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ON THE CHAOTIC CHARACTER OF THE STOCHASTIC HEAT
EQUATION, BEFORE THE ONSET OF INTERMITTTENCY

BY DANIEL CONUS!, MATHEW JOSEPHZ AND DAVAR KHOSHNEVISAN?

Lehigh University, University of Utah and University of Utah

We consider a nonlinear stochastic heat equation o;u = %Bxxu +
o (u)dxs W, where dx; W denotes space—time white noise and o :R — R is
Lipschitz continuous. We establish that, at every fixed time ¢ > 0, the global
behavior of the solution depends in a critical manner on the structure of
the initial function u(: under suitable conditions on uq and o, sup, <R #s(x)
is a.s. finite when u( has compact support, whereas with probability one,
limsupuHoo u,(x)/(loglxl)l/6 > 0 when ug is bounded uniformly away
from zero. This sensitivity to the initial data of the stochastic heat equation
is a way to state that the solution to the stochastic heat equation is chaotic at
fixed times, well before the onset of intermittency.

1. Introduction and main results. Let W :={W (¢, x)};>0 xcr denote a real-
valued Brownian sheet indexed by two parameters (7, x) € Ry x R. That is, W is
a centered Gaussian process with covariance

(1.1)  Cov(W(z,x), W(s,y)) =min(z, s) x min(|x|, |y]) x 1,00)(xy).

And let us consider the nonlinear stochastic heat equation
9 x 92 9*

(1.2) guf(x):EWMZ(XH"("I(X))MW(”)’
where x € R, ¢t > 0, 0 : R — R is a nonrandom and Lipschitz continuous function,
2 > 0 is a fixed viscosity parameter and the initial function uo : R — R is bounded,
nonrandom and measurable. The mixed partial derivative ZW(t, x) /(0t 0x) is the
so-called “space—time white noise,” and is defined as a generalized Gaussian ran-
dom field; see Chapter 2 of Gelfand and Vilenkin [17], Section 2.7, for example.

It is well known that the stochastic heat equation (1.2) has a (weak) solution
{u:(x)}s>0.xer that is jointly continuous; it is also unique up to evanescence; see,
for example, Chapter 3 of Walsh [23], (3.5), page 312. And the solution can be
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written in mild form as the (a.s.) solution to the following stochastic integral equa-
tion:

(1.3) ut(X)=(pt*uo)(X)+/(0 ) Rpt—s(y—X)G(us(y))W(dsdy),

where

1 72
(14) pt(Z) = W exp(—z—m) (t > 0, Z € R)

denotes the free-space heat kernel, and the final integral in (1.3) is a stochastic
integral in the sense of Walsh [23], Chapter 2. Chapter 1 of the minicourse by
Dalang et al. [10] contains a quick introduction to the topic of stochastic PDEs of
the type considered here.

We are interested solely in the physically interesting case that ug(x) > 0 for
all x € R. In that case, a minor variation of Mueller’s comparison principle [21]
implies that if in addition o (0) = 0, then with probability one u;(x) > 0 for all
t > 0 and x € R; see also Theorem 5.1 of Dalang et al. [10], page 130, as well as
Theorem 2.1 below.

We follow Foondun and Khoshnevisan [15], and say that the solution u :=
{ur(x)}r~0.xer to (1.2) is (weakly) intermittent if

1
(1.5) 0< limsup; logE(Ju; (x)]”) < 00 forall v > 2,
1—00

where “log” denotes the natural logarithm, to be concrete. Here, we refer to prop-
erty (1.5), if and when it holds, as mathematical intermittency [to be distinguished
from physical intermittency, which is a phenomenological property of an object
that (1.2) is modeling].

If o (u) = const - u and ug is bounded from above and below uniformly, then the
work of Bertini and Cancrini [2] and Mueller’s comparison principle [21] together
imply (1.5). In the fully nonlinear case, Foondun and Khoshnevisan [15] discuss a
connection to nonlinear renewal theory, and use that connection to establish (1.5)
under various conditions; for instance, they have shown that (1.5) holds provided
that liminf|y | o0 |0 (x) /x| > 0 and infycR uo(x) is sufficiently large.

If the lim sup in (1.5) is a bona fide limit, then we arrive at the usual description
of intermittency in the literature of mathematics and theoretical physics; see, for
instance, Molchanov [20] and Zeldovich et al. [24-26].

Mathematical intermittency is motivated strongly by a vast physics literature on
(physical) intermittency and localization, and many of the references can be found
in the combined bibliographies of [15, 20, 24, 25]. Let us say a few more words
about “localization” in the present context.

It is generally accepted that if (1.5) holds, then u := {u;(x)};>0 xer ought to
undergo a separation of scales (or “pattern/period breaking”). In fact, one can argue
that property (1.5) implies that, as t — oo, the random function x — u,(x) starts
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to develop very tall peaks, distributed over small x-intervals (see Section 2.4 of
Bertini and Cancrini [2] and the Introduction of the monograph by Carmona and
Molchanov [7]). This “peaking property” is called localization, and is experienced
with very high probability, provided that: (i) the intermittency property (1.5) holds;
and (ii) > 1.

Physical intermittency is expected to hold both in space and time, and not only
when ¢ > 1. And it is also expected that there are physically-intermittent pro-
cesses, not unlike those studied in the present paper, which, however, do not satisfy
the (mathematical) intermittency condition (1.5) on Liapounov exponents; see, for
example, the paper by Cherktov et al. [8].

Our wish is to better understand “physical intermittency” in the setting of the
stochastic heat equation (1.2). We are motivated strongly by the literature on
smooth finite-dimensional dynamical systems ([22], Section 1.3), which ascribes
intermittency in part to “chaos,” or slightly more precisely, sensitive dependence
on the initial state of the system.

In order to describe the contributions of this paper, we first recall a consequence
of a more general theorem of Foondun and Khoshnevisan [16]: if o (0) = 0, and
if ug is Holder continuous of index > % and has compact support, then for every
t > 0 fixed,

1
(1.6) limsup—logP{supu,(x) >z} = —00.
i—oo logz xeR
It follows in particular that the global maximum of the solution (at a fixed time) is
a finite (nonnegative) random variable.
By contrast, one expects that if

(1.7) inf ug(x) > 0,
xeR

then the solution u, is unbounded for all ¢ > 0. Here we prove that fact and a good
deal more; namely, we demonstrate here that there in fact exists a minimum rate
of “blowup” that applies regardless of the parameters of the problem.

A careful statement requires a technical condition that turns out to be necessary
as well as sufficient. In order to discover that condition, let us consider the case that
uo(x) = p > 0 is a constant for all x € R. Then, (1.7) clearly holds; but there can
be no blowup if o (p) = 0. Indeed, in that case the unique solution to the stochastic
heat equation is u;(x) = p, which is bounded. Thus, in order to have an unbounded
solution, we need at the very least to consider the case that o (x) #£ 0 for all x > 0.
[Note that o (0) = 0 is permitted.] Instead, we will assume the following seemingly
stronger, but in fact more or less equivalent, condition from now on:

(1.8) o(x)>0 for all x € R\ {0}.

We are ready to present the first theorem of this paper. Here and throughout we
write “f(R) 7~ g(R) as R — 00” in place of the more cumbersome “there exists
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a nonrandom C > 0 such that liminfg_, o, f(R)/g(R) > C.” The largest such C
is called “the constant in -.” We might sometimes also write “g(R) = f(R)” in
place of “f(R) - g(R).” And there is a corresponding “constant in 3.”

THEOREM 1.1. Let {u;(x)};~0.xer be a solution to
3 Pk 32
(19) Eu,(x):Ewut(x)-l-a(u;(x))mW(t,x) (t >O,XER)

written in mild form (1.3), where the initial function ug:R — R is bounded, non-
random and satisfies

(1.10) inf ug(x) > 0.
xeR
Then, the following hold:
(1) Ifinf,cro(x) >e9>0andt >0, then a.s.,

log R)!/6
(1.11) sup () - o8R0

as R — oo;
x€[—R,R] /12

and the constant in - does not depend on .
(2) Ifo(x) > 0 for all x € R and there exists y € (0, 1/6) such that

(1.12) lim o (x)log(|Jx)V/®7 = o0,
|x]—o00
then for all t > O the following holds almost surely:

(1.13) sup s (1)) 1 LER)”

as R — oo;
x€[—R,R] /12

and the constant in - does not depend on .

Note in particular that if ¢ is uniformly bounded below then a.s.,

u(x) const

(1.14) lim sup 76 = i

x| oo (lOg|x])

We believe that it is a somewhat significant fact that a rate (log R)'/® of blowup

exists that is valid for all ug and o in the first part of Theorem 1.1. However, the
actual numerical estimate—that is, the (1/6)th power of the logarithm—appears to
be less significant, as the behavior in > might suggest (see Remark 1.5). In fact, we
believe that the actual blowup rate might depend critically on the fine properties
of the function o. Next, we highlight this assertion in one particularly interesting
case. Here and throughout, we write “ f(R) < g(R) as R — 00” as shorthand for
“f(R) 7 g(R) and g(R) 7, f(R) as R — 00.” The two constants in the preceding
two ~’s are called the “constants in <.”
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THEOREM 1.2. If o is uniformly bounded away from 0 and oo and t > 0, then

log R)!/2
(1.15) sup () < L08R

74 a.s.as R — oo.
x€[—R,R] 4

Moreover, for every fixed sy > 0, the preceding constants in < do not depend on
= .

In particular, we find that if o is bounded uniformly away from 0 and oo, then
there exist constants ¢, ¢* € (0, c0) such that

*

Cx us(x) c

L1/

<limsu

1.16
( ) |x]—o00 (log|x|)1/2 /A

a.s.,

uniformly for all s¢ > 3.

The preceding discusses the behavior in case o is bounded uniformly away
from 0; that is, a uniformly-noisy stochastic heat equation (1.2). In general, we
can say little about the remaining case that o (0) = 0. Nevertheless in the well-
known parabolic Anderson model, namely (1.2) with o (x) = cx for some constant
¢ > 0, we are able to obtain some results (Theorem 1.3) that parallel Theorems 1.1
and 1.2.

THEOREM 1.3. Ifo(x) = cx for some c > 0, then a.s.,

1 R 2/3
(1.17) log sup u(x) =< G0ERT

as R — oo,
x€[—R,R] x1/3

and the constants in < do not depend on » > 0.

Hence, when o (x) = ¢x we can find constants C, C* € (0, c0) such that

0 < limsup y (x) < lim sup y (x) < 00,
x|—>o0 €Xp{Cx(log|x)?/3/51/3} = |\ o0 exp{C*(log|x|)?/3/!/3}

almost surely.

REMARK 1.4. Thanks to (1.3), and since Walsh stochastic integrals have zero
mean, it follows that Eu, (x) = (p; * uo)(x). In particular, Eu,(x) < sup, g uo(x)
is uniformly bounded. Since u;(x) is nonnegative, it follows from Fatou’s lemma
that liminf),|— o #;(x) < 00 a.s. Thus, the behavior described by Theorem 1.1 is
one about the highly-oscillatory nature of x +— u,(x), valid for every fixed time
t > 0. We will say a little more about this topic in Appendix B below.

REMARK 1.5. We pay some attention to the powers of the viscosity parameter
2 in Theorems 1.2 and 1.3. Those powers suggest that at least two distinct univer-
sality classes can be associated to (1.2): (i) when o is bounded uniformly away
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from zero and infinity, the solution behaves as random walk in weakly-interacting
random environment; and (ii) when o (x) = cx for some ¢ > 0, then the solution
behaves as objects that arise in some random matrix models.

REMARK 1.6. In [18], (2), Kardar, Parisi and Zhang consider the solution u
to (1.2) and apply formally the Hopf—Cole transformation u;(x) := exp(Ah;(x))
to deduce that h := {h;(x)};>0 xer satisfies the following “SPDE”: for > 0 and
x €R,

19 heo=2 " )+ 2 (e ))2+ " Wi

' or T 2 YT YY) T T

This is the celebrated “KPZ equation,” named after the authors of [18], and the
random field h is believed to be a universal object (e.g., it is expected to arise as
a continuum limit of a large number of interacting particle systems). Theorem 1.3
implies that there exist positive and finite constants a; and A;—depending only
on t—such that

hy(x) A;

az .
(1.19) ——= < limsup < a.s. forallr > 0.
23S (loglx)?/3 173

This is purely formal, but only because the construction of h via u is not rigorous.
More significantly, our proofs suggest strongly a kind of asymptotic space—time
scaling “|logx| &~ r*1/2 If so, then the preceding verifies that fluctuation expo-
nent 1/z of h is 2/3 under quite general conditions on the /(. The latter has been
predicted by Kardar et al. [18], page 890, and proved by Balazs, Quastel and Sep-
példinen [1] for a special choice of uq (hence hg) and ¢ — 0.

The proofs of our three theorems involve a fairly long series of technical compu-
tations. Therefore, we conclude the Introduction with a few remarks on the meth-
ods of proofs for the preceding three theorems in order to highlight the “pictures
behind the proofs.”

Theorem 1.1 relies on two well-established techniques from interacting parti-
cle systems [14, 19]: namely, comparison and coupling. Comparison reduces our
problem to the case that ug is a constant; at a technical level this uses Mueller’s
comparison principle [21]. And we use coupling on a few occasions: first, we
describe a two-step coupling of {u;(x)};~0.xer to the solution {v;(x)};~0 xer Of
(1.2)—using the same space—time white noise BZW/ (0t 9x)—in the case that o is
bounded below uniformly on R. The latter quantity [i.e., {v;(x)};>0 xer] turns out
to be more amenable to moment analysis than {u;(x)};~0 xcr, and in this way we
obtain the following a priori estimate, valid for every ¢ > 0 fixed:

(1.20) log inlgp{u,(x) > A =A% asa— oo
xe

Theorem 1.1 follows immediately from this and the Borel-Cantelli lemma, pro-
vided that we prove that if x and x” are “O (1) distance apart,” then u, (x) and u;(x")
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are “approximately independent.” A quantitative version of this statement follows
from coupling {u;(x)};~0.xer to the solution {w;(x)};~0 rer Of a random evolu-
tion equation that can be thought of as the “localization” of the original stochastic
heat equation (1.2). The localized approximation {w;(x)};~0.x<r has the property
that w, (x) and w, (x”) are (exactly) independent for “most” values of x and x’ that
are O (1) distance apart. And this turns out to be adequate for our needs.

Theorem 1.2 requires establishing separately a lower and an upper bound on
Supyc(—g, gy 4:(x). Both bounds rely heavily on the following quantitative im-
provement of (1.20): if o is bounded, then

(1.21) log inf Plu, (x) > 1} = —JxA? ash— oo.
xXe

And, as it turns out, the preceding lower bound will perforce imply a corresponding
upper estimate,

(1.22) log inf P{u;(x) > 1} < —/xA? as k- oo.
xe

The derivation of the lower bound on sup, (_g gy u:(x) follows closely the proof
of Theorem 1.1, after (1.21) and (1.22) are established. Therefore, the remaining
details will be omitted.

The upper bound on sup, c[_g g #:(x) requires only (1.22) and a well-known
quantitative version of the Kolmogorov continuity theorem.

Our proof of Theorem 1.3 has a similar flavor to that of Theorem 1.1, for the
lower bound, and Theorem 1.2, for the upper bound. We make strong use of the
moments formulas of Bertini and Cancrini [2], Theorem 2.6. [This is why we are
only able to study the linear equation in the case that o (0) =0.]

Throughout this paper, we use the following abbreviation:

(1.23) u(R):= sup us(x) (R >0).
xe€[—R,R]

We will also need the following elementary facts about the heat kernel:
(1.24) ||ps||%2(R) = (4 s)"'?  forevery s > 0;

and therefore,

t
(1.25) fo||ps||§2(R)ds=,/t/(m) for all ¢ > 0.

We will tacitly write Lip,, for the optimal Lipschitz constant of o; that is,
’0 (x) —o(x")

(1.26) Lip, := sup P

—oo<x7#x' <00

Of course, Lip,; is finite because o is Lipschitz continuous. Finally, we use the
following notation for the LY (P) norm of a random variable Z € L (P):

(1.27) IZ 1y := {E(1Z|")}.
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2. Mueller’s comparison principle and a reduction. Mueller’s comparison
principle [21] is one of the cornerstones of the theory of stochastic PDEs. In its
original form, Mueller’s comparison principle is stated for an equation that is sim-
ilar to (1.2), but for two differences: (i) o (z) := sz for some s > 0; and (ii) the
variable x takes values in a compact interval such as [0, 1]. In his Utah Minicourse
([10], Theorem 5.1, page 130), Mueller outlines how one can include also the more
general functions o of the type studied here. And in both cases, the proofs assume
that the initial function u( has compact support. Below we state and prove a small
variation of the preceding comparison principles that shows that Mueller’s theory
continues to work when: (i) the variable x takes values in R; and (ii) the initial
function ug is not necessarily compactly supported.

THEOREM 2.1 (Mueller’s comparison principle). Let u(()]) and uéz) denote two

nonnegative bounded continuous functions on R such that u(()l) (x) > u(()z) (x) for all

x € R. Let uil) (x), u,(z) (x) be solutions to (1.2) with respective initial functions u(()l)

and u(()z) . Then,

2.1) P{u,(l)(x) > u,(z)(x)for allt > 0and x e R} = 1.

PROOF. Because the solution to (1.2) is continuous in (z, x), it suffices to
prove that

(2.2) Plu(x)>u®(x)} =1  forallr>0andx €R.

O] (@)
0

In the case that u, * and u;~ both have bounded support, the preceding is proved

81) and uéz), we

almost exactly as in Theorem 3.1 of Mueller [21]. For general u
proceed as follows.
Let vg: R — R be a bounded and measurable initial function, and define a new

initial function v([)N] :R— Ry as

vo(x), if x| <N,

vo(N)(—x + N + 1), ifN<x<N+1,
vo(—=N)(x + N + 1), if —-(N+1)<x < —N,
0, if |x| >N+ 1.

23) M) =

Then, let v,[N] (x) be the solution to (1.2) with initial condition v([)N]. We claim that

(2.4) 6,[N] (x) :=v(x) — vl[N] x)—0 in probability as N — oo.

Let ul(l)’[N] and ul(z)’[N] denote the solutions to (1.2) with initial conditions u(()l)’[N]
and u(()z) ’[N], respectively, where the latter are defined similarly as v([)N] above.

Now, (2.4) has the desired result because it shows that ugl)’[N](x) — ugl)(x) and
u,(z)’[N](x) — u,(z)(x) in probability as N — oo. Since ugl)’[N](x) > u,(z)’[N](x)
a.s. forall > 0 and x € R, (2.2) follows from taking limits.
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In order to conclude we establish (2.4); in fact, we will prove that
2.5) sup sup E(IS™M@)[F)=01/N) asN - oo
x€eRre(0,7)
for all T > O fixed. Recall that
sV () = (o * 80" ()
(2.6)
+ / Pi-s(y = D)o (0,(1) — o (M (1))} W (ds dy).
0,r)xR

Because (p; * 8([)N])(x) < 2(sup,cgr v0(2)) f|y|>N p:(y) dy, a direct estimate of the
latter stochastic integral yields

E(|5t[N](x)|2) < const - 1~ 1/2e=N*/CD

t o
. 2
+const-L1p3,/0 dsf dy p2_,(y — x)E(|sM(»)])
—00
2.7

2
< const -t~ 1/2e=N/C0

. 2 Bt sIN] * B 2
+ const - Lip e M, (,8)/0 e ’||p,||L2(R> dr,
where § > 0 is, for the moment, arbitrary and

(2.8) MMB) = sup [ PE(us () — oM () ).

s€(0,1),yeR
We multiply both sides of (2.7) by exp(—ft) and take the supremum over all ¢ €
(0, T) where T > 0 is fixed. An application of (1.24) yields

2
(2.9) M;N](,B) < const - [ sup {12 N/} 4 ,B_I/ZM[TN](,B)].
1€(0,T)
The quantity in sup, ¢, 7){- - -} is proportional to 1/N (with the constant of propor-
tionality depending on T'), and the implied constant does not depend on . There-

fore, it follows that if 8 were selected sufficiently large, then M[TN ](,B) =O0(1/N)
as N — oo for that choice of 8. This implies (2.4). [

Next we apply Mueller’s comparison principle to make a helpful simplification
to our problem.

Because B := inf,crug(x) > 0 and B := sup, g 4o(x) < oo, it follows from
Theorem 2.1 that almost surely,

(2.10) u,(x) <up(x) <u;(x)  forallr>0andx R,

where u solves the stochastic heat equation (1.2) starting from initial function
uop(x) := B, and u solves (1.2) starting from u,(x) := B. This shows that it suf-
fices to prove Theorems 1.1, 1.2 and 1.3 with u,(x) everywhere replaced by u, (x)
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and u;(x). In other words, we can assume without loss of generality that ug is
identically a constant. In order to simplify the notation, we will assume from now
on that the mentioned constant is one. A quick inspection of the ensuing proofs
reveals that this assumption is harmless. Thus, from now on, we consider in place
of (1.2), the following parabolic stochastic PDE:

9 x 92 2
2.11) Euz(x)=5ﬁut(x)+0(uz(x)) Y BxW(t’x)’ (t>0,x€R),
uog(x)=1.
We can write its solution in mild form as follows:
(2.12) u(x)=1+ / Pr—s(y —x)o (ug(y))W(dsdy).
[0,f/]xR

3. Tail probability estimates. In this section we derive the following corol-
lary which estimates the tails of the distribution of u,(x), where u;(x) solves (2.11)
and (2.12). In fact, Corollary 3.5, Propositions 3.7 and 3.8 below readily imply the
following:

COROLLARY 3.1. Ifinf,crlo(z)] > O, then for all t > 0,
3.1 — /308 Zlog P{lu, (x)| = A} 3 —+/5(log 1)*/2,

uniformly for x € R and A > e. And the constants in 3 do not depend on .
If (1.12) holds for some y € (0, 1/6), then for all t > 0,

(3.2) —3 MY <Hog P{lu, (x)| = A} X —/(log1)*/?,

uniformly for all x € R and A > e. And the constants in = do not depend on .

3.1. An upper-tail estimate. We begin by working toward the upper bound in
Corollary 3.1.

LEMMA 3.2. Fix T > 0, and define a := T (Lip,, Vv 1)*/(25). Then, for all
real numbers k > 1,

k k  ak3 .
sup sup E(ju;(x)|*) < C"e where C : =8| 1+
xeR1€[0,T]

lo(0)] )
21/4(Lip, v 1))

PROOF. We follow closely the proof of Theorem 2.1 of [15], but matters sim-
plify considerably in the present, more specialized, setting.

First of all, we note that because ug = 1 is spatially homogeneous, the dis-
tribution of u;(x) does not depend on x; this property was observed earlier by
Dalang [11], for example.
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Therefore, an application of Burkholder’s inequality, using the Carlen—Kree
bound [6] on Davis’s optimal constant [12] in the Burkholder-Davis—Gundy in-
equality [3-5] and Minkowski’s inequality imply the following: forall > 0, 8 > 0
and x € R,

o)l < 14+ H f[o P =00 s () W s dy)Hk

<1+ eﬁ’2ﬁ<|o(0)| + Lip,, suple ™" |lu, (x) ||k])

3.3 r=0
(3.3) N .
([ updias)
0
Vke?! )
— YR . —28r
=1+ p) (IG(O)I + Lip, f‘;‘g[e ||u,(x)||k]>.

See Foondun and Khoshnevisan [15], Lemma 3.3, for the details of the derivation
of such an estimate. (Although Lemma 3.3 of [15] is stated for even integers k > 2,
a simple variation on the proof of that lemma implies the result for general £ > 1;
see Conus and Khoshnevisan [9].) It follows that

(34 V(B k)= Sug[e*ﬂtllut(x)llk]
1>
satisfies
Vk .
(3.5) Y(B.k) < 1+w(|0(0)|+L1ng(/3,k))-

If Lip, = 0, then clearly ¥(B8, k) < oo. If Lip, > 0, then ¥ (B, k) < oo for all
B> k2 Lipf,l /(42); therefore, the preceding proves that if 8 > k> Lipi /(4s¢), then

1 _ <1 mo(on)
I — (VkLip, /(4)"/4) (4sp)/* )

We apply this with 8 := k*(Lip, v 1)*/(25) to obtain the lemma. [

(3.6) (B, k) <

REMARK 3.3. In the preceding results, the term Lip, Vv 1 appears in place of
the more natural quantity Lip, only because it can happen that Lip, = 0. In the
latter case, o is a constant function, and the machinery of Lemma 3.2 is not needed
since u;(x) is a centered Gaussian process with a variance that can be estimated
readily. (We remind the reader that the case where o is a constant is covered by
Theorem 1.2; see Section 6.)

Next we describe a real-variable lemma that shows how to transform the mo-
ment estimate of Lemma 3.2 into subexponential moment estimates.
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LEMMA 3.4. Suppose X is a nonnegative random variable that satisfies the
following: there exist finite numbers a, C > 0 and b > 1 such that

(3.7) E(X) < Ckeak” for all real numbers k > 1.

Then, Eexp{a(log X)P/=DY < co—for log, u :=log(u Vv e)—provided that
1—-b7"!

(3.8) O<a<

(ab)1/®=1"

Lemmas 3.2, 3.4 and Chebyshev’s inequality together imply the following re-
sult.

COROLLARY 3.5. Choose and fix T > 0, and define cy := +/2/3 =~ 0.8165.
Then for all o < co/2/(+/T (Lip, V 1)),

(3.9 sup sup E(e“(1°g+”f(x))3/2) <00
xeR1€[0,T]
Consequently,
(3.10) lim sup sup sup logP{u;(x) > A} < Lﬁ

oo (10g0)32 [ cRicio.T] ~ JT(Lip, V1)

We skip the derivation of Corollary 3.5 from Lemma 3.4, as it is immediate.
The result holds uniformly in ¢ € [0, T] and x € R as the constants a and C in
Lemma 3.2 are independent of ¢ and x. Instead we verify Lemma 3.4.

PROOF OF LEMMA 3.4. Because
b/(b—1)
aty gy (5)] <2070 aog, 07071 1 tog. o)

we can assume without loss of generality that C = 1; for otherwise we may con-
sider X/C in place of X from here on.
For all z > e, Chebyshev’s inequality implies that

(3.12) P{eoz(logJr X)b/b=1) - Z} < g~ max g(k),
where
1 (b-1/b
(3.13) 2 (k) :=k<—0gz> —akb.
o
One can check directly that maxy g(k) = clogz, where
1-b7"!
(3.14)

T o (@)D"

Thus, it follows that P{exp[a(log X)b/=D1 > 7} = 0(z7°) for z — oco. Conse-
quently, Eexp{a(log, X)P/(=D} < 00 as long as ¢ > 1; this is equivalent to the
statement of the lemma. [
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3.2. Lower-tail estimates. In this section we proceed to estimate the tail of the
distribution of u;(x) from below. We first consider the simplest case in which o is
bounded uniformly from below, away from zero.

PROPOSITION 3.6. Ifeg:=inf,cro(z) > 0, then forall t > 0,
(3.15) inlgE(|u,(x)|2k) > (V2 4+ o)) (uk)*  (as k — o0)
xX€

where the “o(1)” term depends only on k, and

(3.16) My == )y —-
e T

PROOF. Because the initial function in (2.11) is ug(x) = 1, it follows that the
distribution of u;(x) does not depend on x; see Dalang [11]. Therefore, the “inf”
in the statement of the proposition is superfluous.

Throughout, let us fix x € R and ¢ > 0. Now we may consider a mean-one
martingale {M:}o<;<; defined as follows:

G177 Mp:=1+ 0.0) sz—s(y—X)U(Ms()’))W(dey) O=t=0n.

The quadratic variation of this martingale is

(3.18) <M>r:/0 de_ dy p;(y —=x)o*(us(y) (0=t =<0).

Therefore, by Itd’s formula, for all positive integers k, and for every 7 € [0, ¢],

T T
M =1 +2k/ MM + (22")/ MV d(m),
0 0

T
(3.19) —1+ 2k/ M= am,
0

2k b 2k—1) o 2 2
+(5 M; ds dy p;_s(y = x)o“(ug(y)).
0 —00

By the assumption of the lemma, o (us(y)) > ¢ a.s. Therefore,

LN 2k v _
m* > 1+2k/0 m* ldMs+<2 )83/0 Y 1)-||pt_s||iz(R)ds

(3.20)
2%kl 2%\ 5 (7 M
=1+2k/ Mv_dM+< ) /‘—d.
o ° : 2 ) %0 0 (At —s)l/2 >
We set T :=t and then take expectations to find that
2k ! _ ds
B2 > 1 ( )Q/EMQ(" 1
( t )_ + 2 €0 0 ( N )(47[%(t—s))1/2
(3.21)

t
=1+ <22")83/ E(M2*=D)y(, ds),
0
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where the measures {v(z, -)};~0 are defined as

10, (s)
(4m 2(t — 5))1/2

We may iterate the preceding in order to obtain

(3.22) v(t,ds) = ds.

k—1 ; N
EMM) > 1+ Zal,keéa“q) -/0 v(t,dsl)/0 v(sy,dsp) -

1=0
(3.23) 5
X /0 v(sz, dsi+1),
where
/ .
(3.24) ae=] (2";2]) for0 <l <k

j=0

and sg :=¢. The right-hand side of (3.23) is exactly equal to E(M,Zk) in the case
where o (z) = ¢g for all z € R. Indeed, the same computation as above works with
identities all the way through. In other words,

(3.25) E(Ju; (x)|*) = E(M) > E(n,(x)*),
where
(3.26) ne(r) =1+ e - / pr—s(y — X)W (ds dy).
0,r)xR
We define
(3.27) £ () = o - f Pios(y — D)W (ds dy),
0,r)xR

so that n;(x) =1 + ¢ (x). Clearly,
(3.28) E(,(0)%) 2 E(6 ().
Since ¢ is a centered Gaussian process,

(2k)!
.2k

(3.29) E(% (0)*) = [E(¢, (x)H T

and

t o
(3300 E@G(0N)=¢p- fo dS/_ dy piy(y =) =5 -y =

see (1.25). The proposition follows from these observations and Stirling’s formula.
OJ

We can now use Proposition 3.6 to obtain a lower estimate on the tail of the
distribution of u; (x).
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PROPOSITION 3.7. [f there exists g > 0 such that o (x) > &g for all x € R,
then there exists a universal constant C € (0, 0o) such that for all t > 0,

(Lip, v 1)*/3
EN A

PROOF. Choose and fix r > 0 and x € R. We apply the celebrated Paley—
Zygmund inequality in the following form: for every integer £ > 1,

E(Ju ()1 < B(Jur )1 e (0] = Sl (0 l12x) + SEJue (0) 1)

N
(3.31) li“;&fﬁ;gﬁlogpﬂ’”(x)' >A=-C

(3.32)

< VEQu )P ()] = Lty (0 k) + LB (6)P5).
This yields the following bound:
_ [EQu )PP
= 4E(Ju, (x)|%)
64t (Lip, V 1)4k3
V4

1
P{|ut<x)| > 5||ut<x>||2k}
(3.33)

(1 +0(1)))

as k — 00; see Lemma 3.2 and Proposition 3.6. Another application of Proposi-
tion 3.6 shows that ||u;(x)|[2x = (1 + o(l))(,utk)l/2 as k — oo where u, is defined
in (3.16). This implies as k — oo,

> exp(—

64¢ (Lip,, Vv 1)4k3
Vi

1
30 Pl = 302 = exp| - (1+0) |

The proposition follows from this by setting k to be the smallest possible integer
that satisfies (,utk)l/2 >A. O

Now, we study the tails of the distribution of u;(x) under the conditions of
part (2) of Theorem 1.1.

PROPOSITION 3.8.  Suppose o(x) > 0 for all x € R and (1.12) holds for some
y €(0,1/6). Then

log P{lu; (x)] > A} _ _C((LipU v 1)2/3%1/12>1/V

(335) likminf inf 11/12

—00 xeR Ay -

where C € (0, 00) is a constant that depends only on y .

PROOF. For every integer N > 1, define
o (x), if [x| <N,
(3.36) cMx):={0o(=N), ifx<-N,
o(N), if x > N.
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It can be checked directly that oY) is a Lipschitz function, and that in fact:
(i) Lip, v < Lip,; and (ii) and inf,cg o ™) (z) > 0.

Let u,(N) (x) denote the solution to (2.11), when o is replaced by o ™). We first
establish the bound

(3.37) E(ju™(x) —u,(x))) = O(N"?)  as N — oc.
Let us observe, using the mild representation of the solution to (2.11), that
(3.38) E(lui™ (x) = u:(0)|*) <2(T1 + ),
where
2
T=p(|[ =l 0) —o WV )W sy )
1) X

= [[as [ av it 0= E(e @ 0) ~ o @ 0))  and
(3.39) 0 o

2
L o (N) _
Tz._E('f(OJMpt_s(y Do @™ ) o(us(y))]W(dsdw‘)

t [ee}
N /0 ® f dy 7y (v = ME(|o (™ () = o (s 0))).
—00
We can estimate the integrand of 7; by the following:
E(lo™ @) = o @M m))

<Lip2 -E(|N —uM % M () > N)

(3.40) ,
+LipZ -E(|-N —uM )% ulM (y) < =N)

<4Lip2 E(lu™ )% e ()] > N).

We first apply the Cauchy—Schwarz inequality and then Chebyshev’s inequality
(in this order) to conclude that

(V) (,y(N) N2y < P2 V) (4
E(lo™ (™ () =0 (" M)Y) = —57 - E(lus™ D[
(3.41)
=O0(N7? as N — oo,
uniformly for all y € R and s € (0,¢). Indeed, Lemma 3.2 ensures that
E[|u{™ (y)]4] is bounded in N, because limy_, o Lip, v = Lip,. This implies
readily that 7] = O(N~2) as N — oc.
Next we turn to 7»; thanks to (1.25), the quantity 7 can be estimated as follows:

t o)
T < Lip?, '/0 ds_/‘_ dy p,z_s(y - x)E(lu§N)(y) — Ms()’)|2)

<const-/t M)
- 0 Ji—35

(3.42)
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where
(3.43) M(s):=supE(u™M ) —us(»[)) O <s<0).
yeR
Notice that the implied constant in (3.42) does not depend on .
We now combine our estimates for 77 and 7, to conclude that

M(s) < %n;t —i—const-/s M)

0 s —r

s 2/3
< const - {(/0 [/\/l(r)]3/2 dr) + %}

thanks to Holder’s inequality. We emphasize that the implied constant depends
only on the Lipschitz constant of o, the variable ¢ and the diffusion constant s.
Therefore,

(345) [M(s)]3/2 < const - {/S[M(r)]3/2dr + %}’
0

uniformly for s € (0, ¢). Gronwall’s inequality then implies the bound M(¢) =
O(N~2), valid as N — oo.

Now we proceed with the proof of Proposition 3.8. For all N > 1, the function
o™ is bounded below. Let £(N) be such that o™ (x) > ¢(N) for all x € R. Let
D := D, := (4t/(e’m »))'/*. According to the proof of Proposition 3.7, specifi-
cally (3.34) applied to u™, we have

dr 0<s<p)
(3.44)

: 4
P{ lug(x)| > %(N)kl/z} > exp[—wk3(l + 0(1))}
(3.46) o

D
=Pl = 00| = Jei! 2
Thanks to (1.12), we can write
(3.47) e(N)> (logN)~ /67 ag N — o0,
using standard notation. Therefore, if we choose
64t (Lip, Vv 1)*3 } J

Ve

(3.48) N = {exp{
then we are led to the bound

(3.49) e(N) > (M>_(1/6_y)k3y—(1/2)'

We can use Chebyshev’s inequalit; in order to estimate the second term on the
right-hand side of (3.46). In this way we obtain the following:

64t (Lip, Vv 1)4k3

P{Iu:(X)I > gk”} ZeXP{— (1+0(1))}

(3.50) ]

~ CINZkOY”
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where

B 2 (1/6)—y
3.51 D=D}—F——— ,
3-51) {64t(Lipg v 1)4 }

and C is a constant that depends only on ¢, Lip, and s. For all sufficiently large
integers N,

128¢(Lip, v 1)*
——— < exp[— (Lipo V' 1) k3
CiNZkb ”

and the proposition follows upon setting A := Dk /4. O

(3.52)

(1 +0(1))],

4. Localization. The next step in the proof of Theorem 1.1 requires us to
show that if x and x" are O(1) apart, then u,(x) and u,(x") are approximately
independent. We show this by coupling u,(x) first to the solution of a localized
version—see (4.1) below—of the stochastic heat equation (2.11). And then a sec-
ond coupling to a suitably-chosen Picard-iteration approximation of the mentioned
localized version.

Consider the following parametric family of random evolution equations (in-
dexed by the parameter 8 > 0):

B _ ()
4.1) U7 (x)=1+ _s(y—x)o (U W(dsd
4.1 U7 (x) PO (y —x)a (U (y)) W (ds dy)
forallx e Rand r > 0.

LEMMA 4.1. Choose and fix B > 0. Then, (4.1) has an almost surely unique
solution U®) such that forallT >0and k> 1,

4.2) sup sup supE(|UP (0)|f) < Ckeak’
B>01€[0,T] xeR

where a and C are defined in Lemma 3.2.

PROOF. A fixed-point argument shows that there exists a unique, up to modi-
fication, solution to (4.1) subject to the condition that for all T > 0,

(4.3) sup supE(|UP (1)) <00 forallk > 1.
te[0,T]xeR

See Foondun and Khoshnevisan [15] for more details on the ideas of the proof; and
the moment estimate follows as in the proof of Lemma 3.2. We omit the numerous
remaining details. [l

LEMMA 4.2. Forevery T > O there exists a finite and positive constant C :=
C () such that for sufficiently large B > 0 and k > 1,

(4.4) sup sup E(|u; (x) — UP () [F) < CRik2eFRE =),
te[0,T]xeR

where F € (0, 00) depends on (T, ») but not on (k, ).
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PROOF. Forall x € Rand ¢ > 0, define
(4.5) V()= 1+ / Pr—s(y — )0 (US () W (ds dy).
0,r)xR
Then,
V.x) = U P )],

46) Pies(y — )0 (UP () W (ds dy) Hk

B Hf(o,ox{yeR: ly—x|>/B7}

' 2 v — e (UP) H Y
<oV [fas [ avr -0 U ) "
The preceding hinges on an application of Burkholder’s inequality, using the
Carlen—Kree bound [6] on Davis’s optimal constant [12] in the Burkholder—Davis—
Gundy inequality [3-5]; see Foondun and Khoshnevisan [15] for the details of the
derivation of such an estimate. Minkowski’s inequality tells us then that the pre-
ceding quantity is at most

t
2 2B
2\/k/0 dS/|‘y—x|z«/—tdypt_S(y x) |o2(Us (Y))”k/z

< const - / /dS/y o VB dy p2 (v —x)(1 +HUﬂ)(y)H)

Equation (4.7) holds because the Lipschitz continuity of the function o ensures that
it has at-most-linear growth: |0 (x)| < const- (1 + |x|) for all x € R. The inequality
in Lemma 4.1 implies that, uniformly over all t € [0, T] and x € R,

4.7)

B 2 a2ak?
s |Vi(x) —U,” (x)]|, < const- \/kC e / dr jZ|>fdzp (2)

K12 0ak? \/ 1 ds
< const - / dw pg(w),
5 Jlwizvap

where we have used (1.4). Now a standard Gaussian tail estimate yields
“9) [ pwydw <267,
lw|>2B

and the latter quantity is at most 2 exp(—8/s) whenever s € (0, 1]. Therefore, on
one hand,

@) 1/2gak? 42
(4.10) sup| Vi (x) — U,”’ (x)||, <const- ———e P/<*,
xeR” t t “k \/;
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On the other hand,
@ =Vi@ = [ p = 90— o (UP )W s dy),
0,r)xR
whence

e (x) — Vi () llk
1/2

t o0
<2Vk H [as [~ ayp2 = 0lowon - o P )P

4.11 k2
4.11) 12

t o0
<2VkLip, /0 ds/ dy p2 (v = 0)[us(y) —=UP ] i
—o0

JiLi “as [T v p2 B (]2

<2 kLlpU- 0 ds dypt—s(y_x)||us(Y)_Us (y)”k
—00

Consequently, (4.10) implies that

Jus(x) = U (0],

t o0
@12)  <2VkLip, \/ fo ds /_ dy p2 (5 — D) us ) — UP )2

1/2 sak?
-+ const - ﬂe_ﬂ/(zﬂ)'
N
Let us introduce a parameter § > 0 and define the seminorms
(4.13) Nis(Z) = sup suple™ || Zs (y) ]
s>0 yeR

for every space—time random field Z := {Z;(y)}s-0,yer- Then, we have

Nk,a(u _ U(ﬂ))

o0
(4.14) <2vkLip, Nis(u — UP) - \//0 e | pr 172 g, 47

kl/zeaktﬁ/(z%)
Nz

Thanks to (1.24), if 8 := Dk> for some sufficiently large constant D, then the
square root is at most [4Vk (Lip, Vv D)]~", whence it follows that (for that fixed
choice of §)

4+ const -

k172 eakz—const(ﬂ /%)

NE

(4.15) Nes(u —UP) < const -
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The lemma follows from this. O

Now let us define U,(ﬂ ’n)(x) to be the nth Picard-iteration approximation to
UP (x). Thatis, UP? (x) := 1, and for all ¢ > 0,
AR
Uz(ﬁ +1) (x)
(4.16)

:=1+/ s —x)a (UFBD W(ds dy).
00yl /Bi 4B Pi—s(y —x)o (U7 (y)) W (ds dy)

LEMMA 4.3. There exist positive and finite constants C, and G—depending
on (t, »x)—such that uniformly for all k € [2, 00) and B > e,

Ckik/2 Gk3
4.17) sup B[, (x) — UPIOSPIED (o by < 22 2
xeR ﬂ
PROOF. The method of Foondun and Khoshnevisan [15] shows that if § :=
D'k? for a sufficiently-large D’, then
(4.18) Nkﬁg(U(ﬂ) — U(‘B’”)) <const-e " forall n > 0 and k € [2, 00).

To elaborate, we follow the arguments in [15] of the proof of Theorem 2.1 leading
up to equation (4.6) but with v, there replaced by U %™ here. We then obtain

[ (26
4.19)  |u®ntD —yBm| < const- kT<7> juBm —y By o,

where

—61 N
(420) I £l = {supsupe™®E( £, )]

t>0 xeR

and

1o de
421 YO =— | —.
@21 0=/ e

A quick computation reveals that by choosing 6 := D"k, for a large enough con-
stant D” > 0, we obtain

(4.22) [u@meh —uPmy, o <eTHu B —uPnmh .

We get (4.18) from this.
Next we set n := [log 8] + 1 and apply the preceding together with Lemma 4.2
to finish the proof. [J

LEMMA 4.4. Choose and fix B,t > 0 and n > 0. Also fix x1, x3, ... € R such
that |x; — x| > 2n+/Bt whenever i # j. Then {U,(ﬁ’n)(xj)}jez is a collection of
i.i.d. random variables.
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PROOF. The proof uses induction on the variable n, and proceeds by estab-
lishing a little more. We will use the o-algebras P(A) as defined in Appendix A,
where A C R ranges over all Lebesgue-measurable sets of finite Lebesgue measure
Proposition A.1.

Since U,(ﬁ 0 (x) = 1, the statement of the lemma holds tautologically for n = 0.
In order to understand the following argument better let us concentrate on the case
n = 1. In that case,

@23 U@ =140 / Pi—s(y — x)W(ds dy).
(Oaf)X[x—«/EJH‘\/E]

In particular, if we define the process {l~]§’3 ’1)(t, X)}o<s<t by

@24 0P =1+0(1)- Pi—r(y — )W (drdy),
(0.5) X [x—/B.x+/Bi]

it follows from Proposition A.1 that U.(ﬁ’l) (t,x) e P([x —/Bt, x++/Pt]). Hence,
Corollary A.2 shows that {lj.(ﬁ D (t, xj)} ez are independent processes. Taking s =
t shows the independence part of the lemma for n = 1. It is not hard to see that the
law of Ut(ﬂ ’1)(x) is independent of x, namely a Gaussian distribution with mean
and variance parameters that are independent of x. This concludes the proof for
n=1.

Now, let us define processes {ffs(ﬁ’n) (t, x)}o<s<s by

UP™ (¢, x)

425  =l+4a(1)- pi—r(y = x)a (TP D(r, y)
.5 XLr—Frx+ BT ( )

x W(drdy).

If we proved that U™ (1, x) € P([x —n+/Bt, x +n/Bi]) forall x e Rand ¢ > 0,
it then would follow from (4.16) and Proposition A.1 that l}.(ﬂ D) (t,x) e P([x —
(n + 1)4/Bt,x + (n + 1)/Bt]) for all x € R and ¢ > 0. Since this fact is true for
n = 1, then we have proved that TP, x) e P(lx — n+/Bt, x + n4/Bt)) for all
x € R, t >0 and n € N. We then use this result, together with Corollary A.2 to
deduce that {U.(’3 ") (t, xj)}jez are independent processes. The independence part
of the lemma follows upon taking s := ¢ in this discussion.

Since the law of the noise W is invariant by translation, it is not hard to prove by
induction that the law of U,(ﬁ ’")(x) is indeed independent of x. (Notice that this is
always true when the initial condition is constant [11], Lemma 18.) This concludes
the (inductive) proof of the lemma. [J

5. Proof of Theorem 1.1. We are ready to combine our efforts thus far in
order to verify Theorem 1.1.
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PROOF OF THEOREM 1.1. Parts (1) and (2) of Theorem 1.1 are proved sim-
ilarly. Therefore, we present the details of the second part. For the proof of the
first part, we can take y := 1/6 in the following argument. We remind that the
processes U# and U#" are defined, respectively, in (4.1) and (4.16).

For all x1,...,xy €R,

(B.1ogp)
Pllgelfo|u,(xj)| <1} <p| U790 ()] < 2]

max

1<j<N

©4) (B,log B)
Jlo

+P{121janN|U, & (xj)—u,(xj)|>A].

(To be very precise, we need to write (8, [log 8] + 1) in place of (8, log 8).) The
whole program of Section 3, that led to Proposition 3.8 can be carried out for U #
instead of . Only minor changes (typically in Proposition 3.6) are needed. Then,
(4.18) shows that the same moment estimates are valid for U %™ as for U®).

We can follow along the proof of Proposition 3.8 and prove similarly the exis-
tence of constants ¢y, co > O—independent of 8 for all sufficiently large values of
B—so that for all x e Rand A > 1,

(5.2) P{’Uz(ﬂ’logﬁ)(x)’ > A} > c1e_czkw.

Suppose, in addition, that |x; — x| > 2,/B¢log B whenever i # j. Then, Lem-
mas 4.3 and 4.4 together imply the following:

P{lrsr}e;xN|u,(Xj)| < k}
(5.3)
< (1 =1 @@V L NChk2eGR gk ok,

The constants C, and G may differ from the ones in Lemma 4.3. We now select
the various parameters judiciously: choose A :=k, N := [kexp(cs - (2k)!/7)] and
B = exp(pk1=7)/Y) for a large-enough positive constant p > 2 - 31/7¢,. In this
way, (5.3) simplifies: for all sufficiently large integers &,

P max fus ()l <k

+ Gk —

klogk pkl/y]
2

(54) <e k4 exp[cz -2V +logk + klog Cy —
<2e €Ik,
Now we choose the x;’s as follows: set xg := 0, and define iteratively
Xi41 1= x; +2/Br([log Bl + 1)

(5.5)
=2(i + 1)y/Bt([logB1+1)  foralli > 0.



2248 D. CONUS, M. JOSEPH AND D. KHOSHNEVISAN

The preceding implies that for all sufficiently large k,

(5.6) P{ sup lu (x)] < k} < etk
x€[0.2(N+1)/Bi([log B1+1)]

whence

(5.7) P sup lup ()] < k} < etk

x| <2(N+1)y/Bi(log B1+1)
by symmetry.
It is not hard to verify that, as k — oo,
(5.8) 2(N + 1)y/Bi([log B+ 1) = 0.

Consequently, the Borel-Cantelli lemma, used in conjunction with a standard
monotonicity argument, implies that u; (R) > const - (log(R)/c2) a.s. for all suf-
ficiently large values of R, where u} (R) is defined in (1.23). By Proposition 3.8,
¢y = const - 51127 Therefore, the theorem follows. [

6. Proof of Theorem 1.2. Next we prove Theorem 1.2. In order to obtain
the upper bound, the proof requires an estimate of spatial continuity of x > u;(x).
However, matters are somewhat complicated by the fact that we need a modulus of
continuity estimate that holds simultaneously for every x € [—R, R], uniformly for
all large values of R. This will be overcome in a few steps. The first is a standard
moment bound for the increments of the solution; however, we need to pay close
attention to the constants in the estimate.

LEMMA 6.1. Choose and fix some t > 0, and suppose o is uniformly bounded.
Then there exists a finite and positive constant A such that for all real numbers
k>2,

B(ju,(x) —u, (x)1*) (Ak)k
<(—).

(6.1)

—00<x#x' <00 lx — x|k x

PROOF. Throughout, let Sp := sup,cglo (x)].
If x,x’ € [—R, R] and ¢ > 0 are held fixed, then we can write u;(x) — u;(x") =
N;, where {N:}:¢(0,r) is the continuous mean-one martingale described by

62 Ny= /( P ) = P = o s ()W s dy)

for T € (0, ¢). The quadratic variation of {N}:¢(,r) is estimated as follows:

(N), < §2 /0 dsf dy [ps(y — x) — ps(y — 212
(6.3) . e .
56755'/0 e’ dS/_ dy [ps(y —x) — ps(y — X%
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For every s > 0 fixed, we can compute the dy-integral using Plancherel’s theorem,
and obtain 77 ! ffooo(l —cos(&|x —x'])) exp(—%séz) d&. Therefore, there exists a
finite and positive constant a such that

e’ S? /oo 1 — cos(€|x —x'|)
T —00 1 —+ %52
uniformly for all T € (0, t); we emphasize that a depends only on Sp and ¢. The
Carlen—Kree estimate [6] for the Davis [12] optimal constant in the Burkholder—
Davis—Gundy inequality [3—5] implies the lemma. [J

(6.4) (N)e =<

a /
d$§_|x_x |7
V4

The second estimate turns the preceding moment bounds into an maximal expo-
nential estimate. We use a standard chaining argument to do this. However, once
again we have to pay close attention to the parameter dependencies in the implied
constants.

LEMMA 6.2. Choose and fixt > 0, and suppose o is uniformly bounded. Then
there exist a constant C € (0, 00) such that

(6.5) E[ sup exp(%mt(x) — u,(x/)|2>} < %
x,x'el: Cé - 5’

|x—x'|<8

uniformly for every § € (0, 1] and every interval I C [0, 00) of length at most one.

PROOF. Recall [10], (39), page 11, the Kolmogorov continuity in the follow-
ing quantitative form: suppose there exist v > y > 1 for which a stochastic process
{&(x)}xer satisfies the following:

(6.6) E(J§(x) —6(NI") = Clx —x'7;

we assume that the preceding holds for all x, x’ € R, and C € (0, co) is indepen-
dent of x and x’. Then, for every integer m > 0,

2(2—y+v)/vcl/v v B B
(6.7) E( sup |§(x)—§(x’)|")§ (W) Lo—my=1)
x,x'el: —

|x—x'|<27m

(Reference [10], (39), page 11, claims this with 27~ replaced with 27" on
the right-hand side. But this is a typographical error; compare with [10], (38),
page 11.)

If § € (0, 1], then we can find an integer m > 0 such that 27"~ <§ <27,
whence it follows that

E DY) <
(xi‘ff,: £ — ()" <
|x—x"|<é

(2(2—V+V)/VC1/V

%
Lo—m(y—=1)
1_2—<y—1>/v) 2
(6.8)
<2(2—y+v)/vcl/v
<

v
-1
1_2—<y—1>/v> 1257
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We apply the preceding with &(x) := u;(x), y := v/2 :=k and C := (Ak/»),
where A is the constant of Lemma 6.1. It follows that there exists a positive and
finite constant A, such that for all intervals I of length at most one, all integers
k> 2, and every § € (0, 1],

N\ 12k A*k k k—1

(6.9) B sup Jur(x) —u () 2) < (=) 66
x,x'el: x
|x—x'|<8

Stirling’s formula tells us that there exists a finite constant B, > 1 such that
(A*k)k < B,,’fk! for all integers k > 1. Therefore, for all «, § > 0,

(6.10) E|: sup exp(alut(x) ; ut(x/)|2>] < %g(gl}*)k.

x,x'el: V4
[x—x"|<8

And this is at most two if « := 3¢/(2B,). The result follows. [

Next we obtain another moments bound, this time for the solution rather than
its increments.

LEMMA 6.3. Choose and fixt > 0, and suppose o is uniformly bounded. Then
for all integers k > 1,

(6.11) sup E(Ju, (x)|%) < 2v2 + o)) (A k)*  (ask — 00)
xeR

where the “o(1)” term depends only on k, and

8 t
(6.12) firi=—-S3[—.
[ T

PROOF. Let us choose and fix a t > 0. Define Sy := sup, cglo (x)|, and recall
the martingale {M<}.<(o,s) from (3.17). 1td’s formula (3.19) tells us that a.s., for all
T € (0,1),

2(k—1)
T _ 2k 4 M
6.13) M* <1 Zk/ M*=tdm < >S2/ — __ds.
(©13) M =1+ o ° T2 )% @t —s)I2 "
[Compare with (3.20).] We can take expectations, iterate the preceding and argue
as we did in the proof of Proposition 3.6. To summarize the end result, let us define

(6.14) 1 (x):=14So- /( sz—s(y —x)W(dsdy) (O=t=1)

0,7)x
and

(6.15) & (x):=3Sp - /

Pi—s(y —x)W(dsdy) O=<t<0).
0,7)xR
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Then we have E[Mfk] < E[n,(x)Zk] <22k + El¢; (x)%]), and similar computa-
tions as those in the proof of Proposition 3.6 yield the lemma. [J

Next we turn the preceding moment bound into a sharp Gaussian tail-probability
estimate.

LEMMA 6.4. Choose and fix a t > 0, and suppose that o is uniformly
bounded. Then there exist finite constants C > ¢ > 0 such that simultaneously for
all x> 1and x € R,

(6.16) cexp(—C/22%) < P{lu;(x)| > 1} < Cexp(—c/2A%).

PROOF. The lower bound is proved by an appeal to the Paley—Zygmund in-
equality, in the very same manner that Proposition 3.7 was established. How-
ever, we apply the improved inequality in Lemma 6.3 (in place of the result
of Lemma 3.2). As regards the upper bound, note that Lemma 6.3 implies that
there exists a positive and finite constant A such that for all integers m > 0,
SUP, <R E(|u; (x)|*™) < (A/ﬁ)mm!, thanks to the Stirling formula. Thus,

i(aﬁ)m 1
JR— = < 00,
Ve 1 —aAsx /2

m=0

(6.17)  supEexp(aju;(x)[) <
xeR

provided that o € (0, \/7¢/ A). Notice that this has a different behavior than (6.10)
in terms of «. If we fix such an «, then we obtain from Chebyshev’s inequality the
bound P{u;(x) > A} < (1 — aA%_l/z)_l -exp(—akZ), valid simultaneously for all
x € Rand A > 0. We write « := ¢4/ to finish. [J

We are finally ready to assemble the preceding estimates in order to establish
Theorem 1.2.

PROOF OF THEOREM 1.2. Consider the proof of Theorem 1.1: if we replace
the role of (3.2) by the bounds in Lemma 6.4 and choose A := k, N := [k X
exp(c/7k?)] and B := exp((Lip, V 1)*k?/3) in the equivalent of (5.3) with the
appropriate estimates, then we obtain the almost-sure bound liminfg_, o u;(R)/
(log R)!/? > const - 3~ 1/%, where “const” is independent of s. It remains to derive
a corresponding upper bound for the lim sup.

Suppose R > 1 is an integer. We partition the interval [— R, R] using a length-1
mesh with endpoints {x; }?i o Via

(6.18) xj:=—R+j for0 < j <2R.
Then we write

(6.19) P{u;(R) > 2a(logR)'*} < T; + T,
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where
= P{ max u,(xj) > a(logR)l/Z]

<

(6.20)
T = Pi max sup  ug(x) —us(xj)| >a(logR)1/2}.
1<‘]<2R-xe(-xj Xj+1)
By Lemma 6.4,
12 const

(6.21) 71 <2R EEEP{MI(X) >a(logR) "} < P
Similarly,
(6.22) T, <2R supP{ sup Jug(x) — us (x')] > a(log R)l/z]

1 x,x'el

where “sup;” designates a supremum over all intervals I of length one. Cheby-
shev’s inequality and Lemma 6.2 together imply that

To < 2R~/ O+ supE[ sup exp(fwf(x) - m(x/)ﬂ)}
6.23 1 x,x'el C
6.23) const

= R-140a?)/C’
Let ¢ := min(3¢/C, c4/5) to find that
o 00 s
(6.24) > P{uf(R) > 2a(log R)'/*} < const - Y R™4* 1,
R=1 R=1

and this is finite provided that « > (2/¢)'/2. By the Borel-Cantelli lemma,

¥ (R) g\ 1/2
(6.25) limsup ——— < (—> <0 a.s.
R—oo: (log R)1/2 = \gq
ReZ

Clearly, (8/g)"/? < const- =1/ for all s > 34y, for a constant depends only on .
And we can remove the restriction “R € Z” in the lim sup by a standard monotonic-
ity argument; namely, we find—by considering in the following R —1 < X < R—
that

(6.26) limsu pi <limsu p— < <—) a.s.
X—0o0 (10gX)1/2 R—o00: (log(R l))1/2 q
ReZ

This proves the theorem. [
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7. Proof of Theorem 1.3. This section is mainly concerned with the proof of
Theorem 1.3. For that purpose, we start with tail-estimates.

LEMMA 7.1. Consider (2.11) with o (x) := cx, where ¢ > 0 is fixed. Then,
(7.1) log P{lu; (x)| = A} < —v/z(logA)*?  asx — oo.

PROOF. Corollary 3.5 implies the upper bound (the boundedness of o is not
required in the results of Section 3.1).
As for the lower bound, we know from [2], Theorem 2.6,

(7.2) K= 1/242 < B(Juy () ) < 2eF D124,

uniformly for all integers k > 2 and x € R. Now we follow the same method as in
the proof of Proposition 3.7, and use the Paley—Zygmund inequality to obtain

_ [E(u () P91

1
P12 3ol = Gpe g™

(7.3)

> Cpe~ DK/
for some nontrivial constants C; and D; that do not depend on x or k. We then
obtain the following: uniformly for all x € R and sufficiently-large integers k,

C
(74) P{|I/t,(x)| Z 564Dk2/%} Z Cle_le3/%.

Let A := (C/2) exp{4Dk?/ 3}, and apply a direct computation to deduce the lower
bound. [

We are now ready to prove Theorem 1.3. Our proof is based on roughly-similar
ideas to those used in the course of the proof of Theorem 1.1. However, at a tech-
nical level, they are slightly different. Let us point out some of the essential differ-
ences: unlike what we did in the proof of Theorem 1.1, we now do not choose the
values of NV, B and A as functions of k, but rather as functions of R; the order of
the moments k will be fixed; and we will not sum on &, but rather sum on a discrete
sequence of values of the parameter R. The details follow.

PROOF OF THEOREM 1.3. First we derive the lower bound by following the
same method that was used in the proof of Theorem 1.1; see Section 5. But we
now use Lemma 7.1 rather than Corollary 3.1.

The results of Section 4 can be modified to apply to the parabolic Anderson
model, provided that we again apply Lemma 7.1 in place of Corollary 3.1. In this
way we obtain the following, where the x;’s are defined by (5.5)4: consider the

4To be very precise, we once again need to write (B, [log 8] + 1) in place of (8, logB).
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event
B . o (log R)*/3
(15) A= {lg}afoluz(x])l < u} where & := eXP(Cl PVE )
Then,
P(A) < P{ max |U/1P (x| < 28}
1<j<N
(7.6) +P{fu (xj) = U] > & for some 1 < j < N}

Nﬁ—k Cikk/ZeGk3

=
=]

< (1=P{[u" P | = 28D Y +

Note that we do not yet have a lower bound on P{|Ut(ﬁ logh )(x)| > A}. However,
we have

P{|U 2P (x))| = 2E)
(1.7) > P{lu, (x))| = 38} — P{|u, (x;) — UL P ()| > E)

—k k1 k)2 .Gk
3/2
zoqR"’QCl/ _Nﬂ Cik" e

= ’
(-]

valid for some positive constants «; and «>. Now let us choose N := [R%] and
B := R'~“ for a fixed a € (0, 1). With these values of N and 8 and the lower
bound in (7.7), the upper bound in (7.6) becomes

ki k/2.GK> \ N kpk/2oGH
_apc¥? | Cike C,k™"e
(7.8) P(A) < <1 —o R Rk(—a)—a g Rk(1—a)—a g "

Let us consider k large enough so that k(1 — a) — a > 2. Notice that k& will not
depend on R; this is in contrast with what happened in the proof of Theorem 1.1.

We can choose the constant C; to be small enough to satisfy arC 13/ <a /2.
Using these, we obtain

const

(7.9) P[ sup iy (x)] <eC1(10gR)2/3/%1/3} feXp(—OllRa/z)+ 5
x€[0,R] R

The Borel-Cantelli lemma yields the lower bound of the theorem.

We can now prove the upper bound. Our derivation is modeled after the proof
of Theorem 1.2.

First, we need a continuity estimate for the solution of (2.11) in the case that
o (x) := cx. In accord with (7.2),

E(ju; (x) — u; (0) %)

t k
7.10) = (2@)2"[ [ a0y [ delpis e =2 = prty —z)ﬂ

t k
< 2v2k)* [/O dr 21/"68’)"2/”/Rdz 1Pt—r(x —2) = prr(y — Z)Iz]
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for some constant D which depends on ¢. Consequently [see the derivation of
(6.4)],

. k 3
(7.11) E(lu, (x) — u; (y)[*) < ¥ (%) exp(&)

P
for constants B, C € (0, co) that do not depend on k. We apply an argument, sim-
ilar to one we used in the proof of Lemma 6.2, in order to deduce that for simulta-
neously all intervals / of length 1,

C/1<2 eCsz/%

(7.12) B( swpJu) — ())<=

x,x'el : |x—x'|<1
for constants C1, C, € (0, o0) that do not depend on k or . Now, we follow the
proof of Theorem 1.2 and partition [—R, R] into intervals of length 1. Let b > 0
to deduce the following:
1/3

(7.13) P{ur(R) > 2eb0oe R /"y oy
where
(714) 7'1 :P[ max Mt(.x/') - eb(logR)2/3/;4l/3}
1<j<2R
and
715 T ::P{ max  sup  |u(x) — s (x;)| > e”“‘)gm”/%‘“].
lSjSZRXG(Xj,x]'_H)
[Compare with (6.19).]
On one hand, Lemma 7.1 implies that
bllog RV /5:1/3 2¢3R
(7.16) Ti <2R - Plu,(x;) > ePloe R/ V=

for some constants c3, c4 > 0. On the other hand (7.12) and Chebyshev’s inequality
imply that
T<2RP|  sup  fuy(x) — ()| = PRI
x,x'el: |x—x"|<1
(7.17) S
__ 2RCy ek
= ke2kb(log R)2/3 /513"

Now we choose k := [!/3(log R)!/3] in order to obtain 75 < const - RI+C2=2b
where the constant depends on sc. With these choices of parameters we deduce
from (7.16) and (7.17) that if b were sufficiently large, then

o0

R=1
The Borel-Cantelli lemma and a monotonicity argument together complete the
proof. [
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APPENDIX A: WALSH STOCHASTIC INTEGRALS

Throughout this Appendix, (€2, F, P) denotes (as is usual) the underlying prob-
ability space. We state and prove some elementary properties of Walsh stochastic
integrals [23].

Let £¢ denote the collection of all Borel-measurable sets in R? that have fi-
nite d-dimensional Lebesgue measure. (We could work with Lebesgue-measurable
sets, also.)

Let us follow Walsh [23] and define for every ¢ > 0 and A € £4 the random
field

(A.1) W (A) ::/ W(dsdy).
[0,£]x A
The preceding stochastic integral is defined in the same sense as Wiener.
Let F;(A) denote the sigma-algebra generated by all random variables of the
form

(A.2) {(Ws(B):s€(0,1], Be L% BCA}.

We may assume without loss of generality that, for all A € L4, {Fi(A))=o is
a right-continuous P-complete filtration (i.e., satisfies the “usual hypotheses” of
Dellacherie and Meyer [13]). Otherwise, we augment {F;(A)};~¢ in the usual way.
Let

(A3) Fo=\ F@A) >0
Aerd

Let P denote the collection of all processes that are predictable with respect
to {F:};>0. The elements of P are precisely the “predictable random fields” of
Walsh [23].

For us, the elements of P are of interest because if Z € P and

o0
2 _ 2
(A.4) 12132 g, xR ._E/O dt/Rddx[Z,(x)] < 00,

then the Walsh stochastic integral I; := f[o’,]XR Zs(y)W(ds dy) is defined prop-
erly, and has good mathematical properties. Chief among those good properties
are the following: {,};~0 is a continuous mean-zero L>-martingale with quadratic
variation (1), := [ ds [0 dy [Zs(y)]*.

Let us define P(A) to be the collection of all processes that are predictable with
respect to {F;(A)};=0. Clearly, P(A) C P forall A € £¢.

PROPOSITION A.1. If Z € P(A) for some A € LY and || Z|| 2R, xRixq) <
00, then the martingale defined by J; := f[o,z]xA Z;(y)W(dsdy) isin P(A).
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PROOF. It suffices to prove this for a random field Z that has the form
(A.5) Z;(y)(@) = 1{a,5) () X (@)1a(y) (s>0,yeR weQ)

where 0 < a < b, and X is a bounded F,(A)-measurable random variable.
But in that case, J;(w) = X (w) - f[()’t]m[a’ bIx A W (dsdy), whence the result fol-
lows easily from the easy-to-check fact that the stochastic process defined by
I := Jio.nn[a.pjxa W (ds dy) is continuous (up to a modification). The latter as-
sertion follows from the Kolmogorov continuity theorem; namely, we check first
that E(|1; — I,]?) = |A| - |t — r|, where |A| denotes the Lebesgue measure of A.
Then use the fact, valid for all Gaussian random variables including I; — I, that
E(|1; — I,|¥) = const - {E(|I, — I |)}/? forall k >2. O

Proposition A.1 is a small variation on Walsh’s original construction of his
stochastic integrals. We need this minor variation for the following reason:

COROLLARY A.2. Let AV, ..., AN be fixed and nonrandom disjoint el-
ements of L. If zZW L ZWMN) gre, respectively, in P(A(l)), . ..,P(A(N)) and
||Z(J)||L2(R+><Rdxsz) <ooforall j=1,...,N, then JO TN gre indepen-

dent processes, where

IO AL :=f Z,(y)W(dsdy) (j=1,...,N,t>0).
[0,¢]xA;

PROOF. Owing to Proposition A.1, it suffices to prove that if some sequence
of random fields X, ..., XM gatisfies XV) € P(A(j)) (j=1,...,N), then
XM, XN are independent. It suffices to prove this in the case that the X ()’s
are simple predictable processes; that is, in the case that

(A7) X (@) = 110, 5,18 Y (@) 1400 (),

where 0 < aj < b; and Y; is a bounded F, i (AY))-measurable random variable.
In turn, we may restrict attention to Y;’s that have the form

(A.8) Yj(w) =g, (/[ I W (ds dy)),

where 0 <« < 8; <a; and ¢;:R — R is bounded and Borel measurable. But
the assertion is now clear, since Y1, ..., Yy are manifestly independent. In order
to see this we need only verify that the covariance between f[aj? Bi1x AU W (ds dy)
and f[ak,ﬂk]xmk) W (ds dy) is zero when j # k; and this is a ready consequence of

the fact that AV N A®) = @ when j #k. O



2258 D. CONUS, M. JOSEPH AND D. KHOSHNEVISAN

APPENDIX B: SOME FINAL REMARKS

Recall that ||U ||x denotes the usual L¥(P)-norm of a random variable U for all
k € (0, 00). According to Lemma 3.2,

1
(B.1) limsup — log sup E(|lu; (x)|¥) <aCk®  ifk > 2.

—00 xeR

This and Jensen’s inequality together imply that

1
(B.2) Y (v) :=limsup — log sup E(Ju; (x)|") < o0 forall v > 0.

1—>00 xeR

And Chebyshev’s inequality implies that for all v > 0,

1
sup Plus (x) = e 9) < exp(w[q + — logsup E<|ut<x>|”>D
xeR vt xeR

(B.3) .
= exp(ut[q + @ + 0(1)}) (t > 00).

Because u;(x) > 0, it follows that v > Y (v)/v is nondecreasing on (0, co),
whence
y(v)

(B.4) 0= 1im 2 = i YV
vl0 v v>0 v

exists and is finite.

Therefore, in particular,

(B.5) limsup ! log sup P{u;(x) >e 7'} <0 for all g € (—o0, —£).

11— 00 xeR
Now consider the case that o (0) = 0, and recall that in that case ug(x) > 0 for all
x € R. Mueller’s comparison principle tells us that u;(x) > 0 a.s. for all # > 0 and
x € R, whence it follows that ||u;(x)|1 = E[u;(x)] = (pr * ug)(x) is bounded in ¢.
This shows that (1) = 0, and hence £ < 0. We have proved the following:

PROPOSITION B.1. Ifo(0) =0, then there exists g > 0 such that
1
(B.6) A logu;(x) < —q +o,(1) ast — oo, for every x € R,

where 0, (1) is a term that converges to zero in probability as t — 00.

Bertini and Giacomin [5] have studied the case that o (x) = cx and have shown
that, in that case, there exists a special choice of u( such that for all compactly
supported probability densities ¥ € C*°(R),

2

(B.7) %log/_iut(x)w(x)dx=—;—% to,(1)  ast— oo
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Equation (B.7) and more generally Proposition B.1 show that the typical behavior
of the sample function of the solution to (1.2) is subexponential in time, as one
might expect from the unforced linear heat equation. And yet, it frequently is the
case that u,(x) grows in time exponentially rapidly in LKP) for k > 2 [2,7, 15].
This phenomenon is further evidence of physical intermittency in the sort of sys-
tems that are modeled by (1.2).

Standard predictions suggest that the typical behavior of u;(x) (in this and re-
lated models) is that it decays exponentially rapidly with time. [Equation (B.7)
is proof of this fact in one special case.] In other words, one might expect that
typically g > 0. We are not able to resolve this matter here, and therefore ask the
following questions:

Open problem 1. 1s g > 0 in Proposition B.1? Equivalently, is £ < 0 in (B.4)?

Open problem 2. Can the 0,(1) in (B.6) be replaced by a term that converges
almost surely to zero as t — oo?
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