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Abstract. In this article we prove the pathwise uniqueness for stochastic differential equations in R4 with time-dependent Sobolev
drifts, and driven by symmetric «-stable processes provided that o € (1, 2) and its spectral measure is non-degenerate. In particular,
the drift is allowed to have jump discontinuity when o € (dz—fl, 2). Our proof is based on some estimates of Krylov’s type for purely
discontinuous semimartingales.

Résumé. Dans cet article nous prouvons I’existence et 1’unicité d’équations différentielles stochastiques dans RY avec terme de
dérive dépendant du temps dans un espace de Sobolev et dirigées par un processus de Lévy a-stable symétrique avec o € (1, 2) et
de mesure spectrale non-dégénérée.

En particulier, le terme de dérive peut avoir des discontinuités de saut quand o € (%, 2). Notre preuve est basée sur des
estimations de type Krylov pour des semimartingales purement discontinues.
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1. Introduction and main result

Consider the following SDE driven by a symmetric «-stable process in R¢:
Xm:b[(X[)dl+dL[, X():.x, (11)

where b: R, x R? — R? is a measurable function, (L;);>¢ is a d-dimensional symmetric a-stable process defined
on some filtered probability space (£2, ¥, P; (¥:):>0). The aim of this paper is to study the pathwise uniqueness of
SDE (1.1) with b in fractional Sobolev spaces.

Let us first briefly recall some well-known results in this direction. When L; is a standard d-dimensional Brow-
nian motion, Veretennikov [27] firstly proved the existence of a unique strong solution for SDE (1.1) with bounded
measurable b. In [17], Krylov and Rockner relaxed the boundedness assumptions on b to the following integrability
assumptions:

T q/p
/(/d’bt(x)|pdx> dt <400, VT >0, (1.2)
0 R

provided that

d 2
“+2<l (1.3)
P q
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Recently, in [28] we extended Krylov and Rockner’s result to the case of non-constant Sobolev diffusion coefficients
and meanwhile, obtained the stochastic homeomorphism flow property of solutions and the strong Feller property.
Other generalizations in various directions can be found in [9-12,14], etc.

In the case of symmetric «-stable processes, the pathwise uniqueness for SDE (1.1) with irregular drift is far from
being complete. When d = 1, o € [1, 2) and b is time-independent and bounded continuous, Tanaka, Tsuchiya and
Watanabe [25] proved the pathwise uniqueness of solutions to SDE (1.1). Whend > 1, o € [1, 2), the spectral measure
of L, is non-degenerate, and b is time-independent and bounded Holder continuous, where the Holder index 8 satisfies

B>1-12,
2

Priola [21] recently proved the pathwise uniqueness and the stochastic homeomorphism flow property of solutions to
SDE (1.1). Whend =1, « € (1, 2) and b is only bounded measurable, Kurenok [18] obtained the existence of weak
solutions for SDE (1.1) by proving an estimate of Krylov’s type: for any 7' > 0,

T
E/o fi(X)dt = Cll fll 2o, 71xR)- (1.4)

When d > 1, @ € (1, 2) and b is time-independent and belongs to some Kato’s class, Chen, Kim and Song [7], Theo-
rem 2.5, proved the existence of martingale solutions (equivalently weak solutions) in terms of Feller semigroup (cf.
[6]). On the other hand, there are many works devoted to the study of weak uniqueness (i.e., the well-posedness of
martingale problems) for SDEs with jumps. This is refereed to the survey paper of Bass [5]. Moreover, in the one di-
mensional case, the pathwise uniqueness for SDEs with Holder continuous diffusion coefficients has been extensively
studied (see the recent works of Fournier [13] and Li and Mytnik [20]). However, to the author’s knowledge, there are
few results about the pathwise uniqueness for multidimensional SDE (1.1) with discontinuous drifts.

Before stating our main result, we recall some facts about symmetric «-stable processes. Let (L;);>0 be a d-
dimensional symmetric «-stable process. By Lévy—Khinchin’s formula, its characteristic function is given by (cf.

[23D)
Eellt L) — =1V,

where
v = /Rd(l — eV i )1 )u(d),

and the Lévy measure v with v({0}) = 0 is given by
+0o0 1(](}’9) d
v(U) = /S[H/O de(de), U e 8(RY), (1.5)

where B(R?) is the Borel o-field of Euclidean space R?, j is a symmetric finite measure on the unit sphere S~ :=
{6 € RY: |0| = 1}, called spectral measure of stable process L;. By an elementary calculation, we have

€)= [ (1=eoste )0 =c [ [0

In particular, if y is the uniform distribution on S~ then ¥ (&) = c4|£|%, here ¢, may be different. Throughout this
paper, we make the following assumption:

(H%): For some « € (0, 2) and constant Cy, > 0,

Y(E) > CylE|”, &R (1.6)

We remark that the above condition is equivalent that the support of spectral measure u is not contained in a proper
linear subspace of RY (cf. [21], p-4).
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We now introduce the class of local strong solutions for SDE (1.1). Let 7 be any (F;)-stopping time. For x € R?,
let &; (x) be the class of all R¢-valued (%;)-adapted cadlag stochastic process X; on [0, 7) satisfying

T
P{a):/ |bS(XS(w))|ds<+oo,VTe[0,t(a)))}:1,
0
and such that
t
X =x+/ by(Xs)ds +L;,, Vtel0,1),as.
0

The main result of the present paper is:

Theorem 1.1. Assume that (H*) holds with « € (1,2), and b: R, x R — R satisfies that for some € (1 — 5. 1),
p>—andanyT R >0,

s (x) — b (P)IP
su dxdy < +o0 1.7
tell OpT /I;R/BR |'x - |d+ﬂ[]
and
sup  |bi(x0)] < +o0, (1.8)

(t,x)€[0,T1x Bg

where Bg = {x € R?: |x| < R}. Then, for any x € R%, there exists an (F)-stopping time  (x) (called explosion time)
and a unique strong solution X; € 5£(X)(x) to SDE (1.1) with

lim X;(x) =400 a.s.on {{(x) <+oo}. (1.9)
114 (x)

Remark 1.2. Let O be a bounded smooth domain in R?. It is well-known that for any p € (0,1) and p € (1, %) (cf.
(1D,

lo e W8, (1.10)

where W’g is the fractional Sobolev space defined by (2.3) below. Hence, if « € (%, 2), then one can choose

pe(i-55) r<(%5)
2°2d a’ B

so that Theorem 1.1 can be used to uniquely solve the following discontinuous SDE:
dX; = [bV1o + P10 ](X)dt +dL,,  Xo=x,

where b i = 1,2, are two bounded and locally Hélder continuous functions with Holder index greater than B. In
one dimensional case, if « € (1, 2), it is well-known that regularity condition (1.7) can be dropped (cf. [25], p. 82,
Remark 1). The key point in this case is that the weak uniqueness is equivalent to the pathwise uniqueness. However,
in the case of d > 2, it is still open that whether SDE (1.1) has a unique strong solution when b is only bounded
measurable.

For proving this theorem, as in [17,28,30], we mainly study the following partial integro-differential equation
(abbreviated as PIDE) by using some interpolation techniques:

du=Lou+b du+ f, uo(x)=0,
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where Ly is the generator of Lévy process (L;);>0 given by
ﬁou(x)zf (u(x+z) —u(x) — 1‘Z|§1z" 3,~u(x))v(dz)=lim (u(x+z) —u(x))v(dz), (1.11)
R4 &0 Jiz|>¢

where the second equality is due to the symmetry of v. Here and below, we use the convention that the repeated index
will be summed automatically. However, we need to firstly extend Krylov’s estimate (1.4) to the multidimensional
case. As in [18], we shall investigate the following semi-linear PIDE:

oiu = Lou + k|Vul+ f, up(x) =0,

where k > 0 and V is the gradient operator with respect to the spatial variable x. We want to emphasize that Fourier’s
transform used in [18,19] seems only work for one-dimensional case.

Our method for studying the above two PIDEs is based on the semigroup argument. For this aim, we shall derive
some smoothing and asymptotic properties about the Markov semigroup associated with Ly. In particular, the inter-
polation techniques will be used frequently. This will be done in Section 2. In Section 3, partly following Kurenok’s
idea, we shall prove two Krylov’s estimates for multidimensional purely discontinuous semimartingales. In Section 4,
we prove our main result by using a transformation to remove the drift as adopted in [12,21,30].

In the remainder of this paper, the letter C with or without subscripts will denote a positive constant whose value
may change in different occasions.

2. Preliminaries

For p > 1, the norm in L”-space LP(RY) is denoted by || - |- For  >0and p > 1, let Hg =1 — A)PZ(LP(RY))
be the Bessel potential space with the norm

£ lp.p =T = 2P 1],
Notice that for 8 =m € N, an equivalent norm of H’g is given by (cf. [26], p. 177)
1, p = 11+ 97 £]] -
By Sobolev’s embedding theorem, if § — % > 0 is not an integer, then (cf. [26], p. 206, (16))
—d d
WY < cP=/r(RY), @1

where for y > 0, C” (R?) is the usual Holder space with the norm:

[v]
virl _ vyl
1fller =Y sup [V £ )| 4+ sup VL= VSO,
k=0 X€R? x#y lx —y|r~¥

where [y] := max{m € NU {0}: m < y} is the integer part of y.
Let A and B be an interpolation pair of Banach spaces. For 6 € [0, 1], we use [A, B]y to denote the complex
interpolation space between A and B (cf. [26]). We have the following relation (cf. [26], p. 185, (11)): for p > 1,

B1#Brand 0 € (0, 1),
[Hlﬂ’l , H}[S;Q]Q — Hlﬂ,1+9(ﬁ2_ﬁl). (2.2)
On the other hand, for 0 < 8 # integer, the fractional Sobolev space W'z is defined by (cf. [26], p. 190, (15))

(8] k k 1/p
N VEF@) = VI
115, = ||f||p+k§_0:< L S dxdy) < oo, @3)
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For 8=0,1,2,..., we set Wﬁ = Hf;. The relation between Hf; and Wf; is given as follows (cf. [26], p. 180, (9)):
forany 8 >0,e€(0,8) and p > 1,

B+ B B—
HEF® > WE s HE . (2.4)
We recall the following complex interpolation theorem (cf. [26], p. 59, Theorem (a)).

Theorem 2.1. Let A; C B;,i =0, 1, be Banach spaces. Let T : A; — B;j,i =0, 1, be bounded linear operators. For
0 €10, 1], we have

1-60 6
0T Nagm 0 < NT 150 1T 1% 5,
where Ag :=[Ao, A1le, By :=[Bo, Bilg and ||T || o,— B, denotes the operator norm of T mapping Ag to By.

Let f be a locally integrable function on R?. The Hardy-Littlewood maximal function is defined by

1

Mf(x):= sup

TN /Br|f(x +y)|dy,
where B, := {x € R%: |x| < r}. The following well-known results can be found in [8,22,29] and [24], p. 5, Theorem 1.
Lemma 2.2. (i) For f € W, there exists a constant Cq > 0 and a Lebesgue zero set E such that for all x, y ¢ E,
£ @) = fD)] = Calx = yI(MIVS1(x) + MIV (7). (2.5)
(ii) For p > 1, there exists a constant Cy,, > 0 such that for all f € LP(RY),
IMSfllp < Capllfllp- (2.6)
For fixed z € R?, define the shift operator
T f(x):=f(x+2) = f(x).
We have the following useful estimate.
Lemma 2.3. For p > 1 and y € [1,2], there exists a constant C = C(p, y, d) > 0 such that for any f € H,,
172 f 11.p < Cll” " 1 f 1Ly 2.7)
Proof. By (2.5), we have for Lebesgue almost all x € R4,
|T-f )] = CLIMIVf1(x +2) + MV fI(x),
and so, by (2.6),
1T fllp < Clzl - [MIVFI], < Clzl - 1V fllp < Clzl - 1 £ 11, p-

On the other hand, it is clear that for any 8 > 0,

17z fllg.p = 211f g, p-

By Theorem 2.1 and (2.2), for 6 € (0, 1), we immediately have

172 fllog, p < ClzI" 1 fll140(8-1, p
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which gives the desired result by letting® =2 — y and 8 = ﬁ (]

We now recall the following well-known properties about the symmetric «-stable process (L;);>o (cf. [23], Theo-
rem 25.3, and [21], Lemma 3.1).

Proposition 2.4. Let ju; be the law of a-stable process L;.

(1) Scaling property: For any A > 0, (L;)s>0 and ()»‘”“‘LM),ZO have the same finite dimensional law. In particular,
foranyt>0and A € BRY), i (A) = u (1% A).

(ii) Existence of smooth density: For any t > 0, u; has a smooth density p; with respect to the Lebesgue measure,
which is given by

1 i
_ —i(x.8) g1V 6) g
)= g [ e

Moreover, p:(x) = p:(—x) and for any k € N, Vkpt e LY(RY).
(iii) Moments: For anyt > 0, if B < «, then E|L;|P < +o0; if B > «, then E|L,|# = cc.

The Markov semigroup associated with the Lévy process (L;);>0 is given by
T fx)=E(f(L +x))= /Rd pi(z—x)f(2)dz = /Rd pi(x —2) f(2)dz. (2.8)
We have:
Lemma 2.5. (i) For any a € (0,2), p > 1 and B,y > 0, we have for all f € HE,

1T fllgsyp < CEVN Fllgp- 2.9)

(ii) For any o € (1,2), 0 € [0, 1] and p > 1, there exists a constant C = C(d, p,0) > 0 such that for all f € He,
17 f = fllp < C%N fllg,p- (2.10)
Proof. (i) Let f € Cgo(Rd ). For any k, m € N, by the scaling property, we have
VKT, £ (x) = ¢~ @0/ /Rd (VEp) (1% (x = 2)) V™ £ (2) dz.
Hence,
vz, <t fen ], [ 95 s
Since C(‘)’o (R9) is dense in H™, we further have for any f e H7,
[V T, <y [ 9 a.

On the other hand, it is clear that

IZ: fllp = I1F 1 p-

By Theorem 2.1, we obtain (2.9).
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(i1) First, we assume that f € H;. By (2.5), we have for Lebesgue almost all x € RY,
T = sl = [ |7+ =5l poay

< CfRd(MIVfI(x + )+ MIVFI)) -1yl pe(y)dy,
and so, by (2.6) and the scaling property,
ITf = fllp <MV, /R 1 P dy < CIV fIEIL | = Ct/|[V £ EIL1].
Estimate (2.10) follows by (iii) of Proposition 2.4 and Theorem 2.1 again. U

We also need the following simple result for proving the uniqueness.

Lemma 2.6. Let (Z;);>0 be a locally bounded and (¥;)-adapted process and (A;)s>0 a continuous real valued non-
decreasing (¥;)-adapted process with Ay = 0. Assume that for any stopping time n and t > 0,

tAn
E[Z;aql SE/ |Zs|dAs.
0

Then Z; =0 a.s. forall t > 0.

Proof. By replacing A; by A; + ¢, one may assume that 7 + A, is strictly increasing. For ¢t > 0, define the stopping
time

T, ;= inf{s > 0: A, >1}.

It is clear that t; is the inverse of t — A;. Fix T > 0. By the assumption and the change of variables, we have

t

T
\Z,1dA; <E f \Zns| dA; = / E|Z7 e, | ds.
0 0

T AT

E|Z7aq | < Ef
0

By Gronwall’s lemma, we obtain Z7 ., = 0. Letting t — oo gives the conclusion. ]

3. Krylov’s estimates for purely discontinuous semimartingales
Let (L;)s>0 be a symmetric «-stable process. The associated Poisson random measure is defined by

N(0.1xU):== Y ly(Ls—Ls), UeB(RI\{0}).1>0.
]

s€(0,1

The compensated Poisson random measure is given by N((O, t] xU)=N(0,¢t] x U) —tv(U). By Lévy-Itd’s de-
composition, one may write (cf. [23])

1t t
Lt=// xﬁ(ds,dx)+// xN(ds, dx). (3.1
0 Jix|=1 0 Jx|>1

Let X; a purely discontinuous semimartingale with the form

t
X, = Xo + / & ds+ Ly, (3.2)
0
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where X € ¥o and (&,);>0 is a measurable and (¥;)-adapted R4 -valued process. Let u be a bounded smooth function
on R, x R?. By It6’s formula (cf. [3]), we have

t .
ur(X) = uo(Xo) + /0 (I3stts + Lous1(Xs) + & iy (X)) ds

t
+ / f [us (X + ¥) — 0y (Xs )| N (ds. dy).
0 JRI\{0}

In this section, we prove two estimates of Krylov’s type for the above X;. Let us first prove the following simple
Krylov’s estimate, which will be used in Section 4 to prove the existence of weak solutions for SDE (1.1) with singular
drift b.

Theorem 3.1. Suppose that @ € (1,2), p > % and q > pmfﬁ. Then, for any Ty > 0, there exist a constant C =

C(To,d, a, p,q) > 0 such that for any (¥;)-stopping time t,and 0 < S <T < Tp,and all f € LI1([S, T]; LP(RY)),

Tt Tt
E(/S fs(xs)ds)&'s)sc<1+E(/S |f:s|ds\f”s))||f||Lq([s,T];Lp(W>). (3.3)

AT AT

Proof. Let us first assume that f € Cg°(R4. x R?) and define

t
s (x) = fo oy f,(x) ds,

where 7; is defined by (2.8). By Lemma 2.5, it is easy to see that u,(x) € C*°(Ry x R?) and solves the following
PIDE:

A (x) = Lous (x) + fi(x).

Choosing y € (1 + %, o — %), by (2.9) and Hélder’s inequality, we have

t t
”Mt”y,p 5[) ||Z—st||y,pdSSCA (t_s)iy/a”fs”pds

t 1/q*
< C(/ (t—s) 17/ ds) I fllLa@®y;zry < ClfllLa@®y ;L. (3.4
0
where ¢* =¢q /(g — 1).

Fix Tp > 0 and an (¥;)-stopping time 7. Using Itd’s formula for u7,—;(X;) and by Doob’s optimal theorem, we
have

E(ury—1re XTAc)|Fs) — tny—sar (Xsaz)

Tnt
= E(/S ([gury—s + Loury—s1(Xs) + & djug,—s(X))ds

AT
3’s>,
TNt

$s>szsupiusoc)l+sup|VuS|(x)-1E</ |& | ds
§,X 5,X

SAT

TAT
< C||f||L‘1(R+;L1’)<1 +E</ IésldS‘?s>>,
SAT

g

Tnt
= E(/S (_fs(Xs) + 18- |V“To—s|(xs)) ds

AT

which yields by (3.4) and (2.1) that

TAT
E(/ fs(Xs)ds
SAT

9
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where we have used p(y — 1) > d. By a standard density argument, we obtain (3.3) for general f € LY([0, T];
LP(R%)). O

In one-dimensional case, as in [19], we even have:

Theorem 3.2. Let X; take the following form:
t t
X, =X0+/ éxds—i—/ hsdLy,
0 0

where hg is a bounded predictable process. Suppose that o € (1,2) and p > ﬁ Then, for any Ty > 0, there exist a
constant C = C(Ty, a, p, q) > 0 such that for any (F;)-stopping time t,and 0 < S <T < Ty, and all f € L?(R?),

T AT TNt
E(/ g £ (X,) ds fs> < c<1 +E</ (16| + s 1*) ds ?s>>||f||p. (3.5)
SAT SAT
Proof. Fix Ty > 0. For f € C3° (R9), let us define
To

MTO()C) = 0 TTo—Sf(x) ds.
It is easy to see that

Loury(x) =T, f(x) — f(x). (3.6)

Using It6’s formula for w7, (X;) (cf. [4], Proposition 2.1), one finds that

TAT

E(UTO(XTAI)L?S) =ury(Xsac) + E(/S (|hs|a£0uTo(Xs) + Ssu/TO (Xs)) ds‘?'s),

AT

which together with (3.6) yields that

TAt TAt TAt
() e roxoas]es ) < 2mmio + i E( [ ecas|s) 417018 ( [ ot as|s)
AT

TAT
§C(1+E([g (|§s|+|hs|a)ds‘?s>>“f“p,

AT

where we have used p(¢ — 1) > d, (2.9) and (2.1). By a standard density argument, we obtain (3.5) for general
f e LPRY. O
In the above two theorems, the requirement of p > ﬁ is too strong to prove Theorem 1.1. It is clear that this
is caused by directly controlling the oco-norm of Vu,(x) by Sobolev embedding theorem. In what follows, we shall
relax it to p > g The price to pay is that we need to assume that &; is a bounded (F;)-adapted process. Nevertheless,
Theorem 3.1 can be used to prove the existence of weak solutions for SDE (1.1) with globally integrable drift.

We now start by solving the following semi-linear PIDE:
oru=Lou+k|Vul+ f, up=0,t>0, 3.7
where « > 0, Ly is the generator of Lévy process (L;);>0 given by (1.11), and f is a locally integrable function on

R, x R4,
We first give the following definition of generalized solutions to PIDE (3.7).
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Definition 3.3. For p > 1, a function u € C([0, 00); ]HI;,) is called a generalized solution of (3.7), if for all test function
9 € C°([0, 00) x RY), it holds that

o0 o0 0
—/ / u8,(p=/ f u£8g0+/ / (K|Vu|+f)g0,
0 R4 0 R4 0 R4

where L is the adjoint operator of Lo given by
Lipt) = [ (0t =9 =0+ 12127 o) oido).

Remark 3.4. If we extend u and f to R by setting u; = f; =0 for t <0, then for all ¢ € Cgo(RdH),

—/ uaﬂpz/‘ u£3<p+/ (k|Vul + f)e.
Rd-H Rd-H Rd-H

Since the Lévy measure v is symmetric, L is in fact the same as L.
The following proposition is now standard. For the reader’s convenience, a proof is provided here.

Proposition 3.5. For p > 1, let u € C([0, 00); ]HI;,) and f € L}UC([O, 00); LP(RY)). The following three statements
are equivalent:

(1) u is a generalized solution of (3.7).
(i) Forany ¢ € Cp° (RY), it holds that for all t > 0,

t t
/ utd’:// Ms£3¢+// (K|Vus|+fs)¢-
Rd 0 JR4 0 JR4

(iii) u satisfies the following integral equation:
t
us(x) =/ Ti_s (K|Vu5| + fs)(x) ds, Vi>0.
0

Proof. For simplicity of notation, we write Fs(x) := k|Vug| 4+ f;. By the assumptions, we have
Fe L}OC([O, 00); L (Rd)).

(1) = (ii). Let ¢ € Cgo(Rd). Let p € C3°(R) with support in [0, 1] and fol p(r)dr =1. Fix t > 0 and define for
e>0,

Xe(s) := / p(r)dr.
(s—1)/e

It is easy to see that x, € Cgo([O, 00)) converges to 1jp ;] for any s > 0. Let {g(x) € Cgo (Rd) converge to 1 point-
wisely. Taking ¢ (x) := x:(s)¢r(x)® (x) in the definition of generalized solutions, we have

[ ot —nsegee= [ [ wuciensr+ [ Freceo.
0 JRI 0 JRd 0 JR

Letting ¢ — 0 and R — oo and using the dominated convergence theorem, we immediately have (ii).
(ii) = (i) and (iii). Fix ¢ > 0. By the chain rule, one sees that for any » € C'([0, 1),

t t t
/ utht¢=// ush;¢+// Mshs[:8¢+// Fshg.
Rd 0 JR4 0 JR4 0 JR4
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By the linearity and a density argument, we obtain (i) and also have for all ¢ € C'([0, ¢]; Cr (RY)),

t t t
/ Urgr = / / Us d5@s + / / usﬁéfﬂs + // Fsos.
R4 0 d 0 JR4 0 JRY

Now for any ¢ € C;° (RY), taking ¢, (x) = T,_s¢ (x) € C ([0, 1]; Cyr (R%)) in the above equality, we obtain

t t t t
/ ur$p = _/ / ug Lops + / / MSESQOS + / / FT ¢ = / / T _sFs¢,
R4 0 JRd 0 JRE 0 JR4 0 JR4

where we have used the symmetry of 7;. Thus, (iii) follows by the arbitrariness of ¢.
(iii) = (ii). By Fubini’s theorem, we have

t t s t t
// usﬁgqbds:// (/ Z_,Frdr)ﬁgqbds:// </ Eg’]}_r¢)ds)Frdr
0 JRY 0 JRY 0 0 JRY r
t t
[ [ Ts-ora= [ wo- [ [ Fow
0 JRd R4 0 JR

(ii) now follows. O
We have the following existence-uniqueness result about the generalized solution of Eq. (3.7).

Theorem 3.6. For p > 1,ax € (1,2),y €[l,a) and g > ﬁ, assume that f € L Ry; LP(Rd)). Then, there exists

loc
a unique generalized solution u € C([0, 00); H;) to PIDE (3.7). Moreover,

luslly,p < Cell fllLaqo,n;Lpry, Yt =0, (3.8)

where C; > 0 is a continuous increasing function of t with C; = O(t'=v/*=14) a5t — 0.

Proof. Let u® = 0. For n € N, define u™ recursively by

t
u§")(x)=/0 Ti—s(k|Vu V| + £;)(x)ds, Vi =0. 3.9)

o

By (i) of Lemma 2.5 and Holder’s inequality, we have for g > -

t
1., =€ [ =9 e |vul I, + 141 8
0

t (q—D/q t 1/q
< C(/ (r — S)—qy/((q—l)a) ds) </ (Kq ”Vugn_l) Hf’ + ||fs||z,) ds> ,
0 0

which yields that

; '
Hugn) ||;1/7p < ctae—y-o)e (/0 ”@”f”“‘f’pds +[0 ||fs||gd5>

t t
< caerete( [furvps o+ [Cgiges),

By Gronwall’s inequality, we obtain that for all # > 0,

t
supluf” ¢, = C: [ I Ipas. (3.10)
neN 0
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Next, fixing T > 0, we want to prove the Holder continuity of mapping [0, T] > ¢ uﬁ") I= HZ. ForT >t >t >0,
we have

”t(n) (n) / (T_s — T, S) |Vu(n 1)|+f ds—i—/ T, S |Vu(n 1)|+f) Il(l,l/)—i-lz(t,l‘/).
For I1(¢,1"), using the semigroup property of 7;, we further have
I/
L(t,1) = f T2 T = DTy (k[ VD] + ;) ds
0

Hence, by Lemma 2.5, (3.10) and Holder’s inequality again, for § € (0, — y — —) we have

/

t
|G, =c /O (" =) 7| T = DT 2 (e Vu™D | + £)], ds

t/
= C/ (' =5) 7"t = )N Ty o (k[ VD 4+ £) s, p ds
0

t
< C(t _ t,f/a/() (t/ _s)—(}/+8)/<x(|| vugn—l)np + 1 f ”p) ds

w7 riosmaa-n [ (n—1) 14 g 4
e ([ -9 ) ([ Qv inig o)

1)
= C(f - f/) /a||f||Lq(|0,T];Lp(Rd))- (3.11)

For I>(t,t"), we similarly have

t
|72(2.7) ”%p = C/ (- S)iy/a(HV”ﬁnil) ”p + 11 fsll p) ds
t/

t 1-1/q t 1/q
§C< / (t—s)(_y/“)(q/(q_l))ds> ( f (||wg"—1>||j’,+||fs||%)ds)
t t

1— —1
<Cr(t =) 77V fllago.riLr- (3.12)

Combining (3.11) and (3.12), we obtain the desired Holder continuity.
Now, as (3.12), we can make the following estimation:

t
o =], = [0 (7] = [ s
, 1/q
< crrrita(( [ v ras)
0

”ugn) _ ut(m) “;I/ ) < Ct(q(a—y)—a)/a /t’|u§rz—l) (m 1) ”q ds,
’ 0

which then gives that

where C is independent of n, m and ¢. Using (3.10) and Fatou’s lemma, we find that

t
fim sup ||u§,") _uém) H;I/,P < Ct(q(a—}’)—a)/a/ lim Hu(n N _ (‘m—l)”Jq/’p ds

n,m—>ooxe[0 l] 0 n,m—o0

t
< CZ(Q(“*V)fa)/a/ im  sup HMYH) —uﬁ'"*‘)H;’/pdS

0 M=% cl0,s]
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and so, for any ¢ > 0,

Tim n) _ , m|9 _
o sup [ =™, =0.

Thus, there exists a u € C ([0, co); H p») such that for any ¢ > 0,

lim sup ||u(") — U || =0.

Taking limits for both sides of (3.9), we obtain the existence of a generalized solution, and (3.8) is direct from (3.10).
As for the uniqueness, it follows from a similar calculation. The proof is complete. ([

Let us now prove our second Krylov’s estimate.

Theorem 3.7. Suppose that a € (1,2), p > g Vv 1andq > a d Let (&)1>0 be a measurable and (F;)-adapted
process bounded by k, and let X; have the form (3.2). Fix an (%;)-stopping time t. Then for any Ty > 0, there
exist a constant C = C(Ty, k,d, o, p,q) > 0 such that any (F3)-stopping time t,and 0 < S <T < Ty, and all f €
LI(S, TT; LP(RY)),

TAt
E(/S fs(Xs)dS‘j"S> < Clfllzags,r1;r ®dy)- (3.13)

AT
Proof. Let us first assume that f € COO(RJr x R?). Choose y € (Z o — "‘) Let u € C([0, c0); H”, ») be the unique
solution of PIDE (3.7). Fix Ty > 0, and let v;(x) = ug,—(x). It is easy to see that v, is a generahzed solution of the
following PIDE:
v+ Lov+«k|Vul+ f=0, vp=0. (3.14)

Let p be a smooth non-negative function in R+ with support in {(s, x) € R+ |s| 4 |x| < 1} and fRdH p = 1. For
e >0, set

Pe(s, x) = 8_(d+1),0(8_ls, s_lx)
and
VO =vxpe, D= fuxp..
Taking convolutions for both sides of (3.14), we obtain
3,0 + Lov® +K|VU(€)| + f® < (B,U + Lov+k|Vv|+ f) * pg =0.

Here we have used Remark 3.4.
Using Ito’s formula for v (X;), we get

Tnt
E(v e (X7A0)|Fs) =05, (Xsnr) = B / ([8:07 + Lov”](Xs) + & al-vf)(XS))ds\f"s)
N

Tnt
/ [9,0© + Lov® + & |Vo®[](X,) ds‘ﬁ)
S

Thrt
< —E( / f;”(Xs)ds\f"s),
SAT
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which yields by (3.8) and (2.1) that

TrT
E(/ f5<€>(xs)ds‘rs> <2 sp pPw|=2 sup |u)]
SAt (s,x)€[0,Ty] xR4 (t,x)€[0,Ty] xRY

<2 sup |ur ()| < CIl flaqo,7p3:L)-
(t.x)€l0, T x RY

Taking limits & — 0, by the dominated convergence theorem, we have

AT

Tt
E(/ fs(Xs)dS)?s) < CllfllLaqo, ro1;LP)-
s

By a standard density argument, we obtain (3.13) for general f € L([S, T]; L? (R%)). ([l

4. Weak solutions for SDE (1.1) with globally integrable drift
In this section, we use Theorem 3.1 to prove the following existence of weak solutions for SDE (1.1).

Theorem 4.1. Suppose that @ € (1,2), y € (1, ), p > % and q > ﬁ Then for any b € L (Ry; L®(R%)) +

loc
q
L loc

space (2, F, P) and two cadlag stochastic processes ):( cand L, defined on it such that Liisa symmetric o-stable

(Ry; LP(R?)) and xo € RY, there exists a weak solution to SDE (1.1). More precisely, there exists a probability

process with respect to the completed filtration ¥, = o ¥ {X;, Ly, s <t} and
~ [ ~ ~
X: =xg +/ b(s, X;)ds+ L;, Vt=>0.
0

Proof. Our proof is adapted from the proof of [16], p. 87, Theorem 1. Let b = by + by with b € LS (Ry; LOO(Rd))

loc

and by € quoc(R+; LP(RY)). Let bf")(t, x) = (b;(t, ") * py)(x) be the mollifying approximation of b;, i = 1,2. It is
easy to see that for some Et(") € L}OC(RQ,

6™ (1, x) —b™ (1, y)| < € ]x —yl, Vx,yeR?.

Thus, the following SDE can be uniquely solved and the solution is denoted by X ,("),
t
Xt(") =x0+ / b(”)(s, XS(.")) ds+L;.
0
Claim 1: For some § > 1, we have

T
supE/ 6™ (s, X™)|* ds < 400, VT >0, (4.1)
neN 0

In fact, choosing § > 1 and p’ € (%, p).q € (ﬁ, q) such that p’§ = p and ¢'8 = ¢, by (3.3) and Young’s inequal-
ity, we have

T T
A T (e N eI [ s
0 0 U

T
< CT<1 + 1511l Lo, 71xRra) +E/0 |b§”)(svXf-”))|dS)||b2||iq<[o,r];Lp(Rd))
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= E/ 63" (s X(n))| ds + CT”b2”Lq/((0 T) LP(RY))

+ CT(l + ”bl ||L°°([(),T]><]Rd)) ||b2||L‘1([0,T];LP(Rd))’

which then implies (4.1).
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Let ID be the space of all cadlag functions from R to R?, which is endowed with the Skorohod topology so that

D is a Polish space. Set

t
H,(") :=/ b(")(s,Xén))ds.
0

Using Claim 1, it is easy to check that the following Aldous’ tightness criterions [2] (see also [15], Theorem 15.55)

hold:

lim lim P( sup ‘H( )‘>N> 0, VT >0,
N—oon=>00  ¢0,7]

and

lim lim sup P(‘H(") (") }>a) 0, VT,a>0,

e—>0n—>o0 TeST

where St denotes all the bounded stopping times with bound 7. Thus, the law of 7 — Ht(") in D is tight, and so does
(H,("), L.). By Prohorov’s theorem, there exists a subsequence still denoted by n such that the law of (H,("), L.)inD x
DD weakly converges, which then implies that the law of (X .(”), L.) weakly converges. By Skorohod’s representation
theorem, there is a probability space (2, F, P) and the D x D-valued random variables (X .(n), l~4.(n)) and (X., L))

such that

(i) ():(.(”), l:,.(")) has the same law as (XS"), L)inD x D.
(i) (X.("), L.(")) converges to (X., L.), P-almost surely.

In particular, L is still a symmetric a-stable process and
~ t ~ ~
X" =xo+ / b™ (s, X™M)ds + ™.
0

Claim 2: For any non-negative measurable function f and 7 > 0, we have

T
E/(; Js(Xs)ds < Crll fll ao, 73 L (RY) -

where [ denotes the expectation with respect to the probability measure P.
Let f € Co([0, T x RY). By the dominated convergence theorem, we have

T T T
Efo Jo(Xs)ds anEE‘oE/O fo(X7)ds = nlifc}o]E/O £(X7)ds < Clfllpaqo.ryLr @y

where in the last step we have used (3.3) and (4.1). For general f, it follows by the monotone class theorem.

The proof will be finished if one can show the following claim:
Claim 3: For any T > 0, we have

T
lim IE(/ |b§")(s,5(§">)—b,»(s,f(s)|ds>:o, i=12.
0

n—oo

4.2)
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Let xg(x) be a smooth non-negative function on R? with xg(x) = 1 for |x| < R and xg(x) =0 for |x| > R + 1. Then
forany n,m e N,

r T
fE( /0 Ibi")(s,)?‘ﬁ”))—b1<s,5fs)|ds) ng( /0 B (s, X) = b s, ggn>)|ds)
~ T -~ -
+IE</ |6 (5, X)) — "™ s, X‘Y)|ds>
0

T
+ IE(/ |6 (s, Xs) = bi(s, Xy)| ds)
0

=" . (4.3)
For fixed m, by the above (ii) and the dominated convergence theorem, we have

lim 1;"" =0

For Il("’m), by Claim 1, we have

T i T g
Il(n,m) < ”bl ”LOO([O,T];LOO(]R‘I)E(\/O |1 — XR(Xg”))’ds) +]E</O [XR|b§n) — bim)”(s, Xgn))d?>

T T
< [ B e m( [ Lualof?” - o). x07) )

C
=%t C”XR|b§n) - b%m)}”L‘I([O,Tl;LP)'

Similarly, by Claim 2, we have

C
13(n’m) =% + C”XRV’Y”) — by ”L‘i([O,T];Ll’)‘

Taking limits for both sides of (4.3) in order: n — 0o, m — o0 and R — o0, we obtain (4.2) for i = 1. It is similar to
prove (4.2) for i = 2. The whole proof is complete. ]

Remark 4.2. When b is time-independent and the Lévy measure v(d§) = IslcT‘i“ d&, Theorem 4.1 has been proven by
Chen, Kim and Song [7], Theorem 2.5, by different argument.

S. Proof of Theorem 1.1
We now consider the following linear PIDE for A > O:

qu=Lo—Nu+bdu+f, up=0. (5.1
As in the previous section, one may define the notion of generalized solutions and has:

Theorem 5.1. Let o € (1,2) and y € (1, «). Assume that for some p > % and<Be(l—y+ %, 1),

be Ly (Ry, L°(R)NWE), el (Ry; WP).
Then there exists a unique generalized solution u = u* € C(R,; H;H}) to PIDE (5.1). Moreover, for some § > 0 and
any A > 1,
[

-6
||)’+ﬁ,l7 E Ct)" ”f”LOO([O,l‘],Wﬁ)’ Vt 2 Oa (52)
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where C; > 0 is an increasing function of t with lim, o C; = 0.

Proof. As in the proof of Theorem 3.6, we only need to prove the a priori estimate (5.2). Let u satisfy the following
integral equation:

t .
we = [ I g+ )b Vi z0.
0

[
a—y—¢

Letee (0,0 —y)and g > . By Lemma 2.5 and Holder’s inequality, we have

t .
luelly+p.p < C /O e M — ) T (B sy, + 11 fillpe.p) ds

2.4) 1/q

t (a=D/q o N
< c( / ekq<”>(t_s>q<y+8>/<<q‘)a)ds> ( / (|5 a,»us|}ﬂp+||fs||;,,,)‘1ds>
0 0 ’

© (g—1/q t N
- Ck<y+s>/a1+1/q(/0 essq<y+s>/<(q1)a)ds) (/0 (|5 8ius||ﬁ,p+||fs||§,,,)qu>

Inviewof (y +8 —1)p >d and y > 1, we have

e (bl 3ju5) (x) — (bl Bu5) ()P Ve
|bf s, < ||bs||oo||ws||p+</Rded ST drdy

1/q

= NbslloollVuslly + 1B lloo I Vutslig, , + 105115 I Vits lloo

2.1) - -
= ”bS”oo”ux”l,p + 1155 lloo Il ||1+/3,p + C”bs”ﬁ,pnus ||y+/3,p

2.4) ~
= C(“bs”oo + ||bsl|ﬂ,p)||us||)/+ﬁ,p-

Hence,
q q(y+e)/a—q+1 q ! q q
el 5., < Ch (nanm Gorersty Jo 1515 45,5 05 + A1 ([Oﬁt];wﬁ))
By Gronwall’s inequality, we obtain (5.2) withd =q — 1 — w > 0. O
Below, we assume that b € L7 (R ; L®@RY N W’,’;) with
o 2d
ﬂe 1__31 ) pP=>— (5.3)
2 o

and fix

o
y € (<1+§—ﬂ>v1,a).
As in [12,21], let u¢ solve the following PIDE:
du' = (Lo—Mu +b qut +b°, uf(x)=0,=1,...,d.

Fix T > 0 and set

ve(x) = (uf_, (x), ..., ub_,(x)).
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Then v;(x) solves the following PIDE:
Wv+ (Lo—MV+D Jv+b=0, vr(x)=0.

Since (y + 8 — 1)p > d, by (2.1) and (5.2), one can choose A sufficiently large such that

1

sup sup |VVI(-X)| = Sup C||Vt”}/+ﬂ p =< CT)\' ”b“Loo( 0,71; Wﬁ = 2

t€[0,T] xeR4 1€[0,

Let us define
D (x) = x + v, (x).
Since for each t € [0, T'],
1 3
Sl =yl <|®(x) — & (M| < Slx -yl
2 2
X — @;(x) is a diffeomorphism and

Ve, (x)| < % Vo, ()] < 2.

54

(5.5)

(5.6)

Lemma 5.2. Let @;(x) be defined as above. Fix an (¥;)-stopping time t and let X; € 8] (x) be a local solution of

SDE (1.1). Then Y; = @;(X;) solves the following SDE on [0, T A T):

Y, = @0()6)—{—/ bs(Y)ds—i—// gs(Ys— ,z)N(dv dz)+// gs(Ys—,z)N(ds, dz),
lz|=1 [z[>1

where

bs(y) == avs (@, () — f [ve (2,1 () +2) = vs (@5 () ]v(da)

|z]>1

and
& (3,2 =Dy (® (M +2) —
Proof. Set
Vi(x) := (v po)(t, x), @ (x) =x+V;(x).

By It6’s formula, we have for all t € [0, T A 1),
(X)) = DE(Xo) +/Ol[asqb§(xs) + (b} 3:0F)(X)] ds
- ft/||<l[q>§(xs +2) = PE(X;-) — 2 ;DL (X)) |v(dz)ds
2l
+ /t/||<1[¢§(XS— +2) — ®5(X,-)|N(ds, dz)
zl<

t
+ / / [0F (X, +2) — D5 (X,)|N(ds. d2)
|z]>1

= D{(Xo) + I} (1) + I (1) + I{ (t) + I; (1).

6.7

(5.8)

(5.9)
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We want to take limits for the above equality. First of all, for /; (¢), by the dominated convergence theorem, we have
t t
I;(t) = / / ZN(ds,dz) + / / [Vﬁ(XS, +2)— V§(XS,)]N(ds, dz)
0 Jz|>1 0 Jz|>1
t t
> [ avasa s [ i+ - oo Ve g
0 J]|z|>1 0 Jz|>1

t t
= // [@5(Xs— +2) — Ps(X,—)|N(ds,dz) = // gs(¥s—, 2)N(ds, dz),
0 J]|z|>1 0Jz]>1

and for I (1),

2
E

INT
/ / [@F(Xy— +2) — PE(Xyo) — Dy(Xy— +2) + Py (X)) |N(ds, dz)
0 lz|<1

INT
= ]E/ / | D5 (X +2) — PE(Xy) — By (X +2) + By(X,-) [ v(dz) ds — 0,
0 |z]=<1
where we have used that for some C independent of ¢,
| B8 (X5 +2) — DL (X,-)| < Clzf.
Noting that
3@ =8V = —(Lo — MV — (b' V) % pe — b * pe = — (Lo — MV — (b ;D) * pe,

we have

t t
IE(@) + I5(0) = A / VE(Xy)ds — / [V (X, 4 2) — V2 (X,)]v(dz) ds
0 0

|z|>1
t . .
+/ [(6L0;@2)(Xs) — ((b' 0; D) * pe ) (5, X5)] ds.
0
By the dominated convergence theorem, the first two terms converge to
t t t .
A/ vy (X)ds — / / [Vs(Xs +2) — Vs (Xy)]v(dz) ds = / by(Yy)ds.
0 0 Jz|>1 0

Using Krylov’s estimate (3.13), we have

INT
E/ () 8:0F) (X,) — ((b' 8 ®) * pe) (5, X,)| ds
0

q/p
< c/’(/dl(bf; 8 f)(x) — ((b' i @) *pg)(s’x”pdx) 45 50,
0 R

where g > ~%;. Combining the above calculations, we obtain that ¥; solves (5.7). O
We are now in a position to give:

Proof of Theorem 1.1. We first assume that for some B, p satisfying (5.3),

beLin(Ry: L¥(RY) NWP).
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The existence of weak solutions has been obtained in Theorem 4.1. Below, we concentrate on the proof of the pathwise
uniqueness. A

Fix an (#;)-stopping time 7 and let X;, X; € 4, (x) be two solutions of SDE (1.1). Fixing T > 0, we want to prove
that

Y, i =®,(X) =@, (X)) =:Y¥;, Vte[0,T A7)
Define 69 =0 and forn € N,

op :=inf{t >0,-1: |Ly — Li—| > 1}.
Set

anT =o, AT AT.

Recall (3.1) and

t
/ f g (Yo, IN(ds, d2) = Y gs(Yom, Ly = Ls) - L, -1, |>1-
0 J]z]>1

s€(0,t]

By Lemma 5.2, Z; :=Y; — f/l satisfies the following equation on random interval [UnT , crnT L)
t

t
Zi=Z, + / [5:(Yy) — By (%) ds + / / [8:(Ye.2) — g (P )] N (ds. da). (5.10)
ol ol Jlz|<1

n

Let us first prove that
Z;, =0 as.on [0, alT).

Note that by (5.8), (5.5) and (5.6),

|bs(») — b5 (¥)| = Cly — ¥']. (5.11)
and by (2.5),
863, 2) = 85 (', 2)[ = [@5(@7 () +2) = Ds(7' (1) = s(771 () +2) + D (27 (V)]
= Vs (2710 +2) = Vs (271 ) = Vs (27 () +2) +vs (@7 ()]
= |(Tve) (@7 () = Teve) (@77 ()]
< Clo7 ) = 27 ()] - (MIVT (9571 () + MIVTvsl (257 ()))
<Cly—y'|- MIVTvg| (@, (1) + MIVTzv,l(@,(y)))- (5.12)

Since E|X;|?> = +o0, in order to take expectations for (5.10), we need to use stopping time to cut off it. For R > 0,
define

¢ri=inf{r > 0: |X,| v |X,| > R}. (5.13)

Let n be any (F;)-stopping time. By (5.10), (5.11) and (5.12), we have

2 IAGIT/\gR/\n 5 R 5
B1Z,0 ngur-I = CE | (|zs| et - i) v(dz)) ds
0 [z]=1

tAn

IAUIT/\§R/\71 2 5
<cz | 2P A6+ A) S CE [ 1Z0pgp 1y PG+ Aun)
0 0



Discontinuous SDEs driven by Lévy processes 1077

where
t
(oad - (oad - > 2
A= f (MIVTvl(@1(Y)) + MIVT.vgl (@, (1)) v(dz) ds.
|z]<1
By Fubini’s theorem, we have

EAine = / E / (MIVTvs[(Xs) + MIVT2vs|(R)) dsv(dz)
lz]=<1

(3.13)
< C/ sup H(M|VJZV;) [ p/2V(d2)

z|<1 5€[0,1]

= Cf sup HMlVJ VY||| v(dz) < C/ sup ||TZVS||%7pv(dz)
\ \

z|<1 5€[0,7] z|<1 5€[0,1]

@.7) 3
< C sup ”VV”y+ﬂp/ |Z|2(V+ﬁ Dy(dz) < +oo,
5€[0,1] lz1=<1

where in the last step we have used (5.5), 2(y + 8 — 1) > « and (1.5). Therefore, ¢t — A;A; is a continuous (F;)-
adapted increasing process. By Lemma 2.6, we obtain that for all # > 0,

ZZMITMR_ =0, as.
Letting R — oo yields that forall r € [0, T A 1),

Zinoy— =2 =0, as.

T/\(T1
Thus, if o1 < T A 7, then
Zo, = Zo— + (86, (Yo~ Loy = L)) — 80, (Yo, Ly — Ly )] =0
Repeating the above calculations, we find that foralln e Nand t € [0, T A 1),
Zirno,— =0 as.
Letting n, T — oo produces that for all ¢ € [0, 7),
Z=0 = Y, =Y, = X, =X as

Lastly, we assume that b satisfies (1.7) and (1.8). For n € N, let x, € Cgo(Rd) with ,(x) =1 for |x| <n and
xn(x) =0 for |x| > n + 1. Define

b (x) = by (x) 3 (x).

Then b € Ly (Ry; L®(R?) x wh »). By the previous proof, for each x € R¢, there exists a unique strong solution

X" € 8% (x) to SDE (1.1) with drift 5. For n > k, define

Tk (X, ©) :=inf{r > 0: ]Xt(")(w,x)] > k}.
It is easy to see that

X(Vl)(x) X(k)(x) /S;Itkl)((x)( )

Since the local uniqueness has been proven, we have

Plw: X (@, x) = X (@, x),¥1 € [0, tux (x, )} =
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which implies that for n > k,

Tk,k(x) =< Tn,k(x) < fn,n(x)a a.s.

Hence, if we let i (x) := 1 x(x), then ¢, (x) is an increasing sequence of (F;)-stopping times and for n > k,

Plo: X" (x,0) = XP(x,0), Vi € [0, 51 (x, )} = 1.

Now, for each k € N, we can define X;(x, w) = X,(k) (x,w) for t < & (x, ) and ¢ (x) = limg_, o &x(x). It is clear that

X, (x) € 859 (x) and (1.9) holds. 0
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