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This article is concerned with the fluctuations and the concentration
properties of a general class of discrete generation and mean field particle in-
terpretations of nonlinear measure valued processes. We combine an original
stochastic perturbation analysis with a concentration analysis for triangular
arrays of conditionally independent random sequences, which may be of in-
dependent interest. Under some additional stability properties of the limiting
measure valued processes, uniform concentration properties, with respect to
the time parameter, are also derived. The concentration inequalities presented
here generalize the classical Hoeffding, Bernstein and Bennett inequalities for
independent random sequences to interacting particle systems, yielding very
new results for this class of models.

We illustrate these results in the context of McKean—Vlasov-type diffusion
models, McKean collision-type models of gases and of a class of Feynman—
Kac distribution flows arising in stochastic engineering sciences and in mole-
cular chemistry.

1. Introduction.

1.1. Mean field particle models. Let (E,),>0 be a sequence of measurable
spaces equipped with some o-fields (£,),>0, and we let P(E,) be the set of all
probability measures over the set E,, with n > 0. We consider a collection of
transformations ®,1:P(E,) — P(E,+1), n > 0, and we denote by (1,),>0 a
sequence of probability measures on E, satisfying a nonlinear equation of the
following form:

(1.1) N1 = Pni1(0n).

These discrete time versions of conservative and nonlinear integro-differential type
equations in distribution spaces arise in a variety of scientific disciplines includ-
ing in physics, biology, information theory and engineering sciences. To motivate
the article, before describing their mean field particle interpretations, we illustrate
these rather abstract evolution models working out explicitly some of these equa-
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tions in a series of concrete examples. The first one is related to nonlinear fil-
tering problems arising in signal processing. Suppose we are given a pair signal-
observation Markov chain (X,,, ¥;,),>0 on some product space (R% x R%), with
some initial distribution and Markov transition of the following form:

P((Xo, Yo) € d(x, y)) =no(dx)go(x, y)ro(dy),
P((Xn+1, Yag1) € dx, WI(Xn, Yn)) = Mut1 (Xp, dX) gnt1(xX, V) hnt1(dy).

In the above display, A, stands for some reference probability measures on R,
gn is a sequence of positive functions, M, are Markov transitions from R% into
itself and finally 7 stands for some initial probability measure on R“!. For a given
sequence of observations Y = y delivered by some sensor, the filtering problem
consists of computing sequentially the flow of conditional distributions defined by

ﬁn =Law(X,|Yo=Y0,.... Yn =yn)
and
Nn+1 = LaW(Xn+1|YO =Y0,-.-» Yn=Yn).

These distributions satisfy a nonlinear evolution equation of the form (1.1) with
the transformations

O (1) (dx') = / A (dx) My 1 (x, dx’)  and

Gn(x)
f Nn(dx")Gp(x')
for some collection of likelihood functions G, = g, (-, y,). Replacing these func-
tions by some ]0, 1]-valued potential function G, on R4, we obtain the condi-
tional distributions of a particle absorption model X, with free evolution transi-
tions M,, and killing rate (1 — G,). More precisely, if T stands for the killing time
of the process, we have that

(1.3) N, =Law(X,|T >n) and 1,11 =Law(X, T > n).

(1.2)
N (dx) =

N (dx)

These nonabsorption conditional distributions arise in the analysis of confine-
ment processes, as well as in computational physics with the numerical solving
of Schrodinger ground state energies (see, e.g., [11, 13, 28]).

Another important class of measures arising in particle physics and stochastic
optimization problems is the class of Boltzmann distributions, also known as the
Gibbs measure, defined by

1
(1.4) M (dx) = ——e PV (dx),
Zy
with some reference probability measure A, some inverse temperature parameter
and some nonnegative potential energy function V on some state space E. The nor-
malizing constant Z,, is sometimes called “partition function” or the “free energy.”
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In sequential Monte Carlo methodology, as well as in operation research literature,
these multiplicative formulae are often used to compute rare events probabilities,
as well as the cardinality or the volume of some complex state spaces. Further de-
tails on these stochastic techniques can be found in the series of articles [5, 29, 30].
To fix the ideas we can consider the uniform measure on some finite set E. Surpris-
ingly, this flow of measures also satisfies the above nonlinear evolution equation,
as soon as 17, is an invariant measure of M,,, for each n > 1, and the potential func-
tions G, are chosen of the following form: G,, = exp ((8,41 — Bn) V). The parti-
tion functions can also be computed in terms of the flow of measures (1,)0<p<n
using the easy-to-check multiplicative formula,

Zi= 1 [0y,

0<p<n

as soon as Bp = 0. In statistical mechanics literature, the above formula is some-
times called the Jarzynski or the Crooks equality [8, 19, 20]. Notice that the sto-
chastic models discussed above remain valid if we replace e #»+1V by any col-
lection of functions g,+1 S.t. gnt1 = gn X Gn = [lo<p<y Gp, for some potential
functions G,,, with n > 0. Further details on this model, with several worked-out
applications on concrete hidden Markov chain problems and Bayesian inference
can be found in the article [10] dedicated to sequential Monte Carlo technology.
All of the models discussed above can be abstracted in a single probabilistic model.
The latter is often called a Feynman—Kac model, and it will be presented in some
details in Section 2.1.

The mean field-type interacting particle system associated with equation (1.1)
relies on the fact that the one-step mappings can be rewritten in the following form:

(1.5) D@ 1(Mn) = 1u K1y,

for some collection of Markov kernels K, , indexed by the time parameter
n > 0, and the set of measures w1 on the space E,. We already mention that
the choice of the Markov transitions K ; is not unique. Several examples are
presented in Section 2 in the context of Feynman—Kac semigroups or McKean—
Vlasov diffusion-type models. To fix the ideas, we can choose elementary transi-
tions K, ,(x,dx") = ®,(n)(dx") that do not depend on the state variable x.

In the literature on mean field particle models, the transitions K, ; are called
a choice of McKean transitions. These models provide a natural interpretation of
the flow of measures 7, as the laws of the time inhomogeneous Markov chain X,
with elementary transitions

IF)(Yn € dx|yn—1) = Kn,n,,,l (Yn—h dx) with 0,1 = Law(yn—l)

and starting with some initial random variable with distribution 19 = Law(XJ).
The Markov chain X, can be thought of as a perfect sampling algorithm. For
a thorough description of these discrete generation and nonlinear McKean-type
models, we refer the reader to [9]. In the further development of the article, we
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always assume that the mappings

i N i
(i<i<n € E;' Kn+1,1/1vz§.v:,axj (Xps Ant1)
n

are E,j@N -measurable, for any n >0, N > 1, and 1 <i < N, and any measur-
able subset A,+1 C E,+1. In this situation, the mean field particle interpreta-
tion of this nonlinear measure valued model is an E-valued Markov chain

,gN ) = (g,,EN ”'))1§,~S ~, With elementary transitions defined as

N
N . .
P} € dx|FN) = [ Kpr e (N, dx)
i=1

(1.6)

. I ¢
with 77,]1\/ = N Z5§’§N,j).
=1

In the above displayed formula, FV stands for the o-field generated by the ran-
dom sequence (& ;N))of p<n,and dx = dx! x --- x dx" stands for an infinitesimal
neighborhood of a point x = (x!,...,xV) e E,i\’ . The initial system SéN) con-
sists of N independent and identically distributed random variables with common
law no. As usual, to simplify the presentation, when there is no possible confu-
sion we suppress the parameter N, so that we write &, and &/ instead of g,&N) and

s,ﬁN”'). The state components of this Markov chain are called particles or some-
times walkers in physics to distinguish the stochastic sampling model with the
physical particle in molecular models.

The rationale behind this is that nfl\’ 1 18 the empirical measure associated with
N independent variables with distributions K, | ,~ (&1, dx), so as soon as n) is a
good approximation of 1, then, in view of (1.6), nfl\' 1 should be a good approxi-
mation of 7,+1. Roughly speaking, this induction argument shows that 7% tends
to ny, as the population size N tends to infinity.

These stochastic particle algorithms can be thought of in various ways: from
the physical view point, they can be seen as microscopic particle interpretations of
physical nonlinear measure valued equations. From the pure mathematical point
of view, they can also be interpreted as natural stochastic linearizations of non-
linear evolution semigroups. From the probabilistic point of view, they can be
interpreted as interacting recycling acceptance-rejection sampling techniques. In
this case, they can be seen as a sequential and interacting importance sampling
technique.

For instance, in the context of the nonlinear filtering equation (1.2), the mean
field particle model associated with the flow of optimal one-step predictors 7;,, with
the McKean transitions K, ,(x, dx’) = ®,(1)(dx’), is the (R¥1)"N -valued Markov
chain defined by sampling N conditionally independent random variables &, =
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(S,f; +1) 1<i<N, With common distribution given by

(1.7) ® +1<i ia -)(dx):i—G"(g’i) — M, 41 (8L, dx).
NiZ o GaED !

By construction, the resulting particle model is a simple genetic-type stochastic
algorithm: the mutation and the selection transitions are dictated by the predic-
tion and the updating transitions defined in (1.2). During the selection transition,
one updates the positions of the particles in accordance with the fitness likelihood
functions G,,. This mechanism is called the selection-updating transition as the
more likely particles with high G,-potential value are selected for reproduction.
In other words, this transition allows particles to give birth to some particles at the
expense of light particles which die. The second mechanism is called the mutation-
prediction transition since at this step each particle evolves randomly according to
the transition kernels M,,. Another important feature of genetic-type particle mod-
els is that their ancestral or their complete genealogical tree structure can be used
to approximate the smoothing problem, including the computation of the distribu-
tion of the signal trajectories given the observations. Further details on this subject
can be found in [9, 13].

The same genetic-type particle algorithm applies for the particle absorption
model (1.3) and the Boltzmann—Gibbs model (1.4), by replacing, respectively,
the likelihood functions by the nonabsorption rates G, and the fitness functions
Gn =exp (But1 — B)V).

In the reverse angle, the occupation measures of a given genetic-type particle
mean field model converge, as the size of the population tends to infinity, to the
solution of an evolution equation of the form (1.1), with the one-step transforma-
tions (1.2). These limiting models are often called the infinite population models.
For a recent treatment on these genetic models, we refer the reader to [16].

The origins of genetic-type particle methods can be traced back in physics and
molecular chemistry in the 1950s with the pioneering works of Harris and Kahn
[17] and Rosenbluth and Rosenbluth [27]. During the last two decades, the mean
field particle interpretations of these discrete generation measure valued equations
were increasingly identified as a powerful stochastic simulation algorithm with
emerging subjects in physics, biology and engineering sciences. They have led
to spectacular results in signal processing processing with the corresponding par-
ticle filter technology, in stochastic engineering with interacting-type Metropolis
and Gibbs sampler methods, as well as in quantum chemistry with quantum and
diffusion Monte Carlo algorithms leading to precise estimates of the top eigen-
values and the ground states of Schroedinger operators. For a thorough discussion
on these application areas, we refer the reader to [9, 10, 15], and the references
therein. To motivate the article, we illustrate the fluctuation and the concentration
results presented in this work with three additional illustrative examples, including
Feynman—Kac models, McKean—Vlasov diffusion-type models, as well as inter-
acting jump type McKean model of gases.
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We end this Introduction with some more or less traditional notation used in
the present article. We denote, respectively, by M(E), Mo(E) and B(E), the set
of all finite signed measures on some measurable space (E, £), the convex sub-
set of measures with null mass and the Banach space of all bounded and mea-
surable functions f equipped with the uniform norm || f|. We also denote by
Osc| (E), the convex set of £-measurable functions f with oscillations osc(f) < 1.
We let n(f) = [ u(dx) f(x), be the Lebesgue integral of a function f € B(E),
with respect to a measure u € M(E). We recall that a bounded integral op-
erator M from a measurable space (E, &) into an auxiliary measurable space
(F,F) is an operator f +— M(f) from B(F) into B(E) such that the functions
M(f)(x):= [ M(x,dy) f(y) are £-measurable and bounded, for any f € B(F).
A Markov kernel is a positive and bounded integral operator M with M (1) = 1.
Given a pair of bounded integral operators (M1, M>), we let (M1 M3) the com-
position operator defined by (M1 M>)(f) = M{(M2(f)). For time homogenous
state spaces, we denote by M = M™~'M = MM™! the mth composition of
a given bounded integral operator M, with m > 1. A bounded integral operator
M from a measurable space (E, &) into an auxiliary measurable space (F, F)
also generates a dual operator u — uM from M(E) into M(F) defined by
(UM)(f) :=u(M(f)). We also used the notation

K(If — KO ) =K([f — K01 (x)

for some bounded integral operator K and some bounded function f.

When the bounded integral operator M has a constant mass, that is, when
M((1)(x) =M(1)(y) forany (x, y) € EZ, the operator i — uM maps Mo (E) into
Mo (F). In this situation, we let 8(M) be the Dobrushin coefficient of a bounded
integral operator M defined by the formula B(M) := sup{osc(M(f)); f €
Osci(F)}.

1.2. Description of the main results. 'The mathematical and numerical analy-
sis of the mean field particle models (1.6) is one of the most attractive research
areas in pure and applied probability, as well as in advanced stochastic engineer-
ing and computational physics.

The fluctuation analysis of these discrete generation particle models around
their limiting distributions is often restricted to Feynman—Kac-type models (see,
e.g., [7, 9, 12, 14] and references therein) or specific continuous time mean field
models including McKean—Vlasov diffusions and Boltzmann-type collision mod-
els of gases [24, 31].

In the present article, we design an original and natural stochastic perturbation
analysis that applies to a rather large class of models satisfying a rather weak first-
order regularity property. We combine an original stochastic perturbation analysis
with a concentration analysis for triangular arrays of conditionally independent
random sequences, which may be of independent interest. Under some additional
stability properties of the limiting measure valued processes, uniform concentra-
tion properties with respect to the time parameter are also derived. The concen-
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tration inequalities presented here generalize the classical Hoeffding, Bernstein
and Bennett inequalities for independent random sequences to interacting particle
systems, yielding very new results for this class of models.

To describe with some precision this first main result we observe that the lo-
cal sampling errors associated with the corresponding mean field particle model
are expressed in terms of the centered random fields WV, given by the following
stochastic perturbation formulae:

1
N N K “;N
(18) My Mi—1 ”777,11\]_1 /_N n -

To analyze the propagation properties of these local sampling errors, up fo a
second-order remainder measure, we further assume that the one-step mappings
@, governing equation (1.1) have a first-order decomposition

(1.9) @, (1) = Pu(p) = (n — ) Dy Py

with a first-order integral operator D,®, from B(E,) into B(E,_1), s.t.
D, ®,(1) = 0. The precise definition of the first-order regularity property (1.9)
is provided in Definition 3.1.

Our first main result is a functional central limit theorem for the random fields

(1.10) VN =Ny — .l

This fluctuation theorem takes, basically, the following form.

THEOREM 1.1.

o The sequence (W,{V )n>0 converges in law, as N tends to infinity, to the sequence
of n independent, Gaussian and centered random fields (W,),>0 with a covari-
ance function given for any f, g € B(E,), and any n > 1, by

(1-1 1) E(Wn(f)wn (g)) = nn—lKn,n,,,l ([f - Kn,nn,1 (f)][g - Kn,r]n,l (g)])
and, forn =0, by

E(Wo(f)Wo(g) =no[(f —n0(f))(g — no(g))]-

e For any fixed time horizon n > 0, the sequence of random fields VnN converges
in law, as the number of particles N tends to infinity, to a Gaussian and centered
random fields

n
Va=)Y_ W,Dp,.
p=0
In the above display, D), , stands for the semigroup associated with the operator
D, =Dy, ®,.

A complete detailed proof of the functional central limit theorem stated above
is provided in Section 5, dedicated to a stochastic perturbation analysis of mean
field particle models.
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We let @), = Ppy1n0Dpy1, 0 < p <n, be the semigroup associated with
the measure valued equation defined in (1.1). For p = n, we use the convention
@, , =1d, the identity operator. By construction, we have

q)p,n(n) - (Dp,n(ﬂ) ~(n— M)Ducbp,n and anq)p,n = Dp,n-

The fluctuation theorem stated above shows that the fluctuations of ¥ around the
limiting measure 7, is precisely dictated by first-order differential-type operators
Dy, ®p n of the semigroup @) , around the flow of measures 7,, with p < n.
Furthermore, for any f,, € Osci(E},), one observes that

n
E(WVa(fi)?) =Y E(W,[Dy, ®p.a(fi))?)
(1.12) r=
< Zo B(DD, ) =75,
p=0
with the uniform local variance parameters

Ur% = sup sup |M(Kn,pc[fn - Kn,,u(fn)]z)|
fn€0sci(Ep) ueP(Ep—1)

and

,B(Dq)p,n) ‘= sup ,B(an>p,n)~
neP(Ep)

The second part of this article is concerned with the concentration properties of
mean field particle models. These results quantify exponentially small probabilities
of deviations events between the occupation measures 7" and their limiting values.
The exponential deviation events discussed in this article are described in terms of
the parameters

n
Gr<PBri=) B(DP,,)* and b}:= sup B(DDp,).
p=0 0<p=n

Besides the fact that the nonasymptotic analysis of weakly dependent variables is
rather well developed, the concentration properties of discrete generation and in-
teracting particle systems often resume to asymptotic large deviation results, or to
nonasymptotic rough exponential estimates (see, e.g., [9] and references therein).
Our main result on this subject is an original concentration theorem that includes
Hoeftding, Bennett and Bernstein exponential inequalities for mean field particle
models. This result takes, basically, the following form.

THEOREM 1.2. Forany N >1,n >0, f, € Osci(E,), and any x > 0 the
probability of each of the following pair of events is greater than 1 — e™*

( +e5 ' (x)) + v/ NG2bte (é)

n

VN (fa) <
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and

I'n
< + &4 (x) + v2x
\/ﬁ ( 0 ) ,Bn
In the above display, ry, stands for some parameter whose values only depend on
the amplitude of the second-order terms in the development (1.9), and the pair of
functions (&g, €1) are defined by

(1.13)  go) =1 —log(1+1), &)= +1)log(l+r) —

Under additional stability properties of the semigroup associated with the limiting
model (1.5), the parameters (o, B, b);, rn) are uniformly bounded w.r.t. the time
parameter.

VN (f

A complete detailed proof of the functional concentration inequalities stated in
Theorem 1.2 is provided in Section 5.3. Some of the consequences of the concen-
tration inequalities stated above are provided in Section 4. To give a flavor of these
results, using a Bernstein-type concentration inequality we will check that

)\‘2

N -__ N
(1.14) li\r/n_)sgoplogIP(V (fn) = \/_ ) < 2(b,’1‘5n)2'
The detailed proof of this asymptotic estimate is provided on page 1032. This
observation shows that this concentration inequality is “almost” asymptotically
sharp, with a variance-type term whose values are pretty close to the exact limiting
variances presented in (1.12). A more precise asymptotic estimate would require
a refined moderate deviation analysis. We hope to discuss these properties in a
forthcoming study.

The outline of the rest of the article is as follows. To motivate the present article,
we have collected in Section 2 three different classes of abstract mean field particle
models that can be studied using the fluctuation and the concentration analysis
developed in this article.

In Section 3, we discuss the main regularity properties used in our analysis. In
Section 4, we illustrate the impact of Theorem 1.2 with some more Bennett and
Hoeffding-type concentration properties, as well as Bernstein-type concentration
inequalities and uniform exponential deviation properties w.r.t. the time parame-
ter. Section 5 is mainly concerned with the detailed proofs of the theorems stated
above. We combine a natural stochastic perturbation analysis with nonlinear semi-
group techniques that allow us to describe both the fluctuations and the concen-
tration of the mean field measures in terms of the local error random field models
introduced in (1.8). The functional central limit theorem is proved in Section 5.1. In
Appendix A.6, we provide a preliminary convex analysis including estimates of in-
verses of Legendre—Fenchel transformations of classical convex functions needed
in this article. In Section 5.2, we prove a technical concentration lemma for tri-
angular arrays of conditionally independent random variables. In Section 5.3, we
apply this lemma to prove concentration inequalities for mean field models.
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2. Some illustrative examples.

2.1. Feynman—Kac models. As mentioned in the Introduction, the first proto-
type model we have in mind is a class of Feynman—Kac distribution flow equation
arising in a variety of application areas including stochastic engineering, physics,
biology and Bayesian statistics. These models are defined in terms of a series of
bounded and positive integral operators O, from E,_; into E, with the following
dynamical equation:

2.1) Vin€BED  ma(fn) = n—1(Qn(fn))/Mn-1(Qn (1))

with a given initial distribution g € P(Ep). To avoid unnecessary technical dis-
cussions we simplify the analysis and we assume that
VYn=>0 0< 1nf Gp(x) < sup G,(x) <00 with G, (x) := Qn+1(1)(x).

xeky xeE,

Rewritten in a slightly different way, we have

M= Pu(n—1) = Vp_1(Mp—1) My with M, (fn) = Qn(fn)/ Qn(1)
and the Boltzmann—Gibbs transformation W,, from P(E},) into itself given by

Y fu € B(Ey) W () (fn) = 10 (Gn fu) /10 (Gr).

Using the ratio formulation (2.1) of the semigroup, we will check in Appendix A.3
that the first-order decomposition (1.9) is met with the first-order operator defined
by

1
D@y (f) = ————Ou(f — @» :
1 ®n(f) uQn(l)Q (f W (N)

The nonlinear filtering model (1.2), the particle absorption model (1.3) and the
Boltzmann—Gibbs distribution flow (1.4) can be abstracted in this framework by
setting

Ont1(x,dx") = Gp(X)My41(x, dx').

We leave the reader to check that this flow of measures satisfy the recursive
equation (1.1) for any choice of Markov transitions given below:

22)  Knti,9,(x,dy) = enGu(X) My (x, dy) + (1 = £, G (x)) @1 () (dy).

In the above displayed formula ¢, stands for some [0, 1]-valued parameters that
may depend on the current measure 1, and such that ||¢,G,|| < 1. In this situ-
ation, the mean field N-particle model associated with the collection of Markov
transitions (2.2) is a combination of simple selection/mutation genetic transi-
tion &, ~~ 2,, = (§£)1<,< N ~ Ep41. During the selection stage, with probability
enGn(El), we set 5’ = &!; otherwise, the partlcle jumps to a new location, ran-
domly drawn from the d1screte distribution W, (nn ). During the mutation stage,

each of the selected particles 5’ ~ EL »41 €volves according to the transition M.

If we set g, = 0, the above particle model reduces to the simple genetic-type model
discussed in (1.7) in the Introduction.
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2.2. Gaussian mean field models. The concentration analysis presented in this
article is not restricted to Feynman—Kac-type models. It also applies to McKean-
type models associated with a collection of multivariate Gaussian-type Markov
transitions on E,, = R?, defined by

Kn,n(xa dy) =

1
V(2m)? det(Qn)

(2.3) |
x exp{—i(y = dn (6, m) @ (v = du(x, n))}dy,

with a nonsingular, positive and semi-definite covariance matrix Q, and some
sufficiently regular drift mapping d, : (x, ) € R x P(RY) > d(x, n) € R4, In
Appendix A.5, for d =1 we will check that any linear drift function d,, of the
form d,,(x, n) = a,(x) + n(b,)c,(x), with some measurable (and nonnecessarily
bounded) function a,, and some pair of functions b, and ¢, € B(R), the first-order
decomposition (1.9) is met with the first-order operator defined by

Duch(f)(x) = [Kn,u(f)(x) — D, (W) ()]
50 @) [ 1(@¥)en (9K 0,42 F Dz = (v, )

In this context, the N-mean field particle model is given by the following recur-

sion:
Vi<i<N & =duE_1.m_) + Wy,

where (W!);>o is a collection of independent and identically distributed d-
valued Gaussian random variables with covariance matrix Q. The connection be-
tween these discrete generation models and the more traditional continuous time

McKean—Vlasov diffusion models is as follows. Consider the partial differential
equation

1 d d )
Qe =5 D s s () = 30 (B G ae),
i,j=1 i=1

where /1; is a probability measure on R¢, and b; some drift term associated with
some interaction kernels b; and given by

b ) = [ G, 3.

Under appropriate regularity conditions, one can show that 7, is the marginal dis-
tribution at time ¢ of the law of the solution of the nonlinear stochastic differential
equation

(2.4) dX;=b,(X;, u)dt +dBy,
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where B; is a d-dimensional Brownian motion. These models have been intro-
duced in the late-1960s by McKean [23]. The convergence of the mean field par-
ticle model associated with the diffusion (2.4) has been deeply studied in the mid-
1990s by Bossy and Talay [3, 4], Méléard [24] and Sznitman [32]. We also refer
the reader to the more recent treatments on McKean—Vlasov diffusion models by
Bolley, Guillin and Malrieu [1] and Bolley, Guillin and Villani [2]. Besides the
fact that these continuous time probabilistic models are directly connected to a
rather large class of physical equations, to get some computationally feasible so-
lution, some kind of time discretization scheme is needed. Mimicking traditional
time discretization techniques of deterministic dynamical systems, several natural
strategies can be used. For instance, we can use a Euler-type discretization of the
diffusion given by (2.4) as follows:

Xp =Xy =by, (X i, DA+ (B, — By,_)

on the time mesh (#,;),>0, with (¢, —#,—1) = A, with some initial random variable
with distribution g = Law (X OA). In this situation, the elementary transitions of the
approximated random states X é are of the form (2.3), with the identity covariance
matrices O, = Id, and the drift functions d, (x, n) = x + b;,_,(x, n). The refined
convergence analysis of these discrete time approximation models for more gen-
eral models, including granular media equations is developed Malrieu and Talay
[21, 22].

We mention that the semigroup derivation approach for functional fluctuation
theorems and concentration inequalities developed in this article do not apply di-
rectly to any nonlinear diffusion equations with general interaction kernels c;. The
semigroup derivation technique requires one to control recursively time the in-
tegrability properties of the semigroup associated with the first and second-order
derivative terms. A rather crude sufficient condition is to assume that the drift terms
d,, is of the form discussed in the discrete time model.

2.3. A McKean model of gases. We end this section with a mean field particle
model arising in fluid mechanics. We consider a measurable state space (Sy, Sp,)
with a countably generated o-field and an (S, ® &,)-measurable mapping a, be
a from (S, x E,) into R such that [v,(ds)a,(s,x) =1, for any x € E,, and
some bounded positive measure v, € M(S,,). To illustrate this model, we can take
a partition of the state E, = |, s, As associated with a countable set S, equipped
with the counting measure v, (s) = 1 and set a, (s, x) = 14,(x). We let K, 1, be
the McKean transition defined by

(2.5) Kn+1,n(x,dy)=/vn(dS)n(du)an(s,u)Mn+1((s,X),dy)-

In the above displayed formula, M, stands for some Markov transition from
(S, x Ey) into E, 1. The discrete time version of McKean’s two-velocities model



CONCENTRATION INEQUALITIES FOR MEAN FIELD PARTICLE MODELS 1029

for Maxwellian gases corresponds to the time homogenous model on E, = S, =
{—1, 41} associated with the counting measure v, and the pair of parameters

an(s,x) =15(x) and My,11((s,x),dy) =8sx(dy).

In this situation, the measure valued equation (1.1) takes the following quadratic
form:

M1 (1) = 0y (+D? + (1 = 5, (+ D)

We leave the reader to write out the mean field particle interpretation of this model.
For more details on this model, we refer to [31]. In Appendix A.4, we will check
that the first-order decomposition (1.9) is met with the first-order operator defined
by

Dy @y 1(f)(xX) = [Knp1,u () x) = Pug1 () ()]

+ / vp(ds)la(s, x) — ula(s, NIuMp1(f)(s, ).

3. Some weak regularity properties. To describe precisely the concentration
inequalities developed in the article, we need to introduce a first round of notation.

DEFINITION 3.1. We let Y(E, F) be the set of mappings ®:u € P(E) —
® () € P(F) satistying the first-order decomposition

(3.1) D) — P = (u—nDy® +R* (i, n).

In the above displayed formula, the first-order operators (D, ®),cp(g) is some
collection of bounded integral operators from E into F such that

VneP(E),Yxe€ E (Dy®)(1)(x)=0 and
(3.2)
B(D®) := sup B(D,P) < oc.
neP(E)

The collection of second-order remainder signed measures (R® (u, M) (u,meP(E2)
on F are such that

(3.3) IR® (. m(f)] < / (= mP2()IRY (f. dg).

for some collection of integral operators R;D from B(F) into the set Osc{ (E)? such
that

sup | ose(gn) osc(g2) Ry (f,d(g1 ® g2)) < osc(f)8(RP)
(3.4) neP(E)
with 8(R®) < co.
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This rather weak first-order regularity property is satisfied for a large class of
one-step transformations ®,, associated with a nonlinear measure valued process
(1.1). For instance, in Section 5.3 we shall prove that the Feynman—Kac trans-
formations @, introduced in (2.1) belong to the set Y (E,_1, E,). The latter is
also met for the Gaussian transitions introduced in (2.3) and for the McKean-type
model of gases (2.5) presented in Section 2.3. The proof of this assertion is rather
technical and it is postponed in Appendix A.4.

We assume that the one-step mappings

D, :neP(E—1) — Pu(p) = MKn,/L e P(Ey)

governing equation (1.1) are chosen so that &, € Y(E,_1, E,), for any n > 1.
The main advantage of the regularity condition comes from the fact that &, , €
Y (Ep, E,) with the first-order decomposition-type formula

Dy () — @p () =0 — ulDy @, + RO (n, 1),

for some collection of bounded integral operators D, ®, , from E, into E;, and
some second-order remainder signed measures R®7 (n, ). For further use, we
let r,, be the second-order stochastic perturbation term related to the quadratic
remainder measures R®»» and defined by

rai=y_ 8(R®rm).

p=0

4. Some exponential concentration inequalities. Let us examine some more
or less direct consequences of the concentration inequalities stated in Theorem 1.2.

When the Markov kernels K, , = K, do not depend on the measure p, the N-
particle model reduces to a collection of independent copies of the Markov chain
with elementary transitions P, = K,,. In this special case, the second-order para-
meters vanish (i.e., r, = 0), while the first-order expansion parameters (¢, 8,) are
related to the mixing properties of the semigroup of the underlying Markov chain;
that is, we have that

n n
Ta= 2 0B Py’ < B =D B(Ppn)’  with Py =Kpir..... Kuo1 K,
p=0 p=0

with the Dobrushin ergodic coefficient B(P), ,) associated with P, ,. When the
chain is asymptotically stable in the sense that sup, - ZZ:O B(Ppn) < 00, the
first-order expansion parameters given above are uniformly bounded with respect
to the time parameter.

In more general situations, the analysis of these parameters depends on the
model at hand. For instance, for time homogeneous Feynman—Kac models [i.e.,
E, = E and (G,, M,)) = (G, M)] these parameters can be related to the mixing
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properties of the Markov chain associated with the transitions M. To be more pre-
cise, let us suppose that the following condition is met:

M),, Im=>1,3g, >0 s.t
4.1)
Vx,y) € E2  M™(x,") > enM™(y,).

It is well known that the mixing-type condition (M),, is satisfied for any aperiodic
and irreducible Markov chains on finite spaces, as well as for bi-Laplace exponen-
tial transitions associated with a bounded drift function and for Gaussian transi-
tions with a mean drift function that is constant outside some compact domain. To
go one step further, we introduce the following quantities:

4.2) Sme=sup [] (G(xp)/G(yp)).
0<p<m
In the above displayed formula, the supremum is taken over all admissible pair of
paths with elementary transitions M. In this situation, we can check that
n §4w3,1(m)s b,: <20m/em
as well as
G2 <dwrp(m)o? and B2 <4dwra(m)

with the uniform local variance parameter o> and a collection of parameters
@, (m) such that wy ;(m) < m8m_15’,; /ssz. The detailed proof of these esti-
mates can be found in Appendix A.3.

As we mentioned above, in the special case where the Markov kernels K, ;, =
K, do not depend on the measure u, the random measures 17,1,\' coincide with the
occupation measure associated with NV independent and identically distributed ran-
dom variables with common law 7,,. In this situation, the pair of events described
in Theorem 1.2 resumes to the following Bennett and Hoeffding-type concentra-
tion events, respectively, given by

2
(! —”n“fn)ffib,:sfl(%) and [} —nn]<fn)s\/%ﬁn.

n

The first inequality can be described more explicitly using the analytic estimates

V2x + (4x/3) —log(l + (x/3) + v/2x)
log(1 4 (x/3) + +/2x)
In the context of Feynman—Kac models, the second-order terms can be esti-
mated more explicitly using the upper bounds
log(1 +2x +2/x) —2/x
2x +2x

< (x/3) +/2x.

e (x) <

<2x 4+ 2/x.

gy (x) < 2x +log(1 +2x +2/x) +
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A detailed proof of the upper bounds given above is detailed in Appendix A.6,
dedicated to the convex analysis of the Legendre—Fenchel transformations used in
this article. The second rough estimate in the r.h.s. of the above displayed formulae
leads to Bernstein-type concentration inequalities.

COROLLARY 4.1. For any N > 1 and any n > 0, we have the following
Bernstein-type concentration inequalities:

1 N Tn A2 . «/irn 2 b}, -1
Nlog]P’([nn —nul(fn) = N +A) > 7((19,10,1 + e > +A(2rn + §>)

and

1 P([N— 1 >>@+x)>ﬁ(( +@)2+2 x)_l
N 0og Ny Mnl(fn =N =5 Bn \/N n .

In terms of the random fields V”N , the first concentration inequality stated in
Corollary 4.1 takes the following form:

—logP<VnN(fn) > \;"N + A)

(e G )

)\‘2
—_— ——.
N—oo Z(b;;?n)z
This proves the asymptotic estimate presented in (1.14).
Last, but not least, without further work, Theorem 1.2 leads to uniform concen-
tration inequalities for mean field particle interpretations of Feynman—Kac semi-
groups.

COROLLARY 4.2. In the context of Feynman—Kac models, under the mixing
type condition (M), introduced in (4.1), for any N > 1, any n > 0 and any x > 0
the probability of each of the following pair of events:

4
Y — 0 (f) < @31+ )

4 88m ( ) 2 _1( X )
— " m)o-& ———————
P 1 462w, ,(m)N

4 2
! = mal(fo) = @31 m)(1+ 65" () +2\/m+(’")x

is greater than 1 — e™*.

and
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5. A stochastic perturbation analysis.
5.1. Proof of the functional central limit theorem.

DEFINITION 5.1. We say that a collection of Markov transitions K, from a
measurable space (E, £) into another (F, F) satisfies condition (K) as soon as the
following Lipschitz-type inequality is met for every f € Oscy(F):

5.1 (K) K, — K1) < / (= WITK (£, dh).

In the above display, TUK stands for some collection of bounded integral operators
from B(F) into B(E) such that

(5.2) sup [ osc()T,X (f.dh) < osc(£)8(TX),

neP(E)
for some finite constant §(7®) < oco. In the special case where K, (x,dy) =
®(n)(dy), for some mapping ®:n € P(E) — P () € P(F), condition (5.1) is
a simple Lipschitz-type condition on the mapping . In this situation, we denote
by (®) the corresponding condition; and whenever it is met, we says that the map-
ping @ satisfy condition (®).

We further assume that we are given a collection of McKean transitions K, ,
satisfying the weak Lipschitz-type condition stated in (5.1). In this situation, we
already mention that the corresponding one-step mappings ®,(n) = nK, ,, and
the corresponding semigroup @, ,, satisfies condition (&, ,) for some collection

of bounded integral operators Tn% "

In the context of Feynman—Kac-type mdels, it is not difficult to check that con-
dition (®,) is equivalent to the fact that the McKean transitions K, , given in
(2.2) satisfy the Lipschitz condition (5.1). The latter is also met for the Gaussian
transitions introduced in (2.3) as soon as the drift function d(x, n) is sufficiently
regular. As before, this condition is met for the Gaussian transitions introduced in
(2.3) and for the McKean-type model of gases (2.5) presented in Section 2.3. For
a more detailed discussion on these stability properties, we refer the reader to the
Appendix, on page 23.

Notice that the centered random fields W,iv introduced in (1.8) have conditional
variance functions given by

(53)  EWYUDPIFLD =mi[K, v ((fa = K, v ()]

Using Kintchine’s inequality, for every f € Osci(E,), N > 1 and any n > 0 and
m > 1 we have the L»,, almost sure estimates

5.4y E(WN (P FN)YE < p@m)y  with b@m)?™ =27 2m)!/m!.

We can also prove the following theorem.
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THEOREM 5.2. The sequence (W,iV In>0 converges in law, as N tends to in-
finity, to the sequence of n independent, Gaussian and centered random fields
(Wn)n=o described in Theorem 1.1.

The proof of this theorem follows the same line of arguments as those we used
in [9] in the context of Feynman—Kac models. For completeness, and for the con-
venience of the reader, the complete proof of this result is housed in Appendix A.2.

Let us examine some direct consequences of this result. Combining the Lip-
schitz property (P, ,) of the semigroup &, , with the decomposition

[Uf,v — Ml = Z[‘Dp,n(n,]:’) - q)p,n((bp(ng_l))],
p=0

we find that

@, )

VNI = (il = Y- [ WY Ty e (fdh).
p=0

In the above displayed formulae, we have used the convention CDO(ng 1) = no, for
p = 0. From the previous LL,,, almost sure estimates, we readily conclude that

sup VNE(|[Y — a1 (2™ < b@m) Y (T %rm).

N>1 p=0

We are now in position to prove the fluctuation Theorem 1.1. Using the decom-
position

VnN = W,,{v + Vn]\ilpn + \/NRq)n (n,lflv_]a nn—l)»

we readily prove that

" 1
(5.5) vN=N"wVD,,+ —=RY,
n 1)2:;) p P \/N n

with the remainder second-order measure
n—1 ®
N .__ p+l, N
Rn =N Z Rp+1 (77p ) np)Dp—H,n-
p=0

In the above display, Dy, = Dpy1, ..., Dy—1D, stands for the semigroup as-
sociated with the integral operators D, := D,,, ,®,, with the usual convention
Dy, =1d, for p = n. Using a first-order derivation formula for the semigroup
D, (cf, e.g., Lemma A.1 on page 1039), it is readily checked that

an Py = (an ¢p+1)(an+1 Pp+1,n) =Dpti (ancbp,n) =Dp,n.
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Using the fact that
n—1 @
Ryl = X [ 170 @IRy (. de,
p=0

we conclude that, for any m > 1, we have

~—

n—1 )4 2
E(RY (f)l™Y™ <b@m)* Y ﬁ(DpH,n)(Z 6(T“’w>) S(RPrH!
p=0 q=0
This clearly implies that \/LNRQ’ converge in law to the null measure, in the sense
that \/LNR,QV (fn) converge in law to zero, for any bounded test function f;,, on E,,.

Using the fact that WV converges in law to the sequence of n independent, ran-
dom fields W,,, the proposition is now a direct consequence of the decomposition
formula (5.5). This ends the proof of Theorem 1.1.

5.2. A concentration lemma for triangular arrays. Foreveryn >0and N > 1,
we let X ,(,N) = (X ,(,N”))lfif n be a triangular array of random variables defined on
some filtered probability space (2, FN) associated with a collection of increasing

o-fields (]:,ﬁv )n>0. We assume that (X,(ZN’i))ISiSN are fé\/_l—conditionally inde-
pendent and centered random variables. Suppose furthermore that

V=0  ap<X®™D<b, and E(XND)|IFEN )<

for some collection of finite constants (a,, b,, ¢,), with the convention F N —
{@, Q} for n = 0. For any n > 0, let

N
N._gN N N._ gN _ ¢N N.i
TV =S8N +RY  where ASY :=8) — s =3 x{VD
i=1
and RY is a random perturbation term such that

Vm=1  E(RYI™Y™ <b@m)d,

for some finite constant d,,. We use the convention SV 1 =0, for n = 0. We set

n n
=0T Y ¢y and 5 =) 5
p=0 p=0

with the middle point
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LEMMA 5.3. Forany N > 1 and any n > 0, the probability of each of the
following pair of events

(5.6) TV <d,(1+¢;" (x) +Nzﬁb;s;1(i_2)
Nc,

and

(5.7) TN <dy(1+¢5"'(x)) +8,v/2xN

is greater than 1 — e™*, for any x > 0.

REMARK 5.4. Notice that (5.7) gives always a better concentration inequality
when Z’;la:o cf, > Z';,:o 8%,. In the opposite situation, if Z’;):O cf) < ZZ:O 8%, in-
equality (5.6) gives better concentration estimates for sufficiently small values of
the precision parameter x.

Before getting into the details of the proof of the above lemma, we examine
some direct consequences of these inequalities based on Legendre—Fenchel trans-
forms estimates developed in Appendix A.6. First, combining (A.16) with (A.15)

we observe that, with probability greater than 1 — e™*,

TN <dy(1 4 2v/x + 60(x)) + b} (Enﬁ¢2x + N2, (%))

n

with the pair of functions

00(x) = 2x + log(1 + 23T +2x) — 2/5 4 QU F2VEH20) = 2Vx

2x +24/x
and
V2x 4+ (4x/3) X
01(x) := —1—V2x<Z.
1= g T (e/3) + V) r=

The upper bounds given above together with (A.8) imply that, with probability

greater than 1 — e ™%,

TN <d, + Ayx +/2xBY,

where
b*
Ap = (Zdn + é’) and BY :=(v2d, + b'c,v N)z.

Using these successive upper bounds, we arrive at the following Bernstein-type
inequality:
1 TN 4
——loeP 2 > A)
& ( NN

N
(5.8)
g((m s %H)ZH(MH@))‘?
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In much the same way, starting from (5.6), we have, with probability greater
than 1 —e™",

(5.9 TN <dy(1+2(x + X)) +8,V2xN =dy + Apx + /2xBY,
with the pair of constants
Ay:=2d, and BY :=(v2d,+38,v/N)".

Using these successive upper bounds, we arrive at the following Bernstein-type
inequality:

1 ™V 4 A N 2d,\? -1
5100 ——logP( 2 > -2 x)>—((3 ”) 2dx> )
(5.10) Nog(N_N+ > 2 ((5 ) 24,

PROOF OF LEMMA 5.3. First, we observe that

(tdp)™

b2m)*".
m!

Vie[0,1/Qd)l EER)< Y

m>0

To obtain a more explicit form of the r.h.s. term, we recall that b(2m)>" = E(X ™)
with a Gaussian centered random variable with E(X?) = 1 and

2\ ﬁ 2m __ 1
vd € [0,1/2[ E(exp{dX })—mgom!b(Zm) _7«/@'

From this observation, we readily find that
vVt €[0,1/2dp)[ Lg{n(t) = logE(e’(R,iV—dn)) <., (1) :=ap(tdy).

Using (A.7), we obtain the following almost sure inequality:

2
log E(e A5 |FN ) §N(Z—") ay(bpt).

n

It implies that
N " rep\?
Vvi>=0 LY, :=logE(") <N Z(b—”> ai(bpt) <, (),
p=0"""P

with the increasing and convex function oz{v J()=N E,%a 1(b)1).
Using (A.8), we now obtain the following Cramér—Chernoff estimate:

G Vx>0  P(SY4+RY =r+ LT+ @YD) e
In other words, the probability that
SN A RY <+ (LYDTT@ + LD )
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is greater than 1 — ¢, which, together with the homogeneity properties of the

inverses of Legendre—Fenchel transforms recalled in Appendix A.6, gives (5.6).
The proof of (5.7) is based on Hoeffding’s inequality,

(N,i)
8logE(e'™X" | FN ) < 2(by — an)®.

From these estimates, we readily find that le\f L) < aé\{ 2B =N Sﬁtz /2. Arguing
as before, we find that

@YD) < @)~ (x) = 23 NB2.

We end the proof of the second assertion using (5.11). This ends the proof of the
lemma. O

5.3. Concentration properties of mean field models. This section is concerned
with the proof of Theorem 1.2. To simplify the presentation, we set

N) . — RPpn
D) =Dg, N P and Ry, =R,

Under our assumptions, we have the almost sure estimates

sup B(DM)) < B(D® )= sup B(Dy®p.0).
N>1 neP(Ep)

In this notation, one important consequence of the above lemma is the following
decomposition:

n
=VN Y [®pn(n)) = ©pu(®@pnh NI=1" + Y
p=0
with the pair of random measures (I, JV) given by

n n
I,fv = Z W;,VD%I) and J,fv =+/N Z Rp,n(ng, CDP(nlIY_])).
p=0

p=0

In what follows f; stands for some test function f; € Oscy(E,). Combining (5.4)
with the generalized Minkowski integral inequality we find that

NE(|Rpa(n) . ®p_ S "IF) Y™ < b@m)*s(Rr),

from which we readily conclude that
m> 1/m

Y Ry @p(n ) (fn)
p=0

E(VNIN (flm)™ = NE(

<b2m)* Y S(R®rm).
p=0
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Notice that

n N
ININ =33 xN0(f) where XD (f) = UMD (DN (£)),

p=0i=1
and the random measures U ,(,N’i) are given, for any g, € Osci(E)), by
N,i — N.i (N.i)
U (8p) = gp (&) = Ky (8p)(E,71).

In the further development of this section, we fix the final time horizon n and the
the function f,;, € Oscy(E,). To clarify the presentation, we omit the final time
index and the test function f;, and we set, for any p in [0, ],

P N
(N,i) _ p(N,i) N _ (N,i)
Xp l _Xp,nl (fn), Sp _szq l
g=0i=1
and
N z N N
Ry :=NY Rgn(n), @, 1)
k=0
At the final time horizon, we have
p=n = SN=VNIY and RY=+NJV.

By construction, these variables form a triangular array of F IIJV_I -conditionally
independent random variables and

N,iN2| =N \ _
E(XV0)%FY ) =0.
In addition, we readily check the following almost sure estimates:
~ i1\ 2 1/2
XNV < B(DP,,) and E(XNO)FN )V <0, B(DP,.)

for any 0 < p < n. The proof of the theorem is now a direct consequence of Lem-
ma 5.3.

APPENDIX
A.1. A first-order composition lemma.
LEMMA A.1. Forany pair of mappings ®1 € Y (Eq, E1) and ®, € Y(E1, E»)

the composition mapping (P o ®1) € Y(Eo, E2) and we have the first-order
derivation-type formula

(A.1) Dyp(®20 ®1) =Dy®1 Do, () P2
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PROOF. To check this property, we first observe that under this condition, we
clearly have the Lipschitz property,

(@) @ (1) — DI(f)] < / (= (WIT(f. dh),

for some collection of integral operators Tnd> from B(F') into the set Osc|(E) such
that

(A.2) sup [ osc(W)T,"(f.dh) < osc(f)8(T®)
neP(E)

for some finite constant §(7®) < oo. Using this property, we easily check that
(A.1) is met with

B(D(®2 0 @))) < B(DD2)B(DDy)
and
S(R®2°%1) < 8(T®1) +8(T®)?8(R*2).
This ends the proof of the lemma. [

We also mention that for any pair of mappings ®1:n € P(Eg) — ®1 € P(E1)
and ®,:n € P(E1) — &1 € P(E»), the composition mapping & = ¥, o Py satis-
fies condition (®) as soon as this condition is met for each mapping. In this case,
we also notice that

S(T®2°P1) < §5(T®2) x §(T).

Suppose we are given a mapping ¢ defined in terms of a nonlinear transport for-
mula

Q(n) =nky,
with a collection of Markov transitions K, from a measurable space (£, £) into
another (F, F) satisfying condition (K ). Using the decomposition
O(n) —@(m) =[n— pnlKy + ulK, — Kyl,
we readily check that
(K)=(®)  with T,”(f.dh) =8k, (p)(dh) + T,X (f.dh).

A.2. Proof of Theorem 5.2. Let FN = {.7-",{V ; n > 0} be the natural filtration

associated with the N-particle system é,EN). The first class of martingales that
arises naturally in our context is the R%-valued and F" -martingale M,ILV (f) de-
fined by

n

(A3) MY ()= Iy (fp) = @1 D],

p=0
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where f,:x, € E) = fp(xp) = (f;,‘(xp))uzl ,,,,, ¢ € R? is a d-dimensional and
bounded measurable function. By direct inspection, we see that the vth compo-
nent of the martingale M,iv(f) = (M,{V(f”))uzlw,d is the d-dimensional and F" -
martingale defined for any u =1, ..., d by the formula

n

MY (f"y =Y ) (f1) = ®p(ny_ (D]

p=0
= 20[775 ) =My Ky ()]
p:

with the usual convention K 0", =10 = <I>0(77 1) for p = 0. The idea of the proof
consists of using the CLT for triangular arrays of R?-valued random variables
([18], Theorem 3.33, page 437). We first rewrite the martingale VN M,{V (f) in the
following form:

VNMY (f) = ZZ = (fp(&"") = K (UDEND).

i=1p= 0
This readily yields v NMY (f) = Z(” DNUN(f) where for any 1 <k < (n +
)N withk = pN +iforsomei=1,...,Nand p=0,...,n

U () = = (o) = K,y (F)(E1):

1
VN
We further denote by g,iV the o-algebra generated by the random variables & ,; for
any pair index (j, p) such that pN + j < k. It can be checked that, for any 1 <
u<v<dandforany 1 <k <(m+1)N withk=pN +iforsomei=1,...,N
and p=0,...,n, we have E(U,fv(f”)@,iv_l) =0 and

EWUN (fUY (HIGY)

1 i
= Ky [y =K,y FO = Ky SOOI
This also yields that
pN+N
> EQY MUY ONFYD
k=pN+1
=n,_[K, Ny =Ky Sy =Ky I

Our aim is now to describe the limiting behavior of the martingale ~/N MN(f)in
terms of the process X ,N (f) = def. D e NtHN U ,fv (f). By the definition of the particle
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model associated with a given mapping ®,,, and using the fact that [U]Vv—t]] = [t],
one gets that forany 1 <u,v <d

[Nt]+N
> EUY MUY HIFD
k=1
[Nt] — N[z]
N
where, foranyn >0and 1 <u,v <d,

=l O+ (o (P 10 = e, ),

Co (" =2 my[K g ((fy =K FOU = Ky )]
p=0

Under our regularity conditions on the McKean transitions, this implies that for
any 1 <i, j <d,

[Nt]+N P
> EWS Y UINFLD ——= Gl ),
k=1

with

Co(f*s Y=Y np—1[Kpny  (Fy = Kponp s VS = Koyt 1))

p=0
and, for any # € R,
Ci(f", £ = Ca(f* ) +{H(Cro1 (f* ) = Cin (f*, 1))

Since ||UkN(f)|| < \/Lﬁ(vpsn I fpl), for any 1 < k < [Nt] + N, the condi-
tional Lindeberg condition is clearly satisfied, and therefore one concludes that
the R¥-valued martingale {XIN (f);t € Ry} converges in law to a continuous
Gaussian martingale {X;(f);t € R} such that, forany 1 <u,v <d and t € R,
(X(f"), X(f)) = Ci(f*, f). Recalling that X[),(f) = v NM[(f), we con-
clude that the R?-valued and F-martingale /N MN (f) converges in law to an
R9-valued and Gaussian martingale M, (f) = (M,,(f*))u=1.....4 such that for any
n>0and 1 <u,v<d

.....

(M) M=) 1p1[Kpnys ((Fy = Kpps TSy = Kpinpey S

p=0

with the convention Ko ,_, = no for p =0.

To take the final step, we let (¢,),>0 be a sequence of bounded measurable
functions, respectively, in 5 (Ep)% . We associate with ¢ = (¢n)n the sequence of
functions f = (f})o<p<n defined for any 0 < p < n by the following formula:

Fo=Fu=0..n = (0,...,0,9,.0,...,0) € BEp) Dt Hdpttdn,
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In the above display, O stands for the null function in B(E p)dfl (for g # p). By
construction, we have, f' = ¢, and for any 0 < u <n, we have that

= (f)o<p=n
=(0,...,0,040,...,0)
€ B(E)™ x -+ x B(E)% x -+ x B(Ep)%
so that
VNMY (f) = VN @) =) K,y (00]= Y, (00)
and therefore
VNMY () = (VNMY (f))<uzn = Vi @))ozuzn =V (9).

We conclude that V,ﬁv (¢) converges in law to an (n + 1)-dimensional and centered
Gaussian random field V,, (¢) = (V,,(¢,))o<u<n With, forany 0 <u,v <n,

E(Va (9 Vo(@))
= L)1 1K1 @y = Koo Kuton 1 0t = Ko 001
This ends the proof of the theorem.

A.3. Feynman-Kac semigroups. In the context of Feynman—Kac flows (2.1)
discussed in the Introduction, the semigroup ®,, , is given by the following for-
mula:

Np(Qp.n(f))
Np(Qp.n(1))

For p = n, we use the convention O, , = Id, the identity operator. Also observe
that

m(f) = with Qp,n=Qp+1a---aQn—1Qn-

[(Dp,n (m) — (Dp,n(n)](f) = (n— n)DT]ch,I’l(f)a

M(Gp,n,n)
with the first-order operator
Dr)q)p,n(f) = Gp,n,an,n(f - ch,n(n)(f))-

In the above display G, , and P, , stand for the potential function and the
Markov operator given by

Gp,n,n = Qp,n(l)/n(Qp,n(l)) and Pp,n(f) = Qp,n(f)/Qp,n(l)-

It is now easy to check that

<I>p,n R _; _ ®2
R=pm (s m)(f) == Gy (=02 (Gpny ® Dpuy(f))-
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Using the fact that

an)p,n(f)(x) = Gp,n,r](x) /[Pp,n(f)(x) - Pp,n(f)(y)]Gp,n,r](y)n(dy),
we find that
Vf €Osci(Ey) 1Dy @ pn (O < qp.uB(Pp.n)
with
Gy = SUD Qp,n(l)(x)
PR Qpa(D()
This implies that

IB(Dq)p,n) = 2Qp,nﬁ(Pp,n)-
Finally, we observe that

GPJZJ?

Dy
RO Gt () = 23 D) 10— 1 G222 D2l

2‘1p,n ,B(Dp,n)

from which one concludes that

S(R®) <2qp , B(DPp.n) <4y uB(Ppn).

We end this section with the analysis of these quantities for the time homoge-
neous models discussed in (4.1) and (4.2). Under the condition (M),, we have for
anyn>m>1land p>1,

(A4)  qppin <Om/em and B(Pp pin) < (1 — &2 /8™,

The proof of these estimates relies on semigroup techniques (see [9], Chapter 4, for
details). Several contraction inequalities can be deduced from these results, given
below.

For any k > 0 and for [ =1, 2,

m(Sm/em)k
1—((1— &2 /8!

(A.5) Y qh BPpw) <wis(m) =
p=0

Notice that

8k 8k+2
m/ & <m8m—18£€n/811§1+25

@, 1(m) < mp—1 (2— (e, /8m—1))71 ~

and that
rn <4ws31(m) and b} <28, /em
as well as
Eﬁ < 4wz,2(m)02 and ,33 < 4wy 2(m) with 02 := sup 0,%(51).

n>1
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A.4. McKean mean field model of gases. We consider McKean-type models
of gases (2.5) presented in Section 2.3. To simplify the presentation, we consider
time homogeneous models, and we supress the time index. In this notation, we find
that

[Ky — K () (x) = / v(ds)[n — plla(s, ))M(f)(s, x).
Observe that
[ — pl(Ky — Kp)(f)(x) = / v(ds)[n — pl(a(s, NI — pl(M(f)(s, ).
Using the decomposition

(A.6) D) —P(w) = — WKy + pn(Ky — Ky +[n — ul(Ky — Ky)
we readily check that ® € T (E, E) with the first-order operator

D@ (f)(x) = [Ku(f)x) = D(w)(f)]
+ / v(ds)la(s, x) — pals, NInM(f)(s. )
and the second-order remainder measure
R () (f) = / [n—ul®*(g)v(ds)  with g =a(s,) ® M(f)(s, ).
In this situation, we notice that
p0®) < pn| 1 + [ vias) osctats. )|
and

S(R®) < p(M) / v(ds)osc(a(s, -)).

A.5. Gaussian semigroups. To simplify the presentation, we only discuss
time homogenous and one-dimensional models. We consider the one-dimensional
gaussian transitions on £ = R defined below:

1 2
K, (x,dy) = exp{——(y—d(x,n)) }dy

1
2w 2
with some linear drift function d,, of the form d(x, n) = a(x) + n(b)c(x), with
some measurable (and nonnecessarily bounded) function @, and some pair of func-
tions b and ¢ € B(R). We use the decomposition

[Ky — K () (x) =/Ku(x,dy)(@(Au,n(x,y))f(y)

+fKM(x,dy)AM,n(x,y)f(y)
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with ® (#) = e" — 1 — u and the function A, ;(x, y) defined by
dKy(x, ) M @
Ap,p(x, y) =log m(y) =AY+ A7 ()
with
AD (x,y) =[d(x,n) —d(x, Wly — d(x, w)] = c(x)(n — WGy —d(x, w)l,

AP (x,y) = —3ld(x, n) — d(x, W)’ = —5¢(x)*[(n — W ().
Under our assumptions on the drift function d, we have
|AD (x, y)| < llclose(®)|y —d(x, w)| and [AP) (x, )] < llc[> osc(b)?/2.

Using the fact that |®(u)| < e™u?/2, after some elementary manipulations we
prove that

sup|[Kyy = KJ(F)(x) - f Ky (x,dy)ALD (x, ) ()| < Clop — wy B P |

with some finite constant C < oo whose values only depend on ||c|| and osc(b).
On the other hand, we have

[ =@ [ Kur.d) AL, 0 f0) = 0= P26 @ (K, (/)
and
/ 11(dx) / Ku(x, dy)ALD (e, ) f () = (0= w (K], (f))

with the bounded integral operator K ;L defined by

K, (f)(x) =c(x) / Ky (x,dy)ly —d(x, i1f (y).
Using the decomposition (A.6) we prove that
() (f — PU)(N) = (1= WD ®(f) + R, W(f).
with the first-order operator
Dy®(f)=Ku(f — 2w)(f)) +bu(K, (1))
and a second-order remainder term such that
IR®(n, ()] < C'[|(1— w2 b & (K[, (/)] + [(n — w (B ose(f)]

with some finite constant C’ < oo whose values only depend on ||c|| and osc(b).
Using the fact that

K,()=0 and [K,(H)]=]K(f — @ )] < llcllose(f).

we conclude that (3.3) and (3.4) are met with §(R®) < C’ osc(b)(2||c|| + osc(D)),
and condition (3.2) is satisfied with 8(D®) <1 + ||c| osc(b).



CONCENTRATION INEQUALITIES FOR MEAN FIELD PARTICLE MODELS 1047

A.6. Legendre transform and convex analysis. We associate with any in-
creasing and convex function L:t € Dom(L) — L(t) € R defined in some do-
main Dom(L) C Ry, with L(0) = 0, the Legendre—Fenchel transform L* defined
by the variational formula

VA>0  L*(x):= sup (A —L(@)).
teDom(L)

Note that L* is a convex increasing function with L*(0) = 0 and its inverse (L*)~!
is a concave increasing function [with (L»)~10) =0].

For instance, the Legendre-Fenchel transforms (e, o)) of the pair of convex
nonnegative functions (g, 1) given below:

Viel0,1/2]  ag(t):=—t — tlog (1 —21)
and
V>0 a1(t)=e" —1—1t
are simply given by
ayM) =1(h —log(1+2)) and af(R)=(1+1)log(l+1) — A

Recall that, for any centered random variable ¥ with values in ]—oo, 1] such
that E(Y?2) < v, we have

t —vt
(A7) E(e!") < % < 1+ var1 () < exp(vars (1))
v

We refer to [6] for a proof of (A.7) and for more precise results. For any pair of
such functions (L1, L»), it is readily checked that

Vt € Dom(Lj) Li(t) <L>(t) and Dom(Ly) C Dom(L1)
U
Ly<Lt and (LD '<@3)~l
For any pair of positive numbers (u, v), We also have that
Viev 'Dom(Ly)  Li(t) =uL,(vt)
4
* * A *\—1 o—1(*
YA>0 Li(A)=ul3| —) and Vx>0 (LD () =uv(L) | — ).
uv u

As a simple consequence of the latter results, let us quote the following property
that will be used later in the further development of Section 5.3:

— = 1% — a1 %
u<u and v=<v =— wuv(L}) — ) <uv(L3) — .
u u
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Here we want to give upper bounds on the inverse functions of the Legendre trans-
forms. Our motivation is due to the following result, which avoids the loss of a
factor 2 when adding exponential inequalities. Let A and B be centered random
variables with finite log-Laplace transform, which we denote by o4 and op, in a
neighborhood of 0. Then, denoting by « 4+ p the log-Laplace transform of A + B,

(A.8) @hep) ) < @) 'O+ (@) @)

for any positive ¢ (see [25], Lemma 2.1).
In order to obtain analytic approximations of these inverse functions, one can
use the Newton algorithm: let
x—a*(z)
(@) (2)
and define the sequence (z,) by z, = F(z,—1). From the properties of the
Legendre—Fenchel transform, we also have that

n—1
o= (),

Now recall the variational formulation of the inverse of the Legendre—Fenchel
transform,

(A.10) @) ') = zingt_l(a(t) +x),

F(z)=z+

valid for any x > 0 (see [26], page 159 for a proof of this formula). From this
formula, assuming that «” (0) > 0 and setting z = o/ (¢), we get that
(A.11) @) 'x)= inf  F(2).
zea’/(Dom(w))

Let then f(z) = a((e)~!(2)) + x and g(z) = («’) "' (z). From the strict convexity
of «, the function t — ¢t~ 1 ((x(r) + x) a unique minimum #, and is decreasing
with negative derivative for # < 7, increasing with positive derivative for t > .. It
follows that f/g has a unique critical point z(x), which is the unique global strict
minimum of F and the unique fixed point of F'. Furthermore z(x) = (o)~ ().

Let zo > 0 be in the interior of the image by «’ of the domain of «. If zg > z(x),
then (z,) is a decreasing sequence of numbers bounded from below by z(x). Hence
(zn) decreases to z(x) as n tends to oco. If zg < z(x) and F(zp) belongs to the
interior of o’(Dom()), then z; > z(x) and (z,),>0 is decreasing to z(x).

We now recall the convergence properties of the Newton algorithm. Assume that
z0 > z(x) and let A be a positive real such that F”(z) <2A for any z in [z(x), zo].
Then, by the Taylor formula at order 2,

(A.12) 0<zy—2(x) < A% (20 — 2(x))*",

which provides a supergeometric rate of convergence if A(zg — z(x)) < 1.
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Since F depends on x, A is a function of x. In order to get estimates of the
rate of convergence of z,, to z(x) for small values of x, we now assume that o’ is
convex. We will prove that

1
(A.13) A== sup F'(z) <

To prove (A.13), we start by computing F” = (f/g)”. Since f' = zg’,
(f/8) =g'(zg — Ng™".
Now (zg — ) =g+ (zg' — f') = g. It follows that
(f/e) =g'g”" + (g — Hg"g? — 28" 7).
Next, for z > z(x), zg(z) — f(z) = 0, so that

(fl9) @) <ge ' +ze— NHg's >

Under the additional assumption that &’ is convex, the inverse function (/) ~! = g
is concave, so that g” < 0. In that case, for z > z(x),

(f/8)"(z) < &'(z)/g(z) = (log &) (2).

Now log g is the inverse function of v (t) = o/(e"). From the properties of «’, the
function v is convex, so that log g is concave. Hence (logg)’ is nonincreasing,
which implies that

F"(z) < g'(z2(x))/g(z(x)) = z2(x)g'(z(x))/f (z(x))  forany z > z(x).

Since f(z) > x and g'(z(x)) < g’(0) = 1/a”(0), we get (A.13), noticing that
z(x) = F(z(x)) = (@)~ (x).

We now apply these results to the functions ¢« and 1. Using the fact that

2 2

t : _ !
Egal(t)::e —1—t<owi(t):=

2(1 —1/3)
for every ¢ € [0, 3[, and applying (B.5), page 153 in [26], we get that
Vax @) = @) 0 = V2x + (x/3).

Also, by the second part of Theorem B.2 in [26], the function @}, which is the
inverse function of the above function, satisfies

., 12
O TR

which is the usual bound in the Bernstein inequality. Now z = e’ — 1, and conse-
quently r = log(1 + z) and

(A.14)

F( )_x—i—z—log(l—i—z)
Y T g1+ 2)
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Set zo = +/2x + (x/3). Then zg > z(x). Hence z(x) < z1 < z¢ (here z1 = F(z9p)).
So

_ V2x + (4x/3) —log(1 + (x/3) 4+ +/2x)
log(1 4 (x/3) + +/2x)

(af)_l(x) <z:

(A.15)
< (x/3) ++/2x.

Furthermore, from (A.12) and (A.13) and the fact that z9 — z(x) < x/3,

0<z1— (@) () < f—g(ar)“m,

which ensures that
18z1/(18 + x) < (ozf)_l(x) <z.
In the same way, noticing that
12/(1 —4t/3) <ap(t) <t*/(1—=2t)  foranyr € [0,1/2],
we get
2/x + (4x/3) < (o) 7 (x) <2/x +2x := 2.

By definition of «p, we have aé(r) =2t/(1 —2t). Let z=2t/(1 —2¢t). Then t =
z/(2 4+ 27), so that

x +ao((e) "1 ()
F =
2 (@) 1)

Computing z; = F(z0), we get

2x +log(1+2z2) —z

=2x +log(l1 +2)+

(@) "1 (x) <21 :=2x +log(1 + 2x + 2/x)

log(1 +2x +2/x) — 2/x
2x +2x

(A.16)

<2x +2/x,

which improves on the previous upper bound. Furthermore, from (A.12) and
(A.13)

*\ — X =
0<z1—(ap) ') < 5(0{0) L),
which ensures that

921/(9+x) < () ' (x) < z1.
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