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HARNACK INEQUALITY FOR SDE WITH MULTIPLICATIVE
NOISE AND EXTENSION TO NEUMANN SEMIGROUP ON
NONCONVEX MANIFOLDS!

BY FENG-YU WANG
Beijing Normal University and Swansea University

By constructing a coupling with unbounded time-dependent drift,
dimension-free Harnack inequalities are established for a large class of sto-
chastic differential equations with multiplicative noise. These inequalities are
applied to the study of heat kernel upper bound and contractivity properties
of the semigroup. The main results are also extended to reflecting diffusion
processes on Riemannian manifolds with nonconvex boundary.

1. Introduction. Consider the following SDE on R¥:
(1.1) dX,=o(t, X,)dB, + b(t, X;)dt,

where B; is the d-dimensional Brownian motion on a complete filtered probability
space (99 {Lgal‘}tzo’ P)a and

o:[O,oo)dexQ—>]Rd®]Rd, b:[O,oo)x]Rde—HRd

are progressively measurable and continuous in the second variable. Throughout
the paper, we assume that for any Xo € R? the equation (1.1) has a unique strong
solution which is nonexplosive and continuous in 7.

Let X7 be the solution to (1.1) for Xo = x. We aim to establish the Harnack
inequality for the operator P;:

Pif(x) :=Ef(XY), t>0,xeRY, fe B (RY),

where %’;(Rd) is the class of all bounded nonnegative measurable functions
on R?. To this end, we shall make use of the following assumptions.

(A1) There exists an increasing function K :[0,00) — R such that almost
surely

llo(z, x) —o*(t,y)||12{S+2(b(t,x) —b(t,y),x—y)
<K/|x —y|?, x,yeR? t>0.
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(A2) There exists a decreasing function A : [0, co) — (0, co) such that almost
surely

O'(l‘,)C)*O'(l‘,X)Z)\.?I, xeRY t>0.

(A3) There exists an increasing function § : [0, c0) — (0, 0o) such that almost
surely

(ot x) =@, ) x—y|<&lx—yl. x.yeR\r>0.
(A4) For n > 1, there exists a constant ¢, > 0 such that almost surely
lo(t,x) —o(, y)lus + b, x) —b(t, y)| < calx —yl, lx], |yl <n.

It is well known that (A1) ensures the uniqueness of the solution to (1.1) while
(A4) implies the existence and the uniqueness of the strong solution (see, e.g., [11]
and references within for weaker conditions). On the other hand, if b and ¢ depend
only on the variable x € R?, then their continuity in x implies the existence of weak
solutions (see [13], Theorem 2.3), so that by the Yamada—Watanabe principle [27],
the uniqueness ensured by (A1) implies the existence and uniqueness of the strong
solution.

Note that if o (¢, x) and b(¢, x) are deterministic and independent of ¢, then the
solution is a time-homogeneous Markov process generated by

1 d d
LZ=§ Z a,-jal-aj—l—Zb,-ai,
i,j=1 i=1

where a := oo *. If further more o and b are smooth, we may consider the Bakry—
Emery curvature condition [5]:

(1.2) Lo f, f) = —KT(f, f), feC®RY,
for some constant K € R, where
1 d
C(f)=5 > @j@)@8),  fgeC R,

i,j=l
Da(f, f):=LLD(f, ) =T(f, L),  feC™®RY).

According to [22], Lemma 2.2, and [23], Theorem 1.2, the curvature condition
(1.2) is equivalent to the dimension-free Harnack inequality

pPa(x,y)? ]
2p— DA —e D |

t>0,p>1,fe B R, x,yeR,

(P f(x)P < (szp(y))exp[

where

pa(x, y) :=sup{| f(x) = fF(W|: f € C'RY), T(f, /) <1}, x,y R’
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This type of inequality has been extended and applied to the study of heat kernel (or
transition probability) and contractivity properties for diffusion semigroups, see
[1, 4, 18] for diffusions on manifolds with possibly unbounded below curvature,
[15, 25] for stochastic generalized porous media and fast diffusion equations, and
[2, 3,8, 10, 14, 16, 17, 28] for the study of some other SPDEs with additive noise.

If o depends on x, however, it is normally very hard to verify the curvature
condition (1.2), which depends on second order derivatives of a~!, the inverse
matrix of a. This is the main reason why existing results on the dimension-free
Harnack inequality for SPDEs are only proved for the additive noise case.

In this paper, we shall use the coupling argument developed in [4], which will
allow us to establish Harnack inequalities for o (¢, x) depending on x. This method
has also been applied to the study of SPDEs in the above mentioned references. To
see the difficulty in the study for o (¢, x) depending on x, let us briefly recall the
main idea of this argument.

To explain the main idea of the coupling, we first consider the easy case where
o and b are independent of the second variable. For x # y and T > 0, let X; solve
(1.1) with X9 = x and Y; solve

lx —yI(X: = Y1)

dY;=o0({t)dB; + b(t)dt dt, Yo=1y.
(=00 dB b di + 0=y

Then Y; is well defined up to the coupling time
t:=inf{t >0: X, =Y,}.
Let X; =Y; for t > 7. We have

lx — yl

d|Xt—Yz|=— T

dt, t<rt.

This implies T = T and hence, X7 = Yr. On the other hand, by the Girsanov
theorem we have

Prf(y)=E[Rf(Y7)]

for
_ [ IX—yI/T (e "X =Yy, dBy)
R :=exp|—
T 0 | X — Y|
Clx—yP /T o)~ (X: = Y0 dt]
2T2 0 |Xl‘ — Y[lz )
Therefore,

(Prf(y)? = EIRF(X7))? < (Pr £ (x))(ERP/P=D)P~1,
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Since by (A1) and (A2) it is easy to estimate moments of R, the desired Harnack
inequality follows immediately.

In general, if o (¢, x) depends on x, then the process X; — Y; contains a nontriv-
ial martingale term, which cannot be dominated by and bounded drift. So, in this
case, any additional bounded drift put in the equation for Y; is not enough to make
the coupling successful before a fixed time 7'. This is the main difficulty to estab-
lish the Harnack inequality for diffusion semigroups with nonconstant diffusion
coefficient.

In this paper, under assumptions (A1) and (A2), we are able to constructed a
coupling with a drift which is unbounded around a fixed time 7', such that the cou-
pling is successful before T'. In this case, the corresponding exponential martingale
has finite entropy such that the log-Harnack inequality holds; if further more (A3)
holds then the exponential martingale is L?-integrable for some p > 1 such that
the Harnack inequality with power holds. More precisely, we have the following
result.

THEOREM 1.1. Let o(¢t,x) and b(t, x) either be deterministic and indepen-
dent of t, or satisfy (A4).
(1) If (A1) and (A2) hold, then

Krlx — y|?
2021 — e=KrT)’

le,x,yeRd,T>0.

Prlog f(y) <log Pr f(x) +

(2) If (A1), (A2) and (A3) hold, then for p > (1 + %)2 and 8 1 := max{dr,
%T(ﬁ — 1)}, the Harnack inequality

L T
48, 7[(/P — DAt — 8p,71(1 — e~ KrT)

holds for all T > 0,x,y € RY and f € %} (R?).

(PrfO))P < (Prf”(X))eXp[

Theorem 1.1(1) generalizes a recent result in [19] on the log-Harnack inequality
by using the gradient estimate on P;.

Let p;(x,y) be the density of P; w.r.t. a Radon measure ©. Then according
to [26], Proposition 2.4, the above log-Harnack inequality and Harnack inequality
are equivalent to the following heat kernel inequalities, respectively:

pr(x,2) Klx —yl?
X, Z 10 - < dZ S ’
[ prie B S e

(1.3)
X,y € R T >0,
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and
1/(p—1
/ pr(x,z)(p’(x’Z)) n(d2)
R pi(y,2)
_ vl2
(14) Sexp|: Kr/Plx — )] i ]
48,7 (/P + DI(/D — DAr —8p.71(1 — e KrT)

x,yeRd,T>O.

So, the following is a direct consequence of Theorem 1.1.

COROLLARY 1.2. Let o(t,x) and b(t, x) either be deterministic and inde-
pendent of t, or satisfy (A4). Let P; have a strictly positive density p;(x, y) w.r.t. a
Radon measure . Then (Al) and (A2) imply (1.3), while (A1)—(A3) imply (1.4).

Next, by standard applications of the Harnack inequality with power, we have
the following consequence of Theorem 1.1 on contractivity properties of P;.

COROLLARY 1.3. Let o(t,x) and b(t, x) be deterministic and independent
of t, such that (A1)-(A3) hold for constant K, A and 8. Let P; have an invariant
probability measure .

(1) Ifthere existsr > KT/ A2 such that p(e” |'|2) < 00, then Py is hypercontrac-
tive, that is, || Ptll 12(,)— 14y = 1 holds for some t > 0.

2) If u(e" |’|2) < 00 holds for all r > 0, then Py is supercontractive, that is,
I Pell 12y 14 () < ©© holds for all t > 0.

(3) If Pe" 12 is bounded for any t,r > 0, then P; is ultracontractive, that is,
”Pt”LZ(M)_)LOO(M) < OOfOr anyt > 0.

REMARK 1.1. To see that results in Corollary 1.3 are sharp, let P; be sym-
metric w.r.t. ;1. Then the hypercontractivity is equivalent to the validity of the log-
Sobolev inequality

u(frlog fH < CuC(f. ). feCP®RY u(fH=1,
for some constant C > 0. Moreover, if there exists a constant R > 0 such that
(1.5) L(f.f)SRIVIP  feC®RY,

we have p,(x, y) > R~!|x — y|. So, by the concentration of measure for the log-
Sobolev inequality, the hypercontractivity implies w(e” |‘|2) < oo for some r > 0,

while the supercontractivity implies wu(e” |'|2) < oo for all r > 0. Combining this
with Corollary 1.3, we have the following assertions under conditions (A1)—(A3)
and (1.5):
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(1) Let K <0. Then P; is hypercontractive if and only if w(e” |'|2) < o0 holds
for some r > 0;
(ii) P, is supercontractive if and only if z(e’*) < 0o holds for all 7 > 0;
(iii) P; is ultracontractive if and only if Pre” ' is bounded for any t,r > 0.

Therefore, conditions in Corollaries 1.3(2) and 1.3(3) are sharp for the supercon-
tractivity and ultracontractivity of P;. Moreover, as shown in [7] that when o is
constant, the sufficient condition ,u(e""z) < oo for some r > Kt /A2 is optimal
for the hypercontractivity of P;. So, Corollary 1.3(1) also provides a sharp suffi-
cient condition for the hypercontractivity of P;.

We will prove Theorem 1.1 and Corollary 1.3 in the next section. In Section 3,
we extend these results to SDEs on Riemannian manifolds possibly with a convex
boundary. Finally, combining results in Section 3 with a conformal change method
introduced in [25], we are able to establish Harnack inequalities in Section 4 for
the Neumann semigroup on a class of nonconvex manifolds.

2. Proofs of Theorem 1.1 and Corollary 1.3. Letx,yeR? T >0and p >
(14 87 /17)? be fixed such that x # y. We have
26
@2.1) Or = m € (0,2).
For 6 € (0, 2), let
2—-0
Kr

£ = (1—eKr=Th  tefo,T].

Then & is smooth and strictly positive on [0, T') such that
(2.2) 2—Kré& +§& =6, tel0,T].
Consider the coupling

dX; =o0(t,X;)dB; + b(t, X;) dt, Xo=ux,
(2.3) dY;=o(t,Y)dB; +b(t,Y,)dt

1
+got ot X)X —Yndt,  Yo=y.
t
Since the additional drift term S,_la(t, y)o(t, ) x = y) is locally Lipschitzian
in y if (A4) holds, and continuous in y when o and b are deterministic and
time independent, the coupling (X, Y;) is a well-defined continuous process for
t <T A ¢, where ¢ is the explosion time of Y;; namely, { = lim,,_, &, for

Cp:=inf{t € [0, T):|Y;| > n},
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where we set inf & = T'. Let
dB, =dB, + gla(t, X))~ NX, = Y dt, t<TAC.
t
If =T and

R, ::exp[—/o &0t X))\ (X, — ¥,).dB,)

1 s
- 5/0 %0 (1, X))~ (X, — Y,>|2dt]

is a uniformly integrable martingale for s € [0, T'), then by the martingale con-
vergence theorem, Ry := lim;y7 R; exists and {R;};c[o,7) is a martingale. In this
case, by the Girsanov theorem {é,},e[o?n is a d-dimensional Brownian motion
under the probability RrP. Rewrite (2.3) as

X, —Y,

dX, =o(t,X;)dB, + b(t, X;) dt — dt, Xo=x,

t

2.4) .
dY,=o(t,Y;)dB,+b(t,Y;)dt, Yo=1y.

Since fOT éfl dt = oo, we will see that the additional drift —X’—_lYf dt is strong
enough to force the coupling to be successful up to time 7'. So, we first prove the
uniform integrability of {Rya¢ }se[o,7) W.I.t. P so that Ry ¢ :=limgy7 Rya exists,
then prove that £ =T Q-a.s. for Q := Ry PP so that Q = R7P.

Let

T, =inf{t € [0, T):|X,| + |Y;| > n}.

Since X; is nonexplosive as assumed, we have 7, 1 ¢ as n 1 00.

LEMMA 2.1. Assume (Al) and (A2). Let 6 € (0,2),x,y € RY and T > 0 be
fixed.

(1) There holds

Krlx = yI?
su ER log R < .
syt = 53200 — ) (1 — e KiT))
Consequently,
RsA{ = lim RS/\r,,/\(T—l/n)a s €[0,T], RT/\{ :=1lim RsA(
ntoo stT

exist such that {Rsn¢ }sejo,1 is a uniformly integrable martingale.
(2) Let Q = Ry ncP. Then Q(¢ =T) =1 so that Q = RTP.
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PROOF. (1) Lets € [0, T) be fixed. By (2.4), (Al) and the It6 formula,
dI X, = YI* <2((o(t, X)) — o (t, YD) (X, — ¥;).dBy)
2 2 2
+ Kr|X; =Y/ |7dt — €_|Xt — Y7 dt

t
holds for t < s A 1,,. Combining this with (2.2) we obtain

X, —Y P 2 B
d X 246 X)) — o, Y)) (X - ¥, dB)
& &
X, — Y2
_ %@—Kﬁt +&)dt
t

(2.5
2 -
= 5—((00, X)) —o(t,Y))(X; — Yy;),dBy)

t
6 2
——2|XI—Y[| dt, r<sAT,.
&
Multiplying by é and integrating from O to s A 7,,, we obtain
SATh | X, — Yz|2 /smn 2 B
—dt < — t,X;))—o@, Y))(X;,—-Y;),dB
| o= [ el X0 o V)~ Yo, dB)
X —¥il® b —yP?
0 05

By the Girsanov theorem, {Bt}tfrn As 18 the d-dimensional Brownian motion un-
der the probability measure R, IP. So, taking expectation Ky , with respect to
Rsn-, P, we arrive at

SATw | X, — Y. |2 412
2.6)  E, #dr P eyt
0 & 230
By (A2) and the definitions of R; and B,, we have
r1 1o, X)X TP
tog R = [ (ot X)) ™ (X, = Y0, dB)) + 5 o X IO
0 & 2 Jo &

< /r1< XD X, — Y, dB) 4 /rlX’_Y”zdz
— —O_ N -_ ) 9
=" b g t t ' t ZA% b gzz

r<sAT,.

Since {l?t} is the d-dimensional Brownian motion under Rsn, [P up to s A 7,,, com-
bining this with (2.6), we obtain

lx —yI?
20208

ERS/\I,, log Rs/\t,, = IIEs,n log Rs/\rn =< s€[0,T),n>1.
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By the martingale convergence theorem and the Fatou lemma, {Rsx¢ :s € [0, T']}
is a well-defined martingale with
lx—y* Krlx — y|?
20208 20302 —0)(1 — e KrT)’

To see that {Ryr¢ :s € [0, T']} is a martingale, let 0 <s < < T. By the dominated
convergence theorem and the martingale property of {Rsaz, : 5 € [0, T)}, we have

ERsA; lOg Rs/\g <

sel0,T].

E(Rine|-F5) = E(nli)ngo Rt/\rn/\(Tfl/n)lgﬂ) = lim E(Ri atyA(T—1/n) |- Fs)
= llm RSA‘[,«, = RS/\&"
n—oo

(2) Let 0, = inf{z > 0: |X;| > n}. We have o, 1 0o P-a.s and hence, also Q-a.s.
Since {B;} is a Q-Brownian motion up to T A ¢, it follows from (2.5) that
2 2
— X -X
(n Sm) Q(Um > 1,8y < t) < EQ | tAGI Nn mam/\{,,|
0

holds for all » > m > 0 and ¢ € [0, T'). By letting first n 1 oo then m 1 0o, we ob-
tain Q(¢ <t) =0 forall t € [0, T). This is equivalent to Q(¢ = T') = 1 according
to the definition of ¢. [J

2
X
<| )’|

gz/\am/\;n - 50

Lemma 2.1 ensures that under Q := Ry, P, {B;},E[O?T] is a Brownian motion.
Then by (2.4), the coupling (X;, ¥;) is well-constructed under Q for ¢ € [0, T'].
Since fOT 5;1 dt = 0o, we shall see that the coupling is successful up to time 7', so
that X7 = Y7 holds Q-a.s. (see the proof of Theorem 1.1 below). This will provide
the desired Harnack inequality for P, as explained in Section 1 as soon as R ¢
has finite p/(p — 1)-moment. The next lemma provides an explicit upper bound
on moments of Rra¢.

LEMMA 2.2.  Assume (A1)—-(A3). Let R; and &; be fixed for 6 = 0. We have

02 [N X, — V|2
sup E[ngexp[ T/ %dt“
0

5€[0,T] @ &f
2.7) ,
- p[ OrKr|x — y| }
L4z -1 —e KT ]
Consequently,

Or K1 (287 + OrAr)|x — y|? }

1+rT
2.8 sup ER <ex [
@9 b = PL852(2 — 1) (67 + Orir) (1 — e KiT)

seor] ¢

holds for
202
A7t

rr=——-+-—"——.
"7 452 4 40rarsy
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PROOF. Let6 =6r. By (2.5), for any r > 0 we have

SATw | X, — Yo |2
Es » exp|:r/ #dl}
0

&f
)

sew[ 5]

2 SAT, ] 5

x Ey exp[é/o S—((a(r, X)) —o(t, YD) (X, — Yt),dB,)}
t

. [ rKrlx —yP? }
=Plor@—0r)(1 —e K1T)

8 282 SAT | X, — Y 2 1/2
X (Es,nexp[ r 2T/ #dt]) ,
07 Jo &

where the last step is due to (A3) and the fact that
e < (Ee2M)r)!/2

for a continuous exponential integrable martingale M;. Taking r = 9% / (88%), we
arrive at

02 [sh | X, — Y| OrKrlx — y|?
Es,nexp[—Tz/ 1Xe = ¥l > ! dt:|§|: — rlx =yl — ] n>1.
852 Jo £ 4622 — 0r)(1 — e=K1T)

This implies (2.7) by letting n — oc.
Next, by (A2) and the definition of R, we have

14rr _ rr
ERS/\rn = ES,HRS/\r,,

SATa ] _
2.9) —E,., exp[—rr [ £ 0, X) ™ (X = Vo), d)
t

+

rr (Ao X0 T X = V)P t}
2 Jo & '
Noting that for any exponential integrable martingale M; w.r.t. Ry, [P, one has
Es pexplrr My 4+ r7(M);/2]
=E;nexplrr My — riq{M):/2 + rr(qrr + 1){M); /2]
< EsnexplrrgM; —riq* (M) /2"

41 (@-1/q
(Ewen 50500 ))

rrq(rrq + 1) (g—D/q
= (Brew| 00, ]) T L g
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it follows from (2.9) that

qrr(grr +1) (7% X, — Y |? d;D(q_l)/q

2.10) ERMT < (IE ex [
( ) SAT, — s,n p 2(q _ 1))\‘% 0 512

Take
@2.11) g=1+J14r;"
which minimizes g(grr 4+ 1)/(g — 1) such that

rr(qgrr +1)  rr+rr(rr +1)
qT(QT ) T T(T ( +1+\/W)

23— 22214 17!
_Ur4yri+r? 63

202 832
Combining (2.10) with (2.7) and (2.12), and noting that due to (2.11) and the

definition of rp
g—1_ Jl+r' 284002y

q 1+ /1+I’;1 28T + 207 AT

2.12)

we obtain

Or K7 (287 + 07 A —y|?
ER}i{erxp[ T K1 (287 +01A7)|x — Y| }

88%’(2 —0r)(87 +07Ar)(1 — e K1T) ’

According to the Fatou lemma, the proof is then completed by letting n — oco. [J

PROOF OF THEOREM 1.1.  Since (A3) also holds for §, 7 in place of 7, it
suffices to prove the desired Harnack inequality for 87 in place of §, 7.

(1) By Lemma 2.1, {Rga¢}sefo,71 1s an uniformly integrable martingale and
{éz}ng is a d-dimensional Brownian motion under the probability Q. Thus, Y;
can be solved up to time 7. Let

t=inf{tr € [0, T]: X; = Y;}

and set inf @ = oo by convention. We claim that T < T and thus, X7 = Y7, Q-a.s.
Indeed, if for some w € €2 such that 7(w) > T, by the continuity of the processes
we have

inf |X, — Y;|? 0.
tel[g,T]| t — Y7 (w) >

X =P
T2 =™
0 &

So,
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holds on the set {r > T'}. But according to Lemma 2.2, we have
71X =Y
g [T X s <o
0 &
we conclude that Q(z > T) = 0. Therefore, X7 = Y7 Q-a.s.

Now, combining Lemma 2.1 with X7 = Y7 and using the Young inequality, for
f =1 we have

Prlog f(y) =Eqllog f (Y1)l = E[R7 ¢ log f(X7)]
<ER7aclog R7ar +10gR f(X7)
Krlx —yP?
20202 —0)(1 — e KrT)’

This completes the proof of (1) by taking 6 = 1.
(2) Let 6 =67. Since X7 = Y7 and {B;};¢|0,1] is the d-dimensional Brownian
motion under Q, we have

(Prf(»)? = Eolf XD = E[RrAc f(XT)DP

<log Pr f(x) +

(2.13) Kp—p1
< (PrfP)(ERFNTV).
Due to (2.1), we see that
P 767

=1+ .
p—1 457 (81 +0rAT)
So, it follows from Lemma 2.2 and (2.1) that

(p — DO K7 (287 + 0rA7)|x — y|? ]
882.(2 — 0r) (81 + OrAr)(1 — e~ K1T)

_exp[ Krp(J/P—Dlx —yP }
487[(/P — DAr — 871(1 —e=K1T) |
Then the proof is finished by combining this with (2.13). [

-1 —1 _
BRI )" = R <exp|

PROOF OF COROLLARY 1.3. Let f € %, (RY) be such that u(f”) < 1. Let
p>(1+ 6/)»)2. By Theorem 1.1(2), we have

Kyp(/P—Dlx —y? d
(P f(y)?P exp[—4ap[(ﬁ_ DA=38,10 —e_K’):| < P fP(x), x,y eRY,

where §, = max{J, %(ﬁ — 1)}. Integrating w.r.t. ;(dx) and noting that p is P;-
invariant, we obtain

KPP Dlx =yl
48[(/p — DA —81(1 — e=K7)

a1y 2o [ ex| Jutan <1.
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Taking f =n A (p:(y, -))'/P and letting n 1 0o, we prove the first assertion.

Next, let B(0, 1) = {x € R?:|x| < 1}. Since p is an invariant measure, it has
a strictly positive density w.r.t. the Lebesgue measure so that u(B(0,1)) > 0
(cf.[6]).Let p>=(1+ 28/k)2. We have §, = (,/p — 1)A/2 and thus

WPV /P
48pl(/P = DA =38p1  22(J/p—1)
Combining this with (2.14) and noting that

KPP — Dlx -y
/];ed e"p[_ 25[(/P — Dr— 811 — e—Kf)]“ (@)

KPP — DA +|y)? ]

= HBO, 1))eXp[_43[(@ — Da— 811 — e K1)

we obtain

t>0,ye]Rd,

K/p(+1y))? ]
M(/P—DA—e K]

for some constant C; > 0 and all f € %{f (R?) with u(fP) < 1. Since

K K+t
Iim lim VP = —,
p=o0r=00 12((/p — (1 — e K1)~ 32

(2.15) (PfONP =Cy eXP[

for any r > KT /A2 there exist p > (1 +287/A)%, B> 1 and 1| > 0 such that
(P fODP <GP yeRY, feBf R, u(f?) <1,
holds for some constant C, > 0. Thus, u(e” |'|2) < oo implies that

1 Pty Wl 2o () L8 () < OO

Since || Ps|lza () = 1 holds for any g € [1, oo], by the interpolation theorem and
the semigroup property one may find #, > #; such that

(2.16) I Po Il 12 ()= 1.4 () < O©-
Moreover, by [12], Theorem 3.6(ii), there exist some constants 1, C3 > 0 such that
I P _M”LZ(M) <Cze ", t>0.

Combining this with (2.16) we conclude that || P; || L2(w)— LA () = 1 holds for suffi-
ciently large ¢ > 0, that is, (2) holds.

Finally, (3) and (4) follow immediately from (2.15) and the interpolation theo-
rem. [
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3. Extension to manifolds with convex boundary. Let M be a d-dimen-
sional complete, connected Riemannian manifold, possibly with a convex bound-
ary oM. Let N be the inward unit normal vector filed of dM when dM # &. Let
P, be the (Neumann) semigroup generated by

L:=y*(A+2Z)

on M, where ¥ € C!(M) and Z is a C! vector field on M. Assume that v is
bounded and

3.1 Ric—-VZ > —Kj

holds for some constant Ko > 0. Then the (reflecting) diffusion process generated
by L is nonexplosive.
To formulate P; as the semigroup associated to a SDE like (1.1), we set

(3.2) =2y, b=vy’Z.

Let d; denote the It6 differential on M. In local coordinates the Itd differential for
a continuous semi-martingale X; on M is given by (see [4] or [9])

1 4 o
(dIXf)k:de—i_i.Z] r&(x)dx', x7y, 1<k<d.
L ]=
Then P; is the semigroup for the solution to the SDE
(3.3) diX; =0(X)®;dB; +b(X,)dt + N(X,)dl,,

where B; is the d-dimensional Brownian motion on a complete filtered probability
space (2, {Z;};>0, P), ®; is the horizontal lift of X, onto the frame bundle O (M),
and /; is the local time of X; on 0 M. When 0 M = &, we simply set [; = 0.

To derive the Harnack inequality as in Section 2, we assume that

(3.4 A :=info >0, §:=supo —info < oo.

Now, let x,y € M and T > 0 be fixed. Let p be the Riemannian distance on M,
that is, p(x, y) is the length of the minimal geodesic on M linking x and y, which
exits if d M is either convex or empty.

Let X; solve (3.3) with Xo = x. Next, any strictly positive function & €
C([0,T)), let Y; solve

d[Y[ = O'(Yt)PXt’YtCD[ dBt + b(X[)dt
_ o(Y)p(X:,Y;)
o (X1)é:

for Yo =y, where i, is the local time of ¥; on 0M, and Py, y, : Tx,M — Ty,M is
the parallel displacement along the minimal geodesic from X; to Y;, which exists
since dM is convex or empty. As explained in [4], Section 3, we may and do

Vo(X:, )Y dt + N(Y;)dly
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assume that the cut-locus of M is empty such that the parallel displacement is
smooth. Let

p(XZ’ Yt)
&0 (X;)

By the Girsanov theorem, for any s € (0, T) the process {B,}te[o,s] is the d-
dimensional Brownian motion under the weighted probability measure R;[P, where

S p(X:, Yy)
0 &o(X;)

dB, =dB; + o'V, Y)(X)dt,  t<T.

R, = eXp[— (Vo (., Y1)(X), D, dB,)

(3.5)
1[5 p(Xy, ¥p)? ]
- — ————dt|.
2Jo gfo(X))?

Thus, by (3.2) we have
drX: =2y (X)) P, dB; + (Y>Z)(X) di
_ p(X:, Yr)
&
drY, =2y ()@, dB, + (W*Z) (Y dt + N(¥) dl;.
Let &£ € C1([0, T)) be strictly positive and take
p(Xt, Y1)
V25U (X))
Repeating the proof of (4.10) in [21], we obtain
dp(X:, Yy) < ((T(Xt) - U(Y,))(V,o(-, Y (Xy), thdEt>
p (X, Yr)

+K1p(Xf7Yt)dt_Tdt’ [<T,
t

Vo(, Y)(X)dt + N(X,)dl,

Br = ;o (-, Y)(Xy).

where

K1 =Kol 1% + 20 Zlloo I V¥ lloo ¥l oo
This implies that

X;. Y)? 2 )
d% < S—p(Xz, Y (o(Xy) —o (YD) (Vo(, Y1) (X)), D dBy)
t t
le 2
- 10(2721)(2_K§t+€,')dt
t
holds for t < T and

K :=2K +| Vol

(3.6)
= 2Koll¥ 13 + 41 Z oo I VY oo l1¥ lloo + 21 V115
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In particular, letting

f="——(1—-eX0"T))  1€]0,T1,0€(0,2),
we have
2— K& +E& =0.
Therefore, the following result follows immediately by repeating calculations in

Section 2.

THEOREM 3.1. Assume that O M is either empty or convex. Let (4.1) and Z, ¢
be bounded such that

K :=2Koll¥ 113 + 41 Zlloo IV lloo ¥ oo + 21V I3, < 00.

Then all assertions in Theorem 1.1 and Corollaries 1.2, 1.3 hold for P; the (Neu-
mann) semigroup generated by L = y*(A + Z) on M with p(x,y) replacing
|x — y|, and for constant functions K, § := sup — inf iy and A := inf|y/|.

4. Neumann semigroup on nonconvex manifolds. Following the line of
[24], we are able to make the boundary from nonconvex to convex by using a con-
formal change of metric. This will enable us to extend our results to the Neumann
semigroup on a class of nonconvex manifolds.

Let 0M # @ with N the inward normal unit vector field. Then the second fun-
damental form of d M is a two-tensor on the tangent space of d M defined by

I(X,Y):=—(VxN,Y), X, YeToM.
Assume that there exists ¥ > 0 and K¢ € R such that
4.1) Ric—VZ > — K, I[>—«

holds for M and a C'! vector field Z. We shall consider the Harnack inequality for
the Neumann semigroup P; generated by

L=A+"Z.

To make the boundary convex, let f e C;°(M) such that f > 1 and
Nlog flam = k. By [24], Lemma 2.1, 0 M is convex under the metric

Let A’ and V' be the Laplacian and gradient induced by the new metric. We have
(see (2.2) in [20])

d—2
L=f"2(A'+27), z’=fzz+TVf2.
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Let Ric’ be the Ricci curvature induced by the metric (-, -)’. We have (see the proof
of [21], Theorem 5.1)

Ric'—V'Z' > —K (-,
for
“4.2) Kf:sup{Kfz—dAf—i-(d—3)|Vf|2+3|Z|f|Vf|}.
Applying Theorem 3.1 to the convex manifold (M, (-,-)"), ¥ = f~! and
K=2KF1f oo +HZ IV F N F oo + 20V £ NI

4.3)
2K} +41fZ+d =2V flloollV flloo + 20V f 1%,

where || - ||” is the norm induced by (-, -) and we have used that f > 1, we obtain
the following result.

THEOREM 4.1. Let (4.1) hold for some k > 0 and Ko € R, and let P; be the
Neumann semigroup generated by L = A + Z on M. Then for any f € Cp°(M)
such that inf f =1, Nlog flam > k and K < oo, where K is fixed by (4.2)
and (4.3), all assertions in Theorem 1.1 and Corollaries 1.2 and 1.3 hold with
p(x,y) replacing |x — y| for constant functions K, 8 :=sup f~! —inf f~! and
A:=inf fL.

REMARK 4.1. A simple choice of f in Theorem 4.1 is f = ¢ o py, where
pa 1s the Riemannian distance to the boundary which is smooth on {py < rr}
for some rr > 0 provided the injectivity radius of the boundary is positive, and
f € CyP([0, 00)) is such that f(0) =1, f'(0) =« and f(r) = f(rr) for r > rr.
In general, f is taken according to r7 and bounds of the second fundamental
form and sectional curvatures, see, for example, [21, 24] for details. With specific
choices of f, Theorem 4.1 provides explicit Harnack type inequalities, heat ker-
nels estimates and criteria on contractivity properties for the Neumann semigroup
on manifolds with nonconvex boundary.
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