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We consider the optimal scaling problem for high-dimensional random
walk Metropolis (RWM) algorithms where the target distribution has a dis-
continuous probability density function. Almost all previous analysis has fo-
cused upon continuous target densities. The main result is a weak conver-
gence result as the dimensionality d of the target densities converges to oo.
In particular, when the proposal variance is scaled by d 2 the sequence of
stochastic processes formed by the first component of each Markov chain
converges to an appropriate Langevin diffusion process. Therefore optimizing
the efficiency of the RWM algorithm is equivalent to maximizing the speed of
the limiting diffusion. This leads to an asymptotic optimal acceptance rate of
e~2 (=0.1353) under quite general conditions. The results have major practi-
cal implications for the implementation of RWM algorithms by highlighting
the detrimental effect of choosing RWM algorithms over Metropolis-within-
Gibbs algorithms.

1. Introduction. Random walk Metropolis (RWM) algorithms are widely
used generic Markov chain Monte Carlo (MCMC) algorithms. The ease with
which RWM algorithms can be constructed has no doubt played a pivotal role
in their popularity. The efficiency of a RWM algorithm depends fundamentally
upon the scaling of the proposal density. Choose the variance of the proposal to
be too small and the RWM will converge slowly since all its increments are small.
Conversely, choose the variance of the proposal to be too large and too high a pro-
portion of proposed moves will be rejected. Of particular interest is how the scaling
of the proposal variance depends upon the dimensionality of the target distribution.
The target distribution is the distribution of interest and the MCMC algorithm is
constructed such that the stationary distribution of the Markov chain is the target
distribution.

The Introduction is structured as follows. We outline known results for con-
tinuous independent and identically distributed product densities from [14] and
subsequent work. We highlight the scope and limitations of the results before in-
troducing the discontinuous target densities to be studied in this paper. While the
statements of the key results (Theorem 2.1) in this paper are similar to those given
for continuous target densities, the proofs are markedly different. A discussion of
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why a new method of proof is required for discontinuous target densities is given.
Finally, we give an outline of the remainder of the paper.

The results of this paper have quite general consequences for the implementa-
tion of Metropolis algorithms on discontinuous densities (as are commonly applied
in many Bayesian Statistics problems), namely:

(1) Full- (high-) dimensional update rules can be an order of magnitude slower
than strategies involving smaller dimensional updates. (See Theorem 3.3 below.)

(2) For target densities with bounded support, Metropolis algorithms can be an
order of magnitude slower than algorithms which first transform the target support
to R for some d.

In [14], a sequence of target densities of the form

d
(1.1) za(x¥) =[] f@xf)
i=1
were considered as d — oo, where f(-) is twice differentiable and satisfies certain

mild moment conditions; see [14], (Al) and (A2). The following random walk
Metropolis algorithm was used to obtain a sample X¢, Xﬁl, ... from 74(-). Draw

Xg from my(-). Fort >0andi =1,2,..., let Z;; be independent and identically
distributed (i.i.d.) according to Z ~ N (0, 1) and Zf’ =(Zi1, 22y, Zs,q). At
time ¢, propose

(1.2) Y =X 4 0,Z¢,

where o is the proposal standard deviation to be discussed shortly. Set Xf = Y?
with probability

7a (YY)

wa(X{)’

(1.3) aX,YH =14

Otherwise set X = X¢. Tt is straightforward to check that {X¢} has stationary

distribution 7r4(-), and hence, forall t > 0, Xfl ~ 14(-). The key question addressed
in [14] was: starting from the stationary distribution, how should o, be chosen to
optimize the rate at which the RWM algorithm explores the stationary distribution?
Since the components of X,d are i.i.d., it suffices to study the marginal behavior of

the first component, Xf{l. In [14], it was shown that if o7 =1/ Jd (I > 0) and
Uf = X, | (£ 20), then

(1.4) U= U  asd— oo,

where U. satisfies the Langevin SDE

e
21U

1.5) dU; =+/h(l)dB; + ¢ (1) dt
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with Up ~ f(-) and h(l) = 212®(—I1+/1/2) with ® being the standard normal c.d.f.
and I = Ef[{f/(X)/f(X)}z]. Note that the “speed measure” of the diffusion ¢ ()
only depends upon f through I. The diffusion limit for U¢ is unsurprising in that
for a time interval of length s > 0, O(d) moves are made each of size O(1/ Jd).
Therefore the movements in the first component (appropriately normalized) con-
verge to those of a Langevin diffusion with the “most efficient” asymptotic dif-
fusion having the largest speed measure A (l). Since the diffusion limit involves
speeding up time by a factor of d, we say that the mixing of the algorithm is O (d).
The optimal value of / is [=2.38 /~/I, which leads to an average optimal accep-
tance rate (aoar) of 0.234. This has major practical implications for practitioners,
in that, to monitor the (asymptotic) efficiency of the RWM algorithm it is sufficient
to study the proportion of proposed moves accepted.

There are three key assumptions made in [14]. First, Xg ~ 14(+), that is, the
algorithm starts in the stationary distribution and oy is chosen to optimize explo-
ration of the stationary distribution. This assumption has been made in virtually
all subsequent optimal scaling work; see, for example, [3, 7, 10, 11] and [15].
The one exception is [8], where Xg is started from the mode of m;(-) with ex-
plicit calculations given for a standard multivariate normal distribution. In [8], it is
shown that oy = O(1/+/d) is optimal for maximizing the rate of convergence to
the stationary distribution. Since convergence is shown to occur within O (logd)
iterations, the time taken to explore the stationary distribution dominates the time
taken to converge to the stationary distribution, and thus overall it is optimal to
choose oy =1 /+/d. Tt is difficult to prove generic results for Xg ~+ mi. However,
the findings of [8] suggest that even when Xg * 1y, it is best to scale the proposal
distribution based upon Xg ~ 14. It is worth noting that in [8] it was found that
for the Metropolis adjusted Langevin algorithm (MALA), the optimal scaling of
oq for Xg started at the mode of a multivariate normal is O (d~1/*) compared to
0(d~1%) for Xg ~ 4.

Second, 74(-) is an i.i.d. product density. This assumption has been relaxed by
a number of authors with oy = O(1/ V/d) and an aoar of 0.234 still being the case,
for example, independent, scaled product densities ([15] and [3]), Gibbs random
fields [7], exchangeable normals [10] and elliptical densities [17]. Thus the simple
rule of thumb of tuning o4 such that one in four proposed moves are accepted holds
quite generally. In [4] and [17], examples where the aoar is strictly less than 0.234
are given. These correspond to different orders of magnitude being appropriate for
the scaling of the proposed moves in different components.

Third, the results are asymptotic as d — co. However, simulations have shown
that for i.i.d. product densities an acceptance rate of 0.234 is close to optimal for
d = 10; see, for example, [10]. Departures from the i.i.d. product density require
larger d for the asymptotic results to be optimal, but d = 100 is often seen in
practical MCMC problems. In [12] and [16], optimal acceptance rates are obtained
for finite d for some special cases.
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With the exceptions of [11, 12] and [17], in the above works 7,4 is assumed to
have a continuous (and suitably differentiable) probability density function (p.d.f.).
The aim of the current work is to investigate the situation where the target distri-
bution has a discontinuous p.d.f., and specifically, target distributions confined to
the d-dimensional hypercube [0, 1]¢. That is, we consider target distributions of
the form

(1.6) ma(x?) = ]i[f(x,-d),
i=1
where
(1.7) J(x) ocexp(g(x)) Lo<x<1) (x eR)
and g(-) is twice differentiable upon [0, 1] with
(1.8) g"= sup [g'(y)] <oo.
O<y=<l

We then use the following random walk Metropolis algorithm to obtain a sample
Xg,X’il, ... from 7 (-). Draw Xg from 7w (-). Fort >0and i =1,2,..., let Z;
be independent and identically distributed (i.i.d.) according to Z ~ U[—1, 1] and
th =(Zt1,Zs2, ..., Zsq). At time ¢, propose

(1.9) Y =X + 0,427
Set X?_ |, = Y? with probability
Yd
(1.10) a(Xd,Yd)ElA&d).
wq(X7)

Otherwise set Xf = Xd

In [11] and [17], spherlcal and elliptical densities are considered which have
very different geometry to the hypercube restricted densities. Therefore different
approaches are taken in these papers with results akin to those obtained for con-
tinuous target densities. Densities of the form (1.7) have previously been studied
in [12], where the expected square jumping distance (ESJD) has been computed.

The ESJD is
(1.11) ,,d[Z(X XO,] dEq, [(X] | — X3 D21,

the mean squared distance between Xg and X‘f , where Xg ~ mq. In [12], Ap-
pendix B, it is shown that for oy =1/d (I > 0) and f(x) = 1{o<x<1},

d 2
! !
(1.12)  dEg, [;(Xﬁ{i - Xg{,.)?} — gexp(—i) as d — o0.
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Thus asymptotically (as d — oo) the ESJD is maximized by taking [ = 4 which
corresponds to an aoar of exp(—2) (=0.1353). In this paper, we show thato; =1/d
and an aoar of exp(—2) holds more generally for target distributions of the form
given by (1.6) and (1.7). Moreover, we prove a much stronger result than that given
in [12], in that, we prove that Vsd = XE’S 42,1 converges weakly to an appropriate

Langevin diffusion V with speed measure ¢ (/) = (1% /3)exp(—1/Q2f*)) asd —
oo, where f* =lim, o{(f(x)+ f(1—x))/2}. This gives a clear indication of how
the Markov chain explores the stationary distribution. By contrast the ESJD only
gives a measure of average behavior and does not take account of the possibility
of the Markov chain becoming “stuck.” If Ezq[a(x?, x? + Z%)] is very low, the
Markov chain started Xg =x? is likely to spend a large number of iterations at
x? before accepting a move away from x¢. Note that since Vvd involves speeding
up time by a factor of d?, we say that the mixing of the algorithm is O (d?). The
ESJD is easy to compute and asymptotically, as d — oo, the ESID (appropriately
scaled) converges to ¢ (/). Thus in discussing possible extensions of the Langevin
diffusion limit proved in Theorem 2.1 for i.i.d. product densities of the form given
in (1.6) and (1.7), we make considerable use of the ESID. However, we highlight
the limitations of the ESJD in discussing extensions of Theorem 2.1.

In most previous work on optimal scaling, the components of Z¢ are taken to be
independent and identically distributed Z ~ N (0, 1) random variables. The reason
for choosing Z ~ U[—1, 1] for discontinuous target densities is mathematical con-
venience. The results proved in this paper hold with Gaussian rather than uniform
proposal distributions, but some elements of the proof are less straightforward. For
discussion of the ESJD for densities (1.6) for general Z subject to E[Z?] < oo,
see [12], Appendix B.

While the key result, a Langevin diffusion limit for the movement in the first
component, is the same as [14], the proof is markedly different. Note that, for
finite d, U? and V¢ are not Markov chains since whether or not a proposed move
is accepted depends upon all the components in m4(-). In [14], it is shown that
there exists { F7} such that ]P’(UEZ?{X? ¢ Fy}) > 0asd — oo and

IV
(1.13) sup E[a(xd,xd+adzd)]—2q><—7“/_>‘gsd,

xdeF,

where ¢4 — 0 as d — co. While (1.13) is not explicitly stated in [14], it is the
essence of the requirements of the sets {Fy}, stating that for large d, with high
probability over the first Td iterations the acceptance probability of the Markov
chain is approximately constant, being within &4 of 2®(—I+/1/2). (Note n rather
than d is used for dimensionality in [14].) Thus in the limit as d — oo the effect
of the other components on movements in the first component converges to a de-
terministic acceptance probability 2&(—I+/1/2). The situation is more complex
for ;(-) of the form given by (1.6) and (1.7) as the acceptance rate in the limit as
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d — oo is inherently stochastic. For example, suppose 74 (-) is the uniform distri-
bution on the d-dimensional hypercube so that a(X¢, Y?) = 1 (Yde[o, 134}~ Letting

RE=(0,04) and RY = (1 — 0y, 1), this gives
1 X 1 1—=x
d od d i i
(1.14)  Ela(x*,x* 4+ 04Z )]_.l | <§+ )X,|R|U<§+ >

20, 20,
ieRk d ieRY d

Thus the acceptance probability is totally determined by the components at the
boundary (within o4 of 0 or 1). The total number of components in Rj U Rg 18
Bin(d, 2/ /d) which converges in distribution to Po(2/) as d — oo. Thus the num-
ber of components close to the boundary is inherently stochastic. Moreover, the
location of the components within Rﬁ U Rg plays a crucial role in the accep-
tance probability; see (1.14). Therefore there is no hope of replicating directly the
method of proof applied in [14] and subsequently, in [7] and [10].

We need a homogenization argument which involves looking at X¢ over [d°]
steps; cf. [11]. In particular, we show that the acceptance probability converges
very rapidly to its stationary measure, so that over [d°] iterations approximately
exp(—Lf*/2)[d®] proposed moves are accepted. By comparison, |X[d5] 1 Xg1| <

[d®]o4; thus the value of an individual component only makes small changes over
[d®] iterations. That is, we show that there exists {Fd} such that, for any T > 0,

P(Ur” ]{Xd ¢ Fy}) — 0 as d — oo and for § > 0,

R 1f*
(1.15)  sup =5 > Ela(X?, XY +04Z8)|X§ = d]—exp<—7> <eq
Xdeﬁd [ ] t=0

for some 5 — 0 as d — oo. For large d, with high probability over the first [T d?]
iterations the Markov chain stays in Fy, where the average number of accepted
proposed moves in the following [d°] iterations is exp(—Lf*/2)d® + o(d®). The
arguments are considerably more involved than in [11], where spherically con-
strained target distributions were studied, due to the very different geometry of the
hypercube and spherical constraints applied in this paper and [11], respectively. In
particular, in [11], o4 = l/\/g with an aoar of 0.234.

By exploiting the homogenization argument it is possible to prove that V¢ con-
verges weakly to an appropriate Langevin diffusion V, given in Theorem 2.1. In
Section 2, Theorem 2.1 is presented along with an outline of the proof. Also in
Section 2, a description of the pseudo-RWM algorithm is given. The pseudo-RWM
algorithm plays a key role in the proof of Theorem 2.1. The pseudo-RWM process
moves at each iteration and the moves in the pseudo-RWM process are identical
to those of the RWM process, conditioned upon a proposed move in the RWM
process being accepted. The proof of Theorem 2.1 is long and technical with the
details split into three key sections which are given in the Appendix; see Section 2
for more details. In Section 3, two interesting extensions of Theorem 2.1 are given.
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In particular, Theorem 3.3 has major practical implications for the implementation
of RWM algorithms by highlighting the detrimental effect of choosing RWM al-
gorithms over Metropolis-within-Gibbs algorithms. The target densities for which
theoretical results can be proved are limited, so discussion of possible extensions
of Theorem 2.1 are given. In particular, we discuss general m; restricted to the
hypercube, general discontinuities in f and Xg > Ty,

2. Pseudo-RWM algorithm and Theorem 2.1. We begin by defining the
pseudo-random walk Metropolis (pseudo-RWM) process. We will then be in po-
sition to formally state the main theorem, Theorem 2.1. An outline of the proof of
Theorem 2.1 is given, with the details, which are long and technical, placed in the
Appendix.

Ford > 1, let
274 ifzd e (—1, 1)9,

0, otherwise.

ha(@®) = {

Let J;(x?) denote the probability of accepting a move in the RWM process given
the current state of the process is x?. Then

d d
Ta(x* 4+ o4z )}dzd.
mq(x%)

.1 Jd(xd):/hd(zd){l A

Let b;(xd) = th’:l lix;err), the total number of components of x? in R}, =
0,r/d) U (1 —r/d, 1). By Taylor’s theorem for all 0 < x;,x; + 04z; <1 and
(2.2) gxi +04zi) — g(xi) = —g*ou

with ¢* defined in (1.8). Hence, for all x? €0, 179,

d

i +04Zi
Jd(xd) = / hd(zd){l A 1_[ expii;);g(xj;;z 2 }I{X‘i+(rdzde[0,1]d} dz’

i=1

> fhd(ld){l A exp(—dg* o)}l (xd o i o, 110y A2°
(2.3)

:exp(—lg*)/hd(zd)l{xd+adzde[o,1]d}dzd

N bl (x?)
> exp-lg)(5) -

This lower bound for J;(x?) will be used repeatedly.

The pseudo-RWM process moves at each iteration, which is the key difference
to the RWM process. Furthermore, the moves in the pseudo-RWM process are
identical to those of the RWM process, conditioned upon a move in the RWM
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process being accepted, that is, its jump chain. For d > 1, let Xd, )A(‘li, ... denote
the successive states of the pseudo-RWM process, where )A(g ~ 14(-). The pseudo-
RWM process is a Markov process, where for ¢ > 0, Xtd = Xfl + ade and given
that X¢ = x?, Z¢ has p.d.f.

r@x?) = hg(@a(x?, x? + o42%) ) Jax?), 24 e (=1, 1)

Note that {(zdlxd) =0 for z¢ ¢ (—1, 1)4. Since Xg, Xg ~ 14, we can couple the
two processes to have the same starting value Xg . A continued coupling of the two
processes is outlined below. Suppose that Xf =x?. Then for any s > 1,

(2.4) (U{X,H —xd}|xf=xd) = (1 - Ja(x)*.

That is, the number of iterations the RWM algorithm stays at x? before moving
follows a geometric distribution with “success” probability J;(x?). Therefore for
J =0, let M;(-) denote independent geometric random variables, where for 0 <
p <1, M;(p) denotes a geometric random variable with “success” probability p.

For s EZ+ let Md M; (J(Xd)) and fort € Z™T, let

s—1
Uf = sup{s eZb:Y M;(JaX)) < t},

j=0
where the sum is zero if vacuous. For s € ZT, attach Md Mg(J (Xd)) to Xd
Thus M;i denotes the total number of iterations the RWM process spends at
Xf before moving to Xf 41+ Hence, the RWM process can be constructed from
(Xd, Mg) (Xd, Md) . by setting Xg = Xd and for all s > 1, Xd de Obvi-
ously the above process can be reversed by setting Xd equal to the rth accepted
move in the RWM process.

For each d > 1, the components of Xg are independent and identically dis-
tributed. Therefore we focus attention on the first component as this is indicative

of the behavior of the whole process. For d > 1 and ¢t > 0, let V" X ddz 1 and
d_ vd
V =X [d?t],1°

THEOREM 2.1. Fix[ > 0. Foralld > 1, let X4 ~ 7. Then, as d — oo,
visy

in the Skorokhod topology on D[0, 00), where V. satisfies the (reflected) Langevin
SDE on [0, 1]

2.5) AV, = \Jo()dB, + Lo (0)g' (V) dt +dLO(V) —dL} (V)
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with Vo ~ f. Note that B; is standard Brownian motion,

¢>(l)=§exp<—f*l)

2

and f* — thJ/O(W)‘
Here {Lty,t > 0} denotes the local time of V at y (=0, 1) and the SDE (2.5)
corresponds to standard reflection at the boundaries 0 and 1 (see, e.g., Chapter V1

of [13]).

PROOF. Asnoted in Section 1, the acceptance probability of the RWM process
is inherently random and therefore it is necessary to consider the behavior of the
RWM process averaged over [d°] iterations, for § > 0. Fix0 <20y < <8 <8+
y < % and let {k,} be a sequence of positive integers satisfying [d?] < k; < [d®].

For s € Z*t, let X? = Xd[da] and for r > 0, let V¢ = Xﬁdz/ goy.1- Forall £ =0,

X4, — X4 ,| <oq and |[d?1] — [d°] x [d?1/[d°]]| < [d°]. Hence, for all T > 0,
(2.6) sup V4 — V| < [doy,.

0<s<T

Therefore by [5], Theorem 4.1, Ve = Vasd— oo, if V¢ = V asd — oco. Hence
we proceed by showing that

2.7) ViV asd— oo
Let Gfl be the (discrete-time) generator of X< and let H be an arbitrary test

function of the first component only. Thus

2

d
[dS]E[H(X ) — H(Xd) X4 =x7].

The generator G of the (limiting) one-dimensional diffusion V for an arbitrary test
function H is given by

(2.9) GH(x)=¢ {38’ 0 H'(x) + 3 H"(x)}

for all x € [0, 1] at least for all H € D, where D is defined in (2.10) below.
First note that the diffusion defined by (2.9) is regular; see [9], page 366. There-
fore by [9], Chapter 8, Corollary 1.2, it is sufficient to restrict attention to functions

(2.8) GSH(x?) =

(2.10) HeD={h:heC(0,1])NC2(0,1)) ND*, Gh e C([0, 1])},

where C2((0, 1)) is the set of twice differentiable functions upon (0, 1), ¢ [0, 1] s
the set of bounded continuous functions upon [0, 1] and D* is obtained by setting
gi=0(@{=0,1)in [9], page 367, (1.11) and is given by

(2.11) D*={h:h'(0)=h'(1) =0}.
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Let H{' = supg,<; H'(y) and H} = SUPg<y<| H"(y). Then H € C%((0, 1)) com-
bined with H € D* implies that H]" < ooc. It then follows from g’ being bounded
on [0,1] and GH € o) ([0, 1]) that Hy < oo. These observations will play a key
role in Appendix C.

Now (2.7) is proved using [9], Chapter 4, Corollary 8.7, by showing that there
exists a sequence of sets {F,;} such that for any T > 0,

[Td?/1d°]] y
(2.12) ]P’( U {X§¢Fd}>—>o as d — 00
j=0
and
(2.13) sup |GOH(x) —GH(x))| >0  asd — oo.
xdeﬁd

Let the sets {F;} and {I:”d} be such that F; = ﬂ‘;zl Fj and

[d°]
(2.14) Fdz{xd;P(U{X;?ngdnxg:xd) 5d‘3},

j=0
where F}, F2, F3 and F are defined below. Recall that b/, (x?) = Zj{=1 Lix;erry,
the total number of components of x? in R, =(0,r/d)U(1—r/d,1). We term Ré
the rejection region, in that, for any component in Rfi, there is positive probability
of proposing a move outside the hypercube with such moves automatically being
rejected. Let
2.15)  Fl={x%p,x%) < ylogd),

[’} 3/4 3/4
2.16)  Fi= [ (x5 &) —EpE" XD < vkl
k=[dP]

(2.17) F; = ixd; sup sup |Ad(xd; rikg) — M) < d—v],
[dP1<ky<[d®10=r=I

1 d
- > g/ (x)* —Eflg' (X1)?]

(2.18)  Fi= {xd;
j=1

)

where A4(x%; r; kg) = E[by(X{ )1X§ = x?] and A(r) = f*r(1 4 r/20). In Ap-
pendix A, we prove (2.12) for the sets {I:“d} given in (2.14). Note that (2.12) follows
immediately from Theorem A.13, (A.74) since Xg ~ 14. An outline of the roles
played by each F a{ (j =1,2,3,4) is given below. For x¢ € F dl xleF j) the total
number of components in (close to) the rejection region are controlled. For x? € F 3
after k; iterations the total number and position of the points {ng |Xd =x%} in Ril
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are approximately from the stationary distribution of X4, Finally, for x? € F 3 ,
cl—i Z?:] g/(xj)2 ~Ey [g’(X)?]; this is the key requirement for the sets {F;} given
in [14], cf. [14], page 114, R, (x2, ..., X,).

The proof of (2.13) splits into two parts and exploits the pseudo-RWM process.
Let

K-1
(2.19) Py=max{K =0,1,...,[d° — [d(s]ZM(Jd(X ))<1}/[ 1,

the proportion of accepted moves in the first [a"s ] iterations, where the sum is set

equal to zero if vacuous. Then Xd x4 =X and

[d?] [Pgd®]

(2.20) GiHx) = d—S]E[ (X, o) — HEXDIXE =x].

In Appendix B, we show that for all x? e Fd, Pd|X —x! 2 exp(—Lf*/2) as

d — oo. Consequently, it is useful to introduce G d TH(x%) (0 <m < 1) which is
defined for fixed 0 <m <1 as

n d?
G HO) = B (H (XY ) — HED)IXE =]
g2 -1l .
(2.21) = Y EBIHX{) - H(Xd)|X0_x]
j=0
[md®—1]
=5 > E[GdH(Xd)|XO_x]
j=0
where
(2.22) GqH(X9) = d*E[H X{ — X$)|Xd =x"].

Finally in Appendix C, we prove in Lemma C.6 that
(2.23) sup sup |G‘;’”H(Xd) —GH((x)|—0 as d — oo.

OSNSIXdeid

The triangle inequality is then utilized to prove (2.13) in Lemma C.6 using (2.23)
and P;|Xd =x? Ly exp(—1f*/2)asd — co. O

It should be noted that in Appendix C, we assume that E[g’(X)?] > 0, in particu-
lar in Lemma C.1. In Appendixes A and B we make no such assumption. However,
Elg (X )2]1=0 corresponds to f(x) = ljp<x<1) (uniform distribution), and prov-
ing Lemma C.6 in this case follows similar but simpler arguments to those given
in Appendix C.



OPTIMAL SCALING OF RWM ALGORITHMS 1891

A key difference between the diffusion limits for continuous and discon-
tinuous i.i.d. product densities is the dependence of the speed measure ¢ (/)
upon f. For continuous (suitably differentiable) f, ¢ (/) depends upon [ =
Ef[{f "X)/f (X )}?1, which is a measure of the “roughness” of f. For discontin-
uous densities of the form (1.7), ¢ (/) depends upon f* = lim, o{(f(x) + f(1 —
x))/2}, the (mean of the) limit of the density at the boundaries (discontinuities).
Discussion of the role of the density f in the behavior of the RWM algorithm is
given in Section 3.

The most important consequence of Theorem 2.1 is the following result.

COROLLARY 2.2. Leta(l) =exp(—f*1/2). Then
En,ElJa(X$)] = a(l)  asd — oo.
& (1) is maximized by | =1 = 4/ f* with
a(l) = exp(—2) =0.1353.

Clearly, if f(-) is known, [ can be calculated explicitly. However, where MCMC
is used, f(-) will often only be known up to the constant of proportionality. This
is where Corollary 2.2 has major practical implications, in that, to maximize the
speed of the limiting diffusion, and hence, the efficiency of the RWM algorithm,
it is sufficient to monitor the average acceptance rate, and to choose [ such that
the average acceptance rate is approximately e~2. Therefore there is no need to
explicitly calculate or estimate the constant of proportionality.

3. Extensions. In this section, we discuss the extent to which the conclusions
of Theorem 2.1 extend beyond m; being an i.i.d. product density upon the d-
dimensional hypercube and Xg ~ 1g4. First we present two extensions of Theo-
rem 2.1. The second extension, Theorem 3.3, is an important practical result con-
cerning lower-dimensional updating schema.

Suppose that f(-) is nonzero on the positive half-line. That is,

3.1 f(x) ocexp(g(x)) (x>0)
and f(x) = 0 otherwise.

THEOREM 3.1. Fix [ > 0. For all d > 1, let Xg ~ 14, given by (3.1), with
Sup,>o lg'(x)| = g* < oo. Then, as d — oo,
visv

in the Skorokhod topology on D[0, 00), where V. satisfies the (reflected) Langevin
SDE on [0, 00)

dV, = Je¢O)dB, + 1¢(1)g' (V) di +dLO(V)

12

with Vo ~ £, ¢(1) = & exp(— f*1/4) and f* =lim, o f (x).
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PROOF. The proof of the theorem is virtually identical to the proof of Theo-
rem 2.1, and so, the details are omitted. [l

Note that we have assumed that g’(-) is bounded on [0, co). This assumption is
almost certainly stronger than necessary with g’(-) being Lipschitz and/or satisfy-
ing certain moment conditions probably being sufficient; cf. [14].

Theorem 3.1 is unsurprising with the speed of the diffusion depending upon the
number of components close to the discontinuity at 0.

COROLLARY 3.2. Let my(x%) = ]_[flzl f(x;i) where f satisfies (3.1). Then
End[Jd(Xg)] — exp(—f*1/4) =a(l) as d — oo.
¢ (1) is maximized by | = [= 8/f* with
a(l) = exp(—2) = 0.1353.

Therefore the conclusions are identical to Corollary 2.2 that in order to max-
imize the speed of the limiting diffusion it is sufficient to choose / such that the
average acceptance rate is e 2.

The second and more important extension of Theorem 2.1 follows on from [10].
In [10], the Metropolis-within-Gibbs algorithm was considered, where only a pro-
portion ¢ (0 < ¢ < 1) of the components are updated at each iteration. For given
d > 1, at each iteration c4d of the components are chosen uniformly at random
and new values for these components are proposed using random walk Metropo-
lis with proposal variance aj oy = /d)?. The remaining (1 — ¢4)d components
remain fixed at their current values. Finally, it is assumed that c; — ¢ as d — oo.

The following result assumes that f(-) is nonzero on (0, 1) only. The extension

to the positive half-line is trivial.

THEOREM 3.3. FixO<c<1landl>0.Foralld>1,let X§ = (X . X§ .

...,Xg’ 4) be such that all of its components are distributed according to f(-).
Then, as d — oo,

visy
in the Skorokhod topology, where Vo ~ f(-) and V satisfies the (reflected)
Langevin SDE on [0, 1]
AV, = /¢ () dB; + 3¢c(Dg (Vi) di +dL)(V) —dL;(V),

where B; is standard Brownian motion, ¢.(l) = %exp(—cf *1/2) and f* =

limx¢0 f(x)—&-é‘(l—x)'
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Let afi"’ (I) denote the average acceptance rate of the RWM algorithm in d di-
mensions where a proportion ¢4 of the components are updated at each iteration.
Let

a“(l) =exp(—cf*1/2).
We then have the following result which mirrors Corollaries 2.2 and 3.2.
COROLLARY 3.4. Letcy— casd— oo. Then
af () —a“() asd — oo.

For fixed 0 < c <1, ¢. (1) is maximized by

o 4
== e
and
~ 1 ~
¢cle) = E¢1(ll)'
Also

a(ly) = exp(—2) = 0.1353.

Corollary 3.4 is of fundamental importance from a practical point of view, in
that it shows that the optimal speed of the limiting diffusion is inversely propor-
tional to c¢. Therefore the optimal action is to choose ¢ as close to 0 as possi-
ble. Furthermore, we have shown that not only is full-dimensional RWM bad for
discontinuous target densities but it is the worst algorithm of all the Metropolis-
within-Gibbs RWM algorithms.

We now go beyond i.i.d. product densities with a discontinuity at the boundary
and Xg ~ 14. We consider general densities on the unit hypercube, discontinuities
not at the boundary and Xg +# mgy. As mentioned in Section 1, for i.i.d. product
densities, the speed measure of the limiting one-dimensional diffusion, ¢ (/), is
equal to the limit, as d — oo, of the ESJD times d. Therefore we consider the
ESJD for the above-mentioned extensions as being indicative of the behavior of
the limiting Langevin diffusion. We also highlight an extra criterion which is likely
to be required in moving from an ESJD to a Langevin diffusion limit.

Using the proof of Theorem 2.1, it is straightforward to show that

d() = geXp<—§>

_ 2mr721 1
(3.2) =PEIZ]] Jim E[lxg o, z0c0.11)]

2 3 bl (X&)
=L tim E[(—) ]
3 d—oo 4
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The first equality in (3.2) can be proved using Lemma A.6, (A.26), where for
Z1~U(-1,1), E[Z%] = 1/3. The second equality in (3.2) comes from the fact
that for 0 < x <oy, f(x)+ f(1 —x) =2f*+4 O(1/d) and for a component Xg,i
uniformly distributed on (0,!/d) or (1 —1/d, 1), P(Xg’i + ale?’ e [0,1]) =3/4.
That is, the acceptance probability of a proposed move is dominated by whether
or not the proposed move lies inside the d-dimensional unit hypercube. Proposed
moves inside the hypercube are accepted with probability 1 — o(d™%) for any o <
1/2; see Lemma A.7. Thus it is the number and behavior of the components at the
boundary of the hypercube (the discontinuity) which determine the behavior of the
RWM algorithm. This is also seen in Theorems 3.1 and 3.3.

First, we consider discontinuities not at the boundary. Suppose that 7 (x¢) =

H —1 f(xi), where
(3.3) J @) < Iixea,pyexp(g(x))  (x €R)

for some a, b € R. Further suppose that g(-) is continuous (twice differentiable)
upon [a, b] except at a countable number of points, P = {aj, as, ..., ai}, say,
on (a,b). Set ag = a and axy1 = b, with 65 =1/d. For j =0,1,...,k + 1,
let f_ =limy—4;— f(x) and f+ = limy—4;+ f(x), with Y, ~ Po(lf_/4) and
Y+ ~ Po(lf+/4) where fo = ka =Y, = Y L= =0. Then following [12],
(4 23), we can show that d times the ESJD

d k+1 f Yi-y;
(3.4) dE[Z(X{,.—ng)Z] [ ]‘[( ) ] as d — oo.

i=1

Thus the optimal scaling of o is again of the form //d and the acceptance or re-
jection of a proposed move is determined by the components close to the disconti-
nuities. Furthermore, it is straightforward to show that foreach j =0, 1,...,k+1,

lz(f /f+)y Vi L 0as1 - oo, implying that the optimal choice of [ lies in
O, oo) Provmg a Langevin diffusion for the (normalized) first component of the
RWM algorithm should be possible with appropriate local time terms at the dis-
continuities in f. While (3.4) holds regardless of f i and f j+ for a diffusion limit
we require that minj<j<x41 f i ming< ;< f j+ > (, that is, the density is strictly
positive on (a, b). (If this is not the case, the RWM algorithm is reducible in the
limit as d — 00.) Extensions to the case where either a = —o0 and/or b = oo are
straightforward.

Second, we consider general densities which are zero outside the d-dimensional
hypercube, 4 (x?) I{Xde[O,l]d} exp(iq (x?)), where Wq(-) is assumed to be con-
tinuous and twice differentiable. Let oy =[/d and assuming that

(3.5) exp(,ud(XO + O'le) — Md(X ) I as d — oo,
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we have that d times the ESID satisfies

d 12 3\ bh(XE)
(3.6) dE[Z(xﬁ{i —~ xg,l.)z} - 3 Jim E[(—) ] as d — oco.

: e AV
i=1

Note that (3.5) is a weak condition and should be straightforward to check using
a Taylor series expansion of 4. For i.i.d. product densities, bé (Xg) N Po(21f*)

as d — oo. More generally, the limiting distribution of bé (Xg) will determine the
limit of the right-hand side of (3.6). In particular, so long as there exist § > 0 and
K € N such that P(limg— 0 bil (Xg ) < K) > 4, the right-hand side of (3.6) will be
nonzero for [ > 0. It is informative to consider what conditions upon 74 are likely
to be necessary for a diffusion limit, whether it be one-dimensional or infinite-

dimensional as in [7]. Suppose that bé (Xg) £> B as d — oco. For a diffusion limit
we will require moment conditions on B, probably requiring that there exists ¢ > 0
such that E[exp(¢ B)] < oco. This will be required to control the probability of the
RWM algorithm getting “stuck” in the corners of the hypercube. This highlights a
key difference between studying the ESJD and a diffusion limit. For the ESJD, we
want a positive probability that the total number of components at the boundary of
the hypercube is finite in the limit as d — oo. For the diffusion limit, as seen with
the construction of {F L}} in Theorem 2.1, we want that the probability of there
being a large number of components (O (logd)) at the boundary is very small
(0(d™?)).

Third, suppose that Xg + m4. There are very bad starting points in the “cor-
ners” of the hypercube. For example, if X¢ = (exp(—d), exp(—d), ..., exp(—d)),
Jd(Xg) ~ 0.5+ exp(—d))d which even for d = 100 is less than 1 x 1073, Thus
the RWM process is likely to be “stuck’ at its starting point for a very long period
of time. This is rather pathological and a more interesting question is the situation
when Xg = 8%, where the components of 8¢ are i.i.d. In particular, suppose that
S{i ~ U[0, 1], so that X‘é is chosen uniformly at random over the hypercube. Note
that, if 8¢ is the uniform distribution,

d 2
l I
37) dE| S (x4, — x4 )2 x4 2gd| 5 (__) d
3.7 [2( 1,i O,z) | 0 3 exp > asd — oo

with the right-hand side maximized by taking =4 compared with [ = 4/f* for
Xg ~ g. We expect to see similar behavior to [8], in that the optimal o; (in terms
of the ESJD) will vary as the algorithm converges to the stationary distribution but
will be of the form o4 = [/d throughout. The RWM algorithm is unlikely to get
“stuck” with it conjectured that for any 7 > 0 and y > 0,

[Td?]
IP’( U (04X = y logd}Xd 23d> —~0 asd— oo.
t=0
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Simulations with f(x) o Ijp<x<1yexp(—2x) and f(x) o ljg<x<1jexp(—(x —
0.5)2 /2) and d = 10, 20, ..., 200 suggest that convergence occurs in 0(d?) itera-
tion. For convergence, we monitor the mean of Xf for f(x) o< jo<x<1) €xp(—2x)
and the variance of Xfl for f(x) oc ljg<x<1yexp(—(x — 0.5)2/2).

APPENDIX A: CONSTRUCTION OF THE SETS {F,} AND {F;,}

The sets F; consist of the intersection of four sets F é (i=1,2,3,4). For
i=1,2,3,4, we will define F é and discuss the role that it plays in the proof of
Theorem 2.1, one at a time. Furthermore, we show that in stationarity it is highly
unlikely that Xf does not belong to Fy. Since we rely upon a homogenization
argument, it is necessary to go further than the sets Fj to the sets F; C Fy. In par-
ticular, if Xg € Fy, then it is highly unlikely that any of X4, X;" s )A(? & do not
belong to F,;. The above statement is made precise in Theorem A.13 below, where
the constructions of {F;} and {ﬁd} are drawn together.

It is possible that all d components of Xg are in Ré. However, this is highly
unlikely and we show in Lemma A.1 that with high probability, there are at most
y logd components in the rejection region. Let F L} = (x%; bil x9) < ylogd).

LEMMA A.1. Foranyk >0,
d“PXE¢F)—>0 asd— oo.

PROOF. Fix k > 0. Note that X¢ ¢ F} if and only if b',(X%) > y logd. How-
ever,

1/d
b;(xg)~Bin<d,/o {f(x)+f(1—x)}dx>
with
1/d
(A1) d/o (F) + F —x)dx — 2 asd — oo.

Fix p > k/y. By Markov’s inequality and using independence of the compo-
nents of Xg,

d“P(b, (X&) > y logd)
< d*Elexp(pby(X{))]/ exp(py logd)
(A2) = d“Elexp(p1 x4 cpi))]*/d""

1/d d
_ K P _ _ oy
=d (1+(e 1)/(; {f)+ f x)}dx) /d

1/d
< <Py exp((ep - 1)d/0 (f(x)+ fQ —x)}dx).
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The lemma follows since (A.1) implies that the right-hand side of (A.2) converges
to0asd — oco. O

Forx? e F dl, it follows from (2.3) that

(A3) Jax) = exp(—1g*)2 745D > exp(~1g*)277 18 > exp(~Ig*)d 7.

This is a useful lower bound for the acceptance probability and as a result the
random walk Metropolis algorithm does not get “stuck” at values of x¢ € F [}. To

assist with the homogenizing arguments, we define { F 6}} by

[d°]
(A4) F}:{xd;P(U X‘}¢F;|Xg:xd) §d_3}.
j=0
That is, by starting in F dl it is highly unlikely that the pseudo-RWM algorithm

leaves F [} in [d°%] iterations. To study F ; and later ﬁd we require the following
lemmas.

LEMMA A.2. For a random variable X, suppose that there exist §, € > 0 such
that

(A5) P(X € A|X € B) <é¢
and for all x € DE,P(X € A|X =x) >¢. Then
(A.6) P(X ¢ D|X € B) <.

PRrROOE. First note that

P(XcAlXeB)>P(XcANX e DC|X € B)
(A7)
=P(X € A|X € D, X € B)P(X ¢ D|X € B).

The lemma follows from rearranging (A.7) and using (A.5) and P(X € A|X €
D¢, XeB)>e. O

LEMMA A.3. Suppose that a sequence of sets {F}} is such that there exists
k > 0 such that
(A.8) dPXd ¢ F))—0  asd— cc.

Fix ¢ > 0 and let

[d°]

(A.9) Fj= {xd;P(U{X?¢F;mF;}|Xg:xd) Sd_s}.
i=0

Then

(A.10) d< Ay OpXd ¢ Fr) - 0 as d — oo.
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PROOF. Since X¢ ~ 4,
[d2+5+7]
(A.11) ]P’( U x¢¢ FJmF}}) <d*Ppxd ¢ FrnF).
i=0
Therefore for all sufficiently large d,
(A.12) P(X§ e F;NF)>1-PX§ ¢ Fj) —PX§ ¢ Fj) > 1.
By Bayes’s theorem, P(A|B) =P(A N B)/P(B) < P(A)/P(B). Therefore taking
A=U%"X ¢ FrnFlyand B = (X4 € FF 0 FlY, it follows from (A.11)
and (A.12) that

[@¥++7] 2 PXe ¢ F* O F)
(A.13) IP( U {X?¢F;mF;}|XgeF;mF;)§ (1‘}; AAL2N
i=0
Let
[d2+5+)/]
(A.14) ﬁ;::xd;ﬂb( U {X?¢F;mF;}|Xg:xd)5d—€}.
i=0

It follows from Lemmas A.1 and A.2 that

(A.15) @< CHrOpXd ¢ FAXd e FANF) -0  asd — oo.
Since d"}P’(Xg ¢F;N FL}) — 0 as d — oo, it follows from (A.15) that
(A.16) A< OPXd ¢ F5) 50 asd — oo.

Ford>1andi=0,1,2,..., let {Gid } be independent and identically dis-
tributed Bernoulli random variables with }P’(Gg = 1) = exp(—Ig*)27719¢4 where
g* = maxo<yx<1}|g’(x)|. It is straightforward using Hoeffding’s inequality to show
that

[@*+t7]
(A.17) d“P( > oof < dﬁ) —0  asd— oo.
i=1
Now {0;1 } and {X?} can be constructed upon a common probability space
such that if QJ‘-I =1 and X? € Fdl, X?_H * X‘Jj-. For k,n > 0, consider )A(ff, if
;7‘:19;1 > k and ﬂ'}:o{X? eF;NF [}}, a coupling exists such that there ex-
ists Jy € {k,k+1,...,n} such that Xf = X‘}k e Fjn Fdl. Exploiting the above
+3+V]

2468 2
coupling, mgdzg W]{X;? e F;n FL}} and Zl[il Ql.d > d’ together imply that
81 A
I} (X4 € Fy N F}}. Thus

[d>+0+7]
(A.18) PX4 ¢ F3) <PX{ ¢ ) + IP’( > oed < d5>,
i=1
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and (A.10) follows from (A.16), (A.17) and (A.18). O

As noted in Section 2, we follow [11] by considering the behavior of the random
walk Metropolis algorithm over steps of size [d°] iterations. We find that a single
component moves only a small distance in [d®] iterations, while over [d’] itera-
tions the acceptance probability, which is dominated by the number and position
of components in Ré, “forgets” its starting value. Moreover, we show that approx-
imately exp(— f*1/2)[d’] of the proposed moves are accepted. However, we need
to control the number of components which are close to the rejection region (F 5)
and the distribution of the position of the components in the rejection region after
[d?] iterations (Fd3), where 0 < 8 < 6.

For any k£ > 1, let

B2y = {x: 164" (x) — Bok ™ (X9 < V)

and let
[d°]
(A.19) Fi= () Ei.
k=[dF]

Before studying F dz’ we state a simple, useful result concerning the central mo-
ments of a sequence of binomial random variables.

LEMMA A.4. Let By ~ Bin(d, pg). Suppose that pg — 0 and dp; — o0 as
d — 00; then for any m € N,

(A20) E[(Bs— E[Bd])zm]/(dpd)m — 1_[ 2j—1 as d — oo.
j=1
LEMMA A.5. Forany k > 0 and sequence of positive integers {kq} satisfying
[dP] < ka <[d°],
(A21) d“P(X¢ ¢ F2(kg)) >0  asd — oo.
Consequently, for any k > 0, d"IP’(Xg ¢ Fg) — 0asd— oo.

PROOF. Fix k > 0. By stationarity and Markov’s inequality, for all m € N,
n 3/4
XY ¢ FHk) = BB (XE) BB (X112 VEa)
K oA PEg

< E[(b5 (X4 —E[bs (X9)])>"].
d

3/4 oA
However, b (Xd) ~ Bin(d, fo ka -/ {f(x)+ f(1—x)}dx),so by Lemma A.4 for

any m € N, for all sufficiently large d,

E[(b 3’/4(X )—E[b (X O] < Kok,

(A.22)
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where K,,;, = T:1(2j — 1) + 1. Since kg > [dP], the right-hand side of (A.22)
converges to 0 as d — oo by taking m > 4« /B, proving (A.21).
Note that

[d°]
(A.23) d“P(X§ ¢ F) <d“ Y P(X3 ¢ FF(K).
k=[dP]

The right-hand side of (A.23) converges to 0 as d — oo since (A.21) holds with «
replaced by k +45. U

Before considering F 3, the distribution of the position of the components in the
rejection region after [d#] iterations, we introduce a simple random walk on the
hypercube (RWH). The biggest problem in analyzing the RWM or pseudo-RWM
algorithm is the dependence between the components. However, the dependence is
weak and whether or not a proposed move is accepted is dominated by whether or
not the proposed moves lies inside or outside the hypercube. Therefore we couple
the RWM algorithm to the simpler RWH algorithm.

For d > 1, define the RWH algorithm as follows. Let Wf denote the position of
the RWH algorithm after & iterations. Then

WitosZ¢ .  ifW{+o04Z{  €[0,1],

d
(A.24) Wit = we., otherwise.

That is, the RWH algorithm simply accepts all proposed moves which re-
main inside the hypercube and rejects all proposed moves outside the hyper-
cube. Define the pseudo-RWH algorithm in the obvious fashion with We =
(W,ﬁ{ 1 W,ﬁ{z, s W,i 4) denoting the position of the pseudo-RWH algorithm at
iteration k. Then for 1 <i < d, W,fl_H’i = Vi/,f{i + adZ,fH’i, where Z,‘fﬂj ~
UI=W{ i foa) v =1, (W foa) A1,

For our purposes it will suffice to consider the coupling of the pseudo-RWM
and pseudo-RWH algorithms over [d?] iterations and study how the pseudo-RWH
algorithm evolves over [d®] iterations. Note that the RWH algorithm coincides
with the RWM algorithm with a uniform target density over the d-dimensional
cube, so in this case the coupling is exact.

The components of the pseudo-RWH algorithm behave independently. For
x €(0,1), let wg(x) =P < x + 04Z < 1) and for x¢ € (0, )9, let Qy(x%) =
]_[‘;:1 wq(xj). Then Qg (x?) is the probability that a proposed move from x4 is
accepted in the RWH algorithm.

LEMMA A.6. Forany o < % and x? € [0, 119, there exists a coupling such
that

(A.25) dPXI£WIXd =Wl =x) >0  asd — oo.
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PROOF. Let U ~ U]O0, 1]; then we can couple Xf and W‘f using Z‘II and U as
follows. Let

wd — x4 + 0,24, if x4 + 0,2 € [0, 119,
! x4, otherwise,

x! + o424, ifx?+0,29 €0, 114

d
x4 = andU51Aexp<2{g(xj+adzl,j)—g(xj)}),
j=1

x4, otherwise.

Therefore, X{ # W{ if x? + 04Z¢ € [0,11Y and U > 1 A exp(X9_{g(x; +
O‘dzl?]’) — g(xJ')}). Thus

d*P(X{ # W9|Xd = W =x9)

= d"‘IP’(xd + 0424 €10, 11,

d
U>1 /\exp(Z{g(xj +o047Z1,) — g(xj)}>)
(A.26) =

d
= d“E[H Lio<xj+042, <1}
j=1

d
X {1 —1 /\exp(Z{g(xj +o04Z1,j) — g(xj)}> ]i|

j=1
since forall y e R, |1 — {1 Aexp(y)}| <yl
By Taylor’s theorem, for 1 < j < d, there exists S}” lying between 0 and 04Z1
such that

d

> {g(xj +0aZ1)) — g(x))}

§d°‘E[
j=1

17 d
g'(x; + &%)
(A27)  g(xj+04Z1)) —8(x)) =g (xj)0aZ1 )+ —-L"(04Z1 ).

Since g(-) is continuously twice differentiable on (0, 1), there exists K < oo such
that

KI?

d
(A28) | (g(xj+0aZ1 ) —g(x))} to

j=1

=

l d
7 > g (xHNZy
j=1
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Since the components of Z‘f are independent, by Jensen’s inequality, (A.28) and
E[(X + c)2] < 2E[X?] + 2¢2, for any random variable X and constant ¢, we have
that

d*P(X§ # W9 |Xd = Wi =x9)

12 K241\
(A.29) sd“<{3d22g(,>+ })

—0 asd — oo,

and the lemma is proved. [

COROLLARY A.7. FixO<a <% —36.
For any x? € [0, 11%, there exists a coupling such that

[d°]
(A.30) d"‘IP’(U{Xd;éWd}|Xd_WO_x)—>O as d — oo.
j=0

Moreover, if x? e I'Ed1 anda+06+y < %, there exists a coupling such that

[d°]
(A.31) d“P(U{X? # W4 Xg = W =xd> —~0 asd— oo.
j=0

Forr >0and k=0,1,2,..., let

(A.32) X;-i(x‘,-;r;k)={l’ if W,gj'e R} given that ng=xj,

0, otherwise.
Let qd(x;r;k) = }E[de(x; rik)] and let Ay (x4 r; k) = Z§=1qd(xj; r; k). Note
that the movement of the components of the pseudo-RWH algorithm are indepen-
dent.

The next stage in the proof is to show that, if Xg is started in F 3, then after kg4
iterations of the pseudo-RWM algorithm has forgotten its starting value in terms
of the total number and position of the components in Ré (the rejection region).
Moreover, the total number and position of the components in sz after k, iterations
of the pseudo-RWM algorithm are approximately from the stationary distribution
of X9. Before defining and studying {F 3}, we require the following lemma and
associated corollary concerning the distribution of the components in the rejection
region after kg steps.

LEMMA A.8. Let {kg} be any sequence of positive integers satisfying [dP] <
ka < [d°].
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For any sequence of {x?} such that x? € F dl NFE 5 ,

(A.33) d* Zq k> =0 asd— oo.

Also forall 0 <x < 1,
(A.34) d¥ q%(x;1; kqg) — 0 as d — oo.

PROOF. Fix x¢ eFdﬂFd andsetwd—x

To prove (A.33) and (A.34) we couple the components of Wd to a simple re-
flected random walk process { it > 0}. Set S0 = x for some 0 < x < 1. Let

Z1,Zy, ... be iid. according to U[—1,1]. For t > 1, set S| = S¢ + 04Z+
with reflection at the boundaries 0 and 1 so that Sd € (0,1). For x € (0, 1), let
pl(xil ka) =P(S{ € RIS =x).

Consider Vi/ffl with identical arguments applying for the other components

of Wf Since kg0 — 0 as d — oo, we assume that d is such that (kg + 1)oy < %
Then

(A35)  P(W | eRyIW, € (ks + Dog, 1 — (kg + 1)og)) =0.

For x € (0, (kg + 1)og) U (1 — (kg + 1)o4, 1) we can couple Std and Wfl such that
(A.36) g/ (L ka) < p? (63 1 k).

Foro; <y < l—O‘d,lde Wtd1 =y, then set StJrl = WJrl 1= y+odZ,+1 Now

, can be coupled such that, if S¢ = Wt"'1 =

). Furthermore, for y; < y» < 1/2 (y1 >

1fy<od (y>1—-0y), Z,+1 andZ

d d
then S| < Wi, | (S4, = Wi

y2 > 1/2), the above coupling can be extended to give, if Sd =yrand W 1 =y,

t+1

then S, b < W; 1 (SflJrl > Wt ) Since in kg iterations either process can move
at most a distance kz04, (A.36) follows from the above coupling.

Without loss of generality, we assume that 0 < x < (kg + 1)oy [symmetry ar-
guments apply for 1 — (kg + 1)og < x < 1]. By the reflection principle,

kq
pd(x; Iy kg) = IP’(—ad <x+oy Zzi < O'd>
i=1
(A.37)

kq
X ~
=Pl-1<—4+) Z<1).
(rearzne)
By the Berry—Esséen theorem, there exists a positive constant, K < 0o say, such
that for all z € R,

kd 1
(A.38) ' ( Z Zi <z> —P(2)| <

Ky

ki
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where ®(-) denotes the c.d.f. of a standard normal. Therefore it follows from
(A.37) and (A.38) that there exists a positive constant, K, < 0o say, such that
for all x € (0, 1),

(A.39) Pl ky) < K2
T Vka
By Hoeffding’s inequality, for any ¢ > 0,
ka 3/4\2
~ 3/4 2(eky’ )
(] ont) om0

(A.40)
= 2exp(—e>vkq/2).

Hence for k2/4/d < x < (kg 4+ 1)/d, by taking & = 1/2I in (A.40), we have that

. ad>
3/4
k
- 4
2d )

)—)O asd — oo.

ki
x—i—adZZ,'

i=l

dpd<x;l;kd>=dlp(

kq _
o4 Z Z i

i=1
vka
812
Furthermore, note that for (kg + 1)og <x <1 — (kg + 1)og, p(x;1; kg) =0.

Then (A.34) follows immediately from (A.36) and the above bounds for
p(x;1; kg) since d?Y /\/kq — 0 as d — o0.

Finally, for xleF dl NF 5, it follows from (A.36), (A.38) and (A.39) that there
exists K3 < oo such that

(A.41) < dIP(

<2d exp(—

d d
d? 3 gt L k)? <d® Y pl (s 1 ka)?

i=1 i=1

K> \? Vka
<d% {K3kf/4(—> +2d exp(——) }
- Vka 812

with the right-hand side of (A.42) converging to 0 as d — oco. [

(A42)

COROLLARY A.9. For any m > 2, any sequence {rq} satisfying 0 <rq <l
and any sequence of positive integers {kq} satisfying [dP] < kq < [d®], there exists
K < oo, such that for all d > 1,

(A.43) Elq® (X 15 ras ko)™ < Kd=0HFm/S),
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PROOF. Fix m > 2. Note that
Elq® (X3 15 ras ko)™ < Elg? (XE 3 I; ko)™

1
= [ a'titika)" foda
(A.44) ’
= /k3/4 qd(X; Ly ka)™ f(x)dx
R/

[ o ateilika” oo dx.
(RS HE

The two terms on the right-hand side of (A.44) are bounded using (A.39) and
(A.41), respectively. Thus it follows from the proof of Lemma A.8 that there exist
constants K1, Ko < oo such that, forall d > 1,

K m
Bl (X8 i ko)1 = [ (L) S0 dn
R d

Vka

d
Vka\ "
+/(R§2/4)C{26Xp(—w>} fx)dx

(A.45) <Px¢, e Rk2/4)< Ky >m
. — 0,1 d \/k_d

J 3/
+P(X, ¢ Ry ) % 26Xp<—

i)

812

K/t m/2 JE)

d —
SKZde +2exp<—w
The corollary follows from (A.45) since m > 2 and k; > [df]. O

We are now in position to define {Fj}. Forany 0 <r <l andk € 77T, let
(A.46) Firik) = {x¥: g (x¥ ri k) — ()| <d 77 /8),
where A(r) = f*r(1 +r/2l). Let

(A4D)  Fj= ixd: sup sup [Ag(x%irika) — A(r)| < dﬁy}.
[dP1<ky<[d®10=r=I

We study {ﬁ 3 (rd4,kq)} as a prelude to analyzing {F 3} where r; and k; are defined
in Lemma A.10 below.

LEMMA A.10. For any sequence {ru} satisfying 0 <rg <lI, any sequence of
positive integers {kg} satisfying [dP] <ky <[d’] and k > 0,
(A.48) d“P(Xd ¢ F3(ra,ka)) =0  asd — oo.
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PROOF. By the triangle inequality,
d“P(XE ¢ F3(ra; ka))
(A.49) < d*P(1ra(X§; ra: ka) — E[ra(X{; ras ka)ll > d 77 /16)
+ d*P(|E[Aa(X§: ra: ka)] — A(ra)| > d 77 /16).

In turn we show that the two terms on the right-hand side of (A.49) converge to 0
as d — o0.
By Markov’s inequality, we have that for any m € N,

d“P(1ra(XS; ra; ka) — BAa(X8; ra; ka)ll > d 77 /16)

d m
< 16md"+m”]E|:(Z{qd(Xo,j; ras ka) — Elq? (Xo,j; ra; kd)]}> }
(A.50) =

d d m
=16"a " Y.y E[H{qd(xo,ij§rd;kd)
=1 ip=1 Lj=1

— Elg? (Xo.i;: ra; k@]}}.

Since the components of Xg are independent and identically distributed, we have
for any {i1, i2,...,0n}, thereexists | < J <mandly,lr,...,l; > 1 withl] + 1, +
.-« + 15 = m such that

E[]‘[ {g'(Xo.i;: ras ka) — Elg* (Xo.i3 ras kdm}
(A51) =

7
[ E[{g? (Xo.1; ra; ka) — Elg? (Xo.1; ra; ka) 1} ]-
j=1

Note that if any /; = 1, then the right-hand side of (A.51) is equal to 0. By Corol-
lary A.9, if I{,l>,...,l; > 2, there exists K| < oo such that the right-hand side
of (A.51) is less than or equal to ]_[JJ:I (K1d~(HiB/3) = K{d‘fd_mﬁ/g. Further-
more, there exists K» < oo suchthatforany 1 <J <mandly,l,...,l; > 2, there
are at most Kgdj configurations of {i1, i, ..., iy} such that for j =1,2,...,J,
[j of the components are the same. Therefore there exists K < oo such that

d d m
ey E{H{qd(Xo,ij; ra: ka) — Elq* (Xo,i;: ra; kd)]}j|
ii=1 im=1 =1
(A52) ’
< KdmP/3,
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Taking m > «/(8/8 — y), it follows from (A.52) that the right-hand side of (A.50)
converges to 0 as d — oo.
The lemma follows by showing that for all sufficiently large d,

(A.53) IE[a(X8: ras ko)l — A(rg)l <d ™7 /16.
Note that

Elha(X4; ra; ko)1 = dElq? (Xo.15 73 ka)]
K4 yd ;
=d/0 q“(x;sraka) f(x)dx
(A.54) ”
1-k;"/d J
d [tk f ) dx
k)" /d

1
+d [, g ka) f(x) dx.
1-k}/*/a
By (A.41), the second integral on the right-hand side of (A.54) is bounded above

by d x 2exp(—«/kd/812) — 0 as d — oo. Let f, = supg,<;|f'(x)|. Then by
3/4 T

Taylor’s theorem, for 0 < x <k, '/d,
(A.55) F@) = fOI=x swp f() = fuk)td.
<y=<x

Thus

K/ d J k)t d 4

'd/O q (x;rd;kd)f(x)dx—f(O)d/O q®(x;rg; kqg)dx
(A.56)
k3/4 k3/4/d
<dx f*dT x f q“ (x; ra; ka) dx.
0

Similarly, we have that

1 1
‘d | e @t Girskofeds = fd [ gtk d
1k, /d 1-k; " /d

(A.57) 3/4 1
k
<d X *d—x/ dx;r;k dx.
<dx f, p 1_k3/4/d61 (x5 ras ka)

By symmetry, g% (1 — x; r4; ka) = q% (x; r4; ka), 0

1
(A.58) d”|E[rg(X%: ra; ko)) —2f*d/ q?(x;raska)dx| >0 asd — oo.
0
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Since fol wa(¥)dy > 1 — 204, using Lemma A.8, (A.34), we have that, for all
sufficiently large d,

! 1
d/ qd(x3rd:kd)dx—d/ q(x;rd;kd)wdi(x)dx
0 0

av 1
f() wq(y)dy

7
< 4d'tv /0 g (x; ra; kg) dx

1—0oy 1
+d/ {li—l}qd(x;rd;kd)dx
o Ufywa(y)dy

204

(A.59)

1
<4d"Voud=¥ +a'tr / q%(x;ra; kg) dx.

0 ) wa(y)dy

Let p?(x; rq; kqg) be defined as in Lemma A.8. Note that U[0, 1] is the stationary
distribution of a reflected random walk on (0, 1). Therefore for any k& > 1,

(A.60) / p (x;rd;k)dxzf pi(x;rg;0)dx = —.
0 0 d
Therefore, it follows from Lemma A.8, (A.36), that
1 1
(A.61) d/ qd(x;rd;kd)dxﬁd/ pd(x;rd;kd)dx=2rd.
0 0

Hence the right-hand side of (A.59) converges to 0 as d — .

Note that the stationary distribution of a single component of the pseudo-RWH
algorithm has p.d.f. wg(x)/ fol wa(¥)dy (0 < x < 1). Therefore
g (X)

1
dx:d/ g% (x;rg; 0)————dx
0 Jo @a(y)dy

(0 5)/0-1)

Finally, combining (A.58), (A.59) and (A.62), we have that (A.53) holds and the
lemma is proved. [J

wq(x)

1
d/ g (x; ras kg) —————
0 Jo @a(y)dy

(A.62)

LEMMA A.11. Foranyk >0,
(A.63) dPXI¢FH)—0 asd— oo.
PROOF. Fix « > 0. Fix a sequence of positive integers {k;} such that [d#] <

kg <[d’]. Fix 0 > y and let Sy = {0,d~%,247?,...,[1d?]1d?,1}. Thus the ele-
ments of S; are separated by a distance of at most 4 7.
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For any 0 <r <! and d > 1, there exist 74, 7y € Sy such that 7y <r < 7y with
Fq — g < d~Y. By the triangle inequality,

1a(X8; 73 ka) — A(r)|
< a(X&; i kg) — Aa(XS; Fas ka) + |ha(XS; 7as ka) — A7)
+ A(r) — A(Fa)

< Aa(X&: Fas ka) — Aa(X8; Fas ka) + |ha (XS 7as ka) — M(Fa)|
(A.64) ) i
+A(g) — A(rg)

< 1%a(X3: Fa; ka) — Elra(XG; Fa: ka) |
+210a(X§: 7a: ka) — Elra(XG: Fas k)|
+ 2|A(Fa) — A(Fa)l.
By Lemma A.10, for any sequence {ry} satisfying 0 <ry </,
-y

d
(A.65) d“+9+5]P><|,\d(Xg; ra; ka) — A(ra)| > T) —~0  asd— oo.

Hence

d
(A.66) d”+5]P’<m%x|Ad(Xg; rikg) — A(r)| > ?> -0 as d — oo.
r€og

For all sufficiently large d,

d
(A.67) sup A(ra) — A(sa)| = —

0<rq,sa<l,lrg—sal<d=? 16

Therefore it follows from (A.64), (A.66) and (A.67) that
(A.68) d”+5P< sup g (X3; 73 kg) — 1 (r)| > d—V) -0 asd— oo.

0<r<l

Since (A.68) holds for any sequence {kg} satisfying [dP] < kg < [d°], the lemma
follows since

dKIP’( sup sup |Ag(X&:ri k) — A(r)| > a’_”)
[dB1<k<[d3)0<r<l

(A.69)
[d°]
<d< Y ]P’( sup |kd(Xd;r;k)—k(r)|>d_V).
k=[dP] 0<r<l ]

Finally, we consider

1 d
yi > g/ (x)* —Elg'(X1)?]

(A.70) Fj= {xd;
j=1

- d—w}.
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The sets {F' ;} } mirror the sets { F},} in [14] and are used when considering Gf,H (x?)
and é‘;’” H (x%) but play no role in analyzing P,.

LEMMA A.12. Foranyk >0,

(A.71) dPXd¢ FH -0  asd— oco.
PROOF. Let g* = supp<,<; 1g'(y)| and fix « > 0. Then by Hoeffding’s in-
equality,
d
d*P(X§ ¢ Fj) = d“]P’( Y ¢'(Xo,)* — dE[g (Xo,)%]| > d7/8>
AT2 -
o <-4 20
X —_—— > — 00.
< exp Az as 00 ]

Finally we are in position to consider {F;} and {Fd}. Recall that, for d > 1,
F;=F!NFiNF;NF;and

[d%]

Fd—{x P(UX"¢F X = x4 >§d_3}.

j=0
Combining Lemmas A.1, A.5, A.11 and A.12, we have the following theorem.
THEOREM A.13. Forany k > 0,
(A.73) d“PXd ¢ F;) >0  asd— oo.
Hence, by Lemma A.3, for any k > 0,
(A.74) d“PXd ¢ F;) >0  asd— oo.
Also using the couplings outlined above, we have that

[d°]
(A.75) IP’(U (W9 ¢ Fg}IW( e Fd) -0 asd— oo
j=0

APPENDIX B: PROOF OF Pd|X =x¢ -2 exp(—L1f*/2)
We show that for any sequence {x?} such that x¢ € Fy,

(B.1) Pd|X = x4 —>exp( 1f*/2) as d — o0.

The key result is Lemma B.1 which states that after k; iterations, the configuration
of the components in the rejection region Rfi resemble the configuration of the
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points of a Poisson point process with rate A(r) = f*r(1 4+ r/2l) on the interval
[0,1].
Foranyn e Nand 1 <i <n, let
d
Sexiisky =Y {x{ (xjril/nik) — x (xji: (0 = DI/ns k)}
j=1

with
Snxi k) = (S (x% 1 k), S (6 200 S (s ).
Let S, = (S}, S2,..., ") where the components of S, are independent Poisson

random variables with S,i ~Po(A, ;) and
hni =Ail/n) —1(G — DI/n) (1<i<n).
LEMMA B.1. Foranyn € N, any sequence of positive integers {kq} satisfying

[dP] < kg <[d®] and x¢ € F,

Sff(xd; ka) N S, as d — 00.

PROOF. Fixn e Nand x? € Fy. Let
S4(x; kg) = (84(x%; 15 ka), STx; 2 ka), ..., SE(x%; n; ka)),

where for 1 <i <n, S,f (Xd ; I; kg) are independent Poisson random variables with
means

M k) = ra(xsil /ns kg) — ha(x%: (0 — D)1 /n; ka).
The lemma is proved by showing that
drvSIx?5 k), Sw) < drv(SI (x5 ka). SI(x%; ka))
(B.2) +drv(SEx?; ka). Sp)
—0 as d — oo.

By [1], Theorem 1,

(B.3) drv(SI(x%; ka), SIx?; ka)) < iqd(x,-; s ka)>.
i=1

By Lemma A.8, (A.33) the right-hand side of (B.3) converges to 0 as d — oo.
For the second term on the right-hand side of (B.2), it suffices to show that

Sﬁ(xd; kq) £> S, as d — oo.

(For discrete random variables convergence in distribution and convergence in total
variation distance are equivalent; see [2], page 254.)
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The components of SZ (x?; kg) and S,, are independent, and therefore it is suffi-
cient to show that, forall 1 <i <n,

(B.4) S’g(xd; i;kg) i> Sn.i as d — oo.
Forall 1 <i <n, (B.4) holds, if
(B.5) A% kg) > Ay asd — oo.

Therefore the lemma follows from (B.5) since [d?] < kg < [d®] andx? € F 3 . [See
(2.17) for the construction of {F 3}.] U

Lemma B.1 is the key result stating that if the pseudo-RWH process is started
from the set Fy, then after [d?] iterations the distribution of the components
in the rejection region are approximately given by S,. We show that studying
the pseudo-RWH algorithm over [d°] iterations suffices in analyzing Ty(mw) =

b1 S .
[dI—E] 25'7;0 m i(Ja (X?)). Note that P; satisfies

(B.6) Ta(Pg) < 1 < Ty(Pyg 4 1/[d°]).

A S A
Let T;(m) = ﬁ ZB-”:%_H M j(Qd(W‘;)). Before establishing a coupling be-

tween Ty () and Ty(r), we give a simple coupling for geometric random vari-
ables.

LEMMA B.2. Suppose that 0 < g < p <1 and that X and Y are independent
geometric random variables with success probabilities p and q, respectively, that
is, X ~M(p)and Y ~ M(q). Let A be a Bernoulli random variable with P(A =
1)=gq/pand Z ~ M(q). Then if A, X, Y and Z are mutually independent,

(B.7) YEX+(1-42Z.

Therefore there exists a coupling of X and Y such that

(B.8) P(X£Y)=PA=0=L"9
p

LEAMMA B.3. Forany0O <m <1and = Fd, there exists a coupling of T, ()
and Ty () such that

(B.9) P(Ty(m) # Ty(@)|Xd =We =x?) >0 asd — oo.

PROOF. For x? € Fy, by Corollary A.7, we have that

[d°]
(B.10) P(U{X;?;Awfnxdzwg:xd)—m as d — 00.
j=0
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Suppose that for j =0,1,..., [d%], W‘j = f(‘j € F[}. Then using Lemma B.2,
(B.8), Mj(Jd(f(‘;)) and M.,-(Qd(VAV?)) can be coupled such that
Qa(X9) = Ja(X%)

B.11) P(M;(JaXD) # M;(Qu(W)IWS =X] € Fj) < )

Since X? € Fdl, Qd(f(?) > 27vlogd > 4=V the right-hand side of (B.11) is less
than d” {Q4(X?) — J4(X%)}. Note that

POW X7, W) =X € FD) = 2u X - Ju X)),

so by Lemma A.6 for any o < %, d®~7 times the right-hand side of (B.11) con-
verges to 0 as d — oco. Taking @ such that§ + y <a < %,

[d°]
Y P(M;(Ja(X9) # M (Qu(W)) WS =X € Fy)
=0
(B.12)
-0 as d — oo.

The lemma then follows from (B.10) and (B.12). 0O

We show that it suffices to study Td(n) d(;] Z[”d -1 Qi (VAV?)_I. In other
words, replace the mean of the geometric random variables {M (Qd(Wg)),
M(Qa(WD). ..., M(Qq(W*

random variables.

Lrdd— 1]))} by the mean of the means of the geometric

LEMMA B.4. For any 0 < < 1 and for any sequence of {x?} such that

x4 € Fy, Ty(m) Wi =x4 25 wexp(£*1/2) if Ty ()Wl =x4 25 7 exp(£*1/2)
as d — oo.

8 A ~ A
PROOF. Let Ag = UYLI{W? ¢ Fy). Then for any x¢ € Fy, P(A4|W{ =
x?) - 0 as d — oo.

For any 7 € R with i = +/—1, the characteristic function of fd (7r) conditional
upon AC and Wd = x4 is given by

E[exp(thd(n))|Ad , W0 =X ]

rrd®—1]
(B.13) =E ]‘L E[exp([dé]M (Qd(Wd)))‘Ad {Wd}}‘Ad,WO_x:|
. _]:
~lrdd— . A
. [rd®—1] exp(l‘[/[?‘s])ﬂd(W?) ‘Ag,VAngxd:|.
[ j=o 1-(0- Qd(W‘f))eXP(iT/[d‘s])
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Conditional upon AC, SZd(VAV‘;)_1 <2rlogd < gv Hence, for all 0 < j=< [rd® —
1],

exp(it/[d°])Q2a(WY)

B.14 _ = Qq(W1 .
B9 1 — (1 — Qq(W%) exp(it/[d%]) +[d5] aW)™ ([d‘s])

Thus E[exp(irf"d (m))|AS, Wg = x“] has the same limit as d — oo (should one
exist) as

[md®—1]
dy—1
(B.15) E[ I (1 [da]sz a(Wd)~ >‘Ad,W0_x}

J=0

which in turn has the same limit as d — oo as

[rd®—1]
E[ I1 exp<[d8]szd(wd) )‘Ad,Wd:x }

(B.16) =0
= E[exp(erd(n))Md , W0 =X ]

The lemma follows since IP’(Ad |Wd =x%) > 1lasd - oo. O

We shall show that Td(n) LN exp(lf*/2) as d — oo using Chebyshev’s
inequality in Lemma B.9. We require preliminary results concerning
cov(Qd(Wd) ! Qd(WJ ) 1|Wd = x%) with the key results given in Lem-
ma B.8. First, however we introduce useful upper and lower bounds for €24 x4)~1
which allow us to exploit Lemma B.1 and prove uniform integrability {7, (7)}.

ForneN, 1<i<nand x € (0, D9, Tet 5% (x¥) = b1 (xd) — b V™ (xd)
with b7 (x4) = (B (x4), by (x4), ..., By (x?)). For n € N and s = (s1, 52, . ..,
Sp) € R let

R e N
(B.17) vn(s)—j1;[1<2+ 2n) ,

iy
(B.18) NOES]| (5 + ﬂ)

Then for all x? € (0, 1),
(B.19) D (B (x)) < Qg (x¥) ™ < 1, (B (x)) < 22X

LEMMA B.5. Forany m € N, any sequence of {x?} such that x¢ € F; and any
sequence of positive integers {ky} satisfying [dP] < kg < [d’],

(B.20) E[(zb2<wid))m|wg =x1] = exp(@" = DA(Q))  asd — .
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PROOF. Note that {bg(\?vgd)n?vg = Xd} = Z?Zl Xj(xj:1; kg). Then since the
{xj(xj;1; kg)} are independent Bernoulli random variables,

E[(zm)Xj (xj:lska) |Wg — Xd]

1=~

E[(2% W )" Wd = x4] =

-
Il
—

(B.21)

d
{1 =g L k) +2"q % (x5 1 ka) )
j=1

By Lemma A.8, (A.33), for x4 e i’d, Z‘;:l qd(xj; I:kg)?> — 0 as d — o0, so the
right-hand side of (B.21) has the same limit as d — oo as

d
B.22)  []exp(2" — Dg(xj; I ka)) = exp(2" — Dira(x?; [; kg)).
j=1

The lemma follows since for any x? e Fd, (x4 1 kg) = () asd — oo. O

LEMMA B.6. Fixm,n € N. For any sequence {x%} such that x¢ € Fy, and any
sequence of positive integers {kq} satisfying [dP] < kq < [d®], we have that

E[0n (S (x; ka)™1 — E[0(S))™1  asd — oo,
E[D, (8¢ (x4 kg))"] — E[D"™(Sn)™]  asd — oo.
PROOF. By [6], Theorem 29.2, and Lemma B.1
(B.23) 5 S x k)™ 25 0,(S)™  asd — oo,
(B.24) DS k)™ 25 D,(S)™  asd — oo.

The lemma follows since (B.19) and Lemma B.5 ensure the uniform integrability
of the left-hand sides of (B.23) and (B.24). [

LEMMA B.7. For any sequence {x?} such that x? € F; and sequence of posi-
tive integers {kg} satisfying [dP] < kg <[d°],

(B.25) E[Qq (Wi )T WE =x?]— exp(f*1/2)  asd — oo.

For any x? e Fy and sequences of positive integers {iq} and {kg} satisfying
[dP] < ka < [d’] and ig + ka < [d°],

(B26) E[Qu(W{ _, )W WE =x7] 5 exp(£*1/2)  asd — oo.
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PROOF. An immediate consequence of Lemma B.6 is that

Jim E[v, (8¢ (x¢; ko)), Jim E[D,(S¢(x4; kg))] — exp(f*1/2)  asn— oo,
— 00 — 00

from which (B.25) follows by (B.19).
By Theorem A.13, (A.75), P(W{ € Fy|W§ € Fy) > 1 as d — oo, so (B.26)
follows from (B.25). [

LEMMA B.8. For any sequence {x%} such that x? € F; and any sequences of
positive integers {ig} and {kg} satisfying [dP] <iyg, kg <[d°],

B27)  cov(QuWH) ™ QuWe )TIWE=x) >0  asd— oo
and

var(Qq (Wi )~ Wi =x7)
(B.28)
— exp(f* l{4log2—§})—exp(f*l) as d — o0.

PROOF. Using (B.19), Lemma B.5 and Markov’s inequality, it is straightfor-
ward to show that for any § > 0, there exists K < oo such that

| wd A
(B29) P(Qu(W!)~!' > KW =x%) <P(2"™i > K|W =x7) <.

Therefore it follows from Lemma B.7 that, for any sequence {x4} such that x¢ €
Fy,

Qa(WI)HEQq (WY, )7 WL W =x7]

ja’

(B.30) — E[Qd(Wjd+kd)_ |W0 =X ]}|W0 = x4

p
—0 asd — oo.

The uniform integrability of the left-hand side of (B.30) follows from (B.19) and
Lemma B.5. Hence (B.27) follows.

It is straightforward to show that B[V, (S,)?], E[D,(S.)?] — exp(f*I(4log2 —
3/2)) as n — oo. Therefore from (B.19) and Lemma B.5, we have that

(B.31) E[Qd(W D 2|WO =x4 - exp(f*1(4log2 —3/2)) as d — oo.
Then (B.28) follows immediately. [

We are now in position to prove Lemma B.9, which is the final step in proving

that for any sequence {x?} such that x? € F, Pdlxg =x? L exp(—f*1/2) as
d — oo.

LEMMA B.9. Forany 0 < <1 and any sequence {x?} such that x¢ € Fy,

(B.32) Ty WE =x? 5> wexp(f*1/2)  asd — oo.
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~ B_ ~
PROOF. Fix a sequence {x?}. Let le () = [d5 Z[d 1 Qd(W‘;)_1 and let

5 A -
T}m) = g 25””’[0,,3]” Qu(WH~!. Thus Ty() = T} (r) + T3 ().

Let Ag = z[d {W? ¢ F}}. By Theorem A.13, (A.75), P(A4|W{ =x?) > O as
d — oo and conditional upon AS d> Td (m) < L") . Hence Td (yr)|W —x¢ 20

[d°]
as d — oo.
By Lemma B.7, (B.25),

[rd®—1]

[Td (JT)IW() =x] = Z E[Qd(Wd) lIWo =x]
[d I j=ldf]

— mexp(f*1/2).
By Chebyshev’s inequality, for any ¢ > 0,

P(|T? () — E[T?()|Wd =x?]| > e| Wi =x9)

(B.33)

(B.34)
1 [xd®—=1][wd®-1]

- vdy—1 Yy —1 W — d
e2[d°]? ’ X:ﬂ COV(Qd(Wj) , Qa(WHTH WG =x9).
j=[dP] 1=[dP]

Since for all j, 1,

B35 cov(Qd(VAV?)_l, Qd(VAVfi)_l IWS = Xd)
< var(Rq(WH ™1 Wi = x9) ' var(Qqa (W) =1 W§ =x9) '/,

it is straightforward to show, using Lemma B.8, that the right-hand side of (B.34)

d

converges to 0 as d — oo. Thus sz(n)|wg —x! 2 mexp(f*l/2) as d - o0

and the lemma follows immediately. [

THEOREM B.10. For any sequence {x?} such that x* € Fy,

(B.36) PyX4 =x4 —>exp( f*1/2) as d — oo.

PROOF. Forany 0 <z <1, by Lemmas B.3, B.4 and B.9,
(B.37) Ty(m)IXE = x? 2> 7 exp(£*1/2).
Since Pj satisfies Ty(Py) <1 < T;(Py + 1/[d3 1), for any ¢ > 0,
P(| Py — exp(— £*1/2)] > e|X§ = x%)
(B.38) <P(Ty(exp(—f*1/2) —€/2) > 11X4 = x7)
+ P(Ty(exp(— f*1/2) + £/2) < 11X¢ =x%)

for all sufficiently large d. The lemma follows, since (B.37) ensures that the right-
hand side of (B.38) converges to 0 as d — co. [
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APPENDIX C: PROOF OF (2.13)

From Appendix B, we have that for any sequence {x}, such that x? e Fy,

Pd|X =x? -2 exp(—If*/2) as d — oo. Therefore we proceed by showing that,
foranyO<m <1,

(C.1) sup |GS"Hx) —nGH(x1)| =0  asd — oo,
xdeFy,
where Gfl”H(xd)_[dS] [(H(X[ )~ H(X%))|X¢ = x4] is defined in (2.21)
and
A 12 1 / / 1 "
(C.2) GH(x)zg{Eg (x)H(x)—i—EH (x)}.

Equation (2.13) will then be proved using the triangle inequality.

We analyze GqH(X9) = d’E[H(X{ — X§)|X{ = x?], which is defined in
(2.22), before using (2.21) to study éj H (x?). However, first we require some
definitions and preliminary results. Throughout we will utilize the following
key facts noted in Section 2: H'(0) = H'(1) =0 and that H", Hf < oo, where
Hf= sup0§y51|H/(y)| and H} = supofyillH”(y)l.

We follow [7] and [10] in noting that, for any function /& which is a twice dif-
ferentiable function on R, the function z — 1 A €@ is also twice differentiable,
except at a countable number of points, with first derivative given Lebesgue almost
everywhere by the function

DA = {h’<z>e”<z>, if h(z) <0,
dz 0, if h(z) > 0.

The second derivative can similarly be obtained but will not be explicitly required
for our calculations.

For -1 <z <1,let J; (x?) denote the probability of accepting a move in the
RWM algorithm given that Z; ; = z and let

d
Joxd) = E[exp(Z{g(Xj +o04Z1,j) — g(xj)})
(C.3) =

QU

X st oy toazs p—gten <o) | | 1{O<xj+adZ|,j<1}:|-

j=2
Then for all x¢, using Taylor’s theorem,
€4 TixD = Loer oz g &) +0ag (x0)2Jg ) + O (o).
Therefore for x| € (o4, 1 — 04),
(C.5) Jaxhy =10 + 0(a)).
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LEMMA C.1.

70
Jd(Xd)—l‘—>0 as d — oo.
Jpxd) 2

(C.6) sup

xdeFy,

A0 rvdy\ d
PROOF.  Let ;(x%) = EI[Tj— Lo<x;+0uzi <1} V5, (gxj+00 21 -0 <0})

and let Qg(xd) = IE[]_[?’:2 Lio<x i+04 Zl.j<1}]’ the probability a proposed move
stays inside the unit cube given that the first component does not move. The
proof of (A.26) can be adapted to show that, for any o < % d“lﬁg(xd) —
Jg(xd)|,d°‘|§22(xd) — fg(xdﬂ — 0 as d — oo. Therefore since for x¢ € F,
J9(x?), QY (x?) > exp(—Ig*)d "7, (A.3), we have that

JpxH Qe

-0 as d — 00.
Joxd)  QY(xd)

(C.7) sup

xdeF,

Let By(x?) = {2 < j <d:xj € R}} and let I4(x?) = ¥ 45, xt) 0a8 (x;) Z1. .
Since |Bd(xd)| <y logd, we have that

(C.8) Z (g(xj+0dzl,j)_g(xj))' <(ylogd)oag™.
jeBa(x4)

Then using a Taylor series expansion, there exists K < oo such that, for all x¢ €
Fq,

Klogd & K logd
(CO L) === <) (80xj +0aZ)) = g(x)) = lax) + —=.
j=2
Since Z1,1, Z1,2, - . -, are independent, and whether or not a proposed move from

x¢ stays inside the hypercube depends only upon B¢(x4),

QY xHP(I;(x?) < —K logd/d)
(C.10) 50 od 0 od d
< Qu(x%) < Q;&xP(1;(x*) < K logd/d).

For all x¢ € Fy, 52?:1 g/(xj)2 — E[g’(X1)2], SO

Va2 N0, B[ (X)) asd — oo.
Therefore it follows that
Qxd) 1

0 ——‘—>O asd — oo
Qxd) 2

(C.11)

xdeFy

with the lemma following from (C.7) and (C.11) by the triangle inequality. [J
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LEMMA C.2. Forx; € (04,1 —0g) and x4 € Fy,

€12 GaHE) 12{1 1)+ 245D gy >}+
. x4) = X X &4,
d 3 10 d)g 1 1 d
where g4 — 0 as d — 00.
ForxleRé,
(C.13) 1GyH (x| < 3H31%.

PROOF. Ford > 1, fix x? € F; and suppose that x; € (04, 1 — 04). Then

GaH(x?) = d’E[HXY) — HXd)XE =x7]
(C.14)
d2
- Ja(x9)
The right-hand side of (C.14) is familiar in that it is the generator of the RWM-
algorithm divided by the acceptance probability; see, for example, [14], page 113.
First, note that

wa(x? + o4Z9) }]
/\ -

d Ay roed
E|:(H(x +04Z% — H(x )){1 s

H _ / 05 2y
(X1+Udzl)—H(X1)—GdZIH(x1)+721H (x1)

2

+%zﬁH%m+w%—H%m»

Using (C.4), (C.5) and noting that 0 < x| + 042 < 1, we have that
d2

GysHxY) =
aH &) I9xd) + 0(c3)

2
o
x E[{Gdle/(xl) + %Z%H”(xl)
2

+ % ZH e+ 9 H”(xl)}}

x (196 + 0xyoug (1) Z) + 0(03)}1{0<xl+adzl<1}]

o dred
— x4 + 0
?13(x?)  oF
J9xd) + 0(02) 2
dzjg(xd) 03

1 “dR ZZ H// d _H//
(C.15) +J0?(Xd)+0(03) > [Z{{H" (x1 +¥7) (x1)}

oaBIZ11H' (x1)

E[Z31H" (x1)
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d*J9(x?)
J9(xd) + 0(c3)
d2
+
J9(xd) + 0(c3)

o7g (x1)H' (x1)E[Z3]

0(a)).

The first term on the right-hand side of (C.15) is 0. Since H5 < oo, by the con-

tinuous mapping theorem, {H” (x| + wld) — H"(x1)} P, 0 as d — oo and then
since Z| is bounded the third term on the right-hand side of (C.15) converges to 0
as d — oo. For x4 € F, Jg(xd) > ¢~ 18" d~7 and so, the right-hand side of (C.15)
equals

2L, Jjxh H'( )}+
Slarren+ oty € SO D | e

where ¢4 — 0 as d — oo. Thus (C.12) is proved.
The proof of (C.13) follows straightforwardly using Taylor series expansions
since H'(0)=H'(1)=0. O

Since g* = SUP05y§1|g/(y)|,H*,H; < 00, an immediate consequence of
Lemma C.2 is that, there exists K* < oo such that

(C.16) sup sup |GqH(x?)| < K*.

d xieFy,

LEMMA C.3. For any sequence of positive integers {kq} satisfying [dP] <
kg < [d°],

(C17)  sup [E[G4HX{)IXE =x1—GH(x)| >0  asd — 0.

XdGFd

PROOF. Fix {k;} and note that
E[GqH(X{)X§ =x7]
(C.18) =P(X{ eFd|Xd:xd)E[GdH(X )|Xd:X X¢ € Fyl
+PXY ¢ FalX§ =xDE[G H (XL )IXE =x7,X{ ¢ Fy).
Since H € D, Hy = SUPg<y<| |H(y)| < oo. Therefore, for all yd e [0, 114,

GyH(y?) <2d*H§. By (2.14), supa_f dZJP’(X ¢ FglX¢ =x?) - 0asd — oo.
Thus the latter term on the right-hand 31de of (C. 18) converges to 0 as d — oo.
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Now
E[G.H X )IX$ =x?,X{ € Fy
=P(X{ | ¢ RyXE=x1.X{ e F))
(C.19) x E[GqH(X{)1X§ =x, X e Fy, X{ | ¢ R

+P(X{ e RYXE=x1X{ e Fy)
x E[GaH (X{)IX§ =x, X e Fy, X | e R

Consider first the latter term on the right-hand side of (C.19). By Lemma C.2,
(C.13),

(C.20) E[GoHXE)IXE =x?, X{ e Fy, X{ | e RN < 317H;.

Note that

P(X{ 1€ Rl,ng € Fy1X4 =x9)
IP(X € Fd|Xd =x7)

P(X{ | e RXE=x! X e Fy)=

(C.21)

- }P’(de € FylXd =xd)

By (2.14), for x? € Fy, P(X{ € Fy|X§ =x%) —> 1 as d — oo. Use Corol-

lary A.7 and Lemma A.8 to show that ]P’()A(,fd’l € Rélfig =x) - 0 as d > oo.
Hence, the right-hand side of (C.21) converges to 0 as d — 0o and consequently
the latter term on the right-hand side of (C.19) converges to 0 as d — oo.

It follows from the above arguments that

(C22)  min P(X{ | ¢ R} X{ e FyX{=x))>1 asd— co.

X‘ZEFd
Also it follows from (C.16) that there exists K < oo such that

(C.23)  sup sup E[GaH(X{)X§=x* X e Fs. X{ | ¢ RII<K.

d xdel:"d

Therefore, it is straightforward using (C.18), (C.19) and the triangle inequality to
show that

sup |E[GqH (X{)IX§ =x]

XdGFd
(C.24) —E[GaHX{)IXd =x? X{ e Fy, X{ | ¢ R

—0 as d — oo.
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By Lemma C.2, (C.12), there exists 8011 — 0 as d — o0, such that
sup [E[GoH(X{) — GH(XL, NIXd=x,X{ e F.. X{ | ¢ R
xdeﬁd
12 / /
< sup |g(MH (y)I

~ 3 0<y=<1
(C.25) -0 od
Ji X)) iea  a wd Sd ! 1
X sup EH —L — —IIX§ =x%, X{ eFd,Xk’1¢Rd}+ed
wef, LJ9XE) 2 ! ¢
2 Ry 1
SEg>x<H1* sup ‘é y —5‘ 8,11.
yleF, Jd(y )

By Lemma C.1, the right-hand side of (C.25) converges to 0 as d — oo.
Using the triangle inequality, the lemma follows by showing that

sup [EIGH (X{, DIXg =x*, X{ e Fy. X{ | ¢ R)]— GH(x)|
XdEFd
(C.26)
-0 as d — oo.

Note that |)A(,‘fd’1 — x1] < kgqo4, and so, (C.26) follows since GH(-) 1s continuous.
O

We are in position to prove (C.1).

LEMMA C.4. Forany0O<m <1,
(C.27) sup |éfl’”(xd) —7GH(x))|— 0 as d — oo.

xdeFy,
PROOF. Since (C.27) trivially holds for 7 = 0, we assume that = > 0. For all
sufficiently large d, by the triangle inequality,
1G5 (x) = wGH (x))]

[rd®—1]

=l L BlGaHEDIRG =x) - nGH ()
j=0

[d@f1-1

(C.28) < |25 ,; E[GqH (X)X =x"]

[rd®—1]

+—5 > [EIGaHXDXG=x"1- GH(x))|

[4°] /
j=ldP]

81 _r14P

N (n_[”‘” ]

(%] )GH(xl).
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Since
E[GqHXDX§ =x"]
(C.29) =E[G4HXD|X] =x?, X% € FyIP(X] € FyX{ =x)
+E[G4HXDIXE =x?, X4 ¢ FyP(X4 ¢ FyIX =x9),

it is straightforward, following a similar argument to the proof of Lemma C.3,
(C.23), to show that there exists K < oo such that, forall 0 < j < [d%],

(C.30) sup [E[G4H (XD X§ =x"]| < K.

xdeFd

Therefore the first term on the right- hand side of (C.29) is bounded by [d PIK /1d*]
By Lemma C.3 the supremum over x¢ € Fy of the second term on the right- hand
side of (C.28) converges to 0 as d — oo and the lemma follows. [J

COROLLARY C.5.
(C.31) sup sup |(A}Z’”(xd) —7GH(x)|— 0 as d — oo.

O<m=<lydeF,

PROOF. Fix € > 0 and let I1, = {0, ¢,2¢,...,[1/¢e]e, 1}. Tt follows from
Lemma C.4 that, for all sufficiently large d,

(C.32) max sup |G)7(x?) —nGH(x))| <.

well
€lle XdEFd

Consider any 0 < < 1. There exists 7 € I1, such that 7 <7w < 7 + ¢. By the
triangle inequality,

1GY" H(xY) —nGH(x))|
(C.33) <|G5"HxY) — G5 H(xY)| + 1G5 H(x) — 7 G H (x1))|
+ (r = B)GH(x)|.
Again by the triangle inequality,
sup |G H(x?) — G5 H(x?)|
xdeFy,

(C.34)
[rd®—1]

< 7ol > sup |E[GdH(Xd)|Xd:x 1.
j=lrd*1x4€Fy

Since for all sufficiently large d, ([rd® — 1] = [7d°]) / [d‘i] <2e,it fgllows from
(C.30) that the right-hand side of (C.34) is bounded by 2K ¢, where K is defined
in Lemma C 4.
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Let K =2K + 1+ SUP<y<| |GH(y)|. Note that since g*, H", Hy < 0o, we
have that K < 0o. Therefore it follows from (C.33) that for all sufficiently large d,

(C.35) sup |G H(x?) —nGH(x1)| < Ke.

xdeﬁd

Since (C.35) holds for all 0 <7 <1 and & > 0, the lemma follows. [J

Finally we are in position to prove (2.13), and hence complete the proof of
Theorem 2.1.

LEMMA C.6.
(C.36) sup |GOH(x)) —GH(x))| >0  asd— occ.

XdGFd

_ PROOF.  Note that GS H (x9) is given by (2.8) and G H (x1) = exp(—1f*/2) x
G H (x1). Therefore by the triangle inequality,

sup |GSH (x?) — GH (x))|

XdEFd
d? .
= sup mE[ (X[P ) — HX)X§ = x] — exp(~Lf*/2)GH (x1)
x4eFy
d2
< jup [[da]( (X[Pdds) H(X ) — PdGH(x1)|X0_x}
xteFy
+ sup [E[PyGH (x))|X§ =x"] — exp(—1f*/2)GH (x))|
xdeF,
(C.37) <t

< sup sup
0<m<l xdeﬁg

+ sup |E[PsXZ = x9] —exp(—Lf*/2)| sup |GH(y)|

XdEFd O=<y=1

d2
E[[d&]( (X[nd‘s ) H(X )) —JTGH(x1)|X0 =X ]‘

< sup sup |GYTH(xY) —nGH ()|

Ofnflxdeﬁd

+ sup |E[P4|XZ = x?] — exp(—Lf*/2)| sup |GH(y)l.

xdeFy O<y<l

By Corollary C.5, the first term on the right-hand side of (C.37) converges to
0 as d — co. By Theorem B.10, for any sequence {x¢} such that x¢ € Fy,
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Pd|Xg =x? -2 exp(—If*/2) as d — oo. Hence the latter term on the right-
hand side of (C.37) converges to 0 as d — oo, since g*, H{", H;y < oo implies
that supy- < |GH (y)| <oco. O
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