) 292 (4af — 1847 + 24a; — 9) + > 126, (42a7 — 84a; + 35)
i=1 i=1
Ly + A k ! =O(NPexn™1)
4 120 N

Proof. From (2.1) and Lemma 2.1, we have

10

1 1 1 will
R(0,px,(y | z)) Z@Ee Z w;) _ﬁl—i—wi (2.3)

=1

and

k 9 1 k 5 1
R(0,pr, (y | 2)) > ZeiEe {Z 7(—wi)l} + Ze {Z 7(—si)l} . (24)

From Lemma 2.2, we have

_ —1(IV, 65)] lpar—1(N,0;)] _ Coq
B (2-1) | = 21 (N, 0] ; 55
[Eo (wi )| (NO; +a)2L = (Ng)Z—L = (Ng;)I’ (2.5)
and
N,0:)| _ |p2u(N, 65)] Cy
B (w2l ] = 2, < APANS 2.6
| 6 (wz )| (N9i+al-)21 = (N91)2l = (Nel)lu ( )
for every a; > 0.
Obviously, the inequality
1 NO;+ A0; A
= < = 2.7
1+s; NbO;,+a; ~ a ( )

holds since 0 < 6; < 1 and 0 < a; < A.
From (2.3), (2.5), (2.6), (2.7), Eg, (w;) = 0, Zle 0;s; = 0, and Lemma 2.3,

we have

k 8 1 10 1
R(0,pr, (y | 7)) <> 6:iEy {Z 7(—wz‘)l + 7(—wz‘)l} (2.8)

where C’ is a positive constant not depending on N or 6.
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In a similar way, from (2.4) and (2.5), we have

8
RO, pr, (y | x)) >Z€E9{Z
l

l c
3
N5€N4

(2.9)

N|>—~
R/—/
+
>

o
N|>—~
|
N

where C” is a positive constant not depending on N or 6.

The first to eighth central moments of the binomial distribution Bi(XV, §) are
given by

p1(N,0) =0,  pa(N,0) = NO(1—0), ps(N,0) =N6(1—0)(1—20),
pa(N,0) =3N?0*(1 — 0)* + NO(1 — 0)(1 — 660 + 66%),

1s(N,0) =10N20%(1 — 0)*(1 — 20) + NO(1 — 0)(1 — 20)(1 — 120 + 1267),

p6(N,0) =15N30%(1 — 0)3 + 5N26%(1 — 0)* (5 — 260 + 260%) + NOgg,1(0),

pr(N,60) =105N°0°(1 — 6)*(1 — 260) + N67 2(8) + NOopr.1(6),

ps(N,0) =105N*0%(1 — 0)* + N303¢g 3(0) + N20%¢s 2(0) + NOops.1(6), (2.10)

thgre ¢ (0) ((¢,7) = (6,1),(7,1),(7,2),(8,1),(8,2),(8,3)) are polynomials

Therefore, by using (2.8), (2.9), (2.10), and the inequalities

a; 2m
1 2’”‘1( a; )’_ 1 1_(1\19) 1
NO; = \" No, N +N9 = NO; +a;
RN
_ 1 2’”<_ a; )l 1 1+(N9)
— N9, = NO; NO; ’

N9

we obtain (2.2) by a straightforward but lengthy calculation. In addition to the
calculation by hand, the result is verified by using a computer algebra software.
O

From Theorem 2.1, we obtain the following corollaries.

Corollary 2.1. Suppose that {en} be a decreasing sequence of real numbers
such that limy_,ooeny = 0, limy oo N3/4ey = 00, and 0 < enx < 1/k for
every N. Then,

sup
N

k
k—1 1
RO, pr ) — —— — — —62—12i 5 2.11
(0, pr,) 5N N2{§—1 20, (6a; ai +5) (2.11)

k
1 1 1
2 E 3 2
1
N4

(30a} — 240a? + 660a7 — 720a; + 251)| = o(N?).

1
12063

”M”
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Proof. Sincelimy_,oo N34y = 00, N30, < N73e! = o(N72), IN~40;1| <
N7y = o(N73), INT4;? < N~ = o(N72), and N7%,"' =
N=2(N-3/1c")* = o(N~2), we obtain (2.11) from Theorem 2.1. O

Corollary 2.2. Suppose that {en} be a decreasing sequence of real numbers
such that limy_,ooeny = 0, limy o0 N3/4eyn = 00, and 0 < enx < 1/k for
every N. Then, the risk function of the Bayesian predictive densilty based on a
Dirichlet prior 74(0), where & := 1+ 1//6, satisfies

RO, pe.(y | 7)) —EJFLE{H(HNM} (2.12)

Sup 9N T NZ 12

N

k
1 1 1 1 1 11 1
+mm;@+m(m‘m)z 0|

and

eSXI:N <R(9,pﬂd (y | z)) — g;vl + % k1_21 {1 +(7T+ 2\/5)k}> =o(N72).

(2.13)

Proof. We have (2.12) from Corollary 2.1 because 66% — 124 + 5 = 0, —44° +
1862 —244+9 = —V6/9, 304" —2404° + 66042 — 72044251 = —(20v/6—11) /6,
and —A2/2+ A — k)24 1/12 = —(k — 1){1 + (7 + 2V/6)k} /12, where A := ka.

The equality (2.13) is directly obtained from (2.12) because 1/(6v/6) —
11/720 > 0. O

We see that the Bayesian predictive density pr, (y | =) based on the Jeffreys
prior 7y is not asymptotically minimax in a predictive sense. The Jeffreys prior
7y is a Dirichlet prior 7, with a = 1/2. Thus, 6a* — 12 + 5 = 1/2, and
—A%)2+ A—k/2+1/12 = —(3k* — 2)/24, where A = ka = k/2. Thus, from
Theorem 2.1, we have

k
ROpm (1 2) ~ 5t = {3 5 — 530 - 2)}’

sup

€Ay i=

=o(N 2%en1h).

By putting §; =en and 6, = (1 —en)/(k—1) (i =2,...,k), we have

k—1 1 1
0, px s (N 2y D).

Therefore, pr, (y | ) is not asymptotically minimax.
From Corollary 2.2, we obtain Corollary 2.3, which is used to prove Theorem
3.2 in the next section.
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We define
7Ta(9)
, B€A
w((lN)(H) = fA 6)do; - --dby_1 o
0, otherwise,
and
ﬁa(9)
, e A
ﬁ'éN) (6‘) = fA d91 ~dfy_q N
0, otherwise.

The Bayes risk of a predictive density ¢(y; 2) with respect to a prior 7 is denoted
by

R(r, q(y; 2)) == / T(0)R(0, g(y: 2))do.

Corollary 2.3. Suppose that {en} is a decreasing real number sequence such
that imy oo en = 0, Impy o0 N3/%eny = 00, and 0 < ey < 1/k for every N.
Then,

REN ey | 7)) = sup R(0,pr.(y | x)) +o(N72)

GGAEN

k-1 k-1 o

Proof. From (2.12), we obtain

REM paoly | 7)) = /A ) (O)R(0, pr, (y | 2))d6

N
k-1 k-1
=S8~ e Lt (T4 2V6)k}
k
o 11 11 ( 1 11) 1}
+ Mgy - — S () S = g,
/AENW“ (){ N318¢6;03 Nt \6v/6 720 ;9?

Here, we have

k
_(N) 1 11) 1} ‘
(M) g - __Lag
/waa ) { A”18¢‘§: 2 (GVF 720 2 78
k k
1 1 1 1 11 1
C/ O w2+ v (v~ 70) L
1 kC 1 11 1
7a(0) s doy + oo [ L/) NOEETS
18vaV 9128N7r( Voot N (6Vﬁ§ 720) oy O gt

where C' =1/ fA 75(0)d0y - - - dbg_1.
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~Since the marginal density of 6y of the Dirichlet prior 74 is the beta density
08=1(1 — 0,)*=Dé=1/B(4, (k — 1)a), we have

‘/AEN ﬁéN)(o){ N? 18f Z 02 154 <6\/_ 720> g%}do‘

kC 1 6‘? 1(1_91)(k 1)a— 1i
T N?18V6 Jo,sey  Bla, (k—1)a) 67

LGRS / A7) Sl P
NT\6v6 720) Jp5en Bla (k—1a) 6

- kC 1 1 1 1
T~ N31862—den? % B(a,(k—1)a&)

do,

kC 1 11 1 1 1
Ni\6v6 720)3—aenta B@, (k- Da)
=o(N7?)

because O(N3en279)

> O(N?(Ney)) > O(N?) and O(N*en®"9)
O((N?en®"%)(Ney)) = O(N?

) g

3. Minimax predictive densities

In this section, we prove that the Bayesian predictive density based on a Dirichlet
prior 74, where & :=1+1/ V6, is asymptotically minimax in the sense of (1.3)
if {en} satisfies appropriate conditions.

The Bayesian predictive density with respect to the prior 7, is given by

k
B(xi4+y+o,..,op+ye+0o) D miy o

7 = = , 3.1
Py | o) B(z1 4+ a,...,z1+ ) N+ ka (3-1)
and that with respect to the prior ﬁ'((lN) is given by
Ba, (z1+y1+a,... x5 +yi + @)
pﬁgN)(ym = = (3:2)

BAEN(Jrl—i-a,...,:ck—i-oz)

S myitalan (@ o wg g+ @)
N + ka In. (w1 +a,...,25 + @)

)

where we define

Ba_(ai,...,ax) ::/ s [ Y [}
A

€

and
BAE(al, e ,Oék)

In_(0q,...,a) = B(ag,...,ax)
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fora; >0(i=1,....,k)and 0 < & < 1/k.If k = 2, Ia (a1, a2) = { [ 6271 (1~
9)0‘271(19}/B(041, 042).
In the proof of minimaxity of prediction, the inequalities

sup R(0,px(y | x)) >inf sup R(0,q(y;z)) =inf sup R(7',q(y;z))
0€hey 1 0en.y 1 meP(Acy)

> sup inf R(7',q(y; x)) > inf R(7*, q(y; ) = R(7*, pr+ (v | X)),
weP(Aey) 9 g
(3.3)

which hold for every 7 € P(A) and 7* € P(A., ), play an essential role; see [7]
for related inequalities in a very general setting. Each inequality in (3.3) is easy
to verify. The last inequality in (3.3) is due to the fact, proved by Aitchison
[1], that the Bayes risk of a predictive density with respect to a prior 7* is
minimized when it is the Bayesian predictive density pr«(y | =) based on 7*.

Thus, by putting 7* = 7 in (3.3), we have

R proy | ) = inf R(=EY, q(y; 2) = R(7EY,p o0 (v | 2)-

In the following, we first prove Theorem 3.1 that shows that the difference
R(ﬁ'&N),pT—,a (y | ) — R(ﬁ'&N),pT,r(N)(y | 2)) is O(N~ten®) if {en} satisfies ap-
propriate conditions. Next, comb?ning Corollary 2.3 and Theorem 3.1, we prove
Theorem 3.2 showing that p_w) (y | ) is asymptotically minimax under suitable

conditions.

Theorem 3.1. Let p_ov)(y | #) and pz,(y | z) be predictive densities (3.1) and

(3.2), respectively. Suppose that {en} is a decreasing sequence of real numbers
such that imy 0o ey = 0, limy 00 Neny = 00, and 0 < ey < 1/k for every N.
Then the difference of the Bayes risks of p_wv)(y | ) and pz,, (y | =) with respect

to ﬁ&N) satisfies

RN, pr.(y | @) = RN, p o (y | ) = O(N " Ten®).
Theorem 3.1 means that the disadvantage of adopting a prior 7, that does
not satisfy [ 7o (0)df; ---dfr_1 =1 is asymptotically small.
EN

We use Lemmas 3.1-3.5 below to prove Theorem 3.1. The proofs of the lem-
mas are given in the Appendix.

Lemma 3.1. For every a; >0, ..., ap >0 and 0 < e < 1/k,
IAE(al + 1,(12,' o ,Oék) - IAE(alu' o ,Oék)
k
Lo o)
" T(an + DI(C )

Lemma 3.2. I[f0<s<t<1,0<u<v<1,s<u, andt < wv, then for all
a>0and B >0,

e (1 _ E)a2+"'+0¢k.

B[s,t] (O[ + 1,ﬂ) < B[u,v] (Oé + 15 ﬂ)
Bs g (a, ) — By v (v, B)
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where .
Bloala )= [ 6011~ 0)° 1ao,
Lemma 3.3. For every a; > 0,...,a, >0, and 0 < € < 1/k, the inequality

Ba_ (o1 + 1,00, ..., ax)
Ba_ (01,0, .., ax)

Byl + 1,00 4 4 )
Bieqj(an,as + -+ ag)

<

holds.
Lemma 3.4. For every a; > 0,...,ap > 0, the equality
Z B(zy + a1, 22 + g, ..., xp + ag) N
B(a17a27"'aak) X1, , Tk
12,...,mk:2f:2 r;=N—x1
B B(l‘l + a1, N —x1 + 25:2 ai) (N)
B(Oflvzfzz ;)

X1
holds.
Lemma 3.5. For every a >0, 8 >0, and ¢ € [0,1), the inequality

B yla+1,8) f 0°(1—0)P~1do o« 1 e*(1—¢)f
By qy(a, B) fg go-1(1—0)f-1d9 a+pB  a+BBela,p)
- (1-¢9)a
ST
holds.

By using the lemmas, we prove Theorem 3.1.

Proof of Theorem 3.1. From (3.1) and (3.2), the difference between the risk
functions of R(0,pz_ (y | x)) and R(H,pﬁm)(y | )) is given by

PLoo (ylz)
R(0,pr.(y | ) = RO, p.cn (y | ) ZZp z,yl9) log 7

1)
N
IR )9?952~-~9zk
s 1ye--s Lk

IAEN(M+y1+a,x2+y2+a,...,xk+yk+a)
IAEN(arl—I—a,...,:ck—i-oz) '

x log

To evaluate the difference between the Bayes risks R(m(l ),pwa (y | #)) and

R(ﬁéN),pﬁ(N)(y | )), it is sufficient to consider the case y; = 1 because of the
symmetry of the index 7. Thus,

0 < R(@, pro(y | 2)) = REEY pon (y | @)
ela—l . oka—l N
—k 0 0702 - o7
/A Ba,. (a,a,...,q) 12 z1,...,xK) b2 k

EN EN x
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IAEN(xl+1+a,x2+a,...,xk—|—a)
In. (v1+a,...,2 + @)

X 10g d91 s d9k71

k N
= B 1
BAEN(O%O%---,O‘)ZI: Ay (@1 + 1+ a,z2 + 0 ’Ik+a><x1,...,xk)

IAEN(xl+1+a,x2+a,...,xk—|—a)
In. (v1+a,...,25 + @)

x log

Because log(z + 1) <z for > —1, we have

R pr.(y | 2)) = REN oo (y | 7))

k N
B 1
BAEN(a,a,...,a); AEN(xl_'— toztao ’Ik+a)(x1,...,xk)

{IAEN(xl+1+a,x2—|—a,...,xk+a) 1}
>< —

In. (71 +a,... 25 + @)

k
- B DY
BAEN(OA,Q,...,Q); (1 + ..., +a)

BAEN(xl+1+a,x2+a,...,:ck+a) N
BAEN(xl—I—a,...,:ck—l—a) T1,..., Tk
X {IAEN(xl +1l4+a,z2+a,... x5 +a) = Ia. (71 +a,...,zp+a)l.
From Lemma 3.1, we obtain
R pe, (y | 2)) — RS, g | 2)

- k
" Ba.,(v,a,..., )

BAEN(xl—I—l—i—oz,:zrg—l—a,...,:ck—l—a)
BAEN(xl—I—a,...,:ck—l—a)

xZB(:vl—i—a,...,xk—i-a)

N I'(N + ko)
8 (a:l, e ,xk) D1+ 1+ a)D(N —21+ (k—1a)

% EleJra(l _ EN)folJr(kfl)a'

From Lemmas 3.3 and 3.4, we have
R@M, pr.(y | @) = RGN p oo (y | 7))

- k
" Ba., (vq,...,q)

By +1+a,N—z1+(k—1)a)
Bieya)(z1 +a,N —x1 + (k- 1)a)

N I'(N + ko)
8 (3:1, e ,:ck> (1 + 14+ a)'(N —21 + (k— 1))

XZB(x1+a,...,xk+a)




Asymptotically minimax predictive densities 947

11+a(1 _ EN)N—acl-i-(k—l)a

kEB(a, ... «)
Ba. (a,a,...,q)B(a, (k—1)a)

X EN

EN
ZN: Biey (@i +14+a,N -z + (k- 1)a)
—~ 21 +a By (e + o N -z + (k—1)a)
X N 8N11+a(1 _ EN)N—mri‘(k—l)oz'
gal
Since
Beyay(@ +1+a,N =i+ (k=)o) _ (1—en)(@ +a)
Biey (@i +a,N -z +(k—1)a) N + ka

+en

because of Lemma 3.5, we have

R, pr. (y | 2)) = REN,p v (y | 2))
kENa(l — EN)(k_l)a
T Ia (... a)B(a, (k —1a)

1—EN N—
11— b
X{N+ka+5 :c1+a< ) eN) }

o k{:‘N (1—€N(k1 1—€N
_IAEN(a,...,a) N + ka

N
x1+1 1 (N +1)! N N+1-z1—1
x 1— +1—x
+Zx1—|—aN+1(x1+1)(N+1—$1—1)EN ( EN)

z1=0

_ ken® (1—EN)(k71) 1—en
Ia. (a,...;a)B(a, (k= 1)a) | N + ka

N+1
z 1 N +1 Nl
- zl_ +1—=2
+§z+o¢—1]\7+1( z >€N( en) }’

where we define z/(z+a—1)=0ifa=1and z =0.
Since there exists a constant C,, > 0 such that |z/(z +a —1)| < C, for every
z, we have

RV, pra(y | 2)) = R(7ED, 00 (y | 7))

kSNa(l —EN)(k_l)a 1—en Co
T a. (o, 0)B(a, (k=1)a) \N +ka  N+1

) = O(N " ten®).

O

Now we prove Theorem 3.2 that shows px, (y | ), where & = 1 + 1/1/6, is
asymptotically minimax. The constant 1/& = v/6/(v/6 + 1) in the theorem is
approximately 0.7101.
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Theorem 3.2. Let pz,(y | x) be the predictive density based on the prior

k—1
Ta(0)d6y -+~ dby_y oc ;Y0 g, VO N 0,)/ V046, - by
i=1

Suppose that {en} be a decreasing sequence of real numbers such that
limy oo N3/4ey = 00, lmpy a0 NVégy = 0, and 0 < ey < 1/k for every N.
Then,

sup R(0,px.(y|x)) =inf sup R(0,q(y;z)) +o(N"2).

Ay 4 fen.

(V)

Proof. By setting m = 74 and 7* = 75’ in (3.3), we obtain

sup R(0,pr.(y | 2)) > inf sup R(0,q(y;x)) = REp_on(y | ). (3.4)
€Ay 9 e, &

From Theorem 3.1, we have
REN pra(y | 2)) = RESY p,on (| 2)) = O(N~'en®) = o(N72),  (3.5)
because ey = o(N~/%). From (3.4) and (3.5), we have

sup R(0,pz,(y | #)) = inf sup R(0,q(y;x))
0eA. 9 0eh.y

>R(7) pr, (y | 2)) +o(N72). (3.6)

Here, from Corollary 2.3,

R pralw] @) = sup R(Ope.(y|2) +o(N7?).  (3.7)
€Acy
From (3.6) and (3.7), we obtain the desired equality. O

4. Discussion

The results in the present paper indicate that 74(0) 911/‘/6- . Gk,ll/‘/g(l —

Zi:ll ;)Y V6 could be a reasonable objective prior for one-step ahead predic-
tion. The prior 74(0) can be regarded as an asymptotic approximation to the
latent information prior, based on which a minimax predictive density is con-
structed, and it seems to consistent with some numerical results in [11]. Bayesian
predictive densities based on commonly used objective priors, such as the Jef-
freys priors my on A, 7T§N) on A, , the uniform priors 7y on A, or W[(JN) on Ag
are not asymptotically minimax in the predictive sense.

The constant & = 1+ 1/+/6 appears as a solution of the equation 6a? —12a;+
5 = 0. Note that the term of order N~2 in (2.2) is (1/N2){Zf:1(6a12 —12a; +
5)/(126;) — A%/2 + A — k/2 + 1/12} if the parameter value 6 is fixed.
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The conditions limy_ec N34y = 0o and limpy_yoo N¥/% n = 0 assumed in
Theorem 3.2 are sufficient conditions. If ey converges to 0 very rapidly, then
the condition impy oo N3/%en = oo is not satisfied and we need to take into
consideration the singularity at the boundary of the parameter space A. In this
case, we need to consider further modification of the prior. This is similar to
the situation, where the boundary points of the simplex A are assigned mass
by the minimax prior, studied by Xie and Barron [13, 14] in the reference prior
formulation. In the present paper, we do not use such a modification because we
consider a sequence of subsets A, converging to the original parameter space
A at a rate satisfying the conditions.

If ey converges to 0 very slowly, then the condition limy_ s NYégy =
0 is not satisfied and we cannot neglect the difference between 75 and ﬁ&N).
The constant 1/& = v/6/(v/6 + 1) ~ 0.7101 is not much smaller than 3/4.
It may be possible to weaken the condition limy_, s N3/4en = 00 by using an
expansion of the risk function with terms higher order than those in the formula
in Theorem 2.1.

The condition N3/4cy — oo in Corollaries 2.1-2.3 and Theorem 3.2 is
stronger than Ney — oo in Theorem 2.1. The rate N3/*cy — oo is required
because the right-hand side O(N ~%ex %) of (2.2) is o(N~2) under this condi-
tion. If we use an expansion up to order N=% (k = 5,6,...) with terms higher
order than those in (2.2), we need to assume N*~1/kcy — oo to assure that
the remaining term is o(N~2). The condition N*~/k¢y — 0o becomes closer
to Neny — oo in Theorem 2.1 as k increases.

Appendix A: Proofs of lemmas

Proof of Lemma 2.1. (1) Let

2m—+1

f(z) :=log(l+2z)— Z (—1) =zt

i=1

Then, f(0) =0, and

2m
1 o 1 1 I2m+1 I2m+1
! = — —11 = - - :
fx) 1+ g( J'a 1+ (1+x+1—|—x> 1+z

Thus, f/(z) > 0for -1 <2 <0, f'(x) =0 for z =0, and f'(z) < 0 for x > 0.
Therefore, f(x) <0 for x > —1, and the equality holds only when 2 = 0.
(2) Let

2m 1 w2m+1

f(x) :=log(l+x)— Z(_l)i_l%xi _

Then, f(0) =0, and

om—+1 1+

2m

oy 1 ii_ L 1
fiz) = —Z(‘1>“’_1+x+2m+1(1+x)2

I2m+1
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1 1 2m me 1 2m—+1
Tl+z <1+:v_ 1+w> a 1+x+2m+1(1+:v)2
1 x2m+1
S 2m+1(1+2)2°
Thus, f/(z) <0 for =1 <z <0, f'(x) =0 for z =0, and f'(z) > 0 for x > 0.
Therefore, f(x) > 0 for —1 < x, and the equality holds only when = = 0. O

Proof of Lemma 2.2. We prove the desired results by induction. Assume that
par—1(N,0) and pg (N, 0), where [ is a positive integer, are represented as

p2i-1(N, 0) me 1Li(0)(NO)" and (N, 6) Zlez (A1)

where fo—1,(0) (1 =1,2,...,1—1) and f9,(0) (i =1,2,...,1) are polynomials
with integer coefficients. Then, by using the recurrence equation

Hm+1(N,0) =0(1 —0) {Nmum_l(N,H) + W} (m=2,3,4,...)

by Romanovsky [12], we have

4 < .
p2i+1(N,0) =0(1 - 0) {QNZZle 1i( 1+@;f2“(9)(]\79)1}

and
l q < _
/1*2l+2(N, 0) =6(1—0) {2N(l + 1) Z fg[)l(e)(Ne) + 0 f2[+1)i(9)(N6‘)Z} .
i=1 i=1
Thus, po41(N,0) and po42(N, 0) are represented as

1+1
pi2i1(NV, 6) Zf2z+1 i( and  pgi42(N, 0) Zf2l+2z

where fo;41,(0) and fo12,(0) are polynomials of § with integer coefficients.
Since u1(N,60) = 0 and p2(N,0) = NO(1 — ), the equation (A.1) holds for
every positive integer [.
Therefore, because Nen goes to infinity, there exist constants Cq;—1 and Cy;
not depending on N or 6 such that

k211 (N, 0)| | far-1.i( — maxpe(o,1) | fa1.4(0)]
N@ -1 Z N9 I— 1 —i — ; (NEN)l_l_i <Oy
and
! 1
|21 (N, 0)] maxge(o,1] | fo1,:(0)]
< < C
(NOY  — ; g (Nen)— < G,

respectively. O
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Proof of Lemma 2.3. We have

w2 NN NO+a [z—NO\%
E = 0*(1—)N—=
<1+w> Z<x> ( ) r+a <N€+a>

=0
B 1 XN: (N+1)
C N0+t = (DN +1) - (2 + 1)}
1 z+1
61-1—1 .y N+1—(z+1) — N6 2l'
N+19 ( ) :17+a(x )
Here, for every x > 0,
41 1 ifa >1,
<491
T+a -, if0<a<l.
a

Thus,

1
E ’LUQZ < max(l E) NZH (N + 1)' 9z(1 _ 9)N+17z
14w (NO+ a)?=1(N +1)0 &~ z!/(N +1—2)!

x{z—(N+1)8—(1-06)}*

1
max (1 5) NZH <N+1
(NG—l—a)Ql N +1)0

XZ< e - @ ey - - 0

max (1 3) Z<2l>lu;(N+1 o,

<
(NO+a)2~1(N +1)0

1oy

z

where we define uo(N +1,60) := 1. By Lemma 2.2, there exist positive constants
C; (1 =0,...,2l) such that

E< w?l )
14w

max(l l) l -1
< W TR 1T S O {N+ 1) + > Coja{(N +1)0}
7=0 7=0

-1

l j—1 — -1 A
1 N+1Y)’ 027 N+1 ng+1
< max (1, 5) Jz::o < N ) (N9 + Jz: NO2

< 91 pax 11 1 & +§ Cs; +§ Caji
= o) NOF ) T (New) T T (New) I [
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Since Nen goes to infinity, there exists a constant C' such that

w?! C
< .
B (1+w> ~ (NO)!

Therefore,
w2+l w? C
E(- = -Ew?)+E < .
< 1+w) (w™) + <1+w>_(N6‘)l
O
Proof of Lemma 3.1. The desired inequality is equivalent to
(Oél + e + ak)BAE (Oél + 17 Qg, - ,Oék) - alBAE (Oé], e 7ak) (A2)
< F(az)-.-r(ak) 0‘1(1_5)0‘2+"'+0‘k.
Plog + -+ o)
Let
w; = b (i=2 k)
T 1 _ 91 - b b)
Then,
9?1*1 .. .92‘511*1(1 Oy — e — Op1)™ MOy - By
:9?1—1(1 o 91)0‘2+"'+0"‘_1w§‘2_1 . 'wgiil_l(l Wy — - — wk_l)ak—l

X d91dw2 s dwkfl.

We define
k—1
!/ .
AE/(I_E):—{w—(wQ,...,wk1) |w;>e/(1—¢) (i=2,...,k), wk:—l—Zwi}.

If o e AE, then (92/(1 — 6‘1), .. .,Gk_l/(l — 91)) € A;/(lis).

If w=(wa,...,wp_1) € A’E/(lfs) is fixed, then {0 = (01,...,0k—1) | 0 € A,
0; =(1—-01)w; (i=2,...,k—1)}, which is a subset of A., is represented as {6 |
(91, (1 - 91)102, ceey (1 - 01)wk,1) | L(wz, SN ,U}kfl) S 91 S U(wg, e ,wkfl)}
by using appropriate functions L(ws, ..., wg—1) and U(ws,...,wr_1) because
A, is a bounded closed convex set.

If (61, (1= 01)wa, ..., (1 —601)wg) € Ag, then (g, (1 —&)wa, ..., (1 —)wp_1) €
A because (1—g)w; > (1—01)w; > efori=2,..., kand 5—!—2?:2(1—5)101- =1
Thus, L(ws,...,wg—1) > €. Obviously, L(ws,...,wi_1) < € because 0 ¢ A, if
01 < e. Hence, L(wa,...,wg_1) = €.

Since )y =1—0y— - — 0, <1—(k—1)g, U(wa,...,wp—1) <1—(k—1)e.

Therefore, we have

BAE(al + 1,0&2," . aak)

= / 9?1932*1 o 92&11*1(1 -0, — - — okfl)arldgl o dfpq

€
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U(wsz,...,wi—1) &
B / {/ 07 (1 = 01) e aildt?l}
! €

e/(1—¢)
— _ _1 _
Xwg@ 1'”ng11 (1_w2_“._wk_1)ak 1dw2---dwk_1
1 . U(wa,..., Wr_1)
L {frgtaem]
Al/a-e i=2 Qi .
U(wz,...;w—1) .
(5] _ )
+/ e — 6‘?1 1(1 — 91)21’:2 aldel}
€ Zi—z Q
—1—1
X wg‘z ! ’wgill (1 — Wy — - — wk_l)ak 1dw2 dwy_1

= /A o {gal (1= ) i

;/(175) Ei:2 @

—{U(wz, ..., we—1)}* {1 = U(wa, ... ,wk_l)}Zfzz al}

X ws? et T T L —wy — e — wp 1) T g - dwgey
U(wz,...;wk—1) e
+/ {/ _kal —67 (1 - 91)21'2%(191}
AL e € Zizz @
x wy? --wzﬁlil(l —wy — -+ — wy—1) ™ Hdwg - - dwg
1 k ;
< o1l
Dice Qi
x / wg? w1 —wy = = wpe )™ T dws - dwg
A/
e/(1-¢)
aq
i mBA;/ma(al’ 02,7+ 5 Qk)
B
< (0‘2;770"6)5&1(1 S kailBAs (a1, a2, ,ak).
Zi:Q (67 Zi:2 Qs
Thus, (A.2) is obtained. O

Proof of Lemma 3.2. We obtain the desired inequality from

9 Byl +1.5)
ot B[s,t] (a, ﬁ)

o )
{&B[S,t] (a+1, ﬂ)} Bisg(a, B) — Bisyy(a+1,3) {&B[&t] (o, ﬂ)}
{Bls.n(a, B)}?

) Wta_l(l - /t(t —0)0°" (1 0)P1d9 > 0
[S,t] «, ;
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and
9 Bpylat1,h)
9s  Bisy(a,B)
0 a
g5 B 109} B )~ Bale +1,9){ 5 B )}
. {Bs.g(a, 8)}°
1 t
- Wsail(l - 8)671/ (0 —5)0°"1(1 —0)°~1de > 0.
[s,t] a, s

O
Proof of Lemma 3.3. Define w; (i = 2,...,k), A;/(l_a), and U(wa, ..., wk_1)
as in the proof of Lemma 3.1. Let
P(O1w2, ..., wi—1)dfdws - - - dwy_y
=0t '92‘5}171(1 =0 — = Op1)* O Oy
ozk—l

:9?1*1(1 _ 91)a2+'~+ak—1wg‘2*1 L. wgiil_l(l — Wy — - — wk—l)

X d91dw2 s dwk,1

and
P01, wa,..., wp_1)
91,w2,...,w;€_1 = .
P ) Ba, (a1, 00,. .., ap)
Since
Ba_(a1,a9,...,ap)
U(wa,...;wr—1)
32/ / (b1, wa, ..., wr—1)d0; p dws---dwy_1,
A’ €
c/(1—e)
p(01,wa, ..., wE_1) is a probability density. The marginal density of (wa, ..., wk_1)
is
U(wa,...,wg)
p(wz,...,wk):/ p(01,wa, ..., wi)dbs.
1>
The conditional density of 6y given (wa, ..., wi_1) is
01, wa, ..., Wk
p(91|w27---,wk71):p( D2 1)
p(’LUQ, ceey wk—l)
oal—l 1—6 asttap—1
L ( 1) E§91SU(w2,...,wk,1),

_ J»U(w2 ..... Wk—1) 9?171(1 _ 91)0‘2+"'+ak—1d917

€

0,

otherwise.
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Then, from Lemma 3.2 and U(ws,...,wr—1) <1—(k—1)e <1,

BA (a1+1,a2,...,ak)

(ag, g, ap)
U(wz, Wk —1)
/ / O1p(61, w2, . .., wr—1)dO1dwy - - - dwg_1
</-e)
U(wa,...,wg—1)
= / {/ 91p(91 | wa, ... ,wkl)d91}
Ala-o e
X p(wa, ..., wg—1)dws - - - dwg_1

U(wz,...;wr—1)
/ 691 (1 — 92t FTor=lqg,
£

U(wz,...;wg—1)
e/(1—¢) / 9?1* (1 _ 91)a2+---+ak71d91
£
X p(wa, ..., wg—1)dws - - - dwy—1

(k—1)e
/ 910‘1(1 _ 91)a2+»~+ak—1d91
€

1—(k—1)
/ R G ) R
£

_ Biea—-ne(aa +Lag + -+ ay)
 Biea—(e-n (o, 00 4+ o)
- B[Eﬂl](al +las+ -+ ag)

T Beglan,ao A+ 4ar)

Proof of Lemma 3.4. The right hand side of the equation is represented by

Z B(zy +aq, 22 + g, ..., xp + ag) N
B(ag,ag, ..., qr) 1, Tk
T2, @kz =N—m1
k

Z / 9?1—1...92‘511_1(1_21_;11 ei)ak—l
A B(ag,...,ax)

N k=1
o7 - m’“ (1= 0;) > idly - -dOs_
X(:Z?l,...,ilfk) Z ' ! kol
/ AR/ SR (e Dty gy
N B(ai,...,ak)

N
X ( >9f1(1 —0)V"1d6; - - dhy_ ;.
Z1



956 F. Komaki

From the relation

/9041 1. pk—1— 1 1_291 o — 19I1 _el)N_wldel"'dek—l

k 1

s L g
l 6.(11 . Otk 1 6‘1 g — 16.11 1_91)N z1
=1

dby_1dOk_o - - -dby

1—-641
/ / / / 9a1+m1 19042 1 . eak 2—1

1 _ Z@i ak 1tag— 1§gi711*1(1 _ ékfl)akil(l _ 91)N711
=1

df—1d0y_2 -

e 1 L 1 1. 1
(0%
ak 17ak / / / 9a1+11 6.&2 . 9 Fo— 2

(1—291-)% rar=l() _ g \N=T1dg, ... d6,
=1

k

= B(ag—1, 0)B(a—2, 01 + o) - - - B(aa, Zai)
i—3

1 k
> / 0?1+m1—1(1 _ 91)21':2 aiJerzlfldol
0

B(ay,« ay) ~
_ 1, 27}6”7 k B(a1+x1,zai+N_$1),
Blai, Y i i) i=2

where 0,1 = 01/ 25;12 0, we obtain the desired result.

Proof of Lemma 3.5. Since

19“1 0F-1a0 = |- Loon Ml @ 196“1 )7 a6
[oa-optan= | -Zera-op| 45 [ota-o)
6 (

1 a ! a 1
:_aa1—sﬁ——/ 1—95*1d9+—/ 62~ (1 — 6)*~1de,
3 ( ) 3 ) 5/ ( )

we have
0> (1 ﬁ 1de a(] —g)8
(a+B)—2 L. —at—— (1=e)
L6111 - 0)F1do o111 - 6)-1do
(1 —¢)B e(1—¢)?
<a+ =a+ —Gr——r = o+ fe.
eo=1 [1(1—0)5-1dp Z[(1—-0)5]L
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