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This article provides the mathematical foundation for stochastically con-
tinuous affine processes on the cone of positive semidefinite symmetric ma-
trices. This analysis has been motivated by a large and growing use of matrix-
valued affine processes in finance, including multi-asset option pricing with
stochastic volatility and correlation structures, and fixed-income models with
stochastically correlated risk factors and default intensities.
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1. Introduction. This paper provides the mathematical foundation for sto-
chastically continuous affine processes on the cone of positive semidefinite sym-
metric d X d-matrices S;. These matrix-valued affine processes have arisen from a
large and growing range of useful applications in finance, including multi-asset op-
tion pricing with stochastic volatility and correlation structures, and fixed-income
models with stochastically correlated risk factors and default intensities.

For illustration, let us consider a multi-variate stochastic volatility model con-
sisting of a d-dimensional logarithmic price process with risk-neutral dynamics

(1.1) dy, = (r1— 31X dr + VX, dB;,  Yo=y,
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and stochastic covariation process X = (Y, Y'), which is a proxy for the instanta-
neous covariance of the price returns. Here B denotes a standard d-dimensional
Brownian motion, r the constant interest rate, 1 the vector whose entries are all
equal to one and X% the vector containing the diagonal entries of X.

The necessity to specify X as a process in S; such that it qualifies as covari-
ation process is one of the mathematically interesting and demanding aspects of
such models. Beyond that, the modeling of X must allow for enough flexibility
in order to reflect the stylized facts of financial data and to adequately capture
the dependence structure of the different assets. If these requirements are met, the
model can be used as a basis for financial decision-making in the area of portfolio
optimization, pricing of multi-asset options and hedging of correlation risk.

The tractability of such a model crucially depends on the dynamics of X. A large
part of the literature in the area of multivariate stochastic volatility modeling has
proposed the following affine dynamics for X:

dX;=(b+HX, +X,H")dt + VX, dW, L + 2" dW, VX, +dJ,,
(1.2)
Xo=x € S;,

where b is some suitably chosen matrix in Sj, H, ¥ some invertible matrices, W
a standard d x d-matrix of Brownian motions possibly correlated with B, and J a
pure jump process whose compensator is an affine function of X.?

The main reason for the analytic tractability of this model is that, under some
technical conditions, the following affine transform formula holds:

T T,
Ex’y[e—Tr(zX,)—Fv Y,] :e@(l,z,v)+Tr(\I/(t,z,v)x)+v y

for appropriate arguments z € Sy x iSy and v € C?. The functions ® and W
solve a system of nonlinear ordinary differential equations (ODEs), which are
determined by the model parameters. Setting v = 0, ¢(¢,z) = —P(¢,z,0) and
¥ (t,z) = —W(t, z,0) and taking z = u € S}, we arrive at

(1.3) Ex[efTr(uX,)] :efqb(t,u)fTr(l/f(t,u)x)’ = S;_'

In this paper, we characterize the class of all stochastically continuous time-
homogeneous Markov processes with the key property (1.3)—henceforth called
affine processes—on Sj. Our main result shows that an affine process is necessar-
ily a Feller process whose generator has affine coefficients in the state variables.
The parameters of the generator satisfy some well-determined admissibility con-
ditions, and are in a one-to-one relation with those of the corresponding ODEs for
¢ and 1. Conversely, and more importantly for applications, we show that for any

3This affine multi-variate stochastic volatility model generalizes the well-known one-dimensional
models of Heston [27], for the diffusion case, or the Barndorft-Nielsen Shepard model [2], for the
pure jump case.
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admissible parameter set there exists a unique well-behaved affine process on S:{.
Furthermore, we prove that any stochastically continuous infinitely decomposable
Markov process on Sj is affine with zero diffusion, and vice versa.

On the one hand, our findings extend the model class (1.2), since a more general
drift and jumps are possible. Indeed, we allow for full generality in b, as long as
b—d-1DETx e S;, for a general linear drift part B(x) = Zij xij,Bij and for
an inclusion of (infinite activity) jumps. This of course enables more flexibility in
financial modeling. For example, due to the general linear drift part, the volatil-
ity of one asset can generally depend on the other ones, which is not possible
for B(x) = Hx + xH ". On the other hand, we now know the exact assumptions
under which affine processes on S; actually exist. Our characterization of affine
processes on Sj is thus exhaustive. Beyond that, the equivalence of infinitely de-
composable Markov processes with state space S; and affine processes without
diffusion is interesting in its own right.

This paper complements Duffie, Filipovi¢ and Schachermayer [16], who ana-
lyzed time-homogeneous affine processes on the state space R x R”™.* Matrix-
valued affine processes seem to have been studied systematically for the first time
in the literature by Bru [5, 6], who introduced the so called Wishart processes.
These are generalizations of squares of matrix Ornstein—Uhlenbeck processes, that
is, of the form (1.2) for J =0 and b = kX " X, for some real parameter k > d — 1.
Note that k > d — 1 is a stronger assumption than what we require on » and " X.
Bru [6] then establishes existence and uniqueness of a local® Sj-valued solution to
(1.2) under the additional assumptions that X has distinct eigenvalues, —H € S:[,
and that H and X commute (see [6], Theorem 2”). In the more special case where
H =0and k > d — 1, Bru [6] shows global existence and uniqueness for (1.2) for
any X with distinct eigenvalues (see [6], Theorem 2 and last part of Section 3).°
Bru’s results concerning strong solutions have recently been extended to the case
of matrix valued jump-diffusions; see [40].

Wishart processes have subsequently been introduced in the financial literature
by Gourieroux and Sufana [24, 25] and Gourieroux et al. [23]. Financial applica-
tions thereof have then been taken up and carried further by various authors, in-
cluding Da Fonseca et al. [9-12] and Buraschi, Cieslak and Trojani [7, 8]. Grasselli
and Tebaldi [26] give some general results on the solvability of the corresponding
Riccati ODEs. Barndorff-Nielsen and Stelzer [3] provide a theory for a certain
class of matrix-valued Lévy driven Ornstein—Uhlenbeck processes of finite vari-
ation. Leippold and Trojani [38] introduce S;—valued affine jump diffusions and

“4For the diffusion case see also [20] or [19], Chapter 10. Time-inhomogeneous affine processes on
Rf’f_ x R" have been explored in [18].

5 Up to the first collision time of the eigenvalues.

6Actually, Bru [6] establishes existence and uniqueness of solutions also fork =1,...,d — 1. But
these are degenerate solutions, as they are only defined on lower-dimensional subsets of the boundary
of S; (see [6], Corollary 1).
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provide financial examples, including multi-variate option pricing, fixed-income
models and dynamic portfolio choice. All of these models are contained in our
framework.

We want to point out that the full characterization of positive semidefinite
matrix-valued affine processes needs a multitude of methods. In order to prove the
fundamental property of regularity of affine processes another adaption of the fa-
mous analysis of Montgommery and Zippin is necessary, which has been worked
out in [34] and [35] for the state space R’} x R". For the necessary conditions
on drift, diffusion and jump parameters we need the theory of infinitely divisi-
ble distributions on Sj. Most interestingly, the constant drift part b must satisfy
a condition depending on the magnitude of the diffusion component (see Proposi-
tion 4.18), which is in accordance with the choice of the drift in Bru’s work [6] on
Wishart processes, as explained above. This enigmatic additional condition on the
drift b is derived by studying the process with respect to well chosen test functions,
including in our case the determinant of the process. It is worth noting, as already
visible in dimension one, that a naive application of classical geometric invariance
conditions does not bring the correct necessary result on the drift but a stronger
one. Indeed, take a one-dimensional affine diffusion process X solving

dX, =bdt + VX, dW,.

Then a back-of-the-envelope calculation would yield the Stratonovich drift at the
boundary point x = 0 of value b — i, leading to the necessary parameter restriction
b> }‘, which is indeed too strong. It is well known that the correct parameter
restriction is b > 0. We see two reasons why geometric conditions on the drift
cannot be applied: first, precisely at the boundary of our state spaces the diffusion
coefficients are not Lipschitz continuous anymore, and, second, the boundary of
the cone of positive semi-definite matrices is not a smooth submanifold but a more
complicated object.

For the sufficient direction refined methods from stochastic invariance theory
are applied. Having established viability of a particular class of jump-diffusions
on Sj, existence of affine processes on S;—under the necessary parameter
conditions—is shown through the solution of a martingale problem. Uniqueness
follows by semigroup methods which need the theory of multi-dimensional Ric-
cati equations.

Summing up, we face two major problems in the analysis of positive matrix
valued affine processes. First, the candidate stochastic differential equations nec-
essarily lead to volatility terms which are not Lipschitz continuous at the boundary
of the state space. This makes every existence, uniqueness and invariance question
delicate. Second, the jump behavior transversal to the boundary is of finite total
variation.
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1.1. Program of the article. For affine processes on Sj, results and proofs
deviate in essential points from the theory on state spaces of the form R} x R"
given in [16, 34], which is a consequence of the more involved geometry of this
nonpolyhedral cone. The program of the paper as outlined below therefore includes
a comparison with the approach in [16].

Section 2 contains the main definition and a summary of the results of this arti-
cle. In Section 3, we then derive two main properties, namely the regularity of the
process and the Feller property of the associated semigroup. The Feller property, in
turn, is a simple consequence of an important positivity result of the characteristic
exponents ¢, ¥, which is proved in Lemma 3.3. This lemma is further employed
as a tool for the treatment of the generalized Riccati differential equations in Sec-
tion 5.1 (see proof of Proposition 5.3). The global existence and uniqueness of
these equations is then used to show uniqueness of the martingale problem for
affine processes (see proof of Proposition 5.9).

In Section 4, we define a set of admissible parameters specifying the infini-
tesimal generator of affine semigroups and prove the necessity of the parameter
restrictions (see Proposition 4.9).

The sufficient direction is then treated in Section 5. It is known that, for d > 2,
there exist continuous affine processes on S; which are—in contrast to those on
the state space R’} x R"—not infinitely divisible (see Example 2.8). The analysis
of this paper reveals the failure of infinite divisibility as a consequence of the drift
condition (see proof of Theorem 2.9). This has substantial influence on the ap-
proach chosen here to prove existence of affine processes associated with a given
parameter set: Being in general hindered to recognize the solutions of the gen-
eralized Riccati differential equations as cumulant generating functions of sub-
stochastic measures, as done in [16], Section 7, we solve the martingale problem
for the associated Lévy type generator on Sj, as exposed in Section 5 and Ap-
pendix A. In Section 5.3, however, we deliver a variant of the existence proof of
[16] for pure jump processes, which is possible in this case due to the absence of a
diffusion component.

Finally, Section 6 contains the proofs of the main results which build on the
propositions of the previous sections.

1.2. Notation. For the stochastic background and notation, we refer to stan-
dard text books such as [31] and [43]. We write Ry = [0, o0) and Ry = (0, 00).
Moreover:

e S, denotes the space of symmetric d x d-matrices equipped with the scalar prod-
uct (x, y) = Tr(xy). Note that S; is isomorphic, but not isometric, to the stan-
dard Euclidean space RA@+D/2 We denote by {cij, i < j} the standard basis of
S, that is, the (kl)th component of ¢t is given by cﬁfl =8ikdj1 + 8 ki1 (1 —6;j),
where §;; denotes the Kronecker delta. Additionally, we sometimes consider the
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following basis elements {¢//, i < j} which are positive semidefinite and form a
basis of Sy:
€ij:{c%l:’ .. .. lfl:J’
'+ 4l ifi #j.

° Sj stands for the cone of symmetric d x d-positive semidefinite matrices,
S;l|rJr for its interior in Sy, the cone of strictly positive definite matrices. The
boundary is denoted by BS; = S; \ S:[Jr, the complement is denoted by (Sj)c,
and S:{ U {A} denotes the one-point compactification. Recall that S(}" is self-dual
[w.r.t. the scalar product (x, y) = Tr(xy)], that is,

S;=1{xeSal(x,y)=0,VyeS]}.

Both cones, S;' and Sj*’, induce a partial and strict order relation on Sy, respec-
tively: we write x <y if y — x eSj,andx <yify—x GS;JF.

e M, is the space of d x d-matrices and O (d) the orthogonal group of dimension
d over R.

e [; denotes the d x d-identity matrix.

Throughout this paper, a function f:S; — R is understood as the restriction
f =gls, of a function g: My — R which satisfies g(x) = g(x ) for all x € M.
Without loss of generality g(x) = f((x + x") /2). We avoid using the vech oper-
ator, that is, to identify x € Sy with a vector in R?(@+1/2 by stringing the columns
of x together, while only taking the entries x;; withi < j.

Throughout this article, we shall consider the following function spaces for
measurable U C S;. We write B(U) for the Borel o-algebra on U. bU corre-
sponds to the Banach space of bounded real-valued Borel measurable functions
f on U with norm || f|lcc = sup,cy | f(x)]. We write C(U) for the space of real-
valued continuous functions f on U, Cp(U) for C(U) N bU, C.(U) for the space
of functions f € C(U) with compact support and Co(U) for the Banach space
of functions f € C(U) with limy_, o f(x) =0 and norm || f|lcc = sup,cy| f(x)].
Furthermore, CX(U) is the space of k times differentiable functions f on U°, the
interior of U, such that all partial derivatives of f up to order k belong to C(U).
As usual, we set C*°(U) =(i>1 Ck(U), and we write Ci‘(U) =C.(U)NCKW)
and CX(U) = C,(U) N C*(U), for k < o0.

2. Definition and characterization of affine processes. We consider a time-
homogeneous Markov process X with state space Sj and semigroup (P;);>0 act-
ing on functions f € ij,

PI0= [ r@pede.  xes.
d

We note that X may not be conservative. Then there is a standard extension of
the transition probabilities to the one-point compactification S:[ U {A} of S:[ by
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defining
pt(x»{A})=1_pt(an;)a pl(A’{A})zl

forall t and x € Sj, with the convention that f(A) = 0 for any function f on S:[.
Thus X becomes conservative on Sj U{A}.

DEFINITION 2.1. The Markov process X is called affine if:

(i) itis stochastically continuous, that is, lims_,; ps(x, ) = p;(x, -) weakly on
S(}L forevery t and x € S;L, and
(ii) its Laplace transform has exponential-affine dependence on the initial state

.1 P et =/ 8 o (x, dE) = PO~V
Sq

forallt and u, x € S;, for some functions ¢ : R} x S; — Ry and ¢ : R4 x Sj —

st

Note that stochastic continuity of X implies that ¢ (¢, u) and ¥ (¢, u) are jointly
continuous in (¢, u#); see Lemma 3.2(iii) below. Moreover, due to the Markov prop-
erty, this also means that p;(x, {A}) < 1 for all x € Sj and ¢ > 0. In contrast
to [16], we take stochastic continuity as part of the definition of affine processes,
and consider the Laplace transform instead of the characteristic function. The lat-
ter is justified by the nonnegativity of X, the former is by convenience since, as we
will see in Proposition 3.4 below, it automatically implies regularity in the follow-
ing sense.

DEFINITION 2.2. The affine process X is called regular if the derivatives

0p(t,u) Ru) = oy (t,u)

it =0+ =0+
exist and are continuous at u = 0.

(2.2) F(u)=

We remark that there are simple examples of Markov processes which satisfy
Definition 2.1(ii) but are not stochastically continuous; see [16], Remark 2.11.
However, such processes are of limited interest for applications and will not be
considered.

In the following, we shall provide an equivalent characterization of the affine
property in terms of the generator of X. As we shall see in (2.12), the diffusion,
drift, jump and killing characteristics of X depend in an affine way on the underly-
ing state. We denote by x : S5 — S4 some bounded continuous truncation function
with x (§) = £ in a neighborhood of 0. Then the involved parameters are admissi-
ble in the following sense.

DEFINITION 2.3. An admissible parameter set (o, b, ,Bij, c,y,m, L) associ-
ated with y consists of:
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e a linear diffusion coefficient

(2.3) aesS;,
e a constant drift term
2.4) b>(d—1a,
e a constant killing rate term
(2.5) ceRT,
e alinear killing rate coefficient
(2.6) y €Sy,
e a constant jump term: a Borel measure m on Sc}" \ {0} satisfying
@.7) [ Al A Dm(dg) < oo,
Sq \0}

e alinear jump coefficient: a d x d-matrix u = (u;;) of finite signed measures on
S7\ {0} such that u(E) € S forall E € B(S] \ {0}) and the kernel
(x, u(d§))
(2.8) M(x, dg) = 205D
IEN2 A1

satisfies
(2.9) /+ (x(&),u)M(x,d&) < o0 forall x,u € Sj with (x, u) =0,
S7\(0}

e a linear drift coefficient: a family % = B// € S; such that the linear map
B:S; — S, of the form

(2.10) B(x)=) BYxi;
ij
satisfies
B~ [ (@M. d§) =0
S0}

(2.11)
forall x,u € S;[ with (x, u) =0.

We shall comment more on the admissibility conditions in Section 2.1 below.
The following three theorems contain the main results of this article. Their proofs
are given in Section 6. First, we provide a characterization of affine processes on
Sj in terms of the admissible parameter set introduced in Definition 2.3. As for
the domain of the generator, we consider the space S of rapidly decreasing C°°-
functions on Sj, defined in (B.1) below. It is shown in Appendix B that e~ e

Sy, forue S;Jr, as well as CSO(SJ) CSy.

THEOREM 2.4. Suppose X is an affine process on S;. Then X is regular
and has the Feller property. Let A be its infinitesimal generator on Co(Sj). Then
S+ C D(A) and there exists an admissible parameter set (a, b, ,Bij ,C, Y, N, L)



AFFINE PROCESSES ON POSITIVE SEMIDEFINITE MATRICES 405

such that, for f € S+,

82
Af@ =3 3 A T

l Y 0x;j 0xp

0
+Z bz]+sz(x)) /)

i,j Xij

—(c+(r.x)fx)

(2.12)
L (Fa+ ) = F)m@s)
S \{0}

d
L (F+0) = £ = (), VF0) M, d8),
S \(0}

where B(x) is defined by (2.10), M (x, d&) by (2.8) and
(2.13) Ajjrr () = Xikotjp + X0 + X jrtip + X jia.

Moreover, ¢(t,u) and (t,u) in (2.1) solve the generalized Riccati differential
equations, for u € Sj,

261,
(2.14) d’g’t Y _ Py, $0.u) =0,
dut,

2.15) ‘”(,(ft D R, YO0 =u,

with

2.1 F = _ —(u,&)

(2.16) W) = (b, u) +c /S 0 = Omae),
R(u) = —2uau + BT(u) +y

2.17)

e WS — 14 (x (&), u)
_ d
/s;\{0}< IEIZ AL )“( 5.
where B (u) = (Y, u).

Conversely, let (a, b, ﬁij , ¢, v, m, L) be an admissible parameter set. Then there
exists a unique dffine process on S; with infinitesimal generator (2.12) and (2.1)
holds for all (t,u) € Ry x S;, where ¢ (t,u) and V(t, u) are given by (2.14) and
(2.15).

REMARK 2.5. It can be proved as in [39] that X is conservative if and only if
c¢=0and ¥ (¢, 0) =0 1is the only Sj—valued local solution of (2.15) for u = 0. The
latter condition clearly requires that y = 0.

Hence, a sufficient condition for X to be conservative is c =0 and y = 0 and

d&) + d§)) < oo forall 1 <i<j<d,
/Sjﬂ{llsllzl} IE 11 (187 (d€) 4 ;5 (dE)) <i<j<



406 CUCHIERO, FILIPOVIC, MAYERHOFER AND TEICHMANN

where p;; = u;; — i, denotes the Jordan decomposition of w;;. Indeed, it can
be shown similarly as in [16], Section 9, that the latter property implies Lipschitz
continuity of R(u) on Sy .

Due to the Feller property, as established in Theorem 2.4, any affine process
X on S:[ admits a cadlag modification, still denoted by X (see, e.g., [43], Chap-
ter I11.2). It can and will thus be realized on the space 2 = }D)(S;[ U{A}) of cadlag
paths w:R; — Sj U {A} with w(s) = A for s > t whenever w(t—) = A or
w(t) = A. For every x € S;, we denote by P, the law of X given Xo = x and
by (]:,X ) the natural filtration generated by X;. We also consider the usual aug-
mentation

(2.18) Fo= &

+
X€eS,

of (]:ZX), where (]:,(x)) is the augmentation of (]:tX ) with respect to P,. Then
(]7}) is right continuous and X is still a Markov process under (]T't). We shall now
relate conservative affine processes to semimartingales, where semimartingales are
understood with respect to the stochastic basis (€2, F , (.7? )¢, Py) for every x.

THEOREM 2.6. Let X be a conservative affine process on S; and let
(a, b, ,Bij ,c=0,y =0,m, u) be the related admissible parameter set associated
with the truncation function x. Then X is a semimartingale whose characteristics
(B, A, v) with respect to x are given by

t

(2.19) Ariju = /O Aijr(Xs) ds,
t

(2.20) b= [ (b [ x@ms)+ Bx))ds
0 Sd\{O}

(2.21) v(dt,d§) = (m(d§) + M(X,, d§)) dt,

where B(x) is given by (2.10), A;jr(x) by (2.13) and M (x, d§) by (2.8). Further-
more, there exists, possibly on an enlargement of the probability space, a d X d-
matrix of standard Brownian motions W such that X admits the following repre-
sentation:

t
X, =x+B, +/0 (VX dW, = + 2T dW, VXy)

t
X —
(2.22) + /O /S;\{O}x@)(u (ds. d&) — v(ds, d£))

t
. X
+ fo /s;\m}@ X &)X ds, de),
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where ¥ € My satisfies © ' % = a and X denotes the random measure associated
with the jumps of X .
Hence, X is continuous if and only if m and p vanish.

Let P be the set of all families of probability measures (Py) . s+ on the canon-
ical probability space (€2, F XY such that (X, (Py) e Sj) is a stochastically contin-

uous Markov processes on Sj with P.[Xg=x] =1, forall x € Sji'. Note that in
contrast to [16], there is no need to impose regularity of X. For two probability
measures P, Q on (2, F X, the convolution P Q is defined as the push-forward
of P x Q under the map (0, @) = w4+ o' : (2 x Q, FX ® FX) = (Q, FY).

DEFINITION 2.7. An element (Px)xesj € P is called:

(i) infinitely decomposable, if for each k£ > 1, there exists (IP)(Ck) ) ve st € P such
that

() (O
Prppar =Py ko5 P gy

(ii) infinitely divisible, if the one-dimensional marginal distributions P, o X, !
are infinitely divisible, for all (¢, x) e Ry x S;’.

In [16] it was shown that regular affine processes on R’} x R" are infinitely
decomposable Markov processes, and vice versa. In fact, this property was the
core for the existence proof of affine processes in [16]. On S;[ the situation is
different. The following counterexample reveals that not all affine processes on
S are infinitely divisible.

EXAMPLE 2.8. The affine process X on Sj corresponding to the parameter
set (w=14,b=4614,0,0,0,0,0), where § € [d — 1, 00), is the diffusion process
initially studied by Bru [6]. By [6], Theorem 3, the Laplace-transforms

E, [~ = (det(I + 2tu)) /2~ (+207 wx)

are those of noncentral Wishart distributions WIS (6, d, x). By a well-known result
due to Paul Lévy, these Wishart distributions are not infinitely divisible if d > 2
(see [15], Section 2.C).

Here, is our main result on infinite divisibility of affine processes on S;.
THEOREM 2.9. Letd > 2 and (]P’x)xeS;r € P. The following assertions are

equivalent:

1) (Py),c st is infinitely decomposable.
() (X, (Py), Sd+) is affine with vanishing diffusion parameter o = 0.
(i) (X, (Py),¢ S;) is affine and infinitely divisible.
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2.1. Discussion of the parameters. We discuss and highlight some properties
of the admissible parameter set («, b, 8%/, ¢, y, m, i) of an affine process.
Let us therefore define the normal cone

(2.23) NS;(x) ={ue Sjl(u, x) =0},

containing the inward pointing normal vectors, to Sj atx € Sj.7 It will be shown
in Lemma 4.1 below that N st (x) # {0} only for boundary elements x € 8Sj.

2.1.1. Diffusion. The diffusion term does not admit a constant part, and its
linear part is of the very specific form

(u, A(x)u) =4(x, uou).

This property of A(x) has also been stated in the setting of symmetric cones
in [26]. We could thus write the second order differential operator in (2.12) as

2
3 3 A T <o, Vav o).

ljkl l]axkl

The reason why we introduce and use the symmetrization (2.13) of A(x) is that it
corresponds to the quadratic characteristic (2.19) of the semimartingale X.

2.1.2. Drift. The remarkable drift condition (2.4) has been assumed in many
previous papers. Here is the first time where necessity and sufficiency of (2.4)
are proved in the full generality in the presence of jumps. Note that in dimension
d =1, the drift condition simply reduces to nonnegativity b > 0. But for dimension
d > 2, the boundary of the state space Sj becomes curved and kinked, implying a
nontrivial trade-off between diffusion o and b.

Concerning the form of B, let us note the following: condition (2.11) implies in
particular

X .
224) it /Sﬂ ||$||2\A1 widg) e ST, foralll <i<d,
d

where for any matrix u € Sq, u\(; denotes the matrix where the ith row and column
are deleted. Indeed, inserting x = ¢'* in condition (2.11) yields

(B(), u) /SN} e i (d) 2 0

TIndeed, we obtain (2.23) from the general definition in (A.8) below by choosing y =0 and y = 2x,
and using the self-duality of S;' (u,y)>0forall y,u e S;l".
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for all u € Sd+ with (¢!, u) = 0. Since the ith column and row of such an element
ue S;[ is zero, it follows that

B~ [ O

shvoy €12 Al
(2.25)

i (X iy i)
= . , UN (i —/ ————————— M d > 0.
(18\{1} \{l}) SF\(0) ”5”2 Al wii(d§) >

By choosing appropriate elements u\(;} € S;_l, we can further derive the integra-
bility of x (§); for all k i,/ # i, which implies

(X ) _< XENGy >
@2 [ P aEar e = Tepea T )

As (2.25) and (2.26) must hold true for all u\(;y € Sj_l, assertion (2.24) is proved.
Note that the (i j)th component of the adjoint operator B is given by

2.27) B () = (Y, u),

since (B(x), u) = (Y ; Bl xij,u) = X; (B, u)xij = (BT (w), x).

In most previous papers, B(x) is of the form
(2.28) B(x)=Hx+xH'.
In this case,
(229) (B(x),u)=(Hx+xH",u)=0 forall x,u € Sj with (x, u) =0,
and hence (2.11) is equivalent to

[ @, M) =0,
S \0}

for all x, u € S with (x, u) =0.

If B(x) is of the form
(2.30) B(x)=Hx+xH' +T(x),
where H € My and I': S; — S; linear satisfying F(Sj) - Sj, then, in view of

(2.29), condition (2.11) holds true as long as
(P = [ (0@, u)Mx,d8) =0

57 \0}
for all x,u € S;,L with (x,u) = 0. As a bold conjecture, we claim that any B(x)
satisfying (2.11) is of form (2.30).
Here is a simple example where B(x) is of the form (2.30) but not of the usual
form (2.28): let d = 2 and

B(x) = <X22 X12) ‘

X12 X11
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It can be easily checked that (2.11) is satisfied, while B(x) cannot be brought
into the form (2.28). If x;; models the (squared) volatility of the ith stock price, as
in (1.1), then this drift specification admits level impacts of the volatility of stock 1
on the volatility of stock 2, and vice versa.

2.1.3. Killing. See Remark 2.5.

2.1.4. Jumps. Condition (2.7) means that jumps described by m, which can for
instance appear at x = 0, should be of finite variation entering the cone S;', since
infinite variation transversal to the boundary would let the process leave the state
space. Similarly, condition (2.9) asserts finite variation for the inward pointing
directions, while we could a priori have a general jump behavior (supported by S;
due to the affine structure) parallel to the boundary. Note that in the case d = 1,
which corresponds to R, the linear jump part can have infinite total variation
(see [16], equation (2.11)). However, due to the geometry of the cone Sj, we
conjecture that in higher dimensions d > 2 such a behavior is no longer possible
and that all jumps are in fact of finite total variation. In any case, for d > 2, affine
positive matrix valued diffusion processes cannot be approximated (in law) by pure
jump processes, since this would yield a contradiction to condition (2.4). See also
Remark 5.12 below.

3. Affine processes are regular and Feller. Suppose X is an affine process
on Sj. The main result of this section is that X is regular in the sense of Defini-
tion 2.1. In addition, we shall prove that P, is a Feller semigroup on Co(Sj). In or-
der to show both properties, we shall mainly rely on Lemma 3.3 below. The Feller
property is then a simple consequence of this statement and regularity is obtained
by arguing as in Keller-Ressel, Schachermayer and Teichmann [35], who obtained
the corresponding statements for affine processes on the state space R x R";
see [35], Theorem 4.3, and also the Ph.D. thesis of Keller-Ressel [34]. We ob-
serve that most arguments of [35] translate to our setting without major changes.
It is only required to tailor some technicalities to the cone S;. We start with the
following elementary observations.

LEMMA 3.1. Ifuce BSJ and S; Sv=<u,thenve 8Sj.

PROOF. Letx € S} \ {0} such that (x,u) =0. Then, S} > v < u implies 0 <
(v,x) < (u,x) =0.Hence, ve dS;. O

We now derive some first properties of the functions ¢ and v in (2.1).

LEMMA 3.2. Let X be an affine process on S;{. Then, we have:
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(i) The functions ¢ and  satisfy

(3.1 ¢ +s,u)=¢,u)+ ¢, Y1, u)),
(3.2) VYt +s,u) =y(s, (1, u)

forallt,s e R,.
(ii) Forallu,v e S; with v < u and for all t > 0, the order relations

(3.3) ¢, v) =¢p(t,u) and Y(t,v) Y1, u)

hold true.
(iii) The functions ¢ and  are jointly continuous in R4 x S:[. Furthermore,

ur> ¢(t,u) and u— Y (t, u) are analytic on S;JF.

PROOF. Assertion (i) follows directly from the Chapman—Kolmogorov equa-
tion,

o= 50— (Y (rs.0) x) _ /+ ps(x,dé)f+e*“"s)pt(&d@
s; S

— W) /+ e WEWE) (g
S

— o~ P = (s, Y (u) =Y (s, (1,u)),x)

For the proof of (ii), note that v < u is equivalent to (v, x) < (u, x) for all x € Sj.
By the monotonicity of the exponential function, we have for all x € S; and for
allr >0,

D=0 = |00 e dg) = [ e py e, d)
Sd Sd
— e—ti)(t,u)—('/f(l,u),X)’

and the assertion follows by taking logarithms.

Concerning statement (iii), note that stochastic continuity of X implies joint
continuity of Pie— X i (t,u) e Ry x Sj (this follows, e.g., from [4], Lem-
ma 23.7), for all x € Sj. This in turn yields continuity of the functions (¢, u) —
¢(t,u) and (¢, u) — ¥ (¢, u). The second assertion follows from analyticity prop-
erties of the Laplace transform. [J

The following property of i is crucial.
LEMMA 3.3, Let ¢y :Ry x S; — Sj be any map satisfying ¥ (0, u) = u and

the properties (1)—(iii) of Lemma 3.2 (regarding the function ). Then ¥ (t,u) €
ST forall (t,u) e Ry x S5
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PROOF. We adapt the proof of [34], Proposition 1.10, to our setting. Assume
by contradiction that there exists some (¢f,u) € Ry x S;J’ such that ¥ (t,u) €
asj. Let us consider the interval (0, Ayin(#)] # &, where Anyin(#) > 0 denotes
the smallest eigenvalue of u. Then for all v € (0, Apin(#)] we have vl; < u. Since
¥ (t, u) admits property (ii) of Lemma 3.2, we obtain

Si oVt vlg) <Y (t,u) €dS;

for all v € (0, Apin(#)]. Consequently, Lemma 3.1 yields that ¥ (¢, viy) € E)Sj.
Hence,

det(y (¢, viy)) =0

for all v € (0, Apin(#)]. The analyticity of u — ¥ (¢,u) on Sd++ carries over to
u +— det(y (¢, u)) and implies that det(y (¢, viz)) = O for all v € R, . Indeed, the
set of zeros of det(y (¢, vl;)) has an accumulation point in R, which implies
that det(yr (¢, vl;)) vanishes entirely on R ;. The same statement holds true for ¢
replaced by % Indeed, if W(%, u) € BS;, then the assertion is shown by the same

arguments as above. Otherwise, if 1//(%, u) € S;{Jr, we have for all v € Ry with
vlg < ‘ﬁ(%’ u), that is, for all v € (0, Amin(W(%, u)]

N t t [t N
S;ov|zvlg ) 2y ¥ s.u) ) =v(t,u)€dS;,
2 2 2
which yields again ¥ (5,vly) € 38T and det(y (5, v1y)) = 0 for all v € (0,

kmin(tﬁ(%, u)]. The same reasoning as before then leads to det(w(é, vlg)) =0
for all v € R4 4. By reapplying this argument, we finally get for every n € N and

forallv e Ry
t
det(xp(z—n, vld)> =0.

From the continuity of the function t — (¢, u) and of the determinant, we deduce
that for any v e R4,

t
0= nglgodet<¢<27, v1d>> =det(¥ (0, vly)) = det(vly) = v > 0,

a contradiction, and the assertion is proved. [J
We may now formulate the main result of this section.

PROPOSITION 3.4. Let X be an affine process with state space Sj. Then, we
have:

(1) X is a Feller process.
(i1) X is regular.
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PROOF. In order to prove (i), it suffices to show that for all f € Co(Sj)

(3.4) 11%1+ Pif(x)=f(x) forallxesS],
t—

(3.5) Pif € Co(S))  forallt e Ry,

(see, e.g., [43], Propostion I11.2.4). Property (3.4) is a consequence of stochastic
continuity, which implies for all f € CO(S;) and x € S;

Egg Prf(x) = fx).

Concerning (3.5), it suffices to verify this property for a dense subset of CO(S;T).
By a locally compact version of Stone—Weierstrass’ theorem (see, e.g., [48]),
the linear span of the set {e~ %) |y € S;,H} is dense in Co(Sj). Indeed, it
is a subalgebra of CO(S;), separates points and vanishes nowhere, as all ele-
ments are strictly positive functions on S:[. From Lemma 3.3, we can deduce
that Pre= %) e Co(S)) if u € S+, since Y (t,u) € S;* and (Y (r,u),x) > 0
for x # 0 implying that
P e (X} — =)= (Y (t.u).x)

goes to 0 as x — A. Hence, statement (i) is proved.

The proof of (ii) follows precisely the lines of [35], proof of Theorem 4.3. Using
Lemma 3.3, one may mimic the proof of [35], Theorem 4.3, to obtain that differ-
entiability of ¥ (¢,u) in u € S:[’L, which follows from Lemma 3.2(iii), implies
differentiability of ¥ (¢, u) int fort =0 and forallu € ;. O

By the regularity of X, we are now allowed to differentiate the equations (3.1)
and (3.2) with respect to ¢ and evaluate them at r = 0. As a consequence, ¢ and
satisfy the system of differential equations

a‘b;’t’ Y P, $0u) =0,
W — R u).  YO.u)=ueST,

where F' and R are defined as in (2.2). The analysis of these (generalized Riccati)
differential equations is subject of Section 5.1, whereas the specific form of F" and
R is elaborated in the following.

4. Necessary parameter restrictions. In this section, we derive necessary
parametric restrictions, that is, given an affine process on S;, we determine nec-
essary implications on a set of parameters which only ensue from Definition 2.1.
These conditions are precisely the conditions on the admissible parameter set as
of Definition 2.3. The form of the functions F and R as defined by (2.2) is then
characterized by means of this parameter set, which is stated in Proposition 4.9
below. For its proof, we first provide a number of technical prerequisites.
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LEMMA 4.1. Letx,ue Sj and
(4.1) x=0A0" =0diag(x1 >0,..., 24— >0,0,...,0007

be the diagonalization of x with r > 0 and O € O(d). Then the following asser-
tions are equivalent:

(1) ux =xu =0,

@) (x,u)=0,
(iii) u is of form
_ 0 0 T
4.2) u—0<0 w)O
with w € S,

PROOF. The direction (i) = (ii) is obvious. In order to prove the implication
(ii) = (iii), define v as v = O "u 0. Then we have

0=(x,u)=(A,0Tu0)= 3 v,

i<d—r

which implies v;; = 0 for all i <d — r and by the positive definiteness of v it must

then be of form
v 0 O
“\0 w

with w € S;. Thus, u is given by (4.2). This then implies that ux = xu = 0, which
proves the direction (iii) = (i). U

LEMMA 4.2. Let p be an orthogonal projector, that is, p € S:[ and p*> = p
(see, e.g., Kato [33], Section 1.6.7), and define g = 15 — p. Then q is an orthogonal
projector and the orthogonal complement of p in S; equals

(vesS; [(p.v)=0}={quq |ueS]}.
PROOF. That ¢ is an orthogonal projector follows by inspection. The diago-
nalization of p is of the form p = OAOT with A = diag(1,...,1,0,...,0), and

thus g = O(ly — A)OT. In view of Lemma 4.1, we conclude that v € Sj is or-
thogonal to p if and only if v = qvgq. This proves the assertion. [

LEMMA 4.3. Letu bein Sg and x € asj such that ux = xu = 0. Then, the
linear map T, defined by

T,:S4— Sy4, vi> T,v :=uvu

has the following properties:



AFFINE PROCESSES ON POSITIVE SEMIDEFINITE MATRICES 415

(i) T, is self-adjoint and T, (S} —R4x) C S .
(i1) There exists an element v € Sy such that T,v = u.

PROOF. The assertion (i) is obvious, since for every k € Ry, T,kx = kuxu =
Oand T,v =uvu € S;' ifve S;. For proving part (ii), we use the fact that x is of
form (4.1) and that all zero divisors u# in S; of x can be represented by (4.2) with

w € S,. Thus, setting
0 0
v=20 (O 'U,)+) OTy

where w™ satisfies wwtw = w, yields T,y =u. [

LEMMA 4.4. Let V denote a vector space® over R. Let L: Sj — V be an
additive (resp., homogeneous additive) map, that is, for all x,y € S;{ and A =1
(resp., for all .. € Ry) we have

L(x+Ay)=L(x)+ AL(y).

Then L(x) is the restriction of an additive (resp., R-linear) map on Sg.

PROOF. We define the map L:S;— V as
Z(x—y) = L(x)— L(y), x,yeSj.
L is well defined, as for u, v, x, y € Sj such that u — v =x — y we have
L) —L@)=Lu—v)=Lx—y) =L~ L)

Since Sj - Sj = Sy, the domain of L is all of Sy. Also, L(0) =0 by the additivity
of L. Hence, L is the restriction of L to S;. Homogeneity of L holds, as for
A>0,z=x—y e S; we have by definition

L(.z) = L(x) — L(Ay) = AL(x) — AL(y) = AL(2).

Finally, we show additivity of L. Choose w, z € Sz such 1thatz =x—y,w=u—v,
hence w + z = (x + u) — (y 4+ v). By the definition of L, we have

Lz)=L(x)—L(y),  Lw)=Lu —L(v),
and by the additivity of L we obtain
Lw+2)=Lx+u)—L(y+v)=Lx)+Lu)—L(y)— L)
=L(z) + L(w). O

We now provide a convergence result for Laplace transforms (in fact Laplace—
Fourier transforms), which is most relevant for the analysis of affine processes.

8In the proof of Proposition 4.9 below, V corresponds to Sy, the vector space of linear maps
Sq4 — Sq, or the vector space of finite signed measures on S;.
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LEMMA 4.5. Let v, be a sequence of measures on Sz with

Ln(u)=/s e~ W8y, (dg) < oo and Jlim Ly (u) = L(w), uesyt,
d

pointwise, for some finite function L on Sj continuous at u = 0. Then v, con-
verges weakly to some finite measure v on Sg and the Fourier—Laplace transforms
converge for u € S;"L U {0} and v € Sy to the Fourier—Laplace transforms of v,
that is,

lim | e “Hvé)y (de) = / e~V (gg).

n—oo Sd Sd

In particular, v(Sg) = limy,_ 5 v, (Sg) and
L= [ e “8us),
Sd
forallue ST U{0}.

REMARK 4.6. Instead of u = 0 we could take any set K of points at the
boundary K C BSJ: if we assume continuity of L at points in K, then we obtain
the equality of L with the Laplace transform of v for all points in K. Addition-
ally, continuity is too strong an assumption, since we only need right continuity
of L along the segment u 4 ¢l for ¢ =0 at the points from the boundary under
consideration.

PROOF OF LEMMA 4.5.  Since v,(S;) = L, (0) is bounded, we know by gen-
eral theory that v, has a vague accumulation point v, which is a finite measure
on S,.

Since L,(u) < oo on Sj, it follows by well-known regularity properties of
Laplace transforms (see, e.g., [19], Lemma 10.8) that the functions L, admit an
analytic extension on the strip Sj+ + iS4, still denoted by L,,:

(u+iv) > Ly(u +iv) :/S e~ WHVE) ) (dE).
d
Moreover, pointwise convergence of the finite convex functions L, to L on S; im-
plies that this convergence is in fact uniform on compact subsets of SjJ’ (see, e.g.,
Rockafellar [44], Theorem 10.8). Hence, the functions L, are uniformly bounded
on compact subsets of S;["L and since | L, (u +iv)| < L, (u), also on compact sub-
sets of S;Jr +iS,. Therefore, and since SC',IrJr is a set of uniqueness in S(}H' +iSy,
it follows by Vitali’s theorem ([41], Chapter 1, Proposition 7) that the analytic
functions L, converge uniformly on compact subsets of S:{+ + iS4 to an ana-
lytic limit thereon. By Lévy’s continuity theorem, we therefore know that for any
ue Sd++ the finite measures exp(—(u, §))v, (d§) converge weakly to a limit, which
by uniqueness of the weak limit has to equal exp(—(u, £))v(d&). Whence the only
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vague accumulation point of v, is v. Vague convergence implies weak convergence
if mass is conserved. Continuity of L(«) at u = 0 implies this mass conservation:
indeed, by weak convergence of e~ (¢/:&)y, we arrive at

L(ely) = lim/ e—<€1df>un(d§)=/ e~ €la 8y (dg)
n—oo Sd

Sa

=/, e‘“”’“1{<1d,s>50}v(d5)+/S el 1, 62010 (d8)
d d

and therefore—by dominated convergence—we obtain that the limit ¢ — 0 yields
LO) = [ (),
Sd

which is the desired mass conservation, hence weak convergence, which means in
turn convergence of the Fourier—Laplace transform at u =0. [

Finally, let us state a general comparison result for ODEs and hereto introduce
the notion of quasi-monotonicity, which we shall need several times throughout
this article, in particular in the proofs of Propositions 4.9 and 5.3 below.

DEFINITION 4.7. Let U C S; be an open set. A function f:U — Sy is called
quasi-monotone increasing if for all elements x, y e U, u € S; which satisfy x <
yand (x,u) = (y, u),

(F),u) <(f(y),u)
holds true. Accordingly, we call f quasi-constant if both f and — f are quasi-

monotone increasing.

The following comparison result can be deduced from a more general theorem
proved by Volkmann [52].

THEOREM 4.8. Let U C S; be an open set. Let f:[0,T) x U — Sy be a
continuous locally Lipschitz map such that f(t,-) is quasi-monotone increasing
on U forallt €[0,T). Let 0 <ty <T and x,y:[0,t0) — U be differentiable
maps such that x(0) < y(0) and

X(@) — f(t,x(0) =y@) — [, y®), 0=<rt<1.

Then we have x(t) < y(t) for all t € [0, tp).

4.1. The functions F and R. The main result of this section characterizes the
form of the functions F' and R as defined by (2.2).
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PROPOSITION 4.9.  Let X be an affine process with state space Sd+. Then there
exist parameters («, b, ,Bij, c,y,m, ), where o, ,Bij, c,y,m, | satisfy the admis-
sibility conditions of Definition 2.3 and b € S;}', such that the functions F and R
are of the form (2.16) and (2.17).

REMARK 4.10. Note that for the moment we only obtain b € S;, and not
(2.4).

PROOF OF PROPOSITION 4.9.  As the proof of Proposition 4.9 is rather long,
we divide it into several steps:

Step 1. Necessary admissibility conditions for b, ¢, y, m. In order to derive the
particular form of F and R with the above parameter restrictions, we follow the ap-
proach of Keller-Ressel [34], Theorem 2.6. Note that the 7-derivative of P~ (%)
att =0 exists forall x,u € S;, since

P~ (u:x) _ p={u.x) e~ W)= (Y (t.u).x) _ ,—(u.x)

lim = lim
t—0t t t—0t t

= (—F ) = (R(u), x))e” )
is well defined by Proposition 3.4. Moreover, we can also write
—F(u) — (R(u), x)

Pte_<u5x) — €_<uax>

4.3)

t—0t te—{u:x)

1
= lim — / e WE=X)  (x, dE) — 1)
Tim - ( - pi(x. dE)

d

(1 - pi(x, S;) —1
= 1 —/ (u,é)_l ,d —d )
t_l)I(r)l+(t o (e )i (x, d€ 4+ x) + ,

d —*

By the above equalities and the fact that p; (x, Sj) < 1, we then obtain for u =0

+ _
0> fim &S =1
t—0t t
Setting F(0) = ¢ and R(0) = y yields c € R* asin (2.5) and y € S; as in (2.6).
We thus obtain
—(F(u) —c) = (R(u) — v, x)
1
= lim - (e=5) — 1) p,(x, dE + x).

t—0t t Sj—x

= —F(0) — (R(0), x).

(4.4)

For every fixed ¢t > 0, the right-hand side of (4.4) is the logarithm of the Laplace
transform of a compound Poisson distribution supported on S; — Rix with
intensity py(x, S;i")/ t and compounding distribution p;(x,d& + x)/p:(x, Sj).
Concerning the support, note that the compounding distribution is concentrated
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on Sd+ — x, which implies that the compound Poisson distribution has support on
the convex cone Sj — Ry x. By Lemma 4.5, the pointwise convergence of (4.4) for
t — 0 to some function being continuous at 0, implies weak convergence of the
compound Poisson distributions to some infinitely divisible probability distribu-
tion K (x, dy) supported on Sc}" — R4 x. Indeed, this follows from the fact that any
compound Poisson distribution is infinitely divisible and the class of infinitely di-
visible distributions is closed under weak convergence ([47], Lemma 7.8). Again,
by Lemma 4.5 the Laplace transform of K (x, dy) is then given as exponential of
the left-hand side of (4.4).

In particular, for x =0, K (0, dy) is an infinitely divisible distribution with sup-
port on the cone S;. By the Lévy—Khintchine formula on proper cones (see [49],
Theorem 3.21), its Laplace transform is therefore of the form

exp(—(b, u) + (em ) — 1)m(d§)>,

S\{0}

where b € Sj and m is a Borel measure supported on S; such that

[ gl A Dm(@g) < oo,
S, \{0}

d

yielding (2.7). Therefore,

F(u)=(b,u)+c —/ (e7 15 — 1)m(dg).

57\{0)
Step 2. Necessary admissibility conditions for B/, 1. We next obtain the partic-
ular form of R. Observe that for each x € S; and k e N,

exp(—(F(u) —c¢)/k — (R(u) — y, x))

is the Laplace transform of the infinitely divisible distribution K (kx,dy)*!/¥,
where *% denotes the % convolution power. For k — oo, these Laplace transforms
obviously converge to exp(—(R(u) — y, x)) pointwise in u. Using again the same
arguments as before [an application of Lemma 4.5 as below (4.4)], we can de-
duce that K (kx, dy)*!/¥ converges weakly to some infinitely divisible distribution
L(x,dy) on Sj — R x with Laplace transform exp(—(R(u) — y, x)) for u € Sj.

By the Lévy—Khintchine formula on S; ([47], Theorem 8.1, indeed on
R@@+1)/2) by modifying the scalar product appropriately), the characteristic func-
tion of L(x, dy) has the form

Lx,u)= exp(%(u, A(X)u) + (B(x), u)

—(u,g) _ 1 _
+ /Sd\{o}(e 1 <x<s>,u>)M<x,ds>),
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foru €iSy, where A(x) is a symmetric positive semidefinite linear operator on Sy,
B(x) € S4, M(x, -) ameasure on Sy \ {0} satisfying

/ (€12 A DM (x, dE) < 0o,
Sq\{0}

and x some appropriate truncation function. Furthermore, by [47], Theorem 8.7,

1
/ FE)~py(x, d& +)
Sqa\{0} !
(45) t—0
=9 FEm@s) + / FEM(x, df)
Sa\{0} Sa\{0}

d
holds true for all f:S; — R which are bounded, continuous and vanishing on a
neighborhood of 0. We conclude that M (x, d€) has support in S; — x. Therefore,

the characteristic function L (x, u) admits an analytic extension to Sj X 1S4, which
then has to coincide with the Laplace transform for u € S;{. We conclude that, for
all x € S;,

—(R(u) —y,x)

1
(4.6) =7, Ax)u) = (B(x), u)

—uE) .
+'/;d\{0}(e L4+ (&), u)) M (x, d§), ues;.

As the left-hand side of (4.6) is linear in the components of x, it follows that
x+—> A(x), x — B(x) as well as x — fE(||$||2 ADM (x,d&) forevery E € B(Sg\
{0}) are homogeneous additive maps on Sj in the sense of Lemma 4.4. This then
implies that they are restrictions of linear maps on Sy, such that we can write

A(x) =) ajjxij, B(x)=)_ B"xij,
iJ ij
/E(IISII2 ADM(x,d§) = (x, n(E)) =) pij(E)xij,
iJ
where (recall that ¢/ denotes the standard basis of S; defined in Section 1.2):

A(c) '
aij = aji = (1+6ij) > 2S¢ — Sa linear,
. . B(cV
B =p = (4ol e

and N
JeUIEIZ A DM (Y, dé)

2
are finite signed measures on Sy \ {0}. The fact that M (x, -) is a nonnegative mea-
sure for each x € Sj implies immediately that @(E) is a positive semidefinite
matrix.

Er> pij(E)=w;;(E)=1+6;)
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In (4.5), take now x = %e"j and nonnegative functions f = f, € Cp(Sg) with
fn=0on S; — %eij . Then for each n the left-hand side of (4.5) is zero since
the pt(}leij ,d& + %eij ) is concentrated on Sj — %e"j . As supp(m) C S;, the first
integral on the right vanishes as well. Hence,

0= fn@)M(%el’f ae) = | ﬁ@e"f @)

Sa\{0} sa\o) NP A T\ n

1
= [ T )+ (1 =)o 06) + 21, 0))
for any nonnegative function f,, € Cp(Sy) with f, =0 on S; — %e’j implies that
supp(uij) € S;' — %e"j for each n. Thus, we can conclude that supp u;; S; for
all1 <i,j<d.

Now let T': S4 — S4 be any linear map with the property T(S:lr —Rix) C S:[.
Then T (supp(L(x,dy))) € Sj. This implies that the pushforward T, L(x,-) of
L(x,dy) under T is an infinitely divisible distribution supported on S;. By the
Lévy—Khintchine formula on proper cones (see [49], Theorem 3.21, and by [47],
Proposition 11.10) this implies that for all x € S;L

4.7 TAX)T' =0,
(4.8) TB@+ [, (7€)~ TGN M(x.d) € 5.
S \{0}
(4.9) [ AETADT M, d8) < o,
S, \{0}

where ¥ denotes some truncation function associated with T, L (x, ) and T, M the
pushforward of M under T. Due to (4.9), we can set ¥ = 0. Thus, (4.8) becomes

(4.10) TB(x) — / T(x(E)M(x,dE) e Sj.
Moreover, equations (4.7), (4.10) and (4.9) are equivalent to
(TTv, A)TTv)=0  forallve Sy,

(B(x), T "v) — /S+\{0}<(X (), T v)M(x,dé) >0  forallve S},
d

4.11) [ (ITEI A DM (x, dE) < 0.
S\{0}

d
In particular, we claim that
(u, A(x)u) =0

4.12)
forallu € Sy s.t. ux =xu =0,
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B~ [ (@M, dg) =0
S \{0}
(4.13)
forall u € Sj s.t.ux =xu =0,
[ @M. ds) < oo
S, \{0}
(4.14)

forall u € Sj s.t. ux =xu =0.

Indeed, if x is invertible then ux = 0 is equivalent to # = 0 and the assertions are
obvious. Otherwise, if x is in BSj, the linear map 7;, defined in Lemma 4.3 is self-
adjoint and satisfies TM(S; —Rix) C Sj. Furthermore, by Lemma 4.3(ii), there
exists an element v € S; such that T,v = u. Hence,

(u, A(x)u) = (T, v, A(X)T, v) =0.

It follows from the proof of Lemma 4.3 that for u € S;, v is an element of Sj
as well and we have (B(x),u) = (B(x), T, v) and (x(&),u) = ((x (&), T Tv).
Equation (4.14) is obtained by choosing 7' =T /; in (4.11). Indeed,

[ enMEdn= [ (MG dg)
SyN{lgN=1} SyNflgN<1}
<l |, I6ullM(x, d8)
SyN{IgN=<1}
A T € |M(x, d€) < oc.
S;,*n{usufl}” i

From these arguments and Lemma 4.1, properties (2.11) and (2.9) can be derived
so far. Thus, only (2.3) remains to be shown.

Step 3. Necessary admissibility condition for «. Due to the linearity of A(x),
(4, A(x)u) can be written as 4(x, ¥ (1)), where the (i j)th component of ¥ (u) € Sy
is defined by ¥;; (u) = 1/4(u, a;ju). Note that 9 is defined on all of ;. Given that
for all x € Sd+, A(x) is a positive semidefinite operator on Sy, (¢, A(x)u) > 0 for
all u € 4 and therefore, by the self duality of S;, Y (u) € S;. By (4.12), we have
for all u such that ux = xu =0

(4.15) 0=(u, A(x)u) =4(x, 0 (n)).

Next, we show that ¢ is quasi-constant, that is, (x, 0 (u + w) — ¥ (u)) = 0 for
all x,u,w € Sj with (x, w) = 0 (see Definition 4.7). Indeed, pick x,u, w € Sj
with (x, w) = 0. According to our assumptions, A(x)w = 0, due to (4.15) and the
positivity of A. Hence,

4ix,9(u+w)—9Ww)=wu+w,Ax)(u+w)) — (u, A(x)u)
=(u, Ax)w)+ (Ax)w, u) =0,
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where the second last equality holds in view of the symmetry of A(x).

We now claim that there exists some o € Sj such that ¥ (u) = uau, for each
u € Sy4. It is sufficient to show that this statements holds for all orthogonal pro-
jectors p € Sj, that is, there exists some o € S; such that ¢ (p) = pap for all
orthogonal projectors p. Indeed, if this is the case, we can derive the general state-
ment in the following way: take u € S:{, then—by spectral decomposition—there
are numbers A; > 0 and orthogonal projectors p;, which are mutually orthogonal,
such that u = Zid:1 Aipi (see, e.g., Kato [33], Section 1.6.9). Since the assertion
holds for all orthogonal projectors, we have that

d
20w)= Y Arj(@(pi + pj) — 0 (pi) — F(p)))
i,j=1

by the property that @ is quadratic. Since p; + p; is again an orthogonal projector,
we obtain the result.

We prove the assertion on orthogonal projectors by quasi-constancy. Take an
arbitrary orthogonal projector p and define ¢ = I; — p. Additionally, we define
o = v (17). By quasi-constancy, we obtain

(x, 7 (p+q) =9(q)) =y, 2(p+q) —F(p)) =0

and

(x, 9(p)) =(y,9(q)) =0,

forallx,y e Sj with (x, p) =0and (y, g) = 0. Therefore, « — ¥ (¢) and ¥ (p) are
orthogonal to the orthogonal complement of p in S; (i.e., the positive symmetric
matrices of the form gug by Lemma 4.2), and o« — ¥/ (p) and ¥ (g) are orthogonal
to the orthogonal complement of ¢ in Sj (the positive symmetric matrices of the
form pup by Lemma 4.2). This means that we can write

a=7=(p)+ %)+ B,

where the symmetric matrix g is orthogonal to all elements which are orthogonal
to p and ¢ (in S;), that is, 8 is orthogonal to the linear span of matrices of the
form pup and quq. However, such a decomposition is unique, since all vectors in
the sum are mutually orthogonal, and the decomposition is given by

a=(p+qa(p+q)=pap+qgaq+ (pag +qap).

Therefore, we can conclude the assertion ¢ (p) = pap. Since p was arbitrary the
assertion is proved.

Finally, all the derived restrictions on the parameters together with (4.6) then
yield (2.17). O

REMARK 4.11. An alternative proof for the special form of the diffusion ma-
trix A(x) can also be established by Stokes’ theorem [50] on Riccati ODEs.
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4.2. Infinitesimal generator. The aim of this section is to prove the form of the
infinitesimal generator as stated in (2.12).

PROPOSITION 4.12. The infinitesimal generator A of an affine process on Sj
satisfies Sy C D(A) and is of the form (2.12) for all f € S+ and x € Sj.

PROOF As already mentioned in the proof of Proposition 4.9, the ¢-derivative
of P,e=*) at t =0 exists pointwise for all x, u € S;[ and is given by (4.3). Fur-

thermore, x > (—F(u) — (R(u), x))e™ " € Co(S;), foru € S . As (Pt) is a
Feller semigroup on Co(ST 1 ), it follows from [47], Lemma 31.7, that {e™ wx) 1y e
Si*}e D(A) and

Ae—<w> — ( F(u)— (Ru), x)) f X)

Combined with Proposition 4.9, we thus obtain

S\{0}

+ <2uau — BT(u) —

L

(4.16) 5 > Aijuijuge” " + (b + B(x), Ve )
i,j.k,l

— (c+ (y,x))e )

+f (e*(u,)H»S) _e*(u,x))m(dé)
S7\{0}

+ / (e X H8) o lX) 4 (3 (&), Ve ) M (x, dE).
S \0}

Indeed, in order to obtain the form of the diffusion part, observe that we have by

symmetrization

2{uou, x) =2 Z Ok XiUjjULl
i,j.k,l

1
=3 D (ke ji + Xio i+ X jreti + X jieg) i
ikl

1
=3 > A (ujurs;
i, j k.l

see (2.13).
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According to Theorem B.3, the linear hull M of {e¢=") | u € S:[+} is dense in
Sy with respect to the family of seminorms py 4 defined in (B.2). Denoting the
right-hand side of (2.12) by .A*, we now claim that for every f € Sy

i fr _ gt —
@.17) Tim [l A% f, = A flloo =0,
where f, € M such that lim,— o pr.+(f — fu) = 0 for every k. Indeed, this is
obvious for the differential operator part of .A*. By choosing x (&) = 1{j¢<1)&

and by denoting g(x) := f,(x) — f(x), we obtain the following estimate for the
integral part:

H/ (g(XJrE)—g(x)—(1{||s||51}§,Vg(X)>
S0} 112 AL

(2 (h e a0,

X (W5 (d8) + i (d§))

)XijMij(dS)H

=),
SIoN(ligN<1}

" /S;,*\{O}n{|g||>1} [(g(x 4 &) — g(0)xij | oo (1 (dE) + 1y (dE))

HE
shongiel<ty IEN2

(lgGx +&)UIx + D] o + g ()xij1l00)

<Cip3+(2) (17 (d€) + p;;(d§))

+

/s;\{0}0{|5||>1}
X (W5 (d§) + i (d§))

< Cap3,+() (175 () + 15 (S)) < C3, p3,+(8),

where C;, C, and C3 denote some constants and M;;, /"Ll_j correspond to the Jordan

decomposition p;; = M:; — Wy In the second last inequality, we use the estimate
Xij < llx +&||. The same as above can be shown for the measure m(d§), whence
(4.17) holds true. As by the first part of the proof, we have .A* = A for all elements
of M, (4.17) implies

Jim JAf, — A flloo =0

Since the infinitesimal generator of every Feller process is a closed operator, it
follows that Sy C D(A) and A=A"onS;. O

4.3. Linear transformations and canonical representation. In this subsection,
we shall deal with linear transformations of affine processes. The proposition be-
low states how the parameters of an affine process on Sj change under such linear
maps, which allows us to establish a canonical representation of an affine process.
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PROPOSITION 4.13. Suppose X is an affine process on Sj with parame-
ters o, ,Bij, ¢, v,m, i as specified in Definition 2.3 and b € S;. Furthermore, let
G: S; — Sj, x > gxg | be an automorphism, where g € My is invertible. Then,
Y :=gXg' is an affine process on Sj, whose parameters, denoted by ™, are given
as follows with respect to the truncation function ¥ = gx (g '€(g")"Hg":

b=gbhg",
c=c,
m(d§) = Gum(d§),
¥ =gag',
P=@H yg

- . ||'§||2/\1 Ta—1 -1
M(dé)—(”g_ls(gT)_lnz/\])(g) Gop(de)g™,

BTw)y=("H "B (g"ug)g™",

where G m (Gy) is the pushforward of the measure m (., resp.).

PROOF. Let us consider the process
y) = gth“y(gT)‘lgj
for which we have
Elexp(—(u, ¥{'))]
= Efexp(~{u. gX/ ¢ gT))]
=E[exp(—(g 'ug. )]
=exp(—¢(1. g ug) — (W (r.g ug). g7\ y(gH™)
=exp(=¢ (1.8 ug) = (g )W (r.g " ug)g™". ).
Define now ¢ and ¥ by
$t.u)=¢(t.g"ug) and P@t,u)=(g")"'v(r.g ugg™,

to see that Y is an affine process on S;. Using (2.14) and (2.16), we consequently
obtain

9p(t,u) _ dp(t, g ug)
or ot
= F(y (1,8 ug))

X;‘;’ly(gf)*1
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=<b,w<r,gTug)>+c—f (e~ @eTuel8) _ 1) (ag)

S\{0}

=<gbgT,{/7<r,u)>+c—f (e~ T@w-888T) _ 1) (ag)

S\{0}
=<E,i/7<z,u)>+c—/ (e~ T8 _1)G,m(de).
S\{0}

Due to the uniqueness of the Lévy—Khintchine decomposition, this implies that b
transforms to b = gbgT, ¢ remains constant and m becomes m(d§) = G.m(d§).
For ¢ we proceed similarly, that is, we have

Pt u) 0y, gTug)
T—(g ) 3 8

— (¢! (_zw, ¢ Tug)aw (t, g ug) + BTy, g Tug) +y

e W U8 1 4 (4 (§), Y(r, g Tug)) |
_ d -
/s;\{O}( €17 A1 )M( 5))g

=g ) 'R (1,8 ug)g™!

from which it can be seen that o transforms to & = gag', ¥ becomes y =
(g~ 'yg™', and u changes to

T [ E! 1
AE) = () (/15(||g_1§(gT)_1||2A1>G*M(d§))g

for every E € B(S] \ {0}). Moreover, since ¥ = gx (g~ '&(g")"Hg'

(4.18) B wy=@g"H 'B (¢gTug)g™". O

By means of Proposition 4.13, we can derive a canonical representation for
affine processes.

PROPOSITION 4.14. Let X be an affine process on S;}' with parameters
o, B, c,y, m, u as specified in Definition 2.3 and b € S;l". Then there exists an
automorphism G : Sj — Sj, x > gxg ' such that the parameters of the affine
process Y = gXg', denoted by~, are as in Proposition 4.13 with

b =06 =diag(611, . .., 044), a=19

da (I 0
(5 )

where we define
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PROOF. By Proposition 4.13, the parameters of ¥ = gXg' transform as
d=gag', b=gbg'.

Since o and b € Sj, they are jointly diagonalizable through an automorphism
on S;{. More precisely, there exists an invertible matrix g € My such that

gozig7T = Ird with r = rk(w)
and
gbg " =diag(611, ..., 04a) =: 6,

where rk denotes the rank of a matrix. For the proof of this fact, we refer to [22],
Theorem 8.7.1. [

4.4. Condition on the constant drift. This subsection is devoted to show that
condition (2.4) holds true for any affine process X on Sj. Since the automorphism
G: Sd+ — S:[ in Proposition 4.14 is order preserving, it suffices to consider affine
processes of the canonical form as specified in Proposition 4.14. The following
result is a consequence of the Lévy—Khintchine formula on R .

LEMMA 4.15. Let Y be an affine process of canonical form as specified in
Proposition 4.14 with parameters denoted by™~. Then, for any y € 853, we have

@19) vy eNg ;. [ oy T O VAt M (3, d8) < 0
d

and

(0.9 det(y) + (By), Vdew) = [ (6, Ve My, d8)
(4.20) . d
3 2 Aiju(y) 8 o det(y) 2 0.
i,j,k,l

PROOF. Let y € Z)S;r and let f € Cfo(Sj) be a function with f > 0 and
f(x) =det(x) for all x in a neighborhood of y. Then, for any v € R, the func-
tion x > e~ %/™ — 1 lies in CSO(SJ) and thus in D(,Z), where A denotes the
infinitesimal generator of Y. Note that f(y) = 0. Hence, the limit

~ 1
Ae ™™ —1)= lim = | (e ® —1)p,(y, d&)

t—0t t Sj

o1
= lim -
t—0t t

/ (™ = Vp! (y.d2).
Ry
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exists for any v € Ry, where p;(y, d§) denotes the transition function of Y, and
pif (y,dz) = fup:(y,dz) is the pushforward of p;(y, -) under f, which is a prob-
ability measure supported on R .

Using the same arguments as in Proposition 4.9 [i.e., applying Lemma 4.5 as
done below (4.4)], and noting that f(y) = 0, we conclude that

v Al — 1)

1 ~
(4.21) =3 > Aijt ) (V8 ) I £ () — v i Bk f ()
ikl

—v(@+B(), V)
-vfO+E) _ 1\
+ /Sj\{O} (e l)m(dé)

—uf(+E) _ | F(E). V 7
+ /s;\w}(e + (X&), V)M (y,dE)

is the logarithm of the Laplace transform of an infinitely divisible distribution on
R+. Note that

(Vdet(y), x) = %det(y +tx)

{ >0, «xeS;,

=0 =0, X =y.

Hence, Vdet(y) e N st (y) and the admissibility condition (2.9) implies (4.19). By
the Lévy—Khintchine formula on R (see [49], Theorem 3.21), the linear coeffi-

cient in v in (4.21) has to be nonpositive. But this is now just (4.20), whence the
lemma is proved. [J

It now remains to show that (2.4) follows from (4.20). For this purpose, it suf-
fices to evaluate (4.20) at diagonal elements y € 8Sj. Thus, we state the following

lemma.

LEMMA 4.16. Lety e S;f be diagonal, and let [ € CSO(SJ). Then we have

1 d d d d 9> f(x)
3 Z ik (L) ji + yir (L) jie + i (LD is + yju(IH)ik) Py
i,j,k,l=1 Xij OXkl lx=y
9? f (x) 9? f (x)

)

1 d
2i,§j::1(y” j<rt +Yijlizry) oy | Oxipxgi

ax,?j
PROOF. Obvious. [

Next, we calculate the partial derivatives of the determinant.
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LEMMA 4.17. Lety € Sd+ be diagonal, y = diag(y11, y22, - - -, Ydd). Then we

have
9 det(x) [Toyee.  ifi=1i,
Axij  lx=y ()iél else,
and
82 det <
DLW L[] e frisi<izd,
0xijXji lx=y k=1,ks i,k j
92 det
¥ =0 forl<i<j<d,

where the empty product is defined to be 1.
PROOF. In dimension d = 2, the assertion is easily checked, as det(y) =
V11Y22 — y12¥21. Therefore, we have
911 det(y) = y22, dxa det(y) = yi1, di2det(y) = 921 det(y) =0
as well as
3%, det(y) = 83, det(y) = 83, det(y) = 83, det(y) =0,
012 921 det(y) = dp1 912 det(y) = —1.

For dimension strictly larger than 2, we employ a combinatorial argument. Recall
Leibniz’s definition of the determinant,

d
(4.22) det(x) = Y sgn(0) [ [ xkow)
cES k=1
where o is an element of the permutation group X on the set {1, 2, ..., d} and sgn

denotes the signum function on X, that is, sgn = 1 if ¢ is an even permutation and
sgn = —1 if it is odd. Differentiation of (4.22) with respect to x;; yields

9 det(x) [T, ifi=1j,
. = (Z sgn(o) (s (i)=j) l_[xka(k)> =\ ki
Xij lx=y ) ki *=y 0, else.

Thus, for the second derivative we have

32 det(x)

FYry =(ZSgn(aﬂ{a(i):j}l{a(j):i} [1 Xkaac)) =— [T
Yij OXjilx=y  Nsey ki x=y ki j

where the last equality holds since y is diagonal. For 81'2]' det(x), the statement is
obvious. [J

We are prepared to prove the admissibility condition on the constant drift.
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PROPOSITION 4.18. Let X be an affine process on Sd+, then (2.4) holds, that
is,
b>(d—1a.
PROOF. Since the automorphism G : Sd+ — Sd+ in Proposition 4.14 is order
preserving, it suffices to show that (4.20) in Lemma 4.15 implies
(4.23) 0> (d—1If.

We show that 6,,,,, > d — 1, if r > m. To this end, take again some diagonal y € BS;F
of form y =diag(y;; >0, ..., Voum =0, ..., yaq > 0). By Lemmas 4.16 and 4.17,
we obtain

d
ZQii 0;i det(y) + Z(E(y))ij 0;j det(y)

i=1 ij

B /Sj\{O (Z(X (§))ij 9ij det(y))M(y d§)

+ ((ii Li<r) + ¥ Lii=r) (97 det(y) + 3;; i det(y)))

1

(91'[ I1 ykk) +y (Erlém)’ll [1 ykk)

| =

T:M&

1

-

=1 kei I£m ksm
B l; / i (x(é))wg”yzzz/l\_[f#m Vik A (de)
- —Z<n yirlgi<r + [ | yelii<r) )
i#]j k#j k#i
Omm k];[n Yik + k];[n Yik (l;( VIl — Vil fs - (“)(sz))fT Hui (dE )))

—(d =1 [] vk lim=r) = 0.
k#m

As l—[k#m ik > 0 and by (2.11) also
~ XENmm ~
Bl v — yu / zl(df;'))
( " sivor IEIPAT

for [ # m, letting y;; — 0,1 # m yields 6,,,, > d — 1 for r > m. Relabeling of
indices then proves (4.23). O
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5. Sufficient conditions for the existence and uniqueness of affine processes.
In this section, we prove that for a given admissible parameter set «, b, B, c,
y, m, u satisfying the conditions of Definition 2.3, there exists a unique affine
process on S;i", whose infinitesimal generator A4 is of form (2.12). Our approach
to derive this result is to consider the martingale problem for the operator A. In
order to prove uniqueness for this martingale problem, we shall need the following
existence and uniqueness result for the generalized Riccati differential equations
(2.14) and (2.15).

5.1. Generalized Riccati differential equations. We first derive some proper-
ties of the function R given in (2.17).

LEMMA 5.1. R is analytic on S;+ and quasi-monotone increasing on Sj.

PROOF. That R is analytic on SJJF follows by dominated convergence (see,
e.g., [16], Lemma A.2).
Now let § > 0, and define

SN — 14 (3 (8),u)
Ru) = —2 BT — ¢ d
w ot + B () +y /{$|28}< 112 A1 )M( 5)
- . (x(©). )
= —ueuty+ (B () /{nsuza} 112 Al Mdé))

+ —\u(de).
/{nsnzs}( €17 A1 )M( 2

Now, the map u — —2uau + y is quasi-monotone increasing, as it is shown in
Step 3 of the proof of Proposition 4.9. Furthermore, it follows from the admissi-
bility condition (2.11) that
v T — [ O g
fgn=sy &1 A1

1s a quasi-monotone increasing linear map on Sj. Finally, the quasi-monotonicity

of
l—e_(“vg)
—= o Jrd
'_)/{nsnzm( HERN! )M( £)

is a consequence of the monotonicity of the exponential and that supp(u) € S;.
By dominated convergence, we have limg_. ¢ RY(u) = R(u) pointwise for each
ue Sd+. Hence, the quasi-monotonicity carries over to R. Indeed, choose x, u, v €
Sj such that u < v and (v — u, x) = 0. Then we have for all §, (R®(v) — R’ (),
x) > 0. Thus,
(R*(v) — R*(u), x) = (R(v) — R(), x) > 0,

as § — 0, which proves that R is quasi-monotone increasing. [



AFFINE PROCESSES ON POSITIVE SEMIDEFINITE MATRICES 433
LEMMA 5.2. There exists a constant K such that

K o2 +
(5.1) (, R@)) = = (Jull” + 1), ueS;.

PROOF. We may assume, without loss of generality, that the truncation func-
tion in Definition 2.3 takes the form x (§) = 1y¢)<1)§ [otherwise adjust B(u) ac-
cordingly]. Then, for all u S;r we have

—wd) _
R(u)=—2uou+ B (u)+y — (e ’:r@’u))“(dé)
SHOIN{IEN<1} I€1
>0
—(w.f)
_ e — 1)u(dé)
fs;\{om{||s||>1}( )

(5.2) -
< —2uau+ B W) +y +unS; N{lIEN>1})

< BT()+y +unSn{lgll > 1)),

where we use that

(e~ — 1)u(de) < / w(dg)

fs;\{om{nsn>1} SOON{lIE N> 1}

Set now
Y=y + Sy N{IEl>1) sy
By (5.2), we obtain, for u € Sj, that

(u, R(w)) < (u, BT (u)) + (u, 7),

from which we derive the existence of a positive constant K such equation (5.1)
holds. [

Here is our main existence and uniqueness result for the generalized Riccati
differential equations (2.14) and (2.15).

PROPOSITION 5.3. For every u € SC'IH, there exists a unique global R, x
St -valued solution (¢, V) of (2.14) and (2.15). Moreover, ¢(t,u) and ¥ (t,u)
are analytic in (t,u) € Ry x S;”L.

PROOF. We only have to show that, for every u € S[;H, there exists a unique
global Sj+—valued solution ¥ of (2.15), as then ¢ is uniquely determined by in-
tegrating (2.14) and has the desired properties by admissibility of the parameter
set.
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Let u € Sd++. Since R is analytic on S:{Jr, standard ODE results (e.g., [14],

Theorem 10.4.5) yield there exists a unique local S;,H—Valued solution (¢, u) of
(2.15) for t € [0, t4+-(u)), where

ty(u) =lim inf {t >0 [l (t,w)]| = nor y(t,u) € 3SF} < oc.

It thus remains to show that # (u) = oo. That (¢, u), and hence ¢ (¢, u), is analytic
in (,u) € Ry x S then follows from [14], Theorem 10.8.2.

Since R may not be Lipschitz continuous at 85;1F (see Remark 5.4 below), we
first have to regularize it. We thus define

R(u) = —2uou+ B () +y —

(LY,
OMURTHESY 1112 '
It then follows as in Lemmas 5.1 and 5.2 that R is quasi- -monotone increasing
on Sd and that (5.1) holds for some constant K. Moreover, R is analytlc on S,;.
Hence, for all u € Sy, there exists a unique local S;-valued solution lﬁ of

AV (t,u)

ot

for all ¢ € [0, 7y (1)) with maximal lifetime

=RW(t,u),  YO,u)=u,

tr(u) =lim inf {# >0y, w)ll = n} < oo.

From (5.1), we infer that for all u € Sj and t < Er (u),

ANV (2, u) 1> =200 (2, w), 3P (£, w)) < K (19 (2, w)|* + 1).
Gronwall’s inequality (e.g., [14], (10.5.1.3)) implies

(5.3) 1wl <K quiP+ 1, <F).

Hence, 7, (1) = oo for u € Sj. As R is quasi-monotone increasing on S;, Volk-
mann’s comparison Theorem 4.8 now yields

0<U(t,u) <yt v), t>0forall0=<u<v.

Therefore and since ¥ (¢, u) is also analytic in #, Lemma 3.3 implies that U(t,u) €
ST+ forall (f,u) e Ry x S; 7.

We now carry this over to ¥ (¢, u) and assume without loss of generality, as in
the proof of Lemma 5.2, that the truncation function in Definition 2.3 takes the
form x (§) = 1yj¢<né. Then

R(u) — R(u) = — —w8 _ 1) u(d 0, st.
() = R /s;\{om{usnﬂ}(e Juids) = "E 2
Hence, for u € S(}H and ¢t < 4 (u), we have

WD mGauwy =" repowny < P - R,

at at at
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Theorem 4.8 thus implies

Wt u) >y (t,u)e ST, t €0, 14 (u)).

Hence, 74 (u) =liminf, ooft > 0 | |$ (7, w)|| = n}. Using (5.1) again, we now can
show as for i that

I (e, wl> <X (ul> + 1),  t<ty@).

Hence ¢ (1) = 00, as desired. [

REMARK 5.4. Lemma 5.1 states that the admissibility of the parame-
ters «, B, y, u implies quasi-monotonicity of R on S;.g Moreover, quasi-
monotonicity just means that R is “inward pointing” close to the boundary Sj. In-
deed, letu, x € Sj with (u, x) =0. Then (R(u), x) > (y, x) > 0. Hence, if R were
Lipschitz continuous on Sj, a deterministic variant of Theorem A.5 would imply
the invariance of S; with respect to (2.15) right away. However, the map R might
fail to be Lipschitz at BSL;,Ir (see the one-dimensional counterexample [16], Exam-
ple 9.3), even though it is analytic on the interior S;Jr. Here, quasi-monotonicity
plays the decisive role. It leads to the phenomenon that (¢, u) stays away from
the boundary 85;,L foru e SjJr, which is of crucial importance in our analysis.

5.2. The martingale problem for A. We are now prepared to study the mar-
tingale problem for the operator A given by (2.12). For the notion of martingale
problems, we refer to [17], Chapter 4. We shall proceed in four steps. First, we
approximate A by regular operators A®%” on the space Sy of rapidly decreas-
ing C°-functions on Sj, defined in (B.1). Second, using Theorem A.5 below,
we show that there exists an S;—Valued cadlag solution of the martingale prob-
lem for A®®”. Third, a subsequence of these solutions is shown to converge to
an S; U {A}-valued cadlag solution of the martingale problem for .A. Finally, we
show that this solution is unique, Markov and affine, as desired.

Note that we cannot employ Stroock’s [51] seminal existence and uniqueness
results for martingale problems, since those are solved on R” and require uniform
elliptic diffusion parts. Neither of these is satisfied in our case.

Now let (a, b, B/, ¢ =0,y =0, m, v) be some admissible parameter set. Fix
some ¢,8 > 0 and n € N. In order to bound the coefficients and cut off the small
jumps, we let

1, x|l <mn,

00 _
54 . eCr(Sa), 0<gy =1, on(x) = “’;_H’ lxll =>n+ 1.

IWe conjecture that the converse also holds: R is quasi-monotone on S; and supp(pn) € S;f if and
only if the parameters «, ,BU , ¥, u are admissible.
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We then define the bounded and smooth parameters

B"(x) = B(gy(x)x),
m®(d&) = m(d&)1(g)=s),

M ,d&) =, ’&1 _s1).
(x,d&) <<p (x)x EE AT Ul 6}>

Concerning the diffusion function A;jx(x) given by (2.13), we first find an ap-
propriate factorization which will allow us to write the continuous martingale part
of X as a stochastic integral. Thereto observe that any S;-Valued solution, pre-
sumed that it exists, of the following symmetric matrix-valued diffusion SDE:

(5.5) dZ;=\Z,dw, z +x"dw," /Z,,

where W is a standard d x d-matrix Brownian motionand £ € My with "% = «,
has quadratic variation d{Z;;, Zy;); = A;jri(Z;). Define now okl(x) € Sq by

(5.6) M)y =aM"s + =T M* Uz,

where Ml.kjl = 88 ;. Then (5.5) can be written as

d
dz,= > " (Z)dWu
k=1

and Ajjx (x) = Y ooy 07" ()0 ().

Since 0%/ (x) involves the matrix square root, which is neither Lipschitz contin-
uous nor bounded nor globally defined, we need to introduce some approximating
regularization in order to meet the assumptions of Theorem A.5 below. Thereto fix

some truncation function

00 1, X € Sd+,
Te € CRSa).  ne(x) = {0’ rest el
and define
(57 sen(x) = Ne(@n (X)) (Vo ()X + elg — Vely), ifx e Sj —¢ely,
e 0, otherwise.

Note that s, , satisfies:

o sen € Cpo(Sa, Sa),
o 50 (x) = (Vou(X)x +ely — elg) on S;l",
o lim,_, o+ Ss,n(x) = (x)x.

With this, we can now define the regularization of o'/ by

(5.8) ol (x) = 50 OMME + 2T M s, (),



AFFINE PROCESSES ON POSITIVE SEMIDEFINITE MATRICES 437

which then satisfies the smoothness condition of Theorem A.5. Finally, we set
Al () = Z(o " (xX))ij (O ()i

(5.9) = (5p. 0 ikt + (57, ()iretji

+ (57, (0)) jrctit + (52, (0)) jrei,
and define the corresponding regularized operator on Co(Sz)
T Al 0% f (x)

i1kt () vy Ol

8f(x)
x,--

e,6,n _ 1
AP f(x) = 5

i,j.k.1

+Z bij + BJj (x

(5.10)
+ / (O~ fo)mdE)
S, \{0}

d

L (PO = £ = (), VF0) MO (. d8).
S0}

We now show that 459" approximates A. We let S = S(Sy) and S, denote the
locally convex spaces of rapidly decreasing C°°-functions on S; and S; defined
in (B.1) below, respectively.

LEMMA 5.5. S C D(A®%") and, for every f € Sy,

(5.11) lim | A" f — Af [loo =0.
&,8,n

PROOF. Since ¢, as defined in (5.4) converges uniformly on compact sets to 1,
this is clear for the differential operator part. Concerning the integral part, we have

_/_;v+\{0 (f(x +85) —flxo)— (1{\\§||§1}§, Vf(x)))(Ms’"(x, dg) — M(x, dS))‘
d

< (x+8&) — f(x) = (ge<né, Vf(X)))
\{0}

Sy IENZ AL

i {n (6) = iy @6)|

(f(x +&) — f) —(1en<né, Vf(x)>)
117 A1

Sd \ {0}

x xij (L =8y — 1)mj(dE)H-
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By dominated convergence the second term goes uniformly in x to 0, thus we only
have to consider the first one. By splitting the first integral into [, <y T f{” £>11°
we note that || f, (1g<1y |l converges uniformly in x to 0. Hence, it remains to analyze

9’

g/{”ébl}(f(x +8) = f00)xij (@n () = D)paij (dE)
which can be estimated by
ij\%n —1 + .
%(/Hgbl}”f(x +8)x J((p (x) )H (MU (d§) + ll«,j(dé))
.. _ + -
" /{||s||>1} 7Gx (n 0 = 1) (15 @) + (dé))),

where ,u;;, ,ufj correspond to the Jordan decomposition of u;; = M$ — M:] As f
lies in S, the second term converges uniformly to 0. For the first one, observe that
for every n

| f (x4 E)xij (0 () = | < I1f 2 +Exijll < I (x +E)llx +El,

such that we can apply dominated convergence. Again, since f lies in S, the
first integral converges uniformly in x to 0 as well. Hence (5.11) holds true, and
S C D(A®%") follows similarly. [J

We now establish existence for the martingale problem for A%%".

LEMMA 5.6. For every x € S; there exists an S[}L-valued cadlag solution X
to the martingale problem for A%%" with Xo = x. That is,

! k)
FOX0) - /0 AN (X, ds

is a martingale, for all f € S.

PROOF. Consider the following SDE of type (A.1):

t
XPO" =x +/ (b + B"(X5%") — /
0 S\

M (X, dé)) ds
(5.12) }

d .t
ki .8,
+ 3 [ ot (X AW, g+
P
where W is a d x d-matrix of standard Brownian motions and J a finite ac-

tivity jump process with compensator m’ (d&) + M(S’”(Xf’s’", d§). Note that the
quadratic variation of the continuous martingale part of X f”s’" is given by Aszl (x)
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as defined in (5.9). It thus follows by inspection that any cadlag solution X% of
(5.12) solves the martingale problem for A%

Hence, it remains to show that there exists an Sj—valued cadlag solution of
(5.12). Let us recall the normal cone (2.23) to S:[ As b+ B"(x) — fS+\{0} x (&) x
MO (x, d§), 0 (x) and m®(d&) + M%"(x, d&) are designed to satisfy the as-
sumptions of Theorem A.5 and since x + supp(m®(-) + M®"(x, -)) C Sd for all
X € S;, we only have to show that for all x € 8S; andu € N st (x)

(5.13) {0k (x),u) =0,

b+ B"(x) —/ X(EM (x, df)
S,}'\{O}

(5.14)
Z Dcr (x)a n (X)), u>>0

kll

Due to the definition of cr (x) respectively, the definition of s ,(x) given in
(5.7), condition (5.13) is satlsﬁed Concerning (5.14), we have by (2.11)

n . 8,n
(57— [ x@M ) ) =0

d

Moreover, it is shown in Lemma 5.7 below that

<b—— Y Dol (x)ok, (x), u>

k=1

The lemma now follows from Theorem A.5. [

LEMMA 5.7. Letx=0A0" ¢ Sd+ where A =diag(ry, ..., Ag) contains the
eigenvalues in decreasing order and let cr ,, be defined by (5 8). Then, for all
X € Sd ,

liwnuw ) FE—VE)
i—1 v/ l(ﬂn(x)"i_g

1 On () (A j@n(x) + 8 — /e)
(5.15) +-) U
2 5 Va0 T e+ A jon(x) + e
lz Ai
2 i,k,l 2\/ )\iﬁﬂn(x) +

where Ul = (Z72)0)mi Oni + (ZT2)0)pi Opi and ZIK = 0,,; O 2y, +
Oni Oki Elm-

d
Z Dakl (x)a n(X) =
=1

N =
>~

(Vo (x), okl yZIH,

’en
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Furthermore, if

(5.16) b>=d—-1D2'x

then

(5.17) <b—— > Dol (x)ak (x). u>
k,l=1

forall x € BS;I|r and for all u N5z+ (x).

PROOF. Let us denote

C*" (x Z Do, ()l (x),
kl 1
and notice that
1 d
c&”(x):_Z( Sen (X + 10l ()], oMM E
2 " dt

+ ¥ (Mkl) itssn(x"i_ta (x))|t 0)

We now use the following formula from [29], Theorem 6.6.30:

—f(V(t)) ~ O(t)(Z Af (), A O)YMITO@) TV (z)O(mM”)oa)T
i,j
where V() = O(t) diag(r(¢), @O @ T s a family of symmetric matri-
ces and Af(u, v) = LW=L®) for 4y 4 and Af(u,u) = f'(u). This holds true

(u—v)
if V(-) is continuously differentiable for ¢t € (a,b) and f(-) is continuously dif-

ferentiable on an open real interval which contains all eigenvalues of V (¢) for all
t €(a,b).
We now apply this formula to our case, where f(¢) =/t and
V() =@n(x + ta (x))(x + ta (x)) +ely.
Since we take the derivative at t = 0, we only have to consider
V(0) = O(pu(x)A +el;)0 T,

where O is the orthogonal matrix diagonalizing x and

V/(0) = (Vg (x), o ())x + g (), ().

Note that we do not have an explicit contribution of 7, which is part of the defin-
ition of s; ,, since ng(Sj) =1 and Vns(Sj) = 0. Some lines of calculations then
yield (5.15).
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Let us now verify (5.17). Take an arbitrary x = OAO " € E)S;r and assume
first that it has rank d — 1, that is, A; = 0 and all other eigenvalues are strictly
positive. By Lemma 4.1 and (2.23), the elements of N s+ (x) can then be written as

u=0KOT, where K = diag(0, ..., 0, k) with k > 0. Thus, (5.17) now reads
(b—C""(x), 0OKOTY=k[OThO — 0T C*"(x)Olua.
As[0TU 0lga =28ia(0TETE0)iq and OT ZK O = 28,4 Oki (£ 0);4, we have

o Pn () (A jon(x) + & — /o)
[0'Co"(x)Olaa =)
jEd Jhjen() +e+ /e

n () (/A jon(X)+e—+/2) <d

o) +e+e T
[0ThO — 0T C*"(x)0)gg >[0T (b—(d—1DHE"E)0],, >0,

(0" "20]44.

Since }_ 24 — 1, we obtain by condition (5.16)

which proves (5.17) for x € BSC}Ir with tk = d — 1. In the general case, we can
proceed similarly. For x € E)S;lF with tk =r <d — 1, the elements of N s (x) are

0 0
<=(o &)
with k € Sj_r. This follows again from Lemma 4.1 and (2.23). Now, (5.17) can be
written as

givenby u = OK O, where

(b—C""(x),0KOT)

. () (Jhjon) + 2= B)
=<0 (b—z ) Z)O,K>
j=<r \/)\j‘/’n(x)+€+«/§

>(0"(h-r2"2)0,K) >0,

which proves the assertion. [l

Combining Lemmas 5.5 and 5.6, we obtain the announced existence result for
the martingale problem for A.

LEMMA 5.8. Forevery x € S;, there exists an S;L U {A}-valued cadlag solu-
tion X to the martingale problem for A with Xo = x. That is,

t
FXD) - /O Af(Xy)ds

is a martingale, for all f € S,.
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PROOF. By Lemma 5.6, there exists a solution X*%" to the martingale prob-
lem for A%%" with sample paths in ID)(S;) (the space of S;—Valued cadlag paths),
and hence also in ]D)(Sj U {A}). We now claim that (X&%") is relatively compact
considered as a sequence of processes with sample paths in ID)(S; U {A}).10 For
the proof of this assertion, we shall make use of Theorems 9.1 and 9.4 in Chapter 3
of [17]. In order to meet the assumption of [17], Chapter 3, Theorem 9.4, we take
C2°(S}) as subalgebra of C,(S;). Then, for every T > 0 and f € C2°(S)), we
have

sup Ex[essup IAS’S’"f(Xf’a’n)I] < 00,
e,8.n t€[0,T]

since there exists a constant C such that [|A®%" f|lo < Cp3.4(f) < oo for all
n, e, 8, where py 4 are the semi-norms as defined in (B.2) (see also the proof of
Proposition 4.12). Thus, the requirements of [17], Chapter 3, Theorem 9.4, are sat-
isfied. Note that Y in the notation of [17], Chapter 3, Theorem 9.4, corresponds
in our case to f(X) such that [17], Chapter 3, Condition (9.17), is automatically
fulfilled. It then follows by the conclusion of [17], Chapter 3, Theorem 9.4, that
(f (Xf’5’")) is relatively compact [as family of processes with sample paths in
D(R)] for each f € C fO(S;). Furthermore, since we consider Sj U {A}, the com-
pact containment condition is always satisfied, that is, for every n > 0 and T > 0,

there exists a compact set I';) 7 C (S; U {A}) for which

inf P [X:?" eTer forr€[0,T]]>1—17
e,6,n

holds true. By [17], Chapter 3, Theorem 9.1, and the fact that {1, Ccoo(S;')} is
dense in C (S;i|r U {A}), we therefore obtain that (X&%") is relatively compact in
D(Sj U {A}). Thus, there exists a subsequence (P%-%7%) of the probability dis-
tributions associated to (X®%") which converges in the Prohorov metric to some
limit probability distribution. By [17], Chapter 3, Theorem 3.1, this implies weak
convergence of (Pek-9%-k ) and hence the subsequence (X Ek:Ok 1k ) converges in dis-
tribution to some limit process X in ]D(S;iL U{A}).

Combining this with Lemma 5.5 and [17], Chapter 4, Lemma 5.1, we conclude

that X is a solution to the martingale problem for 4. Hence, the lemma is proved.
g

We can now prove the existence and uniqueness of an affine process for any
admissible parameter set.

10This means that the family of probability distributions associated to (X &.d.my g relatively com-
pact, that is, the closure of (IP’E’S'”) in 73(ID>(S;r U {A})) is compact. Here, 77(ID(S;r U {A})) denotes
the family of probability distributions on D(S} U {A}) and IP:>-" the distribution of X3,
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PROPOSITION 5.9. Let (a, b, ﬂij, c,y,m, 1) be an admissible parameter set.
Then there exists a unique affine process on S;' with infinitesimal generator (2.12),
and (2.1) holds for all (t,u) € Ry x S;, where ¢ (t,u) and ¥ (t,u) are given by
(2.14) and (2.15).

PROOF. Suppose first that c =0 and y = 0. Let x € S;. Then Lemma 5.8
implies the existence of an S;' U {A}-valued cadlag solution X of the martingale
problem for A with X¢ = x. We now show that X is unique in distribution.

Thereto, note that by [17], Chapter 4, Theorem 7.1,

t
(5.18) £ X)) - fo (Af(s. Xy) + 5 £ (s, X)) ds

is a martingale for all rapidly decreasing functions f € S(R4 X S;L), similarly
defined as S; in (B.1). Now let ¢ and v be the unique solutions of the generalized
Riccati differential equations (2.14) and (2.15), given by Proposition 5.3. Fix t > 0,
ue SH'IH, and some f € S(R4 x Sj) such that

fls,x) = P U=sm0x) g <5<t xeS]
Then
Af(s,x)+ 05 f(s,x) =0, OSSSZ,XESJ.
In view of (5.18), the Laplace transform of X; at u is thus given by
(5.19)  E [e X =E,[f(r, X)) = £(0,x) — 0= ¢ )= W (t0).x),

Since u € SC}H was arbitrary, we conclude that the distribution of X; is uniquely
determined for all #+ > 0. From [17], Chapter 4, Theorem 4.2, we infer that X is
a Markov process with generator .4 on Sy and thus unique in law as solution of
the martingale problem for .A. Moreover, by (5.19), X is stochastically continuous
and affine. Thus, the proposition is proved under the premise that c =0 and y = 0.

For general parameters ¢ and y, we employ a Feynman—Kac argument. Denote
by B and (Q;) the affine generator and corresponding Feller semigroup associated
with («, b, ,3’7 ,c=0,y =0,m, n) from the first part of the proof, respectively.
Since x — ¢ + (y, x) is nonnegative on Sj, it follows along the lines of [16],
Proposition 11.1, that

P f(x) =E [ et Xads p(x ]

defines a Feller semigroup (P;) on CO(SI) with infinitesimal generator A f(x) =
Bf(x)—(c+(y,x))f(x) for f € S;, which is the desired solution. [J
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5.3. An alternative existence proof for jump processes. For affine processes
without diffusion component (i.e., the admissible parameter « vanishes), the ex-
istence question can be handled entirely as in the case of affine processes on
R x R™ [16], Section 7. In this section, we elaborate an alternative existence
proof in this specific case, by following the lines of [16]. Note that the OU-type
processes driven by matrix Lévy subordinators [3] are contained in the class of
pure jump processes of this section.

We call a function f: S; — R of Lévy—Khintchine form on Sj, if

F () = (bo. u) — / (=€) _ Dmo(dg),

S\{0}

where bg € S;' and mg is a Borel measure supported on Sj such that

[ A Dmotas) <oo.
54 \(0}

d

Once again, we recall that a distribution on S; is infinitely divisible if and only
if its Laplace transform takes the form e~/ where f is of the above form (see
also Step 1 in the proof of Proposition 4.9).

Similarly to [16], we introduce the sets

C={f+c|f: S; — R is of Lévy—Khintchine form on S;, ceR,},
Cs:={Y|ur (Y(u),x)eCforall x € Sj}.

The following technical statement can be obtained easily by mimicking the proofs
of the corresponding statements in [16], Proposition 7.2 and Lemma 7.5:

LEMMA 5.10. We have:

(i) C, Cs are convex cones in C(Sj).

(i) ¢ €C, € Cs imply ¢ () €C.

(iii) ¥, Y1 € Cs imply Y1 (¥) € Cs.

(iv) If ¢x € C converges to a continuous function ¢ on Sj, then ¢ € C. A similar
statement holds for sequences in Cs.

(v) Let (¢ =0, b, ﬂij, ¢, y,m, |u) be an admissible parameter set. Then R} —
R locally uniformly as 8 — 0, where R® corresponds to the admissible parame-
ter set (a =0, b, ﬂij, c,y,m, ulyg=s)). (Note that there is one fixed truncation
function.)

PROPOSITION 5.11. Let (¢ =0, b, ,BU, c,y,m, L) be an admissible parame-
ter set. Then for all t > 0, the solutions (¢ (¢, ), ¥ (t,-)) of (2.14) and (2.15) lie in
(C,Cs).
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PROOF.  Suppose first that'!

wij(d§)
5.20
20 /s;\{o} lefat =

for all i < j. Then equation (2.15) is equivalent to the integral equation

(5.21) Ut u)=eB ) + ft BT Ry (s, u)) ds,
0
where R(u) = R(u) + B (u) and BT € £(Sy) is given by

B ) =BT () — / XE).w) | ag).

shvoy 1§17 Al

Here, BT (u) is the notation for the semi-group induced by 9;x (¢, u) = BT (x(t,
u)), x(0, u) = u. Hence, the variation of constants formula yields (5.21).

Due to admissibility condition (2.11), we have that BT is a linear grift which
is “inward pointing” at the boundary of S;, which is equivalent to Bt being a
B BTt ¢ Cs and since

o . . T .
positive semi-group, that is, e ' maps S;L nto S;. Therefore, e

R(u) is given by
(e~ w8 — 1)

Ruy=y— |, it
shvoy  lENIP AL

n(d§)

with p satisfying (5.20), we also have
(5.22) R €Cs.

Using Picard’s iteration and Lemma 5.10, it follows that the sequence ) de-
fined as

v O, u):=u,
~ o~ ~
w(k-f—l)(t’u): eBTt(u)_"_/ eBT(t—S)R(W(k)(S’ u))ds,
0

lies in Cg, for each ¢ > 0, hence so does its limit (¢, -). Since F € C, we have
again by Lemma 5.10 ¢ (¢, -) = [y F(¥/(s, -)) ds € C.

By an application of Lemma 5.10(v), the general case is then reduced to the
former, since R® clearly satisfies (5.20). [

We are prepared to provide an alternative proof of Proposition 5.9 under the
additional assumption o = 0: by Proposition 5.11, (¢ (¢, -), ¥ (¢, -)) lie in (C, Cs).
Hence forallr >0, x € Sj[, there exists an infinitely divisible sub-stochastic kernel

1 1According to our conjecture in Section 2.1.4, this would already cover all possible jump measures
ifd >2.
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p:(x, d€) with Laplace-transform ¢ ~#¢:*)=(¥(.u).¥) The Chapman—Kolmogorov
equations hold in view of properties (3.1) and (3.2). Whence, Proposition 5.9 fol-
lows.

REMARK 5.12. We note that the proof of statement (v) in Lemma 5.10 is
much easier than the one of [16], Lemma 7.5, because o = 0. However, for o £
0 and d > 2, R cannot be locally uniformly approximated by functions R® of
a pure jump type such as in Lemma 5.10. Indeed, otherwise one could infer as
above the existence of an affine process which is infinitely decomposable and has
nonvanishing diffusion component. This is in contradiction with Proposition 2.9
and in the case of pure diffusions it contradicts Example 2.8.

6. Proof of the main results.

6.1. Proof of Theorem 2.4. The first part is a summary of Propositions 3.4,
4.9, 4.12 and 4.18. The second part follows from Proposition 5.9.

6.2. Proof of Theorem 2.6. Let X be a conservative affine process. It is shown
in Proposition 4.12 that {¢~ " | u € SjJr} C D(A). Hence,

ol Xe) _ g lur) _ /’Ae—w,xg ds
0

is a (.7?,, P, )-martingale with .77", defined in (2.18). From [31], Theorem 11.2.42,
combined with (4.16) and Remark 2.5, it then follows that X is a semimartin-
gale with characteristics (2.19)—(2.21). The canonical semimartingale representa-
tion ([31], Theorem 11.2.34) of X is thus given by

t
X =x+ B +X{ +/0 /s+\{0} X&) (u¥ (ds, dg) — v(ds, d§))
d

t
_ X
[ K@) s,

where X¢ denotes the continuous martingale part, and 4% the random measure
associated with the jumps of X. In order to establish representation (2.22), we find

it convenient to consider the vectorization, vec(X Ye Rd of X¢. The aim is now
to find a d2-dimensional Brownian motion W on a p0551bly enlarged probability
space and a d? x d*-matrix-valued function o such that

t ~
(6.1) VCC(Xf):/ o (Xs)dW;s.
0

Thus, o has to fulfill
d{(X{;, Xighe = Xviketji + Xe et ji + Xo,jrctin + X, jictix

(6.2)
= (0 (X))o " (X0))ijkl-
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As suggested by (5.6), we define the entries of the d? x d?*-matrix o (x) in terms
of okl (x) given in (5.6) by

(6.3) oijki (X) = 0 (¥) = VX Tt + T Vx jie

Note that the (k/)th column of o (x) is just the vectorization of the matrix okl (x).
We thus obtain A;jx(x) = (o (x)oT(x))ijkl. Hence, o (x) satisfies (6.2). Analo-
gous to the proof of [45], Theorem 20.1, we can now build a d?-dimensional

Brownian motion W on an enlargement of the probability space such that (6.1)
holds true. As the (ij)th entry of X¢ is given by

d

t

rij = vee(Xy)ij =/0 > oiju(Xs) dWy i
k=1

t
zfo WX dW,E + 2T dw] VX),.

where W is the d x d-matrix Brownian motion satisfying vec(W) = W, we obtain
the desired representation.

6.3. Proof of Theorem 2.9. We first prove some technical lemmas.

LEMMA 6.1. Let g:Sd+ — R be an additive function, that is, g satisfies
Cauchy’s functional equation

(6.4) g+ =g)+g(), x,yeS;.

Then g can be extended to an additive function f:S; — R. Moreover, if g is mea-
surable on Sj then f is measurable on Sy;. In that case, f is a continuous linear
functional, that is, f(x) = (c, x) for some c € S.

PROOF. The first part follows from Lemma 4.4.
Concerning measurability, let E € B(R), a Borel measurable set. Then we have
by the additivity of f,

[ E=UBi=Jlx+nly|x€Sa. f(x) €E, x| <n) —nly

n=1

=
—

yeSal f(eE+ f(nly),|ly —nlall <n} —nly

[l
i C

3

= Jiye S 1g() € E+gnly), lly —nlyll <n}—nly,
1

n

which is again a measurable set, in view of the measurability of g on S;.
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For x € §; we write x = (x;);, where 1 <i < W. We introduce the addi-
tive functions f; :R — Rvia fi(x;) = f(0,...,0,x;,0,...,0). By the just proved
measurability of f, we infer that all f; are measurable functions on R. By [1],
Chapter 2, Theorem 8, any additive measurable function on the real line is a con-
tinuous linear functional. Hence for each i, we infer the existence of ¢; € R such
that f;(x;) = ¢;x; holds. Since f(x) =)_; fi(x;), it follows that f(x) = (c, x) for
some c € Sg. U

Also, we consider Cauchy’s exponential equation for 4 : S; — Ry, that is,

(6.5) h(x +y) =h(x)h(y), x,y€eS;.

LEMMA 6.2. Suppose h: Sd+ — Ry is measurable, strictly positive, and sat-
isfies (6.5). Then h(x) = e~'“), for some ¢ € Sq. If h <1, then ¢ € Sj.

PROOF. Since & is strictly positive, its logarithm yields the well defined
function g: S;L — R, g(x) :=logh(x). Clearly g is additive, hence by the first
part of Lemma 6.1, there exists a unique additive extension f:S; — R. Also,
f is measurable on Sj, hence by the second assertion of Lemma 6.1 we have
f(x) =—{c, x), for some c € S;. The last statement follows from the monotonic-
ity of the exponential and the self duality of Sj. U

REMARK 6.3. The assumption of strict positivity of 4 in the preceding lemma
is essential. Otherwise, there exist solutions /4 which are not of the asserted
form.

Lemma 6.2 is the main ingredient of the proof of the following characterization
concerning k-fold convolutions of Markov processes.

LEMMA 6.4. Let (chi))xes; eP(i=0,1,...,k). Then

©6) PO s xPR =PO  wx@esr x=x0 44 x®)

X

if and only if for all t = (t1,...,ty) € RY and u= @V, ..., u™M) e (SHY,
N € Ny, there exists 0 < p(t,u) < 1 and Y (t,u) € S such that [[5_; p@(t,
) = pO(t, ) and

EW) [~ T X0)] = p0) (¢, wye=(V €w.2)
(6.7)
Vxe ST, j=0,1,....k
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PROOF. We proceed similarly as in the proof of [16], Lemma 10.3. Fix £ > 1,
N > 1, t,uand set

g (x) 1= BV [~ Zit - Xe)),

By the definition of the convolution, (6.6) is equivalent to the following:

gV (M) g® (0 = O

(6.8) A
Vx(’)eS;, x=xWD 4. 4 x®,

Hence, the implication (6.7) = (6.8) is obvious. For the converse direction, we
observe that g(¥) are strictly positive on all of S;. Thus, by (6.8) we have

g:=¢V/gV0)=--=g%/g"0)=¢"/5?0)

and g is a measurable, strictly positive function on S;r satisfying (6.5). Hence, an
application of Lemma 6.2 yields the validity of (6.7), where p(t,u) = g (0).
By the definition of gV, it follows that 0 < p®(t,u) < 1 and ¥ (t,u) € S;.

O

We are prepared to prove Theorem 2.9:

(i) = (ii): due to Lemma 6.4, infinite decomposability implies that X is affine.
Also, by the definition of infinite decomposability and by Lemma 6.4 we have that
the kth root (IP’)(Ck)) for each k > 1 is an affine process with state space Sj with
exponents ¥ (¢, u) and ¢ (¢, u)/ k. This implies that (]P’)(Ck) ) e st has admissible pa-

rameters («, b/ k, ,8’7 ,c/k,y,m/k, n). Hence, the admissibility condition proved
in Proposition 4.18 implies b/ k > (d — 1)« > 0, for each k, which is impossible,
unlessae =0ord =1.

(i1) = (iii): follows from Proposition 5.11, in view of the Lévy—Khintchine form
of —¢(t,-) — (Y(t,-), x), foreach r > 0.

(iii)) = (i): by definition, every transition kernel p;(x,d&) of X is infinitely
divisible with Laplace transform Pje~ (%) = ¢=¢:0 =¥ (t.0) For each k > 1,
the maps ¢®) := % ¥ ® .= satisfy the properties (3.1) and (3.2). Also, infinite
divisibility implies that for each (¢, x) € Ry x S;[,

0P =) . o=Vt v O tu).x/k)

is the Laplace transform of a sub-stochastic measure on S;. In conjunction with

Properties (3.1) and (3.2) we may conclude that Qt(k) gives rise to a Feller semi-
group on CO(S;), which is affine in y = x/k. Hence, we have constructed for
each k > 1 a kth root of X which is stochastic continuous by the definition of its
characteristic exponents ¢©, 1®_ Thus Theorem 2.9 is proved.



450 CUCHIERO, FILIPOVIC, MAYERHOFER AND TEICHMANN

APPENDIX A: EXISTENCE AND VIABILITY OF A CLASS OF
JUMP-DIFFUSIONS

In this section, we study existence and viability in a nonempty closed convex
set D C R" of solutions to the equation

t t
(A1) X, =x+f b(Xs>+/ o (Xs)dW, + Jr,
0 0

where b(x) € Cp(R", R"), o (x) € Cp(R", R"™) are Lipschitz continuous maps,
W a standard m-dimensional Brownian motion and J a finite activity jump process
with state-dependent, absolutely continuous compensator K (X;, d&)dt. We fur-
ther assume that x — K (x, R") is bounded.

We tackle this problem in three steps. First, we derive some regularity and ex-
1stence results for diffusion SDEs. These results are not in the standard literature,
we thus provide full proofs. Second, we prove existence of a cadlag solution X for
(A.1). Finally, we provide sufficient conditions for X to be D-valued.

A.1. Diffusion stochastic differential equations. Let (2, F, (F;),P) be a
filtered probability space satisfying the usual conditions and carrying an m-
dimensional standard Brownian motion W. We consider the following diffusion
SDE:

t t
(A2) X, =x+ /0 b(X o)1 p<y) ds + fo o (Xs) g5 Wi,

where (0, x) € [0, oo] x R" and b and o are as above. Recall that X is a solution
of (A.2) if X is continuous and (A.2) holds for all # > 0 a.s. In particular, note that
this null set depends on (6, x).

LEMMA A.1. Fix T > 0 and let p > 2. Furthermore, let ®1, ®; be stopping
times and for i = 1,2, U;, Fe,-measurable random variables. Consider the fol-
lowing equations:

t t
X, =U +f0 b(Xs)1{®1§s}dS+/() o(Xs)l{e,<s) dWs,

t t
Y, = U, + /0 (V) 16, <) ds + /0 o (Vo) Lo, <) dWj.

Then there exists a constant C depending only on p, T, n, the Lipschitz constants
of b and o and ||| o, |0 |lco Such that for 0 <t <T,

E[sup 1 X, — Y]

s<t

(A3) SCE[“UI—U2||p+|®1/\f—®2/\f|p/2

t
+ [ suplix, - Yunpds]

0 u<s
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PROOF. By the same arguments as in the proof of [45], Lemma 11.5, we first
obtain the following estimate:

sup [ X5 — Yill”

§S<t

t )4
<3071 (||U1 — U + ( /0 16X 0, <5) — B(Ys) jzs) | ds)

)

S
/0 (0(Xu) Loy <u) — 0 (Y) L0y<u)) dWa

+ sup

sS<t

Moreover,

t P
(/O |16(Xs) Lo, <s) — b(Ys) (@, <s) | dS>

) (®1VOL)AL p (O VO AL p
<or- (( | 16X ds) + ( /@ 16yl ds)

O At 2/t
p p
i (/ 1b(Xy) —b(Ys)IIdS) )
(®1VOL)AL
t
< 2p—1(K|@1 At—Oy At]P + t”_lf 16(Xs) — b(Ys)“pdS)
0

t
< K(ﬂ’/2|®1 At — Oy At|P? +/O sup || X, — Yu||pds).

u<s

For the stochastic integral part, we apply the Burkholder—Davis—Gundy inequality
P
E[sup ]
S<t
t 5 p/2
< KE[(fO lo (X 1@ <uy — 0 (Vi) Loy <up| du) }

(©1 VO AL 5 p/2 (OVO)AL 5 p/2
sKE[(/ lo (X du) +(f lo (Yol du)

O At O At

t p/2
+ (f o (Xa) —o(Yu)uzdu) ]
(O1VO)AL

t
< KE[|®1 At — Oy At|P? +/0 lo(Xs) — o (Y)|? ds:|

)
/O (0(X) (0, <u) — 0 (Y) L02u) Wi

t
< KE[|®1 ni=@ iR+ [ suplx, - Yunpds},
0 u<s
where K always denotes a constant which varies from line to line. The last esti-
mate in both inequalities follows from the the Lipschitz continuity of b and o. By
assembling these pieces, the proof is complete. [J
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Here is a fundamental existence result, which is not stated in this general form
in the standard literature. Therefore, we provide a full proof.

THEOREM A.2. There exists a function Z [0, 0c0] x R" x Q@ x Ry — R" with
the following properties:

(1) Z(0,x,w,t) is continuous in (0, x, t) for all w.
(il) Z is B([0, 00] x R") ® P-measurable.'?
(i) Z(0, x, w,t) solves (A.2) for all (0, x).
(iv) Let © be a stopping time and U an Fg measurable random variable, then
X;=27Z(O,U,t) solves

t t
(A4) X =U+ [ b0 lezyds + [ o (Xl dWi.

PROOF.  For every (0,x) € [0,00] x R", there exists a unique solution
Xi(w)=Z(,x,w,t) of (A.2), which is continuous in ¢. This is a consequence
of the Lipschitz continuity of x = b(x)1{g<s) and x — o (x)1{p<s). Uniqueness is
meant modulo indistinguishability. From estimate (A.3), we can deduce for p > 2,
x,yel-T,T1",0<601,60<Tand0<t<T,

E[supl Z(01, x,5) — Z(62, v, 9)II”]

s<t

< K(nx —VIP 16 — 6P

t ~ ~
+ [ E[sup ||Z<61,x,u>—Z<ez,y,u)||l’]ds)

u=<s
for some constant K. Hence, by Gronwall’s lemma,

E[supll Z(61, %, 5) = Z(2, y, )11 | < KeXT (llx = y11P/2 + 161 = 61772)

s<t
< C|(61,x) — B2, )|IP/%.

Let now Dya = {j27%, j € Z, k € N} be the set of dyadic rational numbers in R and
Dya" = Dya x - -- x Dya the set of dyadic rational numbers in R”. Furthermore,
we define M by M = Dya"t!' N([0, T] x [T, T1"). By setting p = 2n+4, we can
apply Kolmogorov’s lemma. Indeed, analogous to the proof of [32], Theorem 2.8,
we derive for all (01, x), (62, y) € M with 0 < ||(01, x) — (62, ¥)|| < h(w), where
h is a positive valued random variable, and for all w € Q7,, where Q7. € F is some
set depending on 7" with IP(R2%) = 1, the following estimate:

(A.5)  supllZ(61, x, w,5) — Z (02, y, @, )| < 8[1(61, x) — (62, "

s<t

12Here, ‘P denotes the predictable o-field.
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Here, y € (0, %) and § is some positive constant. Let us now define Z: if
w ¢ QF, then %(G,x,a),t) =xfor 0 <t <T. For we Q} and (0,x) € M,
ZO,x,w,t)=Z(0,x,w,t) for0 <t <T.If (,x) € M®, we choose a sequence
(6, Xn)neN € M such that (6,, x,,) — (6, x). By estimate (A.5), 2(9,,, Xy, , 1) 1S
a Cauchy sequence converging with respect to sup,,| - ||. We can therefore set
ZO,x,w,t)=1lim,_, 7 (6, X, @, t). As we have uniform convergence in ¢ and
as Z is continuous in ¢, the resulting process Z is jointly continuous in (6, x, t).
Furthermore, for every (0, x), Z is indistinguishable from 7 , that is,

(A.6) P(Z©O,x,1)=Z(O,x,1) forall 0 <7 <T]=1.

Indeed, for (@, x) € M, this is clear and for (6, x) € M, we have for (6,, X,)neny ©
M with (6, x,) — (0, x)

P[supll Z (s, xn, 5) — Z(0, x, $)I| = ] < Ce P |, x0) = 0, )72,
s<t

which implies that Z(6,, x,,1) — Z(6, x,) in probability, uniformly in 7. As
4 (6, xn,t) > Z(0,x,t) as., and thus in particular in probability, it follows that
Z@,x,t)= Z(Q, x,t)as. forall0 <t <T.Letting T — oo proves assertion (i).

Statement (ii) is then a consequence of (i) and the F;-measurability of o
Z(, x,t,w), which is satisfied since F contains all null sets of F.

Furthermore, property (A.6) implies that Z(0, x, t) is a solution of (A.2) for all
(6, x), which yields assertion (iii).

In order to prove (iv), we proceed in two steps:

Step 1. We first assume that ® and U take finitely many values 61, ...,60; €
[0, oo] and x1, ..., x; € R", respectively. Denote

A ={0=0;}, Bn ={U = x,}.
Then

Z®©,U,0)=) 14,08, Z 6}, xn, 1)
J.h
does the job. Indeed, as A; N By, are disjoint and A; N By, € .7-"91. for all j, h, we
have (see, e.g., [36], page 39)

t t
U—i—/(; b(Z(@,U,S))l{@SS}dS—i-/O o(Z(®,U,s))ljo<sydWs

t
:U+/0 > 1a,08,6(Z(05, xn,5)) 119, <5} ds
Jj.h

t
+f0 S 1a,08,0 (Z (0 X ) (0, <) AW
Jjsh
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t
= 1a,0, (xh + [ 626 009110, ds
Jjsh

t
+/0 o (Z(9, xp, s))l{ejfs}deS)

= 14,08, Z(0).xp. 1) =Z(©,U,1)
j.h
forall + >0 a.s.
Step 2. For general ©, U, approximate ®®) | ® by the simple stopping times

o® _ {jz—k, G-Drtse<jrtj=1.. Kkt
00, k<0O.

Let U® be a sequence of Fg-measurable random variables, each U taking fi-
nitely many values, and U) — U in L? (such U"") obviously exists). Moreover,
{©® =0;}N{UD =x;} € Fy, forall j, h (see [32], Chapter 1, Problem 2.24).
By Step 1, each Z(©®  yDy satisfies the respective SDE. Moreover, from es-
timate (A.3) and Grownwall’s lemma we deduce that for any 7 > 0, there exists a
constant C such that
E[sup| 2(@®,UD. 1) — (@), D, 1)|’]

t<T
<CCTE[JUP —Uu® |2 +100 AT -0 ) AT

Hence, Z(®®, U®) is a Cauchy sequence and thus converging with respect to
Efsup; <71l - |12, for all T > 0, to some continuous process X satisfying (A.4). On
the other hand, by the continuity of (0, x) — Z(0, x, t), we know that

z(©®, UV 1) > z(@®,U,1)

for all w and ¢t > 0. Again, by continuity of ¢t — Z(®, U, t), we conclude that
Z(©, U) = X up to indistinguishability, which proves the claim. [

A.2. Existence of jump-diffusions. We now provide a constructive proof for
the existence of a solution of (A.1) on a specific stochastic basis which is defined
as follows:

o (2, F, (Fr)i>0) is a filtered space, where Q2 := Q) x Q2, F; :=G; ® H; and
F =G ® H are precisely defined below. Note that we do not have a measure
on (2, F) for the moment. The generic sample element will be denoted by
o= (w1, w) € 2.

e (21,3, (Gr)i>0,P1) is some filtered probability space satisfying the usual con-
ditions and carrying an m-dimensional standard Brownian motion W. We shall
consider the above diffusion SDE (A.2) on €21 and thus obtain the respective
solution Z (0, x, wi, t) satisfying the regularity properties of Theorem A.2.
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e (£22,H) is the canonical space for R"-valued marked point processes (see,
e.g., [30]): 2, consists of all cadlag, piecewise constant functions w;: [0,
Too(w2)) — R" with wy(0) = 0 and Too(wp) = limy— o Ty (w2) < 00, Where
T, (w3), defined by Ty = 0 and

T (w2) :=inf{t > T—1(w2) | w2(1) # w2(t—)} A 00, n>1,
are the successive jump times of w;. We denote by
Ji(w) = Ji(w2) =w2(r)  on |0, Too(@2))

the canonical jump process, and let H; = o (J; | s < t) be its natural filtration
with H = Hso. Note that 7, are (H;) and (F;)-stopping times if interpreted as
T(w) =Ty (w2).

The following statement is meant to be pointwise, referring to the filtered mea-
sure space (2, F, (F;)) without reference to a probability measure.

LEMMA A.3. Let Z(0,x,w,t) be as of Theorem A.2. Then for an Fr,-
measurable random variable U (w1, wy) the process Z(T,(w2), U (w1, w2), w1, 1)
is:

(i) continuous in t for all (w1, wy),
(1) Fi-adapted on {T, <t}.

PROOF. The first assertion is a consequence of Theorem A.2(i). The second
one follows from the B([0, co] x R") ® P-measurability of Z (0, x, w1, t), as stated
in Theorem A.2(ii), and the fact that 7,, and U are F;-measurable on {7, <¢}. [

Here is our existence result for (A.1).

THEOREM A.4. There exists a cadlag F;-adapted process X and a proba-
bility measure P on (2, F) with P|g = P, such that X is a solution of (A.1) on
(@, F, (F),P).

PROOF. We follow the arguments in the proof of [21], Theorem 5.1, which is
based on [30], Theorem 3.6, and proceed in three steps.
Step 1. We start by solving (A.1) along every path w,. To this end, let us define

recursively: Aw;(0) = Aw,(00) =0, X(()O) =x,and forn > 1:

—1
" Z(Ty—1(@2). X3~ D@1, 02)
X (w1, 0) = + A (Ty—1), w1, 1), t €10, 00),
X0, t =00,
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where xq is any fixed point in D C R” and Z satisfies the properties of Theo-
rem A.2. By Lemma A.3, every X™ is continuous in ¢ for all (w1, wz) and F;-
adapted on {7, <t} since X(Tr’:ll)(a)l, w2) + Awy(T,—1) is Fr,-measurable. Thus,
the process

(A7) Xi(or, ) = Y X" (01, 01, =<1,

n>1
is cadlag F;-adapted and solves (A.1) on (21, G, (G;), Py) for ¢ € [0, Too(w2)) and
any fixed path w;.

Step 2. It remains to show that there exists a probability measure P such that
K (X;, d&) is the compensator of J and [P|g = IP; holds true. For this purpose, we
shall make use of [30], Theorem 3.6. Let us define the following random measure
v by

K(Xt?d%‘)dtv t<TOOa

Observe that v is predictable, since X; is cadlag and F;-adapted. Theorem 3.6
in [30] now implies that there exists a unique probability kernel P> from
to H, such that v is the compensator of the random measure u associated to the
jumps of J. On (2, F) we then define the probability measure P by P(dw) =
Py (dw1)P2 (w1, dwy) whose restriction to G is equal to P;.

Step 3. We finally show that X defined by (A.7) solves (A.1) on (2, F, (F;),P)
for all + > 0. Note that W(w) = W(w;) is an (2, F, (F;), P)-Brownian mo-
tion. This implies that Z(0,x,w,t) = Z(0, x, w1,t) is a solution of (A.2) on
(2, F, (F7), P), satisfying the properties of Theorem A.2. It thus remains to show
that To, = 0o P-a.s. Let i be the random measure associated with the jumps. As
x — K (x,R") is bounded, we have for all T > 0,

T
Ep[i([0, T1 x R")] = Ep[v([0, T] x R")] = Ep[/o K(X,, R")dt} <CT

for some constant C. This implies that ([0, T] x R") < oo a.s. forall 7 > 0 and
hence P[To < 00] =0 or equivalently 7o = 00 a.s. [J

A.3. Viability of jump-diffusions. Consider a nonempty closed convex set
D C R". We now provide sufficient conditions for the solution X in (A.7) to be
D-valued. This result is based on [13], Theorem 4.1. We recall the notion of the
normal cone

(A.8) Np(x)={ueR"|{u,y—x)>0,forall y e D}

of D at x € D, consisting of inward pointing vectors. See, for example, [28], Def-
inition I11.5.2.3, except for a change of the sign.
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THEOREM A.5. Assume that o also has a Lipschitz continuous derivative.
Suppose furthermore that

(A.9) x + supp(K (x,-)) € D,
(A.10) (o' (x),u) =0,
(A.11) <b(x) — %;Dai(x)ai(x),u> >0,

for all u € Np(x) and x € D, where o' denotes the ith column of o. Then, for
every initial point x € D, the process X defined in (A.7) is a D-valued solution of
(A.1).

PROOF. We have to show that X; =Y, Xt(")(a)l, o) l(r,_ <=7} € D as.
for all # > 0. We proceed by induction on n. Forn =1, X t(l) , 1s simply given by

t t
xD=x +/ b(xD)ds +f o (XM dwg.
0 0

Due to [13], Theorem 4.1, conditions (A.10) and (A.11) imply that for all ¢t > 0,
X,(I) € D a.s. Let us now assume that for all # > 0, X,("_l) € D a.s., thus in partic-
ular X (T: jll) = X1, ,— € Das. If T, = oo, then we immediately obtain

XM =X$"D+ AJp,_ =xo0€D.
Otherwise, let f € Cp(R", Ry) satisfy supp(f) € D°. Then,

E[f(X%:D + AJTn—l)] =E[f(X7,_,- + AJr, )]
=E[f FXr +§)K(X7nl_,ds>} o0,
R\ {0}

since by (A.9), X7, ,— + supp(K (X7, ,—,-)) € D as. and f(D) = 0. Hence,
f(X%:l) + AJg, ;) =0 as., implying that X(TZ;D + AJg, |, ¢ supp(f) as.
As this holds true for all f € Cp(R",Ry) with supp(f) € D¢, it follows that
X(TZ;D + AJr,_, € D as. Thus, again by [13], Theorem 4.1, and conditions (A.10)

and (A.11)
) _ (=1 ! !
Xy =X, +AJT, +/O b(X.E"))l{THss}dHfO o (X" 1z, <5) dW;

a.s. takes values in D, which proves the induction hypothesis. The definition of X
then yields the assertion. [
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APPENDIX B: AN APPROXIMATION LEMMA ON THE CONE OF
POSITIVE SEMIDEFINITE MATRICES

In this section, we deliver a differentiable variant of the Stone—Weierstrass the-
orem for C*°-functions on S;l". This approximation statement is essential for the
description of the generator of an affine semigroup, as is elaborated in Section 4.2.

We employ multi-index notation in the sequel. For n > 1, a multi-index is an
element o = (a1, ..., ;) € Njj having length || := o) + - - - + ;. The factorial is
defined by a! :=[]’_, o;!. The partial order < is understood componentwise, and
so are the elementary operations +, —. That is, & > B if and only if «; > B; for
i =1,...,n. Moreover, for « > 8, the multinomial coefficient is defined by

(Z) " (@ —a/;)!ﬂ!'

We define the monomial x* := []/_, x;",

%. Corresponding to a polynomial P(x) = )y <x dax®, we introduce the
X1 """Oxn -
differential operator P(9) := Y_|q| <k de %.

Let S = S(S;4) denote the locally convex space of rapidly decreasing C*°-
functions on Sy (see [46], Chapter 7), and define the space of rapidly decreasing

C®°-functions on S;' via the restriction

(B.1) Si={f=Flg:Fes)

and the differential operator 9% :=

Equipped with the increasing family of semi-norms

(B.2) pe+(f)i=  sup  [x®dPf()l,
xeST la+Bl<k

S becomes a locally convex vector space (see [46], Theorem 1.37).
For technical reasons, we also introduce for ¢ > 0 the semi-norms

Pre(f) = sup Ix*9B £ (x)|
XS] +B<c(0), la+B|<k

on C*(S4), where B<,(y) ={z € Sa | |z — y|| <r} denotes the closed ball with
radius » and center y. Note that py + = pi o. We first give an alternative description
of S+ .

LEMMA B.1. We have

Si={f=G |S; :G € C*(Sy) and Je > 0 such that py (G) < oo Vk > 0}.

PROOF. The inclusion C is trivial. Hence, we prove 2. So let f = G | st for
some G € C*(Sy) with pi (G) < oo for all k> 0 and some ¢ > 0.

We choose a standard mollifier p € CZ°(Sy) supported in B<,/>(0) and satisfy-
ing p >0, [ p = 1. For § > 0 we introduce the neighborhoods K := S; + B<5(0)
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of S:{. The convolution ¢ := p* 1 g, n € C°(Sy) of the indicator function for K, >

with p satisfies ¢ =1 on S;' and it vanishes outside K. Furthermore, all deriva-
tives of ¢ are bounded, since

9% ()] = ‘/K 9%y —x)dy‘ _ ‘/ 9% 0(2) dz
e/2

Kepp—x
5/ 8% (2)| dz < oo,
B<¢/2(0)

where the last estimate holds because supp p € B<¢/2(0).

Now we set F := G - ¢. By construction F € C*(Sy), F |S;r= f and F van-
ishes outside K., because ¢ does. What is left to show is that F € S. Since F
vanishes outside K, it is sufficient to deliver all estimates of its derivatives on K.

Leta, B € Nd(dH)/ 2 then we have by the Leibniz rule

il rw=x ¥ (B)@roun@cm)

0<y=<p Y
= 2. (ﬂ)(aﬂ_’so(x))(x“a"c(x)).
0<y=<pB Y

By assumption x* ¥ G is bounded on K., and (aﬂ_”go(x)) is bounded on all
of S4. Hence, by the last equation, we have sup,cg, 4+ g)<k*” 38 F(x)| < oo for
all k € Ny, which by definition means F € S.

LEMMA B.2. Letu € S;JF. Then for each ¢ > 0, and for all k > 0 we have
Pr.e(exp(—{(u, -))) < oo. In particular, we have

Ju :=exp(—(u, ))|53' €S;.
That is, f, = F, |Sj for some F, €S.

PROOF. Since u € SC}H, there exists a positive constant ¢ such that (u, x) >
cllx]||, for all x € Sj. Hence, we obtain by a straightforward calculation,
Pk.+(exp(—(u, -))) < oo, for all k > 0.

Next, let € > 0, and write x = y + z, where y € S;{ and z € B<.(0) and pick

d(d+1)/2

multi-indices &, B € N . Then we have by the binomial formula

X% 9B o= {u.x) =x%(— l)lﬁlﬁ
=(y+2)%— 1)|ﬂ| B p—(u,y+z)

S ( ) () (247 g~ (.2

0<y<a
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Now since z ranges in a compact set, and since pi 4 (exp(—(u,-))) < oo we
see that x?98 e~ must be bounded uniformly in x € Sj + B-.(0). Hence,
Dk.e(exp(—(u, -))) < oo, forall k > 0.

Together with Lemma B.1, this implies f, € S4. U

We are now prepared to deliver the following density result for the R-linear hull
Moof {fu =exp(—(u, )|gt.u € Sj "} in S

THEOREM B.3. M isdensein Sy.

PROOF. Denote by S’ = S'(Sy) and S/, the topological dual of S and Sy,
respectively. The former, S, is known as the space of tempered distributions. The
distributional action is denoted by (-, -) and (-, )4 for " and S, respectively.

Now suppose by contradiction, that M is not dense in S;. Then by [46],
Theorem 3.5, there exists some 71 € S/, \ {0} such that 71 =0 on M. Hence,
(T, fu)+ =0, for all u € SJJF. The restriction F +— F| st yields a continuous
linear embedding S < S.. Hence, the restriction T of 77 to S, given by

<T’ @) = <T17 (p|S;>+7 (pES(Sd)7

yields an element of " with supp(T') C Sj. Pick an F,, € S according to Lem-
ma B.2. By the definition of 7', we have (T, F,) = (Ty, f,)+ =0, forallu € S .
By the Bros—Epstein—Glaser theorem (see [42], Theorem IX.15), there exists a
function G € C(Sy;) with supp(G) C S;r, polynomially bounded [i.e., for suitable
constants C, N we have |G (x)| < C(1 + ||x|DV, forall x € Sj] and a real polyno-
mial P(x) such that P(d)G =T in S’. Hence, we obtain for any u € SC}H

0=(T, Fu) =(P(3)G, F,) =(G, P(=0) F,)

:[ G(x)P(—a)Fu(x)dsz(u)/ G(x)exp(—(u,x))dx.
St Si

But the last factor is just the Laplace transform of G. This implies G = 0, hence
T =0, which in turn implies that 77 vanishes on all of S, a contradiction. [
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