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Abstract. In this article we compute three corrected score statistic versions:
the Bartlett-type correction and the monotone corrected score statistics pro-
posed by Kakizawa [Biometrika 83 (1996) 923-927] and Cordeiro, Ferrari
and Cysneiros [J. Stat. Comput. Simul. 62 (1998) 123—-136]. These corrected
statistics are used to test the null hypothesis concerning some parameter of
interest of an ARMA model, assumed to be Gaussian, stationary and invert-
ible. We also consider the situations where nuisance parameters are present.
The formulas are written in matrix form, appropriate for the use of symbolic
or numerical languages. Some simulation results are also presented for the
AR(1), MA(1) and ARMAC(1, 1) models.

1 Introduction

After the advances obtained in correcting the likelihood ratio statistic (LR) using
the Bartlett correction factor, Harris (1985) showed that a multiplicative transfor-
mation that corrects Rao’s score test statistic (which we will denote by ) does not
exist, but he obtained a transformation for the critical value from the reference dis-
tribution for a fixed nominal value that works [see also Lawley (1956)]. The same
conclusion was shown in Harris (1987), Cox (1988) and Barndorff-Nielsen (1990).
Proposals to solve the problem were suggested at about the same time by Chandra
and Mukerjee (1991) and Cordeiro and Ferrari (1991) for the case of indepen-
dent identically distributed (i.i.d.) random variables, and Taniguchi (1991) for the
case where the observation are not independent. Cordeiro and Ferrari (1991) have
shown the existence of a correction factor (called Bartlett-type correction factor)
such that the corrected statistic, Sp, obtained through the multiplication of S by a
second degree polynomial in S, has a st distribution, up to order n~! under the
null hypothesis.

Some important references about the corrections of the statistic S and its proper-
ties are given in Cribari-Neto and Cordeiro (1996). An extension of the correction
obtained by Cordeiro and Ferrari (1991) was given by Kakizawa (1997). The ana-
lytical disadvantage of this type of correction is that it is not monotone, that is, if S
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increases this does not imply that Sp increases, and this has motivated works that
try to eliminate this unpleasant characteristic. Kakizawa (1996), assuming (under
the null hypothesis) that the distribution function of S has an asymptotic expan-
sion in terms of the chi-square distribution, found a monotone transformation that
has a chi-square distribution up to order n %, k being the number of terms in the
expansion. He applied this technique to a special case of the Hotelling T2 statis-
tic and through a simulation study concluded that the transformation works well.
In the same direction, Cordeiro, Ferrari and Cysneiros (1998) proposed another
monotone transformation. The three statistics are asymptotically equivalent to or-
der n=!, where n is the sample size.

In the same direction Fujikoshi (2000) proposed another monotone transforma-
tion such that the first two moments of the transformed statistic coincide with those
of a chi-square distribution with s degrees of freedom up to order O (n~!), different
in principle from the Bartlett correction, which requires only that the first moment
coincides with that of a chi-square distribution with s degrees of freedom up to
order O(n~!). He has shown through a simulation study that the transformation
performed better than the usual Bartlet correction.

Concerning the power of S, there are many studies since Rao (1973) that dealt
with the alternative LR and Wald (W) statistics. In general terms, the power of
the statistic depends on the proposed model and the problem considered [Peers
(1971); Harris and Peers (1980)]. Numerical results via simulation were obtained
by Sutradhar and Bartlett (1993) and for a non-i.i.d. case the same results were
obtained by Taniguchi (1991).

On the other hand the different corrected score statistic entertained by Chandra
and Mukerjee (1991), Cordeiro and Ferrari (1991) and Taniguchi (1991) have a
null asymptotic distribution equal to a central chi-square distribution up to second
order, but not under the alternative hypothesis, specifically under a sequence of
Pitman alternatives H, which converge to the null hypothesis at the rate n~!/2,
Rao and Mukerjee (1997), dealing with the case not necessarily i.i.d., defined a
larger class of statistics than that considered by Taniguchi (1991), and compared
the several Bartlett-type corrected score statistics with different power criteria. An
study of second-order power for the LR, W and § statistics considering the first-
order autorregressive and moving average models was developed in Lagos and
Morettin (2004).

In this paper we compute three corrected score statistics, proposed by Cordeiro
and Ferrari (1991), Kakizawa (1996) and Cordeiro, Ferrari and Cysneiros (1998),
including nuisance parameters. In Section 2 we give a matrix formula for the cal-
culations of the coefficients of the second-degree polynomial which defines the
correction factor for S and introduce the monotone corrected statistics suggested
by Kakizawa (1996) and Cordeiro, Ferrari and Cysneiros (1998). In Section 3 we
derive the results for the models AR(1), MA(1) and ARMA(1, 1), assumed to be
Gaussian, with and without nuisance parameters. In Section 4 we present some
simulation results and conclude the work in Section 5.



436 B. M. Lagos, P. A. Morettin and L. P. Barroso
2 Bartlett-type factor in matrix form

Consider a time series {Y;,r =0, 1, ...} following a model of the ARMA (au-
toregressive moving average) family, namely,

(1—¢1B—---—¢,B")Y,=(1—6B—---—6,B)a,, 2.1)

where BXY, = Y,_; and the a,’s are elements of a sequence of Gaussian non-
correlated random variables, with zero mean and variance o2 > 0. Moreover, the
polynomials in z € C

$()=1—¢1z—---—¢pz?,

0(z)=1—01z— - —6,z°
have their (noncommon) roots outside the unit circle (|z| > 1). This means that we
have a stationary and invertible model [see Box, Jenkins and Reinsel (1994), for

details]. The general problem is to test hypotheses about the parameters of interest,
for example

0 0
H:B =B vs A:8,#8, 2.2)
where 8, = (B, ..., Bs) T is an s-dimensional vector of parameters of interest and
the remaining parameters 8, = (Bs41,...,8,) | are considered fixed or nuisance

and ﬂ§0) is a specified vector. Here the vector 8 = (8;,...,8,) " include all the
parameters ¢;’s, 6;’s and o2
The total log-likelihood /() is given by

1(B) = —%{n log(27) +log(IZ) + Y =71y}, (2.3)

where Y = (¥},...,Y,)" and ¥ depends on the vector B8 = (ﬂl,...,,Br)T.
The partition of the vector of parameters induces the same partition in the
score vector U (), the Fisher information matrix, K = K (), its inverse K1,
and the matrices A and M defined below. So we have U (8) = (UlT(ﬂl, B,

Uy (B1. BT,

K K K!l K" 0 0

K:( ! ‘2), K‘lz( o 22), A:( _1) (2.4)
Ky K» K K 0 K,

with M=K~! — A, and 1(2_21 is the asymptotic covariance matrix of ﬁz and we

suppose that the matrix K is positive definite. It follows that the score statistics S
is defined by

s=0U/K"0,, (2.5)

where K!! is the asymptotic covariance matrix of ,ii 1, obtained from (2.4), and the
notation ~ is used to indicate functions evaluated at the magcrimum likelihood esti-
mates, under the null hypothesis, in this case, f = (8 (10)T, B, ). For large samples
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and regularity conditions being satisfied, S has asymptotically a st distribution un-
der H. We use the following notation for the derivatives of the log-likelihood with
respect to the components of 8,

’1(B)
Biy -+ B,
for the mixed cumulants of the log-likelihood «;; = E(Ujj), kijk = EUjjk),
kijk = EWU;ijUp), ki jx = EWU;UjUp), ki jir = E(UiUjUp) and ki j g, =
EU;U;UU,).

The expressions that determine the coefficients involved in the Edgeworth ex-
pansion of the null distribution of S, given by Harris (1985), and that define the
corrected statistic Sp proposed by Cordeiro and Ferrari (1991), are given by

Uiy = ije{l,....r}andd €{1,...,4},

Ay =3 (kijk + 2k ji) (Krst + 2Krs,1)aijasimrk
— 6 (kijk + 2Ki jK)Kr5,10ijAr Mgy 06
+6 Z /(Ki,jk - Ki,j,k)(Krst + 2Krs,t)ajsaktmir
-6 Z "(ki,j ko + Ki jodor)akrmij,

/ /
Ay =-3 Z Ki, j kKr,s,tQkrMijMsy + 62 (Kijk + 2K, jk)Kr,s,1 @i jMpr Mt

2.7
-6 Z/Ki,j,kKr,s,taktmirmjs +3 Z/Ki,j,k,rmijmkr @7
and
A3=3 Z /Ki,j,kKr,s,tmijmkrmst +2 Z/Ki,j,k’(r,s,tmirmjsmkta (2.8)
where }_" denotes summation over suffices taking the range 1,...,r, a;;’s and

m;;’s are the (i, j) elements of the matrices A and M, respectively, given in (2.4).
In this way the corrected score statistics is determined by

Sg=S{1—(c+bS+aS?}, (2.9)

where the factor that multiplies S is a Bartlett-type correction, as a function of the
statistic itself and of the coefficients a, b and ¢, which are of order n~! and given
by
Az Ay —2A3 Al — Ay + A3
a= s =, C=——"—"-".
12s(s +2)(s + 4) 12s(s +2) 12s

(2.10)

The corrected statistic Sp has the property that it is distributed according to a st
when terms of order less than n~! are neglected. In the case that the computation
of the A’s involve unknown parameters, estimates are given by A = A(B), B being
a consistent estimator for 8, under H (e.g., the maximum likelihood estimator)
and this does not affect the order of approximation, O (n=3/2).
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However, the improved statistic Sp is not always a monotone transformation. To
overcome this, Kakizawa (1996) suggested a monotone transformation involving
the score statistic and the coefficient a, b and c, given by

1 4 9
Sk = Sp + Z{czs +2bcS? + <2ac + 5172)53 +3abS* + §a255}. (2.11)

Cordeiro, Ferrari and Cysneiros (1998) proposed an alternative expression for
the improved score statistic which is a monotone transformation of S. It is ex-
pressed in terms of the normal distribution function ®(-), given by

b? 2 2
Sc = /1exp<——c) o(V6as+ —b)— o [=b (2.12)
3a 3a 3a 3a
if @ > 0 and by

Sc = %exp(—c}{l —exp(—2b9)} (2.13)

if a =0 and b # 0 (a is always nonnegative). If a = b = 0, Sp is a monotone
transformation of S and S¢ = Sp.
The model ARMA(p, q) considered in (2.1) has a spectral density fg(1) given
by
o2 (1= X9_, 0;el P

A)=— — —T<A<T;
f,B( ) o7 |1_Z§7:1¢jez])\|2

see Brockwell and Davis (1991). Consider the following functions, needed for
computing the cumulants:

e 3 fa(n) g —1
1°ld _ .. — flld
fg )= TSI hiy.ig() = fg ) fg ),
3¢ log fp(M) .
u,-l._.idm:aﬁf—.’gm ije{l,....randd e{l,....4),

hi j(A) =hi(M)hj(D), hi jk(A) = h; (AM)hjp(A), etc.,
Ui i) =Ui (MU (L), Ui, jkA) =U (MU (M), etc.
Consider also the integrals of the functions ¢/ (A)’s and &(A)’s given by

I = _/ﬂ U dr=1U.), 1= /n h.(A)dr=Z(h.).

To operate with the integrals I and 7 as functions of U{’s and &’s, respectively, we
shall use the notation
L =1 ), L =1U;;), L jx=1U ji),
L jx = XU jr), Lijr = 1U;ji), etc.,
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i j =1(h;; ), Zij =1(hij), Lijk =2 i),
Tijk =Z(hi jk), Tijk=2Z(hi i), etc.

The solution of the integrals I and Z is carried out by tranforming the spectral
density of an ARMA(p, g) model, fg(4), as follows:

215 11 =8

o —

i) =— 4_1 d L —T <A<,
277Hj:1|1_:0jel |

where T = (p1, ..., pp,81,..., 8¢, 02)T and the pi’s, 8;’s denote the noncommon
roots of the characteristic polynomials ¢ (-) and 6(-) respectively, which may be
complex. We consider the case of real roots in what follows.

An approach exact for the geometry of AR(1) models were considered by van
Garderen (1999), suggesting how to compute the cumulants geometrically, which
in turn allows to compute the Bartlett correction factor exactly for AR(p) mod-
els.

To write the Bartlett-type correction factor in matrix form we proceed as in
Cordeiro and Ferrari (1991). First we simplify some terms involved in the co-
efficients A; and A, given in (2.6) and (2.7), respectively, using the cumulants
approximated in terms of the integrals I’s provided in Lagos and Morettin (2004).
The remaining elements are written using the “exact” cumulants «’s (although in
the special models we use the approximations). For «;jx + 2k; jk, Ki jk — Ki, j ks
Ki,j k1 — Ki, j ki, we have

1
Kijk + 2K jk = Sijk ~ E(Ii,jk —Lijx =L — ki),
1
Kijk — Ki,j.k = &ijk ~ E(Ii,jk —31L; j k) (2.14)

1
Ki,jk, +Ki jkl = Wijki ¥ E(zli,j,k,l + 1L jr).

With these coefficients we can write (2.6), (2.7) and (2.8) as follows: A; = A +
A1+ A3+ Ay, Ay = Agy + Axp + Aoz + Aog and A3 = A3; + A3p, where

A =3 Z/5ijk5kszaijaszmkr, Ap = —62'5ijk/<r,s,taijakrmsz,

Az = 6Z/§ijk5rstajsaktmir» Ajy=—6 Z’wijkrakrmij,

Ay =-3 Z/Ki,j,k/(r,s,takrmijmsta Apn =6 Z/Sijk/(r,s,taijmkrmst, (2.15)
Ay = —6Z/Ki,j,kKr,s,zaktmirmjs, Ay =3 Z/Ki,j,k,rmijmkrs

’ ’
A3 =3 Z Ki,j kKrs,tTijMjrMgt, Azp =2 Z Ki, jkKr,s,tTirM jsNkt,
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with }"" is given as in the expression (2.8). Now writing the following matrices:
NO = (ks K7 =ijur).  AY =0,
D=6y, EP=@Ep. 2D = ().
= (r(AAP) r(ART)), T2 = (r(AAD) tr(MND)),
= (rfAEPMAD)),  Tr'* = (r(AQ)),
= (r(MN®) e(MNT)),  Tr? = (r(AAD) tr(MNT)),
= (r((MNOMN®DY)),  Tr* = (r(MK ")),

where tr(A) denotes the trace of A and the matrices A® and K(i) differ in the
fixed index. Then we can write the coefficients A;;’s as follows:

Ay =3tr(MTr!h, Al = —6tr(ATr!?),

A1z =6tr(ATr), Aps = —6tr(MTr'%),

As = —3tr(AT?)), A = 6tr(MTr??), Ary = —6tr(AT?),

Aog = 3tr(MTr?%), Az = 3tr(MTr?h), Azp = 2tr(MTr?).

Finally, for the coefficients A1, A and A3z, we have

A =3uM[Tr'! = 2Tr!'*) — 6 tr(A[Tr'? — Tr'3)),
Ay = —3tr(A{Tr* +2Tr3} — M{2Tr?? + Tr?*)), (2.16)
Az = tr(M{3Tr?! + 2Tr?3)).

These coefficients are evaluated at the maximum likelihood estimates restricted to
the null hypothesis. Then, the coefficients given in (2.9) are computed in order to
obtain the corrected statistic Sg given in (2.9).

Moreover, we use the rejection rate via simulation to compare the performances
of the three corrected score statistics, Sp, Sk, Sc and its original form. We can
also compare the power functions of the tests, under a sequence of contiguous
alternatives.

3 Applications

In order to illustrate in detail the computation of the Bartlett-type correction factor
in matrix form, we consider an AR(1) model, given in (2.1) with p =1 and ¢ = 0.
The problem is to test Hy :¢ = »© against A:¢ # »©, when o2 is considered
as a nuisance parameter. Note that the vector of parameters in question is f =
(¢,0>) ", with |¢] < 1, B1 = ¢ and B, = o'. To obtain the matrices in this special
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case the software MAPLE V [Abell and Braselton (1994)] was used. The matrices
reduce to

1
- O 5
_ | 192 —1_(1—¢ 0>
K= 1 ’ K= 0 204 )
o
5 20
M:(1_¢ O), A:(O 04),
0 0 0 20
49 1
A | d=¢* o0 -9¢?)
1 ’
S o2(1-¢?) 0
1
IO s 0),
0 0
8¢ 3
=) _ (1—¢?)? o2(1 —¢?)
= — ; ,
S o2(1-¢?) 0
oy
=@ _ | o*(1—¢?
g 5 |
0 b
2(7 + 17¢2) 12¢
b _ [ d=9¢5% o2(1-9¢?2
12¢ 2 ’
o2(1—-¢2)?  o*(1—¢?)
14¢ 4
(12 _ 02(14—¢2)2 o2(1 —¢?) _ @@,
o2(1—¢?)
4 . 66 2
e _ | o*(1—¢?) NO | =997 o*(1-9¢?)
1] 2 ’
0 o8 o2(1—¢?)
_ 2z
N _ | o2 —¢?)
1
0 5
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With these we get

el — (0 0) T2 =2,

0 0
6
Tr® = 1 - ¢2 0) ,
0 0
4 0
14 1 — ¢?
Tr'4 = 5 |-
0
3692 12¢
! = (1 IZ?&Z)Z a _fz)az =Tr> and
(1—¢?)o? ot
6(3 + 7¢°) 18¢
u_| A=9¢2?2 (1—¢?>o?
T = 18¢ 6
(1 —¢>o? ot

From these computed matrices we obtain the coefficients A, A and A3 given
in the expressions (2.16), and the coefficients a, b and ¢ given by the expres-
sions (2.10)

24 _18(11¢% — 1) 18097
M BT ™ AT
and
@? 1 +9¢2 1
a=————, = -5, C=——.
n(l—¢?) 2n(1 - ¢?) 2n

Then, the corrected score statistic becomes

B 1/ 1 1+49¢? >
53_3{17(_5_2<1—¢2>S+1—¢23)}’

from which we notice that the correction does not depend of the nuisance param-
eter o2, evaluating Sp, Sx and S¢ for ¢ = ¢(0).

A summary of the cases considered, for which the correction factor was cal-
culated is given in Table 1. The results for a moving average model of order 1,
MAC(1), are the same as for the AR(1) case. The elements of the matrices become
complicated as the number of parameters increases. One example is the case of
an ARMA(1, 1) model, where we want to test the hypothesis H : ¢ = ¢© against
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Table 1  Bartlett-type correction factor

Parameter A’s Coefficients of the polynomial in §
Model Interest Nuisance Aj Ay Az a b c
12¢ 180¢° ¢*  _9(@*+30¢—1) $(@’+15¢—1)
AR(1) ¢orf none 0 o n(lﬂgz) n(lffz) 3n(172¢z) n(l,g,z)
o2 none 0 — 360 6,;7 24,? % —73% 5%
2 _24 18(11¢2-1) _180¢> ¢? __1+49¢? _1
MAM) ¢ord o nTa(=gD) n(—¢D) (=97 2n(1=¢?) 2n
2 _6 V) 40 2 1 11
o ¢ n n n 9n 9n 6n

A:p# ¢(O), the vector of nuisance parameters being (0, az)T. We get for the co-
efficients A’s, a, b and c:
p 24(4%0% — 24 2¢60 — $?)
' n(¢6 — 1)2 ’
s 18(1 + % — 290 4+ 22¢30 — 119262 + ¢p*6% — 12¢%)
2T n(l —¢2) (@0 — 1)? ’
_ 180¢%(—2¢0 + 2¢% +6%)
T n(l=¢2) (o — 12
e PH(—2¢0 + ¢p* +62)
T n(l— ¢ (@0 — 12
1+ ¢? —2¢0 — 18¢360 + 99%60% + ¢*02 + 8¢*
2n(1 — ¢?)(p8 — 1)2 ’
_ $%0% +2¢7 4+ 296 — 5
N 2n(p0 — 1)2

b=

We observe that this correction also does not depend of the nuisance parameter o2,
a situation that was also noticed for the corrections for the likelihood ratio statistic
[Lagos and Morettin (2004)].

4 A simulation study

We first set down some formulas which are useful for the developments of the
simulations, having a completely specified model. In the simple AR(1) case the
formula for the S statistics is specified. For the other cases this is too complicated,
due to the difficulty in obtaining the score function and the Fisher information
matrix of the vector of parameters f in closed form.



444 B. M. Lagos, P. A. Morettin and L. P. Barroso

4.1 Autoregressive model of order one

Let us remember that the first-order autoregressive model, AR(1), is given by ¥; —
¢Y;_1 =as, where |¢| < 1 and {a;} is a sequence of normal random variables with
mean zero and variance o2 (>0). The log-likelihood is given by

l(p,0 |Y) ——loana —I-%log(l—(b)
4.1)

——[(1—¢ )Y} +Z(Y —¢Y;- 1)}

j=2

Notice that the vector of parameters is 8 = (¢, 0%) . We consider two tests,
H:¢ = ¢ against A:¢ # ¢© with o2 as a nuisance parameter and H : 0% =
o D2 against A: 02 # 02 with ¢ as a nuisance parameter.

Considering the total score function U (), partitioned in the same form as f,
that is, U(¢, 0%) = (U(¢,0?), Us(¢, )T, taking the expected value of the
Hessian matrix of the /(¢, 02|Y), we derive the total Fisher information matrix

for B and its inverse,
1 [1+¢°
(+_¢ n— 2) ¢

Ko | 1-02\1-¢2 o2(1—¢?)
¢ n ’
o2(1—¢?) 204
n ¢
S N o2(1—¢?)
K| ¢ 1 1+ ¢ ’
Tl 1— Y 1—¢2<1—¢2+"_2)

where the determinant of K is

n(l+ ¢2) n(n —2) >
2041 —¢2)2 " 204(1—¢2)  o*(1— )2’

K| =

For the computation of the score statistic S in (2.5) we need the matrices K'!, if
the interest is the parameter ¢, evaluated at /3 (»©, 52) and K22, if the interest
is the parameter o2, evaluated at B=(p,o0?), resulting in
1— 2\2
K!l=— n( ) and

n—n?+2¢? —3n¢p? + n¢?

20%(1 =3¢ —n +n¢?)
n—n?+2¢% —3np? +n2¢p?
We also observe that if the sample size is small or moderate the term 20% (1—¢?) yl2

in the log-likelihood (4.1) cannot be neglected, as is the case when the sample size
is large, a fact that is assumed often in the literature.

K22 —
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The score functions are

¢
1—¢>2
n 1—¢2

Ur=Ua($,0h) ==+ ¥+ 4Z(yj dyj-1)°.

=Uj(p,0%) =—

2y1+ ZZyj 1y —dyj-1),

Therefore, if the interest is to test H : ¢ = ¢©, the score statistic S given by (2.5)
results
(0952 — Oy + D3y — K1+ K1902)%n

Y= T T 30902 a1 2607 1 1290058

WlthKl—Zyjl ¢() _1)
j=2

If the interest is to test Hy 102 = o 02

_ (0% =37 +yid* — K2)*(1 =3¢ —n +ng?)
20 04 (n — 3np? — n2 + n2¢2 + 242)

n
with K2 = "(y; — dy;—1)".
j=2

The numerical results are shown in the Tables 2, 3 and 4 for some fixed parame-
ters.

4.2 Moving average model of order one

For the model MA(1), Y; = a; — 6a,—1, where |0| < 1 and {a;} is a sequence
of independent normal random variables, with mean zero and variance o2 >
0, the log-likelihood function is given in (2.3), where V = V(8) is a matrix
such that ¥ = o2V. The procedure used to write /(8) in a convenient way
for the maximization procedure is the prediction error decomposition form,
given in Brockwell and Davis (1991). The matrix of autocovariances X of
the vector Y following a MA(1) model is a definite positive matrix (Toeplitz
type), given by X = o2V where V = (Uij)?,jzl with v;; = 1 + 62, vij = —0,
for [i — jl=1and v;; =0, for |i — j| > 1, fori,j =1,...,n, and T! =
o ~2V~!, where V™! has a typical element computed from Galbraith and Gal-
braith (1974).

We consider two tests, H:0 = 0 against A:0 # 0© with o% as a nuisance
parameter and H : 02 = 0?2 against A:02 # 0 ©? with 6 as a nuisance parame-
ter.
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Table 2  Estimated rejection rates for S, Sg, Sk, Sc, AR(1) model, ¢ is the interest, o2 =1isthe

nuisance
n=20 n=30 n=40 n=>50

¢(0) a—> 10% 5% 25% 1% 10% 5% 2.5% 1% 10% 5% 2.5% 1% 10% 5% 2.5% 1%
-09 S 6.44 470 3.46 2.39 6.61 4.82 3.63 227 6.94 477 3.45 230 6.85 4.67 3.34 2.21
Sp 8.79 6.25 4.62 2.67 8.44 548 343 0.00 8.41 5.17 3.07 0.00 8.24 4.66 2.52 0.00
Sk 14.02 10.30 9.07 7.55 12.58 9.38 7.61 5.87 11.96 8.45 6.94 3.11 11.40 7.76 6.11 2.45
Sc 18.45 13.05 10.72 9.58 15.19 10.60 8.95 7.21 13.57 9.34 7.71 5.51 12.51 8.39 6.62 0.00
-0.6 S 6.57 3.74 225 125 7.54 4.04 241 133 7.89 3.82 2.27 1.20 8.65 4.17 2.50 1.40
Sp 9.25 473 242 0.00 9.56 4.54 2.50 0.00 9.65 4.46 2.15 0.00 10.01 5.00 2.41 0.00
Sg  10.05 5.64 3.51 0.61 10.20 5.16 3.27 0.51 10.09 4.93 2.68 0.98 10.30 5.39 2.87 1.15
Sc 1027 5.81 3.66 1.21 10.31 5.24 3.31 1.16 10.15 5.06 2.70 1.06 10.36 5.46 2.87 1.23
-03 S 8.14 3.58 1.76 0.76 8.71 3.76 1.82 0.74 9.15 444 2.02 0.84 8.63 4.33 2.09 0.80
Sp 9.90 5.10 2.48 1.19 9.97 4.69 241 1.00 10.09 523 2.58 1.06 9.40 4.78 2.41 0.95
Sk 10.00 5.12 2.55 1.19 9.99 4.71 243 1.00 10.11 5.24 2.60 1.06 9.41 4.78 2.41 0.95
Sc 10.08 5.17 2.61 1.21 10.05 4.76 2.47 1.01 10.11 524 2.62 1.06 9.42 4.81 2.41 0.95
00 S 822 3.56 1.39 0.39 893 4.19 2.07 0.81 9.13 434 1.90 0.70 9.28 4.39 2.02 0.74
Sp 9.65 4.81 2.28 0.88 10.04 5.02 2.69 1.16 9.90 5.09 2.57 096 9.86 4.88 2.51 0.97
Sk 9.70 4.84 2.31 092 10.04 5.04 2.70 1.18 9.91 5.10 2.58 0.97 9.87 4.89 2.51 0.97
Sc 9.76 4.88 2.36 0.95 10.05 5.07 2.73 1.22 992 5.11 2.59 099 9.88 490 2.53 0.98
03 S 8.32 3.72 1.70 0.57 891 4.00 1.95 0.82 9.08 4.50 2.08 0.79 9.23 4.31 1.98 0.76
Sp 1029 5.14 2.54 1.04 10.29 5.20 2.56 1.14 10.17 5.28 2.54 1.01 9.92 4.99 2.34 0.85
Sg 1035 5.16 2.57 1.05 10.30 5.23 2.58 1.15 10.19 5.32 2.55 1.02 9.93 4.99 2.35 0.86
Sc 1046 525 2.59 1.08 10.36 5.25 2.60 1.18 10.21 5.33 2.55 1.03 9.93 4.99 2.35 0.86
0.6 S 7.01 3.65 2.29 1.28 7.77 3.99 228 1.27 7.93 3.84 2.11 1.11 8.62 424 245 1.26
Sp 9.85 5.04 2.46 0.00 9.55 491 240 0.00 9.72 4.66 2.11 0.00 10.31 4.85 2.38 0.00
Sg 1070 595 3.40 0.61 10.01 5.44 3.09 0.41 10.08 5.03 2.61 0.81 10.60 5.16 2.77 1.04
Sc 1092 6.17 3.54 1.21 10.18 5.48 3.12 1.09 10.18 5.15 2.69 1.01 10.63 5.16 2.77 1.13
09 S 6.61 4.75 3.53 243 6.48 4.63 3.36 2.23 6.62 4.82 342 238 6.98 4.70 3.53 2.50
Sg 9.14 6.52 4.82 281 838 5.51 356 0.00 8.11 473 2.80 0.00 8.44 4.81 2.30 0.00
Sg 1443 10.69 9.34 7.74 12.31 9.18 7.55 5.79 11.74 8.16 6.57 3.13 11.88 8.16 6.10 2.63
Sc 18.43 13.33 11.07 9.79 14.41 10.36 8.75 7.20 12.99 9.02 7.35 5.45 13.10 8.89 6.69 0.00

To write an appropriate expression for the score statistic, the score vector and
the Fisher information matrix are written in matrix form. For the first derivative
of the autocovariance matrix with respect to 6, Xy, we have Xy = 02V, where
Vy is the derivative of V with respect to 6 and the first derivative with respect
to o2 is Y ,2 = V. With the purpose of simplifying the calculations, we define
¥y =3X¢X ! and Vy = Vo VL. The score vector has elements

R N Qe S v
U1(9,O‘)=—|:—2Y A% VgY—tI’(Vg)] and
2lo
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Us(0,0%) = E[—4YTV_1Y—
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Table 3  Estimated rejection rates for S, Sg, Sk, Sc, AR(1) model, o2 =1 is the interest, ¢ is the
nuisance

n=20 n =30 n=40 n=>50
] a—> 10% 5% 25% 1% 10% 5% 2.5% 1% 10% 5% 2.5% 1% 10% 5% 2.5% 1%

-09 § 9.25 436 239 1.16 994 472 240 120 9.43 4.67 2.34 1.13 10.06 4.74 2.46 1.14
Sp 1043 5.12 272 1.02 10.78 5.47 2.83 1.27 10.15 5.16 2.67 1.12 10.58 5.20 2.69 1.21
Sx 10.61 532 296 1.36 10.84 5.56 2.89 1.34 10.19 520 2.74 1.18 10.60 5.21 2.70 1.22
Sc 10.65 539 299 1.36 10.84 5.59 2.89 1.35 10.20 520 2.74 1.18 10.60 5.21 2.70 1.23

—-0.6 S 820 3.51 1.63 0.85 8.80 4.19 2.06 0.99 9.01 4.54 235 1.24 9.63 4.68 2.46 1.14
Sp 926 447 205078 9.62 4.82 238 0.99 9.55 497 2.64 125 10.14 5.13 2.76 1.17
Sk 938 4.64 221 096 9.72 489 248 1.11 9.61 5.02 2.69 1.30 10.15 5.14 2.77 1.20
Sc 950 4.68 223097 9.73 491 249 1.11 9.62 5.03 2.71 1.30 10.16 5.14 2.77 1.20

-03 S 8.05 3.57 1.76 0.85 8.46 4.02 2.05 0.97 9.17 425 1.93 0.88 9.25 4.43 2.23 0.99
Sp 921 441 229 086 9.25 4.61 231 097 9.80 4.75 2.37 092 9.88 4.88 2.53 1.05
Sk 934 455 242 1.07 930 4.66 236 1.07 9.81 477 240 097 9.89 491 255 1.08
Sc 939 458 246 1.09 933 4.66 236 1.07 9.85 4.79 2.41 097 9.93 493 2.55 1.08

00§ 8.84 398 191 1.01 872 4.06 2.06 1.04 9.20 443 249 1.19 9.78 472 2.38 1.02
Sp 995 492 240 095 947 4.62 236 1.07 9.88 5.01 2.69 1.27 10.29 5.27 2.66 1.08
Sx 10.07 5.07 254 1.13 9.53 4.69 243 1.18 9.88 5.04 2.72 1.33 10.30 5.30 2.68 1.10
Sc 10.12 5.08 2.56 1.15 9.55 4.73 2.44 1.18 9.89 5.06 2.72 1.33 10.30 5.30 2.68 1.10

03§ 851 4.18 2.13 1.09 8.72 4.09 1.93 0.99 9.60 4.48 2.03 098 9.51 4.57 2.15 0.95
Sp 975 494 244 100 9.55 4.64 226 092 10.29 5.00 2.36 0.98 9.89 5.13 2.43 1.01
Sk 994 517 269 132 9.68 4.77 2.37 1.08 10.33 5.06 2.41 1.05 9.89 5.14 2.44 1.03
Sc 999 521 271 133 9.68 4.79 237 1.09 1035 5.08 2.41 1.05 9.89 5.14 2.44 1.03

06 S 8.43 3.85 191 0.89 8.27 3.81 1.86 0.78 9.24 438 221 1.01 9.52 4.66 2.17 091
Sp 9.76 487 228 083 9.02 4.55 2.17 0.83 9.73 493 2.51 1.02 10.12 5.16 2.50 0.97
Sk 991 5.03 250 1.10 9.10 4.60 223 093 9.76 5.00 2.57 1.08 10.13 5.17 2.50 0.98
Sc 994 507 253 1.13 9.12 4.62 223 094 9.77 501 2.58 1.09 10.15 5.18 2.51 0.98

09 § 9.11 430 218 1.22 927 4.12 2.02 091 9.72 487 2.25 1.03 9.76 4.63 2.46 1.11
Sp 10.16 5.10 2.46 1.04 10.23 4.93 2.39 0.87 10.34 543 2.73 1.05 10.17 5.07 2.71 1.11
Sk 1040 536 2.74 1.45 10.23 5.03 2.50 0.99 10.40 5.48 2.80 1.11 10.23 5.09 2.74 1.15
Sc 1044 538 276 1.47 10.24 5.04 2.51 0.99 10.40 5.51 2.80 1.11 10.23 5.09 2.75 1.15

The Fisher information matrix is given by

— — (Vv
L (eEzy T
— - o
2| tr(Vyp) n ’
o2 ot
and its inverse is
n tr(Vy) o _
1 254 ) tr(TpXTp) — (tr(Vp))?
K'!l=_ 20" 20 ’ with |K|:” 1(XgXp) 4(r( 0)) ‘
K| tr(Vg) — — 4o
— tr(XgXg)
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Table 4 Estimated power (%) for S, Sg, Sk and Sc, AR(1) model, ¢(0) = —0.3 is the interest,

o2 =1 fixed

$(

¢(1)

—0.6

00 03

0.6

0.9

—-0.9

—0.6

00 03

0.6

0.9

20
S 93.19
Sg 57.16
Sk 93.94
Sc 93.96

S 8731
Sp 48.29
Sk 89.08
Sc 89.14

30
S 98.19
S 36.61
Sk 98.41
Sc 98.41

S 9594
Sg 31.80
Sk 96.38
S 96.40

40
S 99.47
Sp 2247
Sk 99.53
Sc 99.53

S 98.83
Sg 19.78
Sk 98.98
Sc 98.98

45.76
48.12
48.48
48.52

27.17
31.08
31.54
31.71

59.14
60.64
61.21
61.24

40.09
42.76
43.66
43.73

69.78
69.82
71.01
71.01

52.47
53.21
54.81
54.84

a=10%
24.48 170.44
29.26 74.69
29.38 74.80
29.50 74.96

a=25%
3.56 28.98
6.62 40.50
6.76 40.86
6.94 41.37

a=10%
37.79 89.19
41.06 90.44
41.15 90.46
41.19 90.49

a=25%
10.82 62.45
14.81 69.15
14.89 69.29
14.94 69.44

a=10%
50.25 96.23
52.69 96.66
52.70 96.68
52.75 96.69

a=25%
19.05 83.48
22.95 86.39
23.05 86.47
23.09 86.52

95.43
96.26
96.40
96.43

77.54
84.97
85.14
85.33

99.61
99.66
99.66
99.66

96.63
97.49
97.51
97.52

99.90
99.95
99.95
99.95

99.63
99.68
99.68
99.68

99.73
99.79
99.79
99.80

97.73
98.74
98.77
98.80

99.98
99.99
99.99
99.99

99.94
99.96
99.96
99.96

100.00
100.00
100.00
100.00

100.00
100.00
100.00
100.00

90.49
53.05
91.68
91.71

83.01
41.34
85.45
85.56

97.11
34.25
97.44
97.46

94.11
27.93
94.90
94.90

99.21
21.13
99.25
99.25

98.19
17.51
98.43
98.43

35.53
38.84
39.28
39.44

18.37
22.04
22.78
22.92

49.49
51.51
52.24
52.37

30.43
32.82
33.89
34.04

60.87
61.43
62.81
62.81

41.71
42.83
44.67
44.74

oa=5%
10.64 50.60
15.59 59.20
15.73 59.45
15.92 59.71

a=1%
0.45 8.66
1.54 17.81
1.61 18.14
1.64 18.60

oa=5%
22.34 78.07
26.44 81.77
26.51 81.85
26.58 81.88

a=1%

2.99 38.88
4.98 47.40
5.03 47.66
5.10 47.94

oa=5%
33.02 91.71
36.46 92.93
36.51 92.94
36.60 92.95

a=1%
7.60 66.98
9.88 72.26
9.95 72.33
10.00 72.39

89.26
92.26
92.38
92.51

50.95
66.46
67.01
67.61

98.66
99.06
99.06
99.06

90.68
93.48
93.54
93.62

99.84
99.86
99.86
99.86

98.74
99.03
99.05
99.05

99.26
99.52
99.52
99.52

91.90
95.81
95.81
95.98

99.96
99.96
99.96
99.96

99.77
99.84
99.84
99.84

100.00
100.00
100.00
100.00

99.99
99.99
99.99
99.99

Considering the parameter 6 of interest and the nuisance parameter o2, the block
of matrix K~! to be used is K!'! which does not depend of o2, which facilitates
the calculations and if the parameter of interest is o2 the block is K?2. These are

given by

11

2n

T (D) — (tr(Vg))>

respectively.

and

22

204 tr(TpTp)

C ntr(TpTp) — (tr(Vg))?'
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Table 5  Estimated rejection rates for S, Sg, Sk, Sc, MA(1) model, 6 is the interest, o2 =1isthe
nuisance

n=20 n =30 n=40 n=>50
09 o> 10% 5% 25% 1% 10% 5% 25% 1% 10% 5% 2.5% 1% 10% 5% 2.5% 1%

-09 § 6.64 4.60 3.43 251 6.73 497 3.82 276 6.57 4.82 3.43 253 6.41 4.62 3.37 2.24
Sp 8.09 599 473 279 6.83 4.95 337 0.00 7.12 478 2.70 0.00 6.61 4.14 2.13 0.00
Sk 12.48 1020 8.95 7.69 10.81 8.75 7.77 6.01 10.33 8.18 6.55 3.08 9.75 7.28 5.80 2.51
Sc  15.24 11.84 10.59 9.32 12.01 9.68 8.51 7.39 11.21 8.84 7.35 5.36 10.63 7.79 6.16 0.00

—-0.6 S 6.54 3.67 248 1.52 7.45 4.01 257 1.53 7.72 403 2.29 1.33 8.18 431 2.48 1.39
Sp 8.80 4.51 221 000 9.31 4.56 233 0.00 935 4.62 226 0.00 9.28 4.87 2.42 0.00
Sk 9.74 552 3.44 0.76 10.00 5.31 3.18 0.60 9.75 5.10 2.78 0.93 9.60 5.24 2.87 1.22
Sc 10.01 572 3.52 1.46 10.17 5.43 322 133 9.87 5.16 2.83 1.13 9.67 529 2.89 1.31

-03 S 7.79 3.65 1.79 0.74 9.08 4.09 198 0.72 8.91 4.32 197 0.73 9.25 441 2.04 0.92
Sp 9.62 500 2.58 1.18 10.51 5.19 249 0.97 9.92 5.08 2.51 0.99 9.97 5.00 247 1.09
Sk 9.69 5.05 259 1.22 10.55 5.21 2.53 097 9.92 508 2.51 099 9.97 5.03 2.47 1.10
Sc 978 5.1 2.60 1.24 10.59 521 2.53 098 9.96 5.09 2.55 0.99 9.97 5.03 247 1.10

00§ 857 3.65 1.60 036 8.95 3.99 1.74 0.52 8.88 4.36 1.98 0.77 9.71 4.76 2.37 0.80
Sp 10.13 494 237 097 9.87 4.77 244 090 9.92 494 2.53 1.01 10.38 5.25 2.84 1.06
Sk 10.16 495 2.40 099 9.88 4.79 245 094 9.95 494 254 1.02 10.38 5.27 2.85 1.07
Sc 1021 496 244 1.00 990 4.80 245 094 9.95 495 2.55 1.02 10.40 528 2.85 1.08

03§ 7.89 3.63 1.650.73 877 432 191 0.82 8.83 431 2.04 085 9.30 439 1.96 0.80
Sp 995 5.05 2.60 1.09 10.07 5.34 270 1.06 9.94 491 2.52 1.07 10.06 4.97 2.43 0.97
Sg 10.02 5.07 2.64 1.12 10.09 5.38 2.72 1.06 9.96 491 2.53 1.08 10.07 5.00 2.43 0.97
Sc 10.09 5.13 2.68 1.14 10.11 5.40 2.73 1.07 9.97 495 2.55 1.08 10.09 5.00 2.43 0.97

06 S 6.47 3.85 250 139 7.60 4.09 2.62 1.53 8.03 3.89 230 1.14 822 4.12 243 1.17
Sp 879 455 257 000 9.46 4.82 228 0.00 9.63 494 231 0.00 9.65 4.77 2.47 0.00
Sk 9.66 5.49 3.65 0.71 10.14 5.57 3.24 0.59 10.05 529 2.73 0.80 9.87 5.04 2.78 0.90
Sc  9.84 5.64 3.76 132 1024 5.66 3.30 1.29 10.13 533 2.73 093 9.91 5.06 2.78 0.99

09 § 6.63 4.73 3.58 2.62 6.75 5.00 3.84 2.74 6.85 4.84 3.63 241 6.97 493 3.67 2.59
Sp 8.00 6.05 450271 7.31 5.13 329 0.00 6.95 4.63 2.79 0.00 6.98 4.54 2.16 0.00
Sx 12.30 1035 9.08 7.73 11.11 9.15 7.68 5.96 10.22 8.22 6.80 3.29 10.47 7.99 6.13 2.92
Sc  15.63 11.75 10.64 9.55 12.44 10.07 8.80 7.32 11.09 8.77 7.41 5.47 11.28 8.27 6.66 0.00

For MA (1) model, the numerical results are shown in the Tables 5, 6 and 7 for
some fixed parameters.

4.3 Autoregressive moving average model of order (1, 1)
For the ARMA(1, 1) model in (2.1), V = (1 — ¢2)~!G, where

1-200+60>  (1—¢0)(p—60) (1—¢0)(p—0)¢ ... (1—¢0)(¢p—0)¢">
(1—¢0)(@—6) 1-200+62 (1—¢)p—0) ... (1—¢0)(¢p—0)¢">
(1—¢0) (- (1—¢0)(p—0) 1-260+60> ... (1-¢8)(p—0)¢"™*

. 4.2)

(1-90)(p—0) (1—-90)(p—-0) A—-¢b)p—-06) ... 1—2¢6 +6?
x ¢n72 x ¢n73 X¢n74



Table 6 Estimated rejection rates for S, Sp, Sk, Sc, MA(1) model, o2 =1 is the interest, 0 is the nuisance

n=20 n =230 n=40 n=>50
0 o — 10% 5% 2.5% 1% 10% 5% 2.5% 1% 10% 5% 2.5% 1% 10% 5% 2.5% 1%

-09 § 57.85 55.85 54.68 54.06 51.08 48.40 4724 4647 45.17 42.07 40.79 40.00 38.70 3547 34.17 33.08
SB 5.35 3.12 1.97 0.96 5.87 3.11 1.77 0.72 6.40 3.30 1.82 0.82 6.82 3.41 2.02 0.81
Sk 5843 56.27 55.14 54.15 51.62 4887 4754 46.54 4558 4248 41.00 40.02 39.11 3572 3432 33.11
Sc 58.47 5630 55.14 54.16 51.63 48.87 47.55 46.55 4558 4250 41.00 40.02 39.11 3572 3432 33.11

—06 S 21.81 18.10 1645 1550 15.39 10.64 8.51 7.52  11.94 7.34 5.35 4.28 10.10 5.35 3.23 2.17
Sp 8.33 4.29 2.20 0.72 9.42 4.57 2.16 0.86 9.26 4.54 2.26 0.97 9.35 4.30 2.14 0.82
Sk 23.09 19.11 17.06 1562 16.17 11.33 8.91 7.63  12.58 7.88 5.61 433 10.74 5.71 3.54 222
Sc 2312 19.17 17.12  15.63 16.19 11.35 8.91 7.64 12.58 7.91 5.61 433  10.75 5.72 3.54 222

-03 S 12.25 7.61 5.96 5.01 9.74 5.07 2.79 1.72 9.51 4.51 2.36 1.20 9.37 4.51 2.45 1.20
Sp 9.57 4.63 2.45 1.03 9.77 4.91 2.39 0.96 9.84 4.67 2.32 1.01 9.83 4.91 2.57 1.14
Sk 13.61 8.69 6.53 523 10.63 5.77 3.27 1.86  10.17 5.01 2.64 1.34 9.94 5.03 2.69 1.27
Sc 13.68 8.73 6.56 523  10.66 5.78 3.28 1.87 10.19 5.02 2.66 1.34 9.95 5.06 2.69 1.27

00 S 10.16 5.26 3.43 2.35 9.13 4.48 2.42 1.26 9.20 4.34 2.26 0.92 9.32 4.20 2.04 0.83
Sg 9.92 4.81 2.26 0.87 9.79 4.97 2.70 1.03 9.68 4.75 2.48 0.86 9.77 4.73 2.27 0.82
Sk 11.53 6.43 3.92 2,55  10.07 5.27 3.01 1.35 9.76 4.82 2.55 0.94 9.80 4.77 2.31 0.86
Sc 11.61 6.47 3.94 2.56  10.11 5.31 3.02 1.35 9.77 4.85 2.56 0.94 9.80 4.77 2.31 0.87

03 S 11.09 7.16 5.48 4.70  10.06 5.20 2.93 1.77 9.22 4.38 2.34 1.08 9.717 4.62 2.31 1.06
Sg 8.51 4.08 2.07 0.83 9.87 5.03 2.37 0.89 9.86 4.60 2.43 0.86 10.28 4.99 2.49 1.01
Sk 12.49 8.03 6.08 4.88 10.83 6.03 3.34 1.86  10.11 4.85 2.69 1.15 10.36 5.09 2.59 1.09
Sc 12.57 8.04 6.14 4.90 10.85 6.05 3.35 1.87  10.13 4.89 2.69 1.17  10.38 5.10 2.59 1.09

06 S 22,55 18.63 1696 16.17 15.20 10.59 8.53 740 12.12 7.55 5.42 431 10.37 5.58 3.43 2.33
Sp 8.59 4.22 2.24 1.05 9.49 4.67 2.40 0.98 9.32 4.77 2.33 0.88 9.27 4.41 2.12 0.78
Sk 23778 1943 17.48 1640 16.10 11.25 9.00 7.60 12.76 8.25 5.79 438 10.83 5.98 3.68 2.36
Sc 23.81 1947 1749 1640 16.11 11.28 9.03 7.61 12.76 8.28 5.80 439  10.83 5.99 3.68 2.36

09 § 58.57 56.29 55.16 5451 5099 4827 47.07 4650 45.18 4216 4039 39.58 3955 36.15 3440 33.63
Sp 5.62 3.14 1.70 0.82 5.84 3.01 1.51 0.81 6.79 3.77 1.85 0.87 6.92 3.36 1.55 0.61
Sk 59.32  56.85 5545 5459 51.58 4874 47.25 46,55 4557 4257 40.64 39.67 3996 3640 34.61 33.67
Sc 59.37 56.87 5548 54.60 51.61 4876 47.27 46.56 4558 4257 40.65 39.67 3996 3640 34.61 33.68
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Table 7 Estimated power (%) for S, Sp, Sk and Sc, MA(1) model, 0O = 0.3 is the interest,
2
o“ =1 fixed

o) o)

n -09 —-06 00 03 06 09 -09 —-06 00 03 06 09

20 a=10% a=5%
S 4144 19.68 36.44 68.97 83.63 87.14 20.14 7.05 26.66 58.47 75.46 80.13
Sp 47.93 2422 3948 70.65 82.18 85.06 28.00 11.15 30.39 61.38 75.17 78.64
Sg 48.05 2438 39.66 71.74 85.52 88.85 28.30 11.28 30.64 62.69 79.15 83.26
Sc 48.21 24.54 39.77 71.82 85.56 88.89 28.64 11.44 30.80 62.78 79.23 83.35

oa=2.5% a=1%
S 6.68 1.97 18.78 48.29 66.57 72.12 0.66 0.17 11.60 36.07 54.05 60.22
Sp 13.14 4.14 2250 52.25 66.75 7098 2.60 0.69 14.81 40.27 54.76 59.59
Sk 1339 422 2282 5397 71.57 7657 2.69 0.71 15.14 42.48 60.96 66.86
Sc 13.66 440 2297 54.14 71.80 76.73 2.84 0.74 15.35 42.83 61.19 67.04

30 a=10% a=5%
S 67.61 34.59 47.77 83.97 94.56 96.27 46.83 17.47 37.26 76.19 90.98 93.45
Sp 70.99 37.81 49.74 82.77 86.96 84.97 53.18 21.82 39.95 75.38 82.91 81.32
Sg 71.13 37.90 49.99 85.41 95.18 96.69 53.33 21.90 40.22 78.45 92.11 94.22
Sc 71.23 3798 50.03 85.46 95.21 96.71 53.53 22.04 40.26 78.53 92.15 94.23

oa=2.5% a=1%
S 26.69 7.39 28.61 67.95 85.83 89.13 8.92 1.85 19.55 56.50 77.46 82.02
Sp 34.00 10.36 31.24 67.57 77.83 76.53 13.93 3.23 22.01 55.91 68.25 68.37
Sk 34.19 10.43 31.58 71.09 88.14 90.86 14.03 3.26 22.46 60.42 80.58 84.95
Sc 3442 10.52 31.64 71.17 88.20 90.88 14.21 3.29 22.60 60.51 80.72 85.03

40 a=10% a=5%
S 84.04 47.33 56.90 92.76 98.51 99.08 67.89 29.07 45.71 88.50 96.86 97.96
Sp 85.83 50.04 58.32 88.29 83.55 78.79 71.86 32.52 47.61 84.22 80.64 76.23
Sk 85.84 50.07 58.56 93.31 98.70 99.19 71.92 32.57 47.89 89.82 97.27 98.22
Sc 85.89 50.16 58.59 93.32 98.70 99.19 71.98 32.63 47.93 89.87 97.29 98.23

oa=2.5% a=1%
S 4926 16.06 36.75 82.68 94.27 96.36 2542 540 26.06 73.39 89.59 92.88
Sp 54.65 19.49 38.95 78.22 76.98 73.21 31.24 7.34 28.37 68.41 7045 67.11
Sk 54.78 19.57 39.29 84.60 95.17 96.86 31.39 7.39 28.74 76.20 91.02 93.94
Sc 54.87 19.62 3930 84.67 95.22 96.86 31.56 7.42 28.78 76.24 91.02 93.95

We consider H:¢ = ¢© against A:¢ = ¢©, with 6 and 0% as a nuisance
parameters. For this case, the score function is given by

U(g,0,0°) =

! { 29 (G'Gy)

2la—-¢2

| 4.3)
— Y2067 + (1 - ¢2)G_1G¢G_1]Y},
o
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Table 8 Estimated rejection rates for S, Sg, Sk, Sc, ARMA(1, 1) model, ¢ is the interest, 0 = 0.3
and o2 = 1 are the nuisance

n=20 n =230 n=40 n=1>50
¢(0) a— 10% 5% 25% 1% 10% 5% 2.5% 1% 10% 5% 2.5% 1% 10% 5% 2.5% 1%

—-09 § 6.21 4.28 3.12 2.01 591 4.10 3.00 1.96 6.61 4.54 3.15 2.02 6.54 437 3.29 2.24
Sp 9.86 6.63 491 2.80 8.58 5.23 348 059 9.50 552 3.13 0.00 8.81 4.61 2.19 0.00
Sx 14.67 10.44 892 7.22 12.11 8.44 6.81 5.08 12.58 8.58 6.43 3.05 11.55 7.55 5.51 2.34
Sc 18.36 13.39 10.83 9.31 14.11 9.89 7.87 6.34 14.12 9.48 7.36 5.17 12.63 8.21 6.03 3.27

—-0.6 S 5.64 271 1.50 0.67 6.52 3.03 1.56 0.77 8.02 4.00 2.03 0.89 8.26 3.67 1.79 0.72
Sgp 873 4.66 251 1.00 9.25 439 235 1.02 993 534 278 1.05 10.00 4.86 2.34 0.86
Sk 897 495 276 1.30 9.37 4.48 247 1.13 10.08 550 2.92 1.18 10.04 4.90 2.37 0.93
Sc 922 512 294 138 947 4.54 256 1.20 10.14 559 2.94 1.23 10.11 4.92 2.40 0.94

-03 8 6.07 236 1.12 039 7.44 3.12 1.19 030 8.35 3.77 1.76 0.66 8.62 3.82 1.84 0.63
Sp 845 3.89 196 094 9.29 4.51 2.08 0.71 10.09 4.84 2.46 1.08 9.86 4.73 2.35 0.95
Sk 850 4.02 2.04 1.02 9.36 4.55 2.15 0.71 10.11 4.87 2.47 1.09 9.87 4.75 2.36 0.98
Sc 854 410 2.13 1.04 9.39 456 2.16 0.74 10.18 490 2.48 1.10 9.90 4.79 2.36 0.99

03 S 525 158 0.42 0.10 7.13 293 1.16 032 792 338 144 041 8.46 3.57 1.68 0.47
Sp 818 3.52 1.38 039 9.13 443 2.11 0.70 9.54 472 2.27 0.90 9.81 4.70 2.34 0.81
Sk 830 3.62 142043 9.19 451 2.17 077 9.56 472 2.29 091 9.89 472 2.35 0.82
Sc 724 3.11 123034 793 3.83 191 0.73 8.46 4.19 1.97 0.77 8.42 4.01 2.00 0.78

06 S 5.00 1.87 0.83 026 6.41 2.61 1.04 037 7.30 296 1.22 0.38 8.26 3.62 1.53 0.51
Sp 878 429 229 1.09 9.25 459 229 091 9.77 4.62 230 0.91 10.44 5.05 2.42 0.90
Sk 9.01 459 244 120 9.44 4.70 243 0.98 9.86 4.70 2.35 0.96 10.51 5.14 2.47 0.96
Sc 9.6 472 262 134 9.37 481 252 1.07 9.80 471 2.34 0.97 10.48 5.08 2.51 0.94

09 S 5.01 3.05 1.69 072 6.21 3.67 2.16 1.19 5.47 3.41 230 1.29 6.02 3.79 2.41 1.26
Sgp 1131 7.55 5.51 350 11.48 6.97 4.86 1.94 9.60 539 3.12 046 9.61 543 3.20 0.11
Sg 1432 970 7.90 598 13.86 9.24 6.87 4.83 11.71 7.16 5.07 3.22 11.09 6.90 495 1.84
Sc  17.46 1251 9.78 8.12 16.03 10.82 8.13 6.25 13.08 8.25 5.84 3.78 12.06 7.45 5.43 2.99

where Gy = % The Fisher information matrix K is

P R e

K= m# mf mfo |, (4.4)
m¢02 m662 m0202
— — 2
where Gy = %, G¢ = G¢G_1, Gy = G@G_l and m%? = % - 1_n¢2 +
2 — - = — = = 2
o7 1Go) + 3 11(GyGp). m? = 05 1w(Ga) 3 1(Go Gy, P = 03—

206 + (1 - %) tr(Gp)], m” = L (GG, m*”” = 355 1r(G), m?™" = 52
The numerical results are shown in the Tables 8 and 9.
4.4 The numerical results

We now describe the simulation study to investigate the performance of the cor-
rected score statistics, Sp, Sxg and Sc. This performance is measured by the esti-
mated rejection rate and the power of the test.
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Table 9 Estimated power (%) for S, Sp, Sk and Sc, ARMA(1, 1) model, q)(O) = —0.3 is the
interest, § = 0.3 and o= 1 fixed

e o
n 09 -06 00 03 06 09 —09 —06 00 03 06 09

20 o =10% a=5%
S 60.37 2439 550 475 14.37 4484 5559 1607 122 1.69 7.28 33.95
S 59.46 2824 846 7.76 18.95 50.03 55.24 2049 3.02 3.35 11.52 42.12
Sg 6220 28.41 8.60 7.92 19.18 50.26 58.39 20.63 3.14 345 11.80 42.50
Sc 6224 2855 836 6.79 18.24 50.33 58.51 2091 3.13 2.89 11.21 42.77

oa=2.5% a=1%
S 50.65 1049 0.27 0.53 332 2324 4344 586 0.05 0.15 1.05 11.85
Sp 5091 1436 0.84 1.39 6.88 33.72 4446 9.27 0.22 049 3.24 23.33
Sk 5459 1461 0.87 149 7.13 3439 49.03 944 0.23 0.54 3.45 24.03
Sc 5474 1486 093 1.29 690 3493 4931 9.72 0.27 0.48 3.54 25.03

30 a=10% a=5%
S 79.72 35.05 859 6.90 21.66 6549 76.99 2521 3.36 3.02 12.63 56.50
Sp  68.81 38.33 10.78 8.97 2556 68.61 65.87 28.89 5.02 424 16.62 61.21
Sg 80.30 38.39 10.87 9.03 25.74 68.71 78.11 2897 5.08 4.28 16.85 61.32
Sc 80.31 38.51 10.44 7.78 24.65 68.81 78.11 29.11 493 3.81 16.24 61.54

oa=2.5% a=1%
S 7396 17.62 1.18 1.03 691 4644 69.34 10.58 0.15 0.27 2.51 33.29
Sp 6251 2143 220 2.05 1040 53.65 57.09 1420 0.66 0.68 536 43.15
Sk 7575 21.61 224 2.07 10.60 53.90 71.85 14.28 0.68 0.69 5.53 43.55
Sc 7579 21.78 2.17 1.88 10.24 54.19 71.94 1440 0.69 0.62 5.33 44.00

40 a=10% a=5%
S 9038 4424 11.16 6.97 27.02 77.83 88.87 3335 490 3.12 16.62 70.62
Sp 67.16 46.56 13.05 8.89 30.22 79.74 6494 3638 6.61 4.18 20.05 73.84
Sg 90.60 46.62 13.09 8.95 3032 79.79 89.42 36.45 6.67 4.18 20.16 73.92
Sc 90.61 46.74 12.63 7.72 2959 79.78 89.43 36.50 6.52 3.65 19.74 73.97

oa=2.5% a=1%
S 87.23 24.78 2.00 1.32 10.03 62.75 84.75 16.23 034 0.41 450 50.82
Sp 62.12 28.09 3.15 1.97 13.14 67.50 58.38 19.60 0.87 0.78 7.16 57.90
Sk 87.89 28.17 3.22 1.98 13.30 67.68 8591 19.66 0.90 0.79 7.32 58.11
Sc 87.92 2824 3.17 1.76 13.03 67.82 8595 19.84 0.94 0.71 7.25 58.33

For simulation of size, we set the length of the series as n = 20, 30, 40 and 50
and for simulation of power, the first three values of n. The true values of the
parameters ¢ and/or 6 for the simulation of the size were taken as —0.9, —0.6,
—0.3, 0.0, 0.3, 0.6 and 0.9, assuming that 02 = 1. For the power of the AR(1) and
MA (1) models, we considered ¢©@ or 6@ as —0.3, 62 =1 and ¢V or 8 were
setat —0.9, —0.6, 0.0, 0.3, 0.6 and 0.9. For ARMA(1, 1) the parameter 6 was fixed
as 0.3 in both simulations.
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We report the results for four different nominal significance levels, namely:
a =0, 10, 0.05, 0.025 and 0.01. The results are presented in Tables 2-9. Entries
are percentages. The simulations were performed using the R programming envi-
ronment and all results are based on 10,000 replications.

For AR(1) model, considering ¢ as the parameter of interest (Table 2), simu-
lations reveal that the score test underrejects the null hypothesis more frequently
than expected, except for |¢| near to 1 and small nominal levels. For these val-
ues of ¢, Sg and S¢ overreject and, considering o = 0.01, Sp never rejects the
null hypothesis. Overall, Sp has the best performance. Considering ¢ far from the
extremes of the interval [—1, 1], we note that the three corrected statistics have
similar performance and the corrections are very effective in pushing the rejection
rates of the modified statistics toward to the nominal levels.

If the interest is to test o> with ¢ as a nuisance parameter (Table 3), the correc-
tions improve the results; the rejections rate are near to the real levels, Sx and S¢
have similar and superior performance compared to Sp.

For MA(1) model, testing 6, comments are the same as for AR(1) model (Ta-
ble 5). Figures in Table 6 reveal important information when the interest is to
test o2, The original score statistic S and the corrected statistics Sx and Sc are
largely liberal; their rejection rates are very large. The performance of Sp is much
better than the performance of the other statistics, although it had the tendency of
underrejecting the null hypothesis.

For ARMA(1, 1) model (Table 8), if ¢© is fixed as —0.9 or 0.9, Sx and Sc
overreject the hypothesis and Sp presents rates less distant to the true values. Oth-
erwise, Sc and Sk have the best performance and, if ¢(0) is —0.6 or 0.6, Sc is
slightly superior and, if ¢@ is —0.3 or 0.3, Sk is slightly superior.

For the simulation of power of the AR(1) model (Table 4), we can notice, as
expected, that the power increases when ¢! moves away from the fixed value
for ¢©. The corrected statistic Sp presents power strongly smaller than the oth-
ers statistics, for ¢(1) = —0.9, and all values considered for the nominal level and
sample size, decreasing in some cases. This can occur because Sp is not mono-
tone. The power is larger for the corrected statistics than the original one, showing
superior values for Sg and Sc, which are similar for n = 40, Sc being slightly
superior for n = 20 and 30.

For the MA(1) model (Table 7), comments are about the same, however Sp
does not present smaller values for 01 equal to —0.9. The best performance is
due to Sc statistic. The values of the power function are smaller than the others
obtained for the AR(1) model.

Finally, for ARMAC(1, 1) model (Table 9), the conclusions are the same as for
AR(1) model, but the performance of Sp is better when ¢! = —0.9.

Clearly, the corrections have less impact as the sample size increases.
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5 Conclusions

We can observe from the simulations that the results are coherent with what is
expected, concerning the fixed parameters under H, the length of the series and
the adopted significance levels.

For the estimated rejection rate, we observe that is clear the discrimination of re-
sults concerning stationarity and nonstationarity, invertibility and noninvertibility,
small and large values of n, nominal levels smaller and bigger than 5%.

The corrected statistics have a better performance than the original statistic S.
We also notice the following behavior about the rejection rate (p) of the corrected
statistics:

ﬁSB < ﬁSK < ﬁSC-

Concerning the estimated power, 7, it is possible to conclude more clearly the
good performance of the corrected statistics compared with the original statistic,
with the remark that if n — oo, 6 — 1 and @ — 0, S has a larger power than
Sp and if |#| = 0.6 and o = 1% the corrections do not have effect on the power,
comparing to S. Lastly it can be observed that in general

Ts <5y < Tsx < TS
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