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LARGE DEVIATION RATE FUNCTIONS FOR THE PARTITION
FUNCTION IN A LOG-GAMMA DISTRIBUTED
RANDOM POTENTIAL
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We study right tail large deviations of the logarithm of the partition func-
tion for directed lattice paths in i.i.d. random potentials. The main purpose is
the derivation of explicit formulas for the 1 + 1-dimensional exactly solvable
case with log-gamma distributed random weights. Along the way we estab-
lish some regularity results for this rate function for general distributions in
arbitrary dimensions.

1. Introduction. We study a version of the model called directed polymer in
a random environment where a fluctuating path is coupled with a random envi-
ronment. This model was introduced in the statistical physics literature in [16]
and early mathematically rigorous work followed in [3, 17]. We consider directed
paths in the nonnegative orthant Zi of the d-dimensional integer lattice. The paths
are allowed nearest-neighbor steps oriented along the coordinate axes. A random
weight w(u) is attached to each lattice point u € Zi. Together the weights form
the environment v = {w(u) :u € Zi}. The space of environments is denoted by 2.
P is a probability measure on €2 under which the weights {w(u)} are i.i.d. random
variables.

For v,u € Zi such that v < u (coordinatewise ordering), the set of admissible
paths from v to u with [u — v|; =m is

My u={x.={v=x0,x1,..., xn =u}:Vk, xi eZi and
(1.1)

xk+1—xke{ei:1§i§d}},

where ¢; is the ith standard basis vector of R?. The point-to-point partition func-
tion is

(12) Zyu= Y Xm0,

x,€llyu
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This is the normalization factor in the quenched polymer distribution

m
(1.3) Ovux)=Zyy [] e,
j=1

which is a probability distribution on the paths in the set Iy . When paths start at
the origin (v = 0), we drop v from the notation; Z, = Zg  and I1, = Iy ,. Note
that the weight at the starting point x¢ was not included in the sum in the exponent
in (1.2). This makes no difference for the results. Sometimes it is convenient to
include this weight, and then we write ZEH = ¢®M Z, 4 where the superscript [J
reminds us that all weights in the rectangle are included.

In the polymer model one typically studies fluctuations of the path and fluctua-
tions of log Z,. This paper considers only log Z,,. Specifically our main object of
interest is the right tail large deviation rate function

(1.4) Ju(r) =~ lim n~'logP{log Z|uu = nr}

for u € R%, r € R. Throughout we denote the floor of a vector as |ny| =
(lny1], [ny2], ..., lnyq]). This function J exists very generally for superadditiv-
ity reasons, and in Section 3 we establish some of its regularity properties.

The focus of the paper is an exactly solvable case where d = 2 and —w (u)
is log-gamma distributed. By “exactly solvable” we mean that special properties
of the log-gamma case permit explicit computations, such as a formula for the
limiting point-to-point free energy

. -1
(1.5) p@y) = nll)ngon log Z |y, P-a.s.

and fluctuation exponents [31]. In the same spirit, in this paper we compute explicit
formulas for the rate function J and other related quantities in the context of the
1 4 I-dimensional log-gamma polymer.

One can also consider point-to-line partition functions over all directed paths of
a fixed length. For m € N the partition function is defined by

(1.6) = 3 Z

ueZ‘_f_: lulj=m

Due to the ™! log in front, in the results we look at Z!"® behaves like the maximal
Zy over |u|] = m.

Some comments are in order.

There are currently three known exactly solvable directed polymer models, all
in 1 + 1 dimensions: the two with a discrete aspect are (i) the log-gamma model
introduced in [31], and (ii) a model introduced in [27] where the random envi-
ronment is a collection of Brownian motions. Some fluctuation exponents were
derived for the second model in [32], and it has been further studied in [26] via a
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connection with the quantum Toda lattice. This Brownian model possesses struc-
tures similar to those in the log-gamma model, so we expect that the results of the
present paper could be reproduced for the Brownian model.

The third exactly solvable model is the continuum directed random polymer [1]
that is expected to be a universal scaling limit for a large class of polymer models;
see [10] for a recent review.

Usually the directed lattice polymer model is placed in a space-time picture
where the paths are oriented in the time direction. (See articles and lectures
[5, 6, 8, 13] for recent results and reviews of the general case.) In two dimensions
(1 time + 1 space dimension), the space—time picture is the same as our purely
spatial picture, up to a 45° rotation of the lattice and a change of lattice indices.
The temporal aspect is not really present in our work. So we have not separated a
time dimension, but simply regard the paths as directed lattice paths.

Another standard feature of directed polymers that we have omitted is the in-
verse temperature parameter 8 € (0, co) that appears as a multiplicative constant
in front of the weights: Zé,u =2 x.eMy, SXP{B 27’:1 w(x;)}. For a fixed weight
distribution, B modulates the strength of the coupling between the walk and the
environment. It is known that in dimension 1 + 3 and higher, there can be a phase
transition. By contrast, in low dimensions (1 4+ 1 and 1 4 2), the model is in the
so-called strong coupling regime for all 0 < 8 < oo [7, 21]. The B parameter plays
no role in the present work and has a fixed value § = 1. This is the unique g value
that turns the log-gamma model into an exactly solvable model.

The techniques of the current paper are entirely probabilistic and rely on the
stationary version of the log-gamma model. It can be expected that as a combi-
natorial approach to this model, fully developed [11], more complete results and
alternative proofs for the present results can be found.

Earlier literature. Precise large deviation rate functions for log Z in the case of
directed polymers have not been derived in the past. The strongest concentration
inequalities can be found in recent references [9, 22, 33]. The normalization of the
left tail varies with the distribution of the weights as demonstrated by [2], but the
right tails have the same normalization n. Carmona and Hu [4] have some bounds
on the left tail of log Z in Gaussian environments in dimensions 1 4+ 3 and higher
and for small enough S. Similar bounds were proved later in [24] for bounded
environments using concentration inequalities for product measures.

For the exactly solvable zero-temperature models (i.e., last passage percolation
models), large deviation principles have been proved. For the longest increasing
path among planar Poisson points, an LDP for the length resulted from a combi-
nation of articles [14, 20, 23, 30]. These results came before the advent of deter-
minantal techniques. For the corner growth model with geometric and exponential
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weights [18] derived an LDP in addition to the Tracy—Widom limit. An earlier
right tail LDP appeared in [29].

Notation. We collect some notation and conventions here for easy reference.
N is for positive integers, Z for nonnegative integer, Ry for nonnegative real
numbers and Ri is the set of all vectors with nonnegative real coordinates. Vector
notation: elements of R¢ and Z¢ are v = (v1, v2, ..., vq). Coordinatewise ordering
v<umeansv| <uy,vr <uy,..., vy <ug.Particular vectorsare 1 =(1,1,...,1)
and 0 = (0,0,...,0). Lyl = (Iy1), Ly2l,.-., lval) where |y] = max{n € Z:n <
y} is the integer part of y € R. The £! norm on R? is |v|; = |vi| 4+ - - - + |v4].

The convex dual of a function f:R — (—00,00] is f*(y) = sup,cpi{xy —
f(x)}, and f = f** if and only if f is convex and lower semicontinuous. We
refer to [28] for basic convex analysis.

The partition function Z does not include the weight of the initial point of the
paths, while ZH does. In two dimensions we write Zimn = Zm,n)-

The usual gamma function is I'(u) = [5° x#*~le=* dx for > 0. The digamma
and trigamma functions are W9 =T"/T and ¥| = \If(/). On (0, 0co) Yy is increasing
and concave and W; decreasing, positive and convex, with —W(0+4) = ¥ (0+) =
0.

2. Large deviations for the log-gamma model.

2.1. The log-gamma model with i.i.d. weights. In this section we specialize
to d = 2 dimensions and the log-gamma distributed weights. Fix a positive real
parameter . This parameter remains fixed through this entire section, and hence
is omitted from most notation. In the log-gamma case we prefer to switch to mul-
tiplicative variables. So the weight at point (i, j) € Z2+ isY; ;= e®@:J) where the
reciprocal ¥ ~! has Gamma(y) distribution. Explicitly,

o
2.1) IP’{Y_1 Zs}:[’(,u)_lf st le ¥ dx fors e Ry.
N

As above, we write Y for a generic random variable distributed as Y; ;. The
digamma and trigamma functions give the mean and variance, E(logY) = —Wo(u)
and Var(logY) = Wi (w).
The logarithmic moment generating function (I.m.g.f.) of w =logY is
_ glogyy _ |logl'(n —§&) —logl'(n),  § € (=o0, ),
(22) M, (&) =1logE(e )= { oo, £ €1, 00).
The point-to-point partition function for directed paths from (0, 0) to (m, n) is

m+n

(2.3) Znn= Y, [] Y-

x.€gnny j=1
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Note that we simplified notation by dropping the parentheses: Z,;, , = Z,). For
(s,1) € Ri the limiting free energy density exists by superadditivity,

(2.4) ps,t)= lim n~'1og Zjs) \nej,  P-as.

The limit is a finite constant. We begin by giving its exact value.

THEOREM 2.1. For (s,t) € Ri and p € (0, 00), the limiting free energy den-
sity (2.4) is given by

(2.5) p(s,0)=inf {=s%o(p) = Wo(u— p)}.
<p<p

The value p(s,t) was already derived in [31] but the proof was buried among
estimates for fluctuation exponents. In Section 4 we sketch an elementary approach
that utilizes special features of the log-gamma model. For the other explicitly
solvable 1 + 1-dimensional polymer with Brownian environment, Moriarty and
O’Connell [25] computed the limiting free energy with a very different large devi-
ation approach.

The next result is a large deviation principle (LDP) for log Z ;5,1 under nor-
malization n. The rate function is

— inf (tM, —sM,,_o(— , > D).
2.6) I, (r) = ges[l(lfm{rg 961(1;#)(; 0(8) —sMy—( S))] r=p(s,1)

o0, r<p(s,t).

On the boundary (s = 0 or + = 0), the result reduces to i.i.d. large deviations, so
we only consider (s, #) in the interior of the quadrant.

THEOREM 2.2. Let Y~ ! ~ Gamma(n) as in (2.1) and (s, t) € (0, 00)>. Then
the distributions of n-! l0og Z 5|, |ne) satisfy a LDP with normalization n and rate
function I ;. Explicitly, these bounds hold for any open set G and any closed set
F inR:

- 1 —1 .

2.7) nlgrolon logP{n™"log Z|us),|nt) € F} < rlél[fr; I (r)

and

(2.8) lim 7" logP{n~"10g Z s}, |n1) € G} = — inf I, (r).
n— 00 reG

On [p(s,t), 00) the rate function I ; is finite, strictly increasing, continuous and
convex. In particular, the unique zero of I ;(r) is atr = p(s, t). The right tail rate
defined in (1.4) is given by

o, r € (—oo, p(s,1)],
(2.9) sa(r) = {Is,t(r), re[p(s, 1), 00).
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fr(0) =10 +tlogT'(0) — slog T'(pn — 0)

[r(02)

fr(61)

91 92 H

FIG. 1. Graphical representation of the solution to the variational problem (2.6) that gives the
rate function Js;(r) = fr(62) — fr(01). The curve f.(0) has the same general shape as long as
r> p(s,t).

REMARK 2.3. From a computational point of view, the solution to the varia-
tional problem in (2.6) can be computed by
L) = sup {£,0)— inf f D)} =10 - f60),
0<z<6

0<O<u
where

fr0)=r0+tlogl'(@) —slogI'(n —0),

and for any r > p(s,t), 0 < 0; < 0, < u are the solutions to the equation
% fr(@) = 0. (See Figure 1.) This again implies that the rate function is strictly
positive as long as r > p(s, t).

REMARK 2.4. We do not address the precise large deviations in the left tail,
that is, in the range r < p(s, ). We expect the correct normalization to be n?.
(Personal communication from I. Ben-Ari.) Presently we do not have a technique
for computing the rate function in that regime. We include the trivial part I ;(r) =
oo for r < p(s, t) in the theorem so that we can compute the limiting l.m.g.f. by a
straightforward application of Varadhan’s theorem.

Define for &€ € R,
(2.10) Ay (€) = lim n~'logEe 108 Zlnslni)
n—oo
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COROLLARY 2.5. Let & € R. Then the limit in (2.10) exists and is given by

p(s, 1§, § <0,
QA1) Ay (&) =15, = eei(lgfm{tMe(é) —sMu_g(=§)},  0<&<p,

00, &> .

REMARK 2.6. Symmetry of Ay, in (s, t) is clear from (2.10) but not immedi-
ately obvious in the 0 < & < u case of (2.11). It turns out that if s < ¢ the infimum
is achieved at a unique 6y € [(u + §)/2, ), and then for A, ;(§), the same infi-
mum is uniquely achieved at 6y = u +& —6p € (£, (u+£&)/2]. Inthecase s =t a
simple formula arises: A;;(§) = 2¢(log 1"(“—;5) —log F(’“‘TJFE)).

REMARK 2.7. The first case of (2.6) gives I, ; as the dual A;“’ ;» and the reader
may wonder whether this is the logic of the proof of the LDP. It is not, for we have
no direct way to compute Ay ;. Instead, Theorem 2.2 is first proved in an indirect
manner via the stationary model described in the next subsection, and then Ay ; is

derived by Varadhan’s theorem.

Let us also record the result for the point-to-line case. It behaves like the point-
to-point case along the diagonal.

COROLLARY 2.8. . Let Y™ ~ Gamma(w) as in (2.1) and s > 0. Then the
distributions of log ZIL‘;SGJ satisfy an LDP with normalization n and rate function

Is)2.5)2.

REMARK 2.9. Fore > 0andr = p(s, t)+¢&, one can show after some calculus
that there exists a nonzero constant C = C; ;(u) so that

I (r) = Ce>? 4 0(%?).

This suggests that Var(log Z| s, n)) 1s of order n?/3. Rigorous upper bounds on
the moments E[log Z 5, (] — np(s,t)|P for 1 < p < 3/2 can be found in [31],
Theorem 2.4.

We computed the precise value of the constant C for the point-to-line rate func-
tion,

(2.12) Li(r)=

g 83/2+0(83/2),

VIW2(1/2)]

where W) = Wy
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2.2. The stationary log-gamma model. Next we consider the log-gamma
model in a stationary situation that is special to this choice of distribution. Work-
ing with the stationary case is the key to explicit computations, including all the
previous results, and provides some explanation for the formulas that arose for I ;
and A in (2.6) and (2.11).

The stationary model is created by appropriately altering the distributions of the
weights on the boundaries of the quadrant Zi. We continue to use the parameter
u € (0, 0o) fixed at the beginning of this section, and we introduce a second param-
eter 6 € (0, ). Let the collection of independent weights {U; 0, Vo, ;. Yi,j:i, ] €
N} have the following marginal distributions:

U;y ~ Gamma(0), Vo_j1 ~ Gamma(u — 6) and
(2.13) ° :
Y, i~ Gamma(u).

Define the partition function Z,gf )n by (2.3) with the following weights: at the origin
Yo,0 = 1, on the x-axis ¥; o = U; 0, on the y-axis Yy, ; = Vy, j, and in the bulk the

weights {Y; ;:i, j € N} are 1.i.d. Gamma(u)~! as before. Equivalently, we can

decompose the stationary partition function Z,(n),, according to the exit point of the

path from the boundary
m k n l
0 O O
214z = Z(H ULO) Z g1y, ommy + Z(ﬂ VO,f)Z(l,e),(m,n)'
k=1 \i=1 =1 \j=1

The symbols U; ¢ and Vj ; were at first introduced for the boundary weights to
highlight the change of distribution. Next let us define for all (i, j) € Z%L \ {(0, 0)},

) (©)

Zw Zi’j
(2.15) U,"j (9) and V,] = T
Zz L,j Zi,j—]

Note that this property was already built into the boundaries because, for example,
z® i.0 = U1,0---Uio. The key result that allows explicit calculations for this model
is the following.

PROPOSITION 2.10. For each (i, j) € Zz \ {(0,0)}, we have the following

marginal distributions: Ul I~ Gamma(6) and V I~ Gamma(u — 6). For any

fixed n € Z4, the variables {Uin:i eN}areiid., andfor any fixed m € Z,, the
variables {V,, j:j € N} arei.id.

This is a special case of Theorem 3.3 in [31], where the independence of
these weights along more general down-right lattice paths is established. Propo-
sition 2.10 is the only result from [31] that we use. It follows in an elementary
fashion from the properties of the gamma distribution.
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As an immediate application we can write

) Lnt] Lns]

(2.16) n! log aniumj =n"! Z log Vo, + n! Z log Ui, 1]
j=1 i=1
as a sum of two sums of i.i.d. variables, and from this compute
2.17)  E(logZz®)) =mE(logU) + nE(log V) = —mWy(0) — nWo (1 — 0)
and obtain the law of large numbers,
- 0

218) nMlogZ{) L = PP 5.0 =—sWo0) — 1Pk —6),  Pas.

Note that the two sums on the right-hand side of (2.16) are not independent of
each other. In fact, they are so strongly negatively correlated that the variance of
their sum is of order n2/3 [31]. Comparison of (2.5) and (2.18) reveals a variational
principle at work: p(s,t) is the minimal free energy of a stationary system with
bulk parameter u.

Instead of the right tail large deviation rate function, we give the asymptotic
L.m.g.f. in the next result. Define

©)
(2.19) Ag,s0(§) = Tim n~" log Be® %8 sl tun,

THEOREM 2.11. Lets,t >0 and 0 < 6 < w. Then the limit in (2.19) exists
for &€ > 0 and is given by

max{sMg(&) —tMy_g(—€),tM,_g(€) —sMg(—£)},
(2.20) Ag,5,n(6) = 0<&§<O0A(u—10)
00, E>OA(u—0).

REMARK 2.12. Let the parameters 0 < 8 < p be given. The characteristic
direction is the choice

(2.21) (s,1) =c(¥1(n—0),V1(0)) for a constant ¢ > 0.

With this choice the variance of log Z Eil ||z 1s of order n?/3, while in other direc-

tions the fluctuations of log Z ffl)g |.\nz) have order of magnitude n'/2 and they are
asymptotically Gaussian [31]. By this token, we would expect the large deviations
in the characteristic situation to be unusual, while in the off-characteristic direc-
tions we would expect the more typical large deviations of order ¢ ™" in both tails.
In Lemma 4.2(b) we give a bound on the left tail that indicates superexponential
decay under (2.21). This also implies that if (2.21) holds, then formula (2.20) can
be complemented with the case Ag (5,1)(§) = p(g)(s, )€ for £ < 0. Presently we
do not have further information about these large deviations.
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REMARK 2.13. If the two sums in (2.16) were independent we would have
Ao s,)(E) =sMg(§) +tM,_¢(§). Obviously (2.20) reflects the strong negative
correlation of these sums, but currently we do not have a good explanation (besides
the proof!) for the formula that arises.

The maximum in (2.20) comes from the choice of the first step of the path: either
horizontal or vertical. Corresponding to this choice, define partition functions

\ns| / k

(2.22) AR (]_[ Ut,O) Z@0), (st lne)
k=1 \i=1

and
|nt ] l

(2.23) Zi . = ZX; ( 1 Vo,j)Z(Dl,m,(LnsJ, Lnt))»
Si\jo

together with L. m.g.f.’s

(6),hor
.24 AL ) = Jlim 1 Tog Ee 2 £l
and

0),ver
2.25) AYTy ) = Jlim o~ og et 27T,

) (6),hor (0),ver

Thel’l ZLnSJ,LntJ = ZLnSJ, \_I’ltj + Zl_nSJ,LntJ leadS to
(2.26) Do 5.0 E) = DG §) V AT 6,

which is the starting point for the proof of (2.20).

The horizontal and vertical partition functions are in some sense between the
stationary one and the one from (2.3) with i.i.d. weights. It turns out that these
intermediate partition functions behave either like the stationary one or like the
i.i.d. one, with a sharp transition in between, and this holds both at the level of the
limiting free energy density and the 1.m.g.f. Let us focus on the horizontal case,

the vertical case being the same after the swap s <>t and 6 <> yu — 6.
(6),hor
lns],|nt
when s is small Z fiZJhT;t ] behaves like Z |5, [n] from (2.3). The conditions for the
transitions are the following:

Qualitatively, with ¢ fixed, when s is large Z | behaves like Z Eﬁi IRPTEE and

(2.27) sW1(0) >t (u—0)
and

2.28)  s(Wo(60) — Wo(6 — &) = 1 (Wo(i — 0 +£) — Wo(u — 0)).
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By the concavity of Wq and the fact that W = \Il(’), (2.27) implies (2.28) for all
& > 0. Assuming the limit exists for the moment, define

h . 1 6),h
(2.29) p s, ) = Tim n~ log Z{p '

In this next theorem the functions p(s, t) and A (&) are the ones defined by (2.5)
and (2.11).

THEOREM 2.14. Lets,t >0,0<0 <uand0 <& <86.
(a) The limit in (2.29) exists and is given by

@) :
(6),hor _ ) p(s, 1), if (2.27) holds,
230 P D= { p(s, 1), if (2.27) fails.

(b) The limit in (2.24) exists and is given by

hor _ [ sMp(E) — M9 (—8), if (2.28) holds,
(231) AQ,(S,I)(E) - {As,z@), H lf(228)falls

REMARK 2.15. We saw in (2.5) that the limiting free energy p(s,t) of the
i.i.d. model is the minimal free energy of the stationary models with the same
bulk parameter w. This link does not extend to the l.m.g.f’s: for 0 < & < pu,
A1 (§) < A, (5,1(§) for all O € (0, ). We observe this at the end of the proof
of Theorem 2.11 in Section 5.

3. The right tail rate function in the general case. The proofs of the results
for the log-gamma model utilize regularity properties of the rate function J of
(1.4). These properties can be proved in some degree of generality, and we do so
in this section. So now we consider

luly

(3.1 Zu= Z eZ_,-le(xj)

x,€lly

as defined in the Introduction, with u € Zi, general d > 2, and general i.i.d.
weights {w(u)}.
We assume

(3.2) 3¢ > 0 such that E(e5 ™) < 0o,

This guarantees the existence of a Cramér large deviation rate function defined by

n
33)  I()=—1lim lim n 'logPin™'Y o) e (r—er+e)t.
e—~>(Qn—00 i1

(Above {u;} are any distinct lattice points.) We state first the existence theorem for
the limiting point-to-point free energy density. We omit the proof because similar
superadditive and approximation arguments appear elsewhere in our paper, and
refer to [15]. Let us also point out that assumption (3.2) is unnecessarily strong for
this existence result, but our objective here is not to optimize on this point.
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THEOREM 3.1. Assume (3.2). There exists an event Q20 C 2 of full P-
probability on which the convergence

(3.4) p(y) = lim n~"log Z|uy

happens simultaneously for all y € Ri. Limit (3.4) holds also in L' (P). As a func-
tion of y, p is concave and continuous on Ri.

Next the right-tail LDP. To avoid issues of vanishing probabilities and infinite
values of the rate, we make the following further assumption:

(3.5) Vr < oo P{w(0) > r} > 0.

THEOREM 3.2. Assume (3.2) and (3.5). Then for u € Ri \ {0} and r € R, the
following R -valued limit exists:

(3.6) Ju(r) =~ lim_ n~ogP{log Z | = nr}.

As a function of (u,r), J is convex and continuous on (Ri \{0}) xR. Jy(r)=0
if and only if r < p(u).

Let us also remark that the weight w (0) at the origin is immaterial: the limit is
the same for Z5, so foru € Ri \ {0} and r e R,

(3.7) Ju(r) = —nli)ngon_l logP{log Z[,, > nr}.

We observe this at the end of the proof of Theorem 3.2.
With a further assumption on the Cramér rate function of the weight distribution
defined in (3.3), we can extend the continuity of J, tou=0:

(3.8) too = lim x7 11 (x) < o0.
x /100

Equation (3.5) is equivalent to requiring that / (x) < oo for all large enough x, so
of course (3.8) requires (3.5). The constant a, is the limiting slope of I at co
which exists by convexity. When assumption (3.8) is in force we define

0, r <0,

ool r=>0.

(3.9) Jo(r) = {

THEOREM 3.3. Under assumptions (3.2) and (3.8), and with Joy defined
by (3.9), Ju(r) is finite and continuous on Ri x R.

REMARK 3.4. Assumption (3.8) is in particular valid for the log-gamma
model. For Y1 ~ Gamma(u) the Cramér rate function for  =logY is

(3.10) 1,(r) = —r¥y (=r) —logT(Wy ' (=r)) + ur +logl(n),  reR.
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The limiting slope on the right is oo = w, while the limiting slope on the left

would be lim,_, _oo I'(r) = —o0. In this case Jy(r) is also the “rate function” for
the single weight at the origin

— T -1
(3.11) Jo(r) = nli)ngon logP{logY > nr}.

The remainder of this section proves Theorems 3.2 and 3.3, and then we prove
two further lemmas for later use.

PROOF OF THEOREM 3.2. For m,n € Ry, let x,, , € {0, 1}¢ so that | (m +
n)u] = [mu| + |nu| + X, ,. By superadditivity, independence and shift invari-
ance,

P{log Z | m+ny) = (m +n)r}
(3.12)
> P{log Z|ynu) = mr}P{log Z | > nr}P{log Zy, , > O}.

By assumption (3.5) there is a uniform lower bound P{log Zy, , > 0} > p > 0.
Thus t(n) = logP{log Z|,u) > nr} is superadditive with a small uniformly
bounded correction. Assumption (3.5) implies that #(n) > —oo for all n > ng.
Consequently by superadditivity the rate function

(3.13) Ju(r)=— lim n~! logIP{log Z|u) > nr}
n— oo
exists foru= (uy,...,uy) € Ri and r € R. The limit in (3.13) holds also as n —

oo through real values, not just integers.
Similarly we get convexity of J in (u,r). Let A € (0, 1) and assume (u,r) =
A(ay, rp) + (1 — A)(ap, r2). Then

n! logP{log Z|u) > nr}
> 2.(n) " MogP{log Z s, | = niri)

+ (1= 1)((1 = 2)n) " ogP{log Z n(1—ryuy = n(1 — M2} + o(1)
and letting n — oo gives
(3.14) Ju(r) = AJy, (r1) + (1 = 2) Ju, (r2).

Finiteness of J follows from (3.5), so now we know J to be a finite, convex
function on (}Rﬁlr \ {0}) x R. This implies that J is continuous in the interior of
(Ri \ {0}) x R and upper semicontinuous on the whole set (Ri \ {0}) x R [28],
Theorems 10.1 and 10.2.

The law of large numbers for the free energy implies Jy(r) = 0 for r < p(u) and
then by continuity for r < p(u). With a minor adaptation of [9], Proposition 3.1(b),
we get a concentration inequality: given u, for ¢ > 0 there exists a constant ¢ > 0
such that

(3.15)  P{[log Z|u) — E10g Z )| = ne} < 2exp(—ce’n) for all n € N.
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Since n_lElog Z|nu) — p(uw), this implies that Jy(r) > 0 for r > p(u).

We do a coupling proof for lower semicontinuity. Let (u, r) — (v, s) in (Ri \
{0}) x R. If each coordinate v; > 0, then we have continuity Jy(r) — Jy(s) be-
cause convexity already gives continuity in the interior. Thus we may assume that
some coordinates of v are zero. Since coordinates can be permuted without chang-
ing J, let us assume that v = (vy, v2, ..., v, 0,...,0) for a fixed 1 <k < d where
V1, ..., 0 > 0. If eventually u is also of the form u = (uy, us, ..., ug, 0, ..., 0) for
the same k, then we are done by convexity-implied continuity again, this time in
the interior of (Rﬁ \ {0} x R.

The remaining case is the one where uy, ..., u; > 0 and (ug11,...,uq) = 0.
We develop a family of couplings that eliminates these d — k last coordinates one
by one, starting with u4, and puts us back in the interior case with continuity.
Denote a lower-dimensional projection by uj x = (u1, ua2, ..., ux).

The set of paths IT|,y; is decomposed according to the locations of the |nuy |
unit jumps in the e;-direction. The projections of these locations form a vector 7
from the set

Ay = {0 =[x}l g (gd=tylmal+2,

0=x"<x"<... <xlmalt = |puy 4]}
The partition function then decomposes according to the following jump locations:

Lnuq]

— O —
(3.16) Zim) = Z Z0,0),x,0) l_[ Z(xi,i),(xi+1,i) = Z Zr,
7T€A|_nuj i=1 neAL"“J
where the last equality defines the d — 1-dimensional partition functions Z,,.
For a fixed 7, define a new environment @ indexed by Zi‘l with this recipe:

(i) For 0 <i < |nug]: forye Zfl[l such that x! < y < x' 1 but y # x', set
o(y) = w(y,i). ,
(i) @0(0) =w(0,0) and for 1 <i < |nugy|, o(|nuy 4—1] +ieg_1) = x,i).
(iii) Pick all other @(y) independently of everything else.
Now, keeping 7 fixed, we project the paths down to Zi_l and create a partition
function (marked by a tilde) in the new environment @:

Lnuq]

O
log Z, =log Z(O’O)’(Xl’o) + Z log Z(xi,i),(xi+1,i)
i=1

[nug] Lnug] .
= Z log Z(xi’i)’(xiJrl’l') + Z CL)(XI, l)
i=0 i=1
(3.17)
lnug) nug ]

= Z logzxi’le + Z (7)(|_nll1,d_1j +ied_1)
i=0 i=1

<108 Z|pu; 41 )+1nuges 1]
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Introduce the continuous functions (1 <i < d)
i—1
(B.18)  Fi(w) = > ((uj+u;)log(uj +u;) — ujlogu; — u;logu;).
j=1
Counting the number of ways to decompose the length from O to |nu;| into
lnug] + 1 segments and Stirling’s formula give

(3.19)
<exp{nFy(u) + nn},

where the last inequality is valid for large n and we introduced a small n > O that
we can send to zero after limits in n have been taken. By a union bound and the
coupling (3.17) separately for each w € A ),

—Ju(r) < n@rolon_l log Z P{log Z,; = nr —logmg}

TEA hu)

< lim (log o

- n

n— oo
+n! log P{log anuquJHnudequ >nr —nFy(u) — nn})

= Fd(ll) - Julyd,l—t—uded,l (}" - Fd(u) - 77)
In the last step above a little correction as in (3.12) replaces |nu; g—1 ]+ [nugeq—1]
with [nu; 4—1 +nugeq—1].
Letu;s=uandforl <i <d,
d .
Ui=uw,;+ » ujeeZ,.
j=i+1

Proceeding inductively, we get the lower bound

(3.20) Ju(r) = Ji (r - > (Fw- 77)) - Y. F.

k+1<i<d k+1<i<d
On the right-hand side we have a rate function Jg, , with Uy x — v x in the interior
of R’i. Thus we have continuity. We can first let N\ 0. Then let (u,r) — (v, s).
Note that u; — 0 implies F;(u) — 0. Together all this gives the lower semiconti-
nuity

lim  Ju(r) = Jy,, (5) = Jy(s).

(u,r)—>(v,s)

Now we know J is continuous on all of (Ri \ {0}) x R.
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Let us observe limit (3.7). From one side we have
P{log Z{y, = nr} = P{log Z > nriP{o(0) > 0}.

From the other, pick a coordinate u; > 0, and for each n an integer n < m,, <
n + o(n) such that 2e; + |nu] < |m,u]. For each rn fix a directed path {x?} from
2e; + |nu] to [myu]. Inequality

®(€;) +108 Z3, 2e; 1 pu) + 0 @(*]) <108 Z )
j

gives
P{log ZEqu > nr}P{w(ei) +) o) = O} <P{log Zm,uj > nr}.
J

Assumption (3.5) and the continuity of J give the conclusion. [

PROOF OF THEOREM 3.3. It remains to prove continuity at (0,s). Let
(u,r) — (0, s). Define the right-tail Cramér rate function for a > 0, x € R:

Lna]
— lim ol -1 )
Kq(x) = nll)néon logP{n 2} w(x;) > nx}
1=
_|al(x/a), x > aE[w(0)],
1o, x <aE[w(0)].
Check that as (a, x) — (0, s), kz(x) = Jo(s) defined by (3.9).
For upper semicontinuity, bound Z,4) below by a single path

[Lna]]y
Ju(r) < —nlggon_llogIP’{n_l X} w(x;) > nr} = Kjul, (7).
1=

For lower semicontinuity, permute the coordinates so that #; > 0 as u — 0.
Apply (3.20) after n has been taken to zero:

T = e (r = F,-(u>> - Y R
2<i<d 2<i<d
Since Jy e, = ki, We get the lower semicontinuity. [

Finally two lemmas for later use. The next one allows more general lattice se-
quences for the right-tail LDP.

LEMMA 3.5. Lety € (0, oo)d andu, € ZfiF be a sequence such that n~lu, >
y. Then for r € R,

(3.21) ngngon—l logP{log Zy, > nr} = —Jy(r).
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PROOF. Let us use assumption (3.5) again. Since the coordinates of u, and
ny] are increasing to oo, for each n we can find ¢, and m,, such that |£,y] <
u, < |m,y] and in such a way that n — ¢,,, n — m,, are eventually o(n). For each
n fix directed paths {x, ;}o<i<k, from [£,y] to u, and {x;l’ j}OS j<k;, from u, to
|myy]|. Then

—1
Zityy) - Wi < Zu, < Zimuy) - (W)

where

logW,= > o) and logW,= > w(x)).

1<i<K, 1<i<K]),

Assumption n~lu, > y implies that K, and K/, are also o(n).

The estimates we need follow. For example,
P{log Z |,y > nr} > P{log W, > 0}P{log Zy, > nr}
and then by assumption (3.5) and the continuity of the rate function,
n@on—l log P{log Zy, > nr} < nli)rrgon_l log P{log Zm,y| > nr} = —Jy(r).

Similarly for the complementary lower bound on lim. [J

LEMMA 3.6. Suppose that for each n, L, and Z, are independent random
variables. Assume that the limits

(3.22) A(s) = —nlgrolon_l logP{L, > ns},
(3.23) ¢(s)=— lim n~"loglP{Z, > ns}

exist and are finite for all s € R. Assume that A(a;) = ¢(ay) = 0 for some a;,
ap € R. Assume also that A is continuous. Then for r € R

. logP{L,+ Z, = nr}
lim

—> 00 n

— inf | (r —s)+1(s)}, r>ag+a.,

— a)<s<r—ayp

0, r<ag+a.

(3.24)

PROOF. The lower bound > follows from
P{L,+ Z, > nr} >P{L, > ns}P{Z, > n(r —s)}.

Since an upper bound 0 is obvious, it remains to show the upper bound for the case
r > ap + ay. Take a finite partition ay, =¢qo < --- < ¢,y =1 — ag. Then use a union
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bound and independence:

P{L,+ Z,>nr}
<P{L,+ Z, >nr, L, <nqo}

m—1
+ Z P{L, +Zy = nr,ng; < Ly <nqit+1} +P{Ly, > ngm}
i=0
m—1
=< IPD{Zn >n(r — QO)} + Z P{Zn >n(r — qt—i-l)}P{Ln > ng;}
i=0

+P{L, = ngn}.
From this,

lim n~'logP{L, + Z, > nr}
n—oo
< —minf{p(r —qo), min [$( —gir1) +A(@)] Agm) -
0<i<m-—1

Note that A(go) = ¢ (r — gm) = 0, refine the partition and use the continuity of A.
O

4. Proofs for the i.i.d. log-gamma model. In this section we prove the re-
sults of Section 2.1. Throughout this section the dimension d = 2 and the weights
satisfy Yl-’_j1 ~ Gamma(u) as in (2.1). As before, for (s,?) € R%r \ {(0,0)} define
the function Jg ; by the limit

(4.1) Jso(r) == lim n~'logP(log Z ns iy Znr},  r€R.

At the origin set

0, r<o,

(42) o ={7 150

Then, as observed in Remark 3.4, the function J; ;(r) is finite and continuous at

all (s,1,r) e RY x R.
We begin with a lemma that proves Theorem 2.1.

LEMMA 4.1. For (s,t) € R%r the limiting free energy of (2.5) satisfies
4.3) p(s,t) = inf {—sWo(0) —1Wo(n —0)}.
0<f<u

The infimum is achieved at some 0 because Wy(0+) = —oo.



4266 N. GEORGIOU AND T. SEPPALAINEN

0| @

0 1 k [ns|

FI1G. 2. Graphical representation of the decomposition in equation (4.4).

PROOF. The proof anticipates some themes of the later LDP proof, but in a
simpler context. We already recorded the law of large numbers (2.18). The decom-
position (see Figure 2)

\ns] / k
) _ , 0
Z\_nsj,l_ntj - Z (1_[ U,,o) Z(kyl),(LnSJ,LntJ)

(4 4) k=1 \i=1
' |nt]

)4
O
+> (H VOJ)ZH,E),(LnsJ,LmJ)
t=1\j=1

from (2.14) gives asymptotically

. —1 ©)
nll)ngon log ZLnsJ,LmJ

k
T -1 Z ) -1 O
_nll{l’olo{ max <n IOg U,,()-i-n 10gZ(k,l),(|_nsJ,|_ntJ)>

1<k<|ns] izl

4
—1 . —1 O
\/ISI?SaE“J (n JX::]IOgVoJ +n logZ(l,Z),(LnsJ,LmJ))}

This can be coarse-grained with readily controllable errors of sums of independent
variables. We omit the details since similar arguments appear elsewhere in the
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paper. The conclusion is the alternative formula
: -1 @)
nlggo n= 10827, )

4.5) = sup {—aW¥(0) + p(s —a, 1)}

0<a<s

v sup {—=bWo(u —6) + p(s,t — b)}.

0<b<t
Take s = ¢, combine (2.18) and (4.5), and use the symmetry p(s,t) = p(t, s) to
get

—1(¥0(0) + Yol = 0) = sup {=a(¥o(0) A Yol —0) + p(t —a. 1)}
<a<t
Take 6 € (0, /2] so that Wo(0) < Wo(u — 0) (Yo is strictly increasing) and set
a=t—s.
—tWo(u —0) = sup {sW(0) + p(s, 1)}

0<s<t

Turn this into a convex duality through the change of variable v = Wy (6):

4.6)  —tWo(u— ¥, ' (v) = sup {sv+ p(s, 1)}, v € (—o0, Wo(u/2)].

0<s<t

It follows from the limit definition of p(s, ¢) that it is concave and continuous
in s € [0, t]. Extend f(s) = —p(s, t) to a lower semicontinuous convex function
of s € R by setting f(s) = oo for s ¢ [0, ¢t]. Then (4.6) tells us that

fr) = —1¥o(n — ¥y (v))  forv e (—oo, Wo(u/2)].

We can differentiate to get limy\ —oo(f*) (v) =0 and (f*)"(Wo(1t/2)) =t. These
derivative values imply that for s € [0, ¢], the supremum in the double convex
duality can be restricted as follows:

fls)= sup {vs = f* (W}

ve(—o00,Wo(1/2)]

Undoing the change of variables turns this equation into (4.3) which is thereby
proved. [

The next lemma gives left tail bounds strong enough to imply I ;(r) = oo for
r < p(s,t), and the same result for the stationary model. The proof is a straight-
forward coarse-graining argument. We do not expect the results to be optimal.

LEMMA 4.2. Fix 0 < a < 1. Then there exist constants 0 < c, C < oo that
depend on the parameters given below, so that the following estimates hold:

(a) For (s,1) € (0,00)2 andr < p(s, 1),
4.7 P{log Z s, |ne) <nr} < Ce—n'™ foralln > 1.
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(b) For (s,t) =a(¥i(u — 0), V1(0)) for some o > 0, parallel to the charac-
teristic direction, and r < p(g)(s, 1),

I4+a

(4.8) P{log ZEZ)VJ,WJ <nr}<Ce " foralln>1.

PROOF. We give a proof of (b) with some details left sketchy. Part (a) has
a similar proof. We bound Z E,GL)Y I.lnt] from below by considering a subset of lat-
tice paths, arranged in a collection of i.i.d. partition functions over subsets of the
rectangle.

The choice of (s, r) implies that p©@ (s, 1) = p(s,1). Fix 0 <& < (p@ (s, 1) —
r)/4. Fix m € N large enough so that m(s At) > 1 and

4.9) Elog Z s, ime) > m(r + 2¢).

Let B;‘:}f ={a,...,a+k—1} x{b,..., £+ b — 1} denote the k x £ rectangle
with lower left corner at (a, b). For i, £ > 0 define pairwise disjoint |ms | x |mt ]
rectangles

j lms], mt]
By = B(E+i)LmsJ—Z+1,£\_mtJ+1'
Define a diagonal union of these rectangles by A; = Jy>¢ Bé’ i > 0; see Figure 3.

Let M = |n“]|ms]. This is the range of diagonals A; we consider. Then we cut
the diagonals off before they exit the |ns| x |nt] rectangle. Let N = N (n) be the
maximal integer such that B]’\‘f lies in [0, |ns]] x [0, |nt]]. Diagonal A,y exits the

\ Ay Ay
5 © o o o o o a o
0 1
» @ o o o o o By b B
» @ o @ o o o —— _
& o o o A a N
By Bi
¢ o o o { b b
¢ o o o e e A
¢ a
0 1 2
¢ By b Bo b By b
> e e e

F1G. 3. The ms]| x |mt] rectangles and the diagonals A; in the proof of Lemma 4.2. The thickset
line is a lattice path that is counted in Z1.
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ns] x |nt] rectangle through the east edge, and consequently there exist positive
constants c;,, C,, such that

lns| —cm < Nlms] + |ms]|n®| < |ns] and
(4.10)
|nt] — Cun® < N|mt| < |nt].

Having defined the cutoff N, define the remaining diagonals by A =
Uo<e<n Bé for 0 <i < M. These diagonals lie in [0, [ns]] x [0, |nt]]. Fix a path
7 that proceeds horizontally from point (N |ms]|, N | mt] + 1) to (|ns], N |mt] +
1) and then vertically up to (|ns], |[nt]). The number of lattice points on  is a
constant multiple of n¢.

For 0 <i < M, let Z; denote the partition function of paths x, of the following
type: x, proceeds along the x-axis from the origin to (i [ms] + 1, 0), enters A’ at
(ilms] +1,1), and stays in A} until it exits from the upper right corner of B}'\,
with a vertical step that connects it with 7r. After that x, follows & to (|ns], |nt]).
The number K of points on x, outside A’ is independent of i and bounded by a
constant multiple of n¢. Let

X =min{Yy:xemorxe{({0):0<i<M}}
be the minimal weight outside A’ encountered by any path x, of Z;, for any 0 <
i<M.

Let Zl.A be the partition function of all lattice paths in A? from the lower left
corner of By to the upper right corner of Bj,. Then Z; > X Kz iA, and consequently

M
IP’{logZEZiJ’LmJ <nr}< ]P>{10gZXKZiA §nr}
i=0

M
:]P’[KlogX—i—logX:ZiA fnr]

i=0
(4.11)
<P{Klog X < —n¢e}
M
—HF’{lOgZZiA Sn(r—l-e)}.
i=0

Explicit computation with the gamma distribution and K < cn“ give the probabil-
. _n2
ity P{K log X < —ne} <e™" for large n.

The {Zl-A} are i.i.d., and ZOA is a product of the i.i.d. partition functions Z,? of
the individual rectangles B,? whose mean was controlled by (4.9). A standard large
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deviation estimate for an i.i.d. sum gives

M
P 1ogX:ZiA <n(r +8)} <P{log Z§ <n(r —i—e)}M
i=0
N M
:]P’{ZlogZ,?Sn(r+8)}
k=0

n/m+o(n) M
:IP’{ Z 10gZ,?§n(r—|—8)]
k=0

—c o lta
<e chSe cin )

Putting these bounds back on line (4.11) completes the proof of (4.8). [
The main work resides in proving the following right tail result.

PROPOSITION 4.3. Let (s, t) € R2. Then for all r € R, Js.1(r) is given by

@412) S = sup {rE— inf (tMa(§) —sMy—o(—5)}.
£€[0,10) 0§, )

Before turning to the proof of Proposition 4.3 let us observe how Theorem 2.2
follows.

PROOF OF THEOREM 2.2. Only a few simple observations are required. Start
by defining /5 ; as given in (2.6). Then formula (2.9) that connects Is; and J; ;
is established by (4.12) and by knowing that J; ;(r) = 0 for r < p(s,t) (Theo-
rem 3.2). The regularity properties of I ; follow from the general properties of J
in Theorems 3.2 and 3.3.

The upper large deviation bound (2.8) is built into (4.7) and (4.1).

For the lower large deviation bound (2.7), we consider three cases:

(1) If p(s,t) € G, then P{n~! log Z\s),1ne) € G} — 1 and (2.7) holds trivially
because its right-hand side is < 0.
(i) If G € (—o0, p(s, 1)), (2.7) holds trivially because its right-hand side is
—00.
(iii)) The remaining case is the one where G contains an interval (a,b) C
(p(s,t),00). Since the distribution is continuous including @ into G makes no
difference, and so

n! logIP’{n_l 10g Z\ns).|nt) € G}
> n"" 1og(P{log Z s, (nr) > na} — P{log Z s, |ni| > nb})

e _‘]S,l’(a)v
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where the limit follows from (4.1) and the strict increasingness of J;; on
[p(s,t), co) which implies that for large enough n,

]P{log ZL"SJ,Lm‘J >nb} < e_an,z(a)—ne

for some ¢ > 0. We can take a = infG N (p(s,t),00) and then J;,(a) =
infreGﬁ(p(s,t),oo) Is,t(r) =inf,eG Is,t(r)- O

The remainder of the section is devoted to proving Proposition 4.3. Again we
begin with the decomposition (4.4) of the stationary partition function. Inside
the sums on the right-hand side of (4.4) we have partition functions with i.i.d.
Gamma ™! (u)-weights {Y;,j} whose large deviations we wish to extract. But we
do not know the large deviations of log Z EZ)Y |.|nt)> SO at first the decomposition
seems unhelpful. To get around the problem, use definition (2.15) to write

Lns ]

©® )
1OgZ|_nsJ,|_ntJ _logZO,l_ntj - ZlOg Ui’l_ntJ.
j=1

By Proposition 2.10 we have a sum of i.i.d.’s on the right, whose large deviations
we can immediately write down by Cramér’s theorem. To take advantage of this,

divide through (4.4) by Z(()?Em | = y’:t{ Vo, to rewrite it as

Lns] nt] / Lnt]

—1 O
[T Ui = Z( I1 Vo,j)za,e),(LnsJ.LnrJ)
i=1 =1 \j=t+1

(4.13)

i=1

lns] /|nt] k
—1 O
+ (H Vo,;) (H UlbO) Z 1) (Ins ). \nt )
k=1 \j=1

To compactify notation we use a convention where the y-axis is labeled by negative
indices and introduce these quantities:

Lnt]

[T v k=<0,
j=—k+1

[nt] k
(H V&}) Uio, k=1,
j=1 1

i=

4.14) forkeZ =

where an empty product equals 1 by definition, and

(17 I._ZJ)’ z=-—1,
(4.15) forzeR v(z) =14 (1, 1), —1<z<l,

(LzJ, 1), z= L
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Then (4.13) rewrites as

Lns ] Lns ]

O
(4.16) [TULn= 20 mZygy,nsytne
i=1 k=—(nt]

k£0

from which we extract these inequalities:

O
lognk +10g Zy k) ((ns). 1))

L)
(4.17) <Y logUj )
i=1

< max {logn +log ZVD(k)’(LnSJ’LmJ)} +log(n(s +1)).

T —|nt]<k<|ns]
k0

These inequalities will be the basis for proving Proposition 4.3.

We record the right tail rate functions for the random variables in (4.17).

For the 1.1.d. weights {U; ||} we have the right branch of the Cramér rate func-
tion

[ns]
Ry(r)= —nlinéon—l log]P’!Z log Ui |ns) = nr}
=1
(4.18) '
_ {slg(rs_l), r>—sWy(H),

0, r<—sWy9).
The rate function Iy defined by (4.18) is given by
(4.19) Io(r) = —r¥, ' (—r) —log [(¥y ' (=r)) 4+ 6r +log['(8), reR.
The convex dual of R; is given by

slogl'(@ — &) —slogI'(0), 0<&<0,

4200 R{G) =4 E<Ooré>0

and we emphasize that it can be finite only when 6 > & > 0.
Forreal a € [—t, 5],

(4.21) ka(r) == lim_n™"logP{log|nq) = nr}

exists and is finite, convex and continuous in r. (For a < 0 it is simply a Cramér
rate function for an i.i.d. sum, and for a > 0 we can use Lemma 3.6.) The convex
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dual is

K, (&) = sup{&r — kq(r)}
reR
(t+a)(logl'(u—6 4+ &) —log'(u — 0)),
—1<ax<0,§>0,
t(logT(n — 6 + &) —log (1 — 6))
+a(logT' (0 — &) —logT'(9)),
O<a<s,0<&<96,
00, otherwise.
The derivation of (4.22) is similar to that of (4.20) from (4.18). Note that there is a
discontinuity in «, and « as a passes through 0. The rightmost zero m, , of k, is
the law of large numbers limit,

(4.22)

. logn|nay (t+a)Wo(u —0), —t<a<0,
(423) mMia _nlggo n o {t\I-’o(,u—Q) —a¥y(9), O<ac<s.

In contrast to the functions «, and k., m, , is continuous at a = 0. Introduce the
“macroscopic” version of (4.15): for real a,

(07 _a)’ —t<a=< 0,

(4.24) n—lv(na)—)f’(d): {(a,O), 0<ac<s.

With this notation we have, again for real a € [—¢, s], for the partition functions
that appear in (4.16), the following large deviations:

. ~1 O
(4.25) J(S,l)—{’(a) (r) - - nll)n(‘)lon log P{log Zv(na),(l_nsJ,LntJ) 2 nr}.

We used Lemma 3.5 to take care of the small discrepancy between (|ns], |nt]) —
v(na) and [n((s,t) — v(a))], unless a = —t or a = s when this is a case of i.i.d.
large deviations, and therefore simpler.
Let m, , and m, be the rightmost zeroes of «, and J ;)—y(»), respectively.
For (a, b) € [—t, s]?, let
Hsa,’zb(’”) = nli)ngon_l log P{log 7|a) + log ZvD(nb),(LnsJ,LmJ) > nr|

(4.26)
0, r<mygq+myp,

- inf  {ka(x) + Js,0—va) (r — )},

My g <XSr—mjp
r=meg+myp.

The existence of Hﬁ ’,b (r) and the second equality follow from Lemma 3.6. We
need some regularity:

LEMMA 4.4. Fix 0 < s,t < 0o and a compact set K C R. Then Hg;b(r)
is uniformly continuous as a function of (b,r) € [—t,s] X K, uniformly in a €
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[—t,s]. That is,

(4.27) lim sup |HS () — HEY (x)] = 0.
S\Oa,b,b’e[—t,s],r,xeK:
|b—b"|<8,|r—x|<8

PROOF. This follows from the explicit formula in (4.26). First, we have the
joint continuity (b, r) = J 1—vp) (r) from Theorem 3.3. Second, we argue that
x in the infimum can be restricted to a single compact set simultaneously for
(a,b,r) € [—t,s]*> x K. That my 4 is bounded is evident from (4.23). To show
that the upper bound r — my ; of x is bounded above, we need to show a lower
bound on m;, = p((s,t) — v(b)). A lower bound on the free energy is easy: by
discarding all but a single path,

p((s,1) —v(b)) = nl_i)rrolon_1 log ZLDn((s,t)—V(b))J > —(s+1t—|b))Wo(n). [

We abbreviate HY;(r) = Hy " (r).

The unknown rate functions J; ; are now inside (4.26), while the other rates R;
and «, we know explicitly. The next lemma is the counterpart of (4.17) in terms of
rate functions.

LEMMA 4.5. Lets,t >0andr € R. Then
(4.28) Ry(r)= Hs‘f,(r).

inf
—t<aZ<s

PROOF. For any a € [—t, s], by the first inequality of (4.17),

[ns]
—R;(r) = nli)ngon—l 1ogIP’{Z log Ui \nt) = nr}
i=1

. —1 O
(4.29) > nli)rrolon logP{log n|nq) + log Zytwa) (ns)olnt]) > nr}
2 _Hséft(r)-

Supremum over a € [—t, s] on the right gives < in (4.28).

To get > in (4.28) we use the second inequality of (4.17) together with a par-
titioning argument. Let ¢ > 0. Note this technical point about handling the errors
of the partitioning. With B, § > 0, Chebyshev’s inequality and the I.m.g.f. of (2.2)
give the bound

Lné]
(4.30) Pi Z log¥i| < —ns} < o~ B(e—B~'510g(I (u+B)/T' (1)) <o Ben/2,
i=1
where the second inequality comes from choosing § = é(e, B) small enough. The

right tail for log Y does not give such a bound with an arbitrarily large B. Conse-
quently we arrange the errors so that they can be bounded as above.
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Given B > 0, fix a small enough § > 0 and let —t =ap <a; <--- <ay; =
0 <--- <ay, = s be a partition of the interval —[¢, 5] so that |a;+| — a;| < 5. We
illustrate how a term with index k from the right-hand side of (4.17) is reduced to a
term involving only partition points. Consider the case a; > 0 and let |na; | <k <
lnaj+1]:

O
P{log nk +102 Zy 4 (ns).1ne ) = 17}

0
< P{IOg Nnai) 108 Zynar) (1ns ), 1nt))

- Z logUj o — Z logY;>nr

nai11] k—1 }
j=k+1 j=lna;]

(4.31) < P{logn{na;,, | + log zvﬂ(mi),(m’w >n(r —e¢))

[naiy1] k—1
—|—]P’{— Z logUj o — Z logY; Zne}
J=k+1 Jj=lnai]

0
< P{log Ninais1) +108 Zyua), (ins), ey = 10 = )}
4 e Ben/2,
On the other hand, if a¢; < 0 and |—na;+1] < —k < |—na; ], then we would
develop as follows:
O
log i +108 Zyw (s ). 1))

—|na;]

O
<loginay— Y 10gVo.; +108 Zya,, ). (ins). 1nt)
jm—k+1

—k—1

- Z log Yl,j

J=l—nai+1]v1

and get the same bound as on line (4.31) but with a; and a; switched around.
Now for > in (4.28). Assume n is large enough so that ne > log(ns + nt).
Starting from (4.17),

[ns ]
n! logIP{ Z log Ui |nt) > nr}
i=1

< max n! log P{log nx + log ZvD(k),(LnsJ,LntJ) >n(r —e)}

T —|nt] <k<|ns]
k0

+n! log(ns + nt)



4276 N. GEORGIOU AND T. SEPPALAINEN

= 0ore n~ 10g(P{10g Nina; ) +108 Zyuay ), (s, Lnr)) = 10 = 28)]

+ e—Ban/Z)

-1 O
V.o max n log(P{lognLnaiHJ+1OgZV(na,-),(Lnsj,Lmj)

g<i<m—1
>n(r —2e¢)}
+e B2y g,
Take n — oo above to obtain

—Ry(r) < max (=H5"(r —2¢)) v (~Be/2)]

0<i<g-—1

v { max (—H % (r = 26)) v (—Bs/2)} te

g<i<m-—1

< su —H%(r —2¢)) v (=Be/2) +e.
p ( $,f ) /

T abe[—t,5]: la—b|<8
We first let § \ 0, and by Lemma 4.4 the bound above becomes
—Ry(r) < sup (—Hg(r—2e))Vv(—Be/2)+e.

acl[—t,s]

Next we take B ' oo, and finally ¢ N\ 0 with another application of Lemma 4.4.
This establishes > in (4.28). [

A key analytic trick will be to look at the dual J(’;’l)iv( ) (§) of the right tail rate
as a function of a. This lemma will be helpful.

LEMMA 4.6. For a fixed & € [0, u), the function

(4.32) Ge(a) = { (;J t.n—v@ &) a€l0.1],

a<0ora>t,
is continuous on [0, t], and convex and lower semi-continuous on R. In particular,
G%“*(a) = G¢(a) fora e R.

PROOF. To show convexity on [0, ], let A € (0, 1) and a = Aa; + (1 — L)as:
_J(t,t)—V(a)(é)

= —sup{&r — Jir.0—va) ()}
reR

= rigIg{Jt—a,z(”) - 5’”}

(4.33) < inf inf {)‘(Jt—al,t(rl) —&r)+ (- )M)(Jt—az,t(i’z) — 57”2)}

reR (r1,r):
)\.r1+(1 7)\.)"2:"
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= inf {)\(Jt—al,t(rl) —&r)+ (1 =) (Jr—gy.t (r2) — 5"2)}

(r1,r2)€R?

= inf {J; 41 (r) —&r1} + (1 = 1) inf {J; 4, 1(r2) — 12}
rieR reR

=M E) = (L= NI, ().

The inequality comes from the convexity of J in the variable (+ —a, ¢, r).

For finiteness on [0, 7] it is now enough to show that G¢(a) is finite at the
endpoints. Continuity then follows in the interior (0, 7). First take @ = 7. Then Jjj,
is the dual of a Cramér rate function, and for & > 0

(4.34) Ge(t) = —J§,(8) = —t log Bef %2710,

which is finite for & < .
Convexity of J; ;(r) and symmetry J; ;(r) = J; s (r) imply J; ;(r) < Jo,2:(r).
From this

Ge(0) = = I}, (€) = inf {Jr(r) — §7)
4.35)
< inf {Jo.2r(r) = §r} = =Jg (£) < oo,

Continuity at a = 0. To show that G¢ is also continuous at the endpoints, we
first obtain a lower bound. For any r € R,

Jt*—a,t(g) >r&§ — Ji—q.(r)

hence, by continuity of J; ; in the (s, ) argument,

(4.36) lim J;° () > 7 — Jp 4 (r).
a—0

Supremum over r gives lim,_,o J; , (§) > J(§).

For the upper bound, let 0 < a < ¢. Varadhan’s theorem (Theorem 4.3.1 in [12])
applies in the present setting. This is justified in the proof of Corollary 2.5 below
and another similar justification is given for (5.4) below. Consequently,

Jlﬂjt (g) = nll)ng() I’l_l log }Eef log ZL"U,LMJ

> lim nl log Fef 102 Zin—a)).1n1)
n—o0
4.37) "
+ lim n~! log Eeb Zizint—a)i+1 108 Yi,inr)
n—>oo
=J &)+ alogEY?.
Taking a \ O yields continuity at a = 0.

Continuity at a = t. The lower bound follows as in the previous case. For the
upper bound we use a path counting argument. Let ¢"F©-!) be an upper bound on
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the number of paths in IT,) /) such that F(0+,¢) = 0. Consider first the case
where 0 < & < 1. Then

Lnt ]+ |n(t—a)] §
T 0. ®) ZnIi)ngon_llogE< Z I1 Y)ﬁ)
X € n—a)], 1n1)) i=1

Lnt)+n(t—a)]
(4.38) < lim n~'log > [[ Ew):

n—oo .
X El(n@—a), lnr)) i=1
=F(t—a,t)+Q2—a/t)J5,(&).
For 1 <& < u, Jensen’s inequality yields
(4.39) Ja &) <EF(t—a,t)+(2—a/t)J5, ().

Leta /¢t to get the continuity.
GZ;* = G¢ is a consequence of convexity and lower semicontinuity, by [28],
Theorem 12.2. [

PROOF OF PROPOSITION 4.3. The remainder of the proof is convex analysis.
The goal is to derive the following formula for the right tail rate function Js ;:

(440) Sy ()= sup [re— inf (1Mp(§) —sMy_o(—£)}.
£€[0,10) 0, n)

We begin by expressing the explicitly known dual R} (£) from (4.20) in terms of
the unknown function J ;)—v(4). Equation (4.26) says that Hf , 1s the infimal con-
volution of k, and J(s 1)—3(a), in symbols Hs”ft = kqUJ(s,1)—5(a)- By Theorem 16.4
in [28] addition is dual to infimal convolution. Starting with (4.28) we have

R ()= sup sup{r& — (kaOJ(s,0)—5a) (1)}

—t<a<sreR

(4.41) = sup (kaOJ(s,0)—%a)* (&)

—t<a<s

= sup {«k; &)+ IG5 @]

—t<a<s
Combining this with (4.20) gives, for 0 <& <6,
(442)  slogl(® —&)—slogl'(®) = sup {«)(&)+ J(;,,)_v(a)(s)}.
—t<a<s
Now regard & € [0, n) fixed, and let 6 € (£, u) vary. Introduce temporary defi-

nitions

~hg(0) = Myu_o(—&) =log (it — 0 + &) — log I (1t — ),
(4.43) wuqa(9)= —t<a<0,

de(0) = My(§) =logI'(0 — &) —logI'(0), 0<ac<s.
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Substitute (4.22) and (4.43) into equation (4.42) to get

INCESD F'(p—0+§)

4.44 log———= —tlog——— = = )+ J5 s .
(4.44) slog NG og FGi—6) _tsélfis{aua( )+ I n—w@ @)}
The right-hand side begins to resemble a convex dual, and will allow us to solve
for Js,,. We can specialize to the case s =t because (¢,¢) — v(a) gives all the
pairs (s, ) with 0 <s <¢. When s =, the J; ; = J; ; symmetry allows us to write
(4.44) as

1(de (0) + he (0)) = sup {a(he(0) v d:(9)) + J,*_a,,(é)},

0<a<t

and it splits into cases as follows:
sup {ahs(0) +J2, (&)}, 0 €[(w+8)/2, 1),
0<a<t

sup {adsO)+J, &)},  0e(& (u+8)/2]

0<a<t

1(de(0) + he (9)) =

We can discard one of the branches above. For if 6’ = u 4+ & — 0, then dg (8') =
hg(0), and we see that the two equations given by the two branches are in fact
equivalent. So we restrict to the case 6 € [(n + £)/2, i) and continue with

(4.45) t(de () + he (0)) = sup {ahe©) + J* , ()}

0<a<t

The function A is strictly increasing, so we can change variables via v = h¢ ()
between the intervals 6 € [(u +§)/2, n) and v € [hg ((n +§)/2), 00). Recall also
Ge(a) = —J;-, ;(§) from Lemma 4.6. This turns (4.45) into

1((dg o hgl)(v) +v) = 0sup {av — Ge(a)}
<a<t

(4.46)
= G;(v), he <'MT+$) <v < 00.

Utilizing G¢ = Gg‘*, we get the following expression for the rate function J:

(447)  Ji—as(r)= sup {rE—J' , (E)}= sup {r+Ge(a)}
£€[0,0) £€[0, 1)

= sup [ré + sup[av — G;(v)]]

Eel0,p) veR
= sup {r& + sup [av — Gg(v)]}
£€[0,w) velhe (1+£)/2),00)
(4.48) = sup {r&+ sup [(@ —1yv —tdg (h7' )]}
£€[0,p) velhe (1+£)/2),00)

In the next to last equality above, we restricted the supremum over v to the interval
v € [he((n +&)/2), 00). This is justified because G; is convex, a > 0 and from
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(4.46) we can compute the right derivative (Gf’g)’(hg (“TJFS)—F) = 0. The restriction
of the supremum then allows us to replace G’g (v) with (4.46).

The proof is complete. In the case 0 < s <t, take a = — s on line (4.47). Line
(4.48) is the desired representation for J; ;. It turns into (4.40) by the v to 8 change
of variable. The case s > ¢ follows from the symmetry J; ;(r) = J; s(r). U

The next lemma makes explicit the formula(s) for J;*, that were implicit in the
proof of Proposition 4.3.

LEMMA 4.7. Lets,t >0and & €0, u). Then

(4.49) J;‘jt(S)z inf {tMp(E)—sMﬂ,p(—S)}
pe(&, 1)

(4.50) = inf {SM@(E)—IMM_Q(—S)}.
0e(&,u)

PROOF. (4.50) comes from (4.49) by the change of variable p = u + & — 6.
Comparison of the two shows that we can assume s < t. To prove (4.49) for s <t¢,
start from Lemma 4.6:

S5 E)==Ge(t —5)=—G{(t —5)=— suﬂg{(t — v — G;(v)}.

Restrict the supremum as in (4.47) and (4.48), substitute in (4.46) and change
variables from v to 6 = hgl(v). Il

PROOF OF COROLLARY 2.5. If&>pu,
E10g Zpns ), 1nr) = Y _Elog Yy,
J

for any particlar path x, € I |5, |ns), and then A; ;(§) = oo comes from M, (§) =
oo from (2.2).
Let & < u. Pick y > 1 such that y& < w. Then the bound

supn~ ! logEe? 108 Zinsilnt) < o0
n

follows from path counting, as in (4.38) and (4.39). This bound is sufficient for
Varadhan’s theorem (Theorem 4.3.1 in [12]) which gives

lim Ay, (§) =n~'logEet 08 Zinshint) = [* (&) = sup{ré — I, (r)}
n—oo ? }"ER

= Ssup {I‘S - s,t(r)} = Sup {ré: - Js,t(”)}-
r=p(s,r) r=p(s,r)

We discarded {I; ; = 0o} = {r < p(s, t)} from the supremum. Since I ; increases
for r > p(s, 1), the case § <0 of (2.11) follows. For & > 0 the values J; ;(r) =0
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for r < p(s,t) can be put back in because they do not alter the supremum. Con-
sequently Ag;(§) = J;f,(é) for £ > 0. Lemma 4.7 completes the proof of this
corollary. [J

There is nothing new in the proof of Corollary 2.8, so we omit it.

5. Proofs for the stationary log-gamma model. In this section we prove the
results of Section 2.2.

PROOF OF THEOREM 2.14. Coarse-graining arguments and simple error
bounds readily give the following limit:

OLhorcs 1) = Tim ! o 2@ hor
pr s )= lmon 108 Z )y

k
= lim max (nIZIOgU,’,o-I-nllogZ(Dkql),(LnsJ’LmD>

n—00 1<k<|ns| iz

= sup {—a¥o(0)+ p(s —a, 1)}

0<a<s

= sup _inf {—aWo(0) + (a —5)Wo(p) — 1Wo(i — p)}.
0<a<s0<p<p
In the last step we substituted in (2.5). Formula (2.30) follows from this by some
calculus.
From the definition (2.22) of Z Eizjh([;t I follow inequalities analogous to (4.17),

and then with arguments like those in the proof of Lemma 4.5, we derive a right
tail LDP

: -1 (0),hor
Jlim n logP{Z,, 0 [ = 1}

5.1
= _J0,h0r(r) =— inf (Ra‘:‘]s—u,t)(r)7
a€l0,s]

where R, is the rate function from (4.18). For £ > 0 the l.m.g.f. in (2.24) satisfies
Agf’(rs’ n&) = J§ nor(6)- This would be a consequence of Varadhan’s theorem if we
had a full LDP, but now we have to justify this separately, and we do so in Lem-
ma 5.1 below. 1 Proceeding as in (4.41) and using (4.50),

AP (&) = sup ](R;:@) + I ®)

= sup inf {aMg(§)+ (s —a)M,(§) —tMy— (=)}
ae[O,s]Pe(Svﬂ)

Formula (2.31) follows from some calculus. The sup and inf can be interchanged
by a minimax theorem (see, e.g., [19]), and this makes the calculus easier. [



4282 N. GEORGIOU AND T. SEPPALAINEN
LEMMA 5.1. Let Zfzijhcfzt | the partition function given by (2.22), and let
Jo hor(r) as given by (5.1). Then for 0 <& <0,
(6),hor

. -1 glongnsMuH: o — J*
lim ™' logEe flelﬂg{r%“ Jo.hor (M)} = Jg por (8).

PROOF. Let0 <& <0. Set

(0),hor

(0),h
&log ZL}’ISJ .(E;” §log Z|_ns], [nt]

y = lim n~'logEe

— 7= -1
y = lim and V—,,ILHC}O” log Ee

First we have an exponential Chebyshev argument for a lower bound:

(0),hor
n~ogP{log Z[Zi’ﬁ(i;” >nr}) < —&r4nllog Re® 198 Zins) 1ne)

Letting n — oo along a suitable subsequence gives Y= &r — Jo hor(r) forallr e R.
Thus y > Jé‘"hor(é) holds.
For the upper bound we claim that

_ (0),hor
(5.2) rl_i)ngonli)rgon_l logE(eS lOgZLnsLLmJl{log Z&’ﬁ‘fﬁl” > nr}) = —oo0.

Assume for a moment that (5.2) holds. To establish the upper bound let § > 0
and partition R with r; =i6,i € Z:

(6),hor
n~log IEE(e'§ 108 Z s}, o) )

m

(5.3) <n”! 10g|: > e riPllog Z{ | > i)

l=—m

(6),hor
+ enér_m + E(es IOgZ[nsJ,Lntj l{log ZEZZ]}TOLZIJ Z nry }):| .

By (5.2), for each M > 0 there exists m = m (M) so that
(6),hor
n—l logE(e§ log ZLnsj,[ntJ l{log ZEZi’ﬁ‘E;[J > nry, }) <M.
A limit along a suitable subsequence in (5.3) yields

Y < max {ériq1 — Jonor(ri)} VEr_m v (=M)

< (sup{&r — Jo nor(r)} +&8) V Er_ v (—M).
reR

The proof of the lemma follows by letting § — 0, m — oo and M — o0.
Now to show (5.2). Note that there exists @ > 1 such that & < 6,

0),hor
(5.4) sup(Eeo’E logZE"ZM"fJ)I/" < 00.
n
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To see this, distinguish cases where «& < 1 or otherwise. Let N denote the number
of paths, and recall that N < ¢“" for some ¢ > 0: For «§ < 1,

(6).hor |ns]+|nt] a4\ 1/n
(I 1 4

Xl (ns) (nr)y =1

|nt|+|ns] 1/n

< (N [l EYC@') < ¢ Mp(a)' ™.
i=1

For a§ > 1, Jensen’s inequality gives

atlog zO0ror (1/n [ns]+|nt] ak-\ 1/n
-2 "))

Xell(ns) (nrpy =1

|t |+ |ns] 1/n
< (N“E l_[ EY“S> £€°%% My (€)' ™.
i=1
To show (5.2), use Holder’s inequality,
(0),hor
n—l IOgE(eé log ZLnsj,[ntJ l{log Zfzz’f’l([;” > nr})

(0),hor
< ' log sup(Ee® 108 Zins) ) /7
n

+ (@ — Da~'n"og P{log ZE?:Z]},I(EZH >nr}.

Taking a limit n — oo, we conclude

. (0),hor
(5.5) nlingon_l logE(e lOgZWJ’lmJl{log ZEZ?J}?(EZ,J >nr}) <Ci — CaJg hor(r)

for positive constants Ci, C. Letting r — oo finishes the proof because

rl—i>n30 Jo hor (r) = 00. O

PROOF OF THEOREM 2.11. We can assume 0 < & < 6 A (u — 6) because
otherwise the boundary variables alone force the l.m.g.f. to blow up.
EZijh(E;, I Condition (2.28) becomes
(5.0) H(Wo(n — 0) — Vo — 0 — &) > s(Wo(0 + &) — Wo(6)).
The conclusion becomes that the limit in (2.25) exists and is given by

ver . tM, (&) —sMy(=£), if (5.6) holds,
D Bown®) = { Ara(E) = Ay 1 (6), if (5.6) fails.

The logarithmic limits lead to the formula

(5.8) Ag,(s.0)(E) = A% 1y (E) V AL (&),

Let us record the counterpart of (2.31) for Z
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and we need to justify that this is the same as the maximum in (2.20). This comes
from several observations:

1 A8 = J;’jt (&) is always bounded above by the first branches of both (2.31)

and (5.7). This is evident from equations (4.49) and (4.50).

(i) Conditions (2.28) and (5.6) together define three ranges for (s, ):
(a) (2.28) and (5.6) both hold if and only if a1t <s < ot}
(b) (2.28) holds and (5.6) fails if and only if s > a»t;
(c) (2.28) fails and (5.6) holds if and only if s < oq7.
The constants 0 < «; < ap can be read off (2.28) and (5.6), and the strict
inequalities are justified by the strict concavity of Wy.

(iii) In the maximum in (2.20), we have

(5.9) sMg(§) —tMy—o(=8) =t M) _9(§) — sMp(=§)

if and only if s > a3t for a constant o3 > 0 that can be read off from above.
Strict concavity of Wy implies that 0 < o] < a3 < a2.
Now we argue that

(5.10)  Ag,(s,)(§) = max{sMp(&) —tMy_o(=§), tMy_p(§) — sMp(—§)}.

This is clear in case (a) as this maximum is exactly Agf’(rs’t)(é) Vv A;f’fs’t)(é).
In case (b), Agf’(r& " (&) equals the left-hand side of (5.9) which dominates both
the right-hand side of (5.9) and A ;(§). Consequently in case (b) also (5.8)
is the same as (5.10). Case (c) is symmetric to (b). This completes the proof
of (5.10).

With one additional observation we can verify Remark 2.15. Namely,
Ag ;(£) is in fact strictly bounded above by the first branch of either (2.31)
or (5.7). The claim is easily verifiable when either of conditions (b) or (c) are
in effect. To see the strict domination when (a) holds, note that the unique
minimizers in formulas (4.49) and (4.50) are linked by p = + & — 6. But
if these formulas matched both first branches in (2.31) and (5.7), the con-
nection would have to be p = u — 6. This together with (5.10) implies that
As1(€) < o5y (&) forall 6 € (0, ). O
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