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GLOBAL SELF-WEIGHTED AND LOCAL QUASI-MAXIMUM
EXPONENTIAL LIKELIHOOD ESTIMATORS FOR
ARMA-GARCH/IGARCH MODELS

BY KE ZHU AND SHIQING LING!
Hong Kong University of Science and Technology

This paper investigates the asymptotic theory of the quasi-maximum
exponential likelihood estimators (QMELE) for ARMA-GARCH models.
Under only a fractional moment condition, the strong consistency and the
asymptotic normality of the global self-weighted QMELE are obtained.
Based on this self-weighted QMELE, the local QMELE is showed to be
asymptotically normal for the ARMA model with GARCH (finite variance)
and IGARCH errors. A formal comparison of two estimators is given for
some cases. A simulation study is carried out to assess the performance of
these estimators, and a real example on the world crude oil price is given.

1. Introduction. Assume that {y;:t = 0,+1,42,...} is generated by the
ARMA-GARCH model

P q
(1.1) Vi=pA Y Giviei+ Y Viki—i + &,
i=1 i=1
r N
(1.2) eo=nhe and hy=ao+ Y aier i+ Y Bihii,
i=1 i=1
where o9 > 0,; >0 (i =1,...,r),8; >0 (j=1,...,5), and 7, is a sequence

of i.i.d. random variables with En, = 0. As we all know, since Engle (1982)
and Bollerslev (1986), model (1.1)—(1.2) has been widely used in economics
and finance; see Bollerslev, Chou and Kroner (1992), Bera and Higgins (1993),
Bollerslev, Engel and Nelson (1994) and Francq and Zakoian (2010). The asymp-
totic theory of the quasi-maximum likelihood estimator (QMLE) was established
by Ling and Li (1997) and by Francq and Zakoian (2004) when E 8? < 00. Un-
der the strict stationarity condition, the consistency and the asymptotic normality
of the QMLE were obtained by Lee and Hansen (1994) and Lumsdaine (1996)
for the GARCH(1, 1) model, and by Berkes, Horvith and Kokoszka (2003) and
Francq and Zakoian (2004) for the GARCH(r, s) model. Hall and Yao (2003)
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established the asymptotic theory of the QMLE for the GARCH model when
E 8,2 < 00, including both cases in which E nf =ooand E nf < 00. Under the geo-
metric ergodicity condition, Lang, Rahbek and Jensen (2011) gave the asymptotic
properties of the modified QMLE for the first order AR—-ARCH model. Moreover,
when E|¢;|* < oo for some ¢ > 0, the asymptotic theory of the global self-weighted
QMLE and the local QMLE was established by Ling (2007) for model (1.1)—(1.2).

It is well known that the asymptotic normality of the QMLE requires E nf < 00
and this property is lost when E nf = 00; see Hall and Yao (2003). Usually, the
least absolute deviation (LAD) approach can be used to reduce the moment condi-
tion of 7; and provide a robust estimator. The local LAD estimator was studied by
Peng and Yao (2003) and Li and Li (2005) for the pure GARCH model, Chan and
Peng (2005) for the double AR(1) model, and Li and Li (2008) for the ARFIMA—
GARCH model. The global LAD estimator was studied by Horvéth and Liese
(2004) for the pure ARCH model and by Berkes and Horvéth (2004) for the pure
GARCH model, and by Zhu and Ling (2011a) for the double AR(p) model. Except
for the AR models studied by Davis, Knight and Liu (1992) and Ling (2005) [see
also Knight (1987, 1998)], the nondifferentiable and nonconvex objective func-
tion appears when one studies the LAD estimator for the ARMA model with i.i.d.
errors. By assuming the existence of a /n-consistent estimator, the asymptotic
normality of the LAD estimator is established for the ARMA model with i.i.d. er-
rors by Davis and Dunsmuir (1997) for the finite variance case and by Pan, Wang
and Yao (2007) for the infinite variance case; see also Wu and Davis (2010) for
the noncausal or noninvertible ARMA model. Recently, Zhu and Ling (2011b)
proved the asymptotic normality of the global LAD estimator for the finite/infinite
variance ARMA model with i.i.d. errors.

In this paper, we investigate the self-weighted quasi-maximum exponential like-
lihood estimator (QMELE) for model (1.1)—(1.2). Under only a fractional moment
condition of & with E 77;2 < 00, the strong consistency and the asymptotic nor-
mality of the global self-weighted QMELE are obtained by using the bracketing
method in Pollard (1985). Based on this global self-weighted QMELE, the local
QMELE is showed to be asymptotically normal for the ARMA-GARCH (finite
variance) and -IGARCH models. A formal comparison of two estimators is given
for some cases.

To motivate our estimation procedure, we revisit the GNP deflator example of
Bollerslev (1986), in which the GARCH model was proposed for the first time.
The model he specified is an AR(4)-GARCH(1, 1) model for the quarterly data
from 1948.2 to 1983.4 with a total of 143 observations. We use this data set and
his fitted model to obtain the residuals {7;}. The tail index of {n,z} is estimated by
Hill’s estimator &, (k) with the largest k data of {72}, that is,

k
Y (logiiiaz—j — log gz i)

&y (k) =
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FIG. 1. The Hill estimators {&; (k)} for {r]}z}.

where 7 is the jth order statistic of {ﬁtz}. The plot of {&, (k)}lz(i1 is given in Fig-
ure 1. From this figure, we can see that &, (k) > 2 when k < 20, and &, (k) <2
when k > 20. Note that Hill’s estimator is not so reliable when k is too small. Thus,
the tail of {ntz} is most likely less than 2, that is, E nf = 00. Thus, the setup that
n; has a finite forth moment may not be suitable, and hence the standard QMLE
procedure may not be reliable in this case. The estimation procedure in this paper
only requires E ntz < 0o. It may provide a more reliable alternative to practitioners.
To further illustrate this advantage, a simulation study is carried out to compare the
performance of our estimators and the self-weighted/local QMLE in Ling (2007),
and a new real example on the world crude oil price is given in this paper.

This paper is organized as follows. Section 2 gives our results on the global
self-weighted QMELE. Section 3 proposes a local QMELE estimator and gives
its limiting distribution. The simulation results are reported in Section 4. A real
example is given in Section 5. The proofs of two technical lemmas are provided in
Section 6. Concluding remarks are offered in Section 7. The remaining proofs are
given in the Appendix.

2. Global self-weighted QMELE. Let6 = (y’, §’)’ be the unknown parame-
ter of model (1.1)—(1.2) and its true value be 6y, where y = (u, ¢1, ..., ¢p, Y1, ...,
Vy) and 8 = (ao, ..., ar, B, ..., Bs) . Given the observations {y,, ..., y1} and the
initial values Yy = {yo, y_1, ...}, we can rewrite the parametric model (1.1)—(1.2)
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as
P q
21 g (V) =y — =) Givi—i — ) ier—i(¥),
i=1 i=1
n:(0) =& (y)/vh(0) and
2.2)

r N
he(®) = o0+ D _ier () + ) Bihi—i(®).
i=1 i=l
Here, n:(6p) = n:, €:(y0) = & and h;(6g) = h;. The parameter space is © =
0, x O3, where ©,, C RPTIH @, R(’)HH, R = (=00, 00) and Ry = [0, 00).
Assume that ®,, and ©s are compact and 6 is an interior point in ®. Denote
a(z) =Y, B2 =1 -3 Bz, (@) =1—Y"  ¢iz" and ¥ (z) =

1+ Z?:l V7. We introduce the following assumptions:

ASSUMPTION 2.1. Foreach 6 € ®, ¢(z) ## 0 and ¥ (z) # 0 when |z| < 1, and
¢ (z) and ¥ (z) have no common root with ¢, # 0 or ¥, # 0.

ASSUMPTION 2.2. For each 6 € ®, a(z) and B(z) have no common root,
a(l)#1,a,+Bs#0and Y 7_, Bi < 1.

ASSUMPTION 2.3. n,z has a nondegenerate distribution with £ n,z < 00.

Assumption 2.1 implies the stationarity, invertibility and identifiability of mod-
el (1.1), and Assumption 2.2 is the identifiability condition for model (1.2). As-
sumption 2.3 is necessary to ensure that n,z is not almost surely (a.s.) a constant.
When 15, follows the standard double exponential distribution, the weighted log-
likelihood function (ignoring a constant) can be written as follows:

1 n
(2.3) Lm(e):;lzzlwtl,(@) and 1,() =log/h; (6) + %,

where w; = w(y;—1, ¥r—2, ...) and w is a measurable, positive angl bounded ﬁunc—
tion on R0 with Zo = {0, 1,2, ...}. We look for the minimizer, 6, = (Pins 82n) s
of Ly, (0) on O, that is,

A

Osn = argmin L, (0).
®

Since the weight w; only depends on {y;} itself and we do not assume that »;
follows the standard double exponential distribution, By is called the self-weighted
quasi-maximum exponential likelihood estimator (QMELE) of 6y. When #; is a
constant, the self-weighted QMELE reduces to the weighted LAD estimator of the
ARMA model in Pan, Wang and Yao (2007) and Zhu and Ling (2011b).

The weight w; is to reduce the moment condition of &; [see more discussions in
Ling (2007)], and it satisfies the following assumption:
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ASSUMPTION 2.4. E[(w; + wf)ggtfl] < oo for any p € (0, 1), where §,; =
14+ 200 yi—il-

When w; =1, the ésn is the global QMELE and it needs the moment condition
E|g;|? < oo for its asymptotic normality, which is weaker than the moment con-
dition E 8? < oo as for the QMLE of 6y in Francq and Zakoian (2004). It is well
known that the higher is the moment condition of &;, the smaller is the parame-
ter space. Figure 2 gives the strict stationarity region and regions for E|e;|* < oo
of the GARCH(1, 1) model: &; = n;/h; and h; = ag + alstz_l + B1hs—1, where

n; ~ Laplace(0, 1). From Figure 2, we can see that the region for E|g,|*! < oo is
Parameter region of GARCH(1,1) model
1 T T T
0.9 |
08 i
0.7 i
1=2
06 1=1.5 7
20, +B,=1 (i.e.1=1)
o 051 1 4
1=0.5
04f .
1=0.05
03f strict stationarity i
0.2 i
0.1 i
0 1 1
0 0.5 1 15 2 25 3

%

FIG. 2. The regions bounded by the indicated curves are for the strict stationarity and for
E|81|2L < oo witht=0.05,0.5,1, 1.5 and 2, respectively.
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very close to the region for strict stationarity of &;, and is much bigger than the
region for Ee} < oo.

Under Assumption 2.4, we only need a fractional moment condition for the
asymptotic property of Oy as follows:

ASSUMPTION 2.5.  E|¢/|* < oo for some ¢ > 0.

The sufficient and necessary condition of Assumption 2.5 is given in Theo-
rem 2.1 of Ling (2007). In practice, we can use Hill’s estimator to estimate the tail
index of {y;} and its estimator may provide some useful guidelines for the choice
of «. For instance, the quantity 2: can be any value less than the tail index {y;}.
However, so far we do not know how to choose the optimal ¢. As in Ling (2007)
and Pan, Wang and Yao (2007), we choose the weight function w; according to ¢.
When ¢ =1/2 (i.e., E|&;| < 00), we can choose the weight function as

—4
Ry

(2.4) w,=(max[1,c lzk—9|y,_k|1{|yt_k|>0}}) :
k=1

where C > 0 is a constant. In practice, it works well when we select C as the 90%
quantile of data {yy, ..., y,}. When ¢ =s =0 (AR-ARCH model), for any ¢ > 0,
the weight can be selected as

p+r 1 —4
wt=(maX{l,C_lZﬁlyz—kll{lyt—kbC}}) .
k=1

When ¢ € (0,1/2) and ¢ > 0 or s > 0, the weight function need to be modified as
follows:

—4
IR |
wf=<maX{1,C lzmlyt—k|1{|yt—k|>c}}) :
k=1

Obviously, these weight functions satisfy Assumptions 2.4 and 2.7. For more
choices of w;, we refer to Ling (2005) and Pan, Wang and Yao (2007). We first
state the strong convergence of Oy in the following theorem and its proof is given
in the Appendix.

THEOREM 2.1. Suppose n; has a median zero with E|n;| = 1. If Assumptions
2.1-2.5 hold, then

A

Osn — 6o a.s.,asn — oo.

To study the rate of convergence of O, We reparameterize the weighted log-
likelihood function (2.3) as follows:

Ly(u)=nLg,(0p +u) —nLg,(6p),
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where u € A = {u = (u,u}) :u+0p € ®}. Let i1, = Osn — 0o. Then, @i, is the
minimizer of L, (1) on A. Furthermore, we have

(2.5) La(u) =) wiA;u)+ Y wBiw)+ Y wCi(u),
t=1 t=1 t=1

where

1
Ar(u) = WH&(VO +ur)| —le(yo)ll,

B, () = log V(B + 1) — log V@) + 0L 100

i@+ 1)  hGo)

1 1
Vhi@Oo+u)  h (o)
Let I (-) be the indicator function. Using the identity

Colu) = [ ][|s,(yo Fu) — e Gl

x =yl =Ix[=—=yl(x >0) = I(x <0)]
(2.6)

y
+2/0 [I(x<s)—I(x<0)]ds

for x # 0, we can show that
—qr(u)
Q7 A =g (> 0)— I < 0)] +2 /0 X, (s)ds,
where X;(s) =I1(n; <s) — I (n; <0), g/ () = q1, () + g2 (u) with
u' de() u' 9%e(EY)
fhz(u)=m 9 and Q2t(u)=2m 2900 ©

and £* lies between yg and yy + 1. Moreover, let F; = o{n; : k <t} and

—q1:(u)

qit
£ (1) = 2w, fo X, (s)ds.

Then, from (2.7), we have

(2.8) > wiAr(u) =Ty + Ty () 4 Moy () + T3, (u),

t=1

where

. - w;  9&(yo) _
Tln—;m ag L0 >0)—1I(n <0,

My, (u) =Y {& W) — E[& )| Fi-1]},

t=1
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Mo (u) =Y E[& W) Fi—1],

t=1

M3, () = Y wiqae @) (> 0) — I (1 < 0)]

t=1

By Taylor’s expansion, we can see that

(2.9) > wi By (u) = ' Toy + My () + s, (1),

t=1
where

" Wy dh;(6p)
Ty =S —t
=2 2h;(0o) 90

t=1

(I = [me]),

My (u)=u/iw(§M _1> L 9m(@") 9h(E)
! =1 \BIVRCH| 4 h?(¢*) 96 06’

v 11| &) 1 9% (")
o) = t:zlw’(i_ NND) )hz(g*) 2000

and ¢* lies between 6y and 6y + u.

We further need one assumption and three lemmas. The first lemma is directly
from the central limit theorem for a martingale difference sequence. The second-
and third-lemmas give the expansions of IT;, (x) fori =1,...,5and }_/_; C;(u).
The key technical argument is for the second lemma for which we use the brack-
eting method in Pollard (1985).

ASSUMPTION 2.6. 1, has zero median with E|n;| = 1 and a continuous den-
sity function g(x) satisfying g(0) > 0 and sup, . g(x) < oo.

LEMMA 2.1. Let T, = T1, + Top. If Assumptions 2.1-2.6 hold, then

1
TT,, —4 N0, Qo) asn— oo,
n
where — 4 denotes the convergence in distribution and

B E( w? e (v0) aa(m)) En}—1 E( w? 9k (60) 3hz(90))
T\ o) 90 0 4 2@y 00 00 )
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LEMMA 2.2. If Assumptions 2.1-2.6 hold, then for any sequence of random
variables uy such that u, = o,(1), it follows that

1, () = 0 (V|| + 2llunll?),

where 0,(-) — 0 in probability as n — oo.

LEMMA 2.3. If Assumptions 2.1-2.6 hold, then for any sequence of random
variables u, such that u, = o,(1), it follows that:

() Ton(un) = (Vouy) T1(vnun) + o, (nllug|?),
() Mau(un) = 0p(llugll®),
(iil)  Tlan(un) = (Vnun) Za(vnuy) + o (nllug|®),

(V) Tsy(un) = 0p(nllunll®),

—

V) D Ciluy) = 0p(llunl®,

t=1

where

wy  9&: (o) & (Vo) )

X = g(O)E(h,(eo) 30 90

and

1E< w;  9h:(6o) ahz(é’o))‘

=
T8\ 2@y 00 00

The proofs of Lemmas 2.2 and 2.3 are given in Section 6. We now can state one
main result as follows:

THEOREM 2.2. [If Assumptions 2.1-2.6 hold, then:
D) VG —0) = 0p(D),
(i) V1 —00) —>a NO,125'225")  asn— oo,
where Y= X1 + X».

PROOF. (i) First, we have it,, = 0, (1) by Theorem 2.1. Furthermore, by (2.5),
(2.8) and (2.9) and Lemmas 2.2 and 2.3, we have

(2.10) Ly (ity) = i, Ty, + (v/nitn) o (Vnitn) + 0, (Vallin | + n i)

Let Amin > 0 be the minimum eigenvalue of Xg. Then

L) > | /it ||[

1 A
H Z=n|+ 0,,(1)} + i |2 ramin + 0p (D],
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Note that L, (i1,,) < 0. By the previous inequality, it follows that

R _ 1
QA1) Valinl < Damin +0p (D] IHW
where the last step holds by Lemma 2.1. Thus, (i) holds.
(ii) Let u) = —Eal T,/2n. Then, by Lemma 2.1, we have
Vnuh =4 N(O,}TE(;]QOEO_I) asn — 0o.

Hence, it is sufficient to show that \/nit, — /nu}; = 0,(1). By (2.10) and (2.11),
we have

T, +op(1)] =0,(1),

Ly (un)—([un) \/—T +(fun) Z0(\/;1471)4‘0[7(1)

= (Vi) Zo(Vnitn) — 2(Vniin) Zo(vnul) +op,(1).
Note that (2.10) still holds when i, is replaced by u;;. Thus,

Ln(u)) = (Vnu )TT + (Vnu} )Eo(\/ﬁu:)—i-op(l)

—(ﬁu:)/Eo(ﬁu:) +0,(1).

By the previous two equations, it follows that
Ly (iin) — L (uy) = (v/nity — /nuy) So(Vnity — /nu) +0,(1)

> Amin| /11ty — v/ | + 0, (1).

Since Ly (tin) — Ly (u)) =n[Lsy (6o + tin) — Lsn(60 + u))] <0 a.s., by (2.12), we
have ||\/nit, — /nu’t|l = 0,(1). This completes the proof. [

(2.12)

REMARK 2.1. When w; = 1, the limiting distribution in Theorem 2.2 is the
same as that in Li and Li (2008). When r = s = 0 (ARMA model), it reduces
to the case in Pan, Wang and Yao (2007) and Zhu and Ling (2011b). In general,
it is not easy to compare the asymptotic efficiency of the self-weighted QMELE
and the self-weight QMLE in Ling (2007). However, for the pure ARCH model,
a formal comparison of these two estimators is given in Section 3. For the general
ARMA-GARCH model, a comparison based on simulation is given in Section 4.

In practice, the initial values ¥( are unknown, and have to be replaced by some
constants. Let & (0), h;(0) and w; be &), h;(@) and w;, respectively, when ¥y
are constants not depending on parameters. Usually, Yy are taken to be zeros. The
objective function (2.3) is modified as

|€t()/)|
Lon(0)=— szlt(é’) and [,(0) =logy/ hi(0) +
t 1 A% z(9)

To make the initial values Yy ignorable, we need the following assumption.




QMELE FOR ARMA-GARCH/IGARCH MODELS 2141
ASSUMPTION 2.7.  E|w; — i,/ = O(t~2), where 1y = min{t, 1}.

Let ésn be the minimizer of I:m (0), that is,
ésn = argmin an ).
e}

Theorem 2.3 below shows that 6, and 6, have the same limiting property. Its
proof is straightforward and can be found in Zhu (2011).

THEOREM 2.3. Suppose that Assumption 2.7 holds. Then, as n — 00,
(1) if the assumptions of Theorem 2.1 hold
ésn — 6o a.s.,
(i1) if the assumptions of Theorem 2.2 hold
V1(0sn — 00) —a N(0, 12512055 ).

3. Local QMELE. The self-weighted QMELE in Section 2 reduces the mo-
ment condition of &;, but it may not be efficient. In this section, we propose a local
QMELE based on the self-weighted QMELE and derive its asymptotic property.
For some special cases, a formal comparison of the local QMELE and the self-
weighted QMELE is given.

Using ésn in Theorem 2.2 as an initial estimator of 6y, we obtain the local
QMELE 6, through the following one-step iteration:

(3.1) On =0 — 227 @)1 T Bsn).

where

£50) = Z{ 8(0) de;(y) der(y) 1 9 (0) ah,(g)}’

—ln@®) 090 080'  8h}@®) 90 B¢

%0y - 1 der(y) _
Tn(e)_g{ OREL [1(n:(6) > 0) — I(n,(0) <0)]

1 9h:(0)
2h:(0) 00

In order to get the asymptotic normality of 6,,, we need one more assumption as
follows:

(1—|m(9)|)}.

ASSUMPTION 3.1.  En?Y'_ o + 5  foi < 1 or

r N
En?Y oo+ poi=1
i=1 i=1

with #; having a positive density on R such that E|n;|* < oo for all T < 79 and
E|n:|™ = oo for some 1 € (0, oo].
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Under Assumption 3.1, there exists a unique strictly stationary causal so-
lution to GARCH model (1.2); see Bougerol and Picard (1992) and Basrak,
Davis and Mikosch (2002). The condition E 17,2 Yoi—iaoi + 2 iy Poi <1 is nec-
essary and sufficient for E etz < 0o under which model (1.2) has a finite variance.
When En? Y i_; aoi + >.i_1 Boi =1, model (1.2) is called IGARCH model. The
IGARCH model has an infinite variance, but E|8,|2‘ < oo for all ¢ € (0,1) un-
der Assumption 3.1; see Ling (2007). Assumption 3.1 is crucial for the ARMA-
IGARCH model. From Figure 2 in Section 2, we can see that the parameter region
specified in Assumption 3.1 is much bigger than that for E|g,|> < oo which is
required for the asymptotic normality of the global QMELE. Now, we give one
lemma as follows and its proof is straightforward and can be found in Zhu (2011).

LEMMA 3.1. If Assumptions 2.1-2.3, 2.6 and 3.1 hold, then for any sequence
of random variables 0, such that \/n(6, — 6y) = O p(1), it follows that:

1 1
® ;[T,,*(Gn) =T, 0] = [2Z +0p(1)](6, —90)+0p<—>,

Jn
1
(ii) ;2;,"(9,1) = T 4o0,(1),
(i) %Tn*(eo) —-4N@©0,Q) asn— oo,
n
where
Q:E< 1 9e:(y0) aez(yo)>+En,2—1E< 1 9h(60) 3hz(90)),
h:(6p) 96 36" 4 h?(0y) 96 36’
E:g(O)E( 1 9e(y0) aet(yo)) lE( 1 9h(6)) 8hz(90))_
h:(6p) 06 36 8 \n?@y) 00 36’

THEOREM 3.1. [f the conditions in Lemma 3.1 are satisfied, then
V0, —600) >4 NO, 1z7'Qx™ Y asn— oo.

PROOF. Note that ﬁ(ésn —6p) = O, (1). By (3.1) and Lemma 3.1, we have
that

2 ~ 17r1 .
Op = Osn — [_ZZ(an):I [_Tn*(esn)j|
n n
. (1 A 1
— 04— [25 + 0, (D] I{ETH (60) + 125 + 0, (1)1@sn — 60) + op(ﬁ)}

DR e 1
W (6o) +0p< )

=0, — ).
0+ 2n Jn
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It follows that

*
T, (6o)
V16— 60) = T +op(1).
By Lemma 3.1(iii), we can see that the conclusion holds. This completes the proof.

g

REMARK 3.1. In practice, by using 6y, in Theorem 2.3 as an initial estimator
of 6, the local QMELE has to be modified as follows:
é\n = ésn - [25::; (ésn)]_l Tn* (ésn),
where i;f(@) and Tn* (0) are defined in the same way as X (0) and 7,7 (6), respec-

tively, with &;(6) and h; (f) being replaced by £:(0) and ﬁt (0). However, this does
not affect the asymptotic property of 6,; see Theorem 4.3.2 in Zhu (2011).

We now compare the asymptotic efficiency of the local QMELE and the self-
weighted QMELE. First, we consider the pure ARMA model, that is, model (1.1)-
(1.2) with h; being a constant. In this case,

Qo=Ew?X; X)),  ZTo=gO)Ew X1 X},
Q=EX1;X},) and X=g(0),

where X; = ht_l/ 288,()/0) /06. Let b and ¢ be two any m-dimensional constant
vectors. Then,

' Zobb' Toc = {E[(c'/g(0)w; X1,)( ,/g(O)X’ltb
SE(C 2(0) thIt \/8(0 X1;

= [c'g(0)Qocl[p' b] = '[g(0)Qb’ Zb]c.

Thus, g(0)Qob’'Xb’ — Tobb'Ey > 0 (a positive semi-definite matrix) and hence
b'S0Qy  Tob = tr(Qy /> Sobb o ) < tr(g(0)b' ) = g(0)b'Thb. Tt follows
that £, 'Q05;" > [g(0)Z]7! = £7'QE~!. Thus, the local QMELE is more
efficient than the self-weighted QMELE. Similarly, we can show that the local
QMELE is more efficient than the self-weighted QMELE for the pure GARCH
model.

For the general model (1.1)—(1.2), it is not easy to compare the asymptotic

efficiency of the self-weighted QMELE and the local QMELE. However, when
n; ~ Laplace(0, 1), we have

Wy , Wy ,
EO - E(_XIIX]Z‘ + _XZIXZZ)’
2 8
2
_ 2 ’ Wy /
Q() = E(U)t X11X1t + TXZ[Xh)’
Y =E(3X1u X}, + §X2X5) and Q=2%,
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where X, = h,_1 dh;(6p)/00. Then, it is easy to see that
' Tobb' Tpc
={EL(27 w X1 27X, b) + (27w, Xon) Q774 X5, b)Y

< (VE (@214, X1)2EQ-3/4X/ )2

+ E(€275/ 4w, X2 EQ7/4 X5, b))
<[E27%w X1)? + E(c27%w; X20)?]

x [EQ734X1 b2 + EQ7 4 X),b)?]
=[c2712Qoclb 272 2b) = [271Qob Thc.

Thus, 27 'Qob' b’ — Tobb' =y > 0 and hence b/ZOQalZOb =tr(Q, '“Xobb’ x
T %) < w@W'Th) = 27'0'Sh. It follows that =5 'Qex;! > 251 =
»~1Q¥ ! Thus, the local QMELE is more efficient than the global self-weighted
QMELE.

In the end, we compare the asymptotic efficiency of the self-weighted QMELE
and the self-weighted QMLE in Ling (2007) for the pure ARCH model, when
E nf’ < 00. We reparametrize model (1.2) when s = 0 as follows:

12

P
(3.2) ye=niJhi and hf=of+Y ofy,,
i=1
where 0} = n,/\/En?, h* = (En?)h, and 6* = (ag,af,...,af) = (En?)f. Let
és*n be the self-weighted QMLE of the true parameter, 6;, in model (3.2). Then,
Ogn = 5;",1 /E 17,2 is the self-weighted QMLE of 6, and its asymptotic covariance is
[t = 1 [E (e Xo: X517 E (w] X, X5)LE (e Xo: X517,

where k| = E nj‘ J(E 77t2)2 — 1. By Theorem 2.2, the asymptotic variance of the
self-weighted QMELE is

Ty = [ E(w, X, X517 E (w2 X0, X5 ) E (w; X2, X5)17,

where «y = 4(E77t2 — 1). When n; ~ Laplace(0, 1), k; = 5 and « = 4. Thus,
I'1 > I'y, meaning that the self-weighted QMELE is more efficient than the self-
weighted QMLE. When n; = #j;/ E|7;|, with #}; having the following mixing nor-
mal density:

fay = —s)¢><x>+f¢(f),
T T
we have E|n;| =1,

2_7T(1—8+8‘E2)
"1 —e ter)?
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and
= 3r(l—e+eth
P72l —e+et)2(l —e+et?)’

where ¢ (x) is the pdf of standard normal, 0 <& <1 and 7 > 0. The asymptotic
efficiencies of the self-weighted QMELE and the self-weighted QMLE depend on
¢ and 7. For example, when ¢ =1 and 7 = 4/7/2, we have x| = (6 — ) /7 and
ko =2m — 4, and hence the self-weighted QMLE is more efficient than the self-
weighted QMELE since I'{ < I'>. When ¢ =0.99 and t = 0.1, we have x| = 28.1

and k> = 6.5, and hence the self-weighted QMELE is more efficient than the self-
weighted QMLE since I'] > I';.

4. Simulation. In this section, we compare the performance of the global self-
weighted QMELE (ésn), the global self-weighted QMLE (ésn), the local QMELE
(é,,) and the local QMLE (6,,). The following AR(1)-GARCH(1, 1) model is used
to generate data samples:

Ve=u+d1yi—1+¢&,
St:m\/}Tt and ht=050+0!18t2_1+,31ht—1-

We set the sample size n = 1,000 and use 1,000 replications, and study the
cases when 7n; has Laplace(0, 1), N(0, 1) and t3 distribution. For the case with
Ee? < 0o (ie., En*aor + o1 < 1), we take 6y = (0.0,0.5,0.1,0.18,0.4). For
the IGARCH case (i.e., Entzotm + Bo1 = 1), we take 6y = (0.0,0.5,0.1,0.3,0.4)
when n; ~ Laplace(0, 1), 6y = (0.0,0.5,0.1,0.6,0.4) when n; ~ N(0,1) and
6p = (0.0,0.5,0.1,0.2,0.4) when n; ~ t3. We standardize the distribution of 7,
to ensure that E|n;| = 1 for the QMELE. Tables 1-3 list the sample biases, the
sample standard deviations (SD) and the asymptotic standard deviations (AD)
of Oy, On, B, and 6,. We choose w; as in (2.4) with C being 90% quantile of
{v1,...,yn}and y; =0 for i <0. The ADs in Theorems 2.2 and 3.1 are estimated
by Xsn = 1/423:,!1 Qo fl;nl and x, = 1/42;1§2n f];], respectively, where

4.1

o 1 gOws 08 (Pen) 36 (Pen) | wi 3hi(Bsn) aht(éw}
S @ 80 a0’ 8h2(0;,) 00 |
a, 1 Z w? 36 (on) D& (Pon) | Enp =1 w?  9hi(On) 8h,(ém)}’
n = Lh(0s) 90 90’ 4 n2b,) 00 90’
¢ _ N[ 8O @) B 1 0k ahxén)}’
n=lh 6, a0’ 8h2(6,) 00 36’
anl” 1 9ei(Pn) e:(7n) En?—1 L dh;(6,) ah,(é,,)}‘
n‘—=n 0, 9 a0’ 4 h2@6, 99 a6’
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TABLE 1
Estimators for model (4.1) when n; ~ Laplace(0, 1)

0y = (0.0,0.5,0.1,0.18,0.4) 6 = (0.0,0.5,0.1,0.3,0.4)
Self-weighted QMELE (6, Self-weighted QMELE (é;,)
iisn q’ilsn &0sn é\Clsn Blsn il\'sn q’;lsn &Osn élen ﬁlsn

Bias  0.0004 —0.0023 0.0034 0.0078 —0.0154 0.0003 —0.0049 0.0031  0.0054 —0.0068
SD 0.0172  0.0317 0.0274 0.0548 0.1125 0.0195 0.0318 0.0219 0.0640  0.0673
AD 0.0166  0.0304 0.0255 0.0540 0.1061 0.0192 0.0311 0.0218 0.0624  0.0664

Local QMELE (4,,) Local QMELE (4,,)

Kn b1 Qo Q1 B1n Kn b1 Qo Q1 B1n

Bias  0.0008 —0.0019 0.0027 0.0002 —0.0094 0.0010 —0.0044 0.0024 —0.0008 —0.0025
SD 0.0170  0.0253 0.0249 0.0400 0.0989 0.0192 0.0261 0.0203 0.0502  0.0591
AD 0.0162  0.0245 0.0234 0.0407 0.0920 0.0190 0.0258 0.0206 0.0499  0.0591

Self-weighted QMLE (6;,,) Self-weighted QMLE (6,,,)

ﬁ-sn ¢1sn &Osn &lsn ﬂlsn ﬁ-sn ¢1sn &Osn &lsn ﬂlsn

Bias —0.0003 —0.0016 0.0041 0.0114 —0.0227 0.0005 —0.0039 0.0031 0.0104 —0.0127
SD 0.0243  0.0451 0.0301 0.0624 0.1237 0.0283  0.0458 0.0242  0.0750  0.0755
AD 0.0240  0.0443 0.0285 0.0607 0.1184 0.0283 0.0461 0.0243 0.0704 0.0741

Local QMLE (6,,) Local QMLE (6,)

ﬁ'n ¢ln &On &ln ﬂln Izn ¢ln &On &ln ﬂln

Bias  0.0007 —0.0034 0.0026 0.0037 —0.0144 0.0022 —0.0045 0.0020 0.0044 —0.0081
SD 0.0243  0.0368 0.0279 0.0461 0.1115 0.0282  0.0377 0.0227 0.0579 0.0674
AD  0.0236 0.0361 0.0261 0.0459 0.1026 0.0281 0.0384 0.0230 0.0564  0.0659

From Table 1, when n; ~ Laplace(0, 1), we can see that the self-weighted
QMELE has smaller AD and SD than those of both the self-weighted QMLE
and the local QMLE. When n; ~ N(0, 1), in Table 2, we can see that the self-
weighted QMLE has smaller AD and SD than those of both the self-weighted
QMELE and the local QMELE. From Table 3, we note that the SD and AD of
both the self-weighted QMLE and the local QMLE are not close to each other
since their asymptotic variances are infinite, while the SD and AD of the self-
weighted QMELE and the local QMELE are very close to each other. Except 6, in
Table 3, we can see that all four estimators in Tables 1-3 have very small biases,
and the local QMELE and local QMLE always have the smaller SD and AD than
those of the self-weighted QMELE and self-weighted QMLE, respectively. This
conclusion holds no matter with GARCH errors (finite variance) or IGARCH er-
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TABLE 2
Estimators for model (4.1) when n; ~ N (0, 1)

6o = (0.0, 0.5,0.1,0.18, 0.4) 60 = (0.0, 0.5, 0.1, 0.6, 0.4)
Self-weighted QMELE (f;,,) Self-weighted QMELE (f;,,)
I’l\vsn $lsn &Osn &lsn ﬁ’\lsn I’l\vsn $lsn &Osn é\‘l.m Iélsn

Bias  0.0003 —0.0042 0.0075 0.0065 —0.0372 —0.0008 —0.0034 0.0029 —0.0019 —0.0028
SD 0.0192  0.0457 0.0366 0.0600 0.1738 0.0255 0.0437 0.0204 0.0815 0.0512
AD  0.0189 0.0443 0.0379 0.0604 0.1812 0.0257 0.0424 0.0202 0.0809 0.0491

Local QMELE (4,) Local QMELE (4,,)

ﬁvn ¢1n &On &ln ﬁln Iln ¢1n &On é\(ln ﬂln

Bias  0.0006 —0.0051 0.0061 0.0019 —0.0268 0.0000 —0.0040 0.0029 —0.0048 —0.0015
SD 0.0184 0.0372 0.0357 0.0487 0.1674 0.0252 0.0364 0.0197 0.0671 0.0472
AD  0.0183 0.0370 0.0350 0.0488 0.1652 0.0252 0.0359 0.0194 0.0685 0.0453

Self-weighted QMLE (0_S,,) Self-weighted QMLE (és,,)

I_Lsn ¢lsn &Osn &lsn ﬂlsn I_Lsn ¢lsn &Osn "_‘lsn ﬂlsn

Bias —0.0001 —0.0039 0.0069 0.0089 —0.0361 —0.0006 —0.0016 0.0024 0.0027 —0.0045
SD 0.0151  0.0366 0.0333 0.0566 0.1599 0.0196 0.0337 0.0189 0.0770  0.0481
AD  0.0150 0.0352 0.0345 0.0568 0.1658 0.0200 0.0329 0.0188 0.0757  0.0459

Local QMLE (6,,) Local QMLE (6,,)

Izn ¢1n oo A1 ,Bln Iln ¢1n Aon A1n ﬂln

Bias  0.0009 —0.0048 0.0055 0.0038 —0.0252 0.0004 —0.0031 0.0024 —0.0019 —0.0027
SD 0.0145 0.0300 0.0322 0.0454 0.1535 0.0195 0.0287 0.0183 0.0633  0.0442
AD  0.0145 0.0294 0.0320 0.0460 0.1517 0.0197 0.0279 0.0181 0.0644  0.0424

rors. This coincides with what we expected. Thus, if the tail index of the data is
greater than 2 but E nf = 00, we suggest to use the local QMELE in practice; see
also Ling (2007) for a discussion.

Overall, the simulation results show that the self-weighted QMELE and the
local QMELE have a good performance in the finite sample, especially for the
heavy-tailed innovations.

5. A real example. In this section, we study the weekly world crude oil price
(dollars per barrel) from January 3, 1997 to August 6, 2010, which has in total
710 observations; see Figure 3(a). Its 100 times log-return, denoted by {yt}zg%,
is plotted in Figure 3(b). The classic method based on the Akaike’s information
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TABLE 3
Estimators for model (4.1) when n; ~ t3

60 = (0.0, 0.5, 0.1, 0.18, 0.4) 60 = (0.0,0.5,0.1,0.2, 0.4)
Self-weighted QMELE (6, Self-weighted QMELE (é,,)
ﬁsn $1sn é\(Osn é\Clsn ﬁlsn ﬁsn $1sn &Osn &lsn ﬁlsn

Bias  0.0004 —0.0037 0.0059 0.0081 —0.0202 —0.0005 —0.0026 0.0032 0.0088 —0.0158
SD 0.0231 0.0416 0.0289 0.0600 0.1084 0.0221 0.0404 0.0252 0.0619  0.0968
AD  0.0233 0.0393 0.0282 0.0620 0.1101  0.0238  0.0393 0.0266 0.0637 0.1001

Local QMELE (4,,) Local QMELE (6,,)

Kn o1 Qo a1 B1a n o1 Qo a1 Bin

Bias  0.0011 —0.0039 0.0041 0.0011 —0.0115 0.0001 —0.0028 0.0019  0.0029 —0.0092
SD 0.0229  0.0328 0.0256 0.0429 0.0955 0.0218 0.0325 0.0226  0.0450 0.0842
AD  0.0228 0.0314 0.0252 0.0461 0.0918 0.0233 0.0317 0.0243  0.0483  0.0851

Self-weighted QMLE (6,,,) Self-weighted QMLE (6,,,)

I_Lm ¢1sn Aosn Aisn ﬂlsn Izsn ¢1sn Aosn Aisn ﬁlsn

Bias —0.0056 —0.0151 0.0029 0.0503 —0.0594 0.0036 —0.0141 0.0115 0.0442 —0.0543
SD 0.9657 0.1045 0.0868 0.2521 0.1740 0.1827 0.1065 0.3871 0.2164  0.1605
AD  0.0536 0.0907 33.031 0.1795 34.498 0.0517  0.0876138.38 0.1875 11.302

Local QMLE (6,,) Local QMLE (6,,)

l_Ln ¢1n &On &ln ﬂln I_Ln ¢1n &On &ln .Bln

Bias —0.0048 —0.0216—-2.1342 0.0185 3.7712 —0.0010 —0.0203 1.3241  0.0253 —0.1333
SD 0.0517  0.1080 38.535 0.3596 83.704 0.0521  0.1318 42.250 0.2524  3.4539
AD  0.0508 0.0661 55.717  0.1447 45.055 0.0520  0.0707 13.761 0.1535 1.1343

criterion (AIC) leads to the following model:

v = 0.28768;_1 + 0.1524¢;_3 + &,
5.1
(0.0357) (0.0357)

where the standard errors are in parentheses, and the estimated value of ‘752 is
16.83. Model (5.1) is stationary, and none of the first ten autocorrelations or par-
tial autocorrelations of the residuals {&,} are significant at the 5% level. However,
looking at the autocorrelations of {étz}, it turns out that the 1st, 2nd and 8th all ex-
ceed two asymptotic standard errors; see Figure 4(a). Similar results hold for the
partial autocorrelations of {5,2} in Figure 4(b). This shows that {8,2} may be highly
correlated, and hence there may exist ARCH effects.
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F1G. 3. (a) The weekly world crude oil prices (dollars per barrel) from January 3, 1997 to August 6,
2010 and (b) its 100 times log return.

Thus, we try to use a MA(3)-GARCH(1, 1) model to fit the data set {y;}. To
begin with our estimation, we first estimate the tail index of { ylz} by using Hill’s
estimator {¢,(k)} with k =1, ..., 180, based on {ytz}t7291. The plot of {a, (k)},lfiol
is given in Figure 5, from which we can see that the tail index of {y?} is be-
tween 1 and 2, that is, £ yf = 00. So, the standard QMLE procedure is not suit-
able. Therefore, we first use the self-weighted QMELE to estimate the MA(3)—
GARCH(1, 1) model, and then use the one-step iteration as in Section 3 to obtain

N N
o =]
5 5
. ‘ ‘ | . ]
=] =]
S S
T T
o o
T T
T T T T T T T T T T T
0 2 4 6 8 10 2 4 6 8 10
Lag Lag
(a) (b)

F1G. 4. (a) The autocorrelations for {étz} and (b) the partial autocorrelations for {étz}
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FIG. 5. Hill estimators {&y (k)} for {y,2}.

its local QMELE. The fitted model is as follows:
vy =0.32765,-1 + 0.1217¢;,_3 + &,

(0.0454)  (0.0449)
(5.2)
h; =0.5147 + 0.0435¢2 | 4+ 0.8756h;_1,

(0.3248) (0.0159) (0.0530)

where the standard errors are in parentheses. Again model (5.2) is stationary, and
none of first ten autocorrelations or partial autocorrelations of the residuals 7); =
é,fzt_l/ % are significant at the 5% level. Moreover, the first ten autocorrelations and
partial autocorrelations of {ﬁtz} are also within two asymptotic standard errors; see
Figure 6(a) and (b). All these results suggest that model (5.2) is adequate for the
data set {y;}.

Finally, we estimate the tail index of n,2 in model (5.2) by using Hill’s estimator
ay(k) with k =1, ..., 180, base on {#?}. The plot of {6{,7(k)},1<8:0l is given in Fig-
ure 7, from which we can see that En? is most likely finite, but En is infinite.
Furthermore, the estimator of £ 7712 is )" ﬁtz /n = 1.6994, and it turns out that
a1, (X H2/n) + Bin = 0.9495. This means that E&? < 00. Therefore, all the as-
sumptions of Theorem 3.1 are most likely satisfied. In particular, the estimated tail
indices of { ytz} and {ﬁtz} show the evidence that the self-weighted/local QMELE is
necessary in modeling the crude oil price.

6. Proofs of Lemmas 2.2 and 2.3. In this section, we give the proofs of Lem-
mas 2.2 and 2.3. In the rest of this paper, we denote C as a universal constant, and
G (x) be the distribution function of ;.
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FIG. 6. (a) The autocorrelations for {r)t } and (b) the partial autocorrelations for {77, %

PROOF OF LEMMA 2.2. A direct calculation gives
, 2wy 9&:(y0)
N

where M;(u) = fol X,(—q1,(u)s)ds. Thus, we have

&(u):— — M (u),

" 0
|n1n<u>|<2||u||2 fL ggéy‘)) Z{Mz( ) — EIM )| Fi—11}-
t

‘ ‘‘‘‘‘ Hill estimators ‘
7h 1
1
1

0 20 40 60 80 100 120 140 160 180

FIG. 7. The Hill estimators {ay (k)} for {ﬁtz} of model (5.2).
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It is sufficient to show that

de; (6
th Sa’é 0y IZZI{MAun)—E[Mt(un)mH]} = 0, (/1 + nllunl).

foreach1 < j <m.Letm, = wth 88,(90)/89J, fi(u) =myM;(u) and

6.1

1
D) = —= Z{ﬁ(u) — ELfiw)| Fi-11}.
=1

Then, in order to prove (6.1), we only need to show that for any 1 > 0,

sup | Dy (u)]
lul<n 1+ /nllul

Note that m; = max{m;, 0} — max{—m;,, 0}. To make it simple, we only prove the
case when m, > 0.

We adopt the method in Lemma 4 of Pollard (1985). Let § = { f; () : |lu| < n}
be a collection of functions indexed by u. We first verify that § satisfies the bracket-
ing condition in Pollard (1985), page 304. Denote B, (¢) be an open neighborhood
of ¢ with radius r > 0. For any fix ¢ > 0 and 0 < § < 7, there is a sequence of small
cubes {Bgs/c, (u,-)}iKzg1 to cover B;s(0), where K, is an integer less than coe ™" and
co 1s a constant not depending on ¢ and §; see Huber (1967), page 227. Here, C;
is a constant to be selected later. Moreover, we can choose U;(8) € Bgs/c, (u;)

such that {U; ((S)}iK:’s1 be a partition of Bs(0). For each u € U;(§), we define the
bracketing functions as follows:

(6.2) =0, (1).

00

Since the indicator function is nondecreasing and m; > 0, we can see that, for any
u e U;(5),

1
FEW) =m, fo Xz(—fht(u)si £ 88“”””)

f ) = frw) < £, (ui).
Note that sup, . g(x) < oo. It is straightforward to see that

2e8 ¢
63) ELfFui) — £ )| Fio1] < =2 sup g(x) ="
Cl xer hy

88;()/0) H 88At
Ci
Setting C1 = E(A;), we have

ELf i) = f7 @)l = EXELf; (i) — ;7 )| Fi11) < €8.

Thus, the family § satisfies the bracketing condition.

Put 6, = 2_")7. Define B(k) = B;, (0), and A(k) to be the annulus B(k)/B(k +
1). Fix ¢ > 0, for each 1 <i < K,, by the bracketing condition, there exists a
partition {U; (6x)}; 81 of B(k).
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We first consider the upper tail. For u € U; (6), by (6.3) with § = &, we have
1 n
D) < t:ZI{fﬂui) — ELf; @) Fr-11}

1
n

Y ELfT i) — f7 i)l Fiei]

t=1

=D, (u;) +

1 n
< D, (ui) + /nedi| — D A |,
nCq =
where

D, (u;) =

1 n
T S USTwi) — ELAT i) Fioa ).
t=1

Denote the event

1 n
E, = T— A 2¢.
n {w nclg () < }
On E, with u € U; (8;), it follows that

(6.4) Dy, (u) < D;f (ui) + 2+/nedy.

On A(k), the divisor 1 + /n||u| > /ndk+1 = /ndx/2. Thus, by (6.4) and Cheby-
shev’s inequality, it follows that

D
P< sup ﬂ > b¢, En)
ueA() L+ /nlul

< P( sup Dy (u) > 3/nedy, En)
ueAk)

< P( max sup D, (1) > 33/nedy, En>
I=i=K¢ yeU;(8)NAk)
(6.5)

< P( max Df () > v/nedy, En)

1<i<K,

< K. max P(D;(u;) > /neby)

I<i<K.
E D+ )2
< K. max (D, (ui)) ]‘
1<i<K, n825,%

Note that g1, (u;)| < C8€pr—1 and mi < Cwi€7,_; for some p € (0, 1) by Lem-
ma A.1(i), and sup,.p g(x) < 0o by Assumption 2.6. By Taylor’s expansion, we
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have

EL(fT )1 = EXEL(f;T )| Fi11)

<E[ 2/1EHX( ) + 2%
m —q1;(u;)s
— t 0 t q]f l CI\/E

< CE[ sup  |G(x) — G(O)|w12§§z—1]
[x|<6kCEpr—1

<SCEWE), ).

0
o] ]

Since ft+ (u;) — E[ f,+ (u;)|F:—1] is a martingale difference sequence, by the pre-
vious inequality, it follows that

1 n
E[(D;f (ui)*1= - STE{fT i) — ELLY )| Foa Y

t=1

1 n
< D EIH )]

t=1

(6.6) 5
<= Y CEWE) )
=1
= 77, (8k)-
Thus, by (6.5) and (6.6), we have

D )
P< sup & > 6Og, En> < K(g%zkz).
ueA(ky 1+ /nllull nels;

By a similar argument, we can get the same bound for the lower tail. Thus, we can
show that

D )
(6.7) P( sup M > 6¢g, En) <2K, 7Tn(2 kz).
ueA(o 1+ /nllul ne2s?
Since 7, (8;) — 0 as k — oo, we can choose k. so that
27, (80 Ke/(em)* < ¢

for k > k.. Let k,, be an integer so that n12 <2k <2172, Split {u : ||u|| <n}
into two sets B(k, + 1) and B(k,, + 1) = U];?l:oA(k)- By (6.7), since 1, (dy) is
bounded, we have

< | D (1) )
P sup ——— >6¢
ueBn+1)e 1+ /nllul

kn

(6.8) < ZP( sup —Pn@)l
0

p ———>6¢ E >+P(EC)
= \ucaw 1+ nlul ! "
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kg_l
— Z CK 22k+ Z 22k+P(EC)

n = e’ ik,

1 2k,
< 0(—) +4e=— 4 P(ES)
n n

1
< 0(—) +4s + P(ES).
n

Since 1+ /n|lu|| > 1 and /né,+1 < 1, using a similar argument as for (6.5)
together with (6.6), we have

Dy, (u)
P sup ——=—>3¢E, §P(maxD(u)>sE)
ueBy+1) L+ /nlul 1<i<K.

< Ksn'n((sk,,—i-l)'

&2

We can get the same bound for the lower tail. Thus, we have

P( | Dy (u)| )
sup —————— > 3¢
ueBk,+1) 1+ /nllul

D
(6.9) = P( sup _Pnll 3e, En> + P(ES)
ueBo+1) 1+ /nlul

2Ky (8k,4+1)
<8n—2++P(E5).

Note that 7, (8k,+1) — 0 as n — oo. Furthermore, P(E,) — 1 by the ergodic
theorem. Hence,

P(E;)—0 as n — oo.

Finally, (6.2) follows by (6.8) and (6.9). This completes the proof. [J

PROOF OF LEMMA 2.3. (i). By a direct calculation, we have

n —q1¢ ()
T () =2Zw,f "6y - GOy ds
=1 70

(6.10) :2Zw,f0_ sg(c*)ds

= (V) [Kin + K2n ()] (V11),

where ¢* lies between 0 and s, and

K =g(0)2": wy  9&(vo) 9&/(0)
" — hi(6o) 06 96"’
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qi1r ()
Koutu) = - ”2 Z T slstsh — gnds.
By the ergodic theorem, it is easy to see that
(6.11) Ky =%1+0,(1).

Furthermore, since |q1(u)| < Cllu||&,¢—1 for some p € (0, 1) by Lemma A.1(i), it
is straightforward to see that for any n > 0,

g1 ()]
Z ST sleen) — gl ds

g1 (W)l

sup |Ko,(u)| < sup
lll<n lll<n "||u|

n

1
<- sup  |g(s) — g(O) w2, |-
n ;[SKC??SMI P ]

By Assumptions 2.4 and 2.6, E(wtégt_l) < 00 and sup, . g(x) < oo. Then, by
the dominated convergence theorem, we have

lim E[ sup |g(s) — g(0)|wl€:3t—l:| =0.
=0 Hs|=Cngpi

Thus, by the stationarity of {y;} and Markov’s theorem, for Ve, § > 0, Ing(e) > 0,
such that

6.12) P( sup Ko@)l >5) < c
lull<no 2
for all n > 1. On the other hand, since u, = 0, (1), it follows that
I3
(6.13) P(l[unll > no) < 3
as n is large enough. By (6.12) and (6.13), for Ve, § > 0, we have

P(1Kon(un)| > 8) < P(IK2n(up)l > 8, llunll < n0) + P(llunll > no)

< P( sup |Ko,(u)| > 8) + ¢
el <no 2

<é&

as n is large enough, that is, K2, (u,) = o, (1). Furthermore, combining (6.10) and
(6.11), we can see that (i) holds.

(ii) Let I3, (1) = (/nu) K3, (§*)(/nu) + Kan (u), where

1 ¢ Wy 328t(§)

K3, (%) = — Zﬁ 950 L1 >0) =10 <0,

Kun (1) _2Zwt/ X,(s)ds.

qie(u)
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By Assumption 2.4 and Lemma A.1(i), there exists a constant p € (0, 1) such that

azf‘fz (&%)

P T a0 000

E < o
gren vy
Since n; has median 0O, the conditional expectation property gives
E (& d 28t (%)

JVh; 360036’
Then, by Theorem 3.1 in Ling and McAleer (2003), we have

sup |K3, (%) =0, (D).

(e > 0) = I(ny < onD < CEwikp1) < oo.

1 (e > 0) — 1 (s < 0)]) o0,

ExeA
On the other hand,
Kin(u) 2 /—qzt(w/uuuz 5
= - w X (|lull”s — u))ds
I nt:ZI ', (s = que(w)

2 n
== " Ji ).
n
t=1

By Lemma A.1, we have [[|lu]|"2g2 (u)| < C&y—1 and |q1;(u)| < Cllu|§p—1 for
some p € (0, 1). Then, for any n > 0, we have

Cspt—l
sup 171, ()] < wy f (X (Cn%6ps—1 + CiiEpr1)

lull<n Epr—1
— X (—Cn*Epi—1 — CiiEpr—1)}ds
< 2CwiEp—1{X(CnEpr—1 + CEpi—1)
- Xz(—anépt—l - Cnépr—l)}-

By Assumptions 2.4 and 2.6 and the double expectation property, it follows that

E[”Shlp 10| < 2CElwi&pr—1{G (CEpi—1 + Cpr—1)
ull<n

— G(=Cn*&p—1 — Cigp-D}]
= C* +m)supg (W) E(wiépy 1) — 0

as 7 — 0. Thus, as for (6.12) and (6.13), we can show that K4, (u,) = 0, (nllu, 1.
This completes the proof of (ii).

(iii) Let T4, (u) = (nuw) [n~ 0| Ty (£9)1(y/nu), where

J@*):w(g & () _1) 1 9h(@®) 3R, (L)
o+ "BIVm @ 4)n2¢r) 90 P
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By Assumption 2.4 and Lemma A.1(ii)—(iv), there exists a constant p € (0, 1) and
a neighborhood ®¢ of 6y such that

E[ sup 1J2(&)] < CEMw&_ (Inil&p—1 + D] < 0.
{*€Bg

Then, by Theorem 3.1 of Ling and McAleer (2003), we have

1 n
=30 () = EL ()| = 0, ().
=1

sup
£*e®g

Moreover, since ;7 — 6p a.s., by the dominated convergence theorem, we have
lim E[J2(¢,)] = E[J2(60)] = 2.
n—0o0
Thus, (iii) follows from the previous two equations. This completes the proof
of (iii).
(iv) Since E|n;| =1, a similar argument as for part (iii) shows that (iv) holds.
(v) By Taylor’s expansion, we have
1 1 B —u’ Ahy(C*)
Vhi@+u)  hi(Oo)  2(he(c*)* 90 7
where ¢* lies between 6y and 6y + u. By identity (2.6), it is easy to see that

8 *k

/ 8’3(5 D1 > 0) = 11y < 0)]
* 1 / *

D61 (6% Xt( e >s> i

30 Jo N

where £* lies between yg and yg + u;. By the previous two equations, it follows
that

ler (Yo +u1)| — le:(yo)l =u

+2u’

> wiCir(u) = (vnu) [Ksy () + Ken ()] (v/nu),

t=1

where

K, (1) = 1 Z Wy ohy (") 0&1(67)

n =Py 00 00

L& we Bh(EY) dg(EF) 1 u' 9e(8%)

By Lemma A.1(i), (iii), (iv) and a similar argument as for part (ii), it is easy to see
that K5, (u,) = 0p(1) and Ke,(u,) = 0p(1). Thus, it follows that (v) holds. This
completes all of the proofs. [

(£ (n: <0) = I(n: >0)],
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7. Concluding remarks. In this paper, we first propose a self-weighted
QMELE for the ARMA-GARCH model. The strong consistency and asymptotic
normality of the global self-weighted QMELE are established under a fractional
moment condition of &, with En? < 0o. Based on this estimator, the local QMELE
is showed to be asymptotically normal for the ARMA-GARCH (finite variance)
and —-IGARCH models. The empirical study shows that the self-weighted/local
QMELE has a better performance than the self-weighted/local QMLE when n;
has a heavy-tailed distribution, while the local QMELE is more efficient than the
self-weighted QMELE for the cases with a finite variance and -IGARCH errors.
We also give a real example to illustrate that our new estimation procedure is nec-
essary. According to our limit experience, the estimated tail index of most of data
sets lies in [2,4) in economics and finance. Thus, the local QMELE may be the
most suitable in practice if there is a further evidence to show that En} = cc.

APPENDIX
The Lemma A.1 below is from Ling (2007).
LEMMA A.1. Let &, be defined as in Assumption 2.4. If Assumptions 2.1

and 2.2 hold, then there exists a constant p € (0, 1) and a neighborhood ®¢ of 6
such that:

supler—1 (P < Cépr—1,
®

9
@) supH 81()/)H§C§p,_1 and
e Il dy
82
W L] B
e Il dyay’
(i) suph; (9) < (of Y
(i)  sup L 9h(6) H<C§“ , foranyy €(0,1),
@ Ih:t(®) 38 || = 7F'~
. 1 dh(0)
) sup| < T < .
o Ivh® dy o

LEMMA A.2. For any 0% € O, let B,(0*) =1{0 € © : |6 — 0%|| < n} be an
open neighborhood of 0* with radius n > 0. If Assumptions 2.1-2.5 hold, then:

(i) E[sup wtl,(Q)] < 00,
)
(i) E[w:l;(0)] has a unique minimum at 6,

(iii) E[ sup w,|lt(9)—lt(¢9*)|]—>0 asn— 0.
0B, (6%)
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PROOF. First, by (A.13) and (A.14) in Ling (2007) and Assumptions 2.4
and 2.5, it follows that

|: wele ()l
E|sup ———
9c0 ~/hi(0)

for some p € (0, 1), and

} < CE[wiép—1(1+ )] < 00

E[sup wy log \/ht(e)] < o0

0e®

see Ling (2007), page 864. Thus, (i) holds.
Next, by a direct calculation, we have

9 90
Elw,l, 0)] = E w;logm+ weler (yo) + (v — :29))( g (E%)/ )I]

=FE wtl()gv +(6) +m {SZ(VO)+(V_VO) ”
l
= | uylog VI ®) + = (eI Fio) |
L l‘
i h (0 h; (6
=E_u); (10g\/h;((90)) +\/htt((90))>:| +E[wz IOg\/ht(QO)],

where the last inequality holds since 7, has a unique median 0, and obtains the min-
imum if and only if y = yy a.s.; see Ling (2007). Here, £* lies between y and yy.
Considering the function f(x) =logx 4+ a/x when a > 0, it reaches the minimum
at x = a. Thus, E[w¢l;(6)] reaches the minimum if and only if \/h;(0) = /h;(6p)
a.s., and hence 6 = 6y; see Ling (2007). Thus, we can claim that E[wl;(6)] is
uniformly minimized at 6y, that is, (ii) holds.

Third, let 6* = (y*, §*')’ € ©. For any 6 € B, (6*), using Taylor’s expansion,
we can see that

0 —0*) 9h;(0**
log v/ (8) — log /i, (6%) = (2h (9**)) ’8(9 )
t

where 6** lies between 6 and 6*. By Lemma A.1(iii)—(iv) and Assumption 2.4, for
some p € (0, 1), we have

E[ sup willogy/h(©) —log VA (0%)|| < CnEw&y—1) >0

0B, (6%)

as n — 0. Similarly,

E[ sup 16 ()] — e (y*>|]—>0 as 7 — 0,
0€B,(6*) v/ z(9 e ' |
1 1
E|: sup  wele(y™)] - ]—>0 asn — 0.
ocs0n  IN@) (@)
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Then, it follows that (iii) holds. This completes all of the proofs of Lemma A.2.
0

PROOF OF THEOREM 2.1. We use the method in Huber (1967). Let V be any
open neighborhood of 6y € ®. By Lemma A.2(iii), for any 6" € V¢ =0 /V and
& > 0, there exists an ng > 0 such that

(A.1) E[ inf il (9)] > E[w,,(6%)] —e.

EByy
From Lemma A.2(i), by the ergodic theorem, it follows that
(A.2) - Z inf  wl,() > E[e inf il (9)] )

— 0€By, (6 By (6

as n is large enough. Since V¢ is compact, we can choose {B),,(6;):0; € V,i =
1,2, ..., k} to be a finite covering of V. Thus, from (A.1) and (A.2), we have

1nf Lgy(0) = min  inf Lg,(0)

1<z<keeB,,0(9,)
1 n
(A3) > min — Y inf w/(6)

I<i<kn tzleeB,,O(ei)

> min E| inf L@ —¢
~ <i<k [eeBno(e,-)wt 2t )]

as n is large enough. Note that the infimum on the compact set V¢ is attained. For
each 6; € V¢, from Lemma A.2(ii), there exists an g9 > 0 such that

(A.4) E[ inf wtl,(Q)]zE[wzl;(Qo)]+3eo.

0€By, (6;)
Thus, from (A.3) and (A.4), taking ¢ = &y, it follows that
(A.5) Oien‘fc Lsn(0) = E{wil:(60)] + 2&0.

On the other hand, by the ergodic theorem, it follows that

(A.6) 9125 Lsn(0) = Lsn(60) = Z wili (Bo) = E{w;l;(60)] + €o.
=

Hence, combining (A.5) and (A.6), it gives us
inf L, (0) > E[w;(60)] + 2e0 > E[w:l;(6p)] + €0 > inf L, (),
feve feVv

which implies that
Osp €V a.s. for VV, as n is large enough.

By the arbitrariness of V, it yields fsn — 6o a.s. This completes the proof. [J
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