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INTERACTING BROWNIAN MOTIONS IN INFINITE DIMENSIONS
WITH LOGARITHMIC INTERACTION POTENTIALS'

By HIROFUMI OSADA

Kyushu University

We investigate the construction of diffusions consisting of infinitely nu-
merous Brownian particles moving in RY and interacting via logarithmic
functions (two-dimensional Coulomb potentials). These potentials are very
strong and act over a long range in nature. The associated equilibrium states
are no longer Gibbs measures.

‘We present general results for the construction of such diffusions and, as
applications thereof, construct two typical interacting Brownian motions with
logarithmic interaction potentials, namely the Dyson model in infinite dimen-
sions and Ginibre interacting Brownian motions. The former is a particle sys-
tem in R, while the latter is in R2. Both models are translation and rotation
invariant in space, and as such, are prototypes of dimensions d = 1, 2, respec-
tively. The equilibrium states of the former diffusion model are determinantal
or Pfaffian random point fields with sine kernels. They appear in the ther-
modynamical limits of the spectrum of the ensembles of Gaussian random
matrices such as GOE, GUE and GSE. The equilibrium states of the latter
diffusion model are the thermodynamical limits of the spectrum of the en-
semble of complex non-Hermitian Gaussian random matrices known as the
Ginibre ensemble.

1. Introduction. Interacting Brownian motions (IBMs) in infinite dimensions
are diffusions X; = (X f)ieZ consisting of infinitely many particles moving in R¢
with the effect of the external force coming from a self-potential ® : R? — RU{o0}
and that of the mutual interaction coming from an interacting potential W :R? x
R? — R U {00} such that W (x, y) = W¥(y, x).

Intuitively, an IBM is described by the infinitely dimensional stochastic differ-
ential equation (SDE) of the form

: 1 : 1 i
(L) dXj=dB{ - VO(X))dr—5 3 VU(X].X{)dt (el
JEL j#i
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The state space of the process X; = (X ;)iez is (R9)Z by construction. Let X be the
configuration-valued process given by

(1.2) Xe = 8xi-

i€Z
Here §, denotes the delta measure at a and a configuration is a Radon measure
consisting of a sum of delta measures. We call X the labeled dynamics and X the
unlabeled dynamics.

The SDE (1.1) was initiated by Lang [10, 11]. He studied the case ® =0, and
Y(x,y) =V(x —y), where ¥ is of CS (R, superstable and regular according
to Ruelle [21]. With the last two assumptions, the corresponding unlabeled dy-
namics X has Gibbsian equilibrium states. See [3, 22] and [26] for other works
concerning the SDE (1.1).

In [14] the unlabeled diffusion was constructed using the Dirichlet form. The
advantage of this method is that it gives a general and simple proof of construction,
and more significantly, it allows us to apply singular interaction potentials, which
are particularly of interest, such as the Lennard—Jones 6—12 potential and hard core
potential. We note that all these potentials were excluded in the SDE approach.
See [1, 27, 29] and [28] for other works on applying the Dirichlet form approach
to IBMs.

We remark that in all these works, except some parts of [14], the equilibrium
states are supposed to be Gibbs measures with Ruelle’s class interaction poten-
tials W. Thus, the equilibrium states are described by the Dobrushin—-Lanford—
Ruelle (DLR) equations [see (2.11)], the usage of which plays a pivotal role in the
previous works.

The purpose of this paper is to construct unlabeled IBMs in infinite dimensions
with the logarithmic interaction potentials

(1.3) W(x,y)=—ploglx —y|.

We present a sequence of general theorems to construct IBMs and apply these to
logarithmic potentials. We remark that the equilibrium states are not Gibbs mea-
sures because the logarithmic interaction potentials are unbounded at infinity.

The above potential ¥ in (1.3) is known to be the two-dimensional Coulomb po-
tential. In practice, such systems are regarded as one-component plasma consisting
of equally charged particles. To prevent the particles from all repelling to explode,
a neutralizing background charge is imposed. The self-potential ® denotes this
particle-background interaction; see [2].

We study two typical examples, namely Dyson’s model (Section 2.1) and
Ginibre IBMs (Section 2.2). In the first example, we take d = 1, ® =0 and
W(x,y) =—Blog|x —y| (B =1,2,4), while in the second d =2, ®(z) = 1z|2,
and ¥ (x, y) = —2log|x — y|.

For the special values 8 = 1, 2, 4 and particular self-potentials ®, the associated
equilibrium states are limits of the spectrum of random matrices. Recently, much
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intensive research has been carried out on random point fields related to random
matrices. Our purpose in this paper is a rather more dynamical one; that is, we
construct diffusions, the equilibrium states of which are these random point fields
related to random matrices.

The labeled dynamics of the Dyson model in infinite dimensions is represented
by the following SDE:

; B .. .

1 __ 1 = -
(14)  dX;=dB +2 lim > T dt  (i€l).

IX[|<R.jeL.j#i =t !
Here 8 =1, 2, 4, corresponding to the Gaussian orthogonal ensemble (GOE), the
Gaussian unitary ensemble (GUE) and the Gaussian symplectic ensemble (GSE),
respectively. The invariant probability measures jqys g of the (unlabeled) Dyson
models are translation invariant. Hence, if the distribution of X¢ equals gy, g, then
for all ¢,
1

(1.5) Y. ———ydi=00  as
JEZL,j#i |X; - Xt |

This means that only conditional convergence is possible in the summation of the
drift term in (1.4), which is the cause of the difficulty in dealing with the Dyson
model. It is well known that the equilibrium states are the thermodynamic limits
of the distribution of the spectrum of Gaussian random matrices at the bulk [2, 13,
24].

The labeled dynamics of Ginibre IBMs is represented by the following SDE.
For convenience, we regard S as C rather than R

zi-7]

—————dt (i €Z).
Z} — Z] 2

i _ gpi _ i :
(1.6)  dZ;=dB; —Zidi+ lim >
|Z]I1<R,jeZ, j#i

Here Z! = X! +iY} € C, where i = /=1, and {B!};cz are independent com-
plex Brownian motions. That is, B! = B;’Re + iB,i’Im, where {Bti’Re, B,i’lm}iez is
a system of independent one-dimensional Brownian motions. The stationary mea-
sure Lgin Of the unlabeled dynamics is the thermodynamic limit of the distribu-
tion of the spectrum of random Gaussian matrices called the Ginibre ensemble;
cf. [24]. pgin 18 a random point field with logarithmic interaction potential and is
known to be translation invariant. If Ginibre IBMs Z ={Z;} ={>_, § Z;‘} start from
the stationary measure jigin, then Z is also translation invariant in space. Moreover,
Ginibre IBMs Z satisfy the SDE of the translation invariant form

Z, -7 .
———dt (ie?).

1.7) dZ'=dB'+ 1 /
R Y =T

\Zi—Z]|<R.jeZ.j#i
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This variety of SDE representations of Ginibre IBMs is a result of the strength of
the interaction potential.

A diffusion (X, P) is a family of probability measures P = {Px} with continu-
ous sample path X = {X;} starting at each point x of the state space with a strong
Markov property; see [4]. We emphasize that we construct not only a Markov
semi-group or a stationary Markov process, but also a diffusion in the above sense,
and also that, to apply stochastic analysis effectively, we require the construction
of diffusions.

In [17], we give another general result for the SDE representation of unlabeled
diffusions constructed in this paper. The SDEs (1.4), (1.6) and (1.7) of the la-
beled dynamics are solved there using the main results Theorems 2.2 and 2.3 in
the present paper. These SDEs provide a clear trajectory level description of the
diffusions obtained in the present paper. We also note that in [17] the fully labeled
dynamics X; is a diffusion on RZ (Dyson’s model) and (R%)Z (Ginibre IBMs).

Because of the long range nature of the logarithmic interaction, the diffusion
has not yet been constructed. The only exception is the Dyson model with g =2.
In [25] Spohn proved the closability of the Dirichlet form associated with (1.1) for
this model. This implies the construction of the unlabeled dynamics (1.2) in the
sense of an L?-Markovian semigroup. An associated diffusion was constructed
in [14] by combining Spohn’s result with the result from [14], Theorem 0.1, for
the quasi-regularity of Dirichlet forms.

In one space dimension, some explicit computations of space—time correlation
functions of infinite particle systems related to random matrices have been ob-
tained. Indeed, Katori and Tanemura [8] recently studied the thermodynamic limit
of the space—time correlation functions related to the Dyson model and Airy pro-
cess. Their limit space—time correlation functions define a stochastic process start-
ing from a limited set of initial distributions. However, the Markov (semi-group)
property of the process has not yet been proved. They also proved that, if their pro-
cess is Markovian, the associated Dirichlet form is the same as the one obtained
in this paper and their processes coincide with the processes constructed here. It is
an interesting open problem to prove the Markov property of their processes and
identify these two processes.

We also refer to [5-7] and [19] for stochastic processes of one-dimensional
infinite particle systems related to random matrices.

As for two-dimensional infinite systems with logarithmic interactions, the con-
struction of stochastic processes based on the explicit computation of space—time
correlation functions has not been done. Techniques useful in one-dimension, such
as applying the Karlin—-McGregor formula, are no longer valid in two dimensions.

2Recently, the Markov property of the processes in [8] has been proved in [9]. The domains of
Dirichlet forms in [9] include ones in the present paper, but the identification of these two kinds of
Markov processes is still open.
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Let us briefly explain the main idea. We introduce the notion of quasi-Gibbs
measures as a substitution for Gibbs measures. These measures satisfy inequal-
ity (2.8) involving a (finite volume) Hamiltonian. Inequality (2.8) is sufficient for
the closability of the Dirichlet forms and the construction of the diffusions.

To obtain the above-mentioned inequality we control the difference of the infi-
nite volume Hamiltonians instead of the Hamiltonian, itself. The key point of the
control is the usage of the geometric property of the random point fields behind the
dynamics. Indeed, although the difference still diverges for Poisson random fields
and Gibbs measures with translation invariance, it becomes finite for random point
fields such as Dyson random point fields and Ginibre random point fields. For these
random point fields the fluctuations of particles are extremely suppressed because
the logarithmic potentials are quite strong. This cancels the sum of the difference
of the infinite-volume Hamiltonians.

The organization of the paper is as follows. In Section 2, we describe the set-up
and state the main results (Theorems 2.2 and 2.3). We first introduce the notion
of quasi-Gibbs measures and give a general result (Lemma 2.1) concerning the
closability of bilinear forms. As applications, we then construct the diffusions of
the Dyson model and the Ginibre IBMs cited above in Theorems 2.2 and 2.3,
respectively. Section 3 is devoted to preparation from the Dirichlet form theory and
the proof of Lemma 2.1. The most crucial assumption of Lemma 2.1 is the quasi-
Gibbs property. In Section 4, we introduce Theorem 4.1, which gives a pair of
sufficient conditions (A.4) and (A.5) for the quasi-Gibbs property. We also explain
the strategy of the proof of Theorem 4.1. In Section 5, we prove Theorem 4.1.
In Section 6, we prove Theorem 6.2, which allows us to deduce (A.5) from the
new condition (A.6). In Section 7, we give a sufficient condition of (A.6), directly
used in the proof of Theorems 2.2 and 2.3. In Section 8, we give a representation
of the L%-norm of linear statistics in terms of Fourier series when random fields
are periodic, which is a preparation of the proof of Theorem 2.2. In Section 9, we
prove Theorem 2.2. In Section 10, we prove Theorem 2.3. In Appendix A.1 we
prove Lemmas 3.4 and 3.5, in Appendix A.2 we prove Lemma A.1.

2. Set up and main results. Let S be a closed set in R? such that 0 € S

and Smt = S, where S™™ means the interior of S. Let S = {s = Y i0s:8(K) <
oo for any compact set K}, where {s;} is a sequence in S. Then S is the set of
configurations on S by definition. We endow S with vague topology, under which
S is a Polish space.

Let 1 be a probability measure on (S, B(S)). We construct p-reversible diffu-
sions (X, P) with state space S using the Dirichlet form theory. Hence, we begin
by introducing Dirichlet forms in the following.

For a subset A C S, we define the map m4:S — S by m4(s) =s(AN-). We
say a function f:S — R is local if f is o[74]-measurable for some bounded
Borel set A. We say f is smooth if f is smooth, where f ((s;)) is the permutation
invariant function in (s;) such that f(s) = F((sp)) fors = > i 0,
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LetSeS={(s,s) eSxS;s({s})>1}.Leta=(ay):SeS — R% be such that
ay; = ajx and (ay; (s, s)) is nonnegative definite. Set

3
2.1 DLf. gl(s) = Z Z a(s, s;) :
TS Bsik 9sil
Here s; = (si1,...,5iq) € Sand s =) ; §,;. For given f and g, it is easy to see that

the right-hand side depends only on s. Therefore, the square field D[ f, g] is well
defined. We assume D?[ f, g]:S — R is B(S)-measurable for each of the local,
smooth functions f and g.

For a and p, we consider the bilinear form (£%#, D5*) defined by

ECH(f. 8) = /SD“[f, gldu,

Dif ={fe L%(S, w); f is local and smooth, E**(f, f) < o0}.

When ay; = 81 (8 is the Kronecker delta), we write D¢ =D, £4* = E#, and
D' =Dk
All examples in this paper satisfy ay; = 6x;. We, however, state the assumption
in a general framework. We assume the coefficients {ay;} satisfy the following:
(A.0) There exists a nonnegative, bounded, lower semicontinuous function
ap:Se S — [0,00) and a constant ¢; > 1 such that

(2.2)

d
(2.3) i tag(s, )Ix* < > au(s, $)xex; < crap(s, s)|x|?
k,l=1
forall x = (x1,...,x5) €RY, (s,5) €Se S.

We call a function p" the n-correlation function of p with respect to (w.r.t.) the
Lebesgue measure if p" : $” — R is a permutation invariant function such that

s(A)!
2.4 f "x1, ... xp)dxy - /
(2.4) . ot PO n) dxi H(S(A)_k), n
for any sequence of disjoint bounded measurable subsets Ay, ..., A, C S and a
sequence of natural numbers ki, ..., k;, satisfying k; + --- + k,, = n. It is well

known [24] that under a mild condition, the correlation functions {p"},cn deter-
mine the measure p.

We assume u satisfies the following.

(A.1) The measure p has a locally bounded, n-correlation function p" for each
neN.

We introduce a Hamiltonian on a bounded Borel set A as follows. For Borel
measurable functions ®: S — RU{occ}and ¥: S x § - RU {oo} with W (x, y) =
WY(y,x), let

(2.5) Hj’w(x) = Z D(x;) + Z W (x;, x;) where x = Z(le..

x;€A Xi, XjEAi<]
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We assume @ < oo a.e. to avoid triviality.

For two measures vy, vp on a measurable space (2,5) we write v; < v
if vi(A) <1 (A) for all A € B. We say a sequence of finite Radon measures
{vV} on a Polish space Q converge weakly to a finite Radon measure v if
limy_ oo [ fdVN = [ fdv forall f e Cp(RQ).

Throughout this paper, {b,} denotes an increasing sequence of natural numbers.
We set

(2.6) S, ={seS;ls| <b}, S ={seS;s(S,) =m}.
DEFINITION 2.1. A probability measure u is said to be a (®, W)-quasi Gibbs

measure if there exists an increasing sequence {b,} of natural numbers and mea-
sures {u)", } such that, for each r,m € N, ") and pu}" := (- N S satisfy

(2.7 Mg < Mykr for all &, kl;n;o My = ) weakly,
and that, for all r, m, k € N and for /,L:'fk—a.e. se€S,
2.8) ;e MIgn()AdX) < 1y ((dX) < c2e” O Lgm () A(dX).

Here H,(x) = Hgi’\p(x), c2 = ca(r,m, k, wse(s)) is a positive constant, A is the
Poisson random point field whose intensity is the Lebesgue measure on S and
u,". < is the conditional probability measure of )", defined by

(2.9) i s(@x) = ) (s, € dx|mse(s)).

We call & (resp., W) a free (interaction) potential. When W is an interaction
potential, we implicitly assume that W (x, y) = W(y, x). Our second assumption is
as follows.

(A.2) pis a (P, ¥)-quasi Gibbs measure.

REMARK 2.1. (1) By definition, ,quk((ST)C) = 0. Since MZk,s is o[mse]-
measurable in s, we have the disintegration of the measure 1",

(2.10) o H(dx) = fs W (@O (ds).

(2) Let puy's(dx) = ' (s, (s) € dx|mse(s)). Recall that a probability mea-
sure  is said to be a (P, W)-canonical Gibbs measure if u satisfies the DLR
equation (2.11), that is, for each r, m € N, the conditional probability ,u’,’fs satisfies

1
2.11) " (dx) = —e U g () A(dx)  for u-ae. .
’ C3 r

Here 0 < ¢3 < oo is the normalization and, for x =} ; é,, and s =) _ j O j» We set

(2.12) Vx,8)= Y W(x,s)).

X €Sy,s;€Sf
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We remark that (®, W)-canonical Gibbs measures are (®, W)-quasi Gibbs mea-
sures. The converse is, however, not true. When ¥ (x, y) = —fBlog|x — y| and u
are translation invariant, p are not (&, W)-canonical Gibbs measures. This is be-
cause the DLR equation does not make sense. Indeed, |\, (x, s)| = oo for u-a.s. s.
The point is that one can expect a cancellation between c3 and e~¥ %9 even if
W (x, 8)| = 00.

(A.3) There exist upper semicontinuous functions ®g, ¥o:S — R U {oco} and
positive constants c4 and c¢5 such that

(2.13) ;' Do(s) < D(s) < caDols)
(2.14) C;I\I’()(S —1) < W(s,t) <csWo(s — 1), Yo (s) = Yo(—s) (Vs).

Moreover, ¢ and W are locally bounded from below, and T" := {s; Wo(s) = oo}
is a compact set.
We use the following result obtained in [14] and [15].

LEMMA 2.1 ([14, 15]). Assume (A.0)—(A.3). Then (E“*, D&M, L*(S, w)) is
closable, and its closure (E4 ", DM, LZ(S, W) is a local, quasi-regular Dirichlet
space.

See Section 3 for the definition of “a local, quasi-regular Dirichlet space” and
necessary notions of the Dirichlet form theory. Combining Lemma 2.1 with the
Dirichlet form theory developed in [4] and [12], we obtain the following.

COROLLARY 2.1. Assume (A.0)—(A.3). Then there exists a diffusion (X, P)
associated with (E“", D%* L*(S, u)). Moreover, the diffusion (X,P) is u-
reversible.

We say a diffusion (X, P) is associated with the Dirichlet form (£9#, D%H)
on L%(S, w) if Ex[f(X)]=T; f(x) n-a.e. x for all f € L2(S, w). Here T; is the
L2-semi group associated with the Dirichlet space (£4#, D4 H, L2(S, uw)). More-
over, (X, P) is called u-reversible if (X, P) is u-symmetric, and p is an invariant
probability measure of (X, P).

2.1. The Dyson model in infinite dimensions (Dyson IBMs). Let S = R. Let
Mdys,p (B =1,2,4) be the probability measure on S whose n-correlation function
p" is given by
(2.15) P (X1, ..., xp) = det[Kdys,ﬂ(xi’xj)]15i,j§n-

Here for B =2, we take Kgys 2(x, y) = sin((x — y))/m(x — y). Kays2 is called
the sine kernel. We remark that Kgys2(x,y) = %flklfﬂ =Y dk and 0 <
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Kdys,2 < Id as an operator on L%(R). It is known that Kays,2 generates a deter-
minantal random point field [24]. The definition of Kgys g for g = 1,4 is given
by (9.5) and (9.7). We use quaternions to denote the kernel Kqys g for g =1,4.
The precise meaning of the determinant of (2.15) for 8 = 1, 4 is given by (9.3).

THEOREM 2.2. Let ®(x) =0 and ¥ (x,y) = —Blog|x — y|. Then pqys g is
a quasi-Gibbs measure with potentials (O, ).

From Corollary 2.1 and Theorem 2.2, we obtain:

COROLLARY 2.2. Let (E*, D*, L3(S, n)) be as in Lemma 2.1 with a = (8;)
and | = [wdys, . Then there exists a p-reversible diffusion (X, P) associated with
(E-, DH, L*(S, w)).

REMARK 2.2. (1) We write X; =) ;7 ‘ng'- Here X; = (Xf),-ez is the associ-
ated labeled dynamics. It is known [16] that particles X ; never collide with each
other. Moreover, in [17], we prove that the associated labeled dynamics (X f) ie7 18
a solution of the SDE

: : 1
(2.16) dX!=dB! + gRILmOO | > mdt (i €Z)
IX/|<R,jez.j#i =t !
with (Xf)) = (x;) for pays g-a.s. x =), 8y;.

(2) We remark that pgys, g is translation invariant. The dynamics X; inherits the
translation invariance from the equilibrium state 1tqys,g. Indeed, if X; starts from
the distribution ftqys, g, then the distribution of X; becomes translation invariant in
time and space.

(3) One can easily see that p!(x) = 1. By scaling in space, we can treat Mdys, B

with intensity ol (x) = p for any 0 < p < o0.

2.2. Ginibre interacting Brownian motions. Next we proceed with the Ginibre
IBMs. For this purpose, we first introduce a Ginibre random point field, which is
a stationary probability measure for a Ginibre IBM.

Let the state space S of particles be C. Let

1
2.17) Kgin(Z1,Zz)=;eXp(————+Z1 -72 ).

Here z1,22 € C and z denotes the complex conjugate of z € C. Let g, be the
probability measure whose n-correlation ,ogin is given by

We call pgin the Ginibre random point field. It is well known [13] that g, is the
thermodynamic limit of the distribution of the spectrum of the random Gaussian
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matrix called the Ginibre ensemble (cf. [24]), which is the ensemble of complex
non-Hermitian random N x N matrices whose 2N? parameters are independent
Gaussian random variables with mean zero and variance 1/2.

THEOREM 2.3. Let ®(z) = |z|? and W(z1, 22) = —2log|z1 — z2|. Then pgin
is a quasi-Gibbs measure with potential (P, V).

From Corollary 2.1 and Theorem 2.3, we obtain:

COROLLARY 2.3. Let (E*, D*, L*(S, )) be as in Lemma 2.1 with a = (8;)
and (= [gin. Then there exists a w-reversible diffusion (Z, P) associated with
(EM, D, L3 (S, p)).

We write Z; =) ;.76 Zi- In [17], we prove that the associated labeled dynamics
(Zf),-ez is a solution of the SDE

i_ gpi_ i :
(2.19) dZ! =dB| Z,dt+R1Lmoo | >
|Z]|<R.j€Z, j#i

S — (i €7).
|z} — Z]|?

Here Zf € C and {B,i }iez are independent complex Brownian motions.

We remark that the kernel Ky, is not translation invariant. The measure pgin
is, however, rotation and translation invariant. Such invariance is inherited by the
unlabeled diffusion Z; =) ;.7 8 Zi- This may be surprising because SDE (2.19) is

not translation invariant at first glance. In [17], we prove that (Zf) iz satisfies the
following SDE

zj— 2]

LT g el
1z - Z]?

i__ i :
(2.20) dZ! =dB! +R1Lmoo - >
|Zi-Z] |<R.jeL. j#i

if Z; starts from the distribution jigi,. The passage from (2.19) to (2.20) is a result
of the cancellation between the repulsion of the mutual interaction of the particles
and the neutralizing background charge.

3. Preliminaries from the Dirichlet form theory. In this section, we prepare
some results from the Dirichlet form theory and give a proof of Lemma 2.1. The
proof of Lemma 2.1 is essentially the same as that in [14] and [15] although the
notion of quasi-Gibbs measures was not introduced in those papers and the state-
ment was different to Lemma 2.1. For the reader’s convenience, we present the
proof here.

We begin by recalling the definition of Dirichlet forms and related notions ac-
cording to [4] and [12]. Let X be a Polish space and m be a o -finite Borel measure
on X whose topological support equals X. Let F be a dense subspace of L(X, m)
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and £ be a nonnegative bilinear form defined on F. We call (£, F) a Dirichlet form
on L2(X, m) if (£, F) is closed and Markovian. Here we say (£, F) is Markovian
if # := min{max{u, 0}, 1} € F and £(u,u) < E(u,u) for any u € F. The triplet
(€, F, L*(X,m)) is called a Dirichlet space. We say (£, F, L>(X, m)) is local if
E(u,v) =0 for any u, v € F with disjoint compact supports. Here a support of
u € F is the topological support of the signed measure u dm; see [4].

For a given Dirichlet space, there exists an L2-Markovian semi-group associ-
ated with the Dirichlet space. If the Dirichlet space satisfies the quasi-regularity
explained below, then there exists a Hunt process associated with the Dirichlet
space. Moreover, if the Dirichlet form is local, then the Hunt process becomes a
diffusion; that is, a strong Markov process with continuous sample paths.

We say a Dirichlet space (£, F, L>(X, m)) is quasi-regular if:

(Q1) There exists an increasing sequence of compact sets {K,} such that

U, F(K,) is dense in F w.r.t. Ell/z—norm. Here F(K,) ={f € F; f =0 m-ae.

on K&}, and £ () = ECf, N2+ F 2 (my-

(Q2) There exists a 811 /?_dense subset of F whose elements have & -quasi con-
tinuous m-version.

(Q3) There exists a countable set {u,},en having £-quasi continuous m-
version i, and an exceptional set N such that {it, },cN separates the points of

E\N.

LEMMA 3.1. (1) Assume (A.1). Let (E*, DL) be as in (2.2) with ay = 8k.
Assume (EM, DY) is closable on L*(S, ). Then its closure (E*, D*) on L*(S, 1)
is a local, quasi-regular Dirichlet form.

(2) In addition, assume (A.0) and that (E“", D) is closable L*(S, ). Then
its closure (4", D) on L*(S, ) is a local, quasi-regular Dirichlet form.

PROOF. (1) follows from [14], Theorem 1, in which we suppose that the den-
sity functions are locally bounded and }_,>_; muu(S") < oo. We remark that these
assumptions follow immediately from (A.1). We have thus obtained (1).

Let cg = ¢y suplap(s, s)|. Then by (A.0), we see that cg < 0o and

DH* > D, ECH(S, ) <ceEM (S, f) for all f € D,
Hence, (2) follows from (1). [
We now proceed with the proof of closability. Let x)" be as in Definition 2.1.

We remark that }"°°_, u™ = u by construction. Let &"“" be the bilinear form
defined by

3.1 e (f.g) = [ DULE glduy

Then we have £ =% £ foreach r € N, where £4* is the bilinear form
given by (2.2). We now quote a result from [14].
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LEMMA 3.2 (Theorem 2 in [14]). Assume (""", D)) is closable on
L2(S, w) for all r,m € N. Then (%", D&M is closable on L*(S, ).

PROOF. When b, = r and the coefficient is the unit matrix, Lemma 3.2 was
proved in Theorem 2 in [14]. The generalization to the present case is trivial. [l

Let ", be as in Definition 2.1. Define the bilinear form £;“" by
(3.2) ENf) = [ DOLE. gl

LEMMA 3.3. Assume (E;Tl,;a’“, D&M is closable on L*(S, ,u;',’k)for all k. Then
(ECH DEMY is closable on L*(S, ).

PROOF. By (2.7), we have ,ur « < w. This implies (Sm G DM is closable,
not only on L2(S, u'r’fk), but also on L%(S, ). We deduce from (2.7) that the
forms {(£;"", D)} are nondecreasing in k and converge to (""", D) as

k — oo. Hence, (%", D) is closable on L(S, u) according to the monotone
convergence theorem of closable bilinear forms. [

Let u ¢ be as in (2.9). Let £ (f. &) = [sDLf. gldully o By (2.10)
and (3.1)

(3.3) EN L) = [(EE S puy(ds)
(3.4) I Vagpao = Jo 1 Vs gy 454 (@9)

LEMMA 3.4. Assume (&, kaS“, DY) is closable on L2(Sr »/*er s) for p,’r“fk-
a.s. s. Then (Em R DEMY is closable on L (S, /’Lr,k)‘

LEMMA 3.5. Assume (A.0), (A.2) and (A.3). Then (Emkasﬂ , DY is closable
on LZ(Sr , ,urk s) Jor ,ur’k-a.s. S.

Although the proof of Lemma 3.4 is the same as that of Theorem 4 in [14], we
present it in Appendix A.1 for the reader’s convenience. We also give the proof
of Lemma 3.5 in Appendix A.1. We are now ready to prove the closability of
(€1, D", LA (S, ).

LEMMA 3.6. Assume (A.0), (A.2) and (A.3). Then (E“*, DY, L3(S, ) is
closable.
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PROOF. By Lemmas 3.2-3.5, we conclude Lemma 3.6. [J

PROOF OF LEMMA 2.1. Lemma 2.1 follows immediately from Lemmas 3.1
and 3.6. [

PROOF OF COROLLARY 2.1. By Lemma 2.1 and [4], Theorems 4.5.1, there
exists a pu-symmetric diffusion whose Dirichlet space is (4%, D“*, L*(S, )).
Since 1 € D*#, the diffusion is conservative, which completes the proof. [

4. A sufficient condition of the quasi-Gibbs property. The most crucial
assumption in Lemma 2.1 is that of the quasi-Gibbs property (A.2). In this sec-
tion, we introduce assumptions (A.4) and (A.5) below to obtain a sufficient con-
dition of (A.2). These conditions guarantee that u has a good finite-particle ap-
proximation {u"}ycn that enables us to prove the quasi-Gibbs property. We set
S,={xeS;|x| <r}and S" =TT"_ {lxm| <7}.

(A.4) There exists a sequence of probability measures {i"V} yen on S satisfying
the following.

e n-correlation functions p; of u" satis

(1) Th lation functi "oof u! satisfy

4.1 lim pN (x1, ...y X0) = 0" (X1, oo vy Xp) ae.foralln e N,
N—oo

(42) sup  sup PN (xp, ..., xp) < {C7n5}n foralln,r e N,

NeN (X1,...,x,)ESH
where ¢7 = c¢7(r) > 0 and 6 = &(r) < 1 are constants depending on r € N.
(2) uN(s(S) <ny)=1forsomeny €N.
(3) uV isa (®V, WV)-canonical Gibbs measure.
(4) The potentials ON:§ - RU{oo}and ¥V :S x § > R U {oo} satisfy the
following:

4.3 lim &V (x)=® for a.e. x, inf inf &V —00,
“4.3) Ngnw (x) (x) ora.c.x l\llreleelS (x) > —00
Nlim N =y compact uniformly in c! (S x S\ {x=y}),
—00
4.4)
inf inf WV(x,y)>—c0  forallr eN.
NeNux,yeS,

REMARK 4.1. (1) By (4.1) and (4.2), we see that limy_, oo u" = 1 weakly
in S (see Lemma A.1). By uN(s(S) <ny) =1, the DLR equation (2.11) makes
sense even if ¥V is a logarithmic function. (4.4) implies the core I' in (A.3) be-
comes I' = {0} or @.

(2) By assumption, for each r € N, whN e Cl(S’r x S, \ {x = y}) for all suffi-
ciently large N,and ¥ € C I§xs \ {x = y}). We note that U is not necessarily
inC'(S x S\ {x=y)).
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The difficulty in treating the logarithmic interaction is the unboundedness at
infinity. Indeed, the DLR equation does not make sense for infinite volume. The
key issue in overcoming this difficulty is the fact that the logarithmic functions
have small variations at infinity. With this property, we can control the difference
of interactions rather than the interactions themselves. Bearing this in mind, we
introduce the set H, x in (4.6) and the assumption (A.5) below.

For {S,} in (2.6), we set S,s = S; \ S and Syoo = S;. Forr <s <t <u <00
and x =} 68y,y =>4y, €S, we set

(4.5) WLy = Y N, y)).

XiESrs,YjESm

We write WY =Wl and WV (x,y) =WV (x,y)if x=8,. We set H, ; by

r,st Or,st r,rs r,rs

UV (x,y) — ¥V (w,
(4.6) Hyi= {y €S;sup sup sup Orrs G, Y) rrs (0 V)] < k}.
NeNr<seNx£weS, lx — w|

The following is a tightness condition on {”" } according to W¥ .
(A.5) The measures {u”} satisfy the following:

4.7) lim limsupu™ (HS ;) =0  forall r e N.

k=00 N 00

THEOREM 4.1. Assume (A.4) and (A.5). Then w is a (Y, V)-quasi Gibbs

measure.
We will prove Theorem 4.1 in Section 5.

COROLLARY 4.1. Assume (A.0), (A.1) and (A.3)—(A.5). Then we have the
following:

(1) (E@", DY, L3(S, w)) is closable, and its closure (E“*, D“*, L*(S, 1))
is a local, quasi-regular Dirichlet space.

(2) There exists a pu-reversible diffusion (X, P) associated with the Dirichlet
space (E4*, DYH L2(S, n)).

Let S be as in (2.6). Using the set H, x, we introduce cut-off measures u,ﬁv ,;m,
N
(4.8) wed" = pN (NS N Hg).

We will prove Theorem 4.1 along this sequence {,u,i\f ,;m }. For this, we first note
the following.

LEMMA 4.2. There exists a weak convergent subsequence of { Mﬁv,;m}, denoted
by the same symbol, with limit measures { u’r’fk} satisfying (2.7) for all r, k, m.
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PROOF. Recall that {uV} is a weak convergent sequence. This combined with
,uiv ,;m < u shows that {MN ,;m} is relatively compact for each r, k, m € N. Hence,

ny (r,k),m

We can choose a convergent subsequence {/,. } from any subsequence of

{ ,ur "} for each r, k, m. Then by diagonal argument, we obtain a weak convergent
subsequence with limit {x"; }.

Since H, x C H; x+1, we have ,u "< Mr k+1 by (4.8). This allows us to deduce
Ky < My o> Which is the first cla1m of (2.7). Because of the weak convergence,
we see that for f € Cp(S),

[ s~ [ 5

< lim ‘ffduTk—ffduﬁvém‘+limsup
N—o00 ’ ’

N—o00

[ raulr = [ raws

+ tim | [ = [ 5y
N—oo
=limsup/fdu£v,;m—/fdu£v’m
N—oo '

< {sup| f @)} - timsup Y™ ({H,.1)).
S N—oo

By (4.7) we deduce that the right-hand side converges to zero as k — oo, which is
the second claim of (2.7). We thus see that the limit measures {M;f’k} satisfy (2.7).
g

Let Mﬁ] /5.5 denote the conditional probability of Mi\’ " defined by

N, N,
'urvk}:résrs (dx) = Mr,km (T[Sr € XmJTS” (S))

We note that, although [,L'],V /" is not necessarily a probability measure, we take the
normalizing in such a way that the conditional measure ,uiv i's s t0 be a probability
measure. As a result, we have ,uiv k"; +(8)=1and

(4.9) ,uﬁ\f,;m o ns_rl(dx) / ks, ”(dx)ukam oy Y(ds).

Recall that by (A.4), u is a (", WV)-canonical Gibbs measure. Then u” sat-
isfies the DLR equation (2.11). Hence, uiv ,;”; r 18 absolutely continuous W.r.t.

e (X)A(dx) Therefore, we denote its density by o Then by definition,

rksrs

we have for [Lr A "_ae.s,

@.10) o™ 0e T OA@x) = u" (@x) where HY :Hg”"”.

7,
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The quasi-Gibbs property consists of two conditions: (2.7) and (2.8). We have
already proved (2.7) by Lemma 4.2. Therefore, it only remains to prove (2.8). This
task is the most difficult part of the proof, and it is carried out in the next section.
In the rest of this section, we explain the strategy of the proof of (2.8).

By taking the representation (4.9) into account, the proof consists of two kinds
of limit procedures: (4.11) N — oo and then (4.12) s — oo, which involve the
following convergence:

. N,m _.om . N,m -1 _ m —1
(4.11) Nh—r}éo My k,s,rs = Hrk,s,rs» Nh—r>noo My ©OTg, =M OTg s

(4.12) sl_l)l‘go M:r,lk,s,rs = M’r??k,S'

Note that two of these are the convergence of the conditional measures. Comparing
with the weak convergence of {Mf ,;m} in Lemma 4.2, it is noted that the conver-
gence of conditional measures is much more delicate. It involves a kind of strong
convergence of the conditioned variable s.

In each step, we prove the bounds of the densities being uniform in N, s [(5.6)
and (5.17)] and the related quantities as well as the convergence of measures as
above. The uniformity of the bounds is the crucial point of the proof. We empha-
size that we can carry out the proof because we treat the cut-off measures { ,uiv ,;m}
defined by (4.8). This cut-off is done by the set H, ;. Therefore, assumption (A.5)
plays a significant role in the proof of Theorem 4.1.

The first step consists of three lemmas. Recall expressions (4.9) and (4.10).

We prove the uniform bounds of [gn e ™ A(dx) (Lemma 5.1) and ar{\;(”’z,rs

(Lemma 5.2). We then prove the weak convergence limpy_, oo MQI ,;m omg =
M:f’k o S_r } and the L! convergence of their densities (Lemma 5.3).

The second step consists of two lemmas. In Lemma 5.4, we prove the absolute
continuity of the measures M’:‘;:lk, Srs and the uniform bound (5.17) of their densities
o*r’f’k’ s.rs (x). Finally, in Lemma 5.5 we prove the convergence of ar’?k7 s.rs (x) as s —
oo using martingale convergence theorems to complete the proof of the quasi-
Gibbs property.

5. Proof of Theorem 4.1. In this section, we prove (2.8) to complete the proof
of Theorem 4.1. We fix r, m € N throughout this section. We divide this section
into two parts. In Section 5.1, we prove the first step (4.11), and in Section 5.2, we
prove the second step (4.12).

5.1. Proof of the first step.

LEMMA 5.1. Set

-1
cg(n) = sup max{/ e‘HﬁV(X)A(dx), [f e_H']'V(X)A(a’x)} }

n<NeN

r

Then there exists an Ng such that cg(Np) < o0.
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PROOF. By (A.4), we see that sup{e‘Hfl(X); N € N,x € §"} < oo. Hence,
by (4.3), (4.4) and the bounded convergence theorem, we deduce that

lim [ e ®A@dx) = f e~ A (dx) < oo.
N—oo Jgm sm

Recall that ®(x) < oo a.e. by assumption [see the line after (2.5)] and W(x, y) <

oo a.e. by the first assumption of (4.4). Therefore, H,(x) < oo a.e. Hence,

Jom e "™ A (dx) > 0. Combining these completes the proof. [

We next consider a decomposmon of "r o rs

in (4. 10) By the DLR equation

and (4.8), we deduce that for ,ur A "_a.e. s, the density o is expressed in such

o, k s,rs
a way that
(5.1) o ) = eV 9N (x 5/l (s).
Here \IJ,N,S is given by (4.5). We define 7, N (x,8) and ¢} (s) by

08 =15y [ (s, 6) +2)

(5.2)
X e \I/rsoo(x 7)— \Ijra aoo(s Z)/"l’rk OJTS (dz)
(5.3) cN(s) = /S eV ()¢ O A (dx).
We remark that, since u” (s($) <ny) =1, W) and W are well defined for

uN-as.s.
Set c19(k) = mk - diam(S;). Then from (4.5) and (4.6), we deduce that

(5.4) sup sup  sup sup |\Ifr (X, 8) — ,st(x/, s)| <cio

NeNr=<s<teNx,x'eS/ seH, ;

for each k € N. Let S/, = {x € S; x(S,5) = n}. Then from (4.6) and S,; C S;, we
deduce that

5.5 sup sup sup sup
NeNr=<s<teNy,y'eSI seH;;

{l\prv vt(y’s)_ rs, st(y S)|} I
dsr (v,Y') -

for each n, 1 € N. Here for s, t € S, we set dsn (s,t) =min i, [s; — t;|, where

the minimum is taken over the labeling such that 75, (s) =Y/, 85, and g, (1) =
Y"1 8;. Moreover, we used the inequality {a; + --- + a,}/{b1 + -+ + by} <
max{ay /by;m=1,...,n}fora; >0and b; > 0.

LEMMA 5.2. Let ¢y = e*10¢g(Np). Then for Mf,;m -a.e. s, it holds that

-1 N,m
(56) 11 =< Gr,k,S,rS(X) =cn

forallxe S, r <seNand No <N eN.
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PROOF. By (5.1) and (5.4), we see that
N,m

N N
7y Trkens® N el e sy Trrs (9)
% kars () s = TN s

By (5.2), we have for ,ui\’/,;m—a.e. s,

sup {L’S i }
NeN,r<seN Tr,Nrs(X,»S)
x,x'eSMm

J5 Ty G, () + 2)e” Vi OA W 82 i 0 75| (d2)

= sup { - _wN ! 2N N m io1c
NeN,/r<SieN Is Ih,, (7s,, (s) +2)e YN o X,2) \Ijrs,xoo(s,z)ur’]; omy ! (dz)

8 OV N 1
— { Js I, (s, (8) +2)e ™ ¥rin D= Hna OB B o g | (d2)
NeN,r<s<teN fS lHr,k (7‘[5}_S (s)+ Z)e_‘IJ,{Y”(X’,Z)—‘Ifxx,(s,z)ui\’/];m o 7'[53; (d2)

x,x'eSMm
< eflo by (5.4).

Here we used u”™(s(S) < ny) =1 for the third line. We deduce from (5.7)
and (5.8) that

N,m N.,m / 2 N.,m
sup sup sup {0, . ((0/0.' (X))} <e=10 for pu.;"-a.e. s.
NeNr<seNxxesm

Hence for /Lfv,;m—a.e. s, we see that forall x,xX' € 8", r <s e N,and N e N,

—2c N,m / N,m 2c N,m /
(59) e 100‘r,k,s,rs (X ) = ar,k,s,rs (X) =e 1Ogr,k,s,rs (X )

Multiply (5.9) by lgn (x)e=Mr X and integrate w.r.t. A(dx’). Note that by (4.10)
we have [qn Ur],\]l{,z,rs xX)e=M ) A (dx') = 1. Then we deduce that for Mf,;m—a.e. s,

—2c N,m —HN (X) ’ 2¢ m
e "0 <o, 7 (%) /;m e " YA (dX) < e*10 forallx e S)".
"

This combined with Lemma 5.1 yields (5.6). [

Lot HY = HE " and M, = HEY. By (4.1) and (4.2), we see that ;" o
1

s

-1 Z . _HN —H,g
g, and My © g - are absolutely continuous w.r.t. e~ "< A and e ""* A, respec-

tively. Hence, we denote by A" and A their Radon—Nikodym densities, respec-
tively.

LEMMA 5.3. (1) ,uivlém o 7‘L’S_”1 converges weakly to |1, o JTS_HI as N — o0.
2) AN =M converges to Ae~Mrs in L1(S, A) as N — oo.
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PROOF. Let E be the discontinuity points of g, . Namely

E= {S €S; lim ms, (sp) # 7s,, (s) for some {s,} such that lim s, = s}.
n—oo " n— 00

Then by (A.1), we deduce that u’;fk(E ) < u(E)=0. Since uiv ,;m converge weakly

to w;"; by Lemma 4.2 and the discontinuity points of 7 s, j are [, -measure zero,
we obtain (1).

We proceed with (2). It only remains to prove that {AY e~ }NeN is relatively
compact in L'(S, A). Indeed, if this property holds, then their limit points are
unique and equal to Ae~ s by (1).

Recall that S}, = {x € S; x(S,s) = n}, and note that

o
ANe_HfAg = ANe_H’}Yv Z lgn .
n=0
We deduce from (1) that for each € > 0 there exists an nq such that
o
(5.10) sup /,Lﬁvkm< > st> <e,
NeN n=ng
which is equivalent to

o0
N ,—HN
Afemn ) gy,

n=ng

(5.11) sup
NeN

<e€.
L1(S,A)

According to (5.11), the relative compactness of (AN e~ M }nen in L1(S, A) fol-
lows from that of {ANe_Hivs sz }nen for each n € N. Hence, we fix n € N in the
rest of the proof.

We set uf\’ = ,uff,;m(- N S N Hg), where Hy; is as in (4.6). Let Afv be the
Radon—Nikodym density of /,LIN oy 51 w.r.t. e~ M5 A. Since MIN < Miv ,;m, we see
that ANe=H% < ANe=H%_ Combining this with (4.7) yields

. . _yN _ 1N
lim limsup|| ANe™"rs — AN e M|y g 4
l—>00 NeN ’

(5.12) Nom
< lim limsupu, ;" (H ;) =0.
I—00 NeN ’ ’
According to (5.12), it only remains to prove the relative compactness of

{AlNe_HivS}NEN in L'(S, A) for each / € N. Hence, we fix [ € N in the rest of
the proof.
For g € N we set Bl ={0<|s—S|< 1/q}. Let

(5.13) A, = |s €S NH,;5(BI) =0}
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By definition, A, is the subset of S}, NH; ; with no particles in B! where B! is the
intersection of Sy and the 1/g-neighborhood of S,. Then the relative compactness

of {AZN e~ M } ven follows from that of {Afv e M1 A, } ven for all sufficiently large
g € N. Indeed, by (4.1)-(4.4), for each € > 0 there exists a gg € N such that, for all

q = 40,

N N
sup ||A1N6’ Ty — AzNe HrslAq ”Ll(S,A) = sup “i\,’lém((Aq)c)
NeN NeN

< sup pN(x)dx <e.
NeN

Let c12(q) be the constant defined by
|\I";{?/rs(xvy)_ rrs(x Y)|
dsﬁs (y’ )

Then we have c12(g) < 0o. Note that rge = 7, + 75, . Hence we write mge (s) =

x+z, where x € g, (S) and z € 7, (S). With this notation, A[N (y) can be written
as

Ay(y) = C/ 1Hr,kas,l (X + YTSrs (y) + Z) r, ;5()( y)— \IJ” soo(y Z)MN o 7T (dXdZ)

(5.14) c12(g) = sup sup sup{ iy #y eAq}.

NeNxeS!

Here c is a constant. Then applying (5.14) and (5.5) to \IJ, s (X, y) and \11,1}', soo (Y5 2),
respectively, we deduce that

(5.15) sup sup

N
{ (y) } 2@+ dgp (v.Y)
NeNy,y'eA,

A[ )

Taking the logarithm of (5.15) and interchanging the role of y and y’, we deduce
that

(5.16) sup sup {[log AN (y) —log AN (Y)|} < (c12(q) +1)dsy (v.Y).
NeNy,y'eA,

We deduce from (5.15) and (5.16) that {Af\’ (Y)}NeN 1s equi-continuous in y
on A, for each g € N. From the definition of AN, we see that

N
sup | AY e T 14, |L1is.a) <00
NeN
We deduce from (4.3) and (4.4) that limy_ oo e~ 1 A, =€ Trlp in LI(S, A),
and that the limit satisfies ||e 7% 1 A llL1(s, Ay > 0, which implies
.. —HN
lllvrilglofHe Ia, ”L'(S,A) > 0.
These allow us to deduce that

limsup|| AN 1a, [ (s a) < 00
—00
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We therefore apply the Ascoli—Arzeld theorem to AIN 1a, to deduce that {Afv Ia,}
is relatively compact in Cj(A,) with uniform norm. Because of the uniform bound-

N N . . .
edness of {e~"rs L, }neN, we see that {Afve_Hrs L, }NeN is relatively compact in

LY(S, A) for each q. Hence {ANe_Hivs}NeN is relatively compact in L(S, A) be-
cause of (5.12). Therefore, we complete the proof. [

5.2. Proof of the second step.

LEMMA 5.4. Let ,u’r’fk’s’rs = ,u;',’k (7ws, (s) € dx|ms, (s)). Then we have the fol-
lowing:

(D) ,u;’fk’s’” is absolutely continuous w.r.t. e~ ® A (dx) for M:”’k-a.e. S.

(2) For each r,m,k € N, the Radon—-Nikodym densities or’f’k’s’rs of /’L’:?k,s,rs
in (1) satisfy for 1", -a.e. s and all s € N such that r <'s

-1
(5.17) el S0 ks S for wly o -a.e x.

PROOF. Similarly to Lemma 5.3(1), we see that ,uij ,;m o(ms,, s, , y~! converge
weakly to uffk o (ms,, nsm)_l as N — oo. Hence, for f, g € Cy(S), we have

(5.18) /S f(s, (6))a(s,, () dufly = Jim fs f(s, (9))a (s, (9)) A’y

By Lemma 5.2 and the diagonal argument, there exist subsequences of
{ar{\],;"gr ;Jn, denoted by the same symbol, with a limit o, such that for all

a
r.k,s,rs
k,m,r <seN,

(5.19) N

Nli_)mOo Or i e rs (705, (8)) = 0% 6. (s, (8)) x-weakly in L(S, A).

m : : m — m
Here O ksrs 152 function such that 0k surs x) = Ok s, ().rs (s, (x)). Let

(5:20) FY(8) = (s, (5)grs,, (8) AN ()77 ),
(5.21) F(s) = f(nsr (S))g(ﬂs” (S))A(S)e—ﬁr(s).
Then by Lemma 5.3(2), we see that FV converge to F in L' (S, A). This combined

with (5.19) implies

Nesoo r,k,s,rs

(5.22) lim | F¥(s)a™™ (s)dA = / F(s)o!" ., (s)dA.
S S T
By (5.18), (5.22) and A(y)e "V A(dy) = !l o ns_l (dy), we obtain

L1009 dut = [ 1009407 o r (0™ AR 0 75 ),

where x = g, (s) and y = 7y, (s). Hence, we obtain (1) with density 0,7, ¢ ...

By (5.6) and (5.19), we see that 0", satisfies (5.17), which implies (2). [

r,k,s,rs
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LEMMA 5.5. Let M’Tk,s(dx) be as in (2.9). Let O—}Tk,s,rs be as in Lemma 5.4.
Then the following limit exists:

(5.23) 0/} s = Jim. 0 ksrs X for wl' s-a.s.x, for pl-a.s. s.

Moreover, o)} ¢ satisfies for ", -a.e. s,
(5.24) cl_l1 < ar”"k’s(x) <cqy for W s-a.e. x,

(5.25) o s e O A(dx) = ply ((dx).

PROOF. Define M;:S — R by M;(s) = ar’flk’sﬂ (x), where x = g, (s). Recall
that 0, ¢, is the Radon-Nikodym density of x"; ¢ .o W.rt. e "™ A(dx) and

m — m 3
that Wrksirs = Brkoms, (8).rs by construction. Hence,

(5.26) M;(8)e™ T AX) = 1) o (5),r(@X).

Let Fs = olms,, s, I, where r < s < co. Then by (5.26), we see that
{M;}selr,00) 18 an (Fy)-martingale, which implies Moo (s) := limg_, o0 M(S) €x-
ists for u;"; -a.e. s. Since

Ms(s) =0} » 515 (8),7s x) where x = 7, (s),

we write Myo(S) = afk’s(x). By construction, ar’f’k,s(x) = ar’?k’ 75,00 (8) x) =
o*r’f’k’ 756 (8) (x), and, for u;f’k—a.s. s, we can regard ar’flk’s(x) as a o[mg, |-measurable
function in x. Hence, through disintegration (2.10), we obtain (5.23).

We immediately obtain (5.24) from (5.17) and (5.23).

We see that {M;}sc[,o0) 1S uniformly integrable by (5.17). Hence we deduce
from (5.23) that M, (s) converges to Moo (s) = o' _(x) strongly in L' (S, Kks)s

r,k,s r

which combined with (5.26), and the definition M (s) = ar’fik’ s s (¥) yields (5.25).
O

PROOF OF THEOREM 4.1. By Lemma 4.2, we see that {;Lffk} satisfies (2.7).
Moreover, by (5.24) and (5.25) we deduce that M;"’k’s satisfies (2.8), which com-
pletes the proof of Theorem 4.1. [

6. A sufficient condition of (A.5). In this section, we give a sufficient con-
dition of (A.5) when W is a logarithmic function and d = 1,2. When d = 2, we
regard R? as C. We assume

(6.1) Y(x,y)=—pBloglx —y[  (BeR).

We take WV in two different ways. In the first case we assume d = 1,2 and
WN = for all N, while in the second case U depend on N. To unify these two
cases, we introduce

(6.2) W (x,y) = —Blogloy (x) — oNn ().
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We set for the first case d =1, 2 and
(6.3) wy(x) =x.

Next we let Iy = (—N, N) and ny = 2*N. For the second case, we set d = 1 and
define the map @y : S — C by

PN (1 — s/ for x e Iy,

6.4 _| 2

(6.4) oy (xX) = X, forx eIy 4,
linear interpolation, for x € Iy41 \ In.

By construction, we have @y (0) =0,
Ry ()] = -R[on(—x)] and J[oyx)]=S[oNn(—x)].

Here 9i[-] and 3[-] denote the real and imaginary part of -, respectively. It is easy to
see that |y (x)| < |y (y)| for |x| < |y|. We note that oy maps [ into a subset
of the circle in C centered at ig—]’g with radius g—]’z We take ny = 2*" such that it is
large compared with N, which converges the trajectory of wy (R) to the real axis
rapidly as N — oc.

In the former case, (6.3) is used for the Ginibre random point field (Theo-
rem 2.3). We will use this choice to prove the quasi-Gibbs property of the Bessel
random point field in a forthcoming paper. In the latter case, (6.4) is used for
Dyson’s model (Theorem 2.2), where we use circular ensembles, and thus, the
above choice of @y is suitable.

The argument in this section may be generalized to higher dimensions d > 3.
We restrict ourselves to the case d = 1,2. As a result, we obtain a rather simple
expression of the Tayler expansion of ¥ (@ (x), @y (y)). We remark that z/ 1z|2 =

1/zeC.

LEMMA 6.1. Assume (6.1). Let x, y € R such that |on(x)| < |oy(¥)|. Then

© 1 oy (x)\*
6.5 W : - (0. =PL\& '
(6.5) (N (x), N (Y)) (0, (1)) ﬂ;ﬁ [(ZUN()’)) }

Here wy denotes the complex conjugate of wy .

PROOF. Letr=|oy(x)|/|lon(y)| and 8 = L(wy(x), wy(y)). Then

2
Y (wy (x), mn(y) — ¥ (0, mn () = ‘gl"g ;Zg; - gg;
— _g log(1 4 % — 2r cos6)
p

= —5{10g(1 —ré) +log(1 —re?)).

Hence, (6.5) follows from the Tayler expansion. [J]
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REMARK 6.1. When (6.3) holds, we easily deduce from Lemma 6.1 that for
0 < x| <yl

00 l
66 wan-won=py,(3) ifs=R
= e\
21 [/x\" ,
6.7) xp(x,y)—q:(o,y)zﬂZ—s)tKT)] ifS=C.
= 6Ly

Let Sy = S5\ Sy = {y € S; by <|y| < bs} as before, where S, and b, are given
by (2.6). We set WN (x,y) =3 o5 WV (x,y;), wherey =Y, §,,. By (6.5),

® 1 oy (x)" — Ty (w)*
‘*IIN [} _lI‘IN ) = n Eﬁ|: . D j|
Ao Vi) =) gyigs:” N ()"
_ 0l (s 0 _ = 4y, 7}
Py [ @n " — ) P L

Then, since |R[ab]| < |a||b| and |at — bt| = |a* — bt|, we have

WY (x,y) — U (w,y)

lx —w|
6.8) Z . 1
= |lon ()" — oy (w)
N TR P S

Our purpose is to estimate |\IJ,A£(x,y) — \lfr’\;(w,y)l/|x —w| for x # w € §,.
Hence, by (6.8), the main task is to control the term of the form

> ]

= )
inSrs ZD'N()’I)

Taking this into account, we set for 7, £,k € N,

(6.9) Ure k= {y €S; sup sup

> | =4,
NeNr<seN Vi€Srs N (yi)

- 1
(6.100 U, ,kz{yeS; su { }Sk}-
e Nen yiezsm N DI — [ (B!

REMARK 6.2. When (6.3) holds, definitions (6.9) and (6.10) become much
simpler.
S k}’

Zi

(6.11) Urek = {y €S; sup
Vi €Srs i

r<seN
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) 1
(6.12) u,,@,kz{yes;{ > ﬁ}gk}.
Iyi| _br

Yi€Sro00

(A.6) For each r € N, there exists an £y € N such that

(6.13) hm limsup u (U reok) =0,
—X0 N—>oo e
(6.14) hm limsupu™(US, ) =0  forall 1 <¢ <.

k— 00 N—o00

When £¢ = 1, according to our interpretation, (6.14) always holds by convention.
We now state the main theorem of this section.

THEOREM 6.2. Assume (6.1) and (6.2). Suppose (6.3) or (6.4). Then (A.6)
implies (A.5).

PROOF. Let c13 and ¢4 be the constants defined by

|y ()" — @y (w)]

c13= 1P| sup max sup
NeN 1=t<to xyes, lx —w|

’

(6.15)
oy (1) = @y (w)]

R e o P
Then c13 and cy4 are finite. Indeed, c13 < 0o is clear. Note that the Lipschitz norm
of {wy} on R is uniformly bounded in N € N. Moreover, |oy (x)|/|on(byr)| <
1 on §,. Hence the Lipschitz norm of the function wy ()t /N (by)e on S, is
uniformly bounded in ¢, N € N. This implies c14 < 00.
By (6.8) and cy3, c14 < 00, we have

(W, y) = N (w, )|

lx —w|
o |y (b))
=13 + 14
e EZI yg aw( an (i)t ,ZZZ yé |l (i)l
(6.16) foet
=C 3 _—
: ; yé w/v(yl)"
|y (by)|
+cia
yg jon ()0 — @y (b))

Here we used the formula Zf‘;go at/bt = a® /bt — a*0) valid for 0 < a < b.
If a = b, then we interpret ZZ‘;ZO ae/bﬁ = 00. Set €15 = €14 SUPy N IwN(br)lZO
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By (6.16), we see that
WX, y) = W (w,y)

sup sup sup

NeNr<seNx#£weS, lx — w|
to—1 1
< -
sen ) {:fi% woN oy (yi)* }
=1 r<s Vi €Srs

+c {sup Z ! }
15 .
Nen, 55 TN 0l — [y (bl

Combining this with (4.6), (6.9) and (6.10), we deduce that
Lo—1

H.x D { ﬂ Ur,e,k/(eoc13)} N Ur,eo,k/<eoc15)-
=1

Hence, we obtain

Lo—1

N N N (i

6.17)  p7(HL) < : don (Ui,z,k/(eocw))} + 17 (U5 g 1/ ck0e15)-

=1
This together with (A.6) implies (4.7), which completes the proof. [J

7. Sufficient conditions of (A.6). In this section, we give sufficient conditions

of (A.6). These conditions are used in the proof of Theorem 2.2 and Theorem 2.3.

We begin with (6.13), the first condition of (A.6).

LEMMA 7.1. Assume (A.4),(6.1) and (6.2). Assume (6.3) or (6.4). Then (6.13)
follows from (7.1) below.

1
(7.1) sup{/ {sup 7},01 (x)dx} < 00.
ven U i=ivi<oo Lygen [ (o) |7
In particular, if (6.3) is satisfied, then (6.13) follows from a simpler condition (7.2),
1
7.2 su {/ —lxdx}<oo.
72 NeII)\I I<|x|<oo |X|e°pN( )

PROOF. Let b, be as in (2.6). We divide the set S,oc = {b; < |x]| < 00}
in (6.10) into two parts, Sy 4+1) = {br < |x| < br41} and S 41y00 = {br41 < x| <
oo}. Let x =) _; éx,. We set

\'% {x €S {sup Z ! } < k}
Lk = ; g
NeNy S, [ (xi) [0 — oy (b)) ~ 2

Vo = {x €S {s : } < k}
= ;4 su E < —1.
2k Nel% |y (xi) %0 — |y (by)] % 2
Xi €S(r+1)00
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Then clearly L_J,,g(),k D Vik NVa . To estimate Vq x, we observe that

1
) D e T
ey [EN@EDI0 =@ (br)]%
= { : } (S )
= sup . ).
Xi €8r(r41) |wN(.xl')|e0 — |w‘N(br)|€o r(r+1)

Here x(S;(-+1)) is the number of points x; in S,(41). Taking this into account, we
set
\Y { €S ! <.k/ 2}
3.k = X , sup sup < ,
NeNxieS,pi1) [N ()[0 — [N (by) [0

V4’k = {X € S; X(Sr(r+1)) = vV k/2}

Then we have V| x D V3 x N V4 . We therefore obtain L_Jr,go,k DVoirNV3arNVyi
by combining these two inclusions. Hence we deduce (6.13) from

(7.3) lim limsup ™ (V§,)=0  foralll=2,3,4.
k— 00 ’

N—o0

We will check (7.3) foreach [ =2, 3, 4.
As for (7.3) with [ = 2, according to the Chebyshev inequality, we have

Y (V54

2 N 1
I 72
=i LS)”’ 2 oG —Tw (b)M
EinGS(r+l)oo M 1 M r

2 1 {
= - sup { }p dx
k Jso 10 men U@ (o180 — [ (by) [0 |7V

2 { | (x)] 0 1
lom (x)[60 — |apr(by) %0 |aop (x) [0

m

(7.4)

1
=— P }PN dx
k Sr+1)o0 MeN

2 { |y (bri1)] 20 }

=k by D1 — [y (by) %0
menN U@y (Dry1)] |y (b))

1 1
X sup {7},0 dx.
/S(H»l)oo MeN ICUM()C)IZO N

Here we used the fact that |op(x)| < |y (y)] for |x| < |y|, which implies

|Zo |Zo

| m (x) | pr (br+1)
Sup [ o = ; 7%
x€S1y00 [TM X)) = |y (D)0 ™ |wp (br41)1°0 — [pr (br)|*0

By (7.1) and (7.4), we obtain (7.3) with [ = 2.
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We next consider (7.3) with [ = 3. Let

U= {x € Srernyi [mw 00| < 1x1 < [mn (b)) + /2/k).
NeN
It is not difficult to see that Uy is nonincreasing, and limy_, o Uy = &. We note
that
VS, = {xe S;inf inf  {|wn ()| = oy )]0} < \/2/7}

NGNX[ES,(,+1)
(7.5)
=[xeS; 1 <x(Up)}.

Here we use a convention such that inf @ = oo; that is, we interpret x ¢ Vgﬁ « When
X(Sy(+1)) = 0. Let c16 = sup{p}, (x); N € N, x € S,(,+1)}. Then by (4.2), we have

c16 < 0o. From the second equality in (7.5) and the Chebyshev inequality, we
obtain

(7.6) ,uN( 54) = EX [x(Up)] :/U p]l\,(x)dx <cig . dx.
k k

Hence, we deduce (7.3) with [ = 3 from (7.6) and limy_, oo Uy = @.
We finally consider (7.3) with / = 4. From the Chebyshev inequality we obtain

2 N 2 2
N (/¢ 1
NV = B XS] = 7 [ pkodx s Fee [ ax.
(Vi) =\ 2B [XSror)] =4 S0y K g0

This deduces (7.3) with [ = 4 immediately. []

We Eroceed with (6.14), the sgcond ~(:ond~ition of (A.6).
Let S, ={s € S; |s| <r}and S, =8, \ §,. Let v}’ :S — C such that

N —
7.7) Vers ) = XES:” oy (xi)*

forl <r <s<oo.

Here we write x = ), 8,;, as usual. Note that the sum in (7.7) makes sense for
w™-as. x even if s = 0o. Indeed, by (2) of (A.4), the total number of particles has

the deterministic bound ny under 1. Hence, v?{ +(X) 1s well defined and finite
for uN-a.s. x for all N € N.

LEMMA 7.2. Under the same assumptions as Lemma 7.1, (6.14) follows
from (7.8) below.

(7.8) lim sup H sup |v%oo} H 0  foralll <t <.

i g Ny
7 NeN"MeN LiS,u™)
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PROOF. By (7.8), we can and do choose {b,} and c{7 > 0 in such a way that

: o ~" forall :
(7.9) ;i%”;i%‘vé~br°°’HLl(s,uN) <c173 orallr e N

‘We note that Zy,-eSrs 1/zz'rN(y,-)€ = v?{broo(x) — vé\"bsoo(x). Then by (6.9), we see
that

MN({Ur,&k}c) = ;/,N(sup sup |V%b,oo - V%bsoo| > k)
MeNr<seN

< /LN(sup Vel ool > k/2) + ,uN(sup sup vy’ o > k/2>
(7.10) MeN MeNr<seN

IA

o
MN(;i%1V%b,ool > k/2) + sgl MN(%)\IIV%SOOI > k/2)

A

= sup |v )
k= Mli% EbsoolliL1s, )

Here we used Chebyshev’s inequality in the last line. By (7.9) and (7.10) we have

2 1737
N c 17

u <-. :
Sup p ((Uread) = - 730

Hence, limg_, oo SUP y ey /LN({UF,M}C) =0, which implies (6.14). U

We refine Lemma 7.2 in Lemma 7.3, used in the proof of Theorems 2.2 and 2.3
directly.

LEMMA 7.3. Let ué\{r 1S — C such that

up, (0) =15, [y /an )",

Here [-] is the minimal integer greater than or equal to -. Let uév S — Csuch that
u?{r x)=>; u?{r (x;), where x =} _; 8. Suppose there exists a positive constant
c18 such that

(7.11)  supr<18=¢ sup ” sup [u |
reN NeN'MeN

L N)<oo forall1 <t < {y.
N

In addition, assume the same conditions as for Lemma 7.1. Then (6.14) holds.
PROOF. Let 1 < /¥ < £ be fixed. Define W,j; :S— Chby

, [N (xi)]17
W= 2, @Z(x,-)ﬁ '
X,‘GS],
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Although w{ depends on M € N, we omit M from the notation for simplicity. Let

v%lr be as in (7.7). Then W(r) = v%lr and wf = u% by definition. Moreover, we
easily deduce that

.
W{ = X:q(wé'_1 —wéj) forr >2, w{ =0.
q=2

Hence, through a straightforward calculation, we have

Jjoor—1 J
a w 1
(7.12) w/ T4 E -4 for r > 3, wlT = —wl.
" ro 549+ 2 22

By (2) of (A.4), we see that lim,_, oo r ! ||W;{||L1(S’MN) = 0 and that Wéo =

lim, _ oo w[ exists in L1 (S, ,uN ). Hence, by taking r — oo in (7.12), we obtain

9] W]

wiol=S"—"2 _  inLl(s,uV).
> q;q(cﬂrl) ( )

Subtracting (7.12) from this yields

j—1 j—1 w} i w; I(s, 1)
(7.13) wl ot —wT = —— 4 —_— in L (S, u™).
o roi5daq+)

Take the supremum of the modulus of each terms of (7.12) and (7.13) w.r.t.
M e N. Apply Minkowski’s inequality to the right-hand sides of (7.12) and (7.13).

Then by taking the supremum w.r.t. N € N, we obtain

s | sup |

NeN' MeN LiS.u™)
(7.14) 1
1 - - | ‘
< — ] PSR 4
i A IR Dirrpy b A A

s | sup s — i |

NeN"MeN LY(S,uN)
(7.15)
= ! sup ” sup [w/| + i ! sup H sup ]wHH )
" NeN"MeN L1S.uM) q=r q(q@+1) yenpen TILIEHY)
Foreach j =1,..., ¢, there exists a positive constant c19 = c19(j) such that
(7.16) sup r€197/ sup H sup |w/ | <00
reN NeNlmen TILTS. M)

Indeed, when j = £, (7.16) holds by (7.11) because w' = uy’ . Suppose (7.16)

=

holds for some 2 < j < ¢ with a positive constant c;9(j). Then by (7.14), we
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have (7.16) for j — 1 with a positive constant cj9(j — 1). Therefore, through in-
duction, (7.16) holds for all j =1,...,¢.
Combining (7.15) and (7.16), we easily deduce that for each j =1, ..., ¢,
; =1 _ \wi—1 _
a.1) i, sup | sup ol —wl [y =

Recalling w? = v%r, we have wgo —wl= v%mo. Hence, by taking j = 1in (7.17),

V=
we obtain
. M _
Jim, sup sup 1, =
This allows us to deduce (7.8) in Lemma 7.2. We therefore obtain (6.14) by
Lemma7.2. [

8. Translation invariant periodic measures. In this section, we make prepa-
rations for a proof of Theorem 2.2.

Let S =R<. Let 7,:S — S be the translation defined by 7,(s) = ) _; Ox+s; for
s =Y, 8. We say that a measure v on S is translation invariant if vo 7! = v for
all x € RY. We say that v is L-periodic if v(tpe (s) =s) =1 foralli =1,...,d.
Moreover, we say that v is concentrated on A if v(s(A€) > 0) = 0. A measure v
concentrated on (—L/2, L/2]¢ can be extended naturally to the L-periodic mea-
sure v on the configuration space on R?. We refer to this measure v as the L-
periodic extension of v.

LetTy = (—ny/2, nN/2]d. ‘We assume that v is concentrated on T and that v
has a periodic extension that is translation invariant. Let p}; be the n-correlation
function of v. Then pj (x) =0 for x ¢ (Ty)"~ by assumption. Let 7y be the two-
level cluster function of v,

(8.1) Tn(x, y) = py (X)pN () — piy (x, ).
Then Ty (x, y) = 0if (x, y) ¢ (Ty)2. If (x, y) € (Ty)?, Ty (x, y) depends only on
x —y modulo Ne; (i =1,...,d), where e; is the ith unit vector. Therefore, let

Ty :R? — R be the n y-periodic function such that Ty (x) = Ty (x, 0) for x € Ty.
We set

(8.2) my (&) = py (0) — Fn (Tw) ).
Here Fn(f)(&) = Jpa e*Z”ﬁg'xflqu (x) dx denotes the Fourier transform of
Slry.

LEMMA 8.1. Assume that v is concentrated on Ty and that v has a periodic
extension that is translation invariant. Let h : R¢ — R be real valued. Set hy(s) =
> s;eTy h(si), where s =3 _; &;. Then

Yo AW Emy©).

§€TNN(Z4 /ny)

2 1
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PROOF. From p} (x) = p},(0)11, (x), we see that

(8.3) /ShNdv=/T h(x)p}\,(x)dx=p}\,(0)fT h(x)dx.

Let Var”[hy] be the variance of hy w.r.t. v. By (8.1) and the general property
of correlation functions, we see that

va'tn] = [ R@pkdx = [ h@h() T,y dxdy

X

=y [ P - | o BRI T = y)ddy.

We used pj (x) = pl ()17, () and Ty (x, y) = I, (1) 1py ()T (x — y) in the
second line. By a direct calculation of the Fourier series, we see that

2 _
I h*(x)dx = )

)OI

£§€TNN(ZA /ny)

and

f hCOh(D) T (x — y) dx dy
TyxTy

. 1
~ (ny)4

Yo FnMWEFNGhxTy)E)

E€TNN(ZA /ny)

1 -
=i X IO AT E

g€TNN(Z4 /ny)

1
=i L IEmOI AT ©).

g€TNN(Z /ny)
Here we used the fact that F (7y) is real valued because 7y (x) = 7y (—x). Com-
bining these with (8.2) yields

v 1 2
(8.4) Var'[hy] = o Z | Fn (h)|(&)mp (§).

§€TNN(ZA /ny)

We conclude Lemma 8.1 from (8.3) and (8.4) immediately. [

9. Proof of Theorems 2.2. In this section, we prove Theorem 2.2 using the
previous results. We begin by defining Kqys g for 8 =1,4. Leti= /—1, as before.
To define Kgys g, we recall the standard quaternion notation for 2 x 2 matrices
(see [13], Chapter 2.4),

1_[1 o] e_[i 0} e_[o 1} e_[o i}
“lo 1] “lo —i] 271 -1 o) =i ol



INTERACTING BROWNIAN MOTIONS WITH LOG POTENTIALS 33

A quaternion ¢ is represented as g = ¢ @1 4+ g(Ve; + ¢@Pe; + ¢Pes. Here
the ¢\ are complex numbers. There is identification between the 2 x 2 complex
matrices and the quaternions given by

on [* Plotuvian-tu—d L i,
©.1) [c d}—i(a—i- ) —E(a— )e1+§( —c)ez—i( +c)es

or equivalently

O i) @) i)
g +iq 9 +iq ] Oq 4 (D @ 3)

. ) =q"’14+q" e +q“er+ g es.
—g® +ig® O _ig®

We denote by (¢ P14+ gWVe; + ¢Pe; + g e3) the 2 x 2 complex matrix de-
fined by the left-hand side of (9.2). By definition, Y ([* 5]) is the quaternion on the
right-hand side of (9.1). We also remark that these relations can be naturally ex-
tended to the ones between (2N) x (2N) complex matrices and N x N quaternion
matrices.

For a quaternion g = ¢@1 + gWe; + ¢Pes + gPes, we call ¢ the scalar
part of ¢. A quaternion is called scalar if ¢ =0 for i = 1,2, 3. We often iden-
tify a scalar quaternion ¢ = ¢®1 with the complex number ¢©) by the obvious
correspondence.

Let § = q¢©1 — {gWe; + ¢Per + ¢Pes}. A quaternion matrix A = [a;j] is
called self-dual if a;; = a;; for all i, j. For a self-dual n x n quaternion matrix
A =[a;j], we set

9.2) |:

L(o)
©3)  detA= " signlo] [ ] lago;2 - dore— 1010 oy 010101
ced, i=1

Here 0 =01 ---0p(¢) 1s a decomposition of o to products of the cyclic permuta-
tions {o;} with disjoint indices. We write o; = (0;(1), 0;(2), ..., 0;(£)), where £
is the length of the cyclic permutation o;. The decomposition is unique up to the
order of {o;}. As before, [-19 means the scalar part of the quaternion -. It is known
that the right-hand side is well defined. See Section 5.1 in [13] for details.

For a self-dual N x N quaternion matrix A = [a;;], it holds that [13], (5.1.15)

9.4) det ®(A) = (det A)2.

Here ®(A) is the (2N) x (2N) complex matrix given by the relation (9.1). We
note that the determinant on the left-hand side of (9.4) is of the (2N) x (2N)
matrix with complex elements, while that on the left-hand side of (9.4) is of the
N x N matrix with quaternion elements.

We are now ready to introduce Kgys g. Let S(x) = sin(mrx)/mx, D(x) = Z—f(x)
and I (x) = [7 S(y)dx.Lete(t) =—1/2 (t > 0), e(r) =0 (t =0) and e(t) = 1/2
(t <0).

S(x — D(x —
9.5 Kays, 1(x, y) = T(|: (x =) (x—y) ])’

Ix—y)—e(x—y) Skx—y)
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9.6) Kays2 (. y) = S(x — ),
S2x—y) D2(x—1y) ])

9.7 Kays , =7 .

St dys.4(%. ) <[ I2x—y) SQ2kx—y)

We thus clarify the meaning of (2.15).

It is known that the matrices [Kays, g (X, X;)]1<i, j<n are self-dual (8 =1, 4), and
that there exist unique random point fields pqys, g (B = 1, 2, 4) whose correlation
functions {p"} are given by (2.15); see [13], Chapters 5-8.

LEMMA 9.1.  pays.p (B =1,2,4) satisfy (A.1).

PROOF. Since the correlation functions {o"} have the expression (2.15) and
the kernels Kgys, g are bounded, we see that {p"} satisfy (A.1). [

To prove the quasi-Gibbs property of wgys g, it is sufficient to check (A.4)
and (A.5) by Theorem 4.1. Therefore, the problem is to construct a finite-particle
approximation {¢"} fulfilling the assumptions in (A.4) and (A.5). We will take
{uN}, whose potentials satisfy (6.2) and (6.4) for § = 1,2,4. Hence, we as-
sume ny = 2*N and Iy = (=N, N) as in (6.4). We take ®(x) = 0 and &V (x) =
—log 1y, (x). ¥ and WV are the same as in (6.1), (6.2) and (6.4).

To introduce the finite-particle approximation {4/} we first recall some facts
about circular ensembles {vV}. Let vV denote the probability measure on RN
defined by

1 ny ‘ ‘
(98) d“jN — E 1_[ ITN (Xi) l_[ ‘ezﬂlxi/ﬂN _ 627T1)Cj/l’lN|:3 dxl . dan,
i=1 i,j=li<j

where Z is the normalization and Ty = (—ny /2, ny/2]. It is well known [2, 13]
that the distribution of (e27i/nn )1<i<ny under vV s equal to the distributions of
the spectra of the circular orthogonal, unitary and symplectic ensembles for 8 = 1,
2 and 4, respectively.

Let ¢ be a map such that ¢((x;)) =>_; 8y,. Set vV =9V 6,71 and let o'y denote
the n-correlation function of vV. Then by (9.8), we see that o, =0 for n > ny
and

ny

sz(xl"“’an)z %N' 1_[ 1TN(xi)|62niXi/nN _eZHin/ﬂN|ﬂ1TN(xj).

ij=l,i<j

For each n € N, the n-correlation function @ can be written as (see [13],
(11.1.10))

99) o1, ..., x0) = det[ Iy (DKE g0 = x) 1Ty ()] i <
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where Ké\;s’ 8 is given by (9.5)—(9.7) with the replacement of S(x), D(x), and I (x)
by Sy (x), Dy (x), and Iy (x), respectively. Here Sy is defined as

(9.10) Sy (x) = oS
ny sin(wrx/ny)

Moreover, we set Dy(x) =dSy(x)/dx and Iy(x) = fd‘ Sy (y)dy. One can eas-
ily deduce (9.9) and (9.10) from the results in [13], Chapter 11, combined with
the scaling 0 — 27 x/ny. Indeed, these follow from (11.1.5), (11.1.6), (11.3.16),
(11.3.22), (11.3.23), (11.5.6) and (11.5.13) in [13].3

We are now ready to introduce the finite-particle approximation {y}.

LEMMA 9.2. Let u¥ =vN o nH_NI. Then jiays,p satisfy (A.4) with u. Here
we take ®V (x) = —log 11, (x), and WY is given by (6.2) and (6.4).

PROOF. Let p'}; be the n-correlation function of 4. Then by uV = v¥ orr]ivl,

we have oy (x1, ..., xz) =0y (x1,...,x,) on Iy. Hence, by (9.9), we see that p};
satisfy

A1) PR 1o, xa) = det[1ny, (DK 5 (6 = x) 11y ()] 2y i<y

By (9.10) and (9.5)-(9.7), we deduce that Iy, (x)KQ_fysyﬁ(x — y) 11, (y) converge
compact uniformly to Ké\lysv ﬂ(x — y). This combined with (9.11) yields (4.1).

Let k;v’"(xn) be the norm of the ith row vector of [If, (xi)Ké\;s,z(xi —
xj) 1y (xj)]1<i, j<n. Where X, = (x1,...,x,). Then there exists a constant ¢y
such that Ikl-N M (Xp)| < caon!/ 2 pecause the kernels Kévys’z are uniformly bounded.
Hence, we have
9.12)  [det[ 11, () (6 = X)) 11y ()] <y 2| S K" ()" < hion™2.

This combined with (9.11) yields (4.2) with § = 2. We can prove (4.2) for 8 =1, 4,
similarly using identity (9.4) on the quaternion determinant. We thus obtain (1)
of (A.4).

(2) of (A.4) is clear because uV = vV o niv 1, and vV consists of ny particles.

Let Y (x) = —log I, (x) and UV (x, y) = — B log |27 /"N — 271Y/7N| Then
by (9.8), we see that v are (dA>N , N )-canonical Gibbs measures. Clearly,
\iJN(x, y) = WM (x, y) for x, y € Iy. Hence, uN are (®N, WN)-canonical Gibbs
measures because uN = vV o oy, -

(4) of (A.4) is obvious through construction. [l

We next proceed with the proof of (A.5). For this, it is sufficient to prove (A.6)

by Theorem 6.2. We note that (A.6) consists of two conditions: (6.13) and (6.14).
We prove (6.13) in the next four lemmas.

3718,y in (11.1.6) of [13] should be I .
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LetIy = (=N, N) and ny = 2*V, as before. By (6.4), we easily see the follow-

ing:
ny . 2mwx 27T X
oy(x) = ——sin— +1i —<1— —)
21 ny 2 ny
(©.13) ny TX TX N . o TTX
= —sin— cos — +1— sin“ — for x e Iy,
T nn nnN T ny
9.14) |wN(x)\:n—N‘sinE‘ for x € L.
T ny

Hence, by (9.13) and (9.14), we have
wy (x) smnx/nN cosmx/ny

TX
1{sin — for x e Iy.
lon ()| |sinx/ny|

ny

(9.15)

LEMMA 9.3. Let wy be as in (6.4). Let Sloo = {1 <|x| < oco}. Then the fol-
lowing holds:

x| [y ()]
9.16) sup sup < 00, sup sup ———— ,
NeN 5., 1N ()] NeN, 5., 1N W)
(9.17)  sup sup |@n(x) — x| < o0, sup sup |[|@n (x)[] — |x|| < co.
NGNXESIOO NeN XESIOO

PROOF. Note that, if x € Iy, then |y (x)| is the length of the segment be-
tween the origin and @y (x), and that |x| is the length of the arc connecting
these two points on the circle centered at iny /27 with radius ny /2. This im-
plies |y (x)| < |x| for x € Sloo N I. By definition, wN is linear on Iy \ Iy
and wy (x) = x on I}, +1- Hence, the maximum of G (| 57 over S1oo is attained at
x = #£1. Therefore, we have

[x| 1 b4 1 b4 1
sup sup = sup = sup — — = —
NeN e, [N venlon(DI yenny sinm/ny - 2% sinm /24

< Q.

The second inequality in (9.16) follows from [|@y(x)|] < |on(x)| + 1 and the
first inequality. We thus obtain (9.16).

Direct calculation shows that there exists a constant ¢2; independent of N such
that

(9.18) sup|{ay (x) — x)| = |oy (N) — 1] < e N274V.
xeR
Since wy (0) =0 and wy (x) = x for |x| > N + 1, (9.18) yields
(9.19) sup|@n (x) — x| < ca N(N +1)274,
xeR

Because |y (x) —x| = |y (x) — x|, (9.19) allows us to deduce the first inequality
in (9.17). The second is clear from the first. [
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We set c2o =sup,..5, yen [N () [1/|n (x)] < 00.

LEMMA 9.4. Let uiv :R — C be such that

) () =15 O[|on0)[]/aNx).

Then

(9.20) sup |uN{ dx <2c3,r,

9.21) sup sup / I]INu dx| < o0.
reNNeN

PROOF.  From |u}| < cxlg and Sy, C (—r,r), (9.20) is obvious.

37

Through construction, we deduce that |ooy (x)| and [|ewy (x)|] are even func-
tions. Moreover, f[wy (x)], the real part of @y (x), is an odd function in x € R.
Hence, so is N[1/an(x)] = Si[wN(x)/le(x)P]. Collecting these, we see that
9%[1]1,\,”?’] =1g, 15 HLUNH‘R[I/[UN] becomes an odd function. Hence, we have

Jr Rllpyu ﬁv ldx = 0 Therefore, it only remains to estimate ms[l]INu ], the imagi-

nary part of 1y, ul.

Note that uﬁv(x) = lglr(x)szrN(x)|]wN(x)/|wN(x)|2. We easily see that
S[uﬁv] > 0 and [y (x)/|oy(x)|] takes its maximum at x = £N according

to (9.13). Then by (9.15), we have
sup|3[ 11, ul (x)]] < ca2 sin TN < czzﬂ
xeR N B nN 24N
Clearly, i‘s[lHNuﬁv] = IHNS[uf’] =0 for x & I y. Therefore, we deduce that

TN
sup sup |J[1]1Nu, (0)]|dx < sup 2Nexn ~ 2N = o
reNNeN NeN

This implies (9.21). O

LEMMA 9.5. Let uﬁv be as in Lemma 9.4. Set uﬁv x)=3; uiv(x,-). Then

R 7 N _
(9.22) im0 sup U 2gs vy =0

PROOF. We set Gﬁv(x) =)l (x,-)uﬁv(xi). Then from pu = vV o Jr]ivl

see that [[u) || ;2(s vy = 16N [l 125, Hence, (9.22) follows from

(9.23) lim =% sup |6 2g.,v, =0
NeN

r— 00

we

We note that Q}V(O) = 1 according to (9.9). We write 1y, ul = ﬁﬁvl + iﬁﬁvz,

where u m (m =1,2) are real valued. We denote by Fy the Fourier transform
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defined before Lemma 8.1. Let my (§) be as in (8.2). Applying Lemma 8.1 to Giv
and using Q}V(O) =1, we have

2

[6Y 172,08y = Z[( /TN ﬁi,vmdx)2+i > | Fv@EY,)] (s)mN@)]

m=1 N geTnn(@/ny)
From (9.21), we deduce that lim, _, o r3/4 SUpyen | fTN ﬁf’m dx|=0form =1, 2.
Hence, it only remains for (9.22) to prove that form =1, 2,

1
(9.24) im r2sup — > |Fn@Y,)FEmyE) =0.
T NeNM™W cerynz/my)

Let Py = {—% + p; 1 < p <ny, p € N}. Then by an elementary calculation
of the triangle series, we have an expansion of Sy (x) such that

1 .
(9.25) Sy(x) = — Z eZ]Txpl/nN.
ny
PEPN

This together with DN(x) =dSy(x)/dx and Iy (x) = fé‘ Sn(y) dy yields

27
(9.26) Dy(x)= > perrpiiny,

—2
"N pepy
; 1 1 .
(9.27) In(x)=— Z 27”5171/"N _ 1) — 2_ ~ p2mxpi/nn
L epy P Ty P

For (9.27) we use 0 ¢ Py, which follows from ny /2 € N.
Let 7y be the two-cluster function of vV defined by (8.1). Let 7;3N (x) be the

ny-periodic function such that ’Z;gN (x) =7Tn(x,0) for x € Ty. Then through con-
struction [see (9.3), (9.9)],

(9.28) TN (0) = [k g K 5(—0]© forx e Ty.

Let Py =Pyo=Pyand Pys={p+1; peN,—ny <N <ny}. Then (9.25)-
(9.28) combined with the definition of KQ;S’ 8 yield

2
Z eanpl/nN
PEPN

2
2 : eZﬂxpl/nN - 2 : _ean(p—f—q)l/nN’
PEPN 1

"N pqepy 4
Z e47txp1/nN

2
PEPN 4

’

929) TV =K, =

N

9.30) TN(x) =

2
NN

- ¥ P Anx(p+a)i/ny.

9.31) TN(x) =
N D-qE€PN 4 q

_2
N
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For the reader’s convenience, we provide more details of the proof of (9.30)
and (9.31) as an Appendix A.3.

We now consider the Fourier series ]-"N(’TﬂN )(E) = fTN e~ 2miE 'X’TﬁN (x)dx.
By (9.29)—(9.31), we obtain

sup sup |fN(’T/3N)(5§)| < 00.
NeN&EeTyN(Z/ny)

So my defined by (8.2) for v satisfies

€23 1= sup sup  |my(&)| < o0.
NeN&eTyN(Z/ny)

From the isometry of the Fourier series and (9.20), we have that form =1, 2,
1 N2 Voo
Sup{_ > A (E)}zsup{/ | dx}§2c§2r.
NeNUIN ¢y AZ/ny) Nen Ty
Combining these two equations, we obtain

I A
spl S A POm© | <e2dr  m=12),
NeNUIN ceryn@z/ny)

which yields (9.24). We thus complete the proof. [J

LEMMA 9.6. Let uﬁv = 1§1r [lon|1/@nN be as in Lemma 9.4. Then

(9.32) lim r=3/% sup sup |uM —uN|tpl dx =0.
r—oo NeN R{MGN| T |} N

PROOF. Through straightforward calculation, we have

N fIZ_UMH _ FIZ_UNH}
1r oM wWN
_ i1, |Tzul] (C_UN—Z_UM)'FL(HWM'—I_ﬂwl\’”)}
Sir @-M@'N 25-]\/
=15~1. anill-l(l_vN_x+x_l_UM)
"\opyonN

+ éN(I_leH =[xl + x| = flwzvﬂ)}-

Applying (9.16) and (9.17) to the last line, we have a constant c24 such that
1

™ forallxeS’lr,M,NeN.
X

933) [up' (¥) = ()| < el ()
By definition, uf’l(x) =0on S‘fr. Hence, by (9.33) and :Ozlv (x) <1, we obtain

1
sup [uM — uﬁv”p[l\, dx < cz4/3 —dx = cp2logr.
1r

sup [
R*MeN x|

NeN



40 H. OSADA
This deduces (9.32). 0O

LEMMA 9.7. Let uY be as in Lemma 9.5. Then

.34 M _
034 i, % sup [ sup u| [ g, =0

PROOF. We note that sup ; [uM| < {sup e (UM — ul [} + |u¥|. Hence,

sup H sup [uM < sup H sup [uM —u

!H N
1 Ny — r
NeN"MeN L'E.u™) 7 NeN"MeN

N
s um SUp U 1)
By Lemma 9.5 and Holder’s inequality, we have
lim 3

/4 N _
A, ]f,‘é%” U L1 g vy = 0-

Hence, it only remains to prove

L —3/4 M _ N
(9.35) lim r sup H sup [u' —u|
r—oe NeN"'MeN ' '
We write X =) ; 8,,. It is then obvious that

>l e )|

]

‘L‘(s,;ﬂ) =0.

sup |uM (x) — u? (x| = sup
MeN MeN
<> supu () —up! (x|
i MeN
Taking the expectation of both sides w.r.t. MN , we deduce that

M N 1
‘LI(S,MN) 5'/]1%{;/[";%|ur —Uu, |}10Nd'x

Combining (9.36) with (9.32), we obtain (9.35), which completes the proof of
Lemma9.7. [

(9.36) H;Iu% luM — uN|
€

PROOF OF THEOREM 2.2. According to Theorem 4.1, it is enough for (A.2)
to check (A.4) and (A.5). We have already checked (A.4) by Lemma 9.2. By The-
orem 6.2, it is sufficient for (A.5) to prove (A.6). (A.6) consists of two conditions:
(6.13) and (6.14).

According to (9.16), there exists a constant c¢p5 such that 1/|@ (x)|2 <5 /x2
forall M e Nand x € Slr- This combined with p}v (x) <1 yields

1
(9.37) sup |. { sup —z}p}\,(x)dx <cps5sup |. —zdx < 00.
NeNYSy, Lpen lom (x)] NeNJSi, X
Hence, (7.1) is satisfied with ¢y = 2, and thus, we conclude (6.13) by Lemma 7.1.
By Lemma 9.7, we have (7.11) with c¢13 = 1/4 and £9 = 2, which yields (6.14) by
Lemma 7.3. [
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10. Proof of Theorem 2.3. In this section, we prove the quasi-Gibbs prop-
erty (A.2) of the Ginibre random point field stgin (Theorem 2.3). Therefore, we set
S=C, ®(z) =|z|* and ¥(z1,22) = —2log|z1 — z2|. From Theorems 4.1 and 6.2,
we deduce (A.2) from (A.4) and (A.6). Therefore, our task is to check these two
assumptions. We begin with the finite-particle approximation Mgn-

Let Mgn be the determinantal random point field with kernel Kgn given by
I IR IR S .
(10.1)  Kgy(z1,22) = ;exp{—— - —} };) G2

Then, by definition, its n-point correlation function pg;l” is given by

(10.2) Pain (21, -+, 2n) = det[KE (20 2)] i <y
It is well known (see, e.g., page 943 in [24]) that
(10.3) Hoin(s(C)=N) =1.

Let [Lgn be the probability measure on C" associated with ,ugn. By definition, [Lgn
is the symmetric measure satisfying dﬂgn = ﬁgn o=, where (((z1. ....2,)) =
ZNZI d;,. Itis well known (see, e.g., page 943 in [24]) that

1 N 2
(10.4) b, = —e il Tl -zl dz - da
1<i<j<N

LEMMA 10.1. {Mfgvin} NeN satisfy (A.4).

PROOF. It is clear that the kernels K¥  converge to Kgin compact uniformly as

gin
N — o0. Hence, (4.1) follows from (10.2). Let kiN’" (z1, ..., zn) be the norm of the
ith row vector of the matrix [Kgm(z,, Zj)]1<i,j<n. We see that kiN’”(zl, T

1/2/7'5 because |K (z1,22)] <1/7 by (10.1). Hence, we obtain

gin

nn/2

N,

(10.5) |det[Katn (2 2] <4, <l H k@) £ —
Therefore, we deduce (4.2) from (10.2) and (10.5). We thus see that (1) of (A.4) is
satisfied.

By (10.3), we see that (2) of (A.4) is satisfied withny = N.

By (10.3) and (10.4), we see that Mgn is a (|z]%, —2log|z|)-canonical Gibbs
measure. Therefore, (3) of (A.4) holds with ®" (z) = |z|? and ¥ (z) = —2log|z|.

(4) of (A.4) is obvious with the above choice of ®V and W, which completes
the proof. [
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We proceed with (A.6). For this, we prepare Lemma 10.2. We denote (s, f) =
> f(si) for s =Y ;8;. We set S, = {z € C;|z|] < r}). Let argz be the an-
gle of z € C; that is, z = |z|e'®€Z We write f(r) = O(g(r)) asr — oo if

limsup,_, o, [ f(r)/|g(r)| < oo.

LEMMA 10.2.  Let h,(z) = 15 (2)e!* ™%, where £ € Z. Let f:C — C be a

bounded, measurable function such that supy, _, | f (z) — zol = OrYHasr— oo
for some zg € C. We then have

(10.6) sup Var'n (s, h, f)) = O(r)  asr — oo.
N

We remark that, if we replace ugn by the Poisson random point field whose in-

tensity is the Lebesgue measure, then the right-hand s1de of (10.6) becomes O (r2).
Therefore Lemma 10.2 implies the fluctuation of { u o) 18 uniformly small com-
pared with that of the Poisson random point field. Indeed Lemma 10.2 is the key to
the proof of the quasi-Gibbs property. Shirai [23] initiated this kind of small fluctu-
ation property for the Ginibre random point field pgj, with f = 1. In [18] Shirai’s
result was generalized to functions f as above. Lemma 10.2 is its N-particle ver-
sion, which will be proved in Section 10.1 below.

PROOF OF THEOREM 2.3. Applying Theorems 4.1 and 6.2, we deduce The-
orem 2.3 from (A.4) and (A.6). We note that (A.4) follows from Lemma 10.1.
Therefore, it only remains to prove two assumptions, (6.13) and (6.14) of (A.6).
We check (6.13) and (6.14) for £y = 3.

By (10.1) and (10.2), we have ,ogr’ll (z) < ,Oéin(z) = 1/7x. Therefore, we have

1 1
10.7 / - 1y
(107 21> 1 |Z|310g1n (@dz < NN FER

This implies (7.2). Hence, by Lemma 7.1, we obtain (6.13) with £¢ = 3.
We finally prove (6.14). Let ué\] - and u?{ . be as in Lemma 7.3. It is then easy to

see that
¢
Z .
Mé\{r(Z) <|—| |-|> 15,,(Z)eleargz'

|z
Hence, ué\’ . satisfies the assumption of Lemma 10.2 with zg =1 and f(z) =

(“ZH )¢. Therefore, by Lemma 10.2, we obtain

(10.8) rlggo r2c19-2¢ supVar“g‘"[ ?’ ]1=0 with cj9 = 1/4, say, for £ =1, 2.

Since E“gm[ N .1 =0, (10.8) implies limy _, oo r2€1972¢ Supyc NE“gmHu | 1=
which allows us to deduce (7.11). Hence, by Lemma 7.3, we obtain (6. 14) w1th
£o = 3. We thus complete the proof. [
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10.1. Proof of Lemma 10.2. The purpose of this subsection is to prove
Lemma 10.2.
Let g(dz) = %exp{—|z|2}dz be the standard complex Gaussian measure. Let

{pN Inen be the correlation function of “fg\{n w.r.t. g. Then {p} },en is given by

(109) p;\l](zla---»Zn):det[KN(Zth)]z] 1

.....

where Ky (z1,22) = Zk 0 ! (212215 /k!. We see that o = ,oN” nlz1 P+ +zn|?

and Ky (w, z) = ne'”" /ZK]g\{n(w, z)e|7| /2 by construction. Let

00 -k O 7o}k
(10.10) K(m,zz):Z{Z‘,f,Z} o Ky@im =) {Zlkzvz}

k=0 : k=N
Then K = Ky + K}, by definition. Let

MY = fhr(w)hr<z>{|1<(w,z>|2 — Ky, )" = |KEw, 2)[*}gdw)g(dz).

LEMMA 10.3. Let ey = Z}iv:o sK/k!. Then

2

MY <2{1— e ep 1 —e ey ).
PROOF. From |K|>=|Ky|> + |K}> + KnK y + KK v, we have

M| = ‘ [ 1@l @UKNE + KR nlgdwgda)

2 2
- {/ |w|2N—lg<dw)}

<2 e [ P Pan [ [P Naan|

2 2 2

=2{1 — e_rzefv_l}{l —e ey}
This completes the proof. [

The kernel K also generates the determinantal random point field denoted
by phin-

LEMMA 10.4. (1) Let f be a bounded measurable function with compact
support. Then

Hgin 2 2
(10.11) Var'en ((s, f)) < n[C\f(z)] dz.

(2) (10.11) also hold for Mg: and [Lgin.
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PROOF. Since Ky (w, z) consists of a sum of pairs of orthonormal functions
w.r.t. g(dz), we have the equality

(10.12) KN(z,z)=fC|KN(z, w)[*g(dw).
By the standard calculation of correlation functions, we have
N
Var''sn ((s, f))

- / f 2Kz 2gdz) — / F) F@| Ky (w. 2)Padw)g(dz).
C C2

Combining these two equalities, and then using the inequalities |a — b|*> < 2(|a|*> +
|b|?) and |K (w, 2)|* < Ky (w, w)Kn (2, 2), we obtain

1
V' (s, £)) = 5 [, 11w = F@F|Ky (. 2 gdwrg(dz)

(10.13) 2
< /C AF @) + [ F @YKy (w, w) Ky (2, )9(dw)g(d2),

This, combined with the estimates 0 < Ky (z, z)(l/rr)e“Z|2 < 1/m, allows us to
conclude (10.11). The proof of (2) is the same as that of (1). [

LEMMA 10.5 (Theorem 1.3 in [18]). sup;_, r1 Vartein[(s, h, f)] < oo.

PROOF. This lemma is a special case of Theorem 1.3 in [18]. [

N
LEMMA 10.6. sup;_y sup, ., - Var"sn((s, h,)) < oo.
PROOF. By K = Ky + K and Lemma 10.4, we have
N Nx
Var'sin ((s, h,)) = Varen ((s, b)) — MY — Var'sn ((s, h,)).

By Lemma 10.3, we have |M,N| <2{1-— e"zeﬁ_l}{l — e_rzej\f}. These, together
with Lemma 10.5, complete the proof. [J

PROOF OF LEMMA 10.2. By h, f = zoh, + h,(f — z0) and (10.11), we have
Var'®n ((s, hy f)) < 222 Var*sn (s, hy)) + 2 Var*an (s, b, (f — 20))

N 4
<223 Var'sn((s, h,)) + ;/; |he (f — ZO)|2dz.

Hence, from Lemma 10.6 and the assumption sup,,_, | f(z) — zol = o), we
complete the proof. [J
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APPENDIX
A.l. Proof of Lemmas 3.4 and 3.5.

PROOF OF LEMMA 3.4.  Let {f,} be a £;“"-Cauchy sequence in D" such
that lim || foll 2s, = = 0. Then from (3.3) and (3.4), we see that { fp} satisfies

(A1) i [ & o= fa fo = fnids) =0
(Az) pll)ngo/; ”fplliZ(syz’M:”lkqs)M?}k(dS) = 0

We prove that limp_moé’f ,;a’“ (fp» fp) = 0. For this purpose, it is enough to
show that, for any subsequence { f1 p} of { fp}, we can choose a subsequence { /> p}
of { f1,p} such that

(A3) Jim 7" (fap. frp) =0

Therefore, let { f1p} be any subsequence of { f,}. Then by (A.1) and (A. 2) we can
choose a subsequence {f2,p} such that ;" Te(Ap) < 2=k and Wy, " (Bp) < 27k, where

Ao = {8 EH (fap — faprts fap — frprt) = 272,
: 2 —2k
Bp = {S, ||fp“L2(S;_n’M:r,qus) 22 }
Hence, from the Borel-Cantelli lemma, we see that
Moy (limsup Ap) = 7 (lim sup Bp) = 0.

This means that, for 1" -a.s. s, the sequence { f2,p} is an 4" _Cauchy sequence

T, k S
converging to 0 in Lz(Sr s Wy.s) as p — 0o. Therefore, by assumption, we have
(A4) plirlgo Sr,l;,é (f2.ps f2p) =0 for w-as. s.

Let /1, . be the symmetric measure on S such that /1", . o = - For
f2,p, there exists a function f,)":S" x 8 — R such that f,""(x,s) is symmet-
ric in X = (x1,...,X,,) for each s € S and that fzr:pm(x, s) = fa,p(s) for s € ST
decomposed as s = ((X) + mge(s). Let xp = (X1, ..., X1q) € R?. Then

/S CENS(frp — frpets fap— frprI(dS)

3(f2r:g1 - fzr,’gll )

8xli

1 m
/ EZ Z aij(s, x1)

i,j=1
rm r.m
L — f2p+1)v
0xyj

ok, S(dX)er k(ds)‘
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S— (RH™isa Cauchy sequence in LZ(S;" XS — (]Rd)’”, /l’r’}k’s), where we equip
L2(S;” x S — (RY)™, ;iffk,s) with the inner product

(f.g) = fs g 21X )81 (% 9)a0 (1) + 755 (8). x1) il o (@) 17 (d9).
r XS =1

Here f = (fi, ..., fi), and ag is the function in (2.3). Combining this with (A.1)
and (A.4), we obtain (A.3), which completes the proof. [

PROOF OF LEMMA 3.5. By (2.3), we deduce the closability of (£,:", D&

on LZ(ST, MTk,s) from that of (5;1’1,;’6’301’“, Dgg[’“) on LZ(ST, I‘L??k,s)‘ Here I is the
d X d unit matrix.

Let [}, ¢ be as in the proof of Lemma 3.4. Then by (2.8), /i}"; ¢ has a density
F(x) wrt. e "r® gx. Here dx denotes the Lebesgue measure on S, and we
regard e ="' as a symmetric function on ™ in an obvious manner. In the following
we use the same convention for functions on the configuration space S*. We note
that according to (2.8), ¢ is uniformly positive and bounded on S/".

Let O, ={x € §"; pl<apx))Nixe S p~ < e ™} (p € N). Recall
that ag and e~ are lower semicontinuous (the latter claim follows from the as-
sumption that ® and W are upper semicontinuous), which implies that O, is an
open set. Moreover, {0} is nondecreasing in p. Let &, be the bilinear form on S}
defined by

en(fi9)= [ DOt ax= [ DS glaose e dx,
P

p
Recall that apse™"" and &e~ ™ are bounded on S and greater than or
equal to p~2 on O,. Hence, (¢,, C;°(S")) is closable on L2(S;”, Fe Mrdx) =
L2(S;", [:L':?kﬁs). Since {0} is nondecreasing, the sequence of closable bilin-
ear forms (g, C;°(S")) is nondecreasing. Hence, the limit bilinear form (&,
Cpo(SM)) is also closable on LZ(S;", [er’s); see [12], Proposition 3.7, page 30.
We used here { f € C;°(S"); exc(f, f) <00} =Cp° (™).

It is easy to see that the closability of (ex0, C5°(S/")) on L2(s™, " o) implies

the closability of (£ ,fsol’“ , DYLHY on L2(S™, . o). Hence, we complete the
proof. [
A.2. The weak convergence of {#"}. In Section 4, we considered the fact
that the measures {«"} in (A.2) converge weakly to jt. For the sake of complete-
ness we give a proof of this. Let S‘r ={xeS;|x| <r}and S'f =1 llxml <r}
as before.

LEMMA A.1. Assume (4.1) and (4.2) in (A.4). Then limy_, oo VN = p weakly.
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PROOF. A permutation invariant function m” : §” — R is by definition the -
density function of u if, for any bounded o[7 gr]—measurable function f,

where é;’ ={xeS; X(S‘,) =n},and f: S‘r” — R is the permutation invariant func-
tion such that f"(x1, ..., x,) =f(x) for x € 8! such that e X) =2 6x-

Let m’l’\,’r()il, ..., Xp) [resp., m!'(xy, ..., x,)] be the n-density function of /LN
(resp., ) on S,. Then by (4.2), we easily see that

m’;\]7r('x17 "'axn)

1y gy
Z «/:9" (X5 vy Xpk) dXpg1 - dXpp.

Combining (4.1) and (4.2) with (A.5) and the same equality as (A.5) for © and
applying the bounded convergence theorem, we obtain for each r,n € N,

(AS)

supsup|mNr(x1,...,xn)| < 00,

N S”
Hm m'y . (x1,..., %) =mi(x1, ..., %) a.e.
N—o0 K

From this, we see that the measures satisfy limy_, oo /,LN om g_ 1 JLOoT S_ ! weakly

in 775 (S) for all r. Hence, it only remains to prove that the sequence { !N} is tight
in S.

Now we recall a closed subset Sy in S is compact if and only if there exists an in-
creasing sequence a = {a, }, <N of natural numbers such that SUPges, s(S'r) < a, for

all » € N [20], Section 3.4. Let K(r, a) = {s; S(Sr) <aj}. Set K(a) =), ey K(r, ar)
for a = {a,},en. We then see that the set K(a) is compact in S because of the
equivalence condition given above. _

Let € > 0 be fixed. Note that g (S) is also a Polish space because S, is Pol-

ish [20], Proposition 3.17. Since {u" } is tight as probability measures in
T (S), there exists a compact set K, in s (S) such that

(A.6) sup ™ oy HKe) <e2.
N

Moreover there exists an a, € N such that K, C K(r, a,) because K, is compact. We
can and do take a, € N in such a way that a, < a,4+1. By (A.6) and K, C K(r, a;),
we have supy w (K(r, a,)€) < €27". Hence, for a = {a,},cN, we have

sup ,uN(K(a) = sup/L <U K(r, ay) ) < sup Z MN(K(r» ar)) <€
N

reN N yeN
This implies {u”} is tight, which completes the proof. [
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A.3. Proof of (9.30) and (9.31). In this subsection, we prove (9.30)
and (9.31). Let Jy(x) = In(x) — %sgn(x). Note that Sy is an even function, and
Iy, Dy and Jy are odd functions. By (9.5) for Sy, Dy and Iy,

Kcli\;s, 1 (X)Ktli\;s, 1 (_x)

_ Sn(x) DN@)[Sn(=x) Dny(—x)
&.7) ‘®<[JN(x) SMx)][JN(—x) SN(—x)D
:®<[SN<x>2—DN(x)JN(x> 0 D
0 Sn(x)? = Dy(x)JIn(x) 1)

Hence, by (9.1) and (9.28), we have TIN = Slzv — Dy Jy. This, combined
with (9.25)—(9.27), yields (9.30). We consider (9.31) next. By (9.7) for Sy, Dy
and Iy, we see that

Kays 4 (0 Kys 4 (=)

(s STl S50)

_ ®<|:SN(2X)2 — Dy (2x)Iy(2x) 0 D
o 0 SN(2x)2 — Dn2x)IN(2x) )"

Hence, by (9.1) and (9.28), we have 7,V (x) = Sy (2x)? — Dy (2x)Jy (2x). This,
combined with (9.25)—(9.27), yields (9.31).
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