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LOCAL CONDITIONING IN DAWSON-WATANABE
SUPERPROCESSES

By OLAV KALLENBERG

Auburn University

Consider a locally finite Dawson—Watanabe superprocess & = (§;) in R4
with d > 2. Our main results include some recursive formulas for the mo-
ment measures of £, with connections to the uniform Brownian tree, a Brow-
nian snake representation of Palm measures, continuity properties of condi-
tional moment densities, leading by duality to strongly continuous versions
of the multivariate Palm distributions, and a local approximation of & by
a stationary cluster 7 with nice continuity and scaling properties. This all
leads up to an asymptotic description of the conditional distribution of &;
for a fixed ¢ > 0, given that & charges the e-neighborhoods of some points
Xlye-erXp € RY. In the limit as & — 0, the restrictions to those sets are con-
ditionally independent and given by the pseudo-random measures € or 7,
whereas the contribution to the exterior is given by the Palm distribution of &;
at xq, ..., xy. Our proofs are based on the Cox cluster representations of the
historical process and involve some delicate estimates of moment densities.

1. Introduction. This paper may be regarded as a continuation of [19], where
we considered some local properties of a Dawson—Watanabe superprocess (hence-
forth referred to as a DW-process) at a fixed time ¢ > 0. Recall that a DW-process
£ = (&) is a vaguely continuous, measure-valued diffusion process in R? with
Laplace functionals E Mefsf I = =1 for suitable functions f =0, where v = (vy)
is the unique solution to the evolution equation v = %Av —v? with initial condition
vo = f. (This amounts to choosing the branching rate y = 2. For general y, we
may reduce to this case by a suitable scaling.) We assume the initial measure u to
be such that &; is a.s. locally finite for every # > 0. (The precise criteria from [19]
are quoted in Lemma 4.1.)

Our motivating result is Theorem 9.1, which describes asymptotically the condi-
tional distribution of &; for a fixed ¢ > 0, given that & charges the e-neighborhoods
of some points x1, ..., X, € R4, where the approximation is in terms of total vari-
ation. In the limit, the restrictions to those sets are conditionally independent and
given by some universal pseudo-random measures & or 7], whereas the contribu-
tion to the exterior region is given by the multivariate Palm distribution of &; at
Xlseous Xn.
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The present work may be regarded as part of a general research program out-
lined in [18], where we consider some random objects with similar local hitting
and conditioning properties arising in different contexts. Examples identified so
far include the simple point processes [10, 12, 15, 20, 30], local times of regenera-
tive and related random sets [13, 14, 16], measure-valued diffusion processes [19],
and intersection or self-intersection measures on random paths [24]. We are espe-
cially interested in cases where the local hitting probabilities are proportional to
the appropriate moment densities, and the simple or multivariate Palm distributions
can be approximated by elementary conditional distributions.

Our proofs, here as in [19], are based on the representation of each & as a
countable sum of conditionally independent clusters of age h € (0, ¢], where the
generating ancestors at time s =t — h form a Cox process ¢, directed by A&
(cf. [4, 26]). Typically we let & — 0 at a suitable rate depending on €. In partic-
ular, the multivariate, conditional Slivnyak formula from [22] yields an explicit
representation of the Palm distributions of & in terms of the Palm distributions
for the individual clusters. Our arguments also rely on a detailed study of moment
measures and Palm distributions, as well as on various approximation and scaling
properties associated with the pseudo-processes £ and 7j—all topics of indepen-
dent interest covered by Sections 4—8. Here our analysis often goes far beyond
what is needed in Section 9.

Moment measures of DW-processes play a crucial role in this paper, along with
suitable versions of their densities. Thus, they appear in our asymptotic formulas
for multivariate hitting probabilities, which extend the univariate results of Daw-
son et al. [3] and Le Gall [27]; cf. Lemma 7.2. They further form a convenient
tool for the construction and analysis of multivariate Palm distributions, via the
duality theory developed in [13]. Finally, they enter into a variety of technical esti-
mates throughout the paper. In Theorem 4.2 we give a basic cluster decomposition
of moment measures, along with a forward recursion (implicit in Dynkin [5]), a
backward recursion and a Markov property. In Theorem 4.4 we explore the fun-
damental connection, first noted by Etheridge [7], between moment measures and
certain uniform Brownian trees, and we provide several recursive constructions
of the latter. The mentioned results enable us in Section 5 to establish some use-
ful local estimates and continuity properties for ordinary and conditional moment
densities.

Palm measures form another recurrent theme throughout the paper. After pro-
viding some general results on this topic in Section 3, we prove in Theorem 4.8
that the Palm distributions of a single DW-cluster can be obtained by ordinary con-
ditioning from a suitably extended version of Le Gall’s Brownian snake [26]. In
Theorem 6.3 we use the cluster representation along with duality theory to estab-
lish some strong continuity properties of the multivariate Palm distributions.

Local approximations of DW-processes of dimension d > 3 were studied al-
ready in [19], where we introduced a universal, stationary and scaling invariant
(self-similar) pseudo-random measure £, providing a local approximation of & for
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every t > 0, regardless of the initial measure w. (The prefix “pseudo” signifies that
the underlying probability measure is not normalized and may be unbounded.)
Though no such object exists for d = 2, we show in Section 8 that the station-
ary cluster 7 has similar approximation properties for all d > 2 and satisfies some
asymptotic scaling relations, which makes it a good substitute for &.

A technical complication when dealing with cluster representations is the pos-
sibility of multiple hits. More specifically, a single cluster may hit (charge) several
of the e-neighborhoods of xi, ..., x;,, or one of those neighborhoods may be hit
by several clusters. To minimize the effect of such multiplicities, we need the clus-
ter age h to be sufficiently small. (On the other hand, it needs to be large enough
for the mentioned hitting estimates to apply to the individual clusters.) Probability
estimates for multiple hits are derived in Section 7. Here we also estimate the ef-
fects of decoupling, where components of & involving possibly overlapping sets
of clusters are replaced by conditionally independent measures.

Palm distributions of historical, spatial branching processes were first intro-
duced in [11] under the name of backward trees, where they were used to derive
criteria for persistence or extinction. The methods and ideas of [11] were extended
to continuous time and more general processes in [8, 9, 29]. Further discussions
of Palm distributions for superprocesses appear in [2, 4, 7, 19, 37]. In particular, a
probabilistic (pathwise) description of the univariate Palm distributions of a DW-
process is given in [2, 4]. More generally, there is a vast literature on conditioning
in superprocesses (cf. [7], Sections 3.3—4). In particular, Salisbury and Verzani
[33, 34] consider the conditional distribution of a DW-process in a bounded do-
main, given that the exit measure hits n given points on the boundary. However,
their methods and results are entirely different from ours.

General surveys of superprocesses include the excellent monographs and lec-
ture notes [2, 6, 7, 28, 32]. The literature on general random measures and the
associated Palm kernels is vast; see [1, 12, 30] for some basic facts and further
references.

For the sake of economy and readability, we are often taking slight liberties
with the notation and associated terminology. Thus, for the DW-process we are of-
ten using the same symbol & to denote the measure-valued diffusion process itself,
the associated historical process and the entire random evolution, involving com-
plete information about the cluster structure for arbitrary times s < ¢. Likewise, we
use 7 to denote the generic cluster of a DW-process, regarded as a measure-valued
process in its own right, or the associated historical cluster, both determined (e.g.)
by Le Gall’s Brownian snake based on a single Brownian excursion. Here Itd’s ex-
cursion law generates an infinite (though o -finite) pseudo-distribution for 7, here
normalized such that P{n; # 0} =+~ for all # > 0. (This differs from the normal-
ization in [19], which affects some formulas in subsequent sections.)

For the DW-process & and associated objects, we use P, to denote probabilities
under the assumption of initial measure £y = u. The associated distributions are
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denoted by £, (§) or L,,(&;). For the canonical cluster n, we define instead

Pulne ) =LuG) = f (dx) Lo () = / w(dx) Lo(6:m).

where the shift operators 6, are defined by (6,u)B = u(B — x) or (Bypu)f =
n(f o6y), and we are writing L instead of Ls,. When we use the notation P,
or L, it is implicitly understood that up; < oo for all + > 0. Let M denote the
space of locally finite measures on R?, endowed with the o -field generated by all
evaluation maps 7 : i > B for arbitrary B € B¢, the Borel o-field in R?. Write
B9 or Md for the classes of bounded Borel sets in R? or bounded measures on R4,
respectively. For abstract measure spaces S, the meaning of Mg or M is similar,
except that we require the measures p € Mg to be uniformly o -finite, in the sense
that By < oo for some fixed measurable partition By, Ba, ... of S.

We use double bars || - || to denote the supremum norm when applied to func-
tions, the operator norm when applied to matrices, and total variation when applied
to signed measures. In the latter case, we define ||u||p = |1 pu||, where 1pu de-
notes the restriction of u to the set B. For any measure space Mg and measurable
set B C S, we consider the hitting set Hg = {u € Mg; uB > 0}, equipped with

the o-field generated by the restriction map u +— 1pu, and we often write || - ||
instead of || - ||z, for convenience, referring to this as the total variation on B.
Thus, in Section 8, we may write

() I£GE) = L@l = I1£(1E) = LA D 1y,

even when the pseudo-distributions of £ and 7] are unbounded. In Sections 7 and 9
we use a similar notation for signed measures on finite product spaces X; Mg, in
which case (1) needs to be replaced by its counterpart for sequences of random
measures.

For any space S, the components of x € S" are denoted by x;, and we write S
for the set of n-tuples x € S with distinct components x;. For functions f, we
distinguish between ordinary powers f" and tensor powers f®", whereas for mea-
sures . the symbols ©®" and ©u®’/ mean product measures. For point processes ¢
on S, ™ and ¢Y) denote the corresponding factorial measures, which for simple
point processes, agree with the restrictions of ¢” and ¢” to S® and S), respec-
tively. Convolutions and convolution products are written as * and (x) ;. For suit-
able functions f and g, f ~ g means f/g — 1, whereas f ~ g means f — g — 0,
unless otherwise specified. The relation f < g means f < cg for some constant
c>0, f<gmeans f <gand g < f,and f < g means f/g — 0.

Let P; be the class of partitions of the set J, and write P, when J = {1, ..., n}.
Define the scaling and shift operators S by S;B =rB + x and put S, = §;.
Thus, uS” is the measure obtained by magnifying 4 around x by a factor r~!.
The open e-ball around x is denoted by Bf. Indicator functions are written as
1{-} or 1p, and &; denotes the unit mass at s, so that §;B = 15(s). We write
Ry =[0,00),Zy ={0,1,...} and N={I, 2, ...}. The symbols 1l and 1L, mean
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independence or conditional independence given y, and we use L£(&) for the dis-

tribution of & and 2 for equality in distribution. We often write uf = [ fdu
and (f-pn)B = [ f; Bl= [ f du. Conditional probabilities and distributions are
written as P[-|-] and L[-|-], Palm measures and distributions as P[-||-] and L[-]|-],
respectively. We sometimes use £° to denote the Palm measure at 0.

2. Gaussian, binomial and Poisson preliminaries. Here we collect some
properties of Gaussian measures and binomial or Poisson processes needed in
subsequent sections. We begin with a simple exercise in linear algebra. By the
principal variances of a random vector, we mean the positive eigenvalues of the
associated covariance matrix.

LEMMA 2.1. For any w € Py, consider some uncorrelated random vectors
£y, J €, in R? with uncorrelated entries of variance o2, and put §j =&y for
j €J emn. Thenthe array (&1, ..., &,) has principal variances 6°|J |, J € i, each
with multiplicity d.

PROOF. By scaling we may take o> = 1, and since each &; has uncorre-
lated components, we may further take d = 1. Defining J; by j € J; € m, we get
Cov(§;,&j) =4y, i It remains to note that the m x m matrix with entries a;; = 1
has eigenvalues m,0,...,0. U

We proceed with a simple comparison of normal distributions.
LEMMA 2.2. Write vy for the centered normal distribution on R" with co-
variance matrix A. Then
IAI"MNY?
VA < | —— V(-
~ \detA Al

PROOF. Let A have eigenvalues A; <--- < A,, and let xy, ..., x, be the asso-
ciated coordinates of x € R". Then v, has density

— _ 2
T o o) = [ @)~/ 2e el /2

k<n k<n

< [10w/20"?pa, (i)

k<n
n 1/2
_ n ®n
_<)»1"')»n> Py (-
and the assertion follows since ||A]| = A, and det(A) = A ---A,. O

Now let p; denote the continuous density of the symmetric Gaussian distribu-
tion on R? with variances ¢ > 0.
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LEMMA 2.3. The normal densities p; on R satisfy

ps(x) <A Vid|x|™H?p(x), 0<s<t xeR\ {0}

PROOF. For fixed r > 0 and x £ 0, the maximum of p,(x) for s € (0, ¢] occurs
when s = (|x|?/d) A t. This gives ps(x) < p;(x) for |x|> > td, and for |x|? < td
we have

ps(x) < Qr|x|?/d)~4/2ed/?
< Qr|x|2/d) e %P2 = (1d|x| 7242 p, (x). 0

For convenience, we also quote the elementary Lemma 3.1 from [19].

LEMMA 2.4. For fixed d and T > 0, the normal densities p, on R? satisfy

Pi(x +y) < pipn(x), xeRY |yl <h<t<T.

Given a measure ( on R? and some measurable functions fi,.-s fu=0o0n R4,
we introduce the convolution

(M * ®fk)(X) = /M(a’u) [1AGk—w,  x=@....x) € ®)"

k<n k<n

LEMMA 2.5. Let ju be a measure on R with up; < oo for all t > 0. Then
for any n € N, the function (u * p;@”)(x) is finite and jointly continuous in (x,t) €
R x (0, 00).

PROOF. Letting r > 0 and x € R with ¢~! <t < ¢ and |x| < ¢ for some
constant ¢ > 0, we see from Lemma 2.4 that

[Pk —w) < T petar —w) < pho(u) < pacsn(u),

k<n k<n

uniformly for u € R?. Since UP2e/n < 00, We get (1 * p,®")(x) < oo foranyt > 0,
and the asserted continuity follows by dominated convergence from the fact that
p:(x) is jointly continuous in (x, ) € R? x (0, 00). O

Given a probability measure p on some space S, let oy, ..., 0, be i.i.d. random
elements in S with distribution p. Then the point process & = > ; 85, on S (or
any process with the same distribution) is called a binomial process based on .
We say that £ is a uniform binomial process on an interval [ if p is the uniform
distribution on /.

We begin with a simple sampling property of binomial processes.
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LEMMA 2.6. Let 1| < --- < T, form a uniform binomial process on [0, 1], and
consider an independent, uniformly distributed subset ¢ C {1, ..., n} of fixed car-
dinality |@| = k. Then the times t, with r € ¢ or r ¢ ¢ form independent, uniform
binomial processes on [0, 1] of orders k and n — k, respectively.

PROOF. We may assume that ¢ = {my, ..., 7%}, where 7y, ..., 7, form a uni-
form permutation of 1,...,n independent of 7y,...,7,. The random variables
or=tom,r=1,...,n,are theniid. U(0, 1), and we have

{trsrept={o1,...,0k}, {trir ¢ o} ={0ok+1, ..., 0u}. 0

This leads to a simple domination property for binomial processes:

LEMMA 2.7. Foreachn € Z., let &, be a uniform binomial process on [0, 1]
with ||&, || = n. Then for any point process n < &, with fixed ||n|| = k < n, we have

Lo < (Z) L&),

PROOF. Let 11 <--- < 1, be the points of &,. Writing Snj = Zjej (Stj when
Jc{l,...,n},wehave n =& for some random subset ¢ C {1, ..., n} with || =
k a.s. Choosing ¥ C {1, ..., n} to be independent of &, and uniformly distributed
with || =k, we get

L) =LEN =D PE e o=}
J

n n
=y eeh=(})eeh = ().
J
where the last equality holds by Lemma 2.6. [

We also need a conditional independence property of binomial processes.

LEMMA 2.8. Let o1 < --- < 0, form a uniform binomial process on [0, t],
and fix any k € {1, ...,n}. Then:

)
n

P{akeds}zk(k

)sk_l(t — )"k g, s €(0,1);

(ii) given oy, the times oy, ...,0x—1 and Ok+1, ..., Oy form independent, uni-
form binomial processes on [0, oy ] and [0, t], respectively.
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PROOF. Part (i) is elementary and classical. For part (ii) we note that, by

Proposition 1.27 in [17], the times o7y, ..., 0r—1 form a uniform binomial pro-
cess on [0, ox], conditionally on oy, ..., 0,. By symmetry, the times ox41, ..., 0y
form a uniform binomial process on [0y, t], conditionally on o1, ..., o%. The con-

ditional independence holds since the conditional distributions depend only on oy;
cf. Proposition 6.6 in [15]. [

We proceed with a useful identity for homogeneous Poisson processes, stated
in terms of the tetrahedral sets

tAp={seRi;s1 <. <s, <t}, t>0,neN.

LEMMA 2.9. Let 11 < 120 < --- form a Poisson process on Ry with constant
rate ¢ > 0. Then for any measurable function f > 0 on Ri—H with n € N, we have

(2) Ef(tl,...,fn+1):CnE/--- f(sl,...,sn,rl)ds1~~ds,,.

1Ay
PROOF. Since
o0
Et} =f t"ce”"dt =nlc7",
0

the right-hand side of (2) defines the joint distribution of some random variables

01, ..., 0n41. Noting that £(7,,41) has density
Cn-i—lsne—cs
gn—H(S) == | k) S Z Ov
n!
we get for any measurable function f >0 on Rt
0 n+l  roo
Ef )= [ f@gin©ds = [T fsre ds

n
CEq @ =E [ [ f@ydsids,
n: T14n

which shows that 0,41 4 Tu+1. We also see from (2) that oy, ..., 0, form a uni-
form binomial process on [0, 05,+1], conditionally on o,41. Since the correspond-
ing property holds for 71, ..., t,41, for example by Proposition 1.28 in [17], we
obtain

d
(le ,Un+l) - (T17 "~3Tl’l+1)s

as required. [J

Say that a measurable space S is additive if it is closed under an associative,
commutative and measurable operation “4” and contains a unique element 0 with
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s+0=sforall s € S. Define I(s) = s, and take £/ = [ s&(ds) to be 0 when & = 0.
We need a simple estimate for Poisson processes on an additive space. Recall that
a Borel space is a measurable space S, that is, Borel isomorphic to a Borel set
B C [0, 1], so that there exists a one-to-one, bimeasurable map f : S < B.

LEMMA 2.10. On an additive Borel space S, consider a Poisson process &
and a measurable function f > 0, where both f and E& are bounded. Then

|Ef(€D) — EEf] < || fIIE€]>.
PROOF. Writing p = || E]||, we get
E[fED;IEN > 1T =< IfIP{IEN > 1}

= (1 =+ peM)IfI =371 11.
Since & is a mixed binomial process on S based on E& (cf. Proposition 1.28
in [17]), we also have

ELfED; 1§l =11= P{lI&ll = BELFEDIIEN = 1]

_EEf
p _ P
e ¢ ES

= pe
and so
O<EEf —E[fED; gl =1]

=(1—e "EEf < pllEENIfI = P2l fI.
Noting that

Ef(ED) — EEf =E[f(ED: &l > 11+ E[fGED; 151l = 11— E&f,

we get by combination
|Ef (D — EEFI < (3P 1F1) v PPIFID = PPIFI. O

We conclude with an elementary inequality needed in Section 7.

LEMMA 2.11. Foranyn eNandky, ..., k, € Z;, we have
2<]‘[ kj— 1) <> (ki =1 []k;.
j<n + i<n j=<n

PROOF. Clearly
(hk =14 <h(k—1) 4 +k(h—1)4, hkeZ,.
Proceeding by induction, we obtain
(]‘[ kj— 1) <Y (ki— Dy ]k
Jj=n T oizn J#i
It remains to note that (k — 1) <k(k—1)/2forkez,. U
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3. Measure, kernel and Palm preliminaries. Here we collect some general
propositions about measures, kernels and Palm distributions, needed in subsequent
sections. The first few results are easy and probably known, though no references
could be found.

LEMMA 3.1. For any measurable space S, the space My is complete in total
variation.

PROOF. Let i, uz,...€ MS with || m — || = 0 as m, n — co. Assuming
Wn # 0, we may define v =72, 27", /||, |l and choose some measurable func-
tions fi, f2,... € Ll(”) with py = fy - v. Then v|f — ful = ltm — mnll = 0,
which means that ( f;,) is Cauchy in L'(v). Since L' is complete (cf. [15], page 16),
we have convergence f, — f in L!, and so the measure i = f - v satisfies

I = pnll=vIf = ful = 0. U

For any measure u on a topological space S, we define supp u as the intersection
of all closed sets F' C S with uF° =0.

LEMMA 3.2. Fix a measure [ on a Polish space S. Then p(supp n)€ =0, and
s € supp u iff uG > 0 for every neighborhood G of s.

PROOF. Choose a countable base By, By,... of S, and define I = {i €
N; uB; = 0}. Any open set G C S can be written as | J;c; B; for some J C N, and
we note that uG =0 iff J C 1. Hence, (supp ) = U;¢; Bi. If s ¢ supp u, then
s € Bj for some i € I, and so uG = 0 for some neighborhood G of 5. Conversely,
the latter condition implies s € B; for some i € I, and so s ¢ suppu. U

We continue with a simple measurability property.

LEMMA 3.3. Let S and T be Borel spaces. For any u € Msyr andt € T, let
Wu; denote the restriction of ;L to S X {t1,...,t3}°. Then the mapping (i, t) — W,
is product-measurable.

PROOF. We may take T =R. Put I,; =27"(j — 1, jl,n, j € Z, and define

Un) =Inji t1e . ta & Inj}, neN,reR?.
j

Then the restriction u} of u to S x Uy (t) is product-measurable, and pu} 1w, by
monotone convergence. [J

Given two measurable spaces (S, S) and (T, 7), a kernel from S to T is defined
as a function ;> 0 on (S, 7) such that g B = (s, B) is measurable in s € S for
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fixed B and a measure in B € 7 for fixed s. For any measure v on S and kernel p
from S to 7', we define the composition v ® u and product v as the measures on
S x T and T, respectively, given by

WeWf= / V(dS)/Ms(dt)f(s, D, o=@ u)(S x ).

Conversely, when T is Borel, any o-finite measure M on S x T admits a disin-
tegration M = v ® w into a o-finite supporting measure v on S and a kernel u
from S to T, where the latter is again o -finite, in the sense that ug f (s, -) < oo for
some measurable function f >0 on S x T. When M (- x T) is o-finite we may
take v = M (- x T), in which case u can be chosen to be a probability kernel, in
the sense that ||us|| = 1 for all s. In general, the measures u; are unique, s € S a.e.
v, up to normalizations.

Some basic properties of kernels and their compositions are given in [15]. Here
we first consider the total variation ||v ® w||, where w is a signed kernel, defined
as the difference between two a.e. bounded kernels.

LEMMA 3.4. For any measurable space S and Borel space T, let v € Ms,
and consider a signed kernel u from S to T. Then ||| is measurable and ||v ®

pll = vl

PROOF. Assuming u = ' — pu” for some bounded kernels ' and u” from
Sto T, we define o = i’ + p”. Since T is Borel, Proposition 7.26 in [15] yields
a measurable function f : S x T — [—1, 1] with & = f - ft. Then |u| = 4| f],
which is measurable by Lemma 1.41 in [15]. Furthermore,

hveul=If-0vemll=0MmIfl=v(lfh=vinl. O

We proceed with a simple projection property.

LEMMA 3.5. For any Borel spaces S, T and U, consider some o -finite mea-
sures vand D on S x U and S and some signed kernels . and i from S x U or S
to T, such that v and v ® pu have projections b and b ® jt onto S and S x T,
respectively. Then || L] < sup, ||is.ull a.e. D.

PROOF. Since v is o-finite and U is Borel, we have v = D ® p for some prob-
ability kernel p from S to U. Writing g7 for projection onto S x T, we obtain
PRA=(W®Wongr=0®p®R omg,r =0® pu,

and so 1 = pu a.e. V. Hence, for any measurable function f on T with | f| <1,
we get a.e.

Ifl=1om) fl=I1pw)] < plufl < pllul,
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sl < psllpsll < sup, lwsull — ae. . O

The following technical result plays a crucial role in Section 6. For any
G1,Ga,...C S, putlimsup, G, =, Uy, Gk ={s € S;5 € G, i.0.}.

LEMMA 3.6. Let v be a kernel from R to a Polish space S with suppv = S,
let w, 1, U2, ... be bounded kernels from S x R to a Borel space U, where each
Un is continuous in total variation on S x G, for some open set G,, C R. Assume
v{llw — pall > hn} = 0 for some measurable functions h, : S x R — R4 with
hy, — 0 uniformly on bounded sets. Then u = ' a.e. v, where | is continuous in
total variation on S x limsup, G,.

PROOF. First let the kernels v, u, w1, 12, ... and functions Ay, Ay, ... be inde-
pendent of the real parameter, hence kernels or functions on S. Let S’ C S be the
set where || — wnll < hy, so that v(S")¢ =0. For any ¢,¢" € §’, we have

e — por I < e — i L+ e — el — el

where u" = u,. Fixing any s € S, we may let z,7 — s and then n — oo to get
s — el = 0. Hence, Lemma 3.1 yields a bounded measure ) on U with
lir — pill = 0. Note that ) is well defined for every s € S and that u) =
when s € §'.

To prove the required continuity of w’, suppose that sy — s in S. Fixing any
metrization d of S, we may choose t1, 1, ... € S’ with

d(se. ) + Iy, — gl <275, keN.

In particular ty — s, and so

g, — sl < Ny, — oIl + g, — pgll = 0,

as desired. The continuity of ' implies measurability, which means that 1 is again
a locally bounded kernel from S to U. Further note that ||, — u'|| < h, on §’,
which extends by continuity to ||, — n'|| < hj, on S, where the functions &), are
upper semi-continuous versions of 4, satisfying the same convergence condition.

We now allow v, i and w1, ua, ... to depend on a parameter x € R. Construct-
ing 1 as before for each x, we get ||, — i’|| = 0 uniformly on bounded sets in
S x R. Since each u, is continuous in total variation on S x G,, the same conti-
nuity holds for 1" on the set S x limsup, G,. O

A random measure & on a measurable space S is defined as a kernel from the
basic probability space 2 into S. The intensity E£ is the measure on S given by
(E&)f = E(£f). For any random element 7 in a measurable space T, we define
the associated Campbell measure M on S x T by Mf = E [&(ds) f (s, n). When
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T is Borel, and M is o -finite, we may form the disintegration M = v ® w, where
W is a o -finite kernel of Palm measures us on T. If EE = M (- x T) is o -finite, we
may take v = E£ and choose u to be a probability kernel from § to T, in which
case the g are called Palm distributions of n with respect to &. For convenience,
we write

ns = Pln €-11§]s = L], ws f(s, ) =ELf (s, m§]s.

Alternatively, P[-||&] may be regarded as a kernel from S to the basic probabil-
ity space 2 with o-field generated by 5. The multivariate Palm distributions are
defined as the kernels £[n||€®"] from S" to T, for arbitrary n € N.

The following conditioning approach to Palm distributions (cf. [18, 21]) is often
useful. On a measure space with pseudo-probability P, we introduce a random pair
(0,1) in § x T with

EfG.i)=E [ fis.més).
Then the Palm distributions of n with respect to £ are given by

E[fIEle = E[f(lo]  as.

The duality between Palm measures and conditional moment densities was first
noted in [13]. The following versions of the main results (with subsequent clarifi-
cations) are convenient for our present purposes.

LEMMA 3.7. On a filtered probability space (2, F, P), consider a random
measure & on a Polish space S with o-finite intensity EE and some (F; ® S)-
measurable processes My on S. Then:

1) EE|Fil=M;- E& as. iff P[-|§]ls = My - P a.e. on F;. In this case, the

versions P[-||E]s; = My ; - P on F; are such that

(i1) for fixed t, the measure P|-||§]s.; is continuous in s € S, in total variation
on F;, if and only if My ; is L-continuous in s,

(iii) for fixed s € S, the measures P-||&]s.; on F; are consistent in t if and only
if M ; is a martingale in t,

(iv) ifthe F; are countably generated and the continuity in (ii) holds for every t,
then the consistency in (iii) holds for all s € supp E&.

Here M is a function on S x Ry x 2 such that M (s, t, ®) is product-measurable
in (s, w) for each ¢, and we are writing M; = M (-,t,-) and M ; = M(s,t,-). The
Palm distributions P[-||£]s; form a kernel from S to €2, endowed with any of the
o-fields F;, and in (ii)—(iv) we consider some special versions P[-||§]s ; of those
measures on F;.
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PROOF. () If E[£|F;]= M, - E£ as.,thenforany A € F; and B€ S

/BE%'(dS)P[AHé]s = E[§B; Al = E[E[§ B|F;]; A]

=E[/ Ms,rEé(dS);A} =/ E&(ds)E[M;,;; A],
B B
and so

P[A|&]s = E[M;,1; Al = (My; - P)A, seSae. EE,

which shows that we can choose P[-||£]; = M, - P on F;. Conversely, if
P[-||§]s = M, - P a.e. on F;, then a similar calculation yields

E[£B|F] = /B M, E6(ds) = (M, - EE)B  as.,

which means that we can choose E[&|F;] = M; - EE on S.
(ii) This follows from the L°°/L'-isometry

IPLNELs,e = PLNELy elle = 1(Ms,e — My 1) - Plly = E|My,; — My 4],

where || - ||; denotes total variation on F;.
(iii) Since M, is F;-measurable, we get for any A € F; and t <7/,

P[A|§]s,c — PIANE]s,y = E[Ms s — M; 15 Al
= E[Ms,t - E[Ms,t/lﬂ]; A],

which vanishes for every A, if and only if M, ; = E[M; | F;] a.s.

(iv) For any t <t and A € F;, we have P[A||&]sr = P[A|€&] ae. by
the uniqueness of the Palm disintegration. Since F; is countably generated, a
monotone-class argument gives P[-||§]s, = P[:|§]s.» a.e. on F;, and so My ; =
E[M; | Fi]as. fors € S ae. E€ asin (iii). By the Ll—continuity of My ; and My
and the L'-contractivity of conditional expectations, the latter relation extends to
supp E&, and so by (iii) the measures P|-||£];,.; are consistent for all s € supp E§.

O

Often in applications, E£ = p - A for some o-finite measure A on S and con-
tinuous function p > 0 on S. Assuming E[£|F;] = X; - X a.s. for some (F; ® S)-
measurable processes X;, we may choose M; = X,;/p in (i). Note that the Ll-
continuity in (ii) and the martingale property in (iii) hold simultaneously for X
and M.

A point process on a measure space T is defined as a random measure ¢ of the
form ) ; §;;, where the 7; are random elements in 7. Given ¢ and a probability ker-
nel v from T to a measure space M, we may form a cluster process & =) _; n;,
where the n; are conditionally independent random measures on S with distribu-
tions v;,. We assume ¢ and v to be such that £ By < oo a.s. for some measurable
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partition By, By, ... of S.If ¢ is Poisson or Cox, we call £ a Poisson or Cox cluster
process generated by ¢ and v.

We need the following representation for the Palm measures of a Cox cluster
process, quoted from [22]. For Poisson processes and dimension n = 1, the result
goes back to [12, 23, 31, 35], and applications to superprocesses appear in [2, 4].
When £ is a Poisson cluster process generated by a measure y € M7 and a prob-
ability kernel v from T to Mg, let & denote a random measure on S with pseudo-
distribution & = pv. Given a o-finite measure © =), un, we call du, /dp the
relative density of j, with respect to . Write £, and E, for the conditional dis-
tributions and expectations given 7.

LEMMA 3.8. Let & be a cluster process on S generated by a Cox process on T
with directing measure 1. Then

(3) E£® =Y QREE®, neN,

neP, Jer

which yields EE®" by integration with respect to L(n). Assuming E,§®" to be a.s.
o -finite and writing pg for the relative densities in (3), we have

4) LylENE%" s =LyE) % Y p] (s) () L,lEIE®7Y,  ae.,

TeP,

which yields L[£]|E®™] by integration with respect to L[n|E®" ;.

Here £[£]|£%"] and L[n]|£®"] need to be based on the same supporting measure
for £%", even when E£®" fails to be o -finite. For a probabilistic interpretation in
the Poisson case, consider for any s € §”, a random partition 73 1L & in P, with
distribution given by the relative densities p7 in (3) and some independent Palm
versions §SJJ of €. Then (4) is equivalent to

g Le 4 > &, s € S"ae. E £,

Jemg

The result extends immediately to Palm measures of the form L[£'||(€")®"];,
where & and &” are random measures on S’ and S” such that the pair (&/,&")
forms a Cox cluster process directed by 5. Indeed, assuming S’ and S” to be dis-
joint, we may apply Lemma 3.8 to the cluster process € =&’ +&" on S =5 U S".
This more general version is needed for the proof of Lemma 6.2 below.

Next we show how the moment and Palm measures of a random measure 7
are affected by a shift by a fixed measure p. Here we define (65u) f = w(f 0 6;s),
where 6t =5 + ¢.

LEMMA 3.9. Let L,,(n) = [ n(ds)L(6sn) for some random measure 1 on R4
and a j € My such that En®" = p,, - A% with % p, < 0o a.e. Then E, n®" =
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(1 % pp) - A% and

pus — Pyu(dr) on on
) Llnln® f oS LE  ac By

PROOF. Fixing n, we may write p,, = p and A®"¢(ds) = ds, and let j1; denote
the mixing measure in (5). Then

E, / n®" (ds) f (s, ) = / u(dr)E / n®"(ds) f (s +r.6,11)
- / w(dr) / En(ds)ELf (s + r. 6, [n®"],
- / w(dr) / (s — ) dSELF (s, 6 In®"]s—

- / Eu " (ds) / s @ ELF (5, 6,m) 115" s

where the first step holds by the definition of P,,, the second step holds by Palm
disintegration and the third step holds by the definition of p and the invariance
of A. This gives E,,n®" = (1 * p) - A®"?, and so the fourth step holds by Fubini’s
theorem. Now (5) follows by the uniqueness of the Palm disintegration. [

We turn to the Palm measures of a random measure of the form & ® 6.

LEMMA 3.10. For any random measure & on S and random element t in a
Borel space T, we have

Plt #t)1§ ® 615, =0, (s,t) e SxTae E& Q).

PROOF. Since T is Borel, the diagonal {(¢,¢);¢t € T} in T? is measurable.
Letting v be the associated supporting measure for £ ® §;, we get by Palm disin-
tegration

[ [vasanriz g @ s =E [ [€osowsdniiz £

=E/S(ds)1{r#f}=0,

and the assertion follows. [

The following continuity property of Palm distributions extends Lemma 2.2
in [19]. For any random measure & on R¢, we define the centered Palm distribu-
tions by P¥ = L[0_;&|&]s. Recall that E[&; A] = E(£1,4).

LEMMA 3.11. Let &, and n, be random measures on ARd with centered Palm
distributions P; and Q3 , respectively, and fix any B € B4. Then the following
conditions imply sup,.p | Py — Oyl — O:
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(i) E§&;Bx1;
(i) |E[xB;&n€-1— E[NuB;ny €1l = 0;
(iii) sup ||P, — P, |+ sup [|Q;, — Q5] — 0.

r,seB r,s€B
PROOF. Writing fa(u) = (uB)~! Jg n(ds)14(0—sp), we get

© [ EGWs)PIA=E@B) a6 = [ EleuBis € dulfa(.
and similarly for 77,,. For any s € B, we have, by (i),
1PS = O3l < EGB)IPS - O3
< |EB)P; — EGaB) QLI + |E€,B — En, B].

Here the second term on the right tends to 0 by (ii), and (6) shows that the first
term is bounded by

HE(&B)PJ - [ Eganp;

4 HE(nnB)Qi; - [ Enang,

N H fB E&,(dr) P! — /B Ena(dr)Q;,

< E(B) sup [Py — Pyl + E(myB) sup [|Q;, — Q,l

r,se€B r.seB
+ | E[&:B; &y €1 — E[nnB; np € -1,
which tends to 0 by (i)—(iii)). O

For any diffuse and locally finite random measure & on RY, we say that the ker-
nel L[£||E®"], is tight if E[EU! A 1]|E®"]; — 0 as r — 0 for every x € (RY)™,
where Uy = U; By, In particular, E[&{x;}(I§ ®n],. =0 for all i. For probability
measures on suitable measure spaces Mg, weak continuity or convergence is de-
fined with respect to the vague topology; cf. [12, 15]. The following result extends
Lemmas 3.4 and 3.5 in [13].

LEMMA 3.12. Let & be a diffuse random measure on S = R%, such that:

(i) E&®" is locally finite on S™;
(ii) for any open set G C S, the kernel L[15<£||E®" ] has a version, that is,
continuous in total variation in x € G(”);
(iii) for any compact set K C §™,

EE®"BE(EUT A1
lim sup liminf 7B, U ):

0.
r—0,cx -0 E.§®"B§
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Then the kernel L[E||E®" ], has a tight, weakly continuous version on S™, satis-
Jfying the property in (ii) for every G.

The result remains true with (ii) restricted to open sets G with G compact. It
also extends with the same proof to measure-valued processes &;, where (i) and (iii)
hold uniformly for ¢ > 0 in compacts, and we consider joint continuity in the pair

(x,1).

PROOF. Proceeding as in [13], we may construct a version of the kernel
L[ ||E®"], on ™ satisfying the continuity in (ii) for any open set G. Now fix any
x € S and let I(r) denote the liminf in (iii). By Palm disintegration under condi-
tion (i), we may choose some x; — x in S™ such that E[& U A 1||§®”]xk <2l(r).
Then by (ii) we have for any open G C R? and x € G™,

E[E(Uy NG) A 1[1E%"], =k1_i)n;OE[€(U§ NG ALE® ]y, <I1(r).

Since G is arbitrary, and I(r) — 0 as r — 0, we conclude that P[£ € -||®"], is
tight at x. Using the full strength of (iii), we get in the same way the uniform
tightness

7 lim sup E[EUT A 1]E®"], =0,

r—>0,cK

for any compact set K C S®. For open G and x; — x in G, we get, by (ii),

LI1GeENE® ]y, = LI1GeE]IED ],

By a simple approximation based on (7) (cf. Theorem 4.28 in [15] or Theorem 4.9
in [12]), the latter convergence remains valid with 15c& replaced by &, as required.
O

Next we show how the Palm distributions can be extended, with preserved con-
tinuity properties, to conditionally independent random elements.

LEMMA 3.13. Let & be a random measure on a Polish space S, consider
some random elements o and B in Borel spaces and choose a kernel v such that
Vo,e = L[Bla, &] a.s. Then

®) L[, o, BlELs = LIE, allE]s @ v, s € Sae. EE.
When B 1L &, this simplifies to
©)) Lla, BllEls = LlxlEls @ v, s €S ae. EE,

where vy, = L[B|a] a.s. In the latter case, if Lla||E] has a version, that is, contin-
uous in total variation, then so does L[B|€].
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PROOF. First we prove (9) when & is a-measurable and v, = L[B|a] a.s. As-
suming E£ to be o-finite, we get

/Eé(dS)E[f(S,Ot,ﬁ)IIE]s =E/$(dS)f(S,0t,ﬂ)
:E/é(ds)/va(dt)f(s,a,t)

:/E“;‘(ds)E[/ Ve (dt) f (s, , t)Ilé] :

and so for s € S a.e. E&

Lla, Bli§ls f = E[f (. PIIE]s = EU v (d1) f (e, t)llé}

- / Pla € dr|€]s / v (dr) £ (5. 1) = (Clal|E], ® v) f.

as required. To obtain (8), it suffices to replace « in (9) by the pair (¢, o). If 81L&,
then vg o = vy a.s., and (9) follows from (8). In particular,

(10) LIBIELs = LIvalIE]s, s€Sae. E§.

Assuming L[« ||&] to be continuous in total variation and defining L[8]|&] by (10),
we get for any s5,s" € S,

ILIBIELs — LIBIELy I = 1L vallE]s — LIvalI§ ]yl
< I £L[«ll&]s — LlxlE]o

and the asserted continuity follows. [J

4. Moment measures and Palm kernels. We are now ready to begin our
study of DW-processes £ in R?, starting from a o -finite measure u on RY, always
assumed to be such that &; is a.s. locally finite for all # > O (cf. Lemma 4.1 below).
This condition is clearly stronger than requiring only u to be locally finite. The
distribution of & is denoted by £, (§) = P, {& € -}, and we write £, (§) = Py{§ € -}
when y = §,.

We will make constant use of the fact that & is infinitely divisible, hence a
countable sum of conditionally independent clusters, equally distributed apart
from shifts and rooted at the points of a Poisson process ¢o of ancestors with
intensity measure i1 w; cf. [4, 26]. Indeed, allowing the cluster distribution to
be unbounded but o -finite, we obtain a similar cluster representation of the his-
torical process, and we may introduce an associated canonical cluster n with
pseudo-distributions £, (), normalized such that Py{n; % 0} = t~!, where the
subscript x signifies that 5 starts at x € RY. For measures x on R? we write
L,,(n) = [ Py{n € -}u(dx), and we define E,, f () accordingly.
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By the Markov property of &£, we have a similar representation of & for every
s =t—h € (0, t) as a countable sum of conditionally independent /-clusters (clus-
ters of age h), rooted at the points of a Cox process ¢y directed by 2~ '&,. In other
words, ¢, is conditionally Poisson given £ with intensity measure 7~ !;.

We first state the criteria for the random measures &; to be locally finite, quoted
from Lemma 3.2 in [19]. Recall that p; denotes the continuous density of the
symmetric Gaussian distribution on R? with variances ¢ > 0.

LEMMA 4.1. Let & be a DW-process in R with o-finite initial measure L.
Then these conditions are equivalent:

(1) & is a.s. locally finite for every t > 0;
(ii) Eu&; is locally finite for every t > 0;
(iii) up; < oo forallt > 0;

in which case also

(v) E. & = E;n, has the continuous density (1 * p;.

We turn to the moment measures of a DW-process & with canonical cluster 7.
Define v = Eon®" and v/ = Eon®”’, and note that v, = v} = p, - A%, Write
> for summation over all nonempty, proper subsets I C J. Given any elements
i # jin J, we form a new set J;; = J;; by combining i and j into a single element
{i, j}

The moment measures of a DW-process may be obtained by an initial cluster
decomposition, followed by a recursive construction for the individual clusters,
as specified by the compact and suggestive formulas below. Some more explicit

versions are given after the statement of the theorem.

THEOREM 4.2. Let & be a DW-process in R with canonical cluster 1, and
write v,f = Eor]?J. Then for any t > 0 and u:

(i) E, ?":Z@(M*vtj), n €N;

weP, Jenr
t
G v/ =" [(vox ol @ has. =2
1cy ¥0
t .
(iif) vgzz/ Wl v®yds, 0= 2
.JO

i#]

@iv) vf+tzz<vf*®vtj), s,t>0,neN.

TePy Jen
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Note that * denotes convolution in the space variables; (ii) and (iii) also involve
convolution in the time variable. To state our more explicit versions of (1)—(iv),
let fi,..., f, be any nonnegative, measurable functions on R, and write x; =
(xj:j €J)e RN Foruy, e (R, take up = u;j when k € {i, j}.

~

@) EJ[afi=Y n/l/«(du)/vtj(dxj)nfi(u'i‘xi);
i<n neP, Jenr iel
L 7 [ I I
Gi'y v ggj)f, _ICZJ fo ds/vs(du)/v,_s(dxl)/v,_s dxn1)
x [ fitu+x);
ieJ
t
Qi) v/ @ fi= ds [ vy @dug) [T [ vies (i) fioug + x5
Q=3 [ I/
W) " ®fi= Y fvf(dun)H/v;’(dx»]‘[ﬁ(uﬁxi).
i<n TeP, Jem ie

The cluster decomposition (i) and forward recursion (ii) are implicit in Dynkin [5],
who works in a very general setting, using series expansions of Laplace transforms;
cf. Section 2.2 in [7]. The backward recursion (iii) and Markov property (iv) are
believed to be new. First we prove (i), (ii) and (iv).

PARTIAL PROOF. (i) Use the first assertion in Lemma 3.8.

(ii) In Theorem 1.7 of [5], take K = A, ¥'(z) =z, and = 8o ® i, and let
[T, be the distribution of a standard Brownian motion starting at x. Each term
in (ii) appears twice, which accounts for the factor ¢4 = 2 in formula 1.6.B of [5].
Alternatively, we may use a probabilistic approach based on Le Gall’s snake [28],
or we may apply Itd’s formula to the martingales & (vi—s * ) — u(v; * f), s €
[0, ¢], as explained for |J| =2 in [7], page 39.

(iv) Using (i) repeatedly, along with the Markov property at s, we get

Z ®(M * VsJ+z) = Euéy = EuEulE71 6] = EyEg 7"

neP, Jer
=E, Z ®($s>x<vt])= Z EMS?”*®vf

neP, Jenr TeP, Jem
1 J
= E E ®(M*VS)*®V;-
nePyke€Pr I€x Jem

Now take u = cdg with ¢ > 0, divide by ¢, and let c — 0. [

Part (iii) will be deduced from Theorem 4.4 below, which in turn depends on the
following discrete constructions. Say that a tree or branch is defined on [s, ¢], if it is
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rooted at time s, and all leaves extend to time ¢. It is also said to be simple if it has
only one leaf, and binary if exactly two branches emanate from each vertex. It is
further said to be geometric if its graph in the plane has no self-intersections. Fur-
thermore, we say that a tree or set of trees is marked if distinct marks are assigned
to the leaves. A random permutation is called uniform if it is exchangeable, and
we say that the marks are random if they are conditionally exchangeable, given the
underlying tree structure. Siblings are defined as leaves originating from the same
vertex.

LEMMA 4.3. There are n!(n — 1)12'™" marked, binary trees on [0, n] with
distinct splitting times 1,...,n — 1. The following constructions are equivalent
and give the same probability to all such trees:

(1) Forward recursion: Proceed in n — 1 steps, starting from a simple tree on

[0, 1]. After k — 1 steps, we have a binary tree on [0, k] with k leaves and distinct
splitting times 1, ..., k—1. Now divide a randomly chosen leaf into two, and extend
all leaves to time k + 1. After the final step, attach random marks to the leaves.

(i) Backward recursion: Proceed in n — 1 steps, starting from n simple, marked
trees on [n — 1, n]. After k — 1 steps, we have n — k + 1 binary trees on [n — k, n)
with totally n leaves and distinct splitting timesn —k+1, ..., n — 1. Now join two
randomly chosen roots, and extend all roots to time n — k — 1. Continue until all
roots are connected.

(iii) Sideways recursion: Let 1y, ..., Ty—1 be a uniform permutation of 1, ...,
n — 1. Proceed in n — 1 steps, starting from a simple tree on [0, n]. After k — 1
steps, we have a binary tree on [0, n] with k leaves and distinct splitting times
T1, ..., Tk—1. Now attach a new branch on |1, n] to the last available path. After
the final step, attach random marks to the leaves.

PROOF. (ii) By the obvious one-to-one correspondence between marked trees
and selections of pairs, this construction gives the same probability to all possible
trees. The total number of choices is clearly

(Z) (n;l)(i) :n(nz— 1) (n— l)z(n—Z) ”‘Zél _ n!(gnjll)!‘

(i) Before the final marking of leaves, the resulting tree can be realized as a ge-
ometric one, which yields a one-to-one correspondence between the (n — 1)! pos-
sible constructions and the set of all geometric trees. Now any binary tree with n
distinct splitting times and with m pairs of siblings can be realized as a geometric
tree in 2"~ ! different ways. Furthermore, any geometric tree with n leaves and
m pairs of siblings can be marked in n!27" nonequivalent ways. Hence, any given
tree of this type has probability

Zn—m—l om 2n—1

n—1! n' aln—1D
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which is independent of m and hence is the same for all trees. (Note that this agrees
with the probability in (ii).)

(iii) Before the final marking, this construction yields a binary, geometric tree
with distinct splitting times 1, ..., n. Conversely, any geometric tree can be real-
ized in this way for a suitable permutation ty, ..., t,—1 of 1, ..., n. The correspon-
dence is one-to-one, since both sets of trees have the same cardinality (n — 1)!. The
proof may now be completed as in case (i). [

Given a uniform, discrete random tree, as described in Lemma 4.3, we may
form a uniform, marked, Brownian tree in R? on the time interval [0, 7] by a suit-
able choice of random splitting times and spatial motion. Note that this uniform
tree is entirely different from the historical Brownian tree considered in [26] or in
Section 3.4 of [7]. Elaborating on the insight of Etheridge [7], Sections 2.1-2, we
show how the moment measures of a single cluster admit a probabilistic interpre-
tation in terms of such a tree.

THEOREM 4.4.  Form a marked, binary random tree in R%, rooted at the origin
at time 0, with n leaves extending to time t > 0, with branching structure as in
Lemma 4.3, with splitting times 11, ..., T,—1 given by an independent, uniform
binomial process on [0, t], and with spatial motion given by independent Brownian
motions along the branches. Then the joint distribution u} of the leaves at time t
and the cluster moment measure v!" in Theorem 4.2 are related by v* = n!t" 1 "

PROOF. The assertion is obvious for n = 1. Proceeding by induction, assume
that the statement holds for trees up to order n — 1, where n > 2, and turn to trees of
order n marked by J = {1, ...,n}.Forany I C J with |I| =k € [1,n), Lemma 4.3
shows that the number of marked, discrete trees of order n such that J first splits
into I and J \ I equals

-2
aik = DR kot — k= i (1T

= —2)%k!(n —k)12*™",

where the last factor on the left arises from the choice of k — 1 splitting times for
the /-component, among the remaining n — 2 splitting times for the original tree.
Since the total number of trees is n!(n — 1)!12! =", the probability that J first splits
into / and J \ I equals

(n—Dk!(n—k)22" 2 (n)_l
n(n—nR2=n T p—1\k)
Since all genealogies are equally likely, the discrete subtrees marked by / and

J \ I are conditionally independent and uniformly distributed, and the remaining
branching times 2, ...,n — 1 are divided uniformly between the two trees. Since
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the splitting times 7] < - -+ < 7,—1 of the continuous tree form a uniform binomial
process on [0, 7], Lemma 2.8 shows that £(z1) has density (n — 1)(r — s)"~2¢' 7",
whereas 17, ..., T,—1 form a binomial process on [ty, ¢], conditionally on 7. Fur-
thermore, Lemma 2.6 shows that the splitting times of the two subtrees form in-
dependent binomial processes on [ty, ¢], conditionally on 7| and the initial split
of J into I and J \ /. Combining these facts with the conditional independence
of the spatial motion, we see that the continuous subtrees marked by 7 and J \ 1
are conditionally independent uniform Brownian trees on [t7, #], given the spatial
motion up to time t; and the split at time 7| of the original index set into / and
JN\T.

Conditioning as indicated and using the induction hypothesis and Theorem
4.2(i1), we get

M?=’l_"z/( ) /(t "2y (ul_y @ M) ds

1cJ

_ n\~! 1 !
=2 (3) ma et

1cJ
1—n 1—n
t t
= E /vs*(vz é(X)vj\l)ds_—'v

1cJ

where |I| = k. Note that a factor 2 cancels out in the first step, since every partition
{1, J \ 1} is counted twice. This completes the induction. [

PROOF OF THEOREM 4.2(111). Let 71 < --- < 1,1 denote the splitting
times of the Brownian tree in Theorem 4.4. By Lemma 2.8, 7,1 has density
(n —1)s"~2¢17" (in s for fixed t), and given 7,1 the remaining times 71, ..., Ty—2
form a uniform binomial process on [0, 7,—1]. By Lemma 4.3 the entire structure
up to time 7,_1 is then conditionally a uniform Brownian tree of order n — 1, inde-
pendent of the last branching and the motion up to time ¢. Defining u; as before
and conditioning on 7,1, we get

u{=(”>_ > [o-ni e n®ly s,

{i.jlcy
By Theorem 4.4 we may substitute
Jij
s_ v Jij _ vs” —
lth — n'[nil ) Ms ™ = (I’l — ])!sniz’ Mt—s = Vi—s,

and the assertion follows. Here again a factor 2 cancels out in the last computation,
since every pair {i, j} appears twice in the summation }; jc;. U

To describe the Palm distributions of a single cluster, we begin with some ba-
sic properties of the Brownian excursion and snake. Given a process X in a space
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S and some random times o < t, we define the restriction of X to [o, T] as the
process Yy = Xg45 fors <7 —o and Yy =A fors >t — o, where A¢ S.Bya
Markov time for X we mean a random time o, such that the restrictions of X to
[0, o] and [0, oo] are conditionally independent, given X,. We quote some distri-
butional facts for the Brownian excursion, first noted by Williams [36]; cf. [25].

LEMMA 4.5. Given a Brownian excursion X, conditioned to reach height
t >0, let 0 and T be the first and last times that X visits t, and write p for the
first time X attains its minimum on [0, t]. Then X, is U(0,t), and o, p and T are
Markov times for X.

Some induced properties of the Brownian snake are implicit in Le Gall [26, 28]:

LEMMA 4.6. Given X, o, p and T as in Lemma 4.5, let Y be a Brownian
snake with contour process X. Then Y, and Y, are Brownian motions on [0, t]
extending Y, on [0, X1, both are independent of X ,, and o, p and t are Markov
times for Y.

PROOF. The corresponding properties are easily verified for the approximat-
ing discrete snake based on a simple random walk (cf. [7], Section 3.6), and they
extend in the limit to the continuous snake. Alternatively, we may approximate the
Brownian snake, as in [26], by a discrete tree under the Brownian excursion, for
which the corresponding properties are again obvious. [J

We now form an extended Brownian excursion, generating an extended Brow-
nian snake, related to the uniform Brownian tree in Theorem 4.4. The unmarked
tree, constructed as in Lemma 4.3(iii) though with Brownian spatial motion and
with 7q,..., T,—1 chosen to be i.i.d. U(0,t), is referred to below as a discrete
Brownian snake on [0, t] of order n.

LEMMA 4.7. Given a Brownian excursion X, conditioned to reach height
t >0, form X" by inserting n independent copies of the path between the first and
last visits to t, let 1) < --- < T, be the connection times of those n + 1 paths, and
Jform a Brownian snake Y" with contour process X". Then the paths Y[ , ..., Y]
form a discrete Brownian snake on [0, t].

PROOF. Use Lemma 4.6 and its proof. [

The extended Brownian snake Y generates a measure-valued process 7,,, in the
same way as the ordinary snake Y generates a single cluster n; cf. [26, 28] or [7],
page 69. We show how the nth order Palm distributions with respect to 7; can be
obtained from 7, by suitable conditioning. The “cluster terms” in Lemma 3.8 can
then be obtained by simple averaging, based on the elementary Lemma 3.9.
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THEOREM 4.8. Let Y, be an extended Brownian snake with connection times
1, ..., Tn, generating a measure-valued process n,. Choose an independent, uni-
form permutation w of 1,...,n, and define B = Y, (ty,, 1), k < n. Then for any
initial measure . on R, the nth order Palm distributions of n with respect to n;
are given a.e. A2 by

(11) ﬁu[n”n?n]ﬁ :ﬁu[nnlﬂ] a.s.

PROOF. Let 19 and t; be the first and last times that X visits ¢, and let
70, - .., Tn+1 be the endpoints of the corresponding n + 1 paths for the extended
process X,,. Introduce the associated local times oy, ..., 0,41 of X, at ¢, so that
oo = 0 and the differences oy — o} are independent and exponentially distributed
with rate ¢ = ¢~ 1. Writing 0 o 7 = (0%, ..., 0x,), We get, by Lemma 2.9,

c}’l
(12) Ef(o on,an+1):—E/ f(s,o1)ds.
nl Jjo,o)

By excursion theory (cf. [15], pages 432-442), the shifted path 6, X on [0, 71 —
7o) is generated by a Poisson process ¢ Ll o} of excursions from ¢, restricted to the
set of paths not reaching level 0. By the strong Markov property, we can use the
same process ¢ to encode the excursions of X, on the extended interval [7g, 7,411,
provided that we choose ¢ 1l (o1, ..., 0,+1). By Lemma 4.5, the restrictions of X
to the intervals [0, o] and [, oc] are independent of the intermediate path, and the
corresponding property holds for the restrictions of X, to [0, 79] and [7,+1, o],
by the construction in Lemma 4.7. For convenience we may extend ¢ to a point
process ¢’ on [0, oo], using points at 0 and oo to encode the initial and terminal
paths of X or X,,. From (12) we get, by independence,

n
(13) Ef(o o, ons1, )= —E f(s,01, ") ds.
n! J{o,0]"

The inverse local time processes T of X and 7, of X, are obtained from the
pairs (o1,¢’) or (0,41, "), respectively, by a common measurable construction,
and we note that T (o) = 7 fork =0, 1 and T,,(ox) =t} fork =0, ..., n+ 1. Fur-
thermore, § =Ao T 'and &, = Ao T,fl are the local time random measures of X
and X, respectively, at height 7. Since the entire excursions X and X, may be re-
covered from the same pairs by a common measurable mapping, we get, from (13),

" "
(14) Ef(rom X,)=—E f(Tos,X)ds = —E/ f(r, X)E®"(dr),
n! n!

[0,01]"
where T os = (Ty,, ..., T,), and the second equality holds by the substitution rule
for Lebesgue—Stieltjes integrals.

Now introduce some random snakes Y and Y,, with contour processes X and X,,,
respectively, with initial distribution u, and with Brownian spatial motion in R4,
By Le Gall’s path-wise construction of the snake [26], or alternatively by the dis-
crete approximation described in [7], the conditional distributions £,[Y|X] and
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L,[Y,|X,] are given by a common probability kernel. The same constructions
justify the conditional independence Y, 1L x, (7 o ), and so, by (14),

E f(tom Y, = %Eﬂff(r, Y)ES" (dr).

Since By = Yy (T omg, t) for all k, and n; is the image of £ under the map Y (-, ¢),
the substitution rule for integrals yields

Euf (B ¥n) =" E, f F G0, 1E¥ dr) = B, / £, V@ (dx).

Finally, the entire clusters n and 5, are generated by Y and Y;, respectively,
through a common measurable mapping, and so

Euf (Bnn) = B / £ mn® (dx),

which extends by monotone convergence to any initial measure. The assertion now
follows by direct disintegration, or by the conditioning approach to Palm distribu-
tions described in Section 3. [

5. Moment densities. Here we collect some technical estimates and continu-
ity properties for the moment densities of a DW-process, useful in subsequent sec-
tions. We begin with a result for general Brownian trees, defined as random trees
in R? with spatial motion given by independent Brownian motions. For x € (R?)",
let r, denote the distance from x to the diagonal set D, = ((R%))c.

LEMMA 5.1. For any marked Brownian tree on [0, s] with n leaves and paths
in R?, the joint distribution at time s has a continuous density g on (RY)™ satis-
fying

gx)<(lv tdnzr;z)"d/zp,%”d(x), xe (RHM™ s <.

PROOF. Conditionally on tree structure and splitting times, the joint distribu-
tion is a convolution of centered Gaussian distributions w1y, ..., iy, supported by
some linear subspaces S1 C--- C S, = R" of dimensions d, 2d, ..., nd. The tree
structure is specified by a nested sequence of partitions 7y, ..., w, of the index
set {1,...,n}, and we write hy, ..., h, for the times between branchings. Then
Lemma 2.1 shows that u; has principal variances h|J|, J € mx, each with multi-
plicity d. Writing v; = p; - A®¢ and noting that |J| <n —k + 1 for J € mx, we get,
by Lemma 2.2,

(k=1)d/2 . kd

—kd
pe = (n—k+1) Vi, ® 85

, k<n.
Putting
= H(n —k+ 1)(k—1)d/2 < nnzd/27
k<n

sk = —k+ 1Dhy, tr =Sk + -+ + 8y, k<n,
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we get

c‘lk(*) wes () (@82 =R .(*)kvfj =R
=n <n

kgnj z k<n

Consider the orthogonal decomposition x = x| + --- + x,, in R with x; €
Sk © Sk—1, and write x’ = x — x,,. Since |x,| equals the orthogonal distance of x
to the subspace S,—1 C D,, we get |x,| > ry. Using Lemma 2.3 and noting that
h, =t, <ty <nt, we see that the continuous density of ey % -+ % ) at x is
bounded by

_ _ 2
[1 P20 = []@ra)~42e /2

k<n k<n

= (2nhn)7nd/2€7|xn|2/2hn 1_[ €7|Xk|2/2nt

k<n
d —|x'1?/2
= pp (|xal)e /20
— 112
< (1V tdn®|x| 722 pnd (g e /20

<(v tanr;z)"d/zp;%”d(x),

where |x,| also denotes the vector (|x,|,0,...,0). Since the right-hand side is
independent of branching structure and splitting times, the unconditional density
g (x) has the same bound, and the desired estimate follows. The stated continuity
follows by dominated convergence from the continuity of the normal density. [J

This yields a useful estimate for the moment densities of a single cluster.

LEMMA 5.2. For a DW-process in R?, the cluster moment measures v =
Eon?” have densities q;' (x) that are jointly continuous in (x,t) € (RH™ x (0, 00)
and satisfy the uniform bounds

supg”(x) < (v r 202 p8(x),  x e (RH™, 1> 0.
s<t

PROOF. By Theorem 4.4 it is equivalent to consider the joint endpoint distri-
bution of a uniform, nth order Brownian tree in R? on the interval [0, 7], where
the stated estimate holds by Lemma 5.1. To prove the asserted continuity, we may
condition on tree structure and splitting times to get a nonsingular Gaussian dis-
tribution, for which the assertion is obvious. The unconditional statement then
follows by dominated convergence, based on the uniform bound in Lemma 5.1.

O

We proceed with a density version of Theorem 4.2.
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THEOREM 5.3. For a DW-process in R? with initial measure u # 0, the mo-
ment measures E ,Lf;'t@” and v}' = Eon®" have positive, jointly continuous densities
on (RH™ x (0, 00), satisfying density versions of the identities in Theorem 4.2(i)—

(iv).

PROOF. Let g;' denote the jointly continuous densities of v;' obtained in
Lemma 5.2. As mixtures of normal densities, they are again strictly positive. In-
serting the versions ¢;' into the convolution formulas of Theorem 4.2(i), we get
some strictly positive densities of the measures E M§,®”, and the joint continuity
of those densities follows by extended dominated convergence (cf. [15], page 12)
from the estimates in Lemma 5.2 and the joint continuity in Lemma 2.5.

Inserting the continuous densities g;' into the expressions on the right of Theo-
rem 4.2(ii)—(iv), we obtain densities of the measures on the left. If the latter func-
tions can be shown to be continuous on (R9)) or (R?)™, respectively, they must
agree with the continuous densities th or gy, ,, and the desired identities follow.
By Lemma 5.2 and extended dominated convergence, it is enough to prove the
required continuity with g5 and ¢ replaced by the normal densities p; and pen,

respectively. Hence, we need to show that the convolutions p; s pS", pa(fl_)tl ) % pn

and p&™ x p&" are continuous, which is clear since they are all nonsingular Gaus-
sian. [

‘We turn to the conditional moment densities.

THEOREM 5.4. Let & be a DW-process in R? with &y = . Then for every n
there exist some processes M f on F{”d, 0 <s <t, such that:

(1) Eu[$z®n|r§s] = M| A8nd g5 0<s <t
(i1) M; (x) is a martingale in s € [0, t) for fixed x € RHM and t > 0;

(iii) M!(x) is continuous, a.s. and in L', in (x,t) € RH® x (s, 00) for fixed
s>0.

PROOF. Write S, = (RH)™, let g denote the continuous densities in
Lemma 5.2 and let x; be the projection of x € R" onto (R?)’. By the Markov
property of & and Theorem 4.2(i), the random measures E,[£2" |£,] have a.s. den-
sities
(15) Mix)= Y [[E=xq 9.  xeSs,,

neP, Jer

which are a.s. continuous in (x,t) € S, x (s,00) for fixed s > 0 by Theo-
rem 5.3. Indeed, the previous theory applies with p replaced by &;, since E & p; =
Ups+: < oo and hence & p; < oo for every ¢ > 0 a.s.

To prove the Ll—continuity in (iii), it suffices, by Lemma 1.32 in [15], to show
that E, M!(x) is continuous in (x, 1) € S, x (s, 00). By Lemma 5.2 and extended
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dominated convergence, it is then enough to prove the a.s. and L' continuity in
x € S, alone, for the processes in (15) with qtj_s replaced by p,®J . Here the a.s.
convergence holds by Lemma 2.5, and so by Theorem 4.2(i) it remains to show that
g™ x pE" is continuous on S, for fixed s, ¢, w and n. Since g * p" = v % p2"
is continuous on S;, by Theorem 4.4 and Lemma 5.1, it suffices, by Lemma 5.2
and extended dominated convergence, to show that u % p&" is continuous on R"?
for fixed ¢, i and n, which holds by Lemma 2.5.
To prove (ii), let B C R" be measurable, and note that

A MG: Bl = Eu&5" B = EyEl67" BI&]
= E 22" M!; Bl = 2*"[E, M; B,

which implies M| = E,,M! a.e. Since both sides are continuous on S,, they agree
identically on the same set, and so by (15)

E. Y [l&*a pen=> [[w*xeHaxn,  s<t

weP, Jer neP, Jer

Replacing u by &, for arbitrary » > 0 and using the Markov property at r, we
obtain

E MITI0IE1=MT(x)  as,x€S8,,r>00<s<t,

which yields the martingale property in (ii). [
We turn to a simple truncation property of the conditional densities.

LEMMA 5.5. Let & be a DW-process in R? with initial measure i, fix some
disjoint, open sets By, ..., B, C R? and put B =Xy By and U = J;, Bi. Then as
h — 0 we have, uniformly for (x,t) € B x (0, 00) in compacts,

Ey Y [TQuek—n*q])(xs) — 0.

neP, Jer

PROOF. Writing ¢ = s 4 & and using the notation and results of Theorem 5.4,
we see that the left-hand side is bounded by E, M (x) = M/,(x). By Lemma 5.2,
this is locally bounded by a sum of products of convolutions u * p?l (xy), and
Lemma 2.4 yields a similar uniform bound, valid in some neighborhood of every
fixed pair (x, 1) € (RH™ x (0, 00). Letting i | 0locally and using Lemma 2.5 and
dominated convergence, we get E, M!(x) — 0, uniformly for (x,t) € (RHM
(0, 00) in compacts. This reduces the proof to the case of bounded ©. We may then
estimate the expression on the left by

o NEEZLNTT sup gif (xs —w).

TeP, Jem UeU*
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By Theorems 4.2(i) and 4.4 the norms || E Msf’j | are bounded for bounded ¢ — A.
Furthermore, Lemma 5.2 shows that the functions q}{ may be estimated by the

corresponding normal densities pf?J, for which the desired uniform convergence
is obvious. [

We need some more precise estimates of the moment densities near the diago-
nals. Here g, , denotes the continuous density of E, #" in Theorem 5.3.

LEMMA 5.6. Let & be a DW-process in RY. Then E WES" x pf?” is continuous
on R" and such that for fixed t > 0, uniformly on R andins <t,h>0and w,

EL8" x pP" < (IVR'0"M72 Y Q(ux pSl,) < oo.

neP, Jer

Furthermore, E £8"  pP" — gy, on (RH™ as s — t and h — 0.

PROOF. By Theorem 4.2(i) it suffices to show that v} pf?" <(lv h1r) x
p,%ﬁ_h, uniformly for s <¢. By Theorem 4.4 we may replace v} by the distribu-
tion of the endpoint vector y;' of a uniform Brownian tree. Conditioning on tree
structure and splitting times, we see from Lemma 2.1 that y!' becomes centered
Gaussian with principal variances bounded by nt. Convolving with pf?” gives a
centered Gaussian density with principal variances in [k, nt + h], and Lemma 2.2
yields the required bound for the latter density in terms of the rotationally symmet-
ric version pf’ﬁ'_’F 5 Taking expected values yields the corresponding unconditional
bound. The asserted continuity may now be proved as in case of Lemma 2.5.

To prove the last assertion, consider first the corresponding statement for a sin-
gle cluster. Here both sides are mixtures of similar normal densities, obtained by
conditioning on splitting times and branching structure in the equivalent Brownian
trees of Theorem 4.4, and the statement results from an elementary approxima-
tion of the uniform binomial process on [0, ] by a similar process on [0, s]. The
general result now follows by dominated convergence from the density version of
Theorem 4.2(i) established in Theorem 5.3. [

To state the next result, we use for x = (xq, ..., x,) € (RY)" and k € [1, n] the
notation x*¥ = (x1, ..., xz).

LEMMA 5.7. For any u and 1 <k < n we have, uniformly for 0 < h <r <
A %) and (x, 1) € (R)™ x (0, 00) in compacts,

pk(1—d/2) d=>3,

E 800 o (p®1 @ p®Ky) (x, k) <
( uSt (Ph Py ))( ) < |10gr|k, d=2.
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PROOF. First we prove a similar estimate for the moment measures v,”+k of
a single cluster. By Theorem 4.4 it is equivalent to consider the distribution ,u’t”k
for the endpoint vector (y1, ..., Yu+k) of a uniform Brownian tree on [0, ¢]. Then
let 7; and «; be the time and place where leaf number n + i is attached, and put
T =(t;) and @ = («;). Let u;"f and ,u’;l +.o denote the conditional distributions of
(V1,...,¥n), given T or (7,a), respectively, and put u =t + r. Then we have,
uniformly for A and r as above and x € (R%)™,

(i (0" © PED) e, xh) = Eue o % D) [ P (i — @)

i<k
< E(uq* P2 [[ — )~/
i<k
u k k(1—-d/2)
_ r ,
=gl [ s as) iQZ(X)i ¢
r llogr ¥,

when d > 3 or d = 2, respectively. Here the first equality holds since (yy, ..., ¥n)
and 41, ..., Yutk are conditionally independent, given 7 and «. The second re-
lation holds since || p,|| < r~%/?. We may now use the chain rule for conditional
expectations to replace ;Lflt, o DY /,L?IT. Next we apply Lemma 2.7 twice, first to
replace M?lr by ', then to replace 7,41, ..., T4k by a uniform binomial process
on [0, 7]. We also note that u} * vff’” < w;; by the corresponding property of the
binomial process. This implies u} pff’” < g, since both sides have continuous
densities outside the diagonals by Lemma 5.2, justifying the third step. The last
step is elementary calculus.

Since the previous estimate is uniform in x € (R?)®™, it remains valid for the
measures [ * vt”+k with g,; replaced by the convolution u * g, which is bounded
on compacts in (RH™ % (0, 00) by Lemma 5.2. Finally, Theorem 4.2(i) shows, as
before, that p * v}’ * pf?" (x) < ux*gq, (x) for h <t, which is again locally bounded.

g

We conclude with two technical results, needed in the next section.
LEMMA 5.8. For any initial measure u € My and a w € Py, with || < n, we

have

M*vf*@v;{:qt’h-)»@”d, t,h>0,

Jem
where g; p(x) = 0 as h — 0, uniformly for (x,t) € (RH™ x (0, 00) in compacts.

PROOF. For x = (x1,...,x,) € (RH™, write A = min;-; |x; — x|, and note
that

inf > ki —ug P = (A/22 ) (T - 1) = A4

d
ue®O™ e yen Jex
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Letting g5 denote the continuous density of & ., v}{ on (RH)™ and using

Lemma 5.2, we getas h — 0

sup gn(x—u) < sup [[ pan(xi—uy) < pnd/2 =2 [8nhd _ ()
ue(R4)™ ue®RHT i jexn
uniformly for x € (RY)™ in compacts. Since |[v7 || = |7 |!/"!=! by Theorem 4.4,
we conclude that

sup (V] xqp)(x —u) — 0, h—0,
ue(RH™

uniformly for (x, t) € (R4 x R in compacts.

Since the densities g;' of v}' satisfy V] * &) ¢, qh] < g, by Theorems 4.2(iv)
and 5.3, we have vf' * g < q;;. Using Lemmas 2.4 and 5.2 and writing # =
(u,...,u), we get

OF % qn)(c —u) < i (=) = p;" @), ueR?,

for some constant b > 0, uniformly for (x,7) € (RH™ x (0, 00) in compacts.
Here fpl‘?" (u)u(du) < oo since up; < oo for all ¢ > 0. Letting h = h,, — 0 and
restricting (x,t) = (x,, ;) to a compact subset of (RH™ % (0, 00), we get by
dominated convergence

Grn(x) = (1% V7 % @) (x) = / W(du) (O % g) (x — ) = 0,

which yields the required uniform convergence. [J

For the clusters 1 of a DW-process in R¢, we define

Vh.e(dx) = Eolna(dx); sup,n; (B >0],  h,e>0,xeR.

LEMMA 5.9. For any initial measure . € My, we have

;L*vt"*(vh,g@v;l@(n_l)) =q; . \®nd t,h,e >0,

where qih(x) — 0 as €27 > h — 0 for some r > 0, uniformly for (x,t) €

(RH™ x (0, 00) in compacts.

PROOF. Let p be the span of n from 0, and put 7 (r) = Pyo[p > r||n1]o and
h' = h'/2. By Palm disintegration and Lemma 8.1(iv), V¢ has a density bounded
by

& — |x| pr(X)T (e/2h), x| <¢&/2,
peo7 (5, ><{ph<x>, x| > /2.

Letting v, . and v/ _ denote the restrictions of v, . to BS/? and (Bg/ 2)C, re-
€ Vhe h,e : 0 0

spectively, we conclude that v, , ® v,?(”fl) has a density < T(g/2h") 2" (x).
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Hence, for 0 < h < ¢, Theorem 4.4 yields a density < T(s/Zh/)qt'q_h(x) of
VAR (”Z,e ® v,?(”_l)). Here T'(g/2h') — 0 as h/e?> — 0 since p < 0o a.s., and
Lemma 5.2 gives sup,, qt"+h (x —u) <1, uniformly for (x, 1) € (RH™ % (0, 00) in
compacts.

Next we note that v;l” . ® vf? =D has a density bounded by

P ) |xy| > £/2) < k412~ /8h _, ¢

Since |[vf'|| < 1 for bounded ¢ > 0 by Theorem 4.4, even vy’ * (v} . ® v;l@("_l)) has
a density that tends to 0, uniformly for x € R"@ and bounded ¢ > 0. Combining
the results for V;;, . and v;; .» we conclude that v} % (v, ® v,?(nfl)) has a den-
sity qih satisfying sup, qih(x — u) — 0, uniformly for (x,7) € (R")™ x (0, o0)
in compacts. To deduce the stated result for general w, we may argue as in the
previous proof, using dominated convergence based on the relations v, . < vy
and v{ * vf?" < vt”+h with associated density versions, valid by Theorems 4.2(iv)
and 5.3. [

6. Palm continuity and approximation. Here we establish some continu-
ity and approximation properties for the multivariate Palm distributions of a DW-
process, needed in Section 9. We begin with a continuity property of the transition
kernels, which might be known, though no reference could be found.

LEMMA 6.1. Let & be a DW-process in R, and fix any i and B € B%, where
either w or B is bounded. Then L, (1p&;) is continuous in total variation int > 0.

PROOF. First let |||l < co. For any ¢ > 0, the ancestors of & at time 0 form
a Poisson process ¢y with intensity #~!x. By Lemma 4.5 the ancestors splitting
before time s € (0, t) form a Poisson process with intensity st~2u, and so such a
split occurs with probability 1 — exp(—st‘zllull) < st‘zllull. Hence, the process
¢, of ancestors at time s agrees, up to a set of probability sz~2|| ||, with a Poisson
process with intensity 1~ * p.

Replacing s and 7 by s + & and t + h where || < s, we see that the process ¢/

s+h
of ancestors of & at time s + h agrees up to probability (s + h)(t + k)~ 2| ||

with a Poisson process with intensity (¢ + )~ Ps—+n- Since & and &1, are both
Cox cluster processes with the same cluster kernel, given by the normalized distri-
bution of a (r — s)-cluster, the total variation distance between their distributions
is bounded by the corresponding distance for the two ancestral processes. Noting
that || £(n1) — L(n2)|| < |En1 — Eny| for any Poisson processes 11 and 7, on the
same space, we obtain a total bound of the order ||u| times

K s+ 1|h 1 1 ¢ — s+ 1|h h
s L} ‘__ ’+||p; Pl s+ Al 1)
2 (t+h) t t+h t t st
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Choosing s = |h|'/2, we get convergence to 0 as & — 0, uniformly for 7 € (0, 00)
in compacts, which proves the continuity in ¢.

Now let u be arbitrary, and assume instead that B is bounded. Let u, and ),
denote the restrictions of u to By and (Bg)“. Then P/ {§ B > 0} < (1. % v)B <
oo, uniformly for ¢ € (0, 00) in compacts (cf. Lemma 7.2 below). As r — 00,
we get Py {§ B > 0} — 0 by dominated convergence, in the same uniform sense.
Finally, by the version for bounded u, £, (1p§;) is continuous in total variation
int > 0 for fixed r >0. O

A similar argument based on the estimate |6y * ps — psll1 < |x|s—1/2 yields
continuity in the same sense even under spatial shifts. We proceed with a uniform
bound for the associated Palm distributions.

LEMMA 6.2. Forany j, t > 0, and open G C R?, there exist some functions
pr on G with p, — 0 as h — 0, uniformly for (x,1) € G™ x (0, 00) in com-
pacts, such that a.e. E, 2" on G™ andforr <s <t with2s >t +r

|Lu[1Ge&NEE™ — EulLe, (1Ge&—)IES"T| < pr—r-

PROOF. The random measures & and & may be regarded as Cox cluster pro-
cesses generated by the random measure 2~ '&, and the probability kernel 2., (17;,)
from R? to My, where h=s —r orh=1t—r, respectively. To keep track of
the cluster structure, we introduce some marked versions 55 or St on R? x [0, 1],
where each cluster &; is replaced by f;-', =& ® 85, for some iid. U(0,1) ran-
dom variables o; independent of the &;. Note that §S and gz-t are again cluster pro-
cesses with generating kernels U, = L(£, ® 8,) from R? to M(R? x [0, 1]), where
L(&n,0) = v, @ A. By the transfer theorem (cf. [15], page 112), we may assume
that & (- x [0, 1]) =& a.s.

For any v = (v1,...,v,) € [0, 1]", we may write r,gt = ét,v + ét/,v’ where §t?v
denotes the restriction of é, to R? x {v1, ..., vy}, which is product-measurable in
(w,v) by Lemma 3.3. Writing D = ([0, 1]")¢, we get for any B € B and for
measurable functions f : (Rd x [0, 1D x M(Rd x [0, 1]) = [0, 1] with fx , =0
for x € B¢

\ f / EWE8" (dx dv)(Eulfr.o (LD 1E® 0 — El froo(lgefr o) [E® 110)
<E, / f 15 0ES (dx dv)| oo (16eED) — frv(1ekro)]
<E, / / 15(x)EX" (dx dv)1{E] ,G > 0}

< EE®"(Bx D)+ E, f/ §®”(dxdv)21{§thc>O}

i<n
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To estimate the first term on the right, we define P, = {7 € P,; || < n}. For
any «,w € P,, write k < m to mean that every set in « is a union of sets in 7,
andput v/ ={J em; J C I}. Let ¢ be the Cox process of ancestors to &, at time
r = s — h. Using the definition of §s, the conditional independence of the clusters
n, and Theorem 4.2(i), we get

EL8"(x D)= ) Eujgr(”)(du) X n;‘}jjj =Y E.£7 x Qv

weP) Jen nePp), Jen
1 J
- Y @uehs @ ol
TEP, K=T [k Jenl

and similarly for the associated densities, where g“s(”) denotes the factorial measure
of ¢ on (R4)™). For each term on the right, we have |7 1| < |I| for at least one
I € k, and then Lemma 5.8 yields a corresponding density that tends to 0 as & — 0,
uniformly for (x,r) € (RHD x (0, 00) in compacts. The remaining factors have
locally bounded densities on (RHD x (0, 00), for example, by Lemma 5.6. Hence,
by combination, E M§S®”(- x D) has a density that tends to 0 as 4 — 0, uniformly
for (x, s) € (RH)™ x (0, 00) in compacts.

Turning to the second term on the right, let B = X; B; € G™ be compact, and
write By = X;cyB; for J C {1,...,n}. Using the previous notation and defining
Vp.e as in Lemma 5.9, we get for ¢ > 0 small enough,

=Qn P c
EM//BXD;S (dxdv)1{E, G >0}

= £, [ ¢ [ gt @xoring!6e> 0 [T
1

i>1

< B (e @818

J/
= Z (1 v *(vh,g®vf? "By,) 1_[ (M*vrj*v?J)Bj,

TeP, Jen'

where 1 € Ji e w, J{ = Ji \ {1} and n’ = 7 \ {J1}. For each term on the right,
Lemma 5.9 yields a density of the first factor that tends to 0 as &~ — O for fixed
¢ > 0, uniformly for (x;,,1) € (Rt x (0, 00) in compacts. Since the remaining
factors have locally bounded densities on the sets (R?)’ x (0, 00) by Lemma 5.6,
the entire sum has a density that tends to 0 as 7 — 0 for fixed ¢ > 0, uniformly
for (x,1) € (RH)™ x (0, 00) in compacts. Combining the previous estimates and
using Lemma 3.4, we obtain

(16) | Lu[1GeENES xw — LullGe& v |ES x| < pn ae. E &7,

for some measurable functions p;, on (Rd)(”) with p, — 0 as & — 0, uniformly
on compacts.
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We now apply the probabilistic form of Lemma 3.8 to the pair (&, &), re-
garded as a Cox cluster process generated by &,. Under £, [ &, ||.§ &1, ., the leading
term agrees with the nondiagonal component gt,v. To see this, we first condition
on &, so that & becomes a Poisson cluster process generated by a nonrandom
measure at time r. By Fubini’s theorem, the leading term is a.e. restricted to
RY x {v1, ..., v,}¢, whereas by Lemma 3.10 the remaining terms are a.e. restricted
to R? x {vi,...,v,}. Hence, Lemma 3.8 yields a.e.

Lul&llED v = EulLe, G- IES )y,  xe(RDH™ vel0,117,
and so, by (16),

| L 1Ge&NES xv — EulLe, A& ) IEE xw| < pn ae. ELEE™.
The assertion now follows by Lemma 3.5. [

We may now establish some basic regularity properties for the Palm distribu-
tions of a DW-process. Here again, weak continuity is defined with respect to the
vague topology.

THEOREM 6.3. For a DW-process & in R%, there exist versions of the Palm
kernels L, [& 1E8 ., such that:

1) L.l& ||$ "x is tight and weakly continuous in (x ) € (RH® x (0, 00);
(>i1) for any t > 0 and open G C R, L [lGéézHS; "1, is continuous in total
variation in x € G™;
(iii) for any open G and bounded 1 or G€, EM[IGcEZIIS,@)" 1 is continuous in
total variation in (x,t) € G™ x (0, 00).

PROOF. (i1) For the conditional moment measure E [ "1&] with r > 0
fixed, Theorem 5.4 yields a Lebesgue density, that is, L' contlnuous in (x,t) €
(Rd)(”) x (r, 00). Since the continuous density of E, ®" is even strlctly posi-
tive by Theorem 5.3, the L'-continuity extends to the den31ty of E [5 "&,] with
respect to E u5z® Hence, by Lemma 3.7 the Palm kernels £, [&, ||.§t "1, have ver-
sions that are continuous in total variation in (x,?) € (Rd)#) x (r, 00) for fixed
r > 0. Fixing any > r > 0 and G C R?, we see in particular that the kernel

[ﬁgr(lgcét r)llé, "1, has a version, that is, continuous in total variation in
x € (RH)™ . Choosing arbitrary r1, 72, ... € (0,t) with ry — ¢, using Lemma 6.2
with r = r; and s = ¢, and invoking Lemma 3.6, we obtain a similar continuity
property for the kernel £,[15<&; ||.§,®"]x.

(iii) Let u or G¢ be bounded, and fix any r > 0. As before, we may choose
the kernels £, [&, ||§ "1, to be continuous in total variation in (x, ) € (R?)™ x
(r, 00). For any x, x’ € (RH)™ and 1,1’ > r, write

| EulLe, (1Ge&—n) &2 e — EulLe, (1) IIEF" 1|
< EulllLe, (16e&-r) — Le, (g€ I1E7"
+ | LLlEANEE 1 — Ll 1€ 1.
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As x’ — x and ¢’ — ¢ for fixed r, the first term on the right tends to O in
total variation by Lemma 6.1 and dominated convergence, whereas the second
term tends to O in the same sense by the continuous choice of kernels. This
shows that EM[Egr(lch,_r)Hét@"]x is continuous in total variation in (x,t) €
(RHY™ x (r, 00) for fixed r, u,and G.

Now choose &1, hp, ... > 0 to be rationally independent1 with &, — 0, and
define

ri(t) = hy[hy 't =1, t>0,keN.

Then Lemma 6.2 applies with r = r;(¢) and s = ¢ for some functions p; with
pk — 0, uniformly for (x,7) € G™ x (0, 00) in compacts. Since the sets Uy =
hiU;j(j — 1, j) satisfy limsup; Uy = (0, 00), Lemma 3.6 yields a version of the
kernel £M[lgc.§,||$t®"]x, that is, continuous in total variation in (x,7) € G™ x
(0, 00).

(i) Writing Uy = |U; By, and using Theorem 5.3 and Lemma 5.7, we get

E £2"BE(E,UL A T) 2

x < E ®(n+1) % ®n® x,x;) < re,
Eu§t®n3§ = Z( uSt (Pez Prz))( i) < r2|logr|,

i<n
uniformly for (x,?) € (RH™ x (0, 00) in compacts. Now use part (iii), along with

a uniform version of Lemma 3.12 for random measures &,. [

The last result yields a similar continuity property for the forward Palm kernels
'C,u[gt”gégm]x with s <.

COROLLARY 6.4. For fixed t > s > 0, £M[§t||§?"]x has a version, that is,
continuous in total variation in x € (R%)™.

PROOF. Let ¢ denote the ancestral process of & at time s =t — h. Since
&1L, £¥", it suffices by Lemma 3.13 to prove the continuity in total variation of
L,1E11E2™],. Since & is a Cox process directed by h~'&,, we see from [22] that
L[5 18], is a.e. the distribution of a Cox process directed by £, [~ & |E&"].
Hence, for any G C R4,

i|£u[§s|l$§n]x - »Cu[lG"§S||§s®n]x ”
< P/VL[{SG > 0||§?n]x

-1 _
= Eu [l — e 598", < Bl '6G A 1IES"],.

Choosing versions of £, [ésllés@”]x as in Theorem 6.3 and using part (i) of that
result, we conclude that £, [¢, ||$s®”]x can be approximated in total variation by

1Meaning that no nontrivial linear combination with integral coefficients exists.
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kernels £, [1G<Zs ||§s®”] x With open G C R, uniformly for x € G™ in compacts.
It is then enough to choose the latter kernel to be continuous in total variation on
G™. Since lgegsLli,e6,16&s, such a version exists by Lemma 3.13, given the
corresponding property of £, [1G<&s ||.§;,X’”] » from Theorem 6.3(ii). [

The following approximation plays a crucial role in Section 9. Here the Palm
kernels are assumed to be continuous, in the sense of Theorem 6.3 and Corol-
lary 6.4.

LEMMA 6.5. Fixany u,t > 0 and open G CR%. Thenas s 1t and u — x €
G™  we have

L 1Ge& NIER N — LullGe&NIEE"1x ]| — 0.
PROOF. Letting r < s <t, we write

”EM[chst Hss®n]x - ‘C,LL[IG("SI ”g[@n]x ”
<) Lul1e& IEZ" ) — EulLe, (1ge&—r) IES 1« |

+ [ LullGe&1E2 e — EplLe, (1ge&—) 152" x|
+ Hﬁu[érné?n]x - Eu[sr”gt@n]x ”

By Lemma 3.7 and Theorems 5.3 and 5.4, the kernels L,[&, 1E&"], and
L, [érllét‘g’” ] have versions that are continuous in total variation in x € (Rd)(”).
With such choices and for 2s > ¢ + r, Lemma 6.2 shows that the first two terms
on the right of (17) are bounded by some functions p;_,, where p;, | 0 as h — 0,
uniformly for (x, t) € G™ x (0, 00) in compacts. Next, by Lemma 3.7 and The-
orem 5.4, the last term in (17) tends to 0 as s — ¢ for fixed r and ¢, uniformly
for (x, 1) € (RH)™ x (0, 00) in compacts. Letting s — ¢ and then r — ¢, we con-
clude that the left-hand side of (17) tends to 0 as s 1 ¢, uniformly for x € G™ in
compacts. Since £M[lgc$t||‘§,®"]x is continuous in total variation in x € G™ by
Theorem 6.3(ii), we obtain the required joint convergence as s 1 ¢ and u — x. [J

A7)

We conclude with a continuity property of the one-dimensional Palm distri-
butions, quoted from Lemma 3.5 in [19] and its proof. Here £, [&/&]x and
L, [n¢In:]x denote the continuous versions of the Palm distributions of &; and 7,
as constructed explicitly in [2, 4].

LEMMA 6.6. Let € be a DW-process in R? with canonical cluster 1.
Then for fixed t > 0 and 1, the shifted Palm distributions L, [0_ & &1 and
L, 0-xn:lIn:lx are continuous in x € RY, in total variation on any compact set
B C R?. When lm] < oo we may even take B = RY.
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7. Hitting, multiplicities, and decoupling. Here we derive some estimates of
hitting probabilities needed in subsequent sections. We begin with the basic hitting
estimates, quoted in the form of Lemma 4.2 in [19]. The statement also defines the
function ¢ (&) that occurs frequently below. Note that the definitions differ for d > 3
and d =2.

LEMMA 7.1. Let n be the canonical cluster of a DW-process in R%. Then:

(1) ford > 3, we have with t () =1t + &2, uniformly in u, t and e with 0 < ¢ <
Vi,

upr < 2P, {0 BE > 0} < uprie):

(i) for d =2, we may choose t(g) = tl(e//t) with 0 <l — 1 < |log<f3|_1/2
such that, uniformly for i, t and & with 0 < 2& < /t,

pr < log(t/e*) Pu{nB§ > 0} < 14Dy (e).-

We proceed with a uniform limit theorem for hitting probabilities, quoted from
Lemma 5.1 and Theorem 5.3 in [19]. Define

ca = lim e~ Py{& B§ > 0}/p,(0),  d >3,
e—0
m(e) = |loge|Py2{n1 B; > 0}, d=2,

where the constants c; exist by [3], and the function logm(¢) is bounded for ¢ < 1
by Lemma 5.1 in [19].

LEMMA 7.2. Let & be a DW-process in R with canonical cluster 1. Then as
& — 0 for fixed t > 0, u and bounded B:

(i) Hez_dPM{éE,Bf.) >0} —ca(u=* p)| g — 0, d>3;
(i)  [[loge|Pu{& By >0} —m(e)(ux* pr)|z— 0, d=2,

and similarly with & replaced by n,. When  is bounded, we may take B = R¢.

We also quote from Lemma 4.4 in [19] some estimates for multiple hits, later
to be extended in Lemma 7.5. Let «;, denote the number of i-clusters of &; hitting
B at time 7.

LEMMA 7.3. Let & be a DW-process in R¢. Then:

() ford >3, we have witht, =t + > as > K h <t

Eucf(cf — 1) < 24D =42 p 4 (upie))’):
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(i) for d =2, there exists a function t, o >t with 0 <t o —t < h|10g8|_1/2,
such thatas e <K h <t

_ 2
Eif(kf — 1) < [loge|~*{log(t/ W) up: + (uprh.e))”}-

For a DW-process & in R? and for any 7 > h > 0, let n}l, n%, ... denote the h-
clusters in &;, and write ¢, for the ancestral process of &; at time s = ¢ — h. When
s =Y ; 8u;, we also write i’ for the h-cluster rooted at u;. Put (N")" = N" \ N®.
Define h(e) as in Lemma 7.1, but with ¢ replaced by 4.

First we estimate the probability for a single A-cluster in &; to hit several e-balls
around x1, ..., x, € R?. We will refer repeatedly to the conditions

e?<h<e,  d=>3,
(18)
h < |loge|~! « |logh|™", d=2.

LEMMA 7.4. Let & be a DW-process in R%, and fix any p, t > 0, and x €
(RD™ Then as e, h — 0, subject to (18),

k; ghld=2) d>3
7. ﬂ{nh’Bs,>0}<<: C =
ke(N"Y j<n Y lloge|™,  d=2.
PROOF. We need to show that for any i # j in {1, ..., n},

P, U{nﬁB; A nﬁB)fj >0}«

ign(d—Z)’ d > 3’
keN

[loge|™", d=2.

Writing x = %(xi +x;) and Ax = |x; — x|, and using Cauchy’s inequality, Lem-
mas 4.1 and 7.1(i) and the parallelogram identity, we get for d > 3,

P (B, Ay B, > 0)
keN

<E.) 1nyBS AjB;, >0}
keN

= Eu/gv(du)l{nZB)fi A nZB)fj > 0}
= / Eués(du)Pu{nthl_ A nhBij > 0}

< [ Gex poudu(Puin B, > 0)Py (s B, > 0D/

<gd™? f(u s ps)u du(pn, (xi — u) pp, (x; — u))'/?

_ — _ 2 /
=12 [ Gt poupn, (F = wy due™ 215

— _ _ 2 /
< &9 x poy) (x)e 1A
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which tends to O faster than any power of ¢. If instead d = 2, we get, from
Lemma 7.1(ii), the bound

(log(h/e%) ™" (1 # pi) (B)e ™A < [loge| ™! (o x pa) (B,
which tends to 0 faster than any power of [loge|~!. O

We turn to the possibility for a single ball B)fj to be hit by several h-clusters
of &, thus providing a multivariate version of Lemma 7.3:

LEMMA 7.5. Let & be a DW-process in R%, and fix any u, t > 0 and x €
(R)™_ Then as e, h — 0, subject to (18),

kj nd=2), d=3,
£ X Tt B, =0~ 1) <<{8 Sl
keN® j<n + loge|™,  d=2

To compare with Lemma 7.3, note that the estimates for n = 1 reduce to

gd=2, d>3,

EM(KZ_DJF < {llogel_1 d=2

PROOF. On the sets

Mne={Z 1048, >0 <) heeso
j<n “keN

we have

( S Tty B, >0y - 1)

keN® j<n +
k.
<> [Ttm/BS, =00 =] tmyB;, >0} <n".
keN" j<n j<nkeN

kj . . .
On Aj, . we note that [];, 7’ By, > 0 implies o B > 0 for some i <n and
[ #ki,..., ky,and so

( S Tty B, >0y - 1)

keN®m j<n +
k,
=< Z 1_[ l{ﬂthij > 0}
keNm j<n
(19) l i
<> > UmBL>0]] 1{n, By, > 0)
i<n (k,1)eNo+D j<n

= Z//gs(”“)(du dv)1{ny B >0} ] 1{nZ-fB;j > 0},

i<n j<n
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where u = (u1, ..., u,) € R and v € RY. Finally, writing Uj, . for the union in
Lemma 7.4 and using Lemma 2.11, we get on U}, ,

( > T1 1{7;,;38_ >0} — 1)

keN® j=<n

(]‘[Zl{nth? >0}—1>

j<nkeN

=Y (X105, >0~ 1) [T X 105, > 0

i<n ‘leN j<nkeN

=Y > 1B >0 [] 1B, > o),

i<n (k,[)eN®+D Jj=<n

which agrees with the bound in (19). Now let g,/ ; denote the continuous density of
Eugs®m in Theorem 5.3. Since Q2 = (Up . N Ap¢) U U,f,g U Afl’s, we may combine
the previous estimates and use Lemmas 5.6 and 7.1(i) to get, for d > 3,

(Z Hl{nth?>0}—1) —n"P,Up.e

keN® j<n

<> E, /f;("“)(dudv)l{n” §i>0}]"[1{n,ff3§j>0}

i<n Jj=<n

—Z//E €D (dudv) Py(ny B, > 0} [ | Py By, > 0}

1<n j=<n

< D=2 3 f / g, v) du dvpy, (x; — v) [ pi, (xj — 1))

i<n j<n
_ 1
:8(n+1)(d 2) Z qﬂtl * ph ®(n+ ))(x’xi)
i<n
< D@D p1=d/2 o n(d=2)
The term n" P,Uj, ¢ on the left is of the required order by Lemma 7.4. For d =
2, a similar argument, based on Lemma 7.1(ii), yields the bound |loge|™*~! x
|logh| < |loge|™. O

We may combine the last two lemmas into a useful approximation:

COROLLARY 7.6. Fix any t, x and 1, let € be a DW-process in R? with h-
clusters nﬁ at time t and let y be a random element in a space T. Put B = (Bé ).
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Then as ¢, h — 0 subject to (18), and for d > 3 or d = 2, respectively,

en(d=2)

<
B {|logs|_”.

PROOF. It is enough to establish the corresponding bounds for

|25 7) = B [ 60N 5220y €)

’

o

FGSs Yieny) = [ 6@ £S5 y)

uniformly for Hpg-measurable functions f on M}, x T with 0 < f < 1p,. Writing
Aj for the absolute value on the left, Uy, ¢ for the union in Lemma 7.4 and «;, for
the sum in Lemma 7.5, we note that

Aj <k Uk, > 1} + Uk < 1; Up e ).
Since k1{k > 1} <2(k — 1)4 for any k € Z,, we get
E A}, <2E,(k; — 1)y + P Upe,

which is of the required order by Lemmas 7.4 and 7.5. [J

We proceed to estimate the contribution of & to the balls By, from distantly
rooted h-clusters. Define B, = Xjan;j for x = (x;) € (R,

LEMMA 7.7. Fixanyt,r >0, x € (R)"™ and p, and put B, = XjB;/,. Then
ase,h—>O,with82§hf0rd23and85hf0rd=2,

gn(de)’ d> 3’

E/ ™ () TT 107 BE > 0
a B§§S (du) [ tm, HEGUA lloge|™™, d=2.

j=<n

PROOF. Let g;, ; denote the jointly continuous density of E 1 E&" from Theo-
rem 5.3. For d > 3 we may use the conditional independence and Lemma 7.1(i) to
write the ratio between the two sides as

gC=d /B CEWEX"(du) [T Pu;tmn By, > 0)

j<n

= [ an @ - du

=@y x PP = [ gl = wpf
0

where h, = h + &2. Here the first term on the right tends to ql’j,,(x) as hy —> 0
by Lemma 5.6, and the same limit is obtained for the second term by the joint
continuity in Theorem 5.3 and elementary estimates. Hence, the difference tends
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to 0. For d = 2, the same argument yields a similar bound with £"?~2) replaced
by |log(e?/h)|™". Since 0 < ¢ < h — 0, we have [log(¢2/h)| > |loge|, and the
assertion follows. [

Next we estimate the probability that a closed set G¢ C R? is hit by some A-
cluster in &;, rooted within a compact subset B C G. For our present purposes, it
suffices with a bound that tends to 0 as & — 0 faster than any power of /.

LEMMA 7.8. Lett =s+hwith0 <h <s,let G C RY be open with a compact
subset B, and let r denote the minimum distance between B and G€. Write ¢, for
the ancestral process of & at time s. Then

PM{/B L (du)ny G€ > 0} < rdh_l_d/ze_rz/Zh(u * ;) B.

PROOF. Letting ' = h'/2 < r/2, we get by Theorem 3.3(b) in [3]

A

PM{ [ Cs(du)nZGc>0} P,L{ [ gs(du)n;:(B;)C>0}

= E, P B)s,&n(By) > 0}
< EMESBF—Z(r/h/)d-l—ZerZ/M

< (u* vt)Brdh_l_d/ze_’z/Zh.

—~

Here the first step holds by the definition of r, the second step holds by conditional
independence and shift invariance, and the last step holds since E, & = p * vy and
ps < prwhens e[t/2,¢t]. O

The last two lemmas yield a useful decoupling approximation:

COROLLARY 7.9.  Fora DW-process & in R? and times t and s =t — h, choose
& LLg & with (&, &) L (&, E). Let G C RY be open, put B = (B)" x G°, and fix
any x € G . Then as e, h — 0 subject to (18)

@D >3,

||£u((§tS§j)j§m &) — £#((‘§’S§j)j5”’ 8l < [loge|™", d=2.

PROOF. Letting Uy = U; B, fix any r > 0 with UY" C G, and write & =

g/ + & and & =& + &/, where &/ is the sum of clusters in & rooted in U’, and
similarly for 5[ . Putting D,, = R" \ (R%)™ and letting ¢, be the ancestral process
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of & at time s, we get
IIEM((SzSﬁj)jgn, &) — Eu((%‘[Sﬁ_,.)jgn, &)ls
= rf[Tas:, = [Ta8: |+ Putgic = 0)

j=n j=n

]_[ anBjj > 0}

j=n

+E, /( - D(du) [T Hny’ B;, >0}

j<n

< P,,L{ /D £ (du)

Sn(d—Z)

+ P“{_/l]r & (du)n, G > 0} < {

by Lemmas 7.4, 7.7 and 7.8. Since the last estimate only depends on the marginal
distributions of the pairs ((EtSjj)an, &) and ((“;‘[Sﬁj)jgn,";‘t”), the same bound
applies to

lloge|™",

1L, (&S5, j<ns &) = L (/S5 j<ns §) 18-
It remains to note that (§/, &) £ &, €). O

8. Scaling limits and local approximation. Here we study the pseudo-

random measures £ and 7, which provide local approximations of the DW-
process & in R? and its canonical cluster 7. We begin with some scaling properties
of & and 5. Given a suitable measure-valued process 7 in R?, we define the span
of n from 0 as the random variable

p = inf{r > 0; sup,n;(B;)‘ = 0}.

Recall that a DW-cluster has a.s. finite span. For any process X on Ry, we de-
fine the process X, on Ry by (X1,); = X, Let Li[nlinn]y denote the continuous
versions of the Palm distributions described in [2, 4].

LEMMA 8.1. Let & be a DW-process in R¢ with canonical cluster n, and let p
denote the span of 1) from 0. Then for any ., x € R and r,c > 0:

() Lus, (r’&1) = L2, (§:28);
(i) Lus, (r*n) =r2Lu(7,25,);
(iii) Lolr?nllmile = Lolf,2SIn,21x:
(iv) Polp > clin,2lx < Polrp + x| > cllnilo-

Though (1) and (ii) are probably known, they are included here with short proofs
for easy reference.
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PROOF. (i) If v solves the evolution equation for &, then so does v(z,x) =
r2u(r’t, rx). Writing & = r—2.§,2,5,, a=r"2us,, and fx)= rzf(rx), we get

Eﬂe“%f — Eue*%z,f — e M2 — oAU — Eﬂe—&f

’

and so £, (€)= L (§), which is equivalent to (i); cf. [7], page 51.

(ii) Define the cluster kernel v by v, = L, (n), x € R4, and consider the cluster
decomposition & = [m¢(dm), where ¢ is a Poisson process with intensity pv
when &y = . Here

r2%.,5, = / (r2m,, S)e(dm),  rt > 0.

Using (i) and the uniqueness of the Lévy measure, we obtain (r_zuS,)v =
n({r=2m,2S, € -}), which is equivalent to

r 2 Lpus, () = L,-2,5,(0) = L, (r24,25,).

(iii)) By Palm disintegration, we get, from (ii),

/ Eoni (dx) EoLf v, rm) i 1x = Eo f 01 (dx) f (x. r2)
= rZEO/ n,2(dx) f(x,7,2S))

— 2 f Eon,(dx) EoLf (x. 7,25 [1m,21x.

and (iii) follows by the continuity of the Palm kernel.

(iv) By (iii) we have Lo[p||n,2]1x = Lolrplinilx, and (iv) follows for x = 0. For
general x it is enough to take r = 1. Then recall from Corollary 4.1.6 in [4] or
Theorem 11.7.1 in [2] that, under Lo[n||n1]y, the cluster n is a countable sum of
conditionally independent subclusters, rooted along the path of a Brownian bridge
on [0, 1] from O to x. In particular, the evolution of the process after time 1 is the
same as under the original distribution £(n) (cf. Lemma 3.13), hence independent
of x. We may now construct a cluster with distribution Lo[7|/n1], from one with
distribution Lo[7n|[n1]o, simply by shifting every subcluster born at time s < 1 by
an amount (1 — s)x. Since all mass of 7 is then shifted by at most |x|, the span
from O of the entire cluster is increased by at most | x|, and the assertion follows.

O

We may now summarize the basic properties of the pseudo-random measure &,
introduced in Section 8 of [19]. Here and below, we write

LOE) = Lul&NEo, LY = Lulnelinlo.

where £, [&&1x and L,[n]In:]x denote the continuous versions of the Palm
distributions constructed in [2, 4]. Since the pseudo-random measures & and 7
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below are stationary by definition, we may further take £°(£) and £0~(ﬁ~) to be
the unique invariant versions of the associated Palm distributions £[0_,&||&] and
LI6_x7|7]x, respectively.

THEOREM 8.2.  Let & be a DW-process in R? with d > 3. Then there exists a
pseudo-random measure & on R?, such that:
(1) as e — O for fixed n and t > 0
1LuE) — mp LE) g <972 1L£0GE) — L2E) g — O,

and similarly with & replaced by n;;
(i) foranyr >0,

LES)=r'2L0%),  LOES) =L00%E);
(iii) & is stationary with E £ =294,
(iv) L(&) is an invariant measure for &;
(V) as r — 00, we have in total variation on Hg for bounded B

rd_2£r27d)h®d &) — ﬁ(é)

PROOF. (i)—(ii) In Theorems 8.1-2 of [19] we proved the existence of a sta-
tionary pseudo-random measure & on R? satisfying (ii), and such that as £ — 0 for

bounded B € B‘d
0 6279 L, (6725 Se) — up LE)IIp — 0,
1L, (6726 Se) — L2E) |5 — 0,

and similarly with & replaced by ;. Under (ii), the latter properties are equivalent
to (i).

(iii) In our proof of Theorem 8.2 in [19] (display (20) in [19], page 2210) we
showed that for any B € B¢

e~ E,ule 728 By; e 72€Se € -1 — up EIEBg; & € 1] — 0.
Taking B = Bé and u = 184 we get, in particular, e_dEA@,dS, SgBé — EéBé,
which extends by stationarity to arbitrary B. Hence,
2O = g7 )88, = ¢ E; 04 (8 S,) — EE,

and so EE =~A®d. )
(iv) Let (&) denote the DW-process & with initial measure £. Using (ii) and
Lemma 8.1(i), we get for any » > 0,

LE:S) = EL; (528, = EL, 2z (r71)
=r"PEL (P8 = r' TP L07E) = LES)),
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which implies §r2 Sy 4 £S,. Hence, & 4 £ forall r > 0.
(v) Using Lemma 8.1(i) and (20) above and noting that A2¢ S, = r1®¢, we get,
as r — 00,

rd_zﬁrzfd;@d &)= rd_z,CX@d (l’zfl S1/r) = LE). O

For d = 2, there is no random measure £ with the stated properties. However,
a similar role is then played by the stationary cluster 1; with pseudo-distribution
L(®) = L,e4(n;). Writing 7 = 171, we have the following approximation and scal-
ing properties:

THEOREM 8.3. Let & be a DW-process in R with canonical cluster 1. Then
as ¢ — 0 for fixed p and t > 0:

g2, d>3,
|10g8|_1, d=2,

Gi) 1£),E) — L2 lgs >0, d=2,

and similarly with & replaced by n;. Furthermore,

@ NLxGE) — mp LMIg K

(iii) foranyr > 0,
L(G,28)=r2L¢?), L0285 =L00%),
(iv) ford =3 and as t — 00, in total variation on Hpg for bounded B,

L) — L(E).

Though for d > 3 the pseudo-random measures £ and 7 have many similar
properties, we note that 7 has weaker scaling properties. The Palm distributions
Lg (&) and L‘g (n;) both exist, since the common intensity measure E & = E;n;
is locally finite. Our proof of Theorem 8.3 requires a simple comparison of £, (§;)
and £, (n;).

LEMMA 8.4. Let & be a DW-process in RY with canonical cluster 1. Then for
any u, B andt > 0:

(@) Pu{n:B >0} = —log(l — P, {&B > 0});
(i) I1£,&) = Lu(Dllp < (Pu{nB > 0})*.

In particular, P {§; B > 0} ~ P, {n; B > 0} as either side tends to 0.
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PROOF. (i) See Lemma 4.1 in [19].
(ii) Using the cluster representation & = [ m¢,;(dm), where ¢, is a Poisson pro-
cess on M with intensity measure £, (1;), we get

15 = / 1sm, (dm) = / 1sme® (dm),

where {tB denotes the restriction of ¢; to the set of measures m with mB > 0. For
any measurable function f > 0 on My  with f(0) =0, Lemma 2.10 yields

|Euf (&) — Eu f A0l < 11 I(PufnB > 0})?,

and the assertion follows since f is arbitrary. [J

PROOF OF THEOREM 8.3. Some crucial ideas in the following proof are
adapted from the corresponding arguments in Section 8 of [19].

(i) For d > 3, the assertion follows from Theorem 8.2(i), applied to & under
P, and to ny under Pycs. Now let d = 2. Fixing t > 0, u € Mo, and B € B2,
writing n}; for the h-clusters of & with associated point process s of ancestors
at time s =t — h and letting ¢, h — 0 with |logh| < |loge|, we get as in [19]
[display (12)], for any H p-measurable function f with 0 < f <1p,,

Enf(5Se) = Euf(Z n};Ss> ~EL Y F0 50

—E, / £ (dx) £ (i Se) = / E,u£0(dx) Ex f (1 Se)
- / n(dy) f Py — V) Ex f (4 Se) dx

~ Pt / Ex f(nSe)dx = up: Ef (i, , /).

where the third equality holds by the conditional independence of the clusters and
the Cox nature of £, and the last equality holds by Lemma 8.1(ii).
As for the first approximation, we get, by Lemma 7.3,
7(Ehs.) - 3,750
i

E, < Eul«;tk;° > 1]

log(t/ W) up: + (1pr(n.e))?
log |2
- [logh| + 1
log e|?

< |10ge|_1,
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where k;; denotes the number of clusters n;l hitting Bj. For the second approxima-
tion, we get, by Lemma 7.1(ii)) as ¢ <h — 0,

‘ [ 1@ [(pu6 =)= i) EcF S dx

< [log(e/h)|~! f w(dy) f 175y — %) — pr(¥)|pn,, (¥) dx
< lloge|™! / W@ Elps(y — yh'/?) — p, ).

where y denotes a standard normal random vector in R?. Since py(y — yhééz) —
p:(y) by the joint continuity of p,(x) and

1/2
ce

Eps(y —vh.7) = (Ps * Phoe ) (V) = Psthee (V) = Pi(y),

the last expectation tends to 0 by Lemma 1.32 in [15], and so the integral on the
right tends to 0 by dominated convergence.

In summary, noting that both approximations are uniform in f, we getas e, h —
0 with |logh| < |loge|

2D £ (8 Se) — mupe LTS, )llB K lloge|~",

which extends to unbounded w by an easy truncation argument. Furthermore, Lem-
mas 7.2(ii) and 8.4 yield, as ¢ — 0,

(22) |Ey f(&Se) — Ep f(1:Se)| < (Pu{n, B > 0)? < |loge| 2.

Hence, (21) remains valid with &; replaced by n;. Now (i) follows as we take t = 1
and 1 = A®2 and combine with (21). The corresponding result for 5, follows by
means of (22).

(i1) Once again, the statement for d > 3 follows from Theorem 8.2(i). For d = 2,
we see from Lemma 7.2(ii) above and Lemma 3.4 in [19] that as ¢ — 0, for fixed
t>0,

P, {&B§ > 0} < |loge| ™ upy,
E, (& B§)* < e*|loge| (22 B})> up, =< e*|loge|up,

and similarly for n;. Hence,

E Ba 2
Eul(& BE) & BE > 0] = & 5o)

4 2
= X¢ |10g8| s
P/L{EIBS > 0}

and similarly for n,. Thus, & B/ &?|log ¢| is uniformly integrable, conditionally on
& B§ > 0, and correspondingly for 7, under both P, and P,e2. Noting that, by (i),

1£,018: Selé By > 01 — L1 SeliiBg > 011l g = 0,
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we obtain
IEl& By & Se € 16 By > 01 — EL7Bg; 1Se € -[71B; > Ol 51 < e*[logel.
and so, by (i),
| EuléiBG: &S € -1 = npi EL B Se € 1l gy < €7,
and similarly for n,. Next, Lemma 4.1 yields
E.& B = 1% (i p)lps < e up;.

Combining the last two estimates with Lemma 6.6, and using Lemma 3.11 in a
version for pseudo-random measures, we obtain the desired convergence.

(i11) Use Lemma 8.1 (i1)—(iii).

(iv) From (iii) and Theorem 8.2(i)—(ii), we get, as r — 00,

L(iy2) =r72LE27S1r) — LE). O
Though the scaling properties of 7 are weaker than those of & when d > 3, 7

does satisfy a strong continuity property under scaling, which extends Lemma 5.1
in [19].

THEOREM 8.5. Let 7] be the stationary cluster of a DW-process in R%, and
define a kernel v from (0, 00) to Mj by
v(r) = [logr|L(r727S,), r>0.
Then the kernel t — v(exp(—e')) is uniformly continuous on [1, 00), in total vari-

ation on Hp for bounded B.

PROOF. For any ¢,r, h € (0, 1), let ¢; denote the ancestral process of &; at
time s = 1 — &, and let 1, be the h-clusters rooted at the associated atoms at u.
Then

loge|™'v(e) ~ r 'L, e2(e761S) ~ T E, e / Lo(du) e 0 Se € -}

= [ Lu™mS,) du=LE2hiS, . 5)

~ [loge] ' v(e/Vh),

with all relations explained and justified below. The first equality holds by the
conditional independence of the clusters and the fact that E,,2¢; = (r/ h)A®2,
The second equality follows from Lemma 8.1(i) by an elementary substitution.

To estimate the error in first approximation, we see from Lemmas 7.1(ii) and 8.4
that for ¢ < %,

Irlloge| " v(e) — L,,e2(s €15l B

1L, ;e2(n1Se) — L,502(515¢) | B
(r P{7i(eB) > 0})* < r*[loge| 2,

)A
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where 1 }l, 17%, ... are the h-clusters of £ at time ¢. As for the second approximation,
we get, by Lemma 7.3 for small enough ¢/,

| £ Y108, €)= Lpea152) ]
k

< Epe (Z 14 (nj;(e B)) — 1)
k

+

- llog h|rA®2py + (rA®? p,(n.e))?
- lloge|?

_ |loghl+r
~ ' logel?
The third approximation relies on the estimate
[log | [log Al
v(e/Vh)| p| ————1| < ,
T lloge|

which holds for ¢ < i by the boundedness of v. Combining those estimates and
letting r — O gives

|log 7|

(23) Ivie) = vle/ Vi)l 5 < oom

ek h<1.

Putting ¢ = ¢ and &/+/h = e and writing v4(x) = v(x, A) for measurable
sets A C Hp, we getforu — v < u (with0/0=1),
vale ™) | _|vale™)
va(e™) va(e™)

and so, for u = ¢* and v = e’ (with co — oo =0),

logE ,
v

—~

‘log

—u —v u—v
— 1| <|va(e™) —vale™")| < —— =<
u

|logva(exp(—e')) —logva(exp(—e*))| < |t — 5],

which extends immediately to arbitrary s,¢ > 1. Since v is bounded on Hp by
Lemma 7.2, the function v4 (exp(—e')) is again uniformly continuous on [1, 00),
and the assertion follows since all estimates are uniform in A. [

The exact scaling properties of 7 in Theorem 8.3(iii) may be supplemented by
the following asymptotic age invariance, which may be compared with the exact
age invariance of £ in Theorem 8.2(iv).

COROLLARY 8.6. Lete — 0and h > 0 with 62 < h < ¢ 2 for d =3 and
|loge| > |logh| for d =2. Then, as ¢ — 0,

8d—2’

L(np) — L)l e
I1£@n) — La1D N Bg K loge|~,
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PROOF. Fixany B € B?.Ford >3, we get by Theorems 8.2 and 8.3
I£GISe) = r=2 L0 7Se0) 18
< ILGISe) = LESIB +rT 2 IL@Sesr) — LESes I8
«ed72 4 pd=2(g/r)d=2 < gd=2,
When d =2, we may use (23) instead to get

llog e| | £(7Se) — L 71Se )|l B

= llv(e) —=v(e/r)lip + — lllv(e/r)l5

‘ lloge|
[log(e/r)]
- |logr| |logr|

~ lloge|  |loge| — |logr|

It remains to note that rd_zﬁ(rzﬁSl/,) = L(#,2) by Theorem 8.3(iii). [

9. Local conditioning and global approximation. Here we state and prove
our main approximation theorem, which contains multivariate versions of the local
approximations in Section 8 and shows how the multivariate Palm distributions of
a DW-process can be approximated by elementary conditional distributions.

Given a DW-process & in RY, let € and 7} be the associated pseudo-random
measures from Theorems 8.2 and 8.3. Let g, ; denote the continuous versions of
the moment densities of E H§,®" from Theorem 5.3, and write £, [§t||§t®”] » for
the regular, multivariate Palm distributions considered in Theorem 6.3. Define ¢4
and m; as in Lemma 7.2. Write f ~ g for f/g —> 1, f ~ g for f — g — 0, and
f < g for f/g — 0. The notation || - || p with associated terminology is explained
in Section 1 above.

THEOREM 9.1. Let & be a DW-process in R with d > 2, and let ¢ — 0 for
fixed ., t > 0 and open G C RY. Then:
() forany x € (R4)™,

cngn(d—Z) d>3
P "B >0} ~ X d ’ =7
M{‘i:t X } qM,t( ) m’;|10g8|_", d=2:
(ii) for any x € G™, in total variation on (B&)” x G¢,
»C;L[(%_tS;j)ana 12" BS > 0] ~ LE"[71S:|7B > 01 ® L [& 162" 1.3

(iii) for d > 3 we have, in the same sense,

L2585 ) j<ns &1162" B > 01 > LZ"[EIE By > 01® Lyu[&/115%" s
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Here (i) extends some asymptotic results for n = 1 from [3, 19, 27]. Parts (ii)
and (iii) show that, asymptotically as ¢ — 0, the contributions of &; to the sets
By, ..., By and G are conditionally independent. They further imply the multi-
variate Palm approximation

L[1Ge&EE"BE > 0] = Lu[16e&1EX" ],  xeG™,

and they contain the asymptotic equivalence or convergence on Bé for any x €
RH™,

~ LS |7By > 01, d =2,

& ®n pe
Lul&iSy; 167" By > 0] — LIEEBy > 0], dz3,

extending the versions for n» = 1 implicit in Theorems 8.2 and 8.3. Analogous
results for simple point processes and regenerative sets appear in [16, 22].

Given (i), assertions (ii) and (iii) are essentially equivalent to the following es-
timate, which we prove first. Here and below, g, (x) =q;, ;-

LEMMA 9.2. Let & be a DW-process in R, fix any ., t > 0 and open G C R?,
and put B = (B(%)” x G€. Then, as € — 0 for fixed x € G™,

n(d-2) d>3

X n -~ n & ’
L0 (eSE,) j<n. &) —q;; LE"(18e) @ LulENEF 118 < : loge| ", d—2

9

PROOF. We may regard & as a sum of conditionally independent clusters 7
of age h € (0, t), rooted at the points u of the ancestral process ¢, attime s = — h.
Choose the random measure &/ to satisfy

Elle (50 1), G &)L (6 E)).

Our argument can be summarized as follows:
Lu((ES3)jzn 80 ~ Ey [ 67 @)1y S5, 60

= [ B @0 @ Luy (1S5 © Luli 16,
(24) I=
A (ELE2" % p2") e LO (0 Se) ® L& 1EE 1«

~qp; LP0Se) @ Lul& 152 .,
where h and ¢ are related as in (8.18), and the approximations hold in the sense

of total variation on Hp of the order £"“=2 or |loge|™", respectively. Detailed
justifications are given below.
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The first relation in (24) is immediate from Corollaries 7.6 and 7.9. To justify
the second relation, we provide some intermediate steps:

By [ 61 (0 S5 €0
= Ey [ 6P @ Ll S5 <0816, 6]

=B [ 6 @ £y S5y © Ll

j<n

= Ey [ £ ) @ Luy 155, @ Lulérle]

j<n

= E, [ 67w @ Lu;0S;) @ 10)(&)

j=n

- / Eu£ (du) @) Ly (01S%) ® LulE I1E" .

j=n

Here the first and fourth equalities hold by disintegration and Fubini’s theorem.
The second relation holds by the conditional independence of the /-clusters and
the process &/, along with the normalization of £(#). The third relation holds by
the choice of &/ and the moment relation E ,L[gs(”) &1 = h_"f;‘?” from [22]. The
fifth relation holds by Palm disintegration.

To justify the third relation in (24), we first consider a change in the last factor.
By Lemmas 3.4 and 7.1,

Hf Ep&2" (du) Q) Lu; (1Sy) ® (Lul&rllES T — Lul& 15512

j=n

B

8n(d—2)

< /Eués‘g’” (du)p;?;"(x — M)||£u[§t||§s®n]u - Eu[éz”fz@n]xHG” { lloge|™"

with h, defined as in Lemma 7.1 with ¢ replaced by 4. Choosing r > 0 with B2 C
G™, we may estimate the integral on the right by

(EWg?" * piY" 0) sup [ €416 167" — Lul& €™

+ f( - ELEE" (du) pp" (x —u).

Here the first term tends to 0 by Lemmas 5.6 and 6.5, whereas the second term
tends to 0 as in the proof of Lemma 7.7. Hence, in the second line of (24), we may

replace £, [& 12" ], by L[5 152" x.
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By a similar argument based on Lemma 3.4 and Corollary 8.6, we may next
replace L(7S¢) in the last line by £(#77;,S¢). It is then enough to prove that

[ Eus® @) @ Luy145) ~ ar (LGS,
j=n

where ¢; denotes the continuous density of £ M§,®” in Theorem 5.3. Here the total
variation distance may be expressed in terms of densities as

H [ (@ == a,0) @ L, o) du|

Jj<n
n(d—2)
/|qs<x—u> ()| <u>du{|1 o

Letting ¥ be a standard normal random vector in R"¢, we may write the integral
on the right as E|gs(x — yh;/z) —q¢(x)]. Here g4 (x — yhé/z) — g¢(x) a.s. by the
joint continuity of g (u), and Lemma 5.6 yields

Eqs(x —yhy?) = (g5 * p") (x) = q1(x).
The former convergence then extends to L! by Lemma 1.32 in [15], and the re-
quired approximation follows. [
PROOF OF THEOREM 9.1. (i) For any x € (RY)™, Lemma 9.2 yields

n(d—2) d>3
PUESBE = 0V — g* (PIFBE>0)' | <18 =
| Pulé™ By > 0} —qp, ,(P{ By > O} {|10g8|_", d=2.

It remains to note that, by Lemma 7.2,

cge®2, d>3,

P{7B§ > 0} ~
B } {m(8)|loge|_1, d=2.

(ii) Assuming x € G and using (i) and Lemma 9.2, we get, in total variation
on (Bé)” x G¢,

_ Lu(@ES5)j=n &)

P, {&2" Bt > 0}
L T L5 (1S) ® Ll 1"
Gy (P{7BG > 0})"
= LE"[71S: 7B > 01® Lyu[&1157" 1.
(iii) When d > 3, Theorem 8.2(i) yields
e*L(e2iSe) — L(E),

(ST ) j=n, 5162 B >
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in total variation on Bé. Hence,
L[ 727} S:|iiB > 0] — LIE|E By > 0],

and the assertion follows by means of (ii). [
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