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Backward stochastic differential equations (BSDEs) in the sense of
Pardoux—Peng [Lecture Notes in Control and Inform. Sci. 176 (1992) 200—
217] provide a non-Markovian extension to certain classes of nonlinear par-
tial differential equations; the nonlinearity is expressed in the so-called driver
of the BSDE. Our aim is to deal with drivers which have very little regularity
in time. To this end, we establish continuity of BSDE solutions with respect
to rough path metrics in the sense of Lyons [Rev. Mat. Iberoam. 14 (1998)
215-310] and so obtain a notion of “BSDE with rough driver.” Existence,
uniqueness and a version of Lyons’ limit theorem in this context are estab-
lished. Our main tool, aside from rough path analysis, is the stability theory
for quadratic BSDEs due to Kobylanski [Ann. Probab. 28 (2000) 558-602].

1. Introduction. We recall that backward stochastic differential equations
(BSDEs) are stochastic equations of the type

T T
(1) Y,=S+/t f(r,Y,,Z,)dr—ft Z, dW,.

Here, W is an m-dimensional Brownian motion on some filtered probability space
(2, F, (F)o<t<r, P). The terminal data & is assumed to be Fr-measurable, the
driver f:Q x [0,T] x R x R™ — R is a predictable random field; a solution
to this equation is a (1 + m)-dimensional adapted solution process of the form
(Y:, Zi)o<i<T; subject to some integrability properties depending on the frame-
work imposed by the type of assumptions on f. Equation (1) can also be written
in differential form:

—dYt == f(t, Y;, Z;)dt - Z[th.

The aim of this paper, partially motivated from the recent progress on partial dif-
ferential equations driven by rough path [4, 5, 8, 14, 23], is to consider

—dY, = f(t,Y, Z)dt +H(Y;)d¢ — Z, dW,,
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where ¢ is (at first) a smooth d-dimensional driving signal—accordingly H =
(Hi, ..., Hj)—followed by a discussion in which we establish rough path stability
of the solution process (Y, Z) as a function of ¢. Note that we do not establish any
sort of rough path stability in W. Indeed when f =0 in (1), BSDE theory reduces
to martingale representation, an intrinsically stochastic result which does not seem
amenable to a rough pathwise approach.> We are able to carry out our analysis in a
framework in which the w-dependence of the terms driven by ¢ factorizes through
an Itd process. That is, we consider, for fixed (7o, x9) € [0, T] x R",

dX; =b(w;t)dt +o(w;t)dW;, t0<t<T; X, =x0€R",
—dYy = f(w;t,Y:, Z)dt + H( Xy, Y1) de — Z, dW,
tW<t<T;Yr=§&eL®(Fr).

Our main-result is, under suitable conditions on f and H = (Hy, ..., Hy), that any
sequence (¢") which is Cauchy in rough path metric gives rise to a solution (Y, Z)
of the BSDE with rough driver

(2 —dY; = f(w;t,Y;, Z)dt + H(X;, Y;)d¢ — Z; dW;,

where ¢ denotes the (rough path) limit of ({”) and where indeed (Y, Z) depends
only on ¢ and not on the particular approximating sequence. An interesting feature
of this result, which somehow encodes the particular structure of the above equa-
tion, is that one does not need to construct or understand the iterated integrals of ¢
and W; but only those of ¢ which is tantamout to speak of the rough path ¢. This
is in strict contrast to the usual theory of rough differential equations in which both
d¢ and dW figure as driving differentials, for example, in equations of the form
dy =Vi(y)d¢ + Va(y)dW.

If we specialize to a fully Markovian setting, say & = g(X7), o(w;t) =
o(t, Xi(@)), b(w; 1) = b(t, Xi(w)), f(w;t,y,2) = f(t, Xi(w), y,2), H=H(X;,
Y:), we find that the solution to (2), evaluated at ¢ = 1, yields a solution to the
(terminal value problem of the) rough partial differential equation

—du=(Lu)dt+ f(t,x,u, Duo(t,x))dt+ H(x,u)dg¢, ur(x)=gx),

where £ denotes the generator of X. If one is interested in the Cauchy problem,
u(t,x) =u(T —t, x) satisfies,

(3) di=(Li)dt+ f(x,ii, Di o(t,x))dt + H(x,d)dZ, iig(x) = g(x),

where ¢ =c(T — ).
To the best of our knowledge, (2) is the first attempt to introduce rough path
methods [13, 18-20] in the field of backward stochastic differential equations [10,

3See however the recent work of Liang et al. [16] in which martingale representation is replaced
by an abstract transformation.
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15, 21]. Of course, there are many hints in the literature toward the possibility
of doing so: we mention in particular the Pardoux—Peng [22] theory of backward
doubly stochastic differential equations (BDSDEs) which amounts to replacing
d¢ in (2) by another set of Brownian differentials, say d B, independent of W.
This theory was then employed by Buckdahn and Ma [3] to construct (stochastic
viscosity) solutions to (3) with d¢ replaced by a Brownian differential and the
assumption that the vector fields Hy(x, -), ..., Hz(x, -) commute.

This paper is structured as follows. In Section 2, we state and prove our main
result concerning the existence and uniqueness of BSDEs with rough drivers. Sec-
tion 3 specializes the setting to a purely Markovian one. In this context, BSDEs
with rough drivers are connected to rough partial differential equations, which we
analyze in their own right. In Section 4, we establish the connection to BDSDEs.

2. BSDE with rough driver. We fix once and for all a filtered probability
space (2, F, (F);, P), which carries an m-dimensional Brownian motion W. Let
F: be the usual filtration of W. Denote by H[%VT](R’") the space of predictable
processes X in R™ such that || X | := E[fOT |X|%dr] < 00. Denote by H[%O,T](]R)
the space of predictable processes that are almost surely bounded. We will say a
sequence converges in H if it converges uniformly on [0, T], P-a.s. For arandom
variable £ we denote by ||£ || its essential supremum, for a process Y we denote
by ||Y || the essential supremum of supy., 7 |Y;].

For a smooth path ¢ in RY and & € L>°(F7), we consider the BSDE

T T T
Yt=$+/ f(r’Yr’Zr)dr+/ H(X}ﬂYr)dé-(r)_/ ZrdWr,
4) ’ ’ ,
t<T,

where the R”-valued semimartingale X has the form
t t
X;=x +/ ordW, +/ b, dr.
0 0

Here, H = (Hy,...,Hy) with H,:R" xR - R, k=1,...,d and szH(Xr,
Y )de(r) = ZgzlftT Hi.(X,, Yr)g"k(r)dr. W is an m-dimensional Brownian
motion (hence Z is a row vector taking values in R™*1 jdentified with R™).
f:2x[0,T] x R x R" — R is a predictable random function, x € R"*, ¢ is a

predictable process taking values in R"*" | b is a predictable process taking values
in R".

DEFINITION 1. We call equation (4) BSDE with data (&, f, H, ). We call
(Y, Z) asolution if Y € H 1 (R), Z € Hj 74(R™) and (4) s satisfied.

For a vector x, we denote the Euclidean norm as usual by |x|. For a matrix X,
we denote by | X|, depending on the situation, either the 1-norm (operator norm),
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the 2-norm (Euclidean norm) or the co-norm (operator norm of the transpose).
This slight abuse of notation will not lead to confusion, as all inequalities will be
valid up to multiplicative constants.

We introduce the following assumptions:

(A1) There exists a constant C, > 0 such that P-a.s. for r € [0, T']

lor (@) < Co.
(A2) There exists a constant C, > 0 such that P-a.s. for ¢t € [0, T']

bt ()] < Cp.
(F1) There exists a constant Cy s > 0 such that P-a.s. for (¢, y,z) € [0, T] x

R x R™4
|f(@it,y, 2] <C1p+Crylzl,
[0, f(w;t,y,2)| < C1, 5+ Cy rlzl.

(F2) There exists a constant C2 s > 0 such that P-a.s. for (¢, y,2) € [0,T] x
R x R™

ayf(a), t’ y’ Z) S C2,f
For given real numbers y > p > 1, we have the following assumption:

(Hp,,) Let H(x,-) = (Hi(x,-),..., Hy(x,-)) be a collection of vector fields
on R, parameterized by x € R". Assume that for some Cg > 0, we have joint
regularity of the form

sup |Hi|LipV+2(Rn+l) <Cy.
i=1,...d

As a consequence of Theorems 2.3 and 2.6 in [15], we get the following lemma.

LEMMA 2. Assume (A1), (A2), (F1), (F2) and let H be Lipschitz on R" x R.
Let & € L°(Fr) and a smooth path { be given. Then there exists a unique solution
to the BSDE with data (&, f, H, ¢).

We want to give meaning to equation (4), where the smooth path ¢ is replaced
by a general geometric rough path ¢ € C O.p=var(10, T1, GIPY(R)), where GIPI(R9)
is the free step-[ p] nilpotent group over R?, realized as subset of R®RY @ - - - @

4When we use partial derivatives, we assume implicitly that the function in question is continu-
ously differentiable in the respective variable. In fact, throughout, it would suffice to assume (local)
Lipschitzness and bound the Lipschitz constant analogously.
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(R)IP1, equipped with Carnot—Caratheodory metric.> We give our main result, the
proof of which we present at the end of the section.

THEOREM 3. Let p> 1,y > p and t",n=1,2,..., be smooth paths in
RY. Assume " — ¢ in p-variation, for a path ¢ € COP™¥ ([0, T, GIPI(RY)). Let
& € L®(Fr). Let f be a random function satisfying (F1) and (F2). Moreover,
assume (Al), (A2) and (Hp, ). For n > 1, denote by (Y", Z") the solutions to the
BSDE with data (&, f, H,¢").

Then there exists a process (Y, Z) € H[%‘fT] X H[%ﬂ such that

Y"—>Y uniformly on [0, T] P-a.s.,

The process is unique in the sense, that it only depends on the limiting rough
path ¢ and not on the approximating sequence. We write (formally °)

T T T
6 Y=g+ [ fev.zodr+ [ HOGY)dE0) - [ Z0aW,
f f '
Moreover, the solution mapping
COP([0, T1, GPIRY)) x L™(Fr) — HiYr) < Hp 11,
&.5) ¥, 2)

s continuous.

The problem in showing convergence of the processes (Y”, Z") in the statement
of the theorem lies in the fact, that in general the Lipschitz constants for the cor-
responding BSDEs will tend to infinity as n — oo. It does not seem possible then,
to directly control the solutions via a priori bounds, a standard tool in the theory of
BSDEs (see, e.g., [10]). We will take another approach and transform the BSDEs
corresponding to the smooth paths ¢” into BSDEs which are easier to analyze.

5In a Brownian context, one can take 2 < p <3and Glrl (Rd) ~RI g so(d) is the state space
for d-dimensional Brownian motion and it’s Lévy area. More generally, GIPI(RD) is the “correct”
state space for a geometric p-rough path; the space of such paths subject to p-variation regularity
(in rough path sense) yields a complete metric space under p-variation rough path metric. Technical
details of geometric rough path spaces (as found, e.g., in Section 9 of [13]) will not be necessary for
the understanding of the present paper.

5The “integral” [ H(X,Y)d¢ is not a rough integral defined in the usual rough path theory (e.g.,
[19] or [13]); regularity issues aside one misses the iterated integrals of X (and thus W) against
those of ¢. For what it’s worth, in the present context (5) can be taken as an implicit definition of
J H(X,Y)d¢. (Somewhat similar in spirit: Féllmer’s Itd integral which appears in his It6 formula
sans probabilité.) More pragmatically, notation (5) is justified a posteriori through our uniqueness
result; in addition it is consistent with standard BSDE notation when ¢ happens to be a smooth path.
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We start by defining the flow (parametrized by x)
T d
(0) ¢(t,x,y)=y+/z Y Hi(x, ¢ (r,x, y))dck ().
k=1
Let ¢! be the y-inverse of ¢, then

T d
o7 x ) =y = [ Y 0,87 rx ) il y) et 0).
k=1
We have the following lemma.

LEMMA 4. Assume (A1), (A2), (F1), (F2) and let H be Lipschitz on R" x R.
Let & € L°°(Fr) and a smooth path ¢ be given and let ¢ be the corresponding flow
defined in (6). Let (Y, Z) be the unique solution to the BSDE with data (§, f, H, {).

Then the process (Y, Z) defined as

. - 3,0 (1, X1, Y, 1
Yi=¢7'¢ X 1), Zp=— O Xy ~Z)G’ oy
ay‘»b(t,Xt,Yt) 8y¢(t»Xt’Yt)
satisfies the BSDE
~ T - . T _
) =g+ [ Fe XV Zpdr— [ Zaw,
t t

where [throughout, ¢ and all its derivatives will always be evaluated at (¢, x, y)]

~ 1 1
[, x,3,2) = ﬁ{f(t, ¢, 0y¢pz + 0xpoy) + (3xp, br) + ETr[axx(pUtG;T]
y

1
+ (2, (0 don”) + any¢|2|2}.

REMARK 5. This (“Doss-Sussman”) transformation is well known and has
been recently applied to BDSDEs [3] and rough partial differential equations [12].
We include details for the reader’s convenience.

PROOF OF LEMMA 4. Denoting ¢ := ¢_1 and 6, := (r, X,, Y;), we have by
It6’s formula

T d X T
w<r,xz,Y,>=s—f Zaywer)Hk(xr,n);k(r)dr—f Oy (6,), by) dr
? k=1 t
T T
—ft <8xw<0r),ordWr>+/t 3y 6, f(r. Yy, Z,) dr

T d o T
+/ > o (O He (X, Y)E (r)dr—/ oY (0r)Zr dW,
t k=1 t
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5 [ Mov @0 1dr = [ o, weniz P
T T
- f (Oey ¥ (6,), 0, ZT ) dr
T
e+ [ [aywer)f(r, Y. Z)) — (3x (6,). by)
1 T 1 2
- ETr[axxW(Qr)UrO} - anyw(er)|zr|
— V0.0, 2] | dr
T
— [ 0w @0 + 0,002, aW,).
t
Now, by deriving the identity ¥ (¢, x, ¢ (¢, x, y)) = y we get
0= 0,0 + 0,1 8,0,
0= axxw + ayxw ® ax¢ + [axyw + ayywaxd’] ® 3x¢ + aywaxx(f’
= xx‘/f + 2axy‘/f ® ax¢ + 8yy1//8x¢ ® 8x¢ + ay‘//axx(p’
1= 8,09,0.

0= axy‘//ay¢ + ayywaxd’ayd) + ay‘/faxy(b,
0=y ¥ (3y9)” + 3y Y3,y -

And hence,
dyy A
Dyt = ——2 " Y = ———
¥ (3y9)3 4 Ay
dyy dxy@
Ox = Oxp — > >
44 (3y0)3 ¢ (3y0)?
dyy ey
e =2 209, — —2 } d,
4 [(ay¢>3 * 022"
+ 2P @0 — —— i,
(8y¢)3 x X y¢ xx
If we define

=Y. X Y)=¢""(t. X1, 1)),
Z =00 (t, Xy, Yo + 3y (t, Xe, Y1) Z4
0x @ (¢, Xy, Yt) 1 _z
ayqs(t X, Yt) 0yo (1, X1, Yy)
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and [y and its derivatives are always evaluated at (f,x, ¢ (¢, x,¥)), ¢ and its
derivatives are evaluated at (¢, x, y)]

. 9,
ft,x,9,2):= aylj/f(;,(p,ayqs(z_'_ a‘l:(;t
y

()

- 1
f (&6, 9,97+ 0:dor) + (0c, bi) + 5 Tr[dxx oy, ]

1
)) — @ b) = 5 Tl 0]

1

Z - a 1,00;
50 -

oy Y

~ 7l
~ T 1 ~2
+ (2, (8xy¢o't) )+ any¢|z| )
we therefore obtain
~ T _ . . T _
Yt:$+/ f(r,x,Yr,Zr)dr—/ Z,dW,. 0O
t t
DEFINITION 6. We call equation (7) BSDE with data (&, f, 0, 0).

The BSDE (4) only makes sense for a smooth path ¢. On the other hand, equa-
tion (6) yields a flow of diffeomorphisms for a general geometric rough path
¢ € Co’p'var([p, T1, GIPI(RY)), p > 1. Hence, we can, also in this case, consider
the function f from the previous lemma. We now record important properties for
this induced function.

LEMMA 7. Let p > 1, ¢ € COoPva([0, T], G'PNR?)) and y > p. Assume
(A1), (A2), (F1), (F2) and (Hp ). Let ¢ be the flow corresponding to equation
(6) (now solved as a rough differential equation). Then the function

- 1

Flt.x.5,3) = ﬁ{f(t, . 0,67 + 9x01) + (026, by)
y

®)

1 Ty 2 (N P
+ ) Tr[0xxppor0; 1+ (2, (axy¢at) )+ 2ayy¢|z|
satisfies the following properties:

o There exists a constant C~'1,f > 0 depending only on Cs, Cp, Cy,r, Cy and
£ ||p-var; [0,7] such that

1f(t,x, 5,5 <C1 s+ CirlZ%  19:£(t,x,5, D <Cir+CirlZl.

o There exists a constant (~72, > 0 that only depends on C, Cp, C3,r, Cy and
& | p-var;[0,7] Such that for every ¢ there exists an he > 0 that only depends on
Co, Cp, Cy and ||E || p-var;10,7] Such that on [T — hg, T] we have

35 f(t,x,7,2) < Ca.p +elzl*.
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PROOF. (i) Note that

|, x,5,2)] < 9o (If(l ¢, 0y¢pz + dxhpor)| + [(3xp, by)]

y

1 1
‘ o010 1| + |(Z, (9xyd00) >|+'58yy¢>

2P)

<

1 -
> (cl,f +C1 10,83 + dxbor|? + [0 ]
y
1 T ~ 1 ~ 2
+ 3 1udlloro] |+ 2113y o7 + 510,,0112 )

1 ~
=3 p (Cl,f‘|‘cl,f2(|ay¢|2|z|+|8x¢||UtT|)+|3x¢||bt|
Y

+1|a ollo: > + 12119 T+ Lo, 0022
5 10xx t Z xy¢||0t |+2| yy¢||Z|

<Cyr+Ci sz

Here we have used (Al), (A2) and (F1). For the poundedness of the flow and its
derivatives, we have used Lemma B.1. Note that Cy, ;7 hence only depends on Cy,

Cp, C1,f, Cg and [|C || p-var;[0,7]-
(i1) Note that

19: f (1, x,3,2)]

=10, f(t, 9, 3y¢Z + 0x¢oy) + (Oxypor + 8yy¢z)

¢>

i ¢
<C1 f+C1,r(13y0l1Z] + |3:pllor ) + ”

‘| z|+

y¢
<Ci1s+Cisl7l
Here we have used (Al), (A2) and (F1). For the bounde(}ness of the flow and its
derivatives, we have used Lemma B.1. Note that again, Cy s hence only depends
on Cy, Cp, Cy, ¢, Cy and ||C | p-var;0,71- Without loss of generality, we can choose
it to be the same constant as in the estimate for (i).
(ii1) Note that
d5f(t,x,5.2)
_ dyy¢
(3y)?

{f(r, b, 0,07 + 0:001) + (9. by)

1 T = Ty, L =12
+ > Tr[axx¢0t0l 1+ (z, (axy¢0t) )+ 28yy¢|z|
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4 —{aycpayf(r, B, 9,067 + 3xdor) + (yx b, br)
3y¢

2

Hence, using our assumptions on f, we get

1 Ty Ty, 1 -2
+ Tr[ayxx¢5tat 1+ (z, (ayxyd)at) )+ Zayyy¢|z| .

95 F(tx.5.9) < ‘{cz,f+cz,f|ay¢>z+ax¢oz|2+|ax¢||bt|

(8 ¢)2
1 2 ~ 1 ~2
+ 5 10xxdllor|” + [2l0xybllon] + S0y dl12] }

+ayf(t, ¢s8y¢§+ax¢al)

{|ayx¢||bf|+ 19,2610
e

- 1 -
F (14 EP)yaydlionlop + anyymzﬁ}

dy
<[ ¢¢)’2H02f+cz 2000 Plorl? + 10:11b]

1
+ 5 lulion + |axy¢||o,|}
+ ayf(t, ?, 8y¢2 + 0x¢oy)
1
{|ayx¢||bf|+ |yxx¢||oz|+|ayxy¢||of|}

dyyd
(3y)?

y¢

|Oxy !0y ]

8yy¢ ‘ 2
Cy, r2|0y0|” +
@,p)2| >

a

b I | )
+ (ay;)Z |8yy¢|+ ¢| yxy¢||0 |+ y¢2 YYY¢}|Z|2
~ dyyd dyyd
§C2f+H(ay¢)2 Cop 2009l + | 25 | el
¢ 1 11
+ (ayfp)z Lol + g llol 14523 vy
x |Z]%,

where C~'2, f only depends on Cy, Cp, Cy and [[&|| p-var;[0,7] (here we have used
Lemma B.1 to bound the flow and its derivatives).

By (Al), (A2) o and b are bounded. Then, by the properties of the flow, the
term in front of |Z|*> goes uniformly to zero as ¢ approaches T. To be specific:
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using (Hp,, ) we obtain, again by Lemma B.1, that for every & > 0 there exists an
he > 0, depending on Cy, Cp, Cy and ||& || p-var; 0,71 sSuch that on [T — h., T'] we
have

35 f(t,x,5,2) < Cap +elZ”. O
We are now ready to prove Theorem 3.

PROOF OF THEOREM 3. For the sake of unified notation, we write (YO, ZO)
for the (rough BSDE) solution (Y, Z); similarly, we write ¢° for the rough path ¢.

1. Existence

Let ¢",n > 0 be the (ODE, for n > 1 and RDE, when n = 0) solution flow
(parametrized by x)

T
¢"<t,x,y>=y+/t Hx,¢"(r.x, y)) dE" (r).

By Lemma B.1, we have for all n > 0, x € R”, that ¢" (¢, x, -) is a flow of C3-
diffeomorphisms. Let ¢" (¢, x, -) be its y-inverse. We have that ¢" (¢, -, ) and its
derivatives up to order three are bounded (Lemma B.1). The same holds true for
Y (¢, -,-) and its derivatives up to order three.

Moreover, by Lemma B.2 we have that locally uniformly on [0, 7] x R" x R

1
<¢n7 Wa 8y¢n’ ayy¢n, 8X¢n7 3xx¢n’ ayx¢n)
) ' |
— (¢°, 5 3yp°, 8,y 0", 0,0°, 8, ayx¢°>.

Denote for n > 0 the function

- 1
e, x,9,2) =
dyp"

{f(r, ", 9,8"% + 0,800 + (3" by)

1 5 1 -
5 Tded o0 1+ (2, (o0 ) + any¢”|z|2}.

Now, we have seen above that for n > 1, the process

(Y", Z"y:=L"(Y", Z"
= ((¢">1<-, X. v,

_ "G XL @I XL YY)
ayd’n('» X-a (¢n)_1('7 X~9 Yn)) '

1
Zl’l
T X @) XY )
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solves the BSDE with data (&, f™, 0, 0).

Note that although (&, ", 0, 0) is a quadratic BSDE, existence and uniqueness
of a solution are guaranteed for n > 1 by the fact that the mapping L" is one to one
and by the existence of a unique solution to the untransformed BSDE (Lemma 2).

For n = 0, using the good properties of f° demonstrated in Lemma 7, there
exists a solution (170, ZO) € H[%OT] X H[% ) t0 the BSDE with data (&, fo, 0,0) by
Theorem 2.3 in [15]. Note that it is a pribri not unique, but we will show that it is
at least unique on a small time interval up to 7.

We now construct the process (Y%, Z% of the statement on subintervals of
[0, T]. First of all, notice that we can choose the constant C 1,f appearing in

Lemma 7 uniformly for all n > 0. Let M := ||£]|0 + T@l,f. By Corollary 2.2
in [15], we have

(10) 1" lo <M, n=0.
Now by Lemma 7:

e There exists C’l,f > 0 that only depends on Cy, Cp, Cy, ¢, Cy and & || p-var;[0, 7]
such that

1Ot x,y, 2| < C1y+Ci szl
19, FOt, x, 3,291 < C1.p + C1 plzl.

e There exists a constant 62, £ > 0 that only depends on Cy, Cp, C2 ¢, Cy and
1€ | p-var;[0,77 such that for every ¢ there exists an i, > 0 that only depends on
Cs, Cp, Cy and [[¢|| p-var;[0,7] Such that on [T — h., T] we have

3yf0(l‘, X,y,2) < Cz,f +¢lz)?.

Hence, we can choose h = ha(équ,M)’ such that for ¢t € [T — h, T'] we have

dy f(t,x,y,2) <Cap+8(Cr s, M)|z|*.

Here § is the universal function given in the statement of Theorem A.2. We can
then apply Theorem A .2 to get uniqueness of our solution (Y°, Z%) on [T — &, T1.
Now, as a consequence of (9) we have

fr— 70 uniformly on compacta.
Hence, by the argument of Theorem 2.8 in [15] we have that

Y" — v uniformly on [T — h, T] P-a.s.,
(1T)

7" — 79 in H[ZT_th].
Moreover, if we define
Y2 =%, X, YY),  tell —h,T),
3%z, X, YD) }

~~ O te [T - ha T]a
dy0(t, X, ¥)

20 = 8,6°(1, X, ?P)[Z? +
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and remembering that by construction
Y[n = ¢n (tv Xtv ?[n)9

o Ta 00", X,, YT
z =00, X, T 204 2L LS
8y¢ (tv Xl’v Yt )

and using (9) we get

y" —y° uniformly on [T — h, T] P-a.s.,
(12)
z"—>27"  inHfy_, .

Let us proceed to the next subinterval. To make the rough path disappear in the
BSDE, we will use a similar transformation via a flow as above. As before we
need to control the driver of the transformed BSDE, this time near T — k. For this
reason, we have to start the flow anew. First, we rewrite the BSDEs for n > 1 as

T T—h T—h
yr=yn_, +/t £ Y, 2" dr —/t H(X,, Y de" —/t Z" dw,.
Then define the flow ¢"7 " started at time 7 — h, that is,
¢" T Mt =y + /,Th H(x, ¢ " rx, ) de" (), t<T —h.
On [0, T — h] define
(FnT=h gnT=hy._ (((pn,T—h)—l(_’ XY™,

T XL @I XL YY)
By T (- X, (¢" T 1( X, ¥

1
zZ").
* ay(pn’T_h('a X~a (¢n’T_h)_1(" X‘v Yn)) . )
Then

=0, T—h T=h . ~ .
7 =Y¢_h+/t G, X,,Yr’”T_h,Zf’T_h)dr—/t zpthaw,,

where

fn,Tfh(t’ X, 5‘]’ Z) = {f(t, ¢n,Tfh’ ay¢n,T7hZ + axqbn,T*ho,t)

1
3y¢n,Tfh

1
+ (0™ T by) + 5 Tr{d ™ " oy0 ]

) i | o
L 9" o)T) 4 09" h|z|2}.
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This BSDE is also defined for n = 0 and as before we get via Lemma 7 for the
same h and the same Cy y and C; ; as before (here the explicit dependence of
these constants is crucial), that on [T — 2k, T — h] we have

oy fOT e, x,9,2) < Cop +8(Ci g, MD)I2I.

Hence, we can apply Comparison Theorem A.2 to get uniqueness of our solu-
tion (YOT=" 70.T=hy on [T — 2h, T — h]. Now, also note that for the terminal
value we have from (12) and (10)

n 0
Yr_,— Yr_, P-ass.,

Hence, again by the argument of Theorem 2.8 in [15]’

ynT=h  yOT=h  uniformly on [T — 2k, T — h] P-as.,

Fn,T—h 70,T—h : 2
Z — 7 mn H[T—Zl’l,T—]’l]'

Finally, reversing the transformation, we get as above

Y" — y° uniformly on [T — 2k, T — h] P-a.s.,

z"—> 27" inHi_ypr_p)-

Then, we can iterate this procedure on suberintervals of length /4 up to time 0.
Without loss of generality, we can assume that 7 = Nh for an N € N. Then patch-
ing the results together we get

N
sup ¥/ =¥ 1< sup ¥/ —Y)|—>0 Pas.
t<T k=1 k—Dh=<t<kh

and

T N kh
IE[/ |Z;’—Z9|2dr]:ZE|:/ |Z:’—Z9|2dr}—>0.
0 (

k=1 k=Dh

"Note that Theorem 2.8 in [15] demands convergence in L of the terminal value. A closer look
at the proof though, reveals that [P-a.s. convergence combined with a uniform deterministic bound
(M in our case) is enough. To be specific: the convergence of the terminal value is only used at two
instances for Theorem 2.8 and this is in the proof of Proposition 2.4 (which is the main ingredient
for Theorem 2.8). First, it is used on page 568, right before Step 2 where it reads “By Lebesgue’s
dominated ...”. Second, it is used on page 570, before the end of the proof where it reads “from
which we deduce that ...”. In both cases, the above stated requirement is enough.
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2. Uniqueness
Let ¢",n > 1 be another sequence of smooth paths that converges to ¢ in p-
variation. Let (Y", Z") be the solutions to BSDEs with data (¢, f, H, ¢"). Then as

above

S

~in

\

~h
=)

uniformly on [T — h, T] P-a.s.,

N

N

\’

Nt
=)

in H[2T_ nT]
And hence,
Y" — yO° uniformly on [T — h, T] P-a.s.,
z"—>27"  inHy_, .
Note that the choice of 4 in the proof of existence only depended on properties

of the limiting function 7, so we can use the same value here. One can now iterate
this argument up to time O to get

Y"—yY uniformly on [0, T'] P-a.s.,
7" — 70 in H[%,T],

as desired.

3. Continuity of the solution map

We note that for a given B > 0, all terminal values £ such that |§| < B and all
geometric p-rough paths with ||| p-var;j0,7] < B we can choose an h = h(B) > 0
such that the above constructed unique solution (Y, Z°) to the BSDE (5) is given

by

¢O,T(t9 XZ9Y1‘T)7 IG[T_h,T],
yo_ LT @ X, ¥, relT =20, T -1,
0 _

¢ (t, X, Y1), t €10, hl,

- . 3,057, X, Y07
3,0%7 (1, X;, Y;O’T)[Z?’T—i- x¢ - ( Eh )a]
8y¢ (t$Xl‘sYl ' )

te|[T —h,T],

o p [=0r_n 0,007 h¢ x,, vOT—h
) 8y¢0,T—h(Z’Xt’YtO,T h)[Z?,T h+aszT hE Xt f;IO T—h;at]’
Z = y T t; 1) 17

te[T —2h, T —h],

8x¢0’h(t7 Xl7 Yto’h) ]
Oz |»

3,6% (1, X, ?O’h)[zo”’ + r
' COLTT T a0k, X, 7O

1 €0, hl,
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where we used the unique solutions to the following BSDE:s:
50,T T o 50,7 50,T T oo
Y, :§+/ o XYz )dr—/ Z;" dW,,
t t

~ T—=h _ ~ -
TOT = O T b X PRI+ [ P X, T 20T dr
t

T—h _
—f 207k g,
t

yor _ 2, X 702k h 70,h 50,k 50,h _ h 50,h
t - s ARy h )+ f (r’Xr,Yr 7Zr )dr Zr dWr
t t
From this representation and stability results on BSDEs (Theorem 2.8 in [15]),
it easily follows that the solution map
([0, T1, GIPI(RY)) x L™(Fr) — Hyr) x H 1

is continuous in balls of radius B. Since this is true for every B > 0 we get the
desired result. [

3. The Markovian setting—connection to rough PDEs. We now specialize
to a Markovian model. We are interested in solving the following forward back-
ward stochastic differential equation for (g, xp) € [0, T] x R":

t t
X0 =xo+ | o, X2 dW, + | b, XP0)dr, 1€, T,
to 0]

T
(13) Y[to,xo — g(X;QJCO) +/t £, Xﬁo,xo’ Yrto,xo’ Zﬁo’xo)dr

T T
—I—/ H (XY yloXoyge — / Zo*0 gw,, teft, T]
t t

Here 6 :[0, T] x R* — R b:[0,T] x R" - R", f:[0,T] x R" x R x R™,
g:R" >R, H=(H,...,H;):R* xR — RY, ¢:[0,T] — R4 are continuous
mappings, on which more assumptions will be presented later.

Assume for the moment that ¢ is actually a smooth path. Then (13) is connected
to the PDE

du(t, x) + 1 Tr{o (¢, x)o (t, x)" D*u(t, x)] + (b(t, x), Du(t, x))
+ f(t,x,u(t,x), Du(t,x)o (t,x)) + H(x,u(t,x))l =0,
(9 te[0,7),xeR",
u(T,x)=g(x), x eR".

We will make this connection explicit after introducing the following adaption
(and strengthening) of previous assumptions:
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(MA1) There exists a constant C, > 0 such that for (¢, x) € [0, T] x R"
lo(z,x)| < Co,
|0y 0 (2, x)| < Cq, i=1,...,n.
(MA?2) There exists a constant Cp, > 0 such that for (¢, x) € [0, T] x R"
|b(t, x)| < Cp,
10xb(t, x)| < Cp.
(MF1) There exists a constant Cy ¢ > 0 such that for (¢, x,y,z) € [0, T] x
R" x R x R™
lf(t,x,y, 29l <Cry,
0. f(t,x,y,2)| <Ciy.
(MF2) There exists a constant C, ¢ > 0 such that such that for (¢,x, y,z) €
[0, T] x R" x R x R™
Oy f(t,x,y,2) <Cy ¢.
(MF3) There exists a constant C3 ¢ > 0 such that such that for (¢, x, y,z) €
[0, T] x R" x R x R™
O f(t,%,y,2) < Ca p + C3 glzl?,
and f is uniformly continuous in x, uniformly in (¢, y, z).

(MG1) g is bounded and uniformly continuous.

We again consider for a smooth (or rough) path ¢ the flow (parametrized by x)

T d
(15) Bx ) =y+ [ Y Hilr. 9(x ) dE ).
k=1

In what follows, BC([0, T] x R") [resp., BC(R™)] denotes the space of
bounded continuous functions on [0, 7] x R" (resp., R") with the topology of uni-
form convergence on compacta. Similarly, BUC([0, T'] x R") [resp., BUC(R")]
denotes the space of bounded uniformly continuous functions on [0, T] x R”
(resp., R") with the topology of uniform convergence on compacta.

PROPOSITION 8. Assume (MAL1), (MA2), (MF1), (MF2), (MF3), MG1) and
let H be Lipschitz on R x R. Let ¢ be a smooth path. Then there exists a unique
viscosity solution® to (14) in BUC([0, T], R").

It is given by

u(t,x):=v",
where for every (ty, x9) € [0, T] x R" the process (Y'0-X0, Z10:X0) s the solution
to (13).

8For an introduction to the theory of viscosity solutions, we refer the reader to [7].
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PROOF. The fact that u is a bounded, uniformly continuous viscosity solution
follows from Proposition 2.5 and Theorem 3.4 in [1]. Uniqueness of a bounded vis-
cosity solution to (14) follows from Theorem C.1. Note, that since dy f is bounded,
we can choose /i, = 0 in the statement of the theorem and hence get uniqueness
on the entire interval (0, T]. Every BUC function on (0, 7] x R" has a unique
extension to [0, T'] x R". Hence, u is unique in BUC([0, T],R"). O

REMARK 9. Itis also possible to show existence of a (unique) solution to (14)
by purely deterministic methods; see, for example, Theorem 2 in [9].

Let now ¢",n =1,2,..., be smooth paths in R?. Let y > p > 1 and assume
" — &Y in p-variation, for a % € C%P™V¥([0, T1, GIPI(RY)). Assume (MA1),
(MA2), (MF1), (MF2), (MF3), (MG1) and (H), , ), so that especially Theorem 3
holds true. It follows that the corresponding 1" (as given in Proposition 8) converge
pointwise to some function u?, that is,

u (1, x) — u(t, x), tel0,T],x eR".

Again, the limiting function u° does not depend on the approximating sequence,
but only on the limiting rough path ¢°. We could hence define this u" to be the
solution solution to (14). But it is not straightforward, via this approach, to show
uniform convergence on compacta as well as continuity of the solution map. We
hence work directly on the PDEs, as in [5] and [12]. First, we get the respective
versions of Lemma 4 and Lemma 7.

LEMMA 10. Assume (MA1), (MA2), MF1), MF2), MG1) and let H(x, -) =
(Hi(x,-),..., Hij(x,-)) be a collection of Lipschitz vector fields on R. Let a
smooth path ¢ be given. Let u be the unique viscosity solution to (14).

Then v(t, x) := ¢_1(t, x,u(t, x)) is a viscosity solution to

dv(t,x) + 5 Te[o (1, x)o (1, x)" D*v(t, x)] + (b(t, x), Dv(t, x))
+ f(t,x,v(t, x), Dv(t, x)o(t,x)) =0, tel0,T),x eR",
(T, x)=gkx), x eR”",

where [in what follows the ¢ will always be evaluated at (t, x, y)]

- 1
ft,x,y,2)= ﬁ{f(t,x, ¢, 0yPpZ + drpo (1, x))

y

+ (0x¢, b(t, x)) + %Tr[axxd)o'(t» x)o(t,x)"]

1
+ (2, (Bxypo (1, x))T) + anmzﬂ}.
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PROOF. This is an application of Lemma 5 in [12]. [

LEMMA 11. Let p>1, ¢ € COPv ([0, T], GIP{RY)) and y > p. Assume
(MA1), (MA2), (MF1), (MF2), (MF3), (MG1) and (Hp, ). Let ¢ be the flow cor-
responding to equation (15) (solved as a rough differential equation). Then

~ 1
f(t’x’ 5}’2) = _{f(t’x’¢7 8y¢z+ax¢0(t’x))
dy¢p

+ {0y, b(t, X)) + %Tr[axxrpa(t, xX)o(t,x)"]

< T, , 1 =2
(o (6 0)T) + 30015 }

satisfies:

o There exists a constant C~‘1,f > 0 depending only on Cs, Cp, Cy,f, Cy and
&1l p-var;j0, 71 Such that for (t,x,y,2) € [0, T] x R" x R x R™

1f(t,x, 5,01 <Ci s+ Ci sz
19: f(t,x, 5,9 < C1.p+C1 7l

o There exists a constant C~'2, f > 0 that only depends on Cs, Cp, C3 7, Cy and
1€ || p-var;[0,7] Such that for every & > O there exists an hy > 0 that only depends
on Cy, Cp, Cy and || & || p-var:[0,7] Such that for (t,x,y,z) € [T —he, T] x R" x
R x R™

05 f(t,x,5,2) < Ca g +elZ.

o There exists a 63,f > 0 that only depends on C,, Cp, Cp ¢, C3 5, Cy and
&1l p-var;[0, 71 Such that for (t,x,y,2) € [0, T] x R" x R x R™

0 f(1,x,9,2) < Cs.5 + C3. 7121

PROOF. The first three inequalities follow as in Lemma 7. Now for i < n, we
have

3, f(t,X,5,2)

1 -
= _8Xl' '¢—f(t7-xv yv N)
Y 3y <
+ L|:8yf(t, X, ¢, 0y¢Z 4 0x¢o (1, x)) 0y, ¢
0y
+ aZf(t7 X, d)’ 3y¢2 + ax¢(7(t, x))
X (B, y9Z + B3 x 90 (1, ) + By, 0 (7, 20)) "
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+ <axix¢’ b(t,x)) + (09, 8xib(l, X))

+ % Tr[0x, xxPo (¢, x)o (2, x)T] + % Tr[0 Py, 0 (2, x)o (1, x)T]

+ %Tr[aqusa(r, )0 (6 )T+ G, Gyt x)T)

- Ty, 1 =2
(2, (Bay$0a,0 (1, )T + 200y 013] }

2
So
|3y, f(t,x, 5,2
1 -
=< |ax,~ ¢)| a L |f(t,X,57,Z)|
y ay(p
1
+ —H:!E)yf(t,x,¢,8y¢2+8x¢0(t,x))||8xi¢|
8y¢>

+10, f (2. x, ¢, 0ypZ + drpo (2, x))|
X (lax,-y¢||z| + |axix¢||0(ta x)| + |ax¢||axi0(ta x)|)
+ [{0x,x@1b(t, x)| + |0x P[]0, b(, x)|

1
+ Elax,-quﬁllff(l,)C)l2 + [0xx @105, 0 (1, X)|]o (1, X)|

- - 1 -
+ 1Zl10xxy@llo (2, X)| + |2]19xy 13,0 (£, X)| + §|ax,~yy¢||z|2:|

<Csp+Cs p1z)

with a constant ég,f only depending on C,, Cp, Cyi ¢, Ca r, C3 5, Cy and
1€ | p-var;[0,71- Here, we have used the first inequality of the statement to bound f,
(MF1), (MF2), (MF3) to bound f and its y and z derivatives and Lemma B.1 to
bound the flow and its derivatives.

Summing over i then yields the desired result. [J

THEOREM 12. Lety > p > landlet {",n=1,2, ... be smooth paths in R?.
Assume

("—>¢
in p-variation, for a rough path ¢ € C%P™V¥ ([0, T1, GIP{R?)). Assume (MA1),
(MA2), (MF1), (MF2), (MF3), (MG1) and (Hp ). Let u" € BUC([0,T] x R")
be the unique solution to (14) with driving path ¢" (Proposition 8). Then there

exists u € BC([0, T] x R™), only dependent on & but not on the approximating
sequence ", such that

u" —u locally uniformly.
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We write (formally)
du + [5 Trlo (t, x)o (t,x)" D*u(t, x)] + (b(t, x), Du(t, x))

+ f(t, x,u(t,x), Du(t, x)o(t,x))]dt
(16)
+ H(x,u(t,x))d¢ (@) =0, tel0, 7)), xeR",

u(T,x)=g(x), x eR",
Furthermore, the solution map
cO%rvar([o, 71, GIP(RY)) x BUC(R™) — BC([0, T] x R"),

&.9—u

is continuous.
At last we have the stochastic representation

I/l(t, X) = Ytt’xa
where Y'* is (the Y -component of) the solution to the BSDE (13).

REMARK 13. Equations like (16) have been considered in [12]. The setting
there is more general in the sense that the vector field H in front of the rough path
is allowed to also depend on the gradient. On the other hand, their f is independent
of the gradient and H is linear.

For the proof, we apply the same ideas as in the proof of Theorem 1 in [5]. We
however mimic our analysis of the BSDE case (Theorem 3) and proceed on small
intervals; a similar approach was carried out in Lions—Souganidis [17].

REMARK 14. We suspect the solution to actually lie in BUC([0, T] x R™).
Showing this would involve adapting the comparison theorem C.1 to directly yield
a modulus of continuity for solutions, as it has been done in [9] under different
assumptions on the coefficients.

PROOF. For the sake of unified notation, we write u° for the (rough PDE)
solution u; similarly, we write ¢° for the rough path ¢.

1. Existence

Let ¢",n > 0 be the (ODE, for n > 1 and RDE, when n = 0) solution flow
(parametrized by x)

T
¢"(r,x,y>=y+ft H(x, " (r,x, y)) dC" ().

Then, by Lemma 10, for n > 1, u” is a solution to (14) if and only if v" (¢, x) :=
(@™~ (¢t x, u"(t, x)) is a solution to

9 v" (1, x) + %Tr[o*(t, x)o (t,x)T D*v"(t, x)] + (b(z, x), Dv" (1, x))
17 + (¢, x, 0" (1, x), DV" (1, x)o (1, x)) =0, te[0,T),xeR",
VI(T, x)=g(x), x eR",
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where

ft,x,5,%) =

! {f(t, x,@",0,9"Z 4+ 0x¢" o (t, x)) + (39", b(t, x))
30"

+ %Tr[axxwo(t, x)o(t, x)7]

~ n T 1 nyz 2
(008" (1, 0)T) 4 50y 8" }

In the proof of Theorem 3, we have already seen that /" — f°, locally uni-
formly. From the method of semi-relaxed limits (Lemma 6.1, Remarks 6.2—-6.4 in
[7]), the pointwise (relaxed) limits

-0 *

v° = limsupv”, 0

v" :=liminfv",
*

are viscosity (sub resp. super) solutions to the (transformed) PDE (17) for n = 0.
Here, we have used the fact, that 7° and 20 are indeed finite, say bounded in
norm by M > 0. This follows from the Feyman—Kac representation (Proposi-
tion 8) for each ", in combination with bounds [uniform in (#y, x¢) and n] on
the corresponding BSDEs (Corollary 2.2 in [15]). [Although not completely ob-
vious, such uniform bounds can also be obtained without BSDE arguments; one
would need to exploit comparison for (14), and then (17), clearly valid whenn > 1,
with rough path estimates for RDE solutions which will serve as sub- and super-
solutions without spatial structure.] Note also, that the semi-relaxed limiting pro-
cedure preserves the terminal value (see, e.g., Proposition 5.1 in [11] or Section 10
in [5]).

By Lemma 11, the function £9 satisfies the conditions of Theorem C.1. Hence,
the PDE (17) for n = 0 satisfies comparison on [T — h, T'] for h sufﬁ01ently small
(aslongas T —h > 0), and & only depends on M and the constants C s C .7 and
Cz,f for fO given by Lemma 11. So VOt x) =0, x) =00t x), t € [T —h, T]
is the unique (and continuous, since v, v are respectively upper resp. lower semi-
continuous) solution to (17) with n =0 on [T — h, T']. Moreover, using a Dini-
type argument (Remark 6.4 in [7]), one sees that this limit must be uniform on
compact sets. Undoing the transformation, we see that u” — u° locally uniformly
on [T — h, T, where u(t, x) := ¢°(t, x, (¢, x)), t € [T — h, T].

We proceed to the next subinterval. We use the same argument as above, we just
work with a different transformation. For n > 0, let d)"*T_h be the solution flow
started at time 7 — h, that is,

n,T—h _ T=h n,T—h n
¢ tx,y)=y+ t H(x, ¢ (r,x,y))d¢"(r).
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Then, for n > 1, u"|[j0,7—p) is a solution to
du" (t,x) + 1 Trlo (1, x)o (¢, )" D*u" (t, x)]1 + (b(t, x), Du"(t, x))
+ £, x,u™(t, x), Du" (t,x)o (t, x)) + H(x, u" (¢, x))¢ =0,
tel0, T —h],x e R",
u(T —h,x)=¢"(T — h,x,v"(T — h,x)), x eR".
if and only if v~ (¢, x) := (¢"T~")~ (¢, x, u” (¢, x)) is a solution to
g™ T (e, x) + L Telo (¢, x)o (t, )T D2 T (1, )1 + (b(2, x), D™ 7" (1, x))
+ T, x0T, x), 0 (8, x) DV T R (2, x)) =0,
te (0, T —h),xeR",
v"’Tﬁh(T,x)zd)"(T—h,x,v”(T—h,x)), x e R",

where of course T~ is defined as f" was, with ¢" replaced by ¢,
Now we have already shown that the terminal values of these PDEs converge,
for example,

¢"(T —h, - V" (T —h,)) > ¢(T —h,-,v(T —h,")) locally uniformly.

As before, one also shows that f7=" — f0.T=h ocally uniformly. By Theo-
rem C.1, we again get comparison, now on [T — 2k, T — k], and hence again via
the method of semi-relaxed limits we arrive at’

phT=h s 0T —h locally uniformly on [T — 2k, T — h] x R".

Hence, u" — u® locally uniformly on [T — 2h,T — h], where uo(t,x) =
¢OT"(t, x,v"T=(z, x)). Iterating this argument up to time 0, we get

u" — u

locally uniformly on [0, T] x R",

where 1 is defined on intervals of length 4 as above.!”

2. Uniqueness, continuity of solution map
Uniqueness of the limit and continuity of the solution map now follow by the
same arguments as in the proof of Theorem 3, adapted to the PDE setting.

9Remark 6.3 in [7] does not take into account converging terminal values. But the result is imme-
diate: the relaxed limit is a sub resp. super solution by Lemma 6.3 and by Proposition 2 in [5] their
terminal value is exactly the limit of the given converging terminal values.

10The attentive reader will observe that convergence at ¢ = 0 is not immediate, since Theorem C.1
was not formulated to give comparison at ¢+ = 0. But we can argue by extending the coefficients as
well as the (rough) paths ¢” for r € [—1, 0] as

o(t,x):=0(0,x), b(t,x):=b(0,x), f@t,x,y,2):=f(0,x,y,2), =10

and considering the PDEs on the interval [—1, T].
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3. Stochastic representation

Let ¢" — ¢© as above. Denote by u” the solution to the corresponding PDE
(rough PDE for n = 0). Denote by Y"'** the solution to the BSDE (13) (BSDE
with rough driver for n = 0) corresponding to the path ¢".

Then, using the result from step 1, the stochastic representation in the case of
a smooth path from Proposition 8 and the convergence of the BSDEs from Theo-
rem 3, we get

u (f x)= hm u(t,x) = hm Ytntx_Y;O’t’x. -

4. Connection to BDSDEs. Let Q! = C([0, T],RY), Q% = C([0, T],R™),
with the respective Wiener measures P!, P2 on them. Let Q@ = Q! x Q2, with the
product measure P := P! ® P2. For (0!, w?) € Q let B(w!, »?) = ' be the coor-
dinate mapping with respect to the first component. Analogously, W (o', w?) = w?
is the coordinate mapping with respect to the second component. In particular, B is
a d-dimensional Brownian motion and W is an independent m-dimensional Brow-
nian motion.

Define 7, := Fl' v 7y, where FPp =0 (Byir € [1.T]), Fg =0 (W, :r €
[0, f]). Note that Fisnota filtration, since it is neither increasing nor decreasing.
In this setting, Pardoux and Peng [22] considered backward doubly stochastic dif-
ferential equations (BDSDEs). An F-adapted process (Y, Z) is called a solution
to the BDSDE

T T T
(18) Yt=s+/ f(r,Yr,zr>dr+/ H(Xr,Yr)odBr—/ Z, dW,,
t t t

if E[sup,<r |Y,|2] < 00, E[fOT |Zr|2dr] < o0 and (Y, Z) satisfies P-a.s. (18) for
t <T.Here X is again the semimartingale

t t
X,:x—l—/ GrdWr—I—/brdr.
0 0

Under appropriate (essentially Lipschitz) conditions on f and H they were able
to show existence and uniqueness of a solution.!' The connection to BSDEs with
rough driver is given by the following theorem.

THEOREM 15. Let p € (2,3),y > p. Let £ € L°°(Fr). Let f be a random
function satisfying (F1) and (F2). Moreover, assume (A1), (A2), (F1), (F2) and
().

Then by Theorem 1.1 in [22] there exists a unique solution (Y, Z) to the BDSDE

T T T
Y,:g+f f(r Y,,Z,)dr—i—/ H(X,,Y,)odB,—f Z, dW,.
t t t

Upardoux and Peng considered equations where the Stratonovich integral was actually a backward
integral. But if H is smooth enough, the formulations are equivalent. See also Section 4 in [3].
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Let B; = exp(B; + A;) be the Enhanced Brownian motion (over B )2, especially
B e Cg’p_var([O, T1, G*(RY)) P! as. By setting B = 0 on a null set, we get B €

Cg”"var([o, T], Gz(Rd)). By Theorem 3 we can, for every w' € Q. construct the
solution to the BSDE with rough driver

T T
YP(wl, ) =&0) + f fr Y’ Z7P)dr + / H(X,, Y (0!, ) dB, (0"
t t

T
—/ 2P, )dW,(),  te[0,T].
t

We then have for P'-a.e. o' that P*-a.s.
Vi)=Y ), 1=<T
and
Zi(w', )= Z,rp(a)l, 9, dt @ P*-a.s.
PROOF. As in the proof of Theorem 3, in the BDSDE setting, one can trans-

form the integral belonging to the Brownian motion B away. In [3] it was shown
that if we let ¢ be the stochastic (Stratonovich) flow

T
S@'st,x, )=y +/t H(x,¢(@":r.x,y)) 0 dB,(0)),

then with ft =¢~1t, X, Y)), Z, = mzt we have P-a.s.

- T _ - -
710!, 0?) = £(?) + f F@ o X, V@), o), Z, (), o)) dr
(19) -
—/ 7@ D dW, (),  1<T.
t

Here

- 1
f(@', o?t,x,5,7) = ﬁ{f(wz; t, ¢, 3,07 + d:d0y) + (3:¢, by)
y

2

where ¢ and its derivatives are always evaluated at (w'; x, 7). Especially by a
Fubini type theorem (e.g., Theorem 3.4.1 in [2]), there exists Q(l) with P! (Q(l)) =1
such that for w! € Q(l) equation (19) holds true P? as.

1 Ty 4 s T, Lo o0
+ = Tr[0xxporo, |+ (2, (axy¢6t) )+ Zayy¢|z| >

12B js precisely d-dimensional Brownian motion enhanced with its iterated integrals in Stratonovich
sense; it is in 1 — 1 correspondence with Brownian motion enhanced with Lévy’s area; exp denotes
the exponential map from the Lie algebra R? @ so(d) to the group, realized inside the truncated
tensor algebra. See, for example, Section 13 in [13] for more details.
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On the other hand, we can construct w!-wise the rough flow

T
S 1, x, ) =y +f H(x, ¢ (@"; 1, x, ¥)) dB, (@").
t

Assume for the moment that we have global comparison, so that we can solve
the transformed BSDE uniquely, that is, for every o' € Q', we have P? a.s.

- T | - -
P70, %) = £(?) + f FP @b, PP (!, 0?), 277 (@', o)) dr
t
T .
- [ zr@ ohaw @D, i=T,
t

where

P!, o t,x,5,2)

T e {f(wz; 1,97, 3,74 0,9 0r) + (3x9"", by)
y

1 B 1 »
45 Tdd oo 1+ (2, (o0 + anyqs’ﬂzﬁ},

where ¢ and its derivatives are always evaluated at (a)l; x,¥).Itis aclassical rough
path result that there exists Q% with P! (Q{) = 1 such that for w! € Q} we have

PP (@' ) =p (@)

Combining above results, we have for = Q(l) N Q} that (Yt (@, ), Z, (w!,-)) and
(f/fp (', ), Z,rp (', ) satisfy the same BSDE. Hence, we have by uniqueness

Vi)=Y ), <7 Phas.
and
Zt(wl, )= Z,rp(a)l, ), dt ® P?-as.

By reversing the transformation, we get the desired result for Y and Z.

Now, since comparison does not necessarily hold globally, we must argue dif-
ferently. Define Ak = {w! e Q!: ||B(601)||p-var < k}. Then on A* we have for an
h = h(k) > 0 comparison on [T — h, T], and we argue on subsequent intervals as
above. Now, since P(|J; A¥) = 1, we get the desired result. [J

APPENDIX A: COMPARISON FOR BSDES

DEFINITION A.1. Let & € L°°(Fr), W an m-dimensional Brownian motion
and f a predictable function on 2 x Ry x R x R™.
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We call an adapted process (Y, Z, C) a supersolution to the BSDE with data
&, 1) ig Y e H[%‘fT], Ze H[%’T], C is an adapted right continuous increasing pro-
cess an

T T T
n=é+/.ﬂnnznm—/ Ldm+/ ac,.  1<T.
t t t

We call (Y, Z, C) a subsolution to the BSDE with data (§, f)if (Y,Z,—C)isa
supersolution.

The following statement, as well as its proof, are based on Theorem 2.6 in [15].

THEOREM A.2. There exists a (universal) strictly positive function & :Ri —
(0, 00) such that the following statement is true.

Let (YD, zW ¢y pe g supersolution to the BSDE with data (5(1), f(l)). Let
(Y@, 2D D) pe a subsolution to the BSDE with data (& @), f @Y. Let M € Ry
be a bound for YD and Y P, that is,

1Y Vlos, 1Y Pl < M.
Assume that P-a.s.
Oz <Py, V) veelo. 1],
g <@,

Assume that there exist constants C > 0, L > 0, K > 0 such that for (t,y,z7) €
[0,T] x[-M,M] x R™

£, y. 0| <L+Clz?  Pas.,
10.fP .y, 2)| <K +Clz|  P-as.

Assume that there exists a constant N > 0 such that for (t,y,z) € [0,T] x
[—M,M] x R"

(20) 0 fP(t,y,2) <N+8(C, M)z]*>  P-as.
Then P-a.s.
1 2
1) vV <y®,  o0<t<T.

REMARK A.3. We note that, as in Theorem 2.6 of [15], the assumptions could
be weakened by replacing the constants L, K, N with deterministic functions /; €
L'(0,T), k, € L>(0,T) and n; € L' (0, T).

In our application of Theorem A.2 in the proof of Theorem 3, condition (20) is
not satisfied on [0, T']. But we are able to choose & > 0 small enough, such that it
is satisfied on [T — h, T']. Comparison (21) then holds on [T — h, T].
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PROOF. Let A > 0, B > 1 be constants, to be specified later on. We begin by
constructing several functions, on whose properties we will rely later in the proof.
Define

N . By 41 N
y(y) =yrB(Y) :=Xlog<T) - M, yeR.

Then

A+M) _ 10%) —
= log(Be ), vy ) =B 55

Denote g(y) := e_x(y‘FM), then 0 < g <1, on [—M, M]. Define
w(y) =y (y" () =B — g

Then
w ) =1g().  w'(y)=-1gO),
w'(y) _ 28() w'(y) _ —2’8()
w(y) B-—gQy) w(y) B—g(y)

In particular, w > 0 on [-M, M].
Define a(y) := y_l(y). Then, since (YD, ZD cD) s a supersolution to the
BSDE with data (5(1), f (1)), 1t6’s formula gives

! t
a(Yf(l)):“(Yo(l))_/o o (YD) FOr, Y,(D,Zﬁl))dr—i—/o o« (YD) 2D aw,

f "(v\Mydc, +/ "(v )| zD dr.
0

Define
- - (€)) (€))
YO ma(r®),  Z0=f L
y/ (YD) w(Y D)
and
F“)(r,y,z):—ﬂ[ﬂ”(r Y)Y (D) + y”(y>|z| }

Since o’ > 0 we have that (YD, Z(l),fda/(Yr(l))dCr(l)) is a supersolution
to the BSDE with data (a(¢(1), F(D). Analogously, we have that (17(2), ACS
Joa (v #)dc?) is a subsolution to the BSDE with data (a(¢@), F@). Since
« is increasing, it is now enough to verify that Y () < y@,

We will verify that F® satisfies the conditions of Proposition 2.9 in [15]. Es-
pecially we will show that there exist constants A, G > 0 such that

22) 3, f Pt y. )+ Al f Py, 2P <G V(t.y.2)€[0,TIx R xR".
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For simplicity, denote F := F@®, f:= f@ Denote y = y(3), z=y'(H)z =
w(y)z. For convenience, w and its derivatives will always be evaluated at y. Then

/

~ ~ w
0:F(t,y,2)=0.f(t,y,2) + s

o 1rt
HF(t,5,2) = —|zw'lzl* +w' (3. f(t,y, Dz — f(t,y,2) |+ 8, £(t, ¥, 2).
w2
Hence,
o 1r1
85 F(1,5.%) < E[Ew”'z'z + (2K +Clzll+ L + Clzlz)} +0, £y, )
and
w/ 2
9:F (1.5, 5[ < [K+CIZI+EIZI} .

So, for A > 0,

" w’ 2
(8 F+A|8F| )¢, y,2) <|z| |:———|——2C+A(C+ >i|

w w’
+ Klzl[— —|—2A<C + —)}
w w

/

w
+ L+ [y, + AK?Z.

Note, that for the second term we have

U)/ U)/ w/
Klzl[; +2A<C + E)} < Klzl[(l +2A)(C v E)}

14+2A)2
<A(C+w) 12 + %K?

Hence,
1w’ w' 2
@:F + Al:F)) (1, 5,5 <2l [——+—zc+2A(c+ ) }

w’ 1 4+2A)2
+ EL—H)yf(t,y,ZH— <A+¥>K2

Now

1w w'\2
——+—2C+2A<C+ )
2w

lu) / w/ 2
=——+—2C+2AC2+4AC +2A< >
2w w
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RS {C)) rg(y) 2 A2g(y)?
S (1 424)-2 4 oAC? oA
2B -g UV ) T TG 002
)\'2
= % —5 (B=2g() +2C1+20)(B - g(») + 2Ak2g(y)]
+2AC?
__ 8O 2 B)+2C(1 +2A)A(B
—m_g(( +4A)g(y) — B) +2C(1 +2A)A(B — g(»))
+2AC?.

For all A < 1, we hence have

1 I\ 2
—w—+—2c+2A(c+w>
2 w

22
%[ (5g(y) — )+2C3A(B—g(y))]+2AC2'

Now, choose B = 6. Hence, 5g(y) — B < —1, y € [—M, M]. Then choose X =
A(C) sufficiently large such that the term in square brackets is strictly negative,

say smaller then —1 for all y € [-M, M]. This is possible since it is a polynomial
in A and the leading power has a negative coefficient. Then for y € [-M, M]

g(y) [AZ ] g(y)
_— 5 — 2C31(6 — _
6= g0)EL 2 PEW —60) +2C3M6 -8 | =~
< —ie_MM =: —26,

- 36
where § depends only M and A and hence only on M and C, that is,
§=8(C, M) = e O,

Now choose A € (0, 1) small enough such that 2AC 2 < 8. If for some N > 0 we
have

dy f(t,y,2) <N +8(C, M)|z)?,
it follows that

A

(1 +2A)2)K2
A

- w’ 142A)?
(35F + Ald:FI)(1,7,7) < —L+N+ (A+7( ) )K2

A
< —L+N+(A+

So we have shown (22) and comparison then follows from Proposition 2.9 in
[15]. OJ
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APPENDIX B: FLOW PROPERTIES

Consider the solution flow ¢ to

T
(23) Bx ) =y+ [ HE 0 )5,
t
where H and ¢ will be specified in a moment. We need to control

8y¢ - 1, 8x¢, axx¢, 8xy¢, ayy¢s ayyy‘b; axyy¢, 8xxy¢

over a small interval [T — h, T']. Note that each of the above expressions is 0 when
evaluated atr =T.

LEMMA B.1. Let p>1, ¢ e CoPva ([0, T], GP(RY)) and y > p. Assume
that H; = H;(x, y) has joint regularity of the form

sup [Hi (-, ) jpr+2(grtty = €1
d

.....

and

(Ks ”p-var;[O,T] <.

Then, the solution to (23) induces a flow of C3 diffeomorphisms, parametrized
by x € R", and there exists a positive L = L(cy, ¢, T) so that, uniformly over
xeR" yeRandt €0, T]

1
max{axd), ay¢, ﬁ, Oxx @, 8xy¢, 8yy¢, ayyy¢s axyy¢, 8xxy¢} <L.
y

Moreover, for every € > 0 there exists a positive § = §(¢, c1, c2) so that, uni-
formly over x e R",ye Randt € [T — 4, T]

max{dy¢, dyP — 1, 0xx @, Oxy@P, OyyP, dyyy@, Oxyy@P, Oxxy@P} < &.

PROOF. Consider the extended RDE
d& =0,
—dp=H(,¢)d¢
with terminal data (7, ¢7) = (x, y). The assumption on (H;) implies that (£, ¢)

evolves according to a rough differential equation with Lip” *2-vector fields. In
this case, the ensemble

A

¢»=(,0,0:9, ay¢’ Oxx®, axy¢’ ayyd): ayyyd’v axyyd’, axxyd))
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can be seen to be the (unique'?, nonexplosive) solution to an RDE along L1p10C
vector fields. Thanks to nonexplosivity we can, for fixed terminal data

ér = (x,9,0,1,0,0,0,0,0,0),

localize the problem and assume without loss of generality that the above ensemble
is driven along Lip” ~! vector fields. Since we want estimates that are uniform in
x,y we make another key observations: there is no loss of generality in taking
(x,y) =(0,0) provided H is replaced by Hy y = H(x + -, y + -). This also shifts
the derivatives [evaluated at some (x, y)] to derivatives evaluated at (0,0). As
announced, we can now safely localize, and assume that the vector fields required
for é, obtain by taking formal (x, y) derivatives in

dE =0,
—d¢=H(§,$)dg,

are globally Lip” ~!. A basic estimate (Theorem 10.14 in [13]) for RDE solutions
implies that for some C = C(p, y)

|y — o7 < |¢|p-var;[t,T] =C X (Pp(|Hx,y|LipV+2||§||p—var;[T—h,T])’

where ¢, (x) = max(x, x”). At last, we note that |H,, ylLipy+2 =|H |Lipy+2 thanks
to invariance of such Lip norms under translation. The proof is then easily finished.
O

LEMMA B.2. Assume the setting of the previous lemma. Assume that ",
n>1is a sequence of p rough paths that converge to a rough path t° in p-
variation.

Then locally uniformly on [0, T] x R" x R

1
(97, g 9" 8" 08 D0 00e8”)
(0% 5 00 00, 5:8%, 00 5,200
9,80

PROOF. Using enlargement of the state space as in the proof of Lemma B.1
we can apply the same reasoning as in Theorems 11.14 and 11.15 in [13] to get the
desired result. [J

3This is actual a subtle point since uniqueness in general requires Lipl)gc—regularity. The point is
that the RDEs obtain by differentiating the flow have a special structure so that for the final level
of derivatives only rough integration is need; as is well known, for this it suffices to have Lipf:)zl
regularity. Chapter 11 in [13] contains a detailed discussion of this.
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APPENDIX C: COMPARISON FOR PDES
We consider the equation

—du — 3 Trlo (1, x)o (1, x)" D*ul — (b(t, x), Du)
(24)
— f@t,x,u, Duo(t,x)) =0, (t,x)e (0, T) xR",

where f:[0, T]xR"xRxR" - R, b:[0,T]xR" - R*and o : [0, T] x R* —
R™**™ are a continuous functions.

The following statement as well as its proof are a modification of Theorem 3.2
in [15]. (The statement is not in its most general form, but adjusted to what we
need in the main text.)

THEOREM C.1. Assume that there exists a constant Cp, > 0 such that for
(t,x),(t,y)€l0, T] xR"
[b(t, x) —b(t, y)| + [o(t,x) —o(¥)| < Cplx — yl,
[b(t, x)| < Cp.

Assume that there exists a constant C, > 0 such that for (t,x), (t,y) € [0, T] x
Rn
lo(t,x) —o(y)| < Colx —yl,
lo(t, x)| = Co.

Assume that there exists a constant Cy g > 0 such that for (t,x,y,z) € [0, T] X
R" x R x R™

1f(t,x,y,2)| < C1 (1 + |z,
|8Zf(t5xs yaz)| S Cl,f(l + |Z|)

Assume that there exists a constant Cy ¢ such that for every € > 0 there exists an
he € (0, T] such that for (t,x,y,z) € [T —he, T] x R* x R x R" we have

(25) dy f(t,x,9,2) < Ca.p +elz|”.

Assume that there exists a constant C3 ¢ > 0 such that for (t,x,y,z) € [0,T] x
R"” x R x R™

10x f(t, %, y,2)| < C3.p (1 + 2.

Let u,v be a bounded semicontinuous sub-(resp., super-)solution to (24)
on (0,T) x R", with u(T,-) < v(T,"-). Then there exists an * = ¢*(||ulloo V
lvlloo, C, Ca,5) > O such that for (t,x) € (T — hex, T] x R" we have

u(t,x) <wv(t, x).
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PROOF. 1. Reduction

We will first transform the PDE into a PDE with coefficient that satisfies a cer-
tain structure condition (equation (24) in [15]). Set M := max{||u| oo, ||V||co} + 1.

LetA > 0,A > 1, K > 0 be constants to be chosen later. We begin by construct-
ing several functions, whose properties we will rely on later in the proof. Define

p(y) = lln(eMy——i_l) ‘R— <_ln;A), oo).

A A
We will have to choose A > e“Mekt, since we shall need later on that {eK "y —
M):y e[—M, M]} is contained in the range of ¢. Then

1
oG =A -, o'y = I In(Ae™ —1).

Define r(y) := (p_l(eKt(y — M)), its inverse s(y) := (p(f)e_Kt + M and g(y) :=
e O=M) [ M) — (1, e2Me"" ] Then g/(y) = —reKTg(y). Define

w(y) 1= e K1/ (1) = B5sl5or(yy = e K [A— e O] = KA —g(y)],
which is nonnegative for A > *? *' Then

W =rg0), W) =—-e"2%g®).

Let now u(¢, x) be a solution to (24). Let (¢, x) :=r(u(t, x)). Then u(¢, x) =
s(u(t, x)), and hence

3y u(t, x) =@ (@(t, x))e X1, at, x),
O u(t, x) = @ (@i (t, x))e K9, i (t, x) i (t, x) + ¢ (@A (t, x))e K9y i (1, x),
that is,
Du(t,x) = ¢ (i(t, e X' Diit, x),
D%u(t,x) = ¢"(ii(t,x)e X' Di(t,x) ® Di(t, x) + ¢ (ii(t, x))e X D%ii(z, x).

Hence,
8;12([,X)
:m[l@m(u(hﬁc)—M)+era,u(z,x)]
1
= paa oy e D = M)
! e T 2
IR [ETr[U(”x)“(t’x) D M(t,x)]+<b(t,x),Du(r,x))]
1

~ a0, Du, ) 1,0)
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1 (t, 1 ~
= KM — =Tr[o(t,x)o (2, x)TDzu(t, x)]
@' @(t, x)) 2
@" (U, x)) 1 T o~ .
- mg Tr[O'(t, X)G(t, x) Du(t, x) X Du(t, x)]
- <b(ta x)9 Dﬂ([v X))
1
—————— N f(t x5, x)), @'t x))e” K Dii(t, x)o (2, x)).
@' (u(t, x))
Analogously, by resorting to test functions, one shows, that if u (resp., v) is
a viscosity sub-(resp., super-) solution to (24), then u(t, x) := r(u(t, x)) [resp.,
v(t, x) :=r(v(t, x))] is a viscosity sub-(resp., super-) solution to
—0,ii(1, x) = 3 Trlo (1, x)o (1, x)" D?ii(t, x)] — ((b(t, x), Die(t, x))
(26) .
— f(t,x,u(t,x), Du(t,x)o(t,x)) =0, te(0,T), xR,

where, denoting from now on y = 5(¥), z = w(y)Z,

o) &)1,
/G o 2"

ft,x,5.5)=-K

K s @ Gre K1)
©'(y)

y—M
w(y)

We also obviously have u(T', -) < v(T, -).
We will bound the y-derivative of f, while at the same time choosing the con-

stants K, A, A. First,

=—-K

1 1
2 w(y)

w (y)) n lw ) |Z|2

¥ f(t,x,5,7) = —K(l —(y—M) YRR

- d (y)f(tvxay,z)+8yf(f,X,y,Z)
w(y)

w’(y)
w(y)

s—K(l—(y—M)

8zf(t,X,y,Z)Z

_|_

u/(y)) Lw”(y),

+_

v ) T2
w'(y)

o) 2?) + 0y f (2, %, 5, 2)
w'(y)
w(y)

_|_

Cr,r(1+1zDlzl
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2
< 'Z(' )(— ")+ € fw/<y>+cl,fw’<y>)
w’'(y)
—K<1—(y—M)w(y))Jrayf(t,x,y,z)
w'(y) w'(y)
+C )
Yo T e
Now using
w'(y) |z|? w'(y)
c? .
Tt = wmy Y O ) s
we get
2
95t 5.5 < ( W' (3) + 2C1y + D' <y>)
w(y)
27) o
—K+dft,x,y,2)+ ((;)))(Cl,f+K(y—M)+C%,f)-
Note that

Ciy+K(y—M)+Ci;<Ciy—K+Ci;  yel-(M-1,M—1].
Hence, we can choose Koy = K¢(C1, r) sufficiently large, such that
Ci,f + Ko(y — M)+ C} Lr=—1L ye[l-M—-1),M —1].
Then we have that for all choices of K¢y > K, and all choices A > 0 that the last
term in (27),
w'(y)
w(y)

(Cir+K@y—M)+ cff)

e—keK’(y—M)

— Kt 2
= O ret'(Crp+K(y— M) +Ci ),

is negative for y € [—(M — 1), M — 1] as long as A > ¢*2M¢"" We now fix K =
K(Cy,r,Car) =max{Ko(Cy, f), Ca,r} + 1. Then

Jw"(¥) + 2C1 5 + Dw'(y) = =5 27¢(3) + 12C1 5 + Dg(y)
< =322 + A2C1f + D)
=gMA[2C s+ 1) — 1A].
So, if we choose A = A(Cy 5) =4Cy s +4, we have
S () + QC1Ls + Dw'(y) < g(@ACI +4) (=) < —(4C1p +4) < —1.
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We now fix A = A(Cy,p),M,K(Cy,5,Cr 7)) = AM,Cy,7,Cr ) =
oMt + 1. Then for the first term in (27)

el (lw”(y) +QC+ 1>w/(y>)
w(y) \2 o

2
. |z|
C p2MeKT | ek (y=M)

1
ekt<§w”(y) +QCL+ 1>w’(y>)

2
_ |z Kt
= eR2MeKT | —heKi (y—M)

2
Rk Kk
= ph2MeKT

<=8z)* <0,

with

eKl‘

§=08((C1,5),K(Cy1,5,Caf), M)=0(M,Cy 5,Co5)= J2MKT ] > 0.

We now set e* =¢&*(M, Cp, 7, Ca, f) i= % Then on [T — hg+, T] we have

8
and hence we get that on [T — hg+, T'] (remember that K > C3 ¢ + 1)

r ~ ~ |Z|2 1 17 /
95 F(t.x,5.5) < Fy)(iw () +QC1 s+ Dw (y))
w'(y)

_ P
20 (Crr+K(y—M)+Ci )

_K‘f‘ayf(t,x,y,z)‘f'
2 8 2
< —=6|z|]” — K+C27f + §|Z|
é
§—8|z|2+§|z|2—1

8
= -3l =1

I} -
=—5|w(y)|2|z|2—1

<—K(1+zP» forye[-(M—1),M —1].

for some K > 0.
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Moreover by the definition of f and the assumptions on f it is straightforward
to bound the other partial derivatives of f. So in total we get K, C > 0 such that
forte€[T —he,T],ye[—(M —1),M —1],Z € R™

95 f(t,x,5,2) < —K(1+ |z,
(28) 19 f(2,x,7, D) < CA+ 2%,
1= F (2, x, 5,0 < C(A + |Z]).

Let M :=r(—(M — 1)), M :=r(M — 1). Then, since u, v take values in [—(M —
1), M — 1], u, v take values in [M, M]. We can then define

- fe.x. M.2) = K1+ ZHGF — M),
f(t,X,y,Z):: f(tx yZ) _ [
ft,x,M,5) -~ KA+ ZHG-M), M<

This function f then satisfies!* for some I?, C > 0andforallt € [T—he,T),ye
R,zeR"

051 (t.x.5.3) < —R(1+ 2],
(29) 0, f(t.x. 5.5 < C(1+ 2P,
0: £ (0. x. 5. 2) < C(+ 2] + 15112])

and @i, D are also sub-(resp., super-) solution to (26) with f replaced by f.15 We
can hence assume the validity of (29) for f .

2. Comparison under structure condition

Let u, v be a semicontinuous sub-(resp., super-)solution to

—dii(t, x) — 5 Tr[o (t, x)o (t,x)T D?ii(t, x)] — ((b(t, x), Dii(t, x))
— f(t,x,i(t, x), Di(t,x)o(t,x)) =0, 1€(0,T),xeR",

where f satisfies (29) fort € [0, T], y € R, z € R™. Let u be bounded above and
v be bounded.

14Note that f is not necessarily continuously differentiable in y anymore, but, as was noted on
page 1718, we can directly work with functions that are only (locally) Lipschitz and bound the
corresponding Lipschitz constants.

I5The reason one wants bounds globally in y is that is that the proof involves iy, =it — y /t which
is unbounded.

In fact, it is possible to carry out the comparison proof without penalizing ¢ = 0. It suffices to use

a slightly more general version of the parabolic theorem of sums such as established in [9]. Following
this approach would also lead to comparison at r = 0, if we take into consideration the remarks in [6]
on the accessibility of a subsolution.
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Assume u(T,-) < v(T,-). We show & < v on (0, T] x R".

First of all, note that i, (¢, x) := u(t, x) — % is also a subsolution. Since & < v
follows from i, < v in the limit y — 0, it suffices to prove comparison under the
additional assumption

limu(t,x) =—00 uniformly on R".
t—0

Define

L:= sup  [u(t,x) —o(t, x)]
xeR",te(0,T]

and also
L(h):= sup [a(t, x) —o(t, x))],
|[x—x"|<h,te(0,T]

L' := lim L(h).
Jim, (h)

One has of course L < L’. We will show L’ < 0. Consider
x —x 2
Vet ) 1= 8,20 = 5, = P D a4 P,

Let L, be the maximum of ¥, and (7, X, &) = (f¢,, Xe.y, X5 ) € (0, T] x R" a
maximizing point, which exists by the assumptions on # and v.

We argue by contradiction. Hence, assume i (s, z) — v(s, z) > 8 for some (s, z).
Then also L’ > §. We first argue, that for small enough values of ¢, n the optimizing
time parameter 7 cannot be 7. Indeed, assuming f = T we can estimate

8 —2n|z* = Ve (5, 2, 2)

E we,n(T,]%,Je/)
/ |-x_-x/|2 2 72
= sup u(T,x)—v(T,X)—T—TI(M + x|

x,x’

Now by Theorem 3.1 in [7], applied to u(T, x) — n|x|? and v(T, x) + n|x’|?, we
get

lim v, (T, £, 2") = sup[u(T, x) — v(T, x) — 2n|x|*]
e—0 X
<sup[u(T,x) —v(T,x)] <0.
X
It follows that for ¢, n small enough, ¢ # T. Also, by assumption i (s, z) — (s, z) >

8; hence, we have for n small enough, that i (f, X) — v(f, ') > Ley>06>0.We
assume to be in this scenario from now on.
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By applying the parabolic theorem on sums (e.g., Theorem 8.3 in [7]), we get
(b, p, X) € P>Vi(f, %),
®', p' X" e PP, 1),

such that b — b’ =0, p =255 + 2, p' =255 — 29#’ and

X 0 4 (1 -1 I 0
(30) (0 —)2/)58_2<—1 1)+4”<0 1>'

72
Indeed, defining ¢(z, x, x) := |x_8—§| +n(]x|? + |x'|?) we have

2 (1 -I 0
— 2 =2
A._D(p(t,x,x)—82<_1 1>+277<0 [).

8 n I -1 I 0
2_ (=2 N 2
A ‘(e4+882)<—1 I )*4” (0 1)‘

By the Theorem on Sums, for every a > 0 there exist said elements of the jets such
that
()é _(}(,) <A+aA’.

Hence, we can choose a so small such that (30) holds.
By the viscosity property,

0 <Trloo! (7, 2)X]—Trloo” (F,2)X']1+ (b(F, %), p) — (b, %), p')
+ f(t, %, i, %), po(i, %) — f(t,2,0G,%), plo(, 1))
= (i) + (ii) + (iii).
Where

Then

() :=Trloo T ¢, $)X] - Trloo (7, %) X'],
(i) := (b(7, %), p) — (b(7, %), P'),

(i) := f (7, %, 4(f, ), po(t, %)) — f(£,%,0(, %), plo(i, %))
oGt f o the left
o(i.¢n) from the le

Multiplying (30) with (?%9) from the right side, with (

o (t,3)
and then taking the trace, we get

() = Trloo! (7, $)X] - Trloa T (¢, ) X']

4 P ~ A ~ A A
< Sl 0 - o (t, )3+ 4n(lo @ )5 + o @, 2)1I3)

4
< Co 518 — ' + 81Cy.
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Moreover,
(i) = (b(7, %), p'y — (b(7, %), p)
N A A -xA_-xA/ A A Al A
<|b(t,x") —b(t,%)]|2 2 +[b(2, X)[12nx" + 2nx|
£—3
< Cplx —&'||2 2 + Cp2n(IX'| + |X])
|-£ _£/|2 A~/ A

= Csz + Cp2n (X7 + [x]).

We have

(i) = f(, %, u(t, x), po(t, X)) — f(f,)?l, u(t, %", plo(t, %))
! F F AN ~ o~y
Zfo [0x () (E = 2) + 35 F () (X, &) — (7, &)

+0: f (%)) (po (7, %) — plo(f, X)) dr,

where

(%) 1= ({, AR+ (1= )R, Aid (7, 2) + (1 =)D, &), Apo (7, £) + (1= 1) plo (£, £1).

We know |9(f, £')| < [|U]lec < 0 and by the upper boundedness of i and by the
definition of the maximizier we get oo > C > i(f, %) > i(T,0) — ||]lco > 00.
Hence, Aii(f, X) 4+ (1 — A)0(f, ) is always bounded and we can assume that actu-

ally

19: f(2,x, 5,0 < CA + |Z]).

Remember moreover that we assume 7 small enough, such that i(f,X) —

U(7,%") > Lg, > § > 0. Especially we have | —X/| < 8\/ﬁ(f,)?) — 9(t, &"). Hence,
we can estimate [let (%) := Apo (f, %) + (1 — X)) p'o (£, %]

g - AR ~ N oAl
(iii)g/o [C(1+ |(x0) )% = 2| = K(1 4 () ) (@7, %) — D7, &)

+ C(1+ (%)) po (t, %) — plo @, 2)|]dr

1
5/0 [5(1+|(**)|2)8\/ﬁ(f,£)—f)(f, £
— K (140 (@a(f, 2) — o7, )

+ Co(1+ () (@ (7. %) — 57, &)
1
T YaEH -G

po G, %) — plod, £/>|2] dx
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1
5/0 [6(1+|(**)|2)e\/a(f,£)—ﬁ(f,£/)
— K(14 |60 (a(, %) — 3(F, 2)
+ CO2(1 + | () ) (@ (7, %) — B(F, £))

A e R) — Po R 2]&.
VS GaE aa iy PG - Ped )

=C 2 _CVs
Choose ¥ = oK We then have for = < Y3

1

>

(iii) < ——(@(f, &) — (7, 2)) + | po (i, &) — p'o (@, 2)I?

3 9@, %) — v(f, &)
R
5—§Wm@—Mnﬁ)
+ (IPICo 1% = &'+ 1p— PICs)? !
a 7 9@, 2 — 0@, %))
4
5—;@0w%40ﬁw
% — &2 e A
+ 2T+2C0n|x”x_x |+CU|277X+277X |

1
X — —.
D(u(t, x) — o, X))
Now, Lemma 3.5 in [15] (see also Lemma 2 in [5]) yields

liminfliminf[i (7, ) — 9, #)] =L/,
e—=0 n—0
£—%

lim sup lim sup =0,
e—>0 1—0 €

lim sup limsup 5 (|2|* + |%']?) = 0.
e—0 n—0

Hence, we get limsup,_,,lim supn_>0(i) <0, limsup,_,(lim supn_>0(ii) <0,

. . K r/ .. .
and limsup,_, o limsup, _,( (iii) < —=3 L’. Combining, we arrive at

K /
0<->1L,
=3

which is the desired contradiction. [J
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