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Abstract. To estimate the proportion of a sensitive attribute of the popula-
tion that is composed of the number of different sized clusters, we suggest
a two-stage randomized response model with unequal probability sampling
by using Abdelfatah et al.’s procedure [Braz. J. Probab. Stat. 27 (2013) 608—
617]. We compute the estimate of the sensitive parameter, its variance, and
the variance estimator for both pps sampling and two-stage equal probability
sampling. We extend our model to the case of stratified unequal probability
sampling and compute them. Finally, we compare the efficiency of the two
estimators, one obtained by unequal probability sampling and the other by
stratified unequal probability sampling.

1 Introduction

Warner (1965) first suggested an ingenious survey model called a randomized re-
sponse model (RRM) to procure sensitive information from respondents without
disturbing their privacy by using a randomizing device which was composed of
two questions, one sensitive and the other nonsensitive:

Do you have a sensitive attribute A? (with probability Fp)

Do you have a nonsensitive attribute A? (with probability 1 — Pp)

Mangat—Singh (1990) developed a two-stage randomized response model which
required the use of two random devices (R, Ry) and showed that his model was
more efficient than Warner’s model under the condition of 7y > 11__2;; 9. The ran-
dom device R consists of two questions, (i) “Do you have a sensitive attribute A?
(with probability Tp)” and (ii) “Go to random device R, (with probability 1 — Tp).”
The random device R; has exactly the same structure as Warner’s model.

Mangat (1994) developed a randomized response model which reduced the use
of the randomizing device from two to one.

Odumade and Singh (2009) suggested the use of two decks of cards in a ran-
domized response model where each of the decks included the two questions used

Key words and phrases. Randomized response model, two-stage model, sensitive attribute, strat-
ified sampling, stratified unequal probability sampling.
Received September 2012; accepted November 2012.

381


http://imstat.org/bjps/
http://dx.doi.org/10.1214/12-BJPS214
http://www.redeabe.org.br/

382 Lee, Hong, Kim and Son

Table 1 Classification of responses from Deck(1) and Deck(2)

Responses from Deck(2)

Responses from Deck(1) Yes No
Yes ni nio
No no1 noo

in Warner’s model. Each respondent in a simple random sampling with replace-
ment (SRSWR) of n respondents is provided with two decks of cards. Deck(1)
includes the two questions, (a) Do you have a sensitive attribute A? (b) Do you
have a nonsensitive attribute A?, with probabilities P and 1 — P, respectively.
Deck(2) includes the two questions as in Deck(1) with probabilities 7 and 1 — T,
respectively. Each respondent is requested to draw two cards simultaneously, one
by one from each deck of cards, read the questions in order and answer “Yes”
or “No” accordingly. The responses from the n respondents can be classified into
2 x 2 contingency table as shown in Table 1.

Abdelfatah et al. (2013) suggested a modified Odumade and Singh (2009)
model that improved its efficiency by using Mangat—Singh’s (1990) procedure in-
stead of Warner’s procedure at each stage.

In this paper, we suggest a two-stage randomized response model, with unequal
probability sampling, to estimate the proportion of the sensitive attribute of the
population that is composed of the number of different sized clusters by using
Abdelfatah et al.’s procedure (2013). We compute the estimate of the proportion
of a sensitive parameter, its variance and variance estimator for both pps sampling
and two-stage equal probability sampling, respectively. We extend our model to
the case of stratified unequal probability sampling and compute them. Finally, we
compare the efficiency of the two estimators, one obtained by unequal probability
sampling and the other by stratified unequal probability sampling.

2 Estimation of the proportion of a sensitive attribute with a stratified
unequal probability two stage randomized response model

In order to investigate the method of estimating the sensitive population proportion
of the population, which is composed of N clusters with size M;, we suggest a
two-stage randomized response model with unequal probability sampling and with
equal probability sampling by adapting Abdelfatah et al.’s procedure (2013).

We first investigate the estimation of the sensitive population proportion with
unequal probability sampling with replacement (UPSWR) in Section 2.1, propor-
tional to probability size without replacement (PPSWOR) in Section 2.2 and equal
probability sampling in Section 2.3.



An estimation of a sensitive attribute 383

2.1 Estimation of a sensitive population proportion by UPSWR

Suppose the primary sampling units (PSUs) of size n clusters have been selected
from the population of N clusters with size M; with replacement, in which each
ith PSU is selected with probability p; and the secondary sampling units (SSUs) of
size m; (i =1,2,...,n) are selected from each chosen primary unit by SRSWR.
Each respondent selected by the two-stage sampling procedure is requested to draw
two cards simultaneously, one card from each deck of cards, and read the state-
ments in order. Each interviewee in a SRSWR of m; (i =1, 2, ..., n) respondents
is provided with four decks of cards, as shown in Figure 1.

The respondent is requested to draw a card from Deck(3) only if directed by
the outcome of Deck(1) and he/she is also requested to draw a card from Deck(4)
only if directed by the outcome of Deck(2). Deck(3) and Deck(4) are exactly the
same decks used by Abdelfatah et al. (2013). The respondent first matches his/her
actual status with the question written on the card drawn from Deck(1) or Deck(3),
and then he/she matches his/her actual status with the question written on the card

I Deack(1) |
|
| |

“Do you have the
sansitive attribute

Go to

deck(3).(1— W)

A7 (W)
Deck(3) |
i “Do you have a
Do you have the nonsensitive
sansitive attribute attribute
A7 (P i
'] ] A7 (1-F;)
| Decki2) |
Do h th
you have the Go to

seneitive attribute

A7 (6

deck(4] {1— &)
[

[ Deck{d) |

I

Do you have a
nonsansitive
attribute

A7 (1-T)

Do you have the
sansitive attribute

A7 (T

Figure 1 The random device ith cluster.
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drawn from Deck(2) or Deck(4). The whole procedure is done completely by the
respondent, away from the interviewer.

The probability of getting (Yes, Yes) response with sensitive population propor-
tion m; from ith cluster, 6;11, is given by

0i11 = P (Yes, Yes)
=W Qimi + Wi(1 — Qi) Tim;
+ (A=W P Qimi + (1 = W) Pi(1 — Qi) Tim;
+ A=W —-P)A -0 -T)(1 —m)
=[A-WpPi+(1—-0)Ti+ Qi + W; — 1]m;
+ A=W = P)(1 — Qi)(1 —Ti).
In the same way, the probabilities, 6;1¢, 6;01 and ;¢ are given by
6;10 = P (Yes, No)
=[Wi— Qi+ P(1=W)—-T;(1-0)]m
+ (1 =Wl —P)H[0i+ (1 —0)Ti],
0;01 = P(No, Yes)
=[0i=Wi+T;(1—-Q;) — Pi(1 = Wp)]m;
+ (1= 0N —=TH[W; + (1 — W) Pi]
and
6;00 = P (No, No)
=[1-W,—Q;—P(1—-W)—-Ti(1-0Q)]mi
+WiQi+Wi(l-0)Ti+ (1 —-W)P Qi + (1 —W)P(1 - 0)T;.

The responses from the m; respondents of ith cluster can be classified into a
2 x 2 contingency table as shown in Table 2.

In order to estimate the unknown population proportion 7; of the respondents
belonging to sensitive group A; in the ith cluster, let m;11/m;, mjio/m;, mjo1/m;

Table 2  Classification of the responses from the four decks of cards in ith cluster

Responses from Decks(2 or 4)

Responses from Decks(1 or 3) Yes No P
Yes mii m;1o mil4
No m;o| o0 mjQ4

X nj4 ;40 n;
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and m;oo/m; be the observed proportions of (Yes, Yes), (Yes, No), (No, Yes) and
(No, No) responses, and further let them be unbiased estimators for 6;11, 6;10, ;o1
and ;g respectively where Z}'zo lec:o Oijk = 1.

We can define the squared distance between the observed proportions and the
true proportions in each ith cluster as:

1 1 1

miji\?
Di=§ZZ<9ijk_ m ) ,

j=0k=0

where

1
azihvwma+a—@m+@+Wfﬂm

1

. 2
miii
+A =W —-P)(1—-0)A-T)— ]

+ %[{Wi — Qi+ Pi(1-W)) —T;(1 - Q0)}m;
. 2
+a—mm—ﬂn@+u—@myfﬁﬂ
*éh@—m+ﬂﬂ—QFHU—MWn
m;o1 2
(1= 0 =T [Wi+ (1= W) - "]
+%[{1 -Wi— Qi —PA—-W)—-Ti(1-Q)}m
+ Wi Qi +W;(1—-0)T; + (1 — W) P; Q;
. 2
+a—mma—@m—mm]
m;

To obtain m;, which minimizes the squared distance D;, we have

3D; 2
or == WP+ (1= 0)Ti + Qi + Wi — 1]'m;
- mn;“ [ = W) P+ (1= 0)Ti + Qi + W; — 1]

+[A=W)P+(1— Q)T + Qi + Wi — 1]
x (1= W) (1 — P)(1— Q)1 —T)
+[Wi— Qi + (1 = W) = Ti(1 — 0]’
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. miio

(Wi = Qi + Pi(1 = Wi) = T;(1 — Q))]

+[Wi— Qi+ Pi(1 = W;) = T; (1 — Q;)]
x (1= W) (1 —P)[Qi +(1— 0NT;]
+[Qi = Wi+ Ti(1 = Q) — Pi(1 — W)’

MOl Q; — Wi + Ty(1 = Qi) — Pi(1 — W))]

m;
+[0i = Wi+ Ti(1 - Q) — Pi(1 —W))]

x (1= 0N =TH[W; + (1 — W) P]
+[1-W,— Qi —P(1—-W))—T;(1— Qi)]zﬂ'i

mioo[l —Wi— Qi —P(1=W) —T;(1 - 0))]

mi
+[1-Wi— Qi —P(1—-W)—T;(1-Q))]
X [WiQi +Wi(1 - 0T+ (1 —=W)PQ; + (1 —W)Pi(1 - 0)T;]

and setting %g L = (, we obtain the following estimator 77; of the population pro-

portion ; in ith cluster
A 1 min/mi —mioo/mi)Bi + (miro/mi —mio1/mi)Ci

=5+
) 2B +CH

; 2.1)

where B =(1-W)Pi+(1-0)Ti+W;+Q;—1,C;i=W;,—Q; + (1 -W;) P, —
(I—-0)T;.

Thus, the overall estimator 7Typswr of the population proportion 7 is obtained by

R 1 " M,']'A[l'
T, = —
upswr nM, ; i
1 &M,
- Yy = (2.2)
nMo = pi
y [1 . (mi11/mi —mjoo/m;)B; + (mj10/m; —mi01/mi)Ci]
2 2B +CP) ’

where Mo = YN | M;.

Theorem 2.1. The ftypswr is an unbiased estimator of the sensitive population pro-
portion 7.
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Proof. The expected value of ﬁupswr is given by

n 1 " Ml'JAT,'
E1Er(typswr) = E1 E
1 E2(TTupswr) 1 2|:nM0; o

It follows from the fact that E(m;jx/m) =0k, i =1,2,...,n; j=0,1; k=0, 1.

. 1 (mjii/mi —mioo/m;) Bi + (miro/mi —mio1/m;)C;
Er(mi) = 7t 3
2(B% + C?)
_ I (611 = bioo) Bi + (10 — bio1)Ci
2 2(B? +CH)

=T;.

Hence, we can prove Theorem 2.1

E; E2(7%upswr) =E |:

1 iMﬂ
nMo ;=
1 Y M;m;
Mog " p

= TT. D

Theorem 2.2. The variance of the estimator Typswr is given by

1 Y M;m; 2
V(”upswr)— zzpz[ l_l_MOT[:|
M()t 1 l
Nom? o1
(2.3)
Ol lpl 4mi
B*(E; + F;) + C3(G; + H;
[ e 1) <2m—1)2},
(Bf +C7)?
where

Ei=W,0; +W;(1-0)Ti +(1-W)PQ; +(1 — W) Pi(1—-0Q)T;,

Fi=0-W)d—-pr)d—-0)0-T),
Gi=(1-0)A-TH[W;+1—-W)P],
Hi=(1-Wp(—P)[Qi+(1—-0)T;].
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Proof.
V(ﬁupswr) =ViEs (ﬁupswr) + E1 V2 (ﬁupswr)~
We can see
R 1 & M;#;
VIE =ViE)| —
1 2(7Tupswr) 1 Z[HMO; i
1 M;m;
_ Vl Z 7%
nMo = pi
N 2
M;m;
S [ ]
MOz 1 pi
and
E\Vy (ﬁupswr)
1 M;7;
=E\Vy| —
0,27 Pi
1 &M
- 1 2 Z 2 VZ(T[!)
|:(nM0) i=1 Pi
_ [ 1
(nMo)?

XZ l V2{2 (mzll/mz—mloo/m )B;

+ (miro/mi — mio1/mi)C;)/(2(B? + sz))”

[ X”‘: M? 1
e & 7 w2+ 7

mii1 {00 mi;i10 m;o1
x{BExV(—’ _ )+C2 ( o )
m; m; m; m;

L 2B.C x Cov(mill — Moo Mi10 _mi01>”
L1 ) .

mj mj

Using the following results from the multinomial distribution,

V(miii/m;) =0;11(1 —6;11)/m;;

Cov(mji1/mi, miro/m;) = —0;110i10/mi;
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V(mii0/mi) = 0i10(1 — 6i10)/mi;
Cov(miio/mi, mio1/m;) = —b;i106i01/mi;

V(mio1/mi) = 0io1(1 — 6io1)/mi;
Cov(miri/mi, mior/m;) = —b6i116i01/mi;

V(mioo/m;) = Bioo(1 — 6ioo) /mi;
Cov(mjio/mi, mioo/mi) = —bi106i00/mi;
Cov(mio1/mi, mioo/mi) = —bi016i00/ mi;
Cov(mji1/mi, mioo/mi) = —0bi116i00/mi.

We can rewrite £V, (ﬁupswr) as follows and prove Theorem 2.2.
E1V, (ﬁ'upswr)

ZMZ{BZ(E + F) + C*(G; + Hy) (271,-—1)2}
B (nMo)zl ‘ p? 4m; (B} 4 C})? 4m;

ip MZ[BZ(E +F)+CHGi+ H)  (Qm —1)2}
(nMo)2 ’ 4m; (B2 + C})? 4m;

Yom? o [B?(Ei+ﬂ>+c,.2(Gi+Hi>

nMg 2, (B? 4+ C?)2

— Qn; — 1)2].
l l pl 4ml '

Also, an unbiased estimator of the variance of 7Typswr is given by
A 1 " M; T i
V(WUPswr) = n_ng Z: pi |: P

M(% ZZI Pi 4(ml -1

2
— M, 07AT upswr:|

i

2.4)

5 [ng,- + F) + C}(Gi + H))

(B? + C?)2
Meanwhile, if the M; is known and each unit of n PSUs is selected with prob-
ability proportional to its size M;, then the unequal probability p; = M;/My. We

call it sampling with probability proportional to size, or pps sampling.
In this case, the estimator 7T,pswr of the population proportion 7 is given by

1 n
ﬁppswr = ; Z ﬁ'i
=1
l (2.5)

1 1 (mi1/m; —mioo/m;)B; + (mj10/m; —mjo1/m;)C;
= Z + 2 p) :
2 2(B7 + C?)

nll

— Q7 — 1)2]
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The variance and variance estimator of 7T,pswr are given respectively by

. -
V (Fppswr) = YV g M;(t; — m)?

N
2.6
nMOX; 4ml (2.6)
B*(E; + F) + C(G;
<[ - 17
(Bf +C;)?
. 1 & o )
V (TTppswr) = W Ma Z M; (7wi — 7ppswr)
i=1
NS SIVAE. @)
nMo ‘= " 4(m; — 1) '
B*(E; + F)) + C*(G; + H;
X[ [(Ei 4 Fi) + G Git ,)_(zﬁi_l)z]
(Bf +C})?

2.2 Estimation of a sensitive population proportion by PPSWOR

Suppose the primary sampling units (PSUs) of size n have been selected from the
population of N clusters with size M; by proportional to probability size with-
out replacement (PPSWOR), and the secondary sampling units (SSUs) of size m;
(i=1,2,...,n) are selected from each chosen primary unit by simple random
sampling with replacement (SRSWR).
The estimator 7Tpswor Of sensitive population proportion 7 can be obtained by
applying Abdelfatah et al. (2013) model
. 1 & M7
Tlppswor = VO ; 0; ) (2.8)
where 6; is the probability that unit i is included in the sample.
The variance of prpswor is given by

V Gppswor) = -y Z Z(e 0

Ol 1j>i

b; 6;

|:M7'[l Mjnj:|2

(2.9)

y [B,?(Ei + F) + C}(Gi + Hy)
(B? +CH)?
where 0;; is the probability that unit i and j are included in the sample.

Qi — 1)2],
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The estimator of V(frppswor) is given by

V(ﬂppswor) = M2 Z Z

(6:6, lj) [Ml-ﬁi Mjﬁj]z

0i=1j>i Oi 0j
+ L g~ M7 : (2.10)
Mg = 6 4(m; —1) .
B2X(E; + F)) + C*(G; + H;
X|: l(l+ 12)+ ,2( l+ ’)—(27%,-—1)2]
(Bf +C;)?

2.3 Estimation of a sensitive population proportion by equal two-stage
sampling

Suppose the primary sampling units (PSUs) of size n have been selected from the
population of N clusters with size M; by SRSWR and the secondary sampling
units (SSUs) of size m; (i =1,2,...,n) are selected from each chosen primary
unit by simple random sampling with replacement (SRSWR).

The estimator 7y, of sensitive population proportion 7 can be obtained by ap-
plying Abdelfatah et al. (2013) model

N n
Rrwr = M—OngM,-ﬁ,-, (2.11)

where 7; is the estimator of the population proportion 7; in ith cluster as in (2.1).
The variance of 7y, and its estimator are given as follows.

V(#w) = N*— MZN— . Z(M M — Mm)?

(2.12)
| [B}(Ei+ Fi) + C}(Gi + H))
22 124 [ Ty _(2711._1)2]
MOl 1 mi (B,' +C,)
and
D (Grar) = N2y ! i(Mﬁ M frgr)?
wr) = N"—F —— iTi — wr
nMOn—ll,:1
N &, 1
+ MP— (2.13)
nMgl:Z1 14(mi—1)
B*(E; + F;) + C3(G; + H;
[ (Ei + 2)+ 2( + H;) (27%1__1)2}
(Bf + C7)?
where[\;lz%.
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2.4 A comparison of PPSWR sampling and equal two-stage sampling

When we set N — 1 = N, the difference between the variance of (2.12) and (2.6)
can be approximated as follows.

Vv (ﬁwr) - V(T}ppswr)

1 N _ B N B
= _ M; — M?*7>+MS (M; — M)n?
nMoMLz]< SRR YUY

1

4m,-

N
+D_(M; — M)
i=1

(2.14)
~m - 1>2>

5 (B,?(E,- + Fi) + CHGi + Hy)
(B? +C?)?
1
4m;

N
+ M) (M;— M)

i=1

5 (B,-Z(Ei + Fz) + C§(G,~ TH) N)]
(Bf +C;/)?

If M; = M = "0 in (2.14), then V (Rwr) = V (rppswr). That is, if the sizes of
the clusters are equal, then the selection probabilities are equal to %, and they are
equal to the selection probabilities of equal two-stage with replacement sampling.
Hence, the efficiency of the two methods is equivalent.

If the cluster sizes M; are different significantly on the right of (2.14), the first
term ZlN:l (M; — M )2711.2 and the third term have value greater than zero and the
second and fourth term have relatively small value. Therefore, the estimation by
ppswr sampling is more profitable than that of equal two-stage with replacement
sampling when the cluster sizes are unequal.

3 A stratified pps estimation of a sensitive attribute by two
randomized response model

When the population is composed of a number of different-sized strata, we deal
with the estimation of the sensitive attribute of the population by applying stratified
unequal probability sampling (SUPS) or equal probability sampling to Abdelfatah
et al. (2013) model.

3.1 Estimation of sensitive population proportion by SUPSWR

Let the population be compose of a number of mutually disjoint L strata of N
(h=1,2,..., L), where each stratum is consisted of N} clusters of size M},;. The
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| Declkm |
| |

Do you have the
=ansitive attribute

Go to

deck(3) (1— W)

A7 (W)
| Deck(3) |
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sansitive attribute nonssnsitive attribute?”
Am‘?- (Ph'i) (I_Pm')
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sansitive attribute
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I
| Deck(d) |
I
I |

Do you have the “"Do you have a
sansitive attribute nonsensitive
Ap? () attributa? (1— T3;)

Figure 2 The random device of stratum ith cluster of stratum h.

nj, clusters are selected with replacement by unequal probabilities pj; from the Ath
stratum, in which my; (i = 1,2, ..., ny) observation units are selected by SRSWR
from each cluster.

Each of mj; respondents selected by SRSWR from the ith cluster of size Mp;
are requested to draw two cards simultaneously, one card from each deck of cards,
and read the statements in order. The respondent is requested to draw a card from
Deck(3) only if directed by the outcome of Deck(1), and he/she is also requested
to draw a card from Deck(4) only if directed by the outcome of Deck(2). Deck(3)
and Deck(4) are exactly the same decks used by Abdelfatah et al. (2013). The
respondent first matches his/her actual status with the statement (question) written
on the card drawn from Deck(1) or Deck(3), and then he/she matches his/her actual
status with the statement (question) written on the card drawn from Deck(2) or
Deck(4), as shown in Figure 2. The whole procedure is done completely by the
respondent, away from the interviewer.

Since the response (Yes, Yes) from ith cluster in stratum % can be answered
from any respondent regardless of having sensitive attribute Ay;, the interviewer
can’t know the interviewee’s real status.
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The probability of getting (Yes, Yes) response from ith cluster in stratum #,
Oni11, is given by
Oni11 = P (Yes, Yes)
= Whi Qnimthi + Whi(1 — Qni) Thiztni + (1 — Whi) Ppi QniTthi
+ (1 — Whi) Ppi(1 — Qpi) ThiTthi
+ (1= Wpi)(1 — Ppi)(1 — Qpi) (1 — Thi) (1 — 7pi)
=[(1 = Whi) Pri + (1 — Qi) Thi + Oni + Whi — 1]mp
+ (1 = Wpi)(1 — Ppi)(1 — Qpi) (1 — Thi).
In the same way, the probabilities, 010, Onio1, and 6p;00 are given by
0 hito = P (Yes, No)
= [Whi — Qni + Pni(1 — Wii) — Thi (1 — Qpi) |7tni
+ (1 — Wii) (1 — Pu)[Qni + (1 — Qi) Thi ]
Onio1 = P (No, Yes)
=[0ni — Whi + Thi(1 — Qni) — Pri(1 — W) |7tni
+ (1 — Qni) (1 = Tpi) [Whi + (1 — Whi) Pri |
and
Bnioo = P (No, No)
=[1—=Whi — Oni — Pni(1 — Wii) — Thi (1 — Qpi) |7eni
+ Whi Qni + Whi(1 — Qni) Thi + (1 — Whi) Ppi Qi
+ (1 — Whi) Ppi (1 — Qpi) Thi-

The responses from the mp; respondents from the ith cluster in stratum £ can be
classified into a 2 x 2 contingency table as shown in Table 3. In order to estimate
the unknown population proportion mj; of the respondents belonging to the sensi-
tive group Ap; in ith cluster of stratum h, let mp;11/mpi, mpi10/Mui, Mpiol/Mhi

Table 3 Classification of the responses from the four decks of cards in ith
cluster of stratum h

Responses from Decks(2 or 4)

Responses from Decks(1 or 3) Yes No )
Yes Mpill Mpi10 Mpi1+
No mMpio1 Mpi00 M0+

) Mpit1 Mpj 40 Mmpj
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and mpio0/mp; be the observed proportions of (Yes, Yes), (Yes, No), (No, Yes)
and (No, No) responses and, and further let them be unbiased estimators for 611,
Ohi10, Onio1 and Bj;00, respectively where Z}:o 211:0 Onijk = 1.

We can define the squared distance between the observed proportions and the
true proportions in the ith cluster of stratum # as:

lnh 1 1 Mhiik 2
D=5 203 3 (Bhi = "2

i=1j=0k=0 !

where

1
Dy = 5[{(1 — Whi) Pri + (1 — Qi) Thi + Oni + Whi — 1}tni

2
Mpill }
Mpi

+ (1 = W) (I = Ppi)(1 = Qpi)(A = Thi) —

1
4 5[{% — Qi + Pai(1 = Wii) = T (1 = Q)

2
mhi101|

+ (1= W) = Poi){ Qni + (1 = Qni) Thi } — -

1
+ 5[{th Wi + Toi(1 = Qi) — Pl — W)}

2
mhim]

+ (1 — Qni) (1 = Tpi) {Whi + (1 — W) Pri} — -

1
+ E[{1 Wi — O — P(1— Wii) — Tni(1 — Q) Vot
+ Whi Oni + Whi(1 — OQpi)Thi + (1 — Wpy) Pri Qi

2
mhioo]
Mpi

+ (= Wp)Pri(1 — Qpi)Thi —

To obtain mj; that minimizes the squared distance Dy;, we have

0 Dp;

- =[(1 = Wni) Pri + (1 — Qni)Thi + Qni + Whi — l]zﬂhi
1

. mpitl
Mpi

+ [(1 = Whi) Pri + (1 = Qni) Thi + Qni + Wpi — 1]
x (1 — W) (1 = Pr)(1 — Qi) (1 — Tiy)
+ [Whi — Oni + Pri(1 = W) — Tni(1 — Qui) 7t

[(1 = Wpi) Pri + (1 — Qi) Thi + Qni + Whi — 1]
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mpi10
Mpj

+ [Whi — Oni + Pni(1 — Whi) — Thi (1 — Qpi)]
X (1= Wpi)(1 — Pui)[Qni + (1 — Qni) Thi]
+[Oni = Wi + Tii(1 = Qni) — Pri(1 — Wyi) P

Mpi01
= [ Qni = Whi + Tt (1 = Oni) = Pri (1 = W)
1

+[Ohi — Whi + Thi(1 — Qi) — Ppi(1 — Wyy)]
x (1= Qni)(1 = Tpi)[Whi + (1 — Wi;) Phi]
{1 = Wi — Qi — Pri (1 — Wii) — Tni (1 — Oni) " 7ni

mMpi0o
= = Whi = Qi = Pri (1 = Wai) = Thi (1 = Q)]
1

+[1 = Whi — Qni — Pri(1 — Wp) — Tii (1 — Qpi) |
X [Whi Qni + Whi (1 — Qi) Thi
+ (1 — Wii) Pri Qni + (1 — Wii) Pri (1 — Qni) Thi .

[Whi — Qni + Pri(1 — Wpi) — Thi(1 — Qi) ]

and setting % =0, we obtain the following estimator 77; of the population pro-

portion mp; in the ith cluster of stratum &
L (mpitr/mpi — mnpioo/mpi) Bri + (mpito/mpi — mpior/mpi)Chi

T = —+ s 3.1

where Bpj = (1 — Wpi) Ppi + (1 — Qi) Thi + Whi + Qni — 1, Cpi = Whi — Oni +
(1 = Whi) Phi — (1 = Qni) Thi-

Thus, the estimator 77, of the population proportion of Ath stratum s, is ob-
tained by

np ~
. 1 MpiTthi
in = 2
npMno i = Phi

L I My, (32)
npMno T= Phi

[1 o Gmnini /mii = maioo/ mhi) Bui + (mhiro/mhi = mhiOl/mhi)Chi]
2 2(Bj; +Cjp) ,

where Mj,o = va:hl My;.
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Therefore, the overall estimator 7Tgpswr 0f the population proportion 7 is given
by

ﬁ'supswr
et ntho
(3.3)
nj
o S Mai
i=1 Phi

o [1 n (mpi11/mpi — mpioo/mni) Bri + (mpito/mni — mhiOl/mhi)Chi]
2 2(Bj;; + Cii) ’

where Z; = %

Theorem 3.1. The estimator frsupswr is an unbiased estimator of the population
proportion 7.

Proof.

np

L R
R My Ty
E1Ey (7 )=EE> Zy
S ,12::1 np MhO Z Phi

o Mpi .
—E1|:Z Zn St Ez(nm)]

e ntho —1 Phi
and E(mpiji/mp) = Opijk, h=1,2,...,L;i=1,2,...,np;, j=0,1; k=0, 1.
E> (i)

_ 1+ (mpit1/mni — muioo/mni) Bpi + (mpiro/mni — mhiOl/mhi)Chi]
2(Bjy; + Ci)

\S)

I (Bnit1 — 0nioo) Bri + (Oni1to — Orio1)Chi
==+ 3 5 =TTh;.
2 2(B7, +Ch)

Hence, we can show

L np
. 1 Mpimpi
E1E2(7Tsupswr) =E |:Z Zp Z l l:|
h=1

nnMpo ;= Phi

M L
:ZZhM—ho;phl hiTThi ;Zhﬂhzﬂ- -

Theorem 3.2. When ny, clusters are selected with pp; from hth stratum of size
My, inwhichmy (i = 1,2, ..., ny) observation units are selected by SRSWR from
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each cluster. The variance of the estimator ﬁsupswr is given by

Ny,
1 ! <Mhi7Thi

L
V(7 =Y 7 hi
( supswr) hgl h |:I’th2 Z Phi

2
- Mh07Th>
h0 i=1

hi

1 YoM
nnMiy = phi 4mp

+

(3.4)
y { B%i (Eni + Fpi) + C%i(Ghi + Hyp)
(B + Ci)?

— Qi - NH,

where

Epi = Whni Qni + Whi(1 — Qpi)Thi + (1 — Wpi) Pri Qi

+ (= Wy) Pri (1 — Qpi) This

Fpi = (1 = Wpi)(1 — Ppi)(1 — Qpi)(1 = Tpy),

Ghi = (1 = Qni)(1 = Tni) [Whi + (1 — Wh;) Pai],

Hpi = (1 = Wii)(1 — Pp)[Qni + (1 — Qni) Thi.
Proof.

V(ﬁsupswr) =ViE, (ﬁ'supswr) + E1V2 (ﬁsupswr),
where
L
A 1 My mh;
ViEy (7 )=ViE; Zp
S L; npMpo ,X; Phi }
L
1 My;mp;
=W Zn
LX:I npMho ; Phi ]
N 2
J A Myt
= Zi—— thi[ Mhoﬂhi|
= My D i

and
E\V; (7% supswr)

L np A
—E, V2|:Z Z 1 Z Mhznhz:|

= aMio (o
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L np Mh
= i V i
[Z (ntho)2 Z (i ]

+ ((mpir1/mni — mpioo/Mni) Bni

+ (mpi10/mui — muiot/mni)Chi)/ (2(BR: + Ciy)) ”

L
[Z (ntho)2

h=1
np 2
M, 1

Q.

2 7] 2
= P 4B + Cip)?

Mpill  Mhi0o Mpil0  Mhiol
x {7y (ML TN )y (M0 0L
Mpi  Mpi Mpi  Mpi

Mpi11 — Mpi00 Mpi10 — Mpi0l
+ 2By Cpi XCOV( ! ! , ! d )} .
Mmpj mpj

Using the following results from the multinomial distribution, we can arrange
the equation E1 V> (ﬁsupswr) as follows and prove Theorem 3.2.

V(mpitr/mni) = Opin1 (1 — Opi1) /mpi;
Cov(mpii1/mni, mpi10/mni) = —6pi116ni10/Mhi;

V(mpirto/mni) = Oniro(1 — Oni10)/mpi;
Cov(mpi10/mni, mpio1/mni) = —6pi100nio1/mni;

V (mpio1/mni) = Onio1 (1 — Onio1)/mni;
Cov(mpii1/mni, mpio1/mni) = —6hi116nio1/mni;

V(mpioo/mni) = Onioo(1 — Ohioo) /mni;
Cov(mpi10/mni, mpioo/Mni) = —6ni100ni00/ Mhi;
Cov(mpio1/mni, mpioo/Mni) = —6ni016nio0/ Mhi;

Cov(mpir1/mpi, mpioo/Mmnpi) = —6hi110ni00/ Mhi .
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L
E\Va(7 ) =
SupSWr hgl (nh Mh0)2

e { BZ.(Eni + Fpi) + C2.(Gpi + Hpi)

XZ hi

= Pi 4my; (Byy; + Cip)?
(2nh,-—1>2}
4mh,-
L -
=Nzz—" _
,,2::1 " (nnMpo)>

o M [Bhl (Eni + Fui) + C2(Gi + Hyi)

X thl D)

i=1 Phi 4mpi (B + Ciy)?
Qmpi — 1)1
4mhl~
L
1
2
= Z Zh MZ
h=1 hMpg
Miom2o [B,%,. (Eni + Fui) + C}.(Gni + Hpi)
X
= phi 4mp (B + C2)?

— Qmpi — 1)2] 0

An unbiased estimator of the variance of Tgypswr is given by

L 2
N Mp;thi “
V(ﬂsupswr) = E Zh — E phz< == Mh()]'[h>
h=1 MhO, 1 '

2
(R V- |

+
nnMpy = phi 40mp; — 1)
3.5
{ Bhl(Ehl + th) + Chl(Ghz + th)
(B + Ci,)?

— Q7pi — 1)2”-

Meanwhile, if the Mj,; is known and each unit of n;, PSUs is selected with prob-
ability proportional to its size Mp;, then the unequal probability pp; = Mp;/Mpg.
We call it sampling with probability proportional to size, or pps sampling.
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In this case, the estimator 77, of the population proportion of stratum h, 7, is
given by

1 &
An=- Z:mu'
i=1
1 it
= 2[2 + ((mpiv1/mni — mpioo/mni) Bi (3.6)
i=1

+ (mpit0/mui — muior/mui)Cri)/(2(BF; + C;ZZ,))]

and the variance of ﬁsppswr and its estimator are respectively

L
V(a = y4 M —
(JTsppswr) hX:; h |:nthO Z hi (TThi 7Th)
Np
1 1
+ Mp;
npMy ; "dmp;
, , (3.7)
o (Bhi(Ehi + Fpi) + Cj;; (Gpi + Hp;)
(Bjy; + Cip)?
~ Qi 1>2)],
. L
V(a = y4 M —
(JTsppswr) }; h |:nthO Z hi (Fhi 7Th)
np 1
+ T —
npMhpo E "4(mp — 1)
(3.9)
<th (Eni + Fni) + Ch,(Ght + Hpi)
(th + Chz)2

— 2 — 1)2>}-

3.2 Estimation of a sensitive population proportion by SPPSWOR

Let the population be composed of a number of mutually disjoint L strata of Nj,

(h=1,2,...,L) where each stratum is consisted of N clusters of size My;.
The nj, clusters are selected by PPSWOR from the % stratum in which mp;
(i=1,2,...,np) observation units are selected by SRSWR from each cluster.

We estimate the sensitive proportion of population 7 by applying Abdelfatah et
al. (2013) model.
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The estimator 75, of 7y, is

1 & My7p
7Th _ v hiChi , (39)
Mpo i Oni
where 6j; is the probability that unit i is included in the sample.
The estimator Tgppswor Of 7 and its variance are respectively,
& My ftpi
Z 3.10
7Tsppsw0r Z h>7— MhO Z O ( )
and
L Np Np 2
. Mpizthi  Mpjmp;
V (Fappswor) = 3 zh{ S Onihy — eh,-_,->< T ")
h=1 MhOz 1j>i hi hj
1 YoMz
Mjo {1 Oni 4mai
(3.11)
{ B?.(Epi + Fpi) + C#,(Gpi + Hpi)
(Bi; + C})?
— @i — 1>2”,
where 0,;; is the probability that unit iandj are included in the sample.
The variance estimator \7(ﬁsppswor) of V (Zsppswor) is given by
np np A A 2
(OniOnj — Onij) ( Mpithi  Mpjn;
V(Tfsppswor) = Z Zh|: 2 Z Z ( - )
h=1 Mijo i3 5= Onij Oni Onj
2
N 1 &My 1
M3y = Oni 4(mpi — 1)
(3.12)
{ Bh, (Eni + Fni) + Chl (Ghi + Hpi)
(Bj; + C)?

— Qi - 1>2H,

3.3 Estimation of sensitive population proportion by equal stratified
two-stage sampling

Let the population be composed of a number of mutually disjoint L strata of
Ny (h=1,2,...,L) and each stratum is consisted of N clusters of size My;.
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The nj clusters are selected by SRSWR from the Ath stratum in which myp;
(i=1,2,..., np) observation units are selected by SRSWR from each cluster. The
estimator 7z, of sensitive population proportion v can be obtained by applying
Abdelfatah et al. (2013) model.

The estimator 77, of 7, is

Ml k) 313
Mhonhz hiTChi (3.13)

where 7y, is the estimator of sensitive population proportion of ith cluster in stra-
tum £ as in (3.1).

Now, the overall estimator 7qy, Of 7, its variance, and variance estimator are
given by

Tswr = hE:l Zy Myorr iE:l MpyiTthi, (3.14)
L 2 2 1 1 AL 2
Vit = E Zi;| N E My — My
( swr) P h|: hI’L M;%O Nh 1 1( hi7thi h h)

hO i=1
’ (3.15)
{ th (Eni + Fni) + Ch,(Ght + Hp;)
(th + Chz)2
— Qmpi — 1)2}:|,
and
1 - .
V(Trswr) = Z Zh Nh ) Z(Mhtﬂhz ]‘4}17771)2
h=1 npMjjgh — 1
Nh "tk 2 1
npM? Z M4y — 1)
h0 i=1 ! (3 16)
y { B2, (Epi + Fpi) + C2(Gni + Hpy)
(B + Cppp)?
— Qi — 1>2”,
where M), = %—}1’10
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3.4 A comparison of SPPSWR sampling and equal stratified two-stage
sampling

When we set N — 1 = N, the difference between the variance (3.7) by SPPSWR
and (3.15) by equal two-stage stratified sampling can be approximated as fol-
lows.

14 (ﬁswr) -V (ﬁsppswr)

N Np
— [Z(Mh,- — M)y + My Y (Myi — My)mjy;
i=1 i=1

dmp;

y (B,%,-(Eh,- + Fui) + Cpy (Gi + Hpi)
(Bf;, + Ci)?
(3.17)
Qi — 1)2)
Np

+ My Y (Myi — M)
i=1

Admy;

y (Bi,-(Ehi + Fii) + C3(Ghi + Hpi)
(Bjy; + Ci)?

— Qmpi — 1)2>]

If My =M, = A}/I\,—’;" in (3.17), then V (Zswr) = V (Tsppswr). That is, if the
sizes of clusters are equal in stratum /, the selection probabilities are equal
to NL;,’ and they are equal to the selection probabilities of equal stratified two-
stage with replacement sampling. Hence, the efficiency of two methods is equiva-
lent.

If the cluster sizes Mj,; are different significantly on the right of (3.17), the first
term Zf\l’l (Mp; — Mh)znﬁi and the third term have value greater than zero and
the second M;, Zf\l’l (Mpy; — Mh)n}%i and fourth term have relatively small value.
Therefore, the estimation by ppswr sampling is more profitable than that of equal
stratified two-stage with replacement sampling when the cluster sizes Mp; of stra-
tum h are unequal.
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4 A comparison of pps estimation with stratified pps estimation in
two-stage randomized response model

We compare the efficiency of two estimators of a sensitive population proportion
where one is obtained by ppswor sampling and the other by stratified ppswor sam-
pling.

The relative efficiency (RE ) of two methods is the ratio V (Tppswor)/ V (Tsppswor)»

_ 14 (7% ppswor)

RE = ~ .
V(r sppswor)

Values of RE greater than 1 indicate that the estimator obtained by sppswor
sampling is more efficient than the estimator obtained by ppswor sampling. In
order to calculate RE empirically, we assume the population has two strata and

My =10,000; M; = 1000; M> = 2000; M3 = 3000; M4 = 4000, my = 1000;
m1 = 100; my =200; m3 = 300; m4 = 400.

Assumption 1. Z; =0.7; Z, =0.3.

Stratum 1: M9 = 7000; My, = 700; M = 1400; M3 = 2100; M4 = 2800,
mi1g =700; my1 =70; m1p = 140; m13 = 210; m14 = 280.

Stratum 2: My = 3000; My = 300; My = 600; Mp3; = 900; Mys = 1200,
nipo = 300; myp = 30; mjny = 60; mo3 = 90; moy4 = 120.

Assumption 2. Z; =0.3; Z, =0.7.

Stratum 1: Mo = 3000; M, = 300; M, = 600; M3 = 900; M4 = 1200,
mio = 300; mi|p = 30; miy = 60; mi3 = 90; mi4 = 120.

Stratum 2: My = 7000; My = 700; My = 1400; M3 = 2100; Mp4 = 2800,
myo = 700; my1 = 70; mjny = 140; mo3 = 210; mj4 = 280.

Assumption 3. Z| =0.6; Z, =0.4.

Stratum 1: M9 = 6000; M, = 600; M, = 1200; M3 = 1800; M4 = 2400,
mio = 600; mi|p = 60; miy = 120; mi3 = 180; migq = 240.

Stratum 2: My = 4000; M>; = 400; My = 800; M3 = 1200; M»>4 = 1600,
nmyo = 400; my1 = 40; mjny = 80; mo3 = 120; mj4 = 160.

Assumption 4. Z; =0.4; Z, =0.6.

Stratum 1: M9 = 4000; M{; = 400; M;» = 800; M3 = 1200; M4 = 1600,
mio = 400; mii 240; miy = 80; mi3 = 120; migqg = 160.

Stratum 2: My = 6000; My = 600; My = 1200; M3 = 1800; My4 = 2400,
myo = 600; my1 = 60; mjy = 120; mo3 = 180; mj4 = 240.
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Oni and 6p;; which are necessary to calculate the variances of ﬁppswor and
Tsppswor €an be obtained by

01 =611 =61 =0.235; 6, =617 =0y = 0.441;

63 = 613 = 03 = 0.609; 04 = 6014 = 624 =0.715,
012 = 0112 = 0212 =0.047; 013 = 0113 = 0213 = 0.077;
014 = 0114 = 6214 =0.111,
023 = 0123 = 0223 = 0.161; 024 = 0124 = 624 = 0.233;
034 = 0134 = 6234 = 0.371.

We calculate REs by increasing the following values from 0.1 to 0.9 by 0.1.
P = Py = P12 = P13 = Py = P21 = Py = Pr3 = Pu;
IT'=Tn=Tn=Tiz=Ta=Tn="Tn="T3="Tu;
W=Wii=Wip=Wi3=Wiyu= Wy =Wy =Wy3=Wy
0=01=01n=013=014=02=0x»=023= 04

The total number of cases are 4,782,969 and among them the number of REs
over than 1 are 3,025,887 (63.3%) in case of Z; = 0.7, Z, = 0.3 (or Z; = 0.3,
Z>=0.7).

Table 4 shows the results of frequencies and percentages according to the values
of p among the cases of 3,025,887 which are more efficient than ppswor sampling.

The number of REs greater than 1 are 3,045,553 (63.7%) in the cases of Z| =
0.6, Z, =0.4 (or Z1 =0.4, Z, =0.6).

Table 5 shows the results of frequencies and percentage according to the values
of p among the 3,045,553 cases that are more efficient than ppswor sampling.

Table 4 The cases of RE according to the values of p (Z1 =0.7, Z, =0.3and Z1 =0.3, Z, =0.7)

)4 Number of cases RE > 1 %

0.1 531,441 0 0.0
0.2 531,441 1452 0.3
0.3 531,441 146,103 27.5
0.4 531,441 399,024 75.1
0.5 531,441 462,396 87.0
0.6 531,441 489,820 92.2
0.7 531,441 501,220 94.3
0.8 531,441 508,752 95.7
0.9 531,441 517,120 97.3

Total 4,782,969 3,025,887 63.3
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Table S The cases of RE according to the values of p (Z1 =0.6, Z, =0.4and Z1 =0.4, Z, =0.6)

p Number of cases RE > 1 %

0.1 531,441 0 0.0
0.2 531,441 1284 0.2
0.3 531,441 156,524 29.5
0.4 531,441 406,019 76.4
0.5 531,441 464,326 87.4
0.6 531,441 490,008 92.2
0.7 531,441 501,360 94.3
0.8 531,441 508,864 95.8
0.9 531,441 517,168 97.3
Total 4,782,969 3,045,553 63.7

5 Conclusions

When the population is composed of the number of different sized clusters, we
suggest a two-stage randomized response model with unequal probability sam-
pling by using Abdelfatah et al.’s procedure (2013). We compute the estimate of
a sensitive parameter, its variance, and variance estimator for each pps sampling
and two-stage equal probability sampling. We extend our model to the case of
stratified unequal probability sampling and compute them. Finally, we compare
the efficiency of the two estimators, one obtained by unequal probability sampling
and the other by stratified unequal probability sampling.

We can see by numerical comparisons that under some conditions, the estimator
obtained by sppswor sampling is more efficient than the estimator obtained by
ppswor sampling about more than 63%.
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