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RANDOM FIELDS AND THE GEOMETRY OF WIENER SPACE!

BY JONATHAN E. TAYLOR AND SREEKAR VADLAMANI
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In this work we consider infinite dimensional extensions of some finite
dimensional Gaussian geometric functionals called the Gaussian Minkowski
functionals. These functionals appear as coefficients in the probability con-
tent of a tube around a convex set D C RF under the standard Gaussian law
N0, I k). Using these infinite dimensional extensions, we consider geo-
metric properties of some smooth random fields in the spirit of [Random
Fields and Geometry (2007) Springer] that can be expressed in terms of rea-
sonably smooth Wiener functionals.

1. Introduction and motivation. We start with a description of a certain class
of set functionals determined by the canonical Gaussian measure on R*. By canon-
ical, we shall mean centered and having covariance Ij ««. Its density with respect to

. . 2 .
the Lebesgue measure on R¥ is therefore given by (277) ~¥/2¢~I*II°/2_ For this mea-
sure, we consider computing the probability content of a tube around M, leading
us to a Gaussian tube formula which we state as

o
(1.1) Yi(M + pB) = ye (M) + 3 %M?(M),
j=17

where M’;" (M) is the jth Gaussian Minkowski Functional (GMF) of the set M.
If M is compact and convex, that is, if M is a convex body, then we can take the
right-hand side (1.1) to be a power series expansion for the left-hand side. For cer-
tain M, this expansion must be taken to be a formal expansion, in the sense that up
to terms of some order, the left and right-hand side above agree. For example, if M
is a centrally-symmetric cone such as the rejection region for a 7 or F statistic,
then M has a singularity at the origin in the sense that the geometric structure of
the cone around 0 is nonconvex and the expansion above is accurate only up to
terms of size O (p" ).

Our interest in this tube formula lies in the appearance of these coefficients in
the expected Euler characteristic heuristic [1, 17-19].

1.1. Expected Euler characteristic heuristic. The Euler characteristic heuris-
tic was developed by Robert Adler and Keith Worsley (cf., e.g., [1, 17-19]) to
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approximate the probability
P(sup f(x) > u)

xeM
with E(x (A;(f; M))), where A;(f; M)={xe M: f(x) >t} C M, and yx is the
Euler—Poincaré characteristic.

Let M be an m-dimensional reasonably smooth manifold, with (&g, ..., &)
identically and independently distributed copies of a Gaussian random field de-
fined on M. Subsequently, for any F :R¥ — R, with two continuous derivatives,
we can define a new random field on M given by f(x) = F(&1(x), ..., &(x)), for
eachx e M.

Using the above Euler characteristic heuristic for approximating the P-value for
appropriately large values of u, and Theorem 15.9.5 of [1], we have

P(max £(0) = u) ~ E(x(Au(f; M)))

xeM

(1.2) .
= > @)L, (MM (F M u, 00)),
j=0

where M);"(F_l[u, 00)) for j =0, 1, ... are the GMFs of the set F~![u, c0) C R
that appear in (1.1), and £;(M) for j =0, 1, ..., m are the Lipschitz—Killing cur-
vatures (LKCs) of the manifold M defined with respect to the Riemannian metric
given by g(X,Y) = E(X&Y&;), where X and Y are two vector fields on M, with
X &1 and Y& representing the directional derivatives of &;.

1.2. Curvature measures. The LKCs for a large class of subsets of any finite
dimensional Euclidean space can be defined via a Euclidean tube formula. In par-
ticular, let M C R¥ be an m-dimensional set with convex support cone, then writ-
ing Ay as the standard k-dimensional Euclidean measure, By as the k-dimensional
unit ball centered at origin, for small enough values of p, we have

mo =2

Ak<M+ka)=j§OF((n_j)/2+l)p

"IL (M)
(1.3)

— % L@n_j(M)’
20 (n—))!

where L£;(M) is the jth LKC of the set M with respect to the usual Euclidean
metric, and 6;(M)’s are called the Minkowski functionals of the set M.

Geometrically, L;_1(M) for a smooth (k — 1)-dimensional manifold embedded
in R is the (k — 1)-dimensional Lebesgue measure of the set M, and the other
LKCs can be defined as

1
Sk—j(k—1—=j)!

£;(M)= faM Pect—j O (), s het (0 Hi1 (d),
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where s; is the surface area of a unit ball in RY, (A (x), ..., A—1(x)) are the
principal curvatures at x € dM, and P;(A1(x), ..., Ag—1(x)) is the ith symmetric
polynomial in (k — 1) indices. In the case when the set M is not unit codimensional,
then the definition involves another integral over the normal bundle.

The (generalized) curvature measures defined this way are therefore signed
measures induced by the Lebesgue measure of the ambient space. By replacing
the Lebesgue measure in (1.3) with an appropriate Gaussian measure, we can de-
fine a parallel Gaussian theory. The GMFs in (1.1) play the role of Minkowski
functionals in the Gaussian theory. In particular,

il i
14 Mpan=2 ey (jm )®m+1(M, H 1 (1, x))e™H07),

m=0

where ©,, 1 (M, Hj_1_,, ((n, x))e_|x|2/2) istheintegral of H; _1_,, ((n, x))e"“z/2
with respect to the (m + 1)th generalized Minkowski curvature measure, and Hy(y)
is the kth Hermite polynomial in y (cf. [1]).

1.3. Our object of study: A richer class of random fields. In this paper we
intend to extend (1.2) to a larger class of random fields f, which can be ex-
pressed using F: Cy[0, 1] — R, where Cyl[O0, 1] is the space of continuous func-
tions f:[0, 1] — R, such that f(0) =0, also referred to as the classical Wiener
space, when equipped with the standard Wiener measure on this sample space.
In other words, we shall consider random fields which can be expressed as some
smooth Wiener functional. For instance, let us start with a smooth manifold M
together with a Gaussian field {B*(¢):t € R4, x € M} defined on it, such that its
covariance function is given by

(1.5) E(B*(t)BY(s)) =s AtC(x,y),

where C: M x M — R is assumed to be a smooth function, with more details
appearing in Section 6, where we actually prove an extension of (1.2). This infinite
dimensional random field can be used to construct many more random fields on M,
for instance, the following:

EXAMPLE 1.1 (Stochastic integrals). Let V:R — R be a smooth function,
and consider the following random field,

1
(1.6) f(X)=/0 V(B*(s))dB*(s) = F(B* (")),

where F : Cy — R is the Wiener functional

F(w) = (/01 V(B(t))dB(t)) (w).
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This is clearly an extension of the random fields in (1.2). As a consequence of our
extension of the Gaussian Minkowski functionals to smooth Wiener functionals,
we prove that, under suitable smoothness conditions on V/,

dim(M) .
E((Au(fs M) = 3 Qu) 2L, (MM (F ' [u, +00)).
j=0

Our smoothness conditions are rather strong in this paper: we assume V is C*
with essentially polynomial growth. We need such strict assumptions to ensure
regularity of various conditional densities derived from the random field (1.6) and
its first two derivatives at a point x € M.

A quick look at (1.2) reveals that in order to extend it to the case when
F:Cy[0, 1] - R, we must be able to define GMFs for infinite dimensional sub-
sets of Co[0, 1], as F~'[u, 00) C Cy[0, 1]. In the present form, that is, (1.4), the
definition of GMFs appears to depend on the summability of the principal cur-
vatures of the set 3(F~'[u, 00)) at each point x € d(F~'[u, 00)) as well as the
integrability of these sums. In infinite dimensions this summability requirement is
equivalent to an operator being trace class. This is quite a strong requirement, and
may be very hard to check. Indeed, the natural summability requirements of oper-
ators in the natural infinite dimensional calculus on Cg, the Malliavin calculus, is
the Hilbert—Schmidt class rather than the trace class.

Therefore, we shall first modify the definition of GMFs, from (1.4) to one which
is more amenable for an extension to the infinite dimensional case. This will be
done in Section 2.

After setting up the notation and some technical background on the Wiener
space in Section 3, the all important step, that of extending the appropriate defini-
tion of GMFs to the case of codimension one, smooth subsets of the Wiener space,
is accomplished in Section 5. The characterization of GMFs in the infinite dimen-
sional case will be done precisely the same way as in the case of finite dimensions,
where, as noted earlier, the GMFs are identified as the coefficients appearing in the
Gaussian tube formula.

Finally, in Section 6, we use the infinite dimensional extension of the GMFs to
obtain an extension of (1.2), for random fields which can be expressed as stochastic
integrals driven by B*(-) as defined in Example 1.1, and discuss other possible
implications of the extension. Most of our methods in Section 6 are invariant to the
formulation of the random field as a stochastic integral. Hence, should a random
field satisfy all the regularity conditions appearing in Section 6, we expect our
methods to work, modulo a few changes.

2. Preliminaries I: The finite dimensional theory. In this section we shall
use the standard finite dimensional theory of transformation of measure for Gaus-
sian spaces to modify the definition (1.4) of the GMFs to one which is more suited
to extension to the infinite dimensional case.
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We begin by recalling some well-known facts about analysis on finite dimen-
sional Gaussian spaces from Section 6.6.3 of Chapter II of [4], and Chapter 3
of [15]. Let y, be the Gaussian measure on Rk given by (27'[)_"/26_”)‘”2/2 dx, and
T a mapping from R¥ into itself, given by T (x) = x + u(x), where u :R¥ — RF
is Sobolev differentiable and |u(x) — u(y)| < c(p)|x — y| forany x,y € R* with
|x — y| < p. Then, the Radon-Nikodym derivative of y; o T with respect to the
measure yi is given by

dvioT 1
2.1 Yk = |deta(Ipk + Vu)| exp(—S(u) — —||u||2>,
dyk 2
where | - || is the usual Euclidean norm, and det; is the generalized Carleman—

Fredholm determinant.

Subsequently, for a smooth, unit codimensional, convex set A C R, let us de-
fine the tube Tube(A, p) of width p around the set A as the set (A & B(0, p)),
where B(0, p) is the k-dimensional ball of radius p centered at the origin. Next,
we shall define a signed distance function given by

inf ||y —x|, forx¢ A,
d (x) _ yedA
94 — inf ||y —x||,  forx € Int(A),
€0A

where Int(A) denotes the interior of the set A.
Applying the co-area formula, and using the fact that | Vdy4|| = 1, we get

exp(—x[?/2)

0L dxdr.

P
@) wTabea ) =p)+ [ [

0 Jd, (r)
For r < p fixed, we can now use equation (2.1) with any suitable transformation
T, :R¥ — R that agrees with x > x + rn, on {y:da(y) € (—v, p)} for some
small positive v. Any such transformation maps Tube(dgl(r), g) to Tube(0A, &)
for r < p and any e < v. Two further applications of the co-area formula yield

/ exp(—x]?/2)
()

(2%)”/2
1 5\ exp(=lIxII*/2)
— 2 2
= /;A |dety (Ipk +1rV<dya)l exp(—r(S(VdaA) — Er )W
Therefore, equation (2.2) simplifies to
Yk(Tube(A, p))
o 1
23 =n@) +/O /BA |dety(Ipx + 7V dya)l exp(—rcS(VdaA) - 5#)

exp(—[x]?/2)

ISUE dxdr.
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Using a yet-to-be justified Taylor series expansion of the integrand appearing in
the above integral, we can finally rewrite the GMFs as

J
Q24) MY (A) = f d—.(detz(l + pVmexp(—pd(m) — p*/2))|  da®(x),
aA dpl =0

where n = Vdj,4 is the outward unit normal vector field to the set dA, and dad4
is the surface measure of the set d A. Note that in the above expression we have
removed the modulus around the det, part, which can be justified by taking rea-
sonably small values of p. This new definition of GMFs involves terms which have
obvious extensions in the infinite dimensional case.

3. Preliminaries II: The infinite dimensional theory. In this section we re-
call some established concepts in Malliavin calculus which we shall need in later
sections. We begin with an abstract Wiener space (X, H, i), where H, equipped
with the inner product (-, -) g, is a separable Hilbert space, called the Cameron—
Martin space, X is a Banach space into which H is injected continuously and
densely, and, finally, i is the standard cylindrical Gaussian measure on H. For
the sake of simplicity, one can appeal to the classical case when we have H as
the space of real-valued, absolutely continuous functions on [0, 1] with Lz([O, 1])
derivatives, which is continuously embedded in X = Cy([0, 1]) the space of real-
valued continuous functions f on [0, 1], such that f(0) =0.

Sobolev spaces on Wiener space
Following the notation used in [4, 5, 16], Sobolev spaces DE(X; E) for p>1
and « > 0 are defined as the class of E -valued functions f € L?(X; E) such that

A
1 £l pe = I — L) fllLrx:E) < 00,

where L is the Ornstein—Uhlenbeck operator defined on the Wiener space. Writ-
ing D as the Gross—Sobolev derivative and § as its dual under the Wiener measure,
L = —§D. The Sobolev spaces D? «(X; R) for o > 0 are the spaces of distribu-
tions, defined as the dual of DJ (X; R), where, as usual, p‘1 + q_1 = 1. Through-
out this paper, whenever appropriate, we will adopt this convention.

The space of infinitely integrable, o-smooth Wiener functionals is given by

DX (X;R)2 [ DI(X;R).
l<p<oo
Consequently, let us define the analogous infinitely integrable random variables as

L®7(X;R) 2 Dgo “(X; R). Finally, we shall end this section with another defini-
tion which translates to the regularity of Wiener functionals.

DEFINITION 3.1.  For an R¥-valued Wiener functional F = (Fy, ..., Fy), the
Malliavin covariance (matrix) o ¥ = ((DF;, DF j)H)ij»and the functional F itself,
is called nondegenerate in the sense of Malliavin if (deto¥)~! € L°°—, whenever
deto” is well defined.
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H-Convexity
In order to characterize the class of subsets of the Wiener space for which we
shall define the GMFs, we shall recall the notion of H -convexity.

DEFINITION 3.2. An H-convex functional is defined as a measurable func-
tional F : X — : R U {oo} such that for any 4,k € H, o € [0, 1]

(3.1) Flo+ah+ (1 —a)k)<aF(@+h) +(1—a)F(w+k) a.s.

One of the properties of H-convex functionals which will be used in later sec-
tions is that a necessary and sufficient condition for a Wiener functional F € L”
for some p > 1 to be H-convex is that the corresponding D?F must be a positive
and symmetric Hilbert—Schmidt operator valued distribution on X (cf. [15]).

3.1. Quasi-sure analysis. In this section, most of which is based upon [4, 13],
we shall resolve some technical aspects of defining integrals of Wiener functionals
with respect to measures concentrated on p-zero sets. Since all Wiener functionals
are de facto defined up to p-zero sets, thus, in order to be able to define the integral
of Wiener functionals with respect to measures which are concentrated on p-zero
sets, we must resort to what is referred to as quasi-sure analysis, which in turn
relies on the concept of capacities on the Wiener space.

DEFRINITION 3.3. Let 1 < p < oo and @ > 0. For an open set O of X, we
define its (p, a)-capacity Ccr(0o) by

CLO)=inf{||U|lp,« : U € DE(X;R), U > 1 pu-a.e. on O}.
For each subset of A of X, we define its (p, a)-capacity C4 by
CP(A) =inf{CL(0): O isopen and O D A}.

These capacities are finer scales to estimate the size of sets in X than u. In
particular, a set of (p, @)-capacity zero is always a u-zero set, but the converse is
not true in general.

A property 7 is said to be true (p, o)-quasi-everywhere (q.e.) if

CP (7 is not satisfied) = 0.

One of the most crucial steps in obtaining the co-area formula in the Wiener
space, which in turn is a necessary step to obtain the fube-formula in the Wiener
space, is to be able to extend ordinary Wiener functionals to sets of p-zero mea-
sure. Quasi-sure analysis lets us do precisely that and much more.

DEFINITION 3.4. A measurable functional F is said to have a (p,a)-
redefinition F*, satisfying F* = F p-almost surely, and F* is (p, «)-quasi-
continuous, if for all ¢ > 0, there exists an open set O, of X, such that cl (0;) <e¢
and the restriction of F* to the complement set Of is continuous under the norm
of uniform convergence on X.
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It can easily be seen that two redefinitions of the same functional differ only
on a set of (p,a)-capacity zero, thereby implying the uniqueness of a (p, «)-
redefinition up to (p, a)-capacity zero sets. According to Theorem 2.3.3 of [4],
every functional F € DE (X; RK ) has a (p, o)-quasi-continuous redefinition, which
can be taken to be in the first Baire class.

In what follows in the remainder of this section, we recall some facts from
the Malliavin calculus that will be helpful in our description of a tube below. If
o > 1, one can make a statement similar to Theorem 2.3.3 of [4] related to the
differentiability of F € DY (X;R), essentially a form of Taylor’s theorem with
remainder.

LEMMA 3.5. Suppose F € DE(X:R), o > 1. Then, for each h € H

| DI (X:R)
E(FOC +¢eh) — F(x)) —(DF(x),h)n

for any p1 < p.
PROOF. Define
X =n(F(x+h/n)— F(x)) e D',
=AY YuueLP,

where A = (I — L)~ !/? is the inverse of the Cauchy operator [4]. For each € H,
Xp» converges in LP', so the Kree-Meyer inequalities imply that Y}, , also con-
verges in LP!. A second application of the Kree—Meyer inequalities implies that

Yo = Ymnllr 2 1 Xnn = Xmallpr -
o

Or, X, j, is Cauchy in D!

a—1°

hence, its limit (DF (x),h)y € D' ;. O

Hence, by the Borel-Cantelli property for the capacities C4" (Corollary IV.1.2.4
of [4]), for each h € H we can extract a sequence &, (/) such that

(3.2) cgj'_l({x: lim

A1, gy (F (¢t en(ih) = F(O) = (DF (x), h)} ) =0.

COROLLARY 3.6. Suppose F € DL(X;R),a > 1 is nondegenerate and

Hso C H is a countable dense subset. Then,

C(fl_l([x :DF(x) #0Vh € Hy 3¢, (h) — 0 such that
3.3)

ngrgo(gn(h) (F*(x + en(h)h) — F*(x)) — (DF*(x), h)H) = o}c) =0.
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PROOF. The only thing that needs verifying beyond what was pointed out
above is that C(fl_l ({x: DF (x) # 0}¢) = 0. This follows from the Tchebycheff in-
equality (Theorem IV.2.2 of [4]) applied to | DF || g € Dgl_l and a Borel-Cantelli
argument. [J

There is an obvious higher order Taylor expansion of F*(x + &,(h)h), which
we will use upto the second order term in our description of the tube below. If we
are willing to sacrifice some moments, we can further specify in Corollary 3.6 that
the existence of the partial derivatives of F as a limit at x implies their existence
as limits at x + & for all 1 € Hyo, ||| < K for some fixed, large K.

COROLLARY 3.7. Suppose F € DY(X;R) and Hy, C H is a countable dense
subset. Then, for all py < p

C‘fl_] <{x :Vhi,hy € Hoo, || || < K Te,(hy, hy) — O such that

6 i (g (1 e ) = PG )

—(DF*(x +hy), h2>H> - 0})
=0.

. . T)
PROOF. This follows from the fact that the translation operator f(-) s fe+
h) is a continuous map from D} to D' for any p; < p which follows directly
from the Cameron—Martin theorem. [

REMARK 3.8. Finally, we note that we can, by choosing H, appropriately,
choose the set, say, A in Corollary 3.7, in suchaway that y€c Aand y +e¢h € A
for all 7 € Hy, and for all ¢ in some countable dense subset of R.

4. Key ingredients for a tube formula. In this section we shall adopt a step-
wise approach to reach our first goal, that of obtaining a (Gaussian) volume of the
tube formula, for reasonably smooth subsets of the Wiener space. The three main
steps are as follows: (i) characterizing subsets of the Wiener space via Wiener
functionals, for which tubes, and thus GMFs, are well defined; (i1) assurance that
the surface measures are well defined for the sets defined via the Wiener func-
tionals; and finally, (iii) a change of measure formula for surface area measures
corresponding to the lower dimensional surfaces of the Wiener space.

We shall first characterize the functionals for which the surfaces measures are
well defined, subsequently, we shall prove a change of measure formula for the
surfaces defined via such functionals. Finally, we shall define the class of sets for
which the tube formula and GMFs are well defined by imposing more regularity
conditions on the Wiener functionals.
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4.1. The Wiener surface measures. Let us start with a reasonably smooth, R¥
valued Wiener functional F = (Fy, ..., Fy). Foru= (uy, ..., u;) € R, we write
Zy= ﬂf-‘zl Fl._1 (u;). The sets {Zy},crr define a foliation of hypersurfaces imbed-
ded in X.

The surface measures of these foliations Z,, are closely related to the density pr
of the push-forward measure F, (1) on R¥ with respect to the Lebesgue measure
on R¥,

Heuristically, writing 8, for the Dirac delta at u € R, the density pr can be
defined as

4.1 pr(w) = E@uo F)

as long as we can make sense of the composition §, o F'. For a smooth, real-valued
Wiener functional G, we also expect the following relation to hold:

(4.2) E[G8yo F1=E="(G) x pr(u),

where Ef=Y(G) is the conditional expectation of G given F = u, assuming the
composition &y o F' is well defined.

Making this heuristic calculation rigorous leads us back to the Sobolev spaces of
Section 3, where the object (8y o F) is related to a generalized Wiener functional,
that is, an element of some D’ , for p > 1, @ > 0 through the pairing

<G’8“OF>DZ,D5(¥ = E[Géy 0 F],

representing conditional expectation given F =u for any G € D¢. What is left to
determine is, for a given F, which Sobolev spaces contain §, o F.

The following theorem, the proof of which can be found in [16], provides the
answer, taking us one step closer to defining the surface measure corresponding to
the conditional expectation.

THEOREM 4.1. Let F be an R¥-valued, nondegenerate Wiener functional

such that F € D?j_;(X; R¥) for & > 0, and the density pr of the law of F is

bounded. Also, let 0 < 8 < min(e, o) and 1 < p < oo satisfy

k
= max{(k + B — min(a, ), 0}’

4.3) l<p

and, finally, © = {z € R¥: pr(z) > 0}. Then for G € DL(X; R), with % + é =1,
we have

4.4 ¢(u) = E(G8, o F) € W§(O),

where Wg (O) is the Sobolev space of real-valued, weak B-differentiable functions
which are q-integrable.
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Recall that for F = (F1, ..., Fy) € D{7,, the density pr € W~ (O) (cf. [5]).
Now using the differentiability of the density pr together with equations (4.2),
(4.4) and the algebraic structure of the Sobolev spaces, we have E Gy e Wg (0),
for any G € DZ(X;R), where (EF (G))(m) = EF=*(G).

That is, for each F € Df:: (X; R), there exists a continuous mapping E F.
DI(X:R) — Wg((?). This, in turn, induces a dual map (EF)*:Wfﬂ((’)) —

Dfa (X; R) defined via the dual relationship
43) (ET(G), vhwso) wry 00 =G> (B0 pg ) b2, (x:)-

Informally, this map, sometimes referred to as the Watanabe map (see Section 6 of
Chapter III of [4]), is just composition, that is, (EX)*v =v o F.

The object (EF)*8, is almost the surface measure needed in (2.4), but it is just
a generalized Wiener functional, that is, distribution on X, at this point. If we are
to justify our Taylor series expansion via a dominated convergence argument, we
need to know that it has a representation as a measure on X.

Clearly, for positive G € DZ(X:;R), we shall have

(G, (ET)*8) paximy, b7, cximy = E1(G) > 0.

Therefore, (EF)*8, € D’ ,(X;R) defines a positive generalized Wiener func-
tional. Next, Theorem 4.3 of [12] together with the conditions stated in Theo-
rem 4.1 implies that for each u € O, there exists a finite positive Borel measure
v defined on Borel subsets of the Wiener space X, supported on F~!(u), such
that

EF:“(G)=/ G*(x ) dx)
X

for all G € DI (X;R), with G* its (g, a)-quasi continuous redefinition.

The measure v/"" defined is a probability measure on the set F~!(u). Using
Airault and Malliavin’s arguments in [2], an appropriate area measure da”", cor-
responding to the measure v, can be defined as

(4.6) /X G*(x)da? (x) 2 pr(u) / G* (1) (det(op)) /0¥ (dx),

where o is the Malliavin covariance matrix. Note that the surface measure de-
pends only on the geometry of the set Z,, whereas the conditional probability
measure depends on the functional from which the set is derived, thus the super-
scripts on the respective measures. We are now in a position to justify at least part
of (2.4).

THEOREM 4.2. Let F be a R-valued nondegenerate Wiener functional such
that F € ng’_; (X; R%) and the density pr of the law of F is bounded. Define the
unit normal vector field n = DF /|| DF ||g. Furthermore, suppose that:
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e E(exp(pd(n))) < oo for p in some neighborhood of 0;

o E(exp(p?|Dn ”éZH)) < 00 for p in some neighborhood of 0.

Then, for 0 < p < p. for some nonzero critical radius

P 15\ . 2
/ / dety(Ig +rDn) exp(—r&(n) ——r )da vdr
0 JF1m) 2
4.7

pj di—1 ) 7
= Z —‘f 1 T(detg(ly +rDn)exp(—rd(n) —r°/2)) da”™.
s R W dr r=0

Before proving the above theorem, we shall state a few results concerning the
regularity of functions of smooth Wiener functionals.

PROPOSITION 4.3.  Leta > 0and U € D™ (X; R).

o Ifexp(U) € LP(X; R), then exp(U) € D(f,/ where p' = p*(a — ') fora’ <a.

e IfU > 0 palmost surelyand 1/U € L, then 1/U € Dg: where p’ = p*(a—a')
fora' <a.

We shall skip the proofs of the above, as these can be proved by replicating the
proofs of Theorems 1.4 and 1.5 of Watanabe [16].

PROOF OF THEOREM 4.2. This is just dominated convergence combined with
the nondegeneracy of F as well as the following bound (cf. Theorem 9.2 of [11]):

| deta (1 + A)| < exp(CllAlIZz )

for some fixed C > 0.

Note that while using the dominated convergence, we are inherently assuming
the well definedness of integrals of exp(pd(n)) and exp(p?|| Dn ||%®2 ) with respect
to the surface measure da”", which requires

4.8) exp(pd(n)) € DI(X; R) such that ¢ > 1/(min{«a, 1 + ¢€}),
(4.9) exp(p*[IDNlI%2y) € DA(X:R)  such thatg > 1/(min{a, 1 + £}).

Now, using Theorem 1.5 of [16], we have n € ij:, for all &’ < ¢. Subsequently,

using the above proposition together with the assumption involving the existence
of exponential moments, we have exp(pé(n)),exp(,o2||Dn||é)2H) € Df,,(X; R),
such that p = (%)2(8’ —¢&”), where ¢’ < &’. In order to satisfy (4.8) and (4.9),

we must choose &’ and &” such that p < p2e”(¢' —¢”). O

REMARK 4.4. Note that Theorem 4.2 does not say that the Gaussian measure
of the tube is given by the power series in (4.7). Rather, it gives conditions on the
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sets Zy = F~1(u) for which the coefficients in the power series are well defined.
These conditions allow us to define GMFs for level sets of functions that are not
necessarily H-convex. However, for such functions we will lose the interpretation
of the power series in (4.7) as an expansion for the Gaussian measure of the tube.
This is similar to the distinction between the formal and exact versions of the
Weyl/Steiner tube formulae [14].

4.2. Change of measure formula: A Ramer type formula for surface measures.
After assuring ourselves of the existence of the surface Wiener measures, we shall
now move onto proving a change of measure formula for the surface measures
given by equation (4.6).

To begin with, let F € D‘l’j:(X : R¥) so that we can define the surface measure
using Theorem 4.1. In order to obtain a change of measure formula for the lower-
dimensional subspaces of the Wiener space, we shall start with the standard change
of measure formula on the Wiener space X. Let us define a mapping 7, : X — X
given by T;,(x) = x +n,, for some smooth n: X — H. Moreover, let U be an open
subset of X, and:

(1) T, is a homeomorphism of U onto an open subset of X,
(2) nis an H-valued C! map and its H derivative at each x € U is a Hilbert—
Schimdt operator on H.

This transformation induces two types of changes on the initial measure © defined
on X. These two induced measures can be expressed as

P(A) = (T, (A)) = T, w(A),

Q(A) = u(Ty(A)) = (T, ) 1u(A)
for A a Borel set of X.
Ramer’s formula for change of measure on X, induced by a transformation de-
fined on X and satisfying the above conditions, gives an expression for the Radon—
Nikodym derivative of u o T;, with respect to u and can be stated as follows:

d 1
(4.10) ﬁ = |deta(In + V()| eXp(—S(n) - EIIW(X)H%{) 2 ¥y (x),

where §(n7) denotes the Malliavin divergence of an H -valued vector field n in X.
The proof of this result can be found in [7, 15]. It is to be noted here that, for
appropriately smooth transformations, a similar result for d(u o Tn_l )/dp can be
obtained by using the relationship between d(u o T;))/du and d(u o Tn_l) /du
given by

duoT, dpoT, ! =
L = ()
du du
The following theorem is the first step toward obtaining similar formulae for
change of measure on lower-dimensional subsets of the Wiener space.
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THEOREM 4.5. Let F € D(fj:(X;Rk) satisfy the conditions from Theo-
rem 4.1, and o, B and p be as given in (4.3). Then, there exists a sequence of
probability measures {v,f "},>1 defined on Borel subsets of X such that the mea-
sures {vf "Y.>1 are absolutely continuous with respect to the Wiener measure [

and the sequence { v,f WY,~1 converges weakly to vFY,

PROOF. Let us choose a sequence of positive distributions on O given by
{vnln>1 C w? ﬂ((’)), such that it converges to 8, weakly in W” /3((’)) and that

fvn(&)dé =1 for all n > 1. Then define the measures v/"¥ as

1
[ Gumiran = —— [ Geu(F
pr(u)

for all measurable G on (X, w). In view of (4.5), we can clearly identify the re-
striction of the measures v,f U to DI(X; R) with (EF)*v,. Now, by construction,
{(ET)*v,},>1 converges to (EF)*8y in D ,(X;R) and their limit is a nonnega-
tive generalized Wiener functional. Therefore, using Lemma 4.1 of [12], we see

that the measures v/*" converge weakly to v/*%. [

Thus, the surface (probability) measure of Z,, or the conditional probability
measure corresponding to {F = u}, for any u € O can also be defined as

f G*(x)v""(dx) =lim / G*(x)vF"(dx)

4.11) 1

=lim—— [ G* U (FxDa(dn)
n pr(u)
for the appropriate class of Wiener functionals G, which, as noted earlier, depends
on the regularity of F.
Let us now define a mapping 7, ,: X — X given by T, ,(x) = x + pny, for
some 1 € Dﬁ; (X; H). We shall study the change that the mapping 7, ; induces
on the surface measure of F~!(u). Note that

Ty n(F~H W) = (x + pnyix € F~ ().

_ -1 oo—
Set Fp ,=Fo Tp,n € Dy,,,s0 that

— — A
Foy@ =T, ,(F ()£ Z)”.

Using the above theorem and the relationship (4.6), the area measure for Z,'* can
now be identified as

G*da”" =lim /X G*()ldetor, , (1120 (Fp (1)) (dy).

Zz)l,p
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Now using the transformation y = T, , (x) and replacing the function G*(-) by
G* (Tpf,% (+)) and, finally, using the standard Ramer’s formula from equation (4.10),
we get

-1 ANS
_/‘Zg,p G*(Tp’ny) da
(4.12) zli;nfxG*(x)[detan,n(Tp,nx)]‘/Zvn(Fp,n(Tp,nx))Yg(x)u(dx)

zlim/ G*(x)[detor, , (Tp.nx)]" 20, (F (X)) Y] (x)pu(dx),
n X ’

where Y#°"(x) is the Radon-Nikodym derivative of the measure p o T, , with
respect to the measure p and, as a result of (4.10), can be expressed as

4.13)  Y)(x)=|deta(Iy + pVn(x))|exp(—p8(n) — 507 IInll7)-

Using the definitions of F,, the surface (probability and area) measures and,
finally, rearranging the terms, we can rewrite (4.12) as

_ n.p
/zw G*(T, }y)da™

=lim/ G*(x)[detor, , (Tp n)1"2Y 1 (x) v, (F (x))pu(dx)
n X ’

detapp (Tp,px)

1/2
(4.14) =1i,£npp(u)/XG*(x)< ) Y7 (x)[detor (x)]'/ 2" (dx)

detorp(x)

detor, (T, 1)\ /2
= pr) fz G*(x)<%) Y1 (o) [detor (0)]'/20 0 (dx)

1/2
_/ G* <det0FP n(T/OU )> / Y"(x)dazu,
detor(x)

which proves the following theorem.

THEOREM 4.6. Let F e D>

L4e Satisfy the conditions of Theorem 4.1 and n €
(X; H) be such that:

l+s
o (I + pn) is one-to-one and onto when restricted to a domain B, with comple-
ment having C¥ capacity 0 for all p;
o (Iy + pVn) is an invertible operator on H, when restricted to By.

Then,

Zu 1/2
da* o Ty, =(detop,,,,,(Tp,nx)) Y1)

da‘n det
(4.15) 4 oF ()
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REMARK 4.7. (1) In order to better understand the above theorem, we shall
now try to simplify the expression involved in (4.15), for the simple case where
F =36(h), for some h € H, and n = VF = h, is a constant vector field. Clearly,
Vn =0, implying DT, = DT p_l = Iy . Then the whole expression boils down to

Zu _
Toly =Y)(x)
=exp(—p3(m) — p*nll%/2).
(2) The above expression in (4.15) can be rewritten as
7 _ (det((DT;,,‘,@WFi(x), DTpi,;<x>VFj(x)>H>ij>l/2
£ det((VFi(x), VF;(x))n)ij

Y ().

where DT'O_l is the operator given by (I + pVn)~ L.

(3) From the definition of Yg (x), note that the expression in (4.15) is well de-
fined as long as V7 is a Hilbert—Schmidt class-valued operator acting on H x H.
Next, in order to be able to use the formula in (4.15), we need J le;7 to be integrable
with respect to the surface measure da?®.

(4) Note that the submanifold Z, and the measure da’v are not dependent
on F. Therefore, to make the above calculation simpler, we can choose an ap-
propriate functional F’, such that {F’(x) = v} = Zy, for some v € R¥, and that
{VF/} form an orthonormal basis of the normal space of Z,.

(5) Finally, we note that a%« o T}y is defined only up to capacity C? sets for
any p. That is, CZ(A) = 0 implies a? o ».n(A) = 0. Hence, the image of the
discontinuities of Z, under T}, ; has C ! capacity 0.

4.3. The set and its tube. Finally, we shall define the class of sets for which
we shall prove a tube formula, and, therefore, define the GMFs. In our bid to keep
the calculations much easier to handle, we shall restrict our attention to the unit
codimensional case.

Continuing the way we have been defining subsets of the Wiener space
via Wiener functionals, we shall start with a nondegenerate Wiener functional
F e DZOfL; (X;R), such that F' is an H-convex functional. We shall write Ay =
F~1 (—o0,u] foru € O. This is an H-convex set and its boundary d A, is a smooth
unit codimensional submanifold of the Wiener space.

For each x € A, define the support cone

Sy(Ay)={h e H:forany § >0, 30 < ¢ < é such that x + eh € Ay}
and its dual, the (convex) normal cone
Nx(Aw) ={h € H:(h,h') <0Vh' € S (An)},
where S, (Ay) is the closure of Sy (Ay) in H.
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The following lemmas describe some of the properties of the tube around A,.
For clarity we state the results only for the case of unit codimension, though similar
statements hold for k-codimension.

Define the smooth points of F,

Sm(F) & [x VF(x)#0Yhy, hy € Hoo 36, (11, h2), L 0
(4.16)
such that lim Ts(F, x, k1, ha, &) :o},

where
T(F,x,hi,hy,e) =F(x+h)+&(VF(x+hy),h2)n
+ &2 (VEF(x + h1), ha ® o) g — F(x + hi + eh)

is the difference between the second-order Taylor expansion of F(x + hy + ¢hy)
evaluated at x + /1 and its true value.

LEMMA 4.8. Suppose F € D;Xjr;(X; R). Then, CE(Sm(F)¢) =0Vp > 1. At
every x € 0AyNSm(F),

4.17) Ni(Ay) = {cVF(x):c>0}.

PROOF. The first conclusion follows essentially directly from Corollary 3.6.
Suppose now that x € Sm(F). Then, for any A L VF(x), ||k| < K we can find
a sequence Hy, 3 hy "Zh satisfying (h,, VF(x))y < —1/n. Because the 2nd
order Taylor expansion holds at x, we see that 4, € S, (Ay) for all n. Hence, h €
Sy (Ay). This is enough to conclude that any n € N,(Ay) is parallel to VF (x). It
is not hard to see that it must therefore be a positive multiple of VF (x). [

00—

LEMMA 4.9.  Suppose F € D;

striction of

is H-convex. Then, for each r > 0, the re-

x> x +rVE@)/IVF@)| 2 x +rny
to Sm(F) N 0 Ay is one-to-one in the sense that for each x € Sm(F) N 0dAy

{yeSm(F)NdAu:lly — (x +rndlly <r}=2.

PROOF. Given x € Sm(F) N dAy, suppose such a y exists with ||x 4+ rny —
y|l < r. As y is a smooth point of F, we can find some & € Hy such that
lx+rny— (@ +h)|g <rand F(y +h) <u with F continuous at y + &. Choose
v(x, y) € Hy such that x + v(x, y) is arbitrarily close to y + h. Then, by con-
tinuity of F on Sm(F), F(x +v(x,y)) <wu and ||x +rny — (x +v(x, y)|lg =
lrny — v(x, y)||lg < r. Note that this implies (v(x, ¥), nx) g > 0, or, alternatively,
v(x,y) & Sx(Au).
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Now consider the restriction of F' to the line segment joining [x, x + v(x, ¥)],
denoted by

f(@)=F(x+t(x—vx,y)), 0<t<l,

which, by Remark 3.8, is continuous, twice-differentiable and convex on a dense
subset of ¢ € [0, 1], hence, we can find a continuous, twice-differentiable convex
function f on all of [0, 1] that agrees with f on this dense subset.

There are two possibilities, the first being that f(r) < u for all 7 € [0, 1]. This
would imply n(x, y) € Sy (Ay), contradicting our previous observation. The sec-
ond alternative is that there exists ¢ such that f (t) > u. However, f 0) =u, f (1) <
u and this would violate convexity. By contradiction, there can be no such y. This
proves the assertion that there are no points y of distance strictly less than  to
x + rny. Now, suppose there exists a smooth point y # x of distance exactly r
from x + rny. Then, for any § > 0 it is not hard to show that

|y = (x+@+rn)|y <8+,

but we just proved that there can be no such y. [

We are now in a position to define the tube
Tube(Ay, p) ={y € X:Ix € Ay, [ly —xllu < p}={y € X:du(y, Au) < p},
where the distance function is defined as

(4.18) du(y, Aw) = heHocl:r;'f—heAu 1Al

The level sets of the distance function are hypersurfaces at distance r,
(4.19) AA, ={yeX:du(y, Aw) =r}.

Lemma 4.9 asserts that the restriction of x +— x +rn, to AuNSm(F') is one-to-one.
On the image of Sm(F), its inverse is easily defined as x + rny — (x, nx), and, as
noted in the remarks following Theorem 4.6, the image of d Ay N Sm(F’) has cl-
capacity 0. Hence, up to a set of C¥-capacity 0, it is a bijection and Theorem 4.6
can be applied to study the surface measure of 0 Ay,.

Moreover, the following theorem further corroborates the fact that the change
of measure formula established in Theorem 4.6 is the appropriate result to use in
order to obtain a tube formula, as will be seen later.

THEOREM 4.10. Let C°~(A) = 0, then under hypotheses (H2) and (H3)
of 9], for g1 < &,
CX (A® By (0,r) =0,

where By (0,r) is a ball in H centered at 0 with radius r.
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Since capacities are continuous from below, it suffices to prove that Cg7™ (A @
Bg,(0,r)) =0, for each n, whenever C:°~ (A) =0, where Bg, (0, r) is a ball of
radius r, centered at 0, in the vector space E,, = span(hy, ..., h,), where {h;};>1 is
the orthonormal basis of H. Also, note that the proof is given for an open subset A
of the Wiener space X, but, using the arguments of [9], we can extend it to general
subsets of the Wiener space.

Before proving the above theorem, we shall, first, obtain some estimates on
functionals derived from the Wiener functionals. Note that

A® B, (0,r)={(A+(s, ")) :5s € Bra (0, 1)},

where (s, ™) = _ysihi. Further, for the later part, we shall denote I, C
Brn (0, r) as the set of all rationals in the set Brn (0, 7). The following result is,
essentially, an extension of Theorem 2.1 of [8].

THEOREM 4.11. Let f € DE(X) fora € (1/p, 1), and R" 5t — &(t,-) =
f+{t, h"YY, such that |t| < T, for some fixed T , that is, t belongs to some large
enough cube. Then for all p’ € (1/a, p) there exists a C = C(p, p’,«a, T), such
that

1@ =&l < Cllfllp,alt — sl
PROOF. Before we shall start proving the above result, we shall recall that the
estimates of Lemma 4.1 of [8] remain unchanged in our setup. Now we need an

estimate analogous to the one obtained in Lemma 4.2 of [8], for which we recall
the Ramer’s change of measure formula,

[G(+ {2 ™) = G (- + (1. B,

1 1
= HG< + 5l + 0,8 )+ S —n, h(”)))

1 1
4200 - G(- +5ln+n, Ry — Sl —n, h<”>)>

-

/

p

/

1 1 P
G(x + 5(1‘2 — 11, h(n))) — G(x — 5(1‘2 — tl,h(n)>>‘
2 1 1/p'
—8(§<t1+t2,h(”))>>u(dx)) :

H

11
| (1)
xexp( 2H2(l1+t2,h )

Now writing iy = |ta — 11| Nty — 11, h™), hy = |t] + 1|7t + 12, h™), and

h .
YMZJFQV2 =exp[—||t1 + t2|h2/8||%{ — 8(|t1 4 t2]h2/2)], we can rewrite the above
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as

|G (- + {2, h™) = G (- + (1. B,

1 1
4.21) :(/X)G(X—i-iﬁz—tﬂh])—G(x—§|l‘2—t1|h1)

. 1/p'
X Y|t1+12|/2(x)u“(dx)> )

p/

This reduces the above expression to the case dealt in [8]. Therefore, using the
rest of the calculations of Lemma 4.2 of [8], and writing G = T, f, where {T,}4>0
is the semigroup associated with the Ornstein—Uhlenbeck operator L, we get the
desired estimate expressed as

|7 f (- {2, ) = Tu f (- + {0, R < Cp, P )T fllp, 112 — 1.

Thereafter, we can mimic the proof of Theorem 2.1 of [8] and get the desired
estimate. [J

Now coming back to our case, let e4 be the potential equilibrium of A (cf. [10])
and e4 € DZ°7, therefore, there exists a vq € L°°~, such that
ea=(—L)"va 2 (1 = L) vig .
where ¢ is some number strictly smaller than ¢ and L is the Ornstein—Uhlenbeck
operator. Then, clearly,

ea(-+{t, ™) = I =L) v (-+{t, hA™) 2 (I = L) 2v_gy a(-+(t, BD)).

Now, writing £(f) 2 eA(- + (t, k™)) and Ee—e) (1) 2 V(e—ey).AC + (£, A™)), and
also, in the process, choosing the appropriate quasi-continuous redefinitions of the
processes & and &(.—,), and choosing a large p’ (conditions on p’ will appear
later), such that by Kree—Meyer inequalities, we have

(4.22) 1E@) = &) p ey < ClEE—en @) = Ee—ey ()] -

Now using the above theorem with f replaced by v(z_¢,) 4, We get
”S(é‘*é‘l)(t) - 5(8781)(5‘) ”p/

(4.23) = Jve—en.al-+ {6 7)) = veepy al-+ {2, B™)]

< Clve—ep,al It — |0

p,(e—¢1
= Clleallp,elt —s1“~°,

where p’ € (2/¢, p). Combining (4.22) and (4.23), we get

(4.24) IE@) = E@) e, < Clleallpelt — s,
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which can be rewritten as

l6@) — )17,

su ;
iy |r—s[PEen

(4.25) < Cllealls.

Now we can list the assumptions on the various indices as follows: we start with
any fixed €1 < ¢, then choose a large enough p such that (¢ —e1) € (1/p, 1), and
then we choose p’ such that p’ € (1/(¢ — &1), p) and p’(¢ — &) > n. This can
be achieved by choosing p and p’ of the order of n, in particular, choosing p =
an/(e —e1) and p’ =bn/(e — 1), for a > b > 0 will do. Then, using Theorem 3.4
of [10], we get

(4.26) C (sup |E(1) = £)1) < Clleall? .
SF£t

PROOF OF THEOREM 4.10. Now let us consider
(& (A® Bg,(0,r) = Cfl( sup  1a(-+ (s, h(ﬂ))))
SGBRn (O,r)

<c? (supeA(-—I-(s,h(”)))) aseq > 1y

sel,

ch( s £0)

SEBRn (0,1‘)

=l sup  [5(5) —EOI+[EO)).

s€Brn (0,r)

(4.27)

A

Now using (4.26), we shall get
CP(A® Bg,(0,71)) < (C + Dlleall’ . = (C + 1)(CP(A)P/7,

which proves that CSIO* (A® Bg,(0,r))=0,forall p>n(e — e1)~ L. Now by the
definition of the capacities and the hierarchy of the Sobolev spaces, we shall have
Cé’lo*(A @ Bg,(0,r)) =0, thereby proving the result. [

Using the definition of the smooth points Sm(F) and Tube(Ay, p), we can con-
clude that

Tube(Ay, p) = [(Au N SM(F)) ® BH (0, p)]
U [(Au N {SM(F)}°) ® B (0, p)].

Using the above calculations, we have
(4.29) 1 (Tube(Ay, p)) = p((Au NSM(F)) ® BH (0, p)),

since Cfl ((Ag N{Sm(F)}°) & By (0, p)) =0, implying that the p-measure of the
set is zero. Therefore, it is enough, for the tube formula, to consider the set ((Ay N
Sm(F)) ® By (0, p)), on which the transformation x — x + 1, is well defined up
to CF-zero sets, and, hence, we can use the change of measure formula for the
surface areas given in Theorem 4.6.

(4.28)
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5. A Wiener tube formula. After setting up the basics, definitions and the
conditions, concerning a tube formula in the Wiener space, we shall finally prove
one of the main results of this paper, which can be stated in the form of the follow-
ing theorem.

THEOREM 5.1. Let F € Dgig (X;R) be an H-convex Wiener functional
such that it satisfies all the regularity conditions of Theorem 4.2, and Ay =
F_l(—oo,u],then

o
Py
11 (Tube(Au, p)) = Mg (Aw) + FMﬁ‘(Au),
j=17"
where M;’“ (Aw) are the infinite dimensional versions of Gaussian Minkowski func-
tionals and, as usual, ./\/lg(Au) = u(Ayp).

PROOF. Let us start with recalling the definition of the outward pointing nor-
mal space Ny (Ay) from (4.17) and writing N (Ay) = U,c Ay Nx(Au). Then, let us
define a distance function, d4, : Tube(Ay, p) — R, such that for x € Tube(Ay, p)
writing the “residual” as

Py = argmin d(x —rn, Ay),
reR;neN(Ay)
the distance function dg, is given by da,(x) = ||7x||. Clearly, from the above def-
inition, dgul (0) = Ay. Also, we can further express Tube(Ay, p) as the disjoint
union of Ay and Tubet (9 Ay, p), where Tube' (0 Ay, p) = Tube(d Ay, p) N Ag.
Thus,

(5.1 ((Tube(Ay, p)) = j(Au) + pu(Tube™ (3 Ay, p)).

Now using the Wiener space version of Federer’s co-area formula as it appears
in [2], we shall obtain

P e
(5.2) 1 (Tube™ (9 A, p)) :/0 /dl( (@, o) da” e dr.
Au\"

where a+A; =d, ul (r) N Ag, are the level sets of the distance function dg, in the
outward direction. Now note that Vdyu, = n, hence, og4,, (x) = 1. Then let us de-
fine the transformation 7, ,:X — X, such that its restriction to Ay is given by
T, ,(x) =x +rn. Clearly, T, ,(0Ay) = 0Ay. Then, we shall use our change of
measure formula for surfaces on [ ) to further simplify the expression in (5.2)

u

to obtain

P P
u(Tube™ (9 Ay, p)) = fo fA Jpyrda®dr = fo / Y da™ dr,

where terms Jr?,? “ and ;' are as they appear in Theorem 4.6.
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Now using a Taylor series expansion for Y, with respect to r, we can rewrite
the above expression as

11(Tube™ (9 Ay, p))

E ™ —J d + 7 V Xp —ré —72 2 daa
= - (detr (1 n)e n ",
j=0 (] 1)‘ /Au drl ( 2( " ) ( ( ) / )) r=0

We note here that p must be within the radius of convergence of the Taylor series
of Y;', which in turn will ensure the convergence of the above series.
Finally, plugging the above expression in (5.1), we get

n(Tube(Aq, p))

= 1(Au)
(5.3)

o0

J d’
+y % / —7 (deta(Igy +rVn)exp(—rd(n) —r2/2))|  dau
j=177 A

r=0
n=1""

where M, (A,) are Gaussian Minkowski functionals of the infinite dimensional
set Ay, given by

n

(5.4) MH(Ay) = / (deta(Ig + rVn)exp(=ré(n) —r?/2))|  dav,

Ay drn r=0

which proves the theorem. [J

6. Applications. In this section we shall invoke the existential results from
the previous section to obtain a kinematic fundamental formula akin to the one
obtained in Theorem 15.9.5 of [1], though, for a larger class of random fields.

Let us consider a real-valued random field f defined on a compact Riemannian

manifold M equipped with a metric 7. Then the modulus of continuity E of a
function F : M — R is defined as

_ A
Er(n)= sup [F(x)—F(y)l
T(x,y)<n

for all n > 0. Continuing the setup introduced in the example stated in Section 1,
we shall consider a specific class of random fields f which can be represented as

N ol
(6.1) f@ =Y [ ViBrs)dB ).
i=170
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where the integral is to be interpreted in the It6 sense, each V; : R — R is a smooth
function, and B*(-) = (B;‘(-))ZNZ | is a R¥ -valued, zero-mean Gaussian process
defined on M x [0, 1], whose covariance is given by

(6.2) E(Bf(s)Bjy.(t)) =6 ADCij(x,y) =6 A)C(x,y),

where C : M x M — R is a smooth function, such that for each fixed ¢ € [0, 1], the
field B (¢) is an isotropic Gaussian field over M (see Sections 5.7 and 5.8 of [1]).

The following are the basic assumptions on the functions V; and the Gaussian
process B*(t):

(A1) V; e C* 1 <i < N, the class of all 4-continuously differentiable func-
tions.
(A2) Writing V® as the kth derivative of V, let us define

Citk,s,x,y) e sup Vi(k) (@B*(s) + (1 —a)B”(s))
0<a<l
for any x,y € M and k =0, 1,2, 3, 4. Then, for some p > dim(M) and for all
i=1,...,N,
sup [|Ci(k, s, x, V5 =cik(x,y, p) <oo.
0<s<l1
Also, SUPy£y cik(x,y, p) <oo, forall k =0,1,2,3,4. Note that this is satisfied
whenever the V;’s are C* with polynomial growth.
(A3) For each r > 1, there exists a constant m,, such that

E|B*(s) — BY(s)|" <m,|x — y|" VOo<s <1,

where m, depends solely on r.
(A4) All the above assumptions also hold true with B*(s) replaced by VB* (s)
and V2B*(s), respectively.

Let us define the excursion set A, correspondingto f: M — R as

Al fi M) E{(x e M: f(x) > u}.

Also, note that writing F(w) = fol V (ws) dwy, one can consider the random field
defined above as f(x) = F(B").

THEOREM 6.1. Let M be a m-dimensional manifold and f be a random field
defined on M, represented as in (6.1), and satisfying the conditions (Al1)—(A4).
Also, let f(x) and V f(x) be nondegenerate in the sense of Malliavin, for some
x € M, and that the corresponding Wiener functional F satisfies the exponential
moment condition specified in Theorem 4.2. Then writing A, (f; M) as the excur-
sion set for the random field f, and L;(-) as the ith Lipschitz—Killing curvature
under the Gaussian induced metric, we have

63)  E(Lo(Au(f; M) = Q) 2L; (MM (F~Hu, 00)),
j=0
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where F~Y([u, 00)) is a subset of the Wiener space X with M? as its GMF, as
defined in the previous section.

We shall approximate the LHS of (6.3) such that it has the form of the RHS and
that this approximation of the RHS indeed converges to the RHS of (6.3).

At this point, we note that all the results obtained below are for the case of
N =1, whereas using similar methods, the same results are true for general N. We
shall start proving Theorem 6.1 by first listing some regularity properties of field f
defined in (6.1), in the form of the following theorem.

THEOREM 6.2. Let the random field f be as defined in (6.1), such that it also
satisfies (A1)—(A4), then:

(@) F € D;°"(X;R), and under the assumption of nondegeneracy of F, the
density pr of F is bounded,
(b) f is continuous, and that for any & > 0

P(Er(n) >8)=0(ndim(M)) asn | 0.
Also, the same is true for V f and V> f.

PROOF. Clearly, for the Wiener functional F = fo V(B(t))dB(t) we have
DF € H. Therefore by definition, there exists a unique (DF ) € L3([0, 1]) such
that D,F =(DF)(r)= [y (DS F)ds. Using this notation, we shall have

A 1
(D F) = V(B(r)) + /O VO (B@) 110.0(r) dB(@).

—

(Ds(D, F)) = VO (BEN) 110.1(5) + VO (B(5)) 0.6 (r)
1
+ fo VO (B 0.0 () 0.1 (5) dB(D).

Clearly, due to the moment conditions imposed on V and its derivatives, we can
conclude that F € D§° “(X; R), and the boundedness of the density pr follows
using Proposition 2.1.1 of [5].

Now to prove continuity of f and its derivatives, we shall use Kolmogorov’s
continuity criterion for processes defined on smooth Riemannian manifolds. Note
that Kolmogorov’s continuity criterion is usually stated for processes with Eu-
clidean parameter space, but since continuity is a local phenomena, thus, it can
easily be extended to processes defined on smooth locally Euclidean spaces. There-
fore, we present the proof of continuity related results for the field f o¢~! where ¢
is the local chart, but we shall suppress the chart map, and will write f for both
the field f and its counterpart f o ¢~
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In order to use Kolmogorov’s continuity theorem, we must obtain L? estimates
for (f(x) — f(y)). Writing V* as any antiderivative of V, we have

1 1
V*(B*(1)) = V*(BX(O))+/ V(Bx(s))de(s)+/ vID(B*(s5))ds.
0 0
Thus, for p > 1, there exist m , and m3 , such that
IfC) = fFWIE=EIfx)— fODIP

<mpE|V*(B*(1)) = V(B (1)I?

1
+mz,pE‘f0 (VO (B*(s)) — VID(BY (5))) ds g

< ml’pE)sup VIeB (1) + (1 — ) B*(1)] x (B*(1) — BY(1))"’

1
+m2,p/0 E|lVID(B*(s)) — V(B (5))|" ds

<m,,E|C(0,1,x,y)(B*(1) — B*(1))|”
+ma pE|C2, %, 9)(B*() = BYO)|Lojo.11-

1

Now choosing pi, p> > 0 such that pl_1 + p2_1 =p ', we get

1F ) = FDIE <m1p(ICO, Lox, Dlip 1B* (1) = B (D]l ,)”

1
+map fo (IC@2, 5. %, )l py 1 B*(s) = B ()|l p,)" ds
<mi peo(x, y, pP/PmbIP2|x — y|P

+ma pea(x, y, p)PPrmbIPx — y|P.

Next, fixing

M(p, p1. p2) :jil;(ml,pCO(x, Y. pOP P MBI 4my pea(x, y, pO)P/PimbIP2),
we have

(6.4) ILf ) = fFDI < M(p, p1, p2)|x — yI”.

For large enough p we can use Theorem 1.4.1 in [3] to deduce that there exists f s
which is the continuous modification of f. Abusing the notation, we shall write f
for f . Also, using the same result, we can infer that for any ¢ > 0, the modulus of
continuity of f satisfies

P(Ef(n) >¢)= o(ndim(M)) asn | 0.

Note that we needed supremum of ¢>(x, ¥) to be bounded to prove the continu-
ity of f and to control its modulus of continuity. We can further conclude that the
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conditions stated in (A1)—(A4) suffice to obtain similar results for the modulus of
continuity of V f and V2 f. [

Recall from [1] that L, also known as the Euler—Poincaré characteristic, of the
excursion set A, (f; M) can be expressed as

Lo(Au(fi M) =) (=D"{x e M: f(x) > u, V f(x) =0, index(V? f) = k}
k=0

=Y =D
k=0

Now using the expectation metatheorem (Theorem 11.2.1 of [1]), and replac-
ing G and H by V f and (sz, f), respectively, and B by Dy x [u, 00), where Dy
is the space of m x m matrices with index k, we can obtain a formula for the ex-
pected value of uy as defined above. However, in order to use this result for our
purpose, we must also check the conditions involving conditional densities, for
which we refer to Theorem 4.1 of [6]. Thus, using these results, we can write

E(Lo(Au(f; M)))

= /M E(det(=V? £ ()) 000 (f (V£ (x) = 0) pv ) (0) dx.

Next, in order to construct an approximating sequence to the LHS of (6.3) and
appeal to the results in [1], we shall use a cylindrical approximation of f(x). Let
{G/n, @+ l)/n]}?:_(} be a partition of (0, 1], then define

n—1

Jfalx) = Z V(B*(i/n))(B*((i +1)/n) — B*(i/n)).
i=0
Standard results from stochastic analysis ensure the convergence of f,(x) to f(x).
Moreover, note that (B*((i +1)/n) — B* (i/n));’:_ol formsaniid. 0<i<(n—1).
Therefore, we can write

Fo) = Fu (0" 0, .., yP (),

where yl.(i)l (x) are i.i.d. with the same distribution as /n(B*((i + 1)/n) —
B*(i/n)) and F, is the appropriately defined real-valued function. Under the con-
ditions imposed on f for the expectation metatheorem to be true, f;, also becomes
a valid candidate to apply the metatheorem, thereby giving us

E(EO(Au(fn; M)))

N
22/ E (det(—V? £, () Lu.00) (f GDIV fu(x) = 0) py £, (x) (0) dx.
k=0"M
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Using Theorem 15.9.5 of [1] for the random field f,, we shall have

6.7)  E(Lo(Au(fu; M) =Y Qm) /2L (M)M! (F [u, 00)),
j=0

where Fn_1 [u, 00) is a subset of R”.

THEOREM 6.3. Let {G,},>1 be a sequence of real-valued Wiener functionals,
such that G,, belongs to the nth Wiener chaos, and G,, — G in D3oo ~, for some
G € D5°" . Also, let that each G, and G satisfy all the assumptions of Theorem 4.2,
then M (G '[u, 00)) = MY (G [u, 00)), as n — oo.

PROOF. Using the definition of GMFs in Theorem 4.2 and the convergence of
the densities pg, to pg, it suffices to prove that

E®"="([det(og,)1"* deto(Iyy + r D) exp(—r8 (1) — 3r7%))
— E“="([det(06)1"/* deta(Iyy -+ r Dn) exp(—r8(n) — 5r?)),
where n = DG/||DG| g and n, = DG, /||DG,||. Writing
An = ([det(o,)]"* deta (I +r Diy) exp(—r8(na) — 3r%)),
and similarly defining A, we get
|EGr=u A, — EG=u4

= |E(Apdy 0 Gn) — E(Ad, 0 G)
(6.8)
< |E(An8u(Grn)) — E(Andu(G))| + |E(Andu(G)) — E(AS,(G))|
< 1 Anll ppro-018u(Gn) = 8u (Gl pr + 1An = All ppro-0 18 (Gl pr

where we recall Theorem 4.1 for definitions of p and «. We also note that,
since G, and G are elements of D3°~ and they are nondegenerate, existence
of such p and « is ensured. Moreover, since G, — G in D™, it’s easy to
see that sup, [[A, ||Dp/(p n < oo and [|A, A”Dg/(p—l) — 0. Also, [|6,(G,) —
Su (G)IIDp — 0, which proves the result. [J

PROOF OF THEOREM 6.1 (Continued). We extend F,, from R” to R* or.
equivalently, to X, by suppressing all the indices after the first n, that is, consid-
ering F, as cylindrical Wiener functionals. Then, by using the invariance property
of GMFs, the M’; ’s of the extended F;, remain the same as that of F, when re-
stricted to R”. Together with this, using the fact that F;, converges to F in D",
we clearly have

(6.9) Tim MY (F, u, 00) = MY (F 7' [u, 00)).
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Therefore, using (6.7) and (6.9), we shall have

N
(610)  Tim E(Lo(Au(fu; M) = Y ¢;L; (MM (F~'u, 00)).
j=0

Now, it suffices to prove that the right-hand side of (6.6) converges to the right-
hand side of (6.5). Clearly,

(6.11) Jim py iy, () = pvs(y),

which follows from the fact that V f;, converges to V f in a much stronger sense,
as is clear from the assumption f, — f in D5Y ;. Next, we need to prove

|E (1 det V2 £,(x) 11 p (V2 £ () L 00) (Fu )|V frn(x) = 0)
— E(1det V2 £ ()1 p, (V2 £ 0 1 u,00) (f GV f(x) = 0)| = 0,

which is similar to the proof of Theorem 6.3. Using precisely the same techniques,
writing B, (x) = (| det V2 £, () |1 p, (V2 £, (X)) L1.00) (fu (x))) and defining B(x) in
a similar fashion, we have

|Ean(x)=OBn (x) — EVf(x)zOB(x)]

(6.12)

< [EVIO=0B, (x) — EV/®=0B, (x)]
+|EY/0=0B, (x) — EY/ =B (x)]

=E(By(x)80(V fn(x))) — E(By(x)80(V f ()))]|
+ | E (B (x)80(V f (x))) — E(B(x)8(V f (x)))]

< 1Ba ) Loso-0 1180V frn(x)) — 80 (V f (X)) Lr
+11Bn(x) = B v 180V £ (0)) | o

which, under the assumptions of f,,(x) — f(x) in D;’o ~ and nondegeneracy of
V f(x), converges to zero as n — 00, thus proving that the integrand of (6.6) con-
verges to that of (6.5) for each x € M. Then, in order to prove that the integral
involved in equation (6.6) converges to the integral in (6.5), note that the random
fields f;, and f defined on the manifold M are chosen to be sufficiently smooth so
that we can use an uniform integrability argument to conclude that the right-hand
side of (6.6) converges to the right-hand side of (6.5). Therefore, we shall have

E(Lo(Au(f; M) = lim E(Lo(Ay(fu; M)))

T . wep—1
_nlgroloz(:)cjﬁj(M)Mj(Fn [u, 00))
]:

=i L; (MM (F~'u, 00)),
j=0
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where in going from the first line to the second, we have used the finite dimensional
results set forth in [1], and in going from the second to the third line, we have used
Theorem 6.3. [

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

(1]

(12]

[13]

[14]

[15]

[16]

(17]

(18]

REFERENCES

ADLER, R. J. and TAYLOR, J. E. (2007). Random Fields and Geometry. Springer, New York.
MR2319516

AIRAULT, H. and MALLIAVIN, P. (1988). Intégration géométrique sur ’espace de Wiener.
Bull. Sci. Math. (2) 112 3-52. MR0942797

KUNITA, H. (1997). Stochastic Flows and Stochastic Differential Equations. Cambridge Stud-
ies in Advanced Mathematics 24. Cambridge Univ. Press, Cambridge. MR1472487

MALLIAVIN, P. (1997). Stochastic Analysis. Grundlehren der Mathematischen Wissenschaften
[Fundamental Principles of Mathematical Sciences] 313. Springer, Berlin. MR1450093

NUALART, D. (2006). The Malliavin Calculus and Related Topics, 2nd ed. Springer, Berlin.
MR2200233

NUALART, D. and ZAKAI, M. (1989). The partial Malliavin calculus. In Séminaire de Proba-
bilités, XXIII. Lecture Notes in Math. 1372 362-381. Springer, Berlin. MR1022924

RAMER, R. (1974). On nonlinear transformations of Gaussian measures. J. Funct. Anal. 15
166-187. MR0349945

REN, J. and ROCKNER, M. (2000). Ray Holder-continuity for fractional Sobolev spaces
in infinite dimensions and applications. Probab. Theory Related Fields 117 201-220.
MR1771661

REN, J. and ROCKNER, M. (2005). A remark on sets in infinite dimensional spaces with full or
zero capacity. In Stochastic Analysis: Classical and Quantum 177-186. World Scientific,
Hackensack, NJ. MR2233159

SHIGEKAWA, 1. (1994). Sobolev spaces of Banach-valued functions associated with a Markov
process. Probab. Theory Related Fields 99 425-441. MR1283120

SIMON, B. (2005). Trace Ideals and Their Applications, 2nd ed. Mathematical Surveys and
Monographs 120. Amer. Math. Soc., Providence, RI. MR2154153

SUGITA, H. (1988). Positive generalized Wiener functions and potential theory over abstract
Wiener spaces. Osaka J. Math. 25 665-696. MR0969026

TAKEDA, M. (1984). (r, p)-capacity on the Wiener space and properties of Brownian motion.
Z. Wahrsch. Verw. Gebiete 68 149—-162. MR0767798

TAKEMURA, A. and KURIKI, S. (2002). On the equivalence of the tube and Euler characteristic
methods for the distribution of the maximum of Gaussian fields over piecewise smooth
domains. Ann. Appl. Probab. 12 768-796. MR1910648

USTUNEL, A. S. and ZAKAI, M. (2000). Transformation of Measure on Wiener Space.
Springer, Berlin. MR1736980

WATANABE, S. (1993). Fractional order Sobolev spaces on Wiener space. Probab. Theory
Related Fields 95 175-198. MR1214086

WORSLEY, K. J. (1994). Local maxima and the expected Euler characteristic of excursion sets
of x2, F and ¢ fields. Adv. in Appl. Probab. 26 13-42. MR1260300

WORSLEY, K. J. (1995). Boundary corrections for the expected Euler characteristic of excur-
sion sets of random fields, with an application to astrophysics. Adv. in Appl. Probab. 27
943-959. MR1358902


http://www.ams.org/mathscinet-getitem?mr=2319516
http://www.ams.org/mathscinet-getitem?mr=0942797
http://www.ams.org/mathscinet-getitem?mr=1472487
http://www.ams.org/mathscinet-getitem?mr=1450093
http://www.ams.org/mathscinet-getitem?mr=2200233
http://www.ams.org/mathscinet-getitem?mr=1022924
http://www.ams.org/mathscinet-getitem?mr=0349945
http://www.ams.org/mathscinet-getitem?mr=1771661
http://www.ams.org/mathscinet-getitem?mr=2233159
http://www.ams.org/mathscinet-getitem?mr=1283120
http://www.ams.org/mathscinet-getitem?mr=2154153
http://www.ams.org/mathscinet-getitem?mr=0969026
http://www.ams.org/mathscinet-getitem?mr=0767798
http://www.ams.org/mathscinet-getitem?mr=1910648
http://www.ams.org/mathscinet-getitem?mr=1736980
http://www.ams.org/mathscinet-getitem?mr=1214086
http://www.ams.org/mathscinet-getitem?mr=1260300
http://www.ams.org/mathscinet-getitem?mr=1358902

2754 J.E. TAYLOR AND S. VADLAMANI

[19] WORSLEY, K. J., MARRETT, S., NEELIN, P., VANDAL, A. C., FRISTON, K. J. and EVANS,
A. C. (1996). Aunified statistical approach for determining significant signals in images
of cerebral activation. Humar Brain Mapping 4 58-73.

DEPARTMENT OF STATISTICS TIFR—CENTER FOR APPLICABLE MATHEMATICS
SEQUOIA HALL SHARADANAGAR, CHIKKABOMMASANDRA
STANFORD UNIVERSITY PosT BAG 6503, GKVK PoST OFFICE

390 SERRA MALL BANGALORE 560 065

STANFORD, CALIFORNIA 94305-4065 INDIA

USA E-MAIL: sreekar@math.tifrbng.res.in

E-MAIL: jonathan.taylor @stanford.edu


mailto:jonathan.taylor@stanford.edu
mailto:sreekar@math.tifrbng.res.in

	Introduction and motivation
	Expected Euler characteristic heuristic
	Curvature measures
	Our object of study: A richer class of random fields

	Preliminaries I: The finite dimensional theory
	Preliminaries II: The infinite dimensional theory
	Quasi-sure analysis

	Key ingredients for a tube formula
	The Wiener surface measures
	Change of measure formula: A Ramer type formula for surface measures
	The set and its tube

	A Wiener tube formula
	Applications
	References
	Author's Addresses

