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Abstract: We consider the efficient estimation of the semiparametric ad-
ditive transformation model with current status data. A wide range of sur-
vival models and econometric models can be incorporated into this general
transformation framework. We apply the B-spline approach to simultane-
ously estimate the linear regression vector, the nondecreasing transforma-
tion function, and a set of nonparametric regression functions. We show
that the parametric estimate is semiparametric efficient in the presence of
multiple nonparametric nuisance functions. An explicit consistent B-spline
estimate of the asymptotic variance is also provided. All nonparametric es-
timates are smooth, and shown to be uniformly consistent and have faster
than cubic rate of convergence. Interestingly, we observe the convergence
rate interfere phenomenon, i.e., the convergence rates of B-spline estimators
are all slowed down to equal the slowest one. The constrained optimization
is not required in our implementation. Numerical results are used to illus-
trate the finite sample performance of the proposed estimators.
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1. Introduction

We consider the efficient estimation of the following semiparametric additive
transformation model:

d
=Z'B+ Y hi(W;) +e, (1)
j=1

where H(-) is a monotone transformation function, h;(-)’s are smooth regression
functions (with possibly different degrees of smoothness), and € has a known dis-
tribution F'(-) with support R. A wide range of survival models and econometric
models can be incorporated into the above general transformation framework,

g., [10, 20, 11, 1, 2]. In particular, the model (1) can be readily applied to a
failure time T by letting U = logT. We can obtain the partly linear additive
Cox model, i.e., [11], by assuming F(s) = 1 — exp(—e®) and H(u) = log A(e"),
where A is an unspecified cumulative hazard function. Specifically, the hazard
function of T', given the covariates (z,w), has the form

d
At|z,w) = a(t) exp(S ZB wj)) (2)

where a(t) is the baseline hazard function, B = —p and fzj = —h;. However,
if we change the form of F(s) to e®/(1 + €°), the model (1) just becomes the
partly linear additive proportional odds model.

Motivated by the close connection with survival models, we focus on the
current status data in this paper which arises not only in survival analysis but
also in demography, epidemiology, econometrics and bioassay. More specifically,
we observe X = (V, A, Z, W), where V € R is a random examination time and
A = 1{U < V}. We assume that U and V are independent given (Z, W). Under
current status data, the model (1) is also related to the semiparametric binary
model studied in econometrics. Using the link function F(-), we assume that the
probability of A = 1, given the covariates (Z, W, V), is of the expression:

d
P(A=1ZW,V)=F [BZ+> hj(W;)+HV) | . (3)
=1

Note that [1] and [2] have done a great deal of statistical estimation and hy-
pothesis testing on the model (3) (without ﬁj terms) by assuming F'(-) to be
log-log function and logistic function, respectively. An extensive discussions on
the relation between (3) and survival models can be found in [9]. Recently a
similar transformation model has been considered by [4] but for the right cen-
sored data. They showed that the monotone transformation function is root-n
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estimable which will never be achieved in the case of current status data. This
is the key theoretical difference between the two types of survival data.

In this paper, we employ the B-spline approach to simultaneously estimate
the vector [, monotone H and smooth h;’s. The corresponding estimates are
denoted as 3 , H and /f;j. In contrast, [16] apply the penalized NPMLE approach
to (1) (with d = 1) which yields a non-smooth step function H and the pe-
nalized estimate h. Our B-spline framework has the following theoretical and
computational advantages over the existing penalized NPMLE approach:

1. Our B-spline estimate H is smooth and uniformly consistent. However, H
is always discontinues (regardless of the smoothness of its true function
Hj) and has a bias which does not vanish asymptotically; see Page 2258 of
[16]. We can also obtain the faster rate of convergence for H than that for
H,ie., Op(n—'/3), by using the B-spline estimation approach. Therefore,
we expect more accurate inferences drawn from H.

2. We are able to give an explicit B-spline estimate for the asymptotic vari-
ance of # based on which the asymptotic confidence interval of 8 can be
easily constructed. Under very weak conditions, its consistency is proven.
However, the block jackknife approach in [16] requires more computation,
and is even not theoretically justified.

3. Our spline estimation algorithm requires much less computation than the
isotonic type algorithm used in [16] since the order of jumps in the step
function is supposed to be much larger than the order of knots we choose
for estimating H and h;’s.

In contrast with [11], we deal with the current status data rather than the right
censored data, and thus we also need to estimate the monotone transforma-
tion function which has been profiled out in their partial likelihood framework.
Desplte the non-root-n convergence rates of H and h s, we are able to show

that ﬁ is root-n consistent, asymptotically normal and semiparametric efficient.
We derive the efficient information bound by taking the general two-stage pro-
jection approach from [19] which is needed due to the involvement of multiple
nonparametric functions in semiparametric models. Interestingly, we observe
the convergence rate interfere phenomenon for the B-spline estimators, i.e., the
convergence rates of nonparametric estimators are all slowed down to equal the
slowest one. Moreover, by approximating log H with the B-spline, we can avoid
the monotonicity constraint in the implementation, which is usually required in
the literature, e.g., [28].

The remainder of the paper is organized as follows. Section 2 describes the
B-spline estimation procedure. The asymptotic properties such as consistency
and convergence rates of the estimates are obtained in Section 3. The asymp-
totic distribution of the parametric component is studied in Section 4, and its
efficient information and the corresponding explicit B-spline estimate are given
in Section 5. Simulation studies are presented in Section 6.1. We close with an
appendix containing technical details.
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2. Semiparametric B-spline estimation

2.1. Assumptions

We first define some notations. For any vector v, v®2 = vv’. The notations 2

and 5 mean greater than, or smaller than, up to a universal constant. We de-
note A,, < B,, if A,, £ B,, and A,, 2 B,,. The notations P,, and G,, are used for
the empirical distribution and the empirical process of the observations, respec-
tively. Furthermore, we use the operator notation for evaluating expectation.
Thus, for every measurable function f and true probability P,

1 L\
]P’nf:ﬁ;f(Xi), Pf:/fdP and an:ﬁ;(f(Xi)—Pf)-

We next present some model assumptions.

M1. U and V are independent given (Z, W).

M2. (a) The covariates (Z, W) are assumed to belong to a bounded subset in
R*4 say [0, 1] x [0, 1]¢. The support for V is [l,, u,], where —oo < [, <
uy < +00; (b) The joint density for (Z,V, W) w.r.t. Lebesgue measure
stays away from zero, and the joint density for (V,W) stays away from
infinity.

M3. E(Z — E(Z|V,W))®? is strictly positive definite.

M4. The residual error distribution F(-) is assumed to be known and has sup-
port R. Denote the first, second and third derivative of F as f, f and f,
respectively. We assume that (a) (f(u)V |f(u)| V [f(u)]) < M < co over
the whole R and f(u) stays away from zero in any compact set of R; (b)
[f2(v) = f)F()] A [f2(v) + f(v)(1 — F(v))] > 0, for all v € R.

Since we employ the smooth B-spline estimation rather than the penalized
NPML estimation, our residue error Condition M4 is much less restrictive than
that in [16]. Note that Condition M4(b) ensures the concavity of the function
s 0log F(s) + (1 — ¢)log(l — F(s)) for 6 =0, 1.

It is easy to verify that the above Condition M4 is satisfied in the following
two general classes of residue error distribution functions after some algebra.

F1. F(s) = y[20(y" )] [° exp(—[t]")dt for v > 1 is a family of distribu-
tions, which includes the standard normal distribution after appropriate
rescaling (7 = 2). This corresponds to the probit model [12].

F2. F(s) = 1 — [1 + ve*]~%/7 is a Pareto distribution with parameter v €
(0,00) and corresponds to the odds-rate transformation family, see [7, 8].
It includes the following two well-known special cases:

(a). Given v — 0, it yields the extreme value distribution, i.e. F(s) =
1—exp(—e?®), which corresponds to the complementary log-log trans-
formation, see [1];

(b). Given v = 1, it gives the logistic distribution, i.e. F(s) = e®/(1+¢®),
which corresponds to the logit transformation, see [2].
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2.2. B-spline estimation framework

From now on, we change the signs of 3 and h; for simplicity of exposition. In
addition, we re-center H (v) to H(v)— H(l,) so that H(l,) = 0 for the purpose of
identifiability. The additional parameter H (l,) will be absorbed into the vector
B, i.e., the first coordinate of z is set as one. Given a single observation at
x = (v,6, z,w), the log-likelihood of model (1) is written as

d
(B, h,... ha, H) = 8log { F | H(v) + B2+ hj(w;)

Jj=1

d
+(1=0)logq 1= F [H(w)+ 2+ hj(w;)| p. (4)

j=1

We assume that 8 € B, which is a bounded open subset in R!, and that its
true value Sy is an interior point of B. Before specifying the parameter spaces
for H and h;’s, we first introduce the Hélder ball H[(Y), which is a class of
smooth functions widely used in the nonparametric estimation, e.g., [22, 23].
For any f € HL()), it is J < r times continuously differentiable on Y and its
J-th derivative is uniformly Holder continuous with exponent k = r—.J € (0, 1],

ie.,
(J) _ £
sup Lf(y1) = f (yo)] <e

— K
Y1,Y2€V,y17Y2 ly1 — 2|

The functions in the Holder ball can always be approximated by a basis expan-
sion, i.e.,

K
F(&) = wBi(t) = y'B(t), (5)
k=1

where v = (71,...,7x) and B(t) = (B1(t),..., Bk (t)). Actually, if the degree
d of the B-spline satisfies d > (r — 1), we have
If =9¥Blloc < K" as K — oo, (6)

where || - ||o denotes the supremum norm..
Assume the following parameter space Condition P1 for the smooth h;.

P1. For j =1,...,d and some known c;, we assume that the parameter space
for h; is H;, where

1
Hj = {h] : hj S HZ; [O, 1] with r; > 1/2 and / hj(wj)dwj = O} s
0
and that the corresponding spline space is

1
Hin = {hj :hj(w) = v;Bj(w) with [|2;]le < ¢; and / hj(w;)dw; = O} ,
0
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based on a system of basis functions B; = (Bj1,...,Bjk;)" of degree
dj Z (T‘j — 1)

As seen from the previous examples, it is reasonable to assume that H(-) is
differentiable and strictly increasing over [l,,u,], i.e., H(v) > Cy > 0. Con-
sidering that H(l,) = 0, we can thus write H(v) = [’ exp(g(s))ds, where

g(v) = log H(v) is well defined. Such reparametrization can get around the
strict monotonicity and positivity constraints of H, and thus avoids the con-
strained optimization in the computation. The parameter space Condition P2
for g is specified below.

P2. For some known ¢y, we assume that the parameter space for g is G, where
G={g:9€HL[l,,u] withro > 1/2},
and that the corresponding spline space is
Gn ={g:9(v) =%Bo(v) and [l < co}
based on a system of basis functions By = (Bo1, ..., Bok,) of degree
do Z (TO - 1)
Similarly, we define G, = {H(v) = [;’ exp(g(s))ds : g € Gn}. By some algebra,
we can show that H € H?™'[1,,,u,] for some ¢} < cc.
0
Remark 1. Note that in the theoretical proofs and numerical calculations the
exact values of ¢; are not necessary. Instead, only the boundedness condition,
equivalently the compactness of parameter spaces and spline spaces, is needed.

Here we assume this boundedness condition, which can be relaxed by invoking
the chaining arguments, only for simplifying our theoretical derivations.

In this paper, we propose the B-spline approach to estimate H and h;’s as
follows. Let A = B x G x H?ZlHj and A, = B x G,, X HleHjn- Denote « as
(B',g,h1,...,hg) and its true value ag as (8), go, h10, - - - , hdo)’, where go(-) =
log Ho(-). The log-likelihood (4) for the observation i can thus be reparametrized
as

v d
li(a) = d;log { F | Bz +/ exp(g(s))ds + Zhj(wij)
j=1

v

Vi d
+(1—=6)logd 1 —F |B'z + / exp(g(s))ds + Z hj(wi)| p. (7)
=1

v

The corresponding B-spline estimate & is defined as

n
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We can also write a=(3, g,ﬁl, .. ha) = (B',9)B0,7,Bu, . ..,7,Ba)’. Then,
the estimate H (v fl exp(7yBo(s))ds. Some tedious algebra reveals that the
Hessian matrix of li(a ) w.rt. (6,79, 71 - --»7,)" is indeed negative semidefinite
under Condition M4(b) which guarantees the existence of &. See more discus-
sions on the computation feasibility in the simulation section. The above esti-
mation procedure also applies to other linear sieves approximating the Holder
ball (or more generally Holder space), e.g., wavelets.

3. Consistency and rates of convergence

In this section, we show that our B-spline estimate is consistent and the conver-
gence rate of each nonparametric estimate appears to interfere with each other.
Define

d
d(a,a0) = |8 = Boll + | H = Holl2 + > _ Ik — hijoll2,
j=1
where || - ||2 is the Ly norm. Now we give the main Theorem of this section.

Theorem 1. Suppose that Conditions M1-M4 and P1-P2 hold. If K;/n — 0
for j=0,1,...,d, then we have

d(a, ao) = Op(l). (9)

More specifically, we further prove that

d(@, a0) = Op <Omjaé(d {K;”‘ v \/m}) . (10)

If we further require that K; < /@it for j=0,...,d, then we have
d(@, ap) = Op(n~"/Cr), (11)

where r = ming<;<qa{r;}.

Under the right censored data, [11] derived similar convergence rate result
(10) in the partly linear additive Cox model by assuming equal r;’s. Accord-
ing to Theorem 1, the smooth H can achieve the rate of convergence, i.e.,
Op(n="/Cr+1) no slower than n'/3-rate derived in the penalized estimation
context, see [16], when we assume that go and hjo’s are all at least continuously
differentiable, i.e., r > 1. More importantly, we can further show that H is uni-
formly consistent, i.e., |H — Hyllsc = op(1), by applying Lemma 2 in [5] that
1 llso ||f||§g/(j;b§d for any f € HZ[a,b]? and noting that H, Hy € H L, )
for some ¢}, > 0.

The above theorem also holds when we employ the constrained monotone B-
spline to approximate Hy, i.e., 7\ Bo(v) =~ log H (v) with 701 < Y02 < -+ < Yok, -
However, such constrained optimization usually requires additional computa-
tional effort, see [28].
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Remark 2. From the above Theorem 1, we observe the interesting convergence
rate interfere phenomenon, i.e., the convergence rate for each B-spline estimate
is forced to equal the slowest one. In [16], they also show that the convergence
rate of the penalized estimate % is unfortunately slowed down to Op(n=/3) by
the NPMLE H regardless of the smoothness degree of hy. One possible solution
in achieving the optimal rate for each nonparametric estimate is to extend the
most recent mixed rate asymptotic results [18] to the semiparametric setup.

Since we assume that r > 1/2, the convergence rate given in (11) is always
op(n~%). Such a rate is usually fast enough to guarantee the regular asymp-
totic behavior of 3, i.e., /n-consistency and asymptotic normality. Indeed, we
will improve the current suboptimal rate of 3 in (11) to the optimal \/n rate,
and further show that B is semiparametric efficient in next section.

4. Weak convergence of the parametric estimate

In this section, we study the weak convergence of the spline estimate 3 in the
presence of multiple nonparametric nuisance functions. We first calculate the
semiparametric efficient information based on the projection onto the nonorthog-
onal sumspace.

Let

0 1-946
o) = 160) (75 - 7o)

where 0(z,v,w) = 'z + H(v) + E?Zl hj(w;). Denote 6y as the true value of 6.
The score functions (operators) for 3, g and h; are separately calculated as

(5(X;0a) = ZQp(X), (12)
. 174
fylalxio) = | | exp(g(s))a(s)ds] Qo(X). (13)
On, [b;)(X 5 ) = by (W) Qo (X). (14)
We assume that a € Ly(H) = {a : flu” %(s)dH(s) < oo} and b; € L(w;) =

fo i(w;)dw; = 0 and fo (wj)dw; < oo} so that all the score functions
deﬁned above are square 1ntegrab1e
To calculate the efficient score function £, 5, we need to find the projection of /4
onto the sumspace A = Ay+Ap, +- -+ Ay, where A, = {é [a] s a € Lo(H)} and
Ap, = {Kh [b;] : b; € Lo(wj)} For simplicity, we define £5(X; ag) and f5(X; @)
as 650 and é , respectively. The same notation rule applies to ég[ al(X;a) and

Ehj[ (X ) We define

d
05(Xs50) = (5(X; ) — [l (X:0) = 3 b1, (X ),

j=1
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where a' = (af,....a])" and bl = (b],,....b},)". And (af,b],,....b],) is the
minimizer of
2

(ak7b1k7"-7bdk) — F [f,@o qo ak thjo Jk

for k =1,...,1. Similarly, denote Zﬂ (X;ap) and EB(X; Q) as Zﬂo and ZB’ respec-
tively. By taking the two-stage projection approach from [19], we have

B((Z - B OV)Q3,(0IV)
(@, (01V) )Q“X)

l50(X) = (Z —bt(w) — (15)

where bf (W) = 2%

“|

for every bj, € L(w;), j = ,dand k =1,... 1. By slightly modifying the
proof of Lemma 4 in [16], we can show that the above nonorthogonal projection
is well defined and bf(-) exists by the alternating projection Theorem A.4.2
in [3].

Define 1I; and II, as the projection operators

b (W;) satisfies

E((Z —b'(W))Q3,IV)
E(QF,IV)

Z —b'(W) —

ngbjk(Wj)} =0 (16)
k

ElgV QR IW, =] | Elg(V. W)@,V =
ElQ3 IW; =w;] = ¢ EQ; |V =1]
respectively. Define

E[ZQ%OH/ =0u, W =w]

ng|—>

E[Q§0|V =, Wj = wj]

D(v,w) = EQIV=0W=u]’ S(v,w;) = BQEW, = w]
T (we ;) = EQ3, Wi = wi, W; = w] O, 0) = E[Q3, W) = w;, V =]
o ElQ5,IW; = w] g BlQ3,IV =]

We say a function f(s,t) belongs to a uniform Holder ball HL(S x 7)) in ¢
relative to s if it is J < r continuously differentiable w.r.t. ¢t and its J-th partial
derivative satisfies, with kK =r — J,

J J
|ft( )(Sutl)_ t( )(87t2)| <ec

sup sup

seES tl;étz |t1 _t2|’Ii -
Define S f (v, w;) = S(v,w;) fvw, (v, w;), T f(wi, wy) = T (wi, wy) fov, jw, (wi, wy)
and U f(w;,v) = U(wjav)ij|V(wjav)a where fyyw;, fw,w, and fw,v are

the conditional densities of V' given W;, W; given W; and W; given V w.r.t.
Lebesgue measure, respectively.

Here, we assume some model assumptions implying that both b;r-k and aL
belong to some Holder balls for any j =1,...,dand k=1,...,1.
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M5. We assume that [I1;D(v, w)]x € HZ[0,1], Sf (v, w;) € HZ ([ly, uy] x [0,1])
in w; relative to v and T f(w;,w;) € HZ[0,1]* in w; relative to w; for
some 0 < ¢; <ooand j=1,...,d.

M6. We assume that [IT, D (v, w)] € H2 T 1, u,] and U f(w;,v) € H2 ([0, 1] x
[lv; uy]) in v relative to w; for some 0 < &y < 0.

Note that we can simplify Sf(v,w;) (Tf(w;,w;)) to S(v,w;) (T(w;, w;)) in

Condition M5 and simplify U f(w;,v) to U(w;,v) in Condition M6 when we

assume that V and W are independent and that W is pairwise independent.

Theorem 2. Suppose that Conditions M1-M6 and P1-P2 hold. If K; < nt/@ri+1)

and I~0 is invertible, then we have

> 1 717 d -~
V(B = o) = —= DIy sy (Xi) +op(1) == N(0,1;1), (17)
i=1
where INO is the efficient information matriz defined as E%OZ’BO.

5. B-spline estimate of the efficient information

In this section, we give an explicit B-spline estimate for the efficient information
as a by-product of the establishment of asymptotic normality of 8. Indeed, it is
simply the observed information matrix if we treat the semiparametric model as
a parametric one after the B-spline approximation, i.e., H; = H;, and G = G,,.
Specifically, we treat ¢;(a) defined in (7) as if it were a parametric likelihood
(B, 70,715 - - Va)-

We construct the corresponding information estimator for (8, 0,71, --,7v2)":
~ (i T
(i ) ’
2T T KX (4T K)

where Tj = Y7 A;(Xi; @) AL (X4;@)/n, for j,k = 1,2, and
A (X)) = éﬁ(X;oz),
. . . . /
Ar(X;a) = (69[301],...,Kg[BOKO],éhl[BU],...,éhd[Bde]) .

The parametric inferences imply that the information estimator for 3 is of the
form

T=1, - fmfg_glfm- (18)

Some calculations further reveal that

®2
d

T=P, |- 616G Bo) - S 6 [3])B)] | (19)

j=1
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where [:y;]Kjxl = (7;1, . ,'y;l) forj =0,1,...,dand (”ygk, e ,”y;k)T = Iy In1 1y,
where 1 represents the [-vector with its k-th element as one and others as zeros.
We will use (18) as our estimator for Ij.

We need the following additional assumption for Theorem 3.

M7. We assume that

v 2
E sup V [exp(g(s)) — exp(go(s))]ax(s)ds| < | H — Holf3-

ar€Gn ly

Theorem 3. Under Conditions M1-M7 and P1-P2, we have s :f0.

Note that the consistency of the similar random-sieve efficient information
estimate was also proven in the linear regression models with current data; see
Theorem 3 of [21].

6. Numerical results
6.1. Simulations

We perform a Monte-Carlo study to assess the finite-sample performance of our
proposed method. To compare with the penalized NPMLE in [16], we adopt the
same setting used in their paper. We simulate the current status data from the
partly linear additive Cox model which is a special case of general transformation
model. We choose H(u) = log A(e*) where A(u) = eko(exp(u/3) — 1) with
ko = 0.06516. The errors € follow an extreme value distribution with F(s) =
1 — exp(—e®). The regression coefficients 51 = 0.3 and 82 = 0.25. The covariate
Zy is Uniform[0.5,1.5] and Zs is Bernoulli with success probability 0.5. We
choose W as Uniform[1, 10] and h(w) = sin(w/1.2—1) — kq. Censoring times are
standard exponential distribution conditional on being in the interval [0.2, 1.8].
The sample sizes are n = 400 and n = 1600. We simulate 400 realizations for
both sample sizes.

In practice, the location and the numbers of knots for H and h; need to
be determined. For simplicity, we will use the equal-spaced knots for all func-
tions. Common model selection methods such as the Akaike information crite-
rion (AIC), and the Bayesian information criterion (BIC) can be employed for
selecting the number of knots. In this paper, we determine Ky, K1,..., Ky by
the AIC, given by

n d
AIC = -2 ti(a) + 2<£+ ZKJ)
=1

=0

In our simulation, we use a quadratic spline to approximate both function h
and function g in H. Then, AIC = =231  (;(&) + 2(Ko + K1 + 2). Based
on our experiences, it is generally adequate to choose less than ten knots to
achieve reasonable approximation, provided that h and H are not overly erratic.
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Fic 2. Plot of the estimated h and H with various values of Ko and K.

Figure 1 shows the AIC scores under different combinations of Ky and K; for
one realization of the simulation with the sample size n = 1600. It shows that
the optimal choices for Ky and K7 are 5 and 5, respectively. The estimated h
and H with various values of K and K; are plotted in Figure 2. In the left panel
of Figure 2, we fix Ky = 5 and plot the estimated h with K; = 3,5,10. When
K is small (e.g., K1 = 3), there seems be to a big bias in our estimator. On the
other hand, when K is large (e.g., K1 = 10), the estimator displays a wiggly
behavior. In the right panel of Figure 2, we fix K1 = 5 and plot the estimated H
with Kg = 5,7,10. As the number of knots is increasing, the estimated H shows
a similar wiggly shape. Hence, the numbers of knots should be chosen with
caution. It is worth noting that the selected values Ky, K1, ..., Ky based the
AIC criterion can be regarded only as the minimum numbers of knots required.
They may not be the optimal choices since the concept of optimality is not well
defined here. See [26] for similar discussions.
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TABLE 1
Monte Carlo results for the partly linear Cox model with current status data based on
400 replicates

Sample size 400 Sample size 1600
51 Bias 0.0318 0.0100
SD 0.2919 0.1246
ESD 0.3102 0.1325
Coverage 0.9620 0.9690
ESD-WB 0.3547 0.1575
B Bias 0.0168 0.0074
SD 0.1533 0.0797
ESD 0.1612 0.0803
Coverage 0.9710 0.9680
ESD-WB 0.1836 0.0936
Joint Coverage 0.9620 0.9550

SD: Standard error; ESD: Estimated standard error; ESD-WB: Estimated
standard error from the weighted bootstrap method

Simulation results show that our B-spline estimation procedure performs
quite well in the semiparametric transformation model. The bias and standard
errors of the spline estimates of 81 and 2 are given in Table 1. The table
shows that the sample biases of both §; and (2 are small. The ratio of the
standard errors for the two sample sizes is close to 2, a result consistent with
a y/n-convergence rate for 8; and f2. The estimated standard errors from (18)
(denoted as ESD) are also displayed in Table 1, which are very close to the
simulation results. Although our proposed method tends to overestimate the
standard error slightly but the overestimation lessens as sample size increases.
We also compare our results with the weighted bootstrap method in [17]. The
weights are from the exponential distribution with mean one. The estimated
standard errors are also similar to the results obtained using our explicit B-
spline estimate. The 95% confidence interval constructed from (18) generally
have coverage close to the nominal value. Histograms of 61 and 62 are shown in
Figure 3. It is clear that the marginal distributions of 61 and ﬁg are Gaussian.
The left panel of Figure 4 displays the spline estimate of h(w) and the monotone
estimate H is given in the right panel of Figure 4. The dashed line is the true
function, the solid line is the average estimate over 400 realizations, and the
dash-dotted line is the 95% pointwise confidence band for h(w) or H(v) when
we know the true model, which is obtained by taking 2.5 percentile and 97.5
percentile of these 400 estimates at each w or v.

As suggested by one of the referees, we also perform a Monte-Carlo study by
including two nonparametric functions in the model. Under the same setting as
in the last study, the two nonparametric functions are hy(wy) = sin(w; /1.2 —
1) — ko with w; following a uniform distribution on [1, 10] and ho(ws) = 3w3 —1
with wy following a uniform distribution on [—1,1]. Figure 5 shows the AIC
scores under different combinations of Ky, K71 and K5 for one realization of the
simulation with the sample size n = 1600. For illustration, we only plot two
choices of Ky where the top surface is for Ky = 10 and the bottom surface is
for Ky = 4. The optimal choice by the AIC criterion is (Ko, K1, K2) = (4,5, 3).
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F1G 4. Left: Estimate and pointwise confidence interval for h. Right: Estimate and pointwise
confidence interval for H. The solid line is the average estimate over 400 realizations from
sample size n = 1600, and the dashed line is the true function. The dash-dotted lines are the
95% pointwise confidence interval.

The spline estimates of hy, ho and H under the optimal number of knots are
displayed in Figure 6, and the dotted lines are the true functions.

To compare our spline based method with the penalized method in [16],
there are four obvious advantages of our method. First, the computational cost
of our spline estimate H is much less expensive than that used in [16], i.e.
the cumulative sum diagram approach. This is because the number of basis B-
splines, i.e., Ky, is often taken much smaller than the sample size n, thus the
dimension of the estimation problem is greatly reduced. Secondly, our estimate
of the transformation function H is smooth with a higher convergence rate.
We obtain a narrower confidence interval for H shown in the right panel of
Figure 4. Thirdly, we can obtain an explicit consistent estimate I. However, the
block jackknife approach proposed in [16] is not theoretically justified. At last,
we do not require the constrained optimization in our implementations.
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6.2. Application: Calcification data

We illustrate the proposed method in a dataset from the calcification study.
[27] investigated the calcification of intraocular lenses, which is an infrequently
reported complication of cataract treatment. Understanding the effect of some
clinical variables on the time to calcification of the lenses after implantation is
the objective of the study. The patients were examined by an ophthalmologist to
determine the status of calcification at a random time ranging from zero to thirty
six months after implantation of the intraocular lenses. The severity of calcifi-
cation was graded into five categories ranging from zero to four. In our analysis,
we simply treat those with severity > 1 as calcified and those with severity < 1
as not calcified. This dataset can be treated as the current status dataset be-
cause only the examination time and the calcification status at examination are
available. The covariates of interest include Z; incision length, Z5 gender (0 for
female and 1 for male), and W age at implantation/10. The original dataset has
379 records. We remove the one record with missing measurement, resulting the
sample size n = 378. This dataset has been studied by [26], [14], and [15]. [26]
and [14] modeled the event time by the log-transformation. A straightforward
estimation of the hazard function is not available. [15] used the cure model to
fit the data, and assumed a generalized linear model for the cure probability.
For subjects not cured, the linear and partly linear Cox proportional hazards
models are used to model the survival risk.

We fit this dateset using the semiparametric additive transformation model.
We assume the error distribution F' to be one of the two distributions: extreme
value distribution and logistic distribution. We approximate h and logH by
quadratic splines. The optimal choices of knots for h and logH are 6 and 5,
respectively. The estimates and their corresponding estimated standard errors
for the parametric part are summarized in Table 2. The estimates for h(w) based
on different error distributions are displayed in the left panel of Figure 7, and the
estimates of H(v) are plotted in the right panel of Figure 7. The analysis shows
very similar results for these two error distributions. From Table 2, both incision
length and gender are insignificant at the 5% level of significance. From the left
panel of Figure 7, h(w) increases steadily from age 50, achieving a peak at
age 60, decreasing gradually thereafter, which means that patients ages around
60 tend to enjoy a longer time to calcification. The estimated transformation
function H in the right panel of Figure 7 displays a nonlinear behavior and it
shows that the transformation is necessary.

TABLE 2
The estimates and their corresponding estimated standard errors for the parametric part for
the calcification data

extreme value distribution logistic distribution
B —0.1870 —0.2562
ESD(51) 0.2322 0.2119
B2 0.3502 0.3573
ESD(f2) 0.3481 0.3280

ESD: Estimated standard error



Semiparametric additive transformation model under current status data 1751

L L . L L L L L L L
75 8 [ 5 10 15 20 25 30 35

5 55 6 6.5 7
Agel10 Time

Fic 7. The spline estimates of h(w) and H(v) under two different assumptions of the error
distribution: extreme value distribution (solid) and logistic distribution (small dashes).

We can incorporate an unknown scale parameter into to the residual error
distribution F(-) to further improve the above analysis. Our general B-spline
estimation framework can also handle this type of transformation models easily.

Appendix
Some useful Lemmas

We define e-covering number (e-bracketing number) as N (e, A, d) (Np(e, A, d)).
The corresponding e-entropy (e-bracketing entropy) is defined as H (e, A, d) =
log N(e, A,d) (Hg(e, A,d) = log Ng(e, A, d)). Define G, (do; || - ||) = {g: g(v) =
Y0Bo(v) satisfying [lgll < do} and Hjn (3551 - [I) = {hy : hj(w;) = 7;Bj(w;)
satisfying ||h;|| < d, and fol hj(w;)dw; = 0}. Obviously, G, (co; | - [l) = Gn
and Hjn(cj; || - lloo) = Hjn. Lemma 1 follows from the B-spline approximation
property (6). Lemma 2 is directly implied by Lemma 2.5 in [24]. Lemma 4 is
adapted from Proposition 1 in [6].

Lemma 1. There ezist g, € Gy, and hj, € H;, such that

lgn — golls = K", (A.1)
[Hn — Hollos = O(Ky"™), (A.2)
1hjn = hjollee = K;'7, (A.3)
d d
Z; hjn — Zl hjo = 0 (j_nll%?id{KjTj}> , (A.4)
J= J= 00

where H,(v) = flz exp(gn(s))ds.
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Lemma 2.
H{(e,Gn(S0; I - 1D 1l - 1)
H{(e, Hjn (3531 - [D: 1 1)
for1 <5 <d.

Lemma 3. Let h = (hy,...,hq). Define K = {{(B,h,H) : § € B,h €
H;l:l Hjn,g € Gn}, where the form of ¢ is defined in (A.12). We have

KO 10g(1 +450/6), (A5)
K;log(1+444;/¢) (A.6)

sup [GnC| = Op( max {K;/?}). (A.7)
cex 7=0,1,....d
Proof. Define I*(8,h, H) = 5F([3’z—|—2?:1 hj(w;)+H@))+(1—-0)[1-F(p'z+
E?Zl hj(w;) + H(v))]. The construction of I*(-) implies that

HZ*(BOv hy, Hﬂ) - l*(B(Jv ho, HO)”OO = O(]:%nla‘x d{K;Tj}) (AS)

based on (A.2), (A.4) and M4. Thus, I*(5o, hy,, Hy,) is bounded away from zero
for sufficiently large n.
For any 1,832 € B, hy,hy € H?:l Hjn and g1, g2 € G, we have

|<(ﬂlah17H1) - C(ﬂ27h25H2)|

< |F(Br,hy, Hy) = 17(B2, hy, Hy)
d

S 1B = Ball + D [1haj = hajllce + g1 — g2llcc- (A.9)
j=1

The first and second inequalities in the above follow from the fact that (*(8o, h,,
H,) is strictly positive for sufficiently large n by (A.8), and Condition M4(a),
respectively. As shown in (A.9), the functions in the class K are Lipschitz con-
tinuous in (8, h, g). Therefore, by combining Lemma 2 and Theorem 2.7.11 in
[25], we obtain that

< 4
Hp(e, K, Ly(P)) 2 org?gxd{K]}IOg(l + M/e),

where M = maxo<;<q4{4c;}. In the end, we apply Lemma 3.4.2 in [25] to this
uniformly bounded class of functions K to obtain (A.7). O

Lemma 4. Suppose the following Conditions (B1)-(B3) hold.

B1. ]P)nfz_; = Op(n—1/2); ]P’nég[dT] = op(n—1/2) and Pnéﬁj [B}L] = Op(n_l/Q)’.

B2. Sup{a:d(a)ao)gcln—r/(27‘+1)} Gn(ZQ (X; a) - ZQ(X; ao)) = Op(l);

B3. P(ls(X;0) = 5(X;0)) = =Io(B = Bo) + o([|B = Boll) + o(n="/?) for a
satisfying d(a, ) < Cyn~"/(r+1),
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If @ is consistent and TO is invertible, then we have
d >
V(B - Bo) = \FZI Mo (Xi) +op(1) == N(0, I ).

Lemma 5. (z) If a(s,t) = a(s1,s2,t) € HL(S1 X S2 x T) in t relative to s1 and
S, then fs (s1,82,t)dsy € HY, (S x T) in t relative to ss.

(i1) If a(s, t),b(s,t) € HL.(SXT) int relative tos, then c(s,t) = a(s,t)b(s,t) €
H, (S xT) int relative to s.

(iii) If a(s,t) € HL(S x T) in t relative to s and f(-) € CIP1, then f(a(s,t)) €
H, (S x T) int relative to s.

Proof. Let |r] be the largest integer smaller than r. Denote the m-th derivative
of a(s,t) w.r.t. t as D™a(s,t) for m=0,1,...,|r].

(i) Note that Dj*a(s1,s2,t) is bounded for 0 < m < |r], by the dominated
convergence theorem, we can take derivative inside the integral to obtain

Dln (/ CL(Sl,SQ,t) dSl) = Dlna;(51752,t) dSl,
51 Sl

which implies that D;”(fs1 a(sy,s2,t)dsy) is bounded for 0 < m < |r]. Using
this and the fact that

}Dl_ﬂ (fsl a(s1,s2,t2) dsl) - Dl:TJ (fgl a(s1,s2,t1) dsl)}
[ta — t1|r—LrJ

< / DM a(s1,80,t2) — D™ a(si,s0,t1))]

s

ds; < ¢ < oo,

sup sup
L5182t 2o |tg — t1|7=Lr]

for all s, and t; # tg, we conclude that fsl a(si,se,t)ds; € HL,(Se x T) in t
relative to so for some ¢’ < co.
(ii) The result is true because

> DiaDib
1+j=m
is bounded for 0 < m < |r]. Also we note that for ¢ < |r|,

|Dja(s,t2) — Dia(s,t1)] | ftQ Dita(s,t) dt|
|ty —tq|7— 7] |ty =t L)

It can then be easily verified that

D e(s, ty) — D e(s, t
oy sup [P elt2) = DI els )|
s ti#t2 |t2_t1|T_I‘TJ

(iii) When 0 < a < 1, the result follows from the observation that

f(a(sv t2)) — f(a(svtl)) f(a(S,tg)) — f(a(sv tl)) . |a(s, t2) — a(s,t1)| )

[ta —t1]8 la(s, t2) — a(s, t1)] [ta —t1]8
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Using the chain rule, the above observation and part (i) of the lemma, the

desired result can be obtained by induction for general 5. O
Denote
. . d .
S(X; a,wy) = [05(X; )]k — Llar)(X5a) =D b, [b) (X ),
j=1

where wy = (ak,blk,...,bdk). Let W, = G, X H?:l Hjn and N() = {Oé e A:
d(a, a0) = o(1)}.
Lemma 6. Under Conditions M1-M7 € P1-P2, we have

E sup |Sk(X;a,wr) — Sk(X; a0, wi)* < d*(a, o) (A.10)
wr €EWn

foralla e Ng and k=1,...,1.
Proof. In view of (12)-(14), we can bound the left hand side of (A.10) by

ar€Gn

\% 2
< Qo — Qa2 + E{ sup [ | tesplaton - exp(go<s>>>ak<s>ds] Q- Qeo)2}

ar€Gn

v

v 2
+E sup l/l exp(go(s))ar(s)ds(Qo — Qeo)]

2

ar€Gn

v
+E sup [/l (exp(g(S))—exp(go(S)))ak(S)dSQeo]

d
+3°E swp [B3(Qo — Qs,)?]
=1 b H

ik €EHjn

after some algebra. The compactness of G,, and #;,, imply that the third and
fifth term in the above are both of the order ||Qs — Qg, ||3. For the second term,
we can further bound it by

\% 1%
| sup / a2 (s)ds / lexp(g(s)) — exp(go())ds(Qo — Qao)?

ar€Gn Jly 3%

Considering the compactness of G and G,,, we know the second term is also of the
order ||Qp—Qg, ||3- Assumption M4(a) together with Cauchy-Schwartz inequality
. d .

implies that [|Qs — Qa,ll3 < 18— Boll* + |1 — Holl3 + || 3=5_; (hj — hjo)l|3- Since
we assume that the density for W is bounded away from zero and infinity, we
have that || Z?Zl(hj —hjo)l3 < Z;l:l ||h; — hjo||3 considering the identifiability
condition fol hj(w;)dw; = 0. Assumption M7 implies that the fourth term is of
the order |H — Hyl||3. Considering the form of d(«, ap), we conclude the whole
proof. O
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Proof of Theorem 1

We show the estimation consistency (9) by first establishing

2

d
P (B~ 57 Z (W) + H(V) = Ho(V) p =o0p(1). (A1)

Combining (A.11) with the identifiability Condition M3, we directly obtain (B -
Bo) = op(1) which, in turn, implies that P{Z;l:l h — hjn)(W;) + HV) -
Hn(V)}2 = op(1). Considering the assumption M2(b) and that fo (wi)dw; =
0 for h; € H;UHjp, we can further show Z?:1 ||ﬁj—hjn|\2+||H Hn||2 =op(1).
The spline approximation result (A.2) and (A.3) conclude the proof of (9).

In the below, we will show (A.11) to complete the proof of (9). Recall that
h = (hy,...,hq). Denote hg, h, and h as the corresponding true value, B-
spline approximation and sieve estimate, respectively. Recall that I* (5, h,,, Hy,)
is bounded away from zero for sufficiently large n as implied by (A.8). Then, by
the definition of &, we have

Pn IOg{l*(B\, ﬂu ﬁ)/l*(ﬁm hnu Hn)} 2 07
which implies that, by the inequality that alog(z) < log(l + a(xz — 1)) for any
x> 0and a € (0,1),

0<P,log

I*(B,h, H) I
1+O‘{m—1ﬂ =Pn((8,h, H). (A.12)

Lemma 3 implies that (P, )C(g h, H) = op(1) since K;/n = o(1) for any
_7 = 0,1,...,d. Thus, PQ(ﬁ,h H) > op(1) based on (A.12). Let Un(X) =

1*(B, h, H)/l (B0, i, Hy). Based on (A.8) we know PU,(X) = 1+4o0p(1), which
further implies PC(B,h H) < op(1) by the concavity of s — log( ) This in
turn implies that PC(B,h H) = op(1). This forces P|(8)Z + Z hjn(W;) +
H,(V)) — (BZ + ZJ Lhi(W;) + H(V))| = op(1) by the strict concavity of
s + log s, Conditions M4(a), P1 and P2. It is easy to verify that ER2 = op(1)
if E|R,| = op(1). Thus, we have shown (A.11) in the end.

As for the convergence rate results (10) & (11), we first apply Theorem 3.2.5
in [25] to establish

16 = 0ol2 = Op (510 V b2n), (A.13)
where 0 is the plug-in sieve estimate of 6 and

b1n = max {/K;}/Vn and ban = max {K;"}. (A.14)

Following similar arguments in proving the consistency, we know that (A.13)
implies (10) and (11) by choosing K; < n'/(2ri+1),
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In the below, we show (A.13) by verifying the conditions of Theorem 3.2.5 in
[25]. We first need to show that

Plt(eo) = £(e)] 2 16 — boll3 (A.15)

for every « in the neighborhood of . Define ¢(0,t) = dlog(F(t))+(1—-9)log(1—
F(t)) and (9, t) as its second derivative w.r.t. ¢. Since ap maximizes o — Pf¢(«),
we have

_(j(év 5)

Pll(ap) — l(a)] = P T@ - 90)21 )

where 6 is on the line segment between 6 and 6y. The compactness of the pa-
rameter spaces imply that P[l(ap) — ¢(a)] =< [|@ — 6o]|3. This completes the
proof of (A.15). We next calculate the order of Esupjg_g,,<s |Gn(£(a) —€(0))]
as a function of §, denoted as ¢, (d), by the use of Lemma 3.4.2 of [25]. Let
Fin(0) = {l(e) = l(ag) : g € Gnyhj € Hjn, ||0 — boll2 < 6}. Using the same
argument as that in the proof of Lemma 3, we obtain that Hg (e, F1,(8), L2(P))
is bounded by C'maxo<j<q{k;}log(l + 6/¢). This leads to

)
JB(8, Fin(8), L2(P)) = /0 V1+ Hp(e, Fin(8), L2(P))de < colgfgd{\/ﬁ}a.

The compactness of G,, and H;, implies the uniform boundedness of any f €
F1n(0). Thus, Lemma 3.4.2 of [25] gives

$n(0) = nggd{ﬁ}a + max {K;}/v/n.

By solving 51_n2¢n(51n) < /n, we get the form of dy,, in (A.14).

We next show that P,,¢(a) —P,¢(cg) > —Op(63,,). The definition of & implies
that P, [0(a) — £(a)] > Ay + By, where A, = (P,, — P){¢(Bo, Hn, hy) — £(c0)}
and B,, = P{{(Bo, Hy,hy,) — l(ag)}. A straightforward Taylor expansion gives

d
A, =P, —-P) ZQ(BOuﬁnaﬁn)(Hn — Hy) + Zé2+j(ﬁ07ﬁnaﬁn)(hjn —hjo) ¢,

Jj=1

where ¢, is the Fréchet derivative of (8o, Hy, hy,) wert. the t-th argument.
Considering (A.2), (A.3) and the fact that 0 < €3 < [(0,1)| < €2 < o0 for ¢ in
some compacta of R', we have

. ~ o~ . ~ ~ 2

. l2(Bo, Hn, b)) (Hy — Ho) + Z?:l loy(Bo, Hn,hy) (hjn — hjo) 0
maxogjgd{Kj_” }n€

(A.16)

for any e > 0. Let Fa, = {{(Bo, H,h) — £(ao) : g € Gn, hj € Hjn, |9 — golleo <

CoKy "™, [|h; — hjollee < CjK;Tj}. Similar analysis in Lemma 3 show that the
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bracketing entropy integral (in terms of Lo (P)) for Fay, is finite, thus yields that
Fap, is P-Donsker. Combining this P-Donsker result and (A.16), we use Corollary
2.3.12 of [25] to conclude that \/ﬁAn/(maxogjgd{K;” tn€) = op(1). By choos-
ing some proper 0 < ¢ < 1/2 satisfying n*~1/2 = maxogjgd{K;Tj}, we have

A, = Op(maXOSde{Kj_er}). We can also show B,, > —O(maxogjgd{Kj_%j})
by similar analysis of (A.15). This gives the form of da,, in (A.14), and thus
concludes the whole proof. O

Proof of Theorem 2

We apply Lemma 4 to prove this theorem by checking their Conditions B1 — B3.
To facilitate the understanding, we first sketch the verification of Condition B1
and then provide the detaﬂs To verify B1, we first know that P, 6 = 0 since [3

maximizes [(f, 7, hl, e ), ﬁ is consistent and Sy is an interior pomt of B. We
next show that btk (a,i) belongs to HZ’ [0, 1] (HZ°[l,,, u,]) for some 0 < ¢; < oo
J Cj Cco

and j =0,1,...,d such that there exists a b;,m € Hjn (a};n € G, ) satisfying
185 = Blpnlloc = O(n77/E40) (A17)
laky = allloo = O/ Ero1) (A18)
by (6) and the assumption that K; =< n'/m+1 Since ]Pnéﬁj [bjkn] = 0 and
Pnfg[a;m] =0 for any bjr, € H;n and agy, € Gp, it remains to show
Pn {éh [Blinl - b;k } = op(n~?), (A.19)
P, {E akn - } = op(n~'?) (A.20)

for verifying Condition B1.
Now we show b;k € Hg [0,1] and (A.19). Following the analysis in Page 2282

of [16], we can write, with d}(v) = fl:j exp(go(s))a’(s)ds,

bl = ILD(v,w)—jaj(v) — Y IL;b]
i#]
= IL,D(v,w) —/ al(v)Sf (v, w; dv—Z/ bl (wi) T f (wy, wy ) duw.
1
v i#£]

According to Lemma 5 and dominated convergence theorem, we know that
b;k (w;) € Hg [0, 1] under Condition M5, b;k € LY(wj) and a}; € Ly(H) (thus a;k
is uniformly bounded) for some 0 < ¢&; < co. As for (A.19), we first decompose

its left hand side as Iy,, + I>,, where
I = {KA [ jkn b;‘k] - éhjf)[b;kn - b;‘k]} )

Ion (B, — P) {eA b, — b}k]} :
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By Cauchy-Schwartz Inequality, we have I, < ||bLjn — b;f€||oo||§— Oo||2 based

on Conditions M4(a), P1 & P2. Thus, (A.13) and (A.l?i imply that I, =
Op(n=27/2r+1)) = op(n=1/2) since r > 1/2.

To show I, = op(n~/?), we need to make use of Lemma 3.4.2 in [25]. We
first construct the following class of functions:

I, = {fgﬁbm (x) = éhj [bjkn — b;k](x; @) :a € Ay(nT7) and

-
bjkn € Hj, (n”a‘“ ) },

where A, (6) = {a € A, : d(a,a0) < C16} and H., (0) = {bjkn € Hjn :
1bjkn — b;kHOO < (056} for some 0 < C1,Cy < oo. Let ©,(8) = {f'z+ H(v) +

E;l:1 hj(w;) : o € Ap(6)}. It is easy to verify that, for every z,
[forb50m1 () = fo2,b5002 (@) S 1101 = O2floc + [1Djkn1 — bjknzlloc,  (A.21)

where 6; € ©,,(n~"/?") for j =1,2. Let 6',. .., ON (€0 (n ) o) and

bl bN<aH;-n<n*”'“”ﬁ”xn-nm
jkno 9 Vikn

be the e-cover for ©,(n~"/ 1)) and H/, (n="3/2rF1) respectively. Thus, we
can construct the bracket [fg: ;i —2C€, fpi i +2C€] covering Z,,. The bracket
size is 4Ce. Hence, we obtain

HB(e,In, LQ(P)())

H(c/(4C), 0, (n=7), || - [|oc) + H(f/(4C),H§n(n%), I lloc)

‘ —r/(2r+1)
Jax {K;}log(1+n /€)

<
S

based on Lemma 2. The corresponding é-bracketing entropy integral is calcu-
lated as

)
Jp(0,Z,, Lo(Px)) = / 1+ Hg(e,T,, Ly(Px))

0
< Orélfgd{«/Kj}n_ﬁél/Q. (A.22)

Now, it is ready to apply Lemma 3.4.2 in [25] to show E||G, ||z, = o(1) implying
Loy, = op(n="/?). Note that ||fll2 £ [|bjen —bjk'[l2 and || flloc < [bjn — bik' [l
for any f € Z,,, and thus 6 and M in Lemma 3.4.2 of [25] are both chosen as

K" e, n~"i/(7+1)  Then, by Lemma 3.4.2 of [25] and (A.22), we have that
4r—1

(= T
E|G,|z, = O (n (4T+2+4Tj1+2) \/n_w) = o(1).

This completes the proof of (A.19).
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We next show (A.20) by similar arguments. Similarly, we have
d 1
d}(v) =TI, D(v,w) — Z/ b}(wj)Uf(wj,v)dwj.
j=1"9

Recall that d} (v) = flz exp(go(s))a'(s)ds. Under Condition M6 and the assump-
tion that go € H{?[l,, u,], we can show that a}k € Hg“[lv, Uy], which implies
that a}; € HZ[l,, uy] for some 0 < ¢p < oo, based on Lemma 5. We next show
that I}, = op(n~'/2) and I, = op(n~'/2), where

1, = P{ilal, —af] = lylaf, —a]]} .

L, = (Pa-P){fsle}, —all}.

Similarly, by Cauchy-Schwartz Inequality, we can show that

I, & ||azn—az||m||e—oo||2+P[/l (exp(3) — exp(g0))(5) (a},, — al)(s)ds
£ lal, = afllos (18— Gollz + 1 — Hollz)
S Op(n~"/EHY) = op(n1/2)

by choosing K; =< nt/2ri+1)  Following similar arguments in analyzing Io,,
we can show that I, = op(n~'/?). Thus, we have verified Condition Bl in
Lemma 4. We again apply Lemma 3.4.2 of [25] to verify Assumption B2. The
details are skipped due to the similarity of the previous analysis.

It remains to verify Assumption B3. This can be easily established using the
Taylor expansion in Banach space. However, we first need to reparameterize the
efficient score function £5(X; ) as

Ts(X:ia") = ZQo(X)— / al(s)dH (s) + 3 bWy | Qu(X)
j=1

v

= (5(X;a") — 4[] (X;0),

where a* = (8,H,hy,...,ha), 1 = (H,hy,...,hg) and & = (a,b!,... b}).
We first derive two useful equalities (A.26)-(A.27). Let E,+ be the expectation
corresponding to the reparametrized likelihood under the parameter o*. Since
E,l3(X;a*) =0, we have

0 ~
&h:oEazfﬂ(X;af) = 0, (A23)

where of = af + te. Define /g 5 and Zﬂ,n[c] as the first derivative of {5 w.r.t.
3 and 7 (along the direction c), respectively. By setting e = (€j5,0,...,0)" and
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e=(0,¢e) = (0,AH, by,...,by), respectively, some calculations reveal that
E{ls.s(X;00)es ) + E{To(X:00)l5(Xat)es} = 0, (A24)
E{lslel(X;a5) } + B{Ts(X:a0)fylel(Xi05)} = 0 (A25)

based on (A.23). By considering the orthogonal property of Zgo and the above
reparametrization, we obtain the following two useful facts:

Iy = B {Zs,5(X;00) } (A.26)
E{Ts[e(X;08)} =0 (A:27)

based on (A.24) and (A.25).

Define Zg,a*,a* [h1, ho](X;a*) as the second order Fréchet derivative of Zﬁ
w.r.t. o along the direction [hy, ho] at the point o*. The same notation rule ap-
plies t0 £5.a - [h1, ha](X; ) and £, o o- [h1, ha, h3](X; a*). Now we are ready
to express the Taylor expansion as follows.

E[ls(X; ) = £5(X; a0)]
= Ells(X;0") = ls(X;ap)]
= B{05(X:09) } (8= o) + B {Ts.aln — mol (X: 05}
+%E {Ts.aa 807, Ba"](X;57) }
= —Io(B~ fo)
+%E (0.0 01807, 807 (X;6") = by ar arleh, Aa™, M) (X3}
where Aa* = o — of and o lies between a* and «f. The last equation in the

above follows from (A.26) & (A.27). Now we only need to show that the second
term in the last equation is of the order

o(|IB = o) + o(n™"2).
Let AH = H — Hy and Ahj = hj — hjo. After some algebra, we obtain
(g 0r o [A0”, Aa™](X;a)

2
=ZQy | Z'(B— Bo) + AH(V +ZAh ,
Uyo o€, Aa®, Aa*|(X; &)
2
1% d
= / al(s)dH (s) + > _bl(W;) | Qg [Z2'(B = Bo) + AH(V +ZAh
Ly =

+2

14
/laT(s)dAH(s)] Q5 | Z' (B~ Bo) + AH(V +ZAh ,

v
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where 6 lies between 6 and . Considering the assumption that d(c,ag) <
Cyn~ "/ and the previously shown result that az and b;r-k are both uniformly
bounded, we can verify Assumption B3 based on the above expressions. This
completes the proof of Theorem 2. O

Proof of Theorem 3

To facilitate the understanding, we first provide the roadmap of our proof here.
For simplicity, we write Sk (X; g, wy) and Si(X; @, wy) as Splwy] and Sg|wy],
respectively. Based on the definitions of Iy and (19), we know their (k, k’)-th
entry can be written as

Io(k, k) = ESPwi]Sp[wh], (A.28)

I(k, k') = P.Spl@f)Sk[@l], (A.29)
where w}; = (al,bik, . bilk) and wk = ((ng)’Bo, (ﬂk)'Bl, ce (lek)’Bd). Re-
call that W,, = G, x Hj:1 Hjn. Define ﬁ}; = argming, ew, E{Sp[wi]}?. To

establish 7 5 fo, we need to establish the following three equations step by
step:

I(k, ') = ESY@]]S [@]] + op(1), (A.30)
ESk[ ]Sk/[wk’] ?Sk[a);;]sk/[wk’]ZOP(l)v (A.31)
ESY[wh)SY [w!,] — To(k, k') = o(1). (A.32)

We first consider (A.30). It is easy to show that
E sup |Sk(X; a0, wy)|?| < const. < oo (A.33)
a€Ny,wr EW,

since A and Wy, are both assumed to be compact. Note that (A.33) implies that
{Sk(z;a,wy) + a € Ny, w, € W, } is P-Glivenko-Cantelli. Then, we know that,
uniformly over wy, wx € Wi,

P, Sk [wy] Sy [wir] = ESy[wy] S [wi] + 0p(1) (A.34)
by considering Corollary 9.27 of [13]. Uniformly over wy, wir € W,,, we have
ESi[wy] S [wir] — ESY[wi] S [ww]
E | Sulwn)(Swe] = SYfuw))| + B |S% [we](Selwn] = SPlwn))

1SR wn] 1S [wir] = S [wre ]2 + 1SR [wie 12| Sk [wr] — SP[we] |2
op(1), (A.35)

where the last inequality follows from Lemma 6 (together with the consistency
of @) & (A.33). Combining (A.34) and (A.35), we have obtained that

ININ TN

sup P Sk[wi]Se [wi] — ESY[wi] SO [wi]| = op(1), (A.36)

Wi Wit €W

which implies (A.30).
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We next consider (A.31). By similar analysis applied to (A.35), we know
that (A.31) holds if HS’g[ﬁ};] - S’g[@};]ﬂg = op(1). Denote M, (w) and M (w) as
P, S?[w] and || S2[w]||3, respectively. The definition of ﬁ}; further implies that

IS(@)) = SR@ills = ISRtz - ISRl@)3,

= P,Si@f] - ISA@t]]3 + op(1),

= My (@}) - M(@}) + op(1),
where the second equality follows from (A.36). By the definitions of @}; and {D};,
we have

My, (@}) — M(®]) < My(®]) — M(@}) < My (@]) — M (@}).
Therefore, we conclude the proof of (A.31) by applying (A.36) to the above
inequality. B
In the end, we consider (A.32). Again, by the form of I(k, k') given in (A.28)
and similar analysis in (A.31), we only need to show ||S,8[7E};] -5 [w};] |2 = o(1).
By the definitions of @}; and w};, we have
2

wrEW,

d
ISRL@t) = SRlwi]|3 = inf B Cgolai) = Cgolar) + D (bnyo [B5,] = Cnso[bsn))
j=1

d
S nf 31 lai] = Lgolanlll3 + D 11€n,0[b5,] = nso b3
. ~
S inf IIKgO[ak] Cgolar]ll3

ar€g

—|—Z 1nf ||€h 0 ]k] éh]()[bjk]||§

bik€Hjn

d
< inf T_ 2 Z nf bt — b2
S lay, — axll5e + 2 {bjklgﬂjn 10 — bjll5 ¢ -

where the last inequality trivially follows from the form of /,[a] and éh [b;]. In
the proof of Theorem 2, we show that ak € H[ly,u,] and b € HQ [0,1]. Thus,

we have ||S?[w k] -9 [wk] |l = 0 based on the last 1nequahty in the above. This
completes the whole proof. O
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