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ROOTS OF RANDOM POLYNOMIALS WHOSE COEFFICIENTS
HAVE LOGARITHMIC TAILS

BY ZAKHAR KABLUCHKO AND DMITRY ZAPOROZHETS
Ulm University and Russian Academy of Sciences

It has been shown by Ibragimov and Zaporozhets [In Prokhorov and
Contemporary Probability Theory (2013) Springer] that the complex roots of
a random polynomial Gn(z) = >}, £,.zF with i.i.d. coefficients &0y .-y En
concentrate a.s. near the unit circle as n — oo if and only if Elog  [§y| < oo.
We study the transition from concentration to deconcentration of roots by
considering coefficients with tails behaving like L(log|?])(log|t|)™% as t —
00, where o > 0, and L is a slowly varying function. Under this assumption,
the structure of complex and real roots of G, is described in terms of the
least concave majorant of the Poisson point process on [0, 1] x (0, oo) with

intensity v =@+ gy dv.

1. Introduction and statement of results.

1.1. Introduction. Let &g, &1, ...bei.i.d. nondegenerate random variables with
values in C. Let Z, be the collection of complex roots (counted according to their
multiplicities) of the random polynomial

(1) Gn(z) =Y &7~
k=0

For 0 < a < b denote by R, (a, b) t?e number pf roots of G, inthering {z € C:a <
|z| < b}. Improving on a result of Sparo and Sur [18], Ibragimov and Zaporozhets
[10] show that

1
) —Ry(1—e,1+8) =51
n n—oo
for every € € (0, 1), if and only if
3) Elog, |£0] < oo.

Here, log, x = max(logx, 0). Without any assumptions on the distribution of &,
Ibragimov and Zaporozhets [10] also prove that for every «, 8 such that 0 < o <
B <2m,

1 s. B—«a
) — > Lgzagzzp) —> :

n—o0
7EZ, 2
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Thus, under a very mild moment condition, the complex roots of G, concentrate
near the unit circle uniformly by the argument as n — oc.

Imposing additional conditions on the distribution of & it is possible to obtain
more precise information about the asymptotic concentration of the roots near the
unit circle. In the case when &y belongs to the domain of attraction of an «-stable
law, o € (0, 2], Ibragimov and Zeitouni [9] show that for every ¢ > 0,

—ot
(5) lim lERn(l—L,l—kL):lL—i.
n—0oo p n n l—e % ot
This is a generalization of the result of Shepp and Vanderbei [16] who consider
real-valued standard Gaussian coefficients.

On the other hand, if Elog, |§9| = 0o and thus there is no concentration near
the unit circle, it is also possible to describe the asymptotic behavior of the roots
when the tail of |§p| is extremely heavy. Gotze and Zaporozhets [7] prove that if
the distribution of log, log, |§| has a slowly varying tail, then the complex roots
of G, concentrate in probability on two circles centered at the origin whose radii
tend to zero and infinity, respectively. See also [19, 20] for more results in the case
of extremely heavy tails.

Up to now, the behavior of the roots has been unknown when the tail of &y
is somewhere between the two cases described above. The aim of this paper is
to consider a class of distributions which in some sense continuously links the
above cases. We will consider coefficients with logarithmic power-law tails. More
precisely, we make the following assumption: for some o > 0,

6) F(t):=P[log|&]| > t] is regularly varying at +oo with index —a.

This class of distributions includes distributions with both finite (¢ > 1) and infi-
nite (¢ < 1) logarithmic moments. We will obtain a precise information on how the
concentration of the roots near the unit circle becomes destroyed as « approaches 1
from above and how the roots behave when there is no concentration (« < 1).
The case o = +00 corresponds formally to the light or power-law tails studied
in [9, 16]. The roots are concentrated near the unit circle and, apart from this,
no global organization is apparent. We will prove that as o becomes finite, the
distribution of roots becomes highly organized; see Figure 1. The roots “freeze”
on a random set of circles centered at the origin. Both the radii of the circles and the
distribution of the roots among the circles are random; however, the distribution of
the roots on each circle is uniform by the argument. As long as « stays above 1,
the logarithmic moment is finite, and the circles approach the unit circle at rate
n'/*=1 (ignoring a slowly varying term), in full agreement with the result of [10].
Note also that for « close to 4-00, this rate is close to the rate 1/n appearing in (5).
As o becomes equal to 1, we have a transition from finite to infinite logarithmic
moment. We will show that if F () ~ ¢/t as t — 400, then the empirical measure
formed by the roots of G,, converges weakly (without normalization) to a random
probability measure concentrated on an infinite number of circles with random
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F1G. 1. Roots of a random polynomial of degree n = 2000 whose (real) coefficients are (left) stan-
dard normal, (right) such that Pllog&y > t] = 1/t2f0r t>1.

radii. For the first time, the roots are not concentrated near the unit circle. As «
becomes smaller than 1, the circles divide into two groups approaching 0 and oo
at the rates £n/9~! on the logarithmic scale. The number of circles, which was
infinite for o > 1, becomes finite for @ < 1 and decreasesto2 asa — 0. Ata =0
the roots freeze on just 2 circles located very close to 0 and oo, in accordance
with Go6tze and Zaporozhets [7], whose results we will strengthen. At o = 0, the
empirical measure formed by the roots becomes almost deterministic: the only
parameter which remains random after taking the limit n — oo is the proportion
of the roots close to 0 (or to co), which is uniform on [0, 1].

An interesting phenomenon we will encounter is the appearance of the long-
range dependence between the roots under condition (6). Consider a random poly-
nomial G, of high degree, and suppose that we know that it has a root at some
point zg € C. In the case of coefficients from the domain of attraction of a stable
law, this information has almost no influence on the other roots of G, except for
the roots located in an infinitesimal neighborhood of zg. However, for coefficients
with logarithmic power-law tails, the knowledge about the existence of a root at
zo implies that there exists (with high probability) a circle of roots containing zg.
Moreover, the radii of the other circles of roots are influenced by the existence of
the root at zg. We observe a long-range dependence between the roots: the con-
ditional distribution of roots, given that there is a root at zg, differs, even on the
global scale, from the unconditional distribution of roots.

If the random variables &; are real-valued, we will also analyze the real roots
of G,,. For a particular family of distributions satisfying (6) with & > 1, Shepp and
Farahmand [15] show that the expected number of real roots of G, is asymptot-

ically c(x)logn with c(a) = gg:% As o decreases from +oo to 1 the function
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c(a) decreases from 1 to 0. We will complement this result by showing that for
a € (0, 1), the number of real roots of G, has two subsequential distributional
limits as n — oo along the subsequence of even/odd integers. This means that for
a € (0, 1) the polynomial G, has, roughly speaking, O (1) real roots. Finally, we
will prove that for o« = 0, the number of real roots of G, can take asymptotically
only the values O, ..., 4 and compute the probabilities of these values.

1.2. Complex roots. Given a complex number z = |z]e! @€ and a € R, we
write
Z<a>

— |Z|aeiargz.

The next theorem describes the structure of complex roots of G,. Let 6(z) be
the unit point mass at z. Denote by C = C U {oo} the Riemann sphere. We need
normalizing sequences a,, b, such that

_ 1
(7 F(a,) ~ — asn — oo, b, =—.
n

THEOREM 1.1.  If the tail condition (6) is satisfied with some a > 0, then we
have the following weak convergence of random probability measures on C:

The limiting random probability measure T, is a.s. a convex combination of at
most countably many uniform measures concentrated on circles centered at the
origin.

REMARK 1.2 (On convergence of random measures). Let E be a locally com-
pact metric space. Denote by M(E) the space of locally finite Borel measures
on E. Endowed with the topology of vague convergence, M(E) becomes a Polish
space; see [13], Section 3.4. A random measure on E is a random element with
values in MI((E). A sequence i, of random measures converges weakly to arandom
measure u if lim,—, o EF (u,) = EF () for every continuous, bounded function
F:M(E) — R. Equivalently, [ f du, converges in distribution to [ fdu for
every compactly supported continuous function f: E — R; see [13], Section 3.5.

For o > 1 the logarithmic moment condition (3) is satisfied, which by [10]
means that the roots should concentrate near the unit circle. In the next corollary
we compute the rate of convergence of the roots to the unit circle.

COROLLARY 1.3. Leta > 1.As n — oo, the random probability measure

—Za (121 — 1))

zezn

converges weakly to a random, a.s. purely atomic probability measure on R.
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In the case F(f) ~ ¢ /t as t — +00, where ¢ > 0, the logarithmic moment con-
dition (3) just fails. We have no concentration of the roots near the unit circle for
the first time. In this case, Theorem 1.1 simplifies as follows.

COROLLARY 1.4. Suppose that F(t) ~ ¢/t as t — +00. Then, the empiri-
cal measure %ZZG z,8(2) converges weakly to some nontrivial limiting random
probability measure on C.

We proceed to the description of the random probability measure IT,. Let
p = > 128Uk, Vk) be a Poisson point process on [0, 1] x (0, 00) with inten-
sity measure av=@tD gy dv. Equivalently, Ug, k € N, are i.i.d. random variables
with a uniform distribution on [0, 1] and, independently, Vi = W,; 1/ ¢, where
Wi, Wa, ... are the arrival times of a homogeneous Poisson point process on
(0, 00) with intensity 1. Of major importance for the sequel is the least con-
cave majorant (called simply majorant) of p (see Figure 2) which is a function
¢, :[0, 1] — [0, 00) defined by

Co(t) = i?ff(t)’ t €[0,1],

where the infimum is taken over the set of all concave functions f: [0, 1] — [0, co)
satisfying f(Uy) = Vi for all k € N. From a constructive viewpoint, the least con-
cave majorant €, may be defined as follows. Let (X, Yp) be the a.s. unique atom
of p having a maximal second coordinate Y, among all atoms of p. Consider
a horizontal line passing through (Xg, Yp). Rotate this line around (Xo, Yp) in
a clock-wise direction until it hits some atom of p, denoted by (X1, Y1), other
than (Xg, Yp). Continue to rotate the line in the clock-wise direction, this time
around (X1, Y1), until it hits some atom of p, denoted by (X3, ¥2), other than
(X1, Y1). Continue to rotate the line around (X3, Y>), and so on. The procedure

FIG. 2. The least concave majorant of the Poisson point process p on [0, 1] x (0, 0co) with intensity
av~ @D gy gy, where o = 2.
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is terminated if at some time the line hits the point (1, 0). [As we will see later,
this happens a.s. if and only if « € (0, 1).] Otherwise, the procedure is repeated
indefinitely. Analogously, we can start with a horizontal line passing through
(X0, Yo) and rotate it in an anti-clockwise direction obtaining a sequence of points
(X-1,Y-1),(X_»,Y_5),.... The sequence may eventually terminate at (0, 0).
[We will see that this happens a.s. if and only if « € (0, 1).] Now, join any point
(Xk, Yr) to the next point (Xy41, Yx+1) by a line segment. The polygonal path
constructed in this way is the graph of the majorant €,. The points (X, Y) are
called the vertices of the majorant, the intervals [ X, X 1] are called the linearity
intervals of the majorant. The least concave majorant &, is thus a piecewise linear
function with at most countably many linearity intervals. We write €, in the form

3) €y (1) = Sk — Ryt, t €[ Xk, Xet1].

The limiting random probability measure 1, in Theorem 1.1 can be constructed
as follows. For r > 0 let A, be the length measure (normalized to have total
mass 1) on the circle {z € C: |z| =r}. Then

Mo = ) (Xet1 — Xi) Aexp(Ro)s
k

where the (finite or infinite) sum is taken over all linearity intervals [ Xz, X4+1]
of the majorant €,. Thus Theorem 1.1 states that the roots of G, asymptotically
concentrate on random circles which correspond to the linearity intervals of the
majorant. The radii of these random circles are exp(Rx), where the Rj’s are the
negatives of the slopes of the majorant. The proportion of roots on any circle is the
length of the corresponding linearity interval.

Our next result describes the distribution of the complex roots of G,, in the case
o« = 0. We assume that

) F(t) :=P[log|&o| > ¢] is slowly varying at +o0o0.

We will show that under (9), with probability close to 1, the complex roots of G,
are located on just 2 concentric circles, one of them with a radius close to 0 and
the other one with a radius close to co. A weaker result was obtained by Gotze
and Zaporozhets [7] under a more restrictive assumption on the tails. Let 7, be
the index of the maximal (in the sense of absolute value) coefficient of G, that
is, 7, € {0, ..., n} is such that |&;,| = max—o,. . |6k|. Denote by wi,, ..., Wy,
the roots of the equation &;,z™ + &y = 0 and by w(,+1)n, - - . , Wnn the roots of the
equation §,7" " + &, =0.

THEOREM 1.5. Suppose that (9) is satisfied and &y # 0 a.s. Fix some A > 0.
Then the probability that the following three statements hold simultaneously goes
tolasn— oo:

(1) 1, is uniquely defined,
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(2) it is possible to renumber the roots z1,, . .., Zun of G, so that
_nA
|zZkn — Wkn| <€ |Winl, l<k=<mn;

A A
(3) we have |wi,| <e™ forl <k <t, and |wg,| > €* fort, <k <n.

COROLLARY 1.6. Under (9), the empirical measure % ZZGZ” 8(z) converges

weakly, as a random probability measure on the Riemann sphere C, to U§(0) +
(1 —=U)é(c0), where U is a random variable with a uniform distribution on [0, 1].

1.3. Properties of the majorant. In this section we study some of the proper-
ties of the least concave majorant €. Note that random convex hulls similar to &,
appeared in the literature; see [12] and the references therein. The next proposition
will be used frequently.

PROPOSITION 1.7. Let L, be the number of linearity intervals of the majo-
rant €,. If a € (0, 1), then Ly < o0 a.s. If a > 1, then Ly = o0 a.s. Moreover,
in this case any neighborhood of 0 (as well as any neighborhood of 1) contains
infinitely many linearity intervals of €, a.s., and we have limy_, _oc Ry = —00 and
limg_, 4 oo R = +00 a.s.

PROOF. Take any & > 0 and consider the set D, of all pairs (x, y) € [0, 1] x
(0, 00) such that y > ex. Integrating the intensity of p over D, we see that
p(D;) = oo as. if and only if ¢ > 1. If « € (0, 1), we have only finitely many
points above any line y > ex and hence, the majorant €, has a well-defined first
segment starting at (0, 0). On the other hand, if « > 1, then no such first segment
exists and consequently, we have infinitely many linearity intervals of p in any
neighborhood of 0. By symmetry, the same is true for the point 1. [

The distribution of L, in the case o € (0, 1) seems difficult to characterize.
In the next theorem, we compute the expectation of L, in terms of the modular
constant C(B) introduced by Barnes [1] in his theory of the double Gamma func-
tion. Let ¥ (z) = I''(z)/ I'(z) be the logarithmic derivative of the Gamma function.
Barnes [1] showed that the following limit exists for 8 > 0:

) " 1 1
(10) C(p) .:nll)ngo{zlw(mﬁ) — (n+5 — ﬁ)log(nﬂ)%—n}.
m=
The role of the constant C(B) in the theory of the double Gamma function is
similar to the role of the Euler-Mascheroni constant y = lim,, oo (3} _; % —logn)
in the theory of the usual Gamma function.



ROOTS OF RANDOM POLYNOMIALS 3549

THEOREM 1.8. Fora € (0,1), o #1/2, we have

2-2 log(1 — o) —
(11) ELo =2+ O{(l—ZC(l—a)+ og( 1 ) W).
—

o —
For a = 1/2 the result should be interpreted by continuity.
We will provide a representation of [EL,, as a definite integral in equation (73)

below. Using this representation it is possible to compute the value of EL, in
closed form for any rational «. Here are some examples:

o 0 1/4 1/3 1/2 2/3 3/4 1
3_ 4 Ar 3 72 2r .4
]ELot 2 (2 3\@)” 3\/§ 2+ g 2+3\/§ 2+2 +00

The values at « = 0 and o = 1 should be understood as one-sided limits. As a
corollary, we have L, — 2 in distribution as « | 0. Another way to see this is the
following theorem.

THEOREM 1.9. Fora € (0,1) we have P[L, =2]=1 —«.

1.4. Real roots. Suppose now that the coefficients of the polynomial G,(z) =
Y i—o £,z are i.i.d. real-valued random variables. Denote by R,, the collection of
real roots of G,,, and let N, = |'R,,| be the number of real roots. For a special family
of distributions satisfying (6) with o > 1 Shepp and Farahmand [15] showed that
EN, ~ %gj logn as n — oo. In the next theorem we describe the positions of
the real roots of G, in the limit n — oo for every o > 0. Recall the notation
79 =|z]% sgn(z), where z, a € R. Define a point process Y, on R by

Y, = Z 8(Z<b">).

ZER,

Recall that a random measure p is called a point process if the random variable
w(K) is integer-valued for every compact set K ; see [13], Section 3.1. In addition
to (6) we assume that the following limit exists:

P& > 1]

(12 it P[I&o| > 1]

e [0, 1].

THEOREM 1.10. Suppose that (6) and (12) hold with some o > 0. Write p =
P[&o > 0] and suppose that &y # 0 a.s.

(1) For a =1 the point process Y, converges weakly to some point process
Yo.c on R\ {0}.
(2) For o € (0, 1) the point process Yo, (resp., Yon+1) converges weakly to

some point process T&‘jc’p (resp., Ta_,c,p) on [—oo, +o0] and on R.
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The somewhat technical description of the point processes Yy ¢, ijc’ p 18 post-
poned to Section 6.1. Recall that by Theorem 1.1 the complex roots of G, are
located asymptotically on a set of random circles. Each circle crosses the real line
at 2 points. We will show that any of these points may or may not be a real root
of G, with some probabilities. For « € (0, 1) the point processes T(;t’c’ , have a.s.
finitely many atoms, whereas for o > 1 the atoms of the point process Yy, accu-
mulate a.s. at 0 and F-co. (Of course, this is related to Proposition 1.7.) Since the
map assigning to a finite counting measure on [—o00, oc] its total mass is continu-
ous (locally constant) in the weak topology, we obtain the following statement on

the number of real roots of G,,.

COROLLARY 1.11. Suppose that (6) and (12) hold with a € (0, 1) and let
&y # 0 a.s. Then the sequence {Nop},en (resp., {Nop+1}neN) converges in distribu-
tion to a random variable N;C,p (resp., Na_,c,p)'

REMARK 1.12. The expectations IENJ c,p and EN, ., can be computed us-

a,c,p

ing the representation of the point processes ija p» given in Section 6.1.
ENy ., =EN;.,=@2c(—c)+35)ELy —2)+2(p+c—2pc)+ 1.

For instance, if the distribution of &y is symmetric with respect to the origin, then
both expectation are equal to EL,. We conjecture that the convergence in Corol-
lary 1.11 holds in the L'-sense.

REMARK 1.13. The behavior of N, in the case « = 1 remains open. For o = 1
the result of [15] turns formally into EN,, = o(logn), whereas the fact that Y .
has infinitely many atoms a.s. suggests that EN,, should be infinite. It is natural to
conjecture that for « = 1, we should have EN,, ~ K loglogn for some K > 0.

Finally, we investigate the number of real roots of G,, in the case o = 0.

THEOREM 1.14. Suppose that (9) and (12) hold, & # 0 a.s., and write
p = P[& > 0]. Then, the sequence {Na,},ecN converges weakly to a random vari-
able N&' cp and the sequence {Nyy+1}neN converges weakly to a random variable

N&c’p such that

0,
2,
4

Hep?+(1—0)1=p)?), m
(13) P[Ng,.,=m]=1 3+ p(—p). m
%(c(l—p)2+(1—c)p2), m

1—p—c+2pc, m=1,
p+c—2pc, m=3.

>

(14) P[N(Ic,p =m]=
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REMARK 1.15. If the distribution of &y is symmetric with respect to the
origin, we obtain the following results: N(;T 172,172 takes the values 0,2, 4 with
probabilities 1/8,3/4,1/8, and N(I 12,12 takes the values 1, 3 with probabilities
1/2,1/2.

REMARK 1.16. For fixed p € [0, 1], both

in EN; d in EN,.
are equal to 1 +2min(p, 1 — p). The same number appeared in [20] as the minimal
expected number of real roots of a random polynomial.

1.5. Emergence of the majorant. The least concave majorant which we en-
countered above is reminiscent of the Newton polygons appearing when solving
polynomial equations with non-Archimedian (e.g., p-adic) coefficients; see [11],
Chapter IV. Of course, our random polynomial G, has complex (Archimedian)
coefficients. However, non-Archimedian effects will appear in the following way.
Consider the sum c1e™! + --- + cge™, where x; > 0 and ¢; € C. If n is large,
then the most easy way such sum may become zero is if two terms, say cxe™**
and c;e™, cancel each other and the other terms are much smaller than these
two. We will show that under (6) similar considerations apply to the polyno-
mial G,(z) = ?:0 S,-zj with high probability: z € C is a root of G, essen-
tially only if two of the terms, Skzk and Slzl, cancel each other, and all other
terms are of smaller order. Geometrically, this means that the points (k, log|&|)
and (/, log|&;|) are neighboring vertices of the least concave majorant of the set
{(j,logl§j[):j =0,...,n}. The nonzero roots of ékzk + Slzl = 0 form a regular
polygon inscribed into the circle whose radius is the exponential of minus the
slope of the line joining the points (k, log|&|) and (/, log|&;|). Taking the union of
such circles over all segments of the majorant we obtain essentially all the roots
of G,. To complete the argument, we need to find the limiting form of the majo-
rant as n — 0o. This is done using the following proposition which is known in
the extreme-value theory; see [13], Corollary 4.19(ii).

PROPOSITION 1.17. Let &y, &1, ... be i.i.d. random variables satisfying (6).
Then the following convergence holds weakly on the space of locally finite counting
measures on [0, 1] x (0, oo]:

z k log|éx| S
pn.zléjos(;, = >n:o>oi§5(Ui,Vi):-P~

Here, p is a Poisson point process on [0, 1] x (0, o) with intensity av=@tD gy dv.
We agree that the points for which log|&;| < 0 are not counted in py,.
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The paper of Shepp and Farahmand [15] seems to be the only work where
random polynomials with coefficients satisfying (6) have been considered. The
method used there (characteristic functions) is very different from our approach
based on majorants. Whether the results of [15] can be recovered (or strength-
ened) using our approach remains open. Let us also mention that the least concave
majorant appeared in the theory of entire functions; see [17], page 28. For example,
Hardy [8] showed that the zeros of the deterministic entire function Y72 o /(!
have a circle structure similar to the structure of zeros of G, under (6). Eigenvalues
of random matrices with i.i.d. heavy-tailed entries have been studied in [5].

2. The main lemma. The next lemma is the key step in the proof. Let g(z) =
Z’}:O a jzj be a (deterministic) polynomial with complex coefficients. Suppose
that the points (k, log|ax|) and (/, log|a;|), where 0 < k < [ < n, are neighboring
vertices on the least concave majorant of the set {(j, logla;|): j =0, ..., n}. That
is to say, for some s, r € R, we have

loglax| = s — kr, logla;| = s — I,
(15)
h:= mi —jr—1 i 0.
ogl}gn(s jr —logla;|) >

J#k.1
Here, we have assumed that no three points of the majorant are on the same

line. Note that 2 measures the gap between the line passing through the points
(k, loglak ), (I, log|a;|) and the points lying below this line.

LEMMA 2.1. If8 > 0 is such that ne®® " < 1 — e™, then in the ring ' % <
2| < et there are exactly | — k roots of g. Moreover, if ¢ is such that 2ne*"~" <
¢ < {73, then the set

2
(16) {zec:e’—5<|z|<e’+5, argz_‘ﬁ%‘ﬂ}’
where ¢ = arg(—ay/a;), contains exactly one root of g foreverym =1, ...,1 —k.

Here, we agree to understand the distance between the arguments of complex
numbers as the geodesic distance on the unit circle. Also, let the index j be always
restricted to 0 < j <n.

PROOF OF LEMMA 2.1. We will prove a stronger version of the lemma.
Namely, we will show that the statement holds for the family of polynomials

(@) =ad + ' +1 Zajzj, 0<t<l.
J#kl
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Note that in particular, go(z) = arz® + a;z' and 21(z) = g(2). Let z € C be such
that |z| = ¢"~%. It follows from (15) that

Z ajzj < Z STIThei =0 _ pes—h
JFkl JFk.l

On the other hand, again by (15),

t

}akzk +alZl} > |akzk| _ |alZl| — ese—ék(l _ e—B(l—k)) - es—én(l _ e—&)‘

dn=h 1 — ¢=% holds, everywhere on the circle |z| = ¢/~ we have

Z aij

J#kl

Since ne

17 |akzk + alzl| >t

Hence, by Rouché’s theorem, the polynomial g; has exactly k roots in the circle

|z| <e'9.

Let now z € C be such that |z| = ¢"+%. Then
Z a ij

J#k1

On the other hand,

(18) t

< Z S I i (r+8) 4 s—htdn
J#k,1

|61ka +611Zl| > }alzl| _ |61ka| :eseal(l _ eé(k—l)) - es(l _e—éi).

Therefore, inequality (17) also holds everywhere on the circle |z| = ¢" 1. It follows
from Rouché’s theorem that the polynomial g; has exactly / roots in the circle |z| <
¢"+% Hence, the polynomial g; has exactly / — k roots in the ring " ~% < |z] < &’ 19,

Let us now show that these [ — k roots are located approximately at the same
positions as the nonzero roots of the equation a7t + axz¥ = 0. Let zo be some
root of g; satisfying e/ =% < |zo| < ¢’ T%. Then, repeating the argument of (18), we
obtain that

< net o

Y a3

JFk,l

(19) |zl + a2zl =

Recall that ¢ = arg(—ay/a;). The arguments of the nonzero roots of the equation

a;z! 4+ arzF = 0 are given by ""ﬁ}:m ,where m =1, ...,l — k, and their moduli are

equal to ¢". Let

¢ = min

argzp —
m=1,....I—k &

(p+2nm‘
I—k |

Note that ¢ € [0, ;7] by definition. Then

|arg(a;zh) — arg(—axzf)| = |arg 25" — o] = (1 — k)s.
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By the inequality |z — z2| > 2|z1]| sin(|argz; — argzz|/2) valid for |z1| < |z2| and
the inequality sinx > %x valid for x € [0, 7], we obtain

I —k
(20) |arzg + arzg| = 26" sm<( 5 )g) > Zes_‘s"g.

It follows from (19) and (20) that ¢ < 2ne2%"=" and hence ¢ < ¢. Therefore, every
root zg of g; such that ¢’ % < |zg| < €T is contained in a set of the form (16) for
some m =1,...,[ — k. To complete the proof, it remains to show that every set
(16) contains exactly one root of g;. Since ¢ < %, all these sets are disjoint. By
the above, g; does not vanish on their boundaries. It follows from this and the
argument principle that the number of roots of g, in any set (16) is continuous
as a function of ¢ € [0, 1] and hence, constant. Obviously, every set (16) contains
exactly one root of gg and hence, exactly one root of g;. [J

3. Least concave majorants and weak convergence. Proposition 1.17 states
the convergence of the point process p, formed by the logarithms of the coeffi-
cients of the random polynomial G, to the limiting Poisson process p. We will
need to deduce from this the weak convergence of certain functionals of p, to the
same functionals of p. This will be done using the following well-known continu-
ous mapping theorem; see [13], page 152, or [3], page 30.

PROPOSITION 3.1. Let F: M| — M> be a map between two metric spaces
(M1, dy) and (M>, dy). Let X, be a sequence of M-valued random variables con-
verging weakly to some M1-valued random variable X. If F satisfies

P[F is discontinuous at X] =0,

then F(X,) converges weakly to F(X) on (M3, d3).

In order to apply Proposition 3.1 we need to prove the a.s. continuity of the
functionals under consideration. This is the aim of the present section. First we
introduce some notation. Let 9 be the set of locally finite counting measures
on [0, 1] x (0, oo] such that w([0, 1] x {c0}) = 0. We endow 91 with the topology
of vague convergence. Every u € 91 can be written in the form u =) ; § (u;, v;),
where i ranges in some at most countable index set and u; € [0, 1], v; € (0, c0).
The number of atoms of u in a set of the form [0, 1] x [¢, 00) is finite for every
& > 0, but the atoms of u may (and often will) have accumulation points in the set
[0, 1] x {O}.

The least concave majorant of pu € 9 is a function €, :[0, 1] — [0, 00) de-
fined by €, () =infy f(¢), where the infimum is taken over all concave functions
f:10,1] — [0, co) such that f(u;) > v; for all i. We write the piecewise linear
function €, in the form

(21 & (1) = sk — it t € [xp, Xky1],
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where k ranges over a finite or infinite discrete subinterval of Z. We set yx =
€, (xx). The intervals [xi, xx11] (called the linearity intervals of the majorant)
are always supposed to be chosen in such a way that the points (xg, yx) and
(Xk+1, Yk+1) are atoms of w, and there are no further atoms of u on the seg-
ment joining these two points. Fix some small « € (0, 1/2). Given a counting
measure u € M, we define the indices ¢’ = g, (1) and ¢” = g./() by the con-
ditions x,s <k <xgq1and xg7_1 <1 —K < x4

Let 91; be the set of all counting measures p € 9t with the following proper-
ties:

(1) both 0 and 1 are accumulation points for the linearity intervals of €,;
(2) (L) <2 for every line L C R?;
(3) no atom of p has first coordinate k or 1 — k.

Note that every p € 911 has only simple atoms. Denote by 91 the space of fi-
nite measures on R endowed with the weak topology. Let Vi (1) be the subset of
[0, 1] x [0, co) consisting of [0, 1] x {0} together with all atoms of u, except for
(xk, yi) and (X1, Yet1)-

LEMMA 3.2. The following mappings are continuous on M :

(1) W10 — N defined by Wi (1) = Y4} (ve1 — x)8 ()3

(2) Hy:9M — R defined by H (1) = min{sy — rru — v}, where the minimum is
over q' <k <q" and (u,v) € Vi();

(3) L1:9M — Rdefined by L1(n) = ming <x g7 (Xg+1 — Xk)-

PROOF. Let {uy}nen C M be a sequence converging to u € My in the vague
topology on [0, 1] x (0, o0]. Let ¢ > 0 be such that 2¢ < ming <47 {sk, sx — ri}.
Note that the minimum is strictly positive by the definition of 9t;. Denote by
(ur, vy), where 1 <1 < m, all atoms of j (excluding those which are vertices of €,,)
with the property that v; > ¢. Since u, — u vaguely, we can find (see [13], Propo-
sition 3.13) atoms of w, denoted by (xi,, ykn) (Where ¢’ <k < ¢”) and (uyy,, vi,)
(where 1 <[ <m) such that

(22) Jm e, yin) = (ks i), 9 <k=<q",
(23) lim (ugn, vin) = (ug, vy, 1<l<m.
n—oo

Moreover, since the vague convergence was required to hold on [0, 1] x (0, oo],
there are no other atoms of 1, having a second coordinate exceeding 2¢, provided
that n is sufficiently large. It follows that as n — oo and for all ¢’ <k < ¢”,

_y(k+l)n — Ykn
X(k+1)n — Xkn

(24) Tkn = — Tk, Skn := Ykn + TknXkn —> Sk.
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In particular, for sufficiently large n, all ¢’ <k <g” and all 1 <[ <m,

Skn — FknWin > Vin, inf (sgn — rinut) > 2e.
uel0,1]

It follows that for sufficiently large n, the segment joining the points (X, Yin)
and (X(k+1yn» Y(k+1)n) belongs to the majorant of w, for every ¢’ <k < g”. Also,
Xgn <K < X(g+1n and Xy <1 — K <xgry.

By using (22), (23), (24) and letting ¢ |, 0, we obtain that Hy (1) — Hi(u) and
Li(uy) — Li(u) as n — oo. This proves the continuity of H; and L on 901;.
To prove the continuity of W, note that for every continuous, bounded function
f:R—>R,

q"— q"-1
[ v = Z<x(k+1>n—xkn)f<rkn> — Z<xk+1—xk)f(rk>

k=q'
Thus, W1 (u,) = Y1 (u) weakly, which proves the continuity of W;. [

The next lemma will be needed to prove our main results for o € (0, 1). Let g
be the set of all nonzero counting measures u € 991 with the following properties:

(1) the number of linearity intervals of €, is finite and €, (0) =€, (1) =0
(2) 1(L) <2 for every line L C R?, where it =« + (0, 0) + 8(1, 0);
(3) no atom of w has first coordinate k or 1 — k.

LEMMA 3.3. The following mappings are continuous on IMy:

(1) Wo:9M — N defined by Vo(i) = >y (Xk+1 — xx)8(rr), where the sum is
over all linearity intervals [xy, xk+1] of the majorant €;;

(2) Hp:9M — [0, oo] defined by Ho(i) = min{sx — rru — v}, where the mini-
mum is over ¢’ <k <q” — 1 and (u,v) € Vi(u);

(3) Lo: 9 — [0, 00] defined by Lo(it) = ming <t g7—1 (Xicy1 — Xk)-

REMARK 3.4. In fact, ¥¢ is continuous on the whole of 9, but we will not
need this. The minimum over an empty set is +oo.

PROOF OF LEMMA 3.3.  Let {it,}nen C 99 be a sequence converging vaguely
to . € Mp. The majorant €, is a piecewise linear function whose graph is a broken
line connecting the points denoted by (xx, yx), where p’ <k < p” and (x,/, y,) =
(0,0), (xp7,ypr) = (1,0). For p’ < k < p”, the point (xx, yx) is an atom of .
Denote by (u;, v7), where 1 <[ < m, all atoms of p (excluding those which are
vertices of the majorant) with the property that v; > ¢, where ¢ > 0 is a number
such that 2& < min, g < p7—1{sk, Sk — rr}. Note that the minimum is taken over the
set of linearity intervals of the majorant excluding the first and the last interval. If
the majorant consists of just two segments, then the minimum is +oo. The vague
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convergence u, — p implies (see [13], Proposition 3.13) that we can find atoms
of 1, denoted by (X, ykn) (Where p’ <k < p”) and (uyy,, vy,) (where 1 <1 <m)
such that

(25) Bim (i, yen) = (e, v0), - Pl <k <p,
(26) im (ugp, vin) = (uz, vp), l<l=m.
n— oo

Moreover, if n is sufficiently large, then there are no other atoms of u, having a

second coordinate exceeding 2¢. It follows that as n — oo and for all p’ < k <

p// _ 1,

_Y(k—l—l)n — Ykn
X(k+1)n — Xkn

(27) Tkn ‘= — Tk, Skn = Ykn + YknXkn —> Sk-
Note that by concavity s — rru; > vy forall p’ <k < p” —1and 1 <1 <m. Thus,
for sufficiently large n,
Skn — Tknlin > Vin, inf (Sgn — rentt) > 2e.
uel0,1]

This means that for sufficiently large n the segment joining the points (X, Ykn)
and (X(k+1yn, Y(k+1)n) belongs to the majorant of u, for every p’ <k < p” — 1.
Also, xgrp <k < X(g/41yn and X1y, < 1 — Kk < xgry.

From (25), (26), (27) we obtain that Hy(u,,) — Ho() and Lo(u,) — Lo(w) as
n — oo. This proves the continuity of Hy and Lo on 1. To prove the continuity of
W we need to show that for every continuous, bounded function f:R — [0, 00),

©8) Jim [ favoun = [ £ dwoo.
By (25) and (27), we have
29)  lim Z (Xk+1yn — Xkn) [ (ren) = Z (X1 — x0) f (ree).

p <k<p”—1 p'<k<p’—1

However, we have to be more careful about approximating the first and the last
segments of €. Denote by (xx, ykn), where k < p’ + 1, the vertices of the ma-
jorant of w, (counted from left to right) with the property xin < x(p/41),. Note
that the number of such vertices is, in general, arbitrary and may be infinite.
Since the first segment of the majorant of w joins (0,0) and (x4, yp41), all
points (u;,, vi,), where 1 <[ < m, are located below the line joining (0, 0) and
(X(p'+1)n> Y(p'+1)n) for large n. Therefore, for large n there are no atoms of w,
above the line joining (0, 2¢) and (X(p/+1)n, Y(p'+1)n)- Hence,

_y(p’+1)n — Yp'n

rp/n =
X(p'+n — Xp'n
/ —_ 28 / /
c [_ Y(p'+Dn Ll +1)n]’ Xy <26 Y+
X(p'+Dn X(p'+Dn X(p'+Dn
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It follows that r,,, — r,» as n — 00. The contribution of linearity intervals to the
left of x,, can be estimated as follows: for large n,

Yp'+1
37 G in = Xkn) £ Trn) < Xl flloo < 462 £l oo
’ X '+1
k<p p
Since ¢ > 0 can be made as small as we like, we have
(30) Jlim kZ (e in = Xkn).f (k) = Xpr1 (7).
<p’

Similar arguments can be applied to the part of the majorant of u, located to the
right of (x(p7_1yn, Y(p"—1)n): With straightforward notation,

(€29) Jim D G — Xkn) f i) = (1= xpr1) f(rpr—1).
k>p’—1
Bringing (29), (30), (31) together we obtain (28). [

In our proofs we will often consider some “good” random event E, (k) under
which we will be able to localize the roots of G,,. The next lemma will be useful.

LEMMA 3.5. Let {S;}nen and S be random variables defined on a common
probability space. Suppose that for each k > 0 we have random events { E, (k) }neN
and random variables {S, (k)}neN, S(k) such that the following conditions hold:

(1) forevery k >0, S, (k) — S(x) in distribution as n — o0;

(2) S(k) — S in distribution as « |, 0;

(3) lim o liminf,, oo P[E, (k)] = 1;

4) 1Su(k) — Spl <my(k) on Ey(k), where lim, o limsup,,_, ., m, (k) =0.

Then, S,, — S in distribution as n — o0.

PROOF. Let f:R — R be a continuous function with compact support. Write
C = || flco- Take some & > 0. We can choose x = k(&) > 0 such that

Ef(S®)) —Ef(S)]| <e, limsup P[Ef (k)] < ¢,

(32)
limsupm, (k) < ¢.
n— oo

Here, E; (k) denotes the complement of E, («). After having fixed x we choose
no = no(e) such that for all n > no,

(33)  |Ef(Su(k)) —Ef(Sk))| <e, P[ES (k)] < 2, m, (k) < 2¢.

Denoting by w¢ () = SUP|;, _z|<5 | f(z1) — f(z2)| the continuity modulus of f,
we have

(B4 [Ef(S0) —Ef(Su(c))| < o (ma(c)) + 2CP[ES ()] < w5 (26) + 4C.
Taking & | 0 in (32), (33), (34), we obtain lim, o Ef(S,) =Ef(S). O
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4. Proof of Theorem 1.1.

4.1. Notation. Let&p,£&q,...bei.i.d.random variables satisfying (6). Consider
the least concave majorant €, of the set {(k,log|ék|):k =0,...,n}, where we
agree to exclude points with log|&x| < 0 from consideration. By definition, &€, (¢) =
inf ¢ f(¢) for all ¢ € [0, n], where the infimum is taken over all concave functions
f:10,n] — [0, co) satisfying f (k) > log|&| for all k =0, ..., n. For simplicity,
we will call €, the majorant of the polynomial G,,. Denote the vertices of €, (from
left to right) by (k;,, log, |&,,|), where 0 <i <d, and ko, =0, kg,, = n. On the
interval [k;,, k(i+1),] the majorant is a linear function which we write in the form

(35) €, (t) = Sin — Rint, t € [kin, k(i—l—l)n]» 0<i<d,.

Further, denote by p a Poisson point process on [0, 1] x (0, co) with intensity
av~@*tD dy dv. The majorant of p is denoted by ¢,. As in Section 1.2, we denote
the vertices of €,, counted from left to right, by (Xj, Y;). In the case o > 1 the
index k ranges (with probability 1) in Z by Proposition 1.7. In the case « € (0, 1)
the index k ranges in p’ <k < p”, where p’, p” are a.s. finite random variables and
(Xp, Yp) =1(0,0), (X, Ypr) = (1,0). On each interval [ Xy, Xj1] the majorant
¢, is a linear function written in the form

(36) €y (1) = Sk — Ryt, t €[ Xk, Xiq1]

We will be mostly interested in the “main” parts of the majorants €, and €,. To
make this precise, we take some small x € (0, 1/2) and let 0 < g}, < g, < d, and
q’' < q" be indices (depending on ) defined by the conditions

(37) kq;ln <kn< k(q’/1+1)n, k(q,’{—l)n < (1 — /c)n < qu/,/n,

(38) Xy <k <Xy, Xy <l—x <Xy

In our proof of Theorem 1.1 it will be convenient to consider the logarithms
of the roots of G, rather than the roots themselves. We will prove the following
weak convergence of random probability measures on the space £ = [—00, 00] X
[0, 27 ]:

1
(39) - 223 8(buloglz. argz) — ;mﬂ — XOhR,,
€2y

where A, is the Lebesgue measure on {r} x [0, 27 ] normalized to have total mass 1.
The sum on the right-hand side is over all linearity intervals [ Xy, Xx41] of the ma-
jorant €,. To see that (39) implies the statement of Theorem 1.1 note that the
map F:E — C given by F(r,¢) = ¢ 7% is continuous, and hence it induces a
weakly continuous map between the corresponding spaces of probability mea-
sures; see [13], Proposition 3.18. By Proposition 3.1 we can apply F to the both
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sides of (39) which yields Theorem 1.1. So, let f: E — [0, c0) be a continuous
function. To prove Theorem 1.1 it suffices to show that

40)  Su: —; Y flbaloglz|, argz) —> Z(Xk+1 Xi) f(Ry) =

Z€EZ,

where f:[—00, 00] — R s defined by f(r) = [ f drr = 5= o™ f(r, @) dg.

We will need to consider the cases @ > 1 and « € (0, 1) separately. The main
difference is that in the former case the linearity intervals of the majorant €, cluster
at 0 and 1, whereas in the latter case we have a well-defined first and a well-
defined last linearity interval of €,. These intervals cannot be ignored and have to
be considered separately. This makes the case o € (0, 1) somewhat more difficult.

4.2. Proof in the case o > 1. The next lemma shows that with probability
approaching 1 the majorant of G, has some “good” properties. In particular,
there is a gap between the majorant and the points lying below the majorant. Let
Win C [0, n] x [0, 0c0) be the set consisting of [0, n] x {0} together with the points
(k,log, |&|) for all 0 < k <n such that k # ki, k(i 1)n-

LEMMA 4.1. Fix sufficiently small ¢ > 0, and consider a random event E,, :=
E,i N E%, where

v =i i, e R0
(42) Ey=| min, <k(,+1>n—kin)>ﬁ}.
‘h

Then, lim, o P[E,] = 1.

PROOF. By Proposition 1.17 the point process p, = > j_ 06(k loglg"l) con-
verges to p weakly on 91, where the points with log|&;| < 0 are 1gnored Recall
the definition of the functionals H; and L in Lemma 3.2. By scaling,

1
Hi(py) =— min min (S;; — Ripu —v),
an q”§1<qn (u,v)eW;,

1
Ll(pn) = /mln (k(l+1)n - kln)
n g, <i<qy

It follows that
P[EN] =P[Hi(pn) > a; 'n"/*~*],  P[EZ]=P[Li(ps) >n~"/?],

By Lemma 3.2 and Proposition 3.1 (which is applicable since P[p € 9t;] =1 for
o > 1), we have Hi(p,) — Hi(p) and L{(p,) — Li(p) in distribution as n — oo.
Note that Hi(p) > 0 and Li(p) > 0 a.s. Also, a, > n'/*~¢/2 for large n by (6)
and (7). It follows that lim,,_, o P[E,]=1. O

In the next lemma we localize most complex roots of G,, under the event E,,.
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LEMMA 4.2.  On the random event E, the following holds: for every g, <i <
q) and 1 <m <k(iy1yn — kin there is exactly one root of G, in the set

in+2mm
Zi,m(n) = {Z eC: |10g|Z| — Rm| < Oy, |argz — %17

<y } )
kii+1n — kin
where 6§, = exp(—nl/“’z’g) and @i = arg(—&x,, /é‘:k(H—l)n)' The above sets are dis-
Joint, and there are no other roots in the ring Ry, — 8, <log|z| < Rg/—1)n + on-

PROOF. First note that on E, it is impossible that ¢, = 0 and log|&p| < 0.
Similarly, on E,, it is impossible that ¢, = d,, and log|§,| < 0. It follows from (41)
that on the event E,, the conditions of Lemma 2.1 are fulfilled for the polynomial
G, with k = ki, | = k(it+1)n, § = ¢ =8, for every g, <i < g, . Hence, every
set Z; »(n) contains exactly one root of G,. Also, it follows from the proof of
Lemma 2.1 that there are exactly k,/, roots of G, in the disk log|z| < Ry, — dn
and exactly k7, roots in the disc log|z| < R(g7—1)s + 8n. Hence, there are exactly
kgrn — kg TOOtS in the ring Ry, — 8, < log|z| < Rgy—1)n + 8n, Which coincides
with the number of different sets Z; ,,(n). It remains to show that the sets Z; ,, (n)
are disjoint on E,,. To this end, it suffices to show that on E,, it holds that R; 1), —
Ry > 368, forevery g, <i <gq, — 1. We have

(ki+2n — k(i+1)n) (R(i+1)n — Rin) = Sin — Rink(i+2)n —108|€k; 1), | > nt/*=¢

on E,. Since k(;12)n — k(i+1)n < n, this implies that which is required. [

Our aim is to show that S,, — S in distribution as n — o0; see (40). Define
random variables S, (x) and S(x) which approximate §,, and S by

1 _
Su(k) = ; Z (k(i+1)n —kin) f (buRin),
an=i<qy

Sy = Y (Xip1—X)f(R).

q/§i<q//
Let ws(8) = supy,, _,,|<s|f(z1) — f(z2)], where 8 > 0, be the continuity modulus
of the function f.

LEMMA 4.3.  On the random event E,, it holds that

|Sn = $u ()| < w5 (10/3/n) + 211 f lloo-

PROOF. We always assume that the event E,, occurs. Take some ¢, <i < g, .
By Lemma 4.2, the polynomial G, has a unique root, denoted by z; ,, (n), in the set
Zimn), where 1 <m < A;, and A, = k(;+1)n — kin. Denote by Z;, the finite set
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{zim(n):1 <m < Aj,}. By (42) we have A;, > /n. By the definition of Z; ,,(n)
in Lemma 4.2,

) argZi,m(n)) - fbuRin, p)do

Ain /(¢511+27Tm+77)/Ain
(

no =

Qint2rm—m)/Ain

is smaller than wf(IO/ﬁ). Taking the sum over 1 <m < A;,, we obtain

Ain
(43) (10/4/n).

—| )" f(baloglzl,argz) — Ajn f(buRin)| <

ZGZ,',,

Let Z be the set of roots (counted with multiplicities) of the polynomial G, not
belonging to Uq,/lsi<q,’{ Z;n. The number of roots in Z is n — kq’/{,, + kqén, which
is at most 2«xn by (37). Hence,

1
(44) - Y f(buloglzl, argz) < 2|l flloo-

ZEZY

Taking the sum of (43) over all g, <i < g, and applying (44), we obtain the
required inequality. [J

LEMMA 4.4. We have S,,(k) — S(k) in distribution as n — o0.

PROOF. By Proposition 1.17 the point process p, = Y {_o8(%, 10g|“’&"l) con-
verges to p weakly on 9. By Lemma 3.2 and Proposition 3.1 (Wthh is apphcable
since P[p € M ] =1 for a > 1), we obtain that ¥V (p;) converges weakly (as a
random finite measure on R) to W (p). This implies that [ f dW(p,) converges
in distribution to [ f dWi(p), which is exactly what is stated in the lemma. [J

The proof of Theorem 1.1 in the case o > 1 can be completed as follows. Re-
call that lim,,_, o P[E,;] = 1 by Lemma 4.1. Trivially, S(x) — S as « | 0 a.s. and
hence, in distribution. By Lemma 3.5 (whose conditions have been verified above)
we obtain that S,, — S in distribution as n — oo. This proves (40).

4.3. Proof in the case o € (0,1). This case is somewhat more difficult since
we have to analyze the first and the last segment of the majorant of G,, separately.
In our proof we will assume that &y # 0 a.s. This assumption will be removed
afterward. Let 0 < 1, <n, 0 <6, < n be indices (for concreteness, we choose the
smallest possible values) such that

loglén | _ loglél  loglésl _ - loglél
Tn k=1,...,n k

’

n—=6, k=0..n-1n—k

Recall that W;,, C [0, n] x [0, +00) denotes the set consisting of [0, n] x {0} to-
gether with the points (k, log, |§|) for all 0 < k < n such that k # k;,, k(i+1)n-
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LEMMA 4.5.  For sufficiently small ¢ > 0 and k € (0, 1/2), consider a random
event E, 1= ﬂ?zl E!, where

@) E= iogzldf: i, (Sin = Rt =) > !/},

(46) { min (k(1+1)n —kin) > x/ﬁ}

47) { min <log|-§rn| 10g+.|5j|) >nl/a_l_e},
J#0,t ]

(48) :{ min <1°g|59n| 1°g+|§j|> >n1/a_1_e}’
J#n,6n 0, n—j

(49) {t >«n, 0, < (1 —/c)n}

(50) E6:{|log|§0|| <n®, |log|&, || < n).

Then lim,. o liminf,, , » P[E,] =1 for every ¢ > 0.

REMARK 4.6. Note that E,ll states that all segments of the majorant, except
for the first and the last one, are well separated from the points below the majorant.
For the first and the last segment the well-separation property is stated in random
events E> and E*.

REMARK 4.7. We will see that on Eﬁ N ES the segment joining the points
(0,1log, [éo0l) and (7, log|&,|) is the first segment of the majorant of G,. In gen-
eral, this segment need not be the first one, for example, if log , |&o| is very large.
Similarly, on E;f N ES the segment joining (6,, log|&,|) and (n,log, |€,]) is the
last segment of the majorant of G,. It follows that ¢, = 0 and g, = d, on the event

Ne_s E.

PROOF OF LEMMA 4.5. We start by considering E;,. 3 Let / be a Poisson point
process on (0, co) with intensity = v —(@+D gy, We w111 show that the following
weak convergence of point processes on (0, oo] holds:

n

- baloglee\ w -

(51) fn = Z5<T>;;o p.
k=1

Again, we agree that the terms with log|§x| < 0 are ignored. Recall from (7) that
F(ay) ~1/n as n — oo. Take some ¢t > 0. By (6) and a well-known uniform
convergence theorem for regularly varying functions we have, uniformly in xn <
k<n,

by ke
(52) P[%'g"' > ;] _ F<ﬂ> ~n@ e o
n
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To estimate the terms with 1 < k < «n recall the following Potter bound: for every
small § > 0 we have F(x)/F(y) <2(x/y)~* % as long as x < y are sufficiently
large; see [4], Theorem 1.5.6. We have

[I(Xﬂ:]PI:b n 10g| &k | t] = [KX”:] F(kmn>

k=1 n

len] o\ @ +s
(53) <2F(Ktan)z< )

k=1
< Cil7e,
From (52) and (53) with « | 0, we get

b log|&| R
(54) ngmzp[ p z]_(l_a)z .

By a standard argument this implies (51). Since the weak convergence of point
processes in (51) implies (via Proposition 3.1) the weak convergence of the corre-
sponding upper order statistics, we have
1 lo i ~ -
J#0,7

tﬂ J n—oo

where Vi, V5 are the largest and the second largest points of p. Since b, I
nl/e=1=¢/2 for large n and since Vi > V5 as., we have limn_)oo]P’[ES] = 1. By
symmetry, lim,,_; oo ]P’[Eﬁ ]1=1.

Let us consider EZ By (51) and (53) we have, for every ¢ > 0 and sufficiently
large n,

Plt, <kn] < P[ max

buloga]
k=1,...,n k -

[ b log|&| }
max ——— >t
k=1,....[kn] k

<Zexp{— at“}-l—CKlat“.
Taking * = k1=®)/2 and letting « | 0, we obtain lim, o limsup,_, ., P[t, <
kn] = 0. By symmetry, lim, | o liminf, ., IP’[ES] = 1. Since we assume that £y # 0
a.s., we have lim,,_, o IP’[ES] =1.

To proceed further we need to prove Remark 4.7. Let s,r € R be such that
s =log, |&| and s — 7,y =log|&;,|. On the random event ES N E,? we have that

forevery 1 < j <n, j # 15,
1 1 ; 1 1
6 — J}” _10g|§j| _ ( 0g|§1;n| 0g|§j| —S(— _ _)) - nl/oz—l—s — 21> 0.
Tn ] Tn J

This proves what is required.
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Let us turn our attention to E,i and E% By Proposition 1.17 the point process
=370 8(k lOgIS"l) converges weakly to p. Recall the definition of the func-
tlonals Hp and Lo in Lemma 3.3. By a scaling argument,

1 . .
Ho(p) = —  min  min (S — Rigu — v),
ay g <i<q)—1(u,v)eW;,

1 .
Lo(py) == min  (Ki+1)n — kin)-
n g, <i<q)—1
As observed in Remark 4.7, on the event ﬂ?:3 E! we have ¢, =0 and ¢/ = d,,.
Hence,

P[E!] = P[Ho(pn) > a, 'n'/*¢] ( [ﬂE D
P[E2] = P[Lo(pn) > n~/?] ( {ﬂE D

By Lemma 3.3 and Proposition 3.1 (which is applicable since P[p € Mp] =1 for
a € (0, 1)), we have Hy(p,) = Ho(p) and Lo(p,) — Lo(p) weakly on [0, oo]
as n — oo. Note that Hy(p) > 0 and Lo(p) > 0 a.s. and a, > n'/*¢/2 for
large n. Also, we have already shown that the probability of the event ﬂ?:3 E;l
can be made arbitrary close to 1 by choosing x small and » large. It follows that
limy,— 0o P[E!] =lim,, s oo P[E?] = 1, as required. [

In the next lemma we isolate all roots of G, under the event E,,. It will be
convenient to modify the definition of the slopes of the majorant of G,,. Let R, be
such that log|&| — R(,,k1, = log|&,,|. This is well-defined since &y 7 0 a.s. Note
that if log|&g| < O, then R(/)n is not the same as Ry,,. On E,, we have the estimate

(55) | Ron — Rp, | < 7' [loglol| < n®*~ 1.

In a similar way, we can define Réd”_l)n. Forall 0 <i <d, —1,set R, = Rj,.

LEMMA 4.8. On the random event E,, the following holds: for every 0 <i <
dy and 1 <m < k(iy1yn — kin, there is exactly one root of G in the set

<5n},

where @in = arg(—&k,, /Eki1),) and Sn = exp(—n'/*=173¢)  The above sets are
disjoint, and there are no other roots of G,.

®in + 2mrm

Zim(n):= {z € C:|log|z| — R;,| < 8, |argz —
k(H—l)n —kin

PROOF. Consider the case i = 0 first. Let s = log|&y| (well defined since
& #0as.)and r = Rén. Note that 7, = k1, on E, by Remark 4.7. In order to
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apply Lemma 2.1 with k =0, [ = 7, we need to estimate & :=min o, (s — jr —
log|&;[). On the event E; we have
s — jr —log|§;| : <10g|§r,1| log|é;| ( 1 1))
min ———— = min e
J#0,Tn J J#0,7, Tn J Tn J

- nl/oc—l—Zs’

which implies that 2 > n!/¢~1=2¢_ To prove the lemma for i = 0, apply Lem-
ma 2.1 with k =0,/ =1, and § =¢ = §,. The case i =d, — 1 is similar. Let us
now consider the case 0 <i < d, — 1. On the event E,,, the conditions of Lem-
ma 2.1 are fulfilled for the polynomial G, withk = k;,, | = k(i+1), and 6 = ¢ = 6,;
see (45). The statement follows by Lemma 2.1.

It remains to prove that the sets Z; ,, (n) are disjoint. It suffices to show that on

E,, it holds that REi+1)n — R, > 368, for every 0 <i < d,. We have
(56)  (k(i+2)n — k(i+1)n) (Ri+1)n — Rin) = Sin — Rink(i+2)n — 1084 1§k 10 |-

For i #0,d, — 1 it follows from (45) that the right-hand side can be estimated

below by n'/*=¢ on E,. The required follows since k(i12y, — k(i4+1)n < n. Using
(56) we obtain that for i = 0 on the event E,, it holds that
kon — kin log|ér,|  loglék,, | 1 1
B Ry = Rop) = 2 - o gy (-~ )
kon " " Tn kon + Tn kon

>n1/0{—l—28’

where the last inequality follows from (47), (50). It follows that Ry, — Ro, >
nl/@=1-2¢ Recalling (55) we obtain R, — R, > 38,. The case i =d,, — 1 is
similar. [J

Recall from (40) that we need to prove that S, — § in distribution as n — oo.
Define a random variable S which approximates S, by

1 _
Si==">" (ki+n — kin) f(bnRin).
M o<icd,—1

LEMMA 4.9.  On the random event E, it holds that |S;; — S,| < wy(n™%).

PROOF. Assume that the event E, occurs. Take some 0 <i < d,,. Write
Ain = k(i+1)n — kin. By Lemma 4.8, the polynomial G, has a unique root, de-
noted by z; (1), in the set Z; ,,(n) for every 1 <m < A;,. Denote by Z;,, the
finite set {z; ,»(n) : 1 <m < A;}. Recall from (46) that A;, > /n. It follows from
the definition of the set Z; ,,(n) that for every 1 <m < A,

[ (bnlog|zim(n) J bnRin, @) de

Ain /(win+2nm+ﬂ)/Ain
(

,arg zim(n)) — 5

Gint2mm—1)/Ajy
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is smaller than w ¢ (n™¢). Note that for i =0 and i =d,, — 1, we need to use (55)
to prove this estimate. Taking the sum over 1 <m < A;,, we obtain

1 - A; _
| 22 [(baloglz], argz) = Ain f (buRin)| < — ey (n™°).

ZEZM

Taking the sum over 0 <i < d,,, we obtain what is required. [

LEMMA 4.10. We have S} — S in distribution as n — oo.

PROOF. By Proposition 1.17 the point process p, = Y ;_ 8(%, lmf{%) con-
verges weakly to p. By Lemma 3.3 and Proposition 3.1 (which is applicable since
Plp € Mol =1 for o € (0, 1)) we have that Wy(p,) converges weakly (as a ran-
dom probability measure on R) to Wy(p). It follows that [, f dWo(p,) converges
in distribution to [ f dWo(p), which is exactly what is stated in the lemma. [J

The proof of Theorem 1.1 in the case a € (0, 1) can be completed as follows.
By Lemma 3.5 with S, (k) = S} and S(x) = S, we obtain S, — S in distribution
as n — 00. This proves (40).

The following explains how to get rid of the assumption & # 0 a.s. Let
P[&p # 0] be strictly positive. Denote the first (resp., last) nonzero coefficient of
G, by &, (resp., &,—m,). For fixed [, m € Ny, consider the conditional distribu-
tion }P’Z . Of the random variables &, [ <k <n —m, given that [, =1, m,, = m.
Under IP’?, - these variables are independent and, apart from the first and the last
variable, identically distributed. It is easily seen that the above proof applies to the
polynomial ) ;~/" £,z under PP} .- Since this holds for all /, m € Ny, the proof is
complete.

5. Proof of Theorem 1.5. Recall that 7, € {0, ..., n} is such that M, :=
maxg—o,....n» log|éx| = log|é;,|. Intuitively, under the slow variation condition (9),
the maximum M, is, with probability close to 1, much larger than all the other
terms log|&x|, 1 < k < n. The majorant of the set {(,log|&;|):j =0, ...,n} con-
sists, with high probability, of two segments joining the endpoints (0, log, [&o|)
and (n, log, |§,]) to the maximum (z,,log|&,|). The roots of G, group around
two circles corresponding to these segments. Our aim is to make this precise. Let
the index k be always restricted to 0 < k < n. We may always assume that the
index t, is defined uniquely, since this event has probability converging to 1 as
n — oo; see [6].

LEMMA 5.1. Fork €(0,1/2), A > 0 define a random event E,, = ﬂ?zl i

where
M 1
E,ll = { min (—” — —Og|€k|) > nZA},
k#£0,7, \ T, k
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M I
E,zl = { min (—” — %) . nZA},
k#Ta,n\ Ty n—k
E3 = {in <1, < (1—)n},
E} = {[logléol| < n?, M, > A% Jlog|&, || < n?}.

Then, for every A > 0, lim, o liminf, oo P[E,] = 1.

PROOF. By symmetry, 7,,/n converges as n — oo to the uniform distribution,
which implies that lim, o liminf,_ P[Efl] = 1. By [6], Theorem 3.2, the slow
variation condition (9) implies that

1 P
—— max 10g|§k|nj0>00.

0<k=<n
k#£ty
It follows that
10g|$k| M, K
o7 | e 2 T <l o gl S0 .0
k#ty k#ty

Put ¢, = inf{s: F(s) < 1/(/kn)}. Then F(c,) ~ 1/(\/kn) by [13], pages 15
and 16, and lim,,_, o, ¢, /n = 00. Recall the Potter bound for slowly varying func-
tions: for every 8 > 0, we have F(y)/F(x) < 2(x/y)°, provided that x > y are
sufficiently large; see [4], Theorem 1.5.6. We have

logl“;:kl Mn -k
IP’|:l<mkaB’<m . > E} < Z F(%cn) + P[M,, < c;]

1<k=<kn

3 2 1/4 1 n+1
o, 2 (7)) +(-5m)
JKn g\ K 2./kn

< C(c" 4 eV,

(58)

Since F decays more slowly than any negative power of 7,

(59 P Mn_ poa =1—(1=F@n* )" > 1- - L " — 1

2n I’l2 n—oo
Putting (57), (58) and (59) together and letting « | 0, we obtain lim,_, IP[E},] =
1. By symmetry, we also have lim,_, IP’[E%] = 1. From (59) it also follows that
lim, oo PLEJ]=1. O

PROOF OF THEOREM 1.5. In the sequel, we always suppose that the event
E, occurs. The roots of the equation &;,z™ + &y = 0, denoted by wy,, ..., Wr,x,
satisfy

1/, _ _ A
[wea| = (1801/18,1)!/™ = e1OBOI=MI/m < o= 1 <k <.
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Similarly, the roots of the equation &,z"~™ + &, = 0, denoted by w(,+1yn, - - -»
Wy, satisfy

1/ (n—1 n— n —Tn A
win| = (1&5, |/1Ea])"/ 7™ = eMn—logleaD/Ci=m) o o = p <,

Choose s, 7 € R so that s = log|&y| and s — r7, = log|é,,| = M,,. To apply Lem-
ma 2.1 with k =0, [ = 7, we need to estimate s := ming.q ¢, (s — rk — log|&|).
We have, by definition of E,;,

s —rk —log|&| .(Mn log|&x| (1 1))
— = min | — — +s —

Ty k ko Ty

min =
k0,1, k k#0,7,

Hence, h > n34/2. 1t follows that on the event E,, the conditions of Lemma 2.1 are

fulfilled for k =0,/ =71, and § = ¢ = e_”A. Then, for every 1 <k < 1, the set

A A
{zeC:lloglz] —r|<e™, |argz —argwy,| <™}
contains exactly one root, say zx,, of the polynomial G,,. It follows that
[2kn — Wi < 108" =107 wpnl, 1<k <7,

By symmetry, a similar inequality holds for 7, <k <n. O
6. Proofs of Theorems 1.10 and 1.14.

6.1. Limiting point processes. First of all, we describe the limiting point pro-
cesses Yy, and ijc’p. Let p be a Poisson point process on [0, 1] x (0, o0)
with intensity av~@*D) dudv and majorant ¢, as in Section 1.2. Recall that
the vertices of the majorant €, are denoted by (Xy, Y;). For a > 1 the index k
ranges in Z, whereas for « € (0, 1) we have p’ <k < p” and (X, Y,/) = (0,0),
(Xpr, Ypr) = (1,0). Let o, . be independent {—1, 1}-valued random variables
[attached to the vertices (X, Yi) of €, except for the boundary vertices (0, 0) and

(1, 0) in the case « € (0, 1)] such that
Ploy =1] =c, Plr, =1]1=1/2.
In the case @ € (0, 1), we have to add the following boundary conditions:
(D) mpy =1,

(2) 7, = 1in the definition of T(I ep and 7r,» = —1 in the definition of

3) Ploy =11=Plo, = 1]= p.

o.c,p’

Define random variables s,‘f and ¢, attached to the linearity intervals [ Xy, Xi41]
of the majorant €, by

+ —
(60) & = Yoy#or 1) & = Yoymtorimisr)-
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With this notation, the limiting point processes Yy . and T&t’c’ p are defined by
+ _
(61) To(t,c)(,p) =D e 8(e™) + D ep 8(=e™),
k k

where the sum is over all linearity intervals of the majorant €,, and Ry is the
negative of the slope of the kth segment of €, as in (8). We proceed to the proof
of Theorem 1.10.

6.2. Proof in the case o > 1. We will show that the following weak conver-
gence of point processes on £ =R x {—1, 1} holds true:

(62) XRj 8(bn 1og|z|,sgnz)njwo>02kje,j5(1ek, 1)+;e;5(1ek, -1),
€K

where the sum on the right-hand side is over all linearity intervals of the majo-
rant €,. To see that (62) implies Theorem 1.10 for o > 1 note that the mapping
F:E — R\ {0} given by F(r,0) = oe” is continuous and proper (preimages of
compact sets are compact). By [13], Proposition 3.18, it induces a vaguely con-
tinuous mapping between the spaces of locally finite counting measures on £ and
R\ {0}. By Proposition 3.1 we may apply this mapping to the both sides of (62),
which implies the statement of Theorem 1.10 for « > 1. Denote by R} (resp., R;)
the set of positive (resp., negative) real roots of G,,, counted with multiplicities.
Let f, f~:R — [0, 00) be two continuous functions supported on an interval
[—A, A]. Define random variables S, and S by

(63) So= 2 fTbulog)+ ) f~ (buloglzl),
ZeR;T Z€Ry

(64) S=Y el T RO+ D e [ (RO,
k k

where the sum in (64) is over all linearity intervals of €,. To prove (62) it suffices
to show that S, — S in distribution as n — oo. In fact, we may even suppose
additionally that £ and f~ are Lipschitz, thatis | f*(z1) — f¥(z2)| < L|z1 — 2]
for some L > 0 and all z1, zo € R. The first step is to localize the real roots of
G, under some “good” event. We use the same notation as in Section 4.1. Take
«k € (0, 1/2) and recall that the random indices g,, and ¢, have been defined in (37).
Define a random event E, as in Lemma 4.1. Additionally, we will need another
“good” event F},. The next lemma states that it has probability close to 1.

LEMMA 6.1. Consider a random event F, = {byRy, < —2A} N {b, X
R(q,/[—l)n > 2A}. Then, lim, o liminf, oo P[F,] = 1.

PROOF. Recall from Section 3 that 971 is the space of locally finite counting
measures on [0, 1] x (0, oo] which do not charge the set [0, 1] x {oco}. Given u € 9t
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we denote by [x,/, x441] the unique linearity interval of the majorant €, such
that x,/ <k < x411. Denote by r, the negative of the slope of the correspond-
ing segment of &,. Define a map 7, : 91 — R by T, (u) = r,/. Then, the same
argument as in Lemma 3.2 shows that 7, continuous on 2;; see (24). Applying
Proposition 1.17 together with Proposition 3.1 and noting that T, (po,) = b, Ryrn
we obtain that for every « > 0, b,Ry, — T,(p) in distribution as n — oo.
By Proposition 1.7 we have T, (p) - —oo a.s. as « | 0. It follows easily that
limy o liminfy,—, oo P[by Ry < —2A] = 1. The statement of the lemma follows by
symmetry. [J

In the next lemma we will localize, under the event E, N F,,, those real roots of
G, which are contained in [— A, A]. Recall that the vertices of the majorant of G,
are denoted (from left to right) by (k;, log, |&;,|), where 0 <i < d,, and ko, =0,
ka,n» = n. We already know that any linearity interval [k;,, k(;+1)»] of the majorant
corresponds to a “circle” of complex roots of G, located approximately at the same
positions as the nonzero roots of the polynomial &z~ + &k H)nzk(iﬂ)n. In order
to localize the real roots of G, we have to keep track of two things: the signs of
the coefficients &, , -§k(,- 1) and the parities of the indices k;j, k(i 41),. Write

(65) 8,'—; = ]l{sgn(skin) = Sgn@k(f+1)n)}’
(66) e, = L{(— DM sgn(&,) # (= DFe+0m sgn(Ee, 0 -

The next lemma shows that &' (resp., &; ) is the indicator of the presence of a real
root of G, near eRin (resp., —eRin),

LEMMA 6.2.  On the random event E,, the following holds: for every g, <i <
q) such that 8; =1 (resp., ¢;,, = 1) there is exactly one positive (resp., negative)
real root of G, satisfying |log|z| — Rin| < exp(—nl/“_zs). Moreover, if addition-
ally F, occurs, then all real roots of G, satisfying b, log|z| € [—A, A] are among
those described above.

PROOF. We will use the notation of Lemma 4.2. Recall that on the event E,,
for every g, <i < g, and every 1 <m < k(i+1), — ki, there is a unique com-
plex root of G,, denoted by z; ,,(n), in the set Z; ,,(n). Let 8; =1 for some
g, <i <gq, . Then, ¢;, =0 in Lemma 4.2. Setting m = k(; 1), — ki, we have that
7 :=zi,m(n) satisfies |log|z| — R;,| < &, and |arg z| < 8,. Since the coefficients of
G, are real, the root z must in fact be real (and positive). Indeed, otherwise, we
would have a pair complex conjugate roots (rather than a single root) in the set
Z; m(n). Similarly, if ¢, = 1 for some g, <i < ¢, , then we have a real negative
root of the form z; ,,(n) for a suitable m. By Lemma 4.2 all real roots in the set
Ryrn — 8n <log|z| < R(gr—1)n + 8n are of the above form. To complete the proof
note that this set contains the set —A < b, log|z| < A on the event F,,. [



3572 Z. KABLUCHKO AND D. ZAPOROZHETS

The random variables S, and S will be approximated by the random variables
Sn (k) and S(k), defined by

(67) Sak)= Y (&b ST BuRin) + e f 7 (buRin)),
qp<i<q;—1

(68) Swy= Y (& fTR)+e f7(R)).
q'<i<q"—1

LEMMA 6.3. On the random event E,, N F,, we have |S, — S, (k)| < 1/n.

PROOF. Recall that f* and f~ are functions supported on [—A, A] with Lip-
schitz constant at most L. By Lemma 6.2 and the definition of F},, we have, on
E,NF,,

d,—1 1
> [Hbalogz) = 37 & ¥ (buRin)| < Ldybyexp(—n'/*"%) < .
ZeR;T i=0

A similar inequality holds for the negative roots, and the statement follows. [

The next proposition determines the limiting structure of the coefficients of
G, together with attached signs and parities. Let 9T be the space of locally fi-
nite counting measures on [0, 1] x (0, oo] x {—1, 1}2 which do not charge the set
[0, 1] x {00} x {—1, 1}2 We endow 9t with the topology of vague convergence.
Every element i € M can be written in the form i =7 ;8u;,vi, g, w;), where
w=7y,;6(u;i,v;) e Mis the projection of i on M and (g;, w;) € {—1, 1}? is con-
sidered as a mark attached to the point (u;, v;). In the marks (g;, @;) we will record
the signs of the coefficients of G,, and the parities of the corresponding indices.

PROPOSITION 6.4. Let &,&1,... be i.id. random variables satisfying (6)
and (12). Then the following convergence holds weakly on the space .

" k1
(69) 5n1=23(;, Oils"' 5(1)) ZS(UI,Vl,g,,w,)—p

k=0 n i=1

Here, p =Y {2, 8(U;, Vi) is a Poisson point process on [0, 1] x (0, 00) with inten-
sity av~ @D dudv and independently, ¢;, @; are {—1, 1}-valued random vari-
ables with Pl¢; = 1] = ¢ and Plw; = 1] = 1/2. Terms with log|&| < 0 are ig-
nored.

PROOF. Write & = &1g,~0 and & = |&|1Lg <o. Note that by (6), (7) and
(12),

, n— o0o.

logé& logé&,” 1—
P[ﬁ>[i|~ ¢ P[ﬁ>li|"' ¢

ap nt% a nt%
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Fix some (¢, w) € {—1, 1}2. We will consider only coefficients &, with sign ¢ and
parity @ . By Proposition 1.17 the point process

n k 1
Buls, @) = Za(;, Oi'sk')ﬂ{sgn@k) — o (D =)

k=0 n

converges weakly to the Poisson point process with intensity (a/2)cv™ @D du dv
if ¢ =1 and («/2)(1 — c)v~**D dudv if ¢ = —1. Taking the union over all 4
choices of (¢, @), we obtain the statement. []

In order to pass from the convergence of the coefficients to the convergence
of the point process of real roots we need a continuity argument. Consider i € 9
with a projection u € 1. We denote the vertices of the majorant of i counted from
left to right by (xx, yx). Denote by ri the negative of the slope of the majorant of
w on the interval [xz, xx+1]. Let & € (0, 1/2) be fixed and define indices ¢’ and ¢”
by the conditions x,s <« < xg41 and xgr_1 <1 —« <x4r. For ¢’ <k < q" we
denote by (o%, k) € {—1, 1}2 the mark attached to the vertex (xg, yx). Let 9511 be
the set of all &t € 91 such that u € 9, where | C M is defined as in Section 3.
Let ‘B be the space of locally finite counting measures on R endowed with the
topology of vague convergence. Define a map ®1: 91 — P x P by

d>1(/1)=< Y oo ). Y ﬂgknk#kmﬂark)).

q'<k<q"—1 q'<k<q"—1
LEMMA 6.5. The map ®1 is continuous on M.

PROOF. Let {fi,}nen C M be a sequence converging vaguely to i € 95?1. This
implies the vague convergence of the corresponding projections: u, — u € 9.
Arguing as in the proof of Lemma 3.2 (and using the same notation) we arrive at
the following conclusions. There exist points (X, yin), ¢’ < k < ¢g”, which are
vertices of the majorant of w,, such that (xg,, yxn) — (xk, yr) as n — oo. Further,
Xgn < K < X(g'+hn and xr_1y, < 1 =k < x4, for sufficiently large n. Also,
with the same notation as in (24), ry, — ry as n — oo. Finally, i, — & implies
that for sufficiently large n the mark (oy,, wk,) attached to (xkn, Yrn) is the same
as the mark (oy, m;) attached to (xx, yx), for all ¢’ < k < ¢”. This implies that
D1 (ity) — P1(ft) as n — oo, whence the continuity. [

LEMMA 6.6. We have S,,(k) — S(k) in distribution as n — o0.
PROOF. By Proposition 6.4 we have p, — p weakly on M. Define a map

[PxP—>Rby I, v7)= g fTdvt + [g f~dv~. Clearly, I is continuous
on M. By Lemma 6.5 the map I o @1 : 9T — R is continuous. By Proposition 3.1
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(which is applicable since P[p € 5)5?1] =1 for @ > 1) we have that 1(®(p,)) —
1 (®1(p)) in distribution. This is exactly what is stated in the lemma. [

The proof of Theorem 1.10 in the case o > 1 can be completed as follows.
Trivially, we have S(k) — S a.s. as x | 0. All the other assumptions of Lemma 3.5
have been verified above. Applying Lemma 3.5 we obtain S, — S in distribution
as n — oo.

6.3. Proof in the case o € (0,1). We will show that the weak convergence of
point processes in (62) holds, this time on the space E = [—00, +00] x {—1, 1}
with the restriction that n stays either even or odd and 82_, &, on the right-hand
side of (62) is defined accordingly to this choice (see the boundary conditions in
Section 6.1). Let fT, f~:[—00, 00] — [0, 00) be two continuous functions such
that |fi(zl) — fi(z2)| < L|z1 — 72| for all z1, z € R. With the same notation as
in (63) and (64) it suffices to prove that S, — S in distribution as n — oo. The
next lemma localizes all real roots of G,, under a “good” event.

LEMMA 6.7. On the random event E, defined as in Lemma 4.5 the follow-
ing holds: For every 0 <i < d, such that 8; =1 (resp., ¢;,, = 1) there is ex-
actly one positive (resp., negative) real root z of G, satisfying |log|z| — R}, | <
exp(—nl/o‘_l_35). Moreover, there are no other real roots of Gy,.

PROOF. Follows from Lemma 4.8; see the proof of Lemma 6.2. [

Take « € (0, 1/2), and define random variables S, (k) and S(x) as in (67) and
(68), but with summation over g, <k <g¢, and g’ <k <q”.

LEMMA 6.8. On the random event E,,, we have |S, — Sy (k)| < 1/4/n.

PROOF. By Remark 4.7 we have g, =0 and g,/ = d,, on E,. The rest follows
from Lemma 6.7, the Lipschitz property of f* and £~ and (55). O

Again, we need a continuity argument to transform the convergence of the coef-
ficients in Proposition 6.4 into the convergence of real roots. This time, we have to
take care of the first and the last coefficients of the random polynomial G,,. erte
A= x {—1, 1}2. Every element of & can be written in the form (i&,0’,0"),
where /i € M and (o', 0”) € {—1,1}2. In ¢’ and ¢” we will record the signs of
the first and the last coefficients of G,,. As above, the vertices of the majorant of p
counted from left to right are denoted by (xx, yx) and the indices ¢ and ¢” are de-
fined by the conditions x,» <« < xg/41 and x;7_1 <1 —« <x,.Forq' <k <q"
(note the strict inequalities) we denote by (oy, mx) € {—1, 1}? the mark attached
to the vertex (xg, yr). We will need the following boundary conditions: Define
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(o4, my) = (o', 1) and put (o7, wgr) = (0", 1) (if we are proving the convergence
of Y2,) or (047, myr) = (6", —1) (if we are proving the convergence of Y2,1).
Let R be the set of all (i1,0’,0”) € & such that the projection u of [i satisfies
w € Myo. Here, Mg C M is defined as in Section 3. Let £ be the space of finite
counting measures on [—00, oo] endowed with the topology of weak convergence.
Define a map ®: 8 — Q x Q by

q//fl q//fl
q’O(,a, o, (7/,) = (Z Loy o418 (M) Z ]lakﬂk¢0k+1ﬂk+18(rk)>'
k=q’ k=q’

LEMMA 6.9. The map q is continuous on Ry.

PROOE. Let {(fin,0,,0,)lnen C R be a sequence converging vaguely to
(i, 0’,0") € Ko. This implies that for sufficiently large n, o, = o’ and 0,/ = 0"
Also, i, — [ vaguely. Consequently, we have the vague convergence of the
corresponding projections: @, — w. As in the proof of Lemma 3.3 we obtain
the following results. There exist points (X, Ykn), ¢ < k < ¢”, which are ver-
tices of the majorant of w,, such that (xi,, yin) = (xk, yk) as n — oo. Also,
Xg'n <K < X(g'+1n and xr_1), <1 — K < x4, for sufficiently large n. Further-
more, with the same notation as in (24), rr, — rr as n — oo. It follows from
[, — [ that for sufficiently large n the mark (oy,, Tr,) attached to (xgp, Vkn) iS
the same as the mark (o, 7ry) attached to (x, yx) for all ¢ < k < g”. The same
statement holds for k = ¢" and k = ¢” by the boundary conditions. This implies
that &g (fty, 0,,0,) = Po(it,0’',0")asn — co. O

LEMMA 6.10. We have S, (k) — S(k) in distribution as n — 00.

PROOF. By Proposition 6.4 we have g, — p weakly on 9. The sum in
(69) can be taken from 1 to n — 1. Consequently, (0,, sgn&p, sgné&,) converges
weakly, as a random element in K, to (p,0’,0”), where ¢’ and o’ are inde-
pendent (and independent of p) {—1, 1}-valued random variables with the same
distribution as sgn&p. By Lemma 6.9 and Proposition 3.1 (which is applicable
since P[(p,0’,0") € K] = 1 for @ € (0, 1)) we have that (5, sgné&, sgné&,)
converges, as a random element in Q x Q, to ®¢(p,0’,0”) as n — oo. Taking
the integrals of f* and f~ over the components of ®o(5,,sgn&, sgné&,) and
®o(p,0’,0"), we arrive at the statement of the lemma. [

The proof of Theorem 1.10 in the case « € (0, 1) can be completed as follows.
Trivially, we have S(x) — S a.s. as « | 0. All the other assumptions of Lemma 3.5
have been verified above. Applying Lemma 3.5, we obtain S,, — S in distribution
as n — 0o. The proof is complete.
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6.4. Proof of Theorem 1.14. 1t follows from the proof of Theorem 1.5 that on
the event E, defined as in Lemma 5.1, the number of real roots of G, is the same
as the number of real solution of the equation

(70) (62,2™ + &0) (Ea2" ™ + &) =0.

The number of real solutions of (70) depends on whether the numbers 0, 7,,, n are
even or odd and on whether the coefficients &g, &;,, &, are positive or negative. It is
not difficult to show that (—1)* and sgn&;, become asymptotically independent
and that P[(—1)™ = 1] — 1/2 and P[sgn&,, = 1] — ¢ as n — oo. Considering all
possible cases leads to (13) and (14).

7. Proofs of Theorems 1.8 and 1.9.

7.1. Proof of Theorem 1.8. Let p be a Poisson point process with intensity
v(dudv) =av~ @D dydv on E =10, 1] x (0, 00), where « € (0, 1). We are go-
ing to compute the expectation of L, the number of segments of the least concave
majorant of p. Denote by pZ the set of all ordered pairs of distinct atoms of the
point process p. For Py, P, € E consider an indicator function f, (P, P») taking
value 1 if and only if there are no points of the Poisson process p lying above the
line passing through P; and P,. Counting the first and the last segments of the
majorant of p separately, we have ELy, =2 + 1, /2, where

Iy =E[ Y. fo(Pr, P2>].

(P1,Py)ep’

In the sequel we compute /,. Applying the Slyvnyack—-Mecke formula (see, e.g.,
[14], Corollary 3.2.3), we obtain

o= [ ELf (P PO @Pv(@Py).

Denoting P; = (x1, y1), P> = (x2, y2), we have

5 oo poo pl pl o] a1
Iy—« /0 /0 /0 /0 E[£,(Py. Py vy~  dxy dxy dyy dyy.

The probability of the event that there are no points of p lying above the line P; P>
is nonzero only if the line P P, intersects both vertical sides of the boundary of E.
Therefore,

=2 [ [ B[P POl 57" dyidyadi d,
where X = {(x1,x2):0 <x1 <xp <1},and Y =Yy, ,, is a set defined by

Y ={(y1,y2) € (0,00)%: y1x2 — y2x1 > 0, y2 — y1 + y1x2 — y2x1 > 0}.
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Let us replace the variables y;, y» by

rz_)’z—yl w—=14 2=y

X2 — X1 Y1X2 — Y2Xx]

Then, (y1, y2) € Y if and only if (r,u) € (—o0, 0) x (1, 00) or (r,u) € (0, 00) x
(0, 1). The inverse transformation is given by

1 1
y1=r(1_u—x1), Y2=”<1_u—x2)-

The Jacobian determinant of the transformation (, u) — (y, y2) is equal to r (x2 —
x1)/(1—u)?. Write fy(u,r) = f,((x1, y1(u,r)), (x2, y2(u,7))). By symmetry, we
can consider only the case r > 0, u € (0, 1). Indeed, considering the case r > 0
means that we restrict ourselves to segments of the majorant with positive slope.
By a change of variables formula,

10,:4052/000[01/)(E[fp(u,r)]

1 —a—1 1 —a—1
—20—1 _ _
xr (1_u xl) (1_u xz)

X2 — X1
X
(1 —u)?

dxydxydudr.
Further, by definition of the Poisson process,

E[fp(u,r)] :exp(—/ ozy_(“H)dydx)
{(x.y)eE: y=—rx+r/(1-u)}

1 7 —a
(71) :exp(—/(; (—rx+ l—u) dx>

B r -yl
‘exp<_<1 —a) (1 —u)l—a)'

The integral J := [y(c — xl)ﬁ(c — xz)ﬂ(xz — x1)dx1dxp, where ¢ > 1, can be
evaluated by writing (x2 — x1) = (¢ — x1) — (c — x2). We obtain

CZ,B—I—3 _ (C _ 1)2,34—3 _ (2’3 + 3)C/3+1(C _ 1),8—H

B+DH(B+2)2B+3)
72) J= if £—1,-3/2,-2,

if B =—3/2.

’

—4ln<c - 1) + \/c(c47—1)’
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In the case o # 1/2, we apply (71) and (72) to obtain
4o
(1—a)Qa—1)

oo pl —o 1 — 11—«
X / / p2el exp(— : ! )
o Jo (1—a) (1 —u)l-«
x (1 —uw)? 31 —u'™2 — (1 = 20)u*(1 —u)]dudr.
In the case @ = 1/2 we get, combining (71) with (72),

4 2 ex 1/21_7M1/2 1—w) 2121 = Inuldud
I, = P 7 (A—uw)*[u"""(1—u)+Inu]dudr.

I, =

(1
Applying in both cases the formula [;° rm2e=1le=™ g = (2a)~!, we arrive at
2+2(1 —a) 11 —u! 722 — (1 = 20)u=%(1 — u) du.
Ra—1) Jo (1 —u)(l —ul-=)2
(73) ELy= ifa#£1/2,
Ly =121 — 1
PP R Gl D i L W TN )

0 (1—u)(1—ul/2)2

REMARK 7.1. The second line is just the limit of the first line as « — 1/2, so
that EL, depends on « continuously. If « = p/q # 1/2 is rational, then the sub-
stitution v = u'/9 reduces the integral in (73) to an integral of a rational function
which can be computed in closed form; see the table in Section 1.3. Numerical
computation suggests that [EL,, is increasing in o € (0, 1).

In the rest of the proof we compute the integral on the right-hand side of (73) in
terms of the Barnes modular constant. Let

_/11 w72 — (1 = 20)u— “(l—u)
(1 —u)(1 —ul-«)2
Write B = 1 — «. Recall that ¥ (z) = I'(z)/ ' (z) is the logarithmic derivative of

the Gamma function Using the geometric series ; lu = 2, u" and the formula
Y(@)=—y —= + Yol — . +n) (see [2], Section 1.7) we obtain that for every
m >0,

b opl—u! 'S~ nimp 1-2
m d :f ntmp 1 _ 172y 4
/Ou - u Ogu (1—u )du

! !
_Z<n—|—mﬂ n+(m~|—2),3)_ (m+2)B

1
=y ((m+2)B) — ¥ (mp) — -t
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For m = 0 the value of the integral is ¥ (28) + y, where y = —/(1) is the
Euler—Mascheroni constant; see [2], Section 1.7.2. Using the expansion m =
o_o(m + 1)u™ we obtain that K, = limy_, o Sy, where

N 1
s=30n+ 1)(w(<m +2)B) — Y (mp) — m—ﬁ)

1 —2«a
—(N+l)m+lﬂ(2,3)+)/

N
=2 Y mB)+ N+ DY ((N+2)B)+ Ny ((N+1)B) —

m=1

N N 1 —2a
— R y_ .
mz]mﬂ l—«a

The second equality follows by an elementary transformatlon of the telescopic
sum. Using the asymptotic expansion ¥ (z) =logz — 5 + o( ) as z — 00, we
obtain

N 1 ay
N==2) ¥(mp)+ (2N +1)log(BN) — 2N — BlogN +1-— T o +o(1).

m=1
Comparing this with (10) yields
log(1 — ) ay
l-a 1-o
The proof of Theorem 1.8 is completed by inserting this into (73).

Ke=1-2C(1—-0a)+

7.2. Proof of Theorem 1.9. We prove that P[L, = 2] =1 — «. For a point
P e E=10,1] x (0,00) let g,(P) be the indicator of the following event: there
are no atoms of p above the lines joining P to the points (0, 0) and (1, 0). Then

PIL, =2] =E[ ) gp<P>].

Pesupp p
By the Slivhyak—Mecke formula [14], Corollary 3.2.3,

(74) P[L,=2]= / E[g,(P)] v(dP)_a// E[g,(x, )]y~ “ D dydx.

The intensity of the Poisson process p integrated over the set {(u#,v) € E:u €
[0,x],v > yu/x}is

X o X — 1
/ / av~ @D gy dv =/ (&> du = xy .
0 Jyu/x 0 X l—«
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By symmetry, the intensity of p integrated over the set {(u,v) € E:u € [x, 1], v >
y(—1)/(x — D}is (1 — x)y~%. It follows that

1
Blap s )=o)

Inserting this into (74) we obtain P[Ly, =2] =1 — «.
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