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Principal Component Analysis (PCA) is an important tool of dimension
reduction especially when the dimension (or the number of variables) is very
high. Asymptotic studies where the sample size is fixed, and the dimension
grows [i.e., High Dimension, Low Sample Size (HDLSS)] are becoming in-
creasingly relevant. We investigate the asymptotic behavior of the Principal
Component (PC) directions. HDLSS asymptotics are used to study consis-
tency, strong inconsistency and subspace consistency. We show that if the first
few eigenvalues of a population covariance matrix are large enough compared
to the others, then the corresponding estimated PC directions are consistent or
converge to the appropriate subspace (subspace consistency) and most other
PC directions are strongly inconsistent. Broad sets of sufficient conditions for
each of these cases are specified and the main theorem gives a catalogue of
possible combinations. In preparation for these results, we show that the geo-
metric representation of HDLSS data holds under general conditions, which
includes a p-mixing condition and a broad range of sphericity measures of
the covariance matrix.

1. Introduction and summary. The High Dimension, Low Sample Size
(HDLSS) data situation occurs in many areas of modern science and the asymp-
totic studies of this type of data are becoming increasingly relevant. We will focus
on the case that the dimension d increases while the sample size n is fixed as done
in Hall, Marron and Neeman [8] and Ahn et al. [1]. The d-dimensional covariance
matrix is challenging to analyze, in general, since the number of parameters is
d(d2+ D which increases even faster than d. Instead of assessing all of the parame-
ter estimates, the covariance matrix is usually analyzed by Principal Component
Analysis (PCA). PCA is often used to visualize important structure in the data, as
shown in Figure 1. The data in Figure 1, described in detail in Bhattacharjee et
al. [4] and Liu et al. [15], are from a microarray study of lung cancer. Different
symbols correspond to cancer subtypes, and Figure 1 shows the projections of the
data onto the subspaces generated by PC1 and PC2 (left panel) and PC1 and PC3
(center panel, resp.) directions. This shows the difference between subtypes is so
strong that it drives the first three principal components. This illustrates a common
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FI1G. 1. Scatterplots of data projected on the first three PC directions. The dataset contains 56 pa-
tients with 2530 genes. There are 20 Pulmonary Carcinoid (plotted as +), 13 Colon Cancer Metas-
tases (x), 17 Normal Lung (o), and 6 Small Cell Carcinoma (x). In spite of the high dimensionality,
PCA reveals important structure in the data. This corresponds to the consistent case in our asymp-
totics, as shown in the scree plot on the right. Note that the first few eigenvalues are much larger than
the rest.

occurrence: the data have an important underlying structure which is revealed by
the first few PC directions.

PCA is also used to reduce dimensionality by approximating the data with the
first few principal components.

For both visualization and data reduction, it is critical that the PCA empirical
eigenvectors reflect true underlying distributional structure. Hence, our focus is on
the underlying mechanism which determines when the sample PC directions con-
verge to their population counterparts as d — oo. In general, we assume d > n.
Since the size of the covariance matrix depends on d, the population covariance
matrix is denoted as ¥; and similarly the sample covariance matrix, Sz, so that
their dependency on the dimension is emphasized. PCA is done by eigen decom-
position of a covariance matrix. The eigen decomposition of X, is

Ya= UdAdUc/za

where Ay is a diagonal matrix of eigenvalues Ay g > Az 4 >--->Agq and Uy is
a matrix of corresponding eigenvectors so that Uy = [u1,4,U2.4, ..., Ud.qa]- Sq 1S
similarly decomposed as

Sq = Ud [A\d U c/l
Ahn et al. [1] developed the concept of HDLSS consistency which was the first

investigation of when PCA could be expected to find important structure in HDLSS
data. Our main results are formulated in terms of three related concepts:

1. Consistency: The direction i; 4 is consistent with its population counterpart u; 4
if Angle(u; 4,1 4) — 0 as d — oco. The growth of dimension can be under-
stood as adding more variation. The consistency of sample eigenvectors occurs
when the added variation supports the existing structure in the covariance or is
small enough to be ignored.
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2. Strong inconsistency: In situations where #; 4 is not consistent, a perhaps
counter-intuitive HDLSS phenomenon frequently occurs. In particular, #; 4 is
said to be strongly inconsistent with its population counterpart u; 4 in the sense
that it tends to be as far away from u; 4 as possible, that is, Angle(u; 4, ti;.4) —
% as d — oo. Strong inconsistency occurs when the added variation obscures
the underlying structure of the population covariance matrix.

3. Subspace consistency: When several population eigenvalues indexed by j € J
are similar, the corresponding sample eigenvectors may not be distinguishable.
In this case, i 4 will not be consistent for u j 4 but will tend to lie in the lin-
ear span, span{u 4 : j € J}. This motivates the definition of convergence of a
direction #; 4 to a subspace, called subspace consistency;

Angle(it; g, span{ujq:je€ J}) — 0

as d — oo. This definition essentially comes from the theory of canonical an-
gles discussed by Gaydos [7]. That theory also gives a notion of convergence
of subspaces, that could be developed here.

In recent years, substantial work has been done on the asymptotic behavior of
eigenvalues of the sample covariance matrix in the limit as d — oo, see Baik,
Ben Arous and Péché [2], Johnstone [11] and Paul [16] for Gaussian assumptions
and Baik and Silverstein [3] for non-Gaussian results when ¢ and » increase at
the same rate, that is, % — ¢ > 0. Many of these focus on the spiked covariance
model, introduced by Johnstone [11]. The spiked covariance model assumes that
the first few eigenvalues of the population covariance matrix are greater than 1 and
the rest are set to be 1 for all 4. HDLSS asymptotics, where only d — oo while n is
fixed, have been studied by Hall, Marron and Neeman [8] and Ahn et al. [1]. They
explored conditions which give the geometric representation of HDLSS data (i.e.,
modulo rotation, data tend to lie at vertices of a regular simplex) as well as strong
inconsistency of eigenvectors. Strong inconsistency is also found in the context of
:’—i — ¢, in the study of phase transition; see for example, Paul [16], Johnstone and
Lu [12] and Baik, Ben Arous and Péché [2].

A reviewer pointed out a useful framework for organizing these variation is:

1. Classical: d(n)/n — 0, as n — o0.
2. Random matrices: d(n)/n — ¢, as n — oo.
3. HDLSS: n fixed, with d — ooc.

We view all of these as informative. Which is most informative will depend on the
particular data analytic setting, in the same way that either the Normal or Poisson
approximation can be “most informative” about the Binomial distribution.

In this paper, we focus only on the HDLSS case, and a broad and general set
of conditions for consistency and strong inconsistency are provided. Section 2 de-
velops conditions that guarantee the nonzero eigenvalues of the sample covariance
matrix tend to an increasing constant, which are much more general than those of
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Hall, Marron and Neeman [8] and Ahn et al. [1]. This asymptotic behavior of the
sample covariance matrix is the basis of the geometric representation of HDLSS
data. Our result gives a broad new insight into this representation as discussed
in Section 3. The central issue of consistency and strong inconsistency is devel-
oped in Section 4, as a series of theorems. For a fixed number x, we assume the
first k eigenvalues are much larger than the others. We show that when « = 1, the
first sample eigenvector is consistent and the others are strongly inconsistent. We
also generalize to the x > 1 case, featuring two different types of results (con-
sistency and subspace consistency) according to the asymptotic behaviors of the
first k eigenvalues. All results are combined and generalized in the main theorem
(Theorem 2). Proofs of theorems are given in Section 5.

1.1. General setting. Suppose we have a d x n data matrix X 4) = [X1,(a), .- -,
Xn, (@)l withd > n, where the d-dimensional random vectors X1 (4), ..., Xp,(q) are
independent and identically distributed. We assume that each X; (4) follows a mul-
tivariate distribution (which does not have to be Gaussian) with mean zero and
covariance matrix X;. Define the sphered data matrix Z4) = A;l/ 2 U ZIX @)- Then
the components of the d x n matrix Z ) have unit variances, and are uncorrelated
with each other. We shall regulate the dependency (recall for non-Gaussian data,
uncorrelated variables can still be dependent) of the random variables in Z4) by
a p-mixing condition. This allows serious weakening of the assumptions of Gaus-
sianity while still enabling the law of large numbers that lie behind the geometric
representation results of Hall, Marron and Neeman [8].

The concept of p-mixing was first developed by Kolmogorov and Rozanov [14].
See Bradley [5] for a clear and insightful discussion. For —oo < J < L < o0,
let JL denote the o-field of events generated by the random variables (Z;, J <
i < L). For any o-field #4, let L2(4A) denote the space of square-integrable, 4
measurable (real-valued) random variables. For each m > 1, define the maximal
correlation coefficient

p(m):=suplcorr(f. 9)l,  f€La(F ). g€ La(F,).

where sup is over all f, g and j € Z. The sequence {Z;} is said to be p-mixing if
p(m) — 0asm— oo.

While the concept of p-mixing is useful as a mild condition for the develop-
ment of laws of large numbers, its formulation is critically dependent on the or-
dering of variables. For many interesting data types, such as microarray data, there
is clear dependence but no natural ordering of the variables. Hence, we assume
that there is some permutation of the data which is p-mixing. In particular, let
{Z; j,(d)}fi: | be the components of the jth column vector of Z ;). We assume that
for each d, there exists a permutation 74 : {1, ...,d} —> {1, ..., d} so that the se-
quence {Zz,i)j, @) :i =1,...,d} is p-mixing. This assumption makes the results
invariant under a permutation of the variables.
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In the following, all the quantities depend on d, but the subscript d will be omit-
ted for the sake of simplicity when it does not cause any confusion. The sample
covariance matrix is defined as § = n~! X X’. We do not subtract the sample mean
vector because the population mean is assumed to be 0. Since the dimension of
the sample covariance matrix S grows, it is challenging to deal with § directly.
A useful approach is to work with the dual of S. The dual approach switches the
role of columns and rows of the data matrix, by replacing X by X’. The n x n dual
sample covariance matrix is defined as Sp = n~!X’X. An advantage of this dual
approach is that Sp and S share nonzero eigenvalues. If we write X as UA'/2Z
and use the fact that U is a unitary matrix,

d
(1.1) nSp=(Z'APUNUAY?2)=Z'AZ =" hiazz,
i=1
where the z;’s,i =1, ...,d, are the row vectors of the matrix Z. Note that nSp

is commonly referred to as the Gram matrix, consisting of inner products between
observations.

2. HDLSS asymptotic behavior of the sample covariance matrix. In this
section, we investigate the behavior of the sample covariance matrix S when
d — oo and n is fixed. Under mild and broad conditions, the eigenvalues of S, or
the dual Sp, behave asymptotically as if they are from the identity matrix. That is,
the set of sample eigenvectors tends to be an arbitrary choice. This lies at the heart
of the geometric representation results of Hall, Marron and Neeman [8] and Ahn et
al. [1] which are studied more deeply in Section 3. We will see that this condition
readily implies the strong inconsistency of sample eigenvectors; see Theorem 2.

The conditions for the theorem are conveniently formulated in terms of a mea-
sure of sphericity

w2 L hia)’
dw(2?)  dyd i,

&= ,

proposed and used by John [9, 10] as the basis of a hypothesis test for equality of
eigenvalues. Note that these inequalities always hold:

1

—<

7=
Also note that perfect sphericity of the distribution (i.e., equality of eigenvalues)
occurs only when ¢ = 1. The other end of the & range is the most singular case
where in the limit as the first eigenvalue dominates all others.

Ahn et al. [1] claimed that if € > é, in the sense that e ~! = 0(d), then the eigen-
values of Sp tend to be identical in probability as d — co. However, they needed
an additional assumption (e.g., a Gaussian assumption on X4)) to have indepen-
dence among components of Z ), as described in Example 3.1. In this paper, we

e<l1.
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extend this result to the case of arbitrary distributions with dependency regulated
by the p-mixing condition as in Section 1.1, which is much more general than
either a Gaussian or an independence assumption. We also explore convergence
in the almost sure sense with stronger assumptions. Our results use a measure
of sphericity for part of the eigenvalues for conditions of a.s. convergence and
also for later use in Section 4. In particular, define the measure of sphericity for
{Akd,---»Ad.a} as

d 2
_ Qisgria)
= diz .
d Zi:k )“i,d
For convenience, we name several assumptions used in this paper made about
the measure of sphericity ¢:

&k

o The e-condition: € > 5, that is,

d 42
d 52
2.1 (de)™! :w—w as d — 0.
QO hia)?
o The gi-condition: g > %, that is,
d 42
d 52
2.2) (dep) ™' = % —~0 asd— oo.
i hia)?
o The strong er-condition: For some fixed [ > k, &1 > ﬁ, that is,
dl/2yd 32
(2.3) d=e ! = % >0 asd— oo.
iz Mia)?

REMARK. Note that the gi-condition is identical to the e-condition when
k = 1. Similarly, the strong &;-condition is also called the strong e-condition when
k = 1. The strong e;-condition is stronger than the & condition if the minimum of
I’s which satisfy (2.3), [,, is as small as k. But, if [, > k, then this is not necessarily
true. We will use the strong e-condition combined with the ex-condition.

Note that the e-condition is quite broad in the spectrum of possible values of ¢:
It only avoids the most singular case. The strong e-condition further restricts &; to
essentially in the range (ﬁ, 1].

The following theorem states that if the (strong) e-condition holds for X, then
the sample eigenvalues behave as if they are from a scaled identity matrix. It uses
the notation I, for the n x n identity matrix.

THEOREM 1. For a fixed n, let £g = UqgAqU), d =n+1,n+2,..., be a
sequence of covariance matrices. Let X 4y be a d x n data matrix from a d-variate
distribution with mean zero and covariance matrix X4. Let Sg = Udf\d U [/l be the
sample covariance matrix estimated from X ) for each d and let Sp 4 be its dual.
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(1) Assume that the components of Zgy = Agl/ U ' X(a) have uniformly
bounded fourth moments and are p-mixing under some permutation. If (2.1) holds,
then

(2.4) ;' Sp.a — In,

in probability as d — oo, where cq =n~! Zf-lzl Aid.

(2) Assume that the components of Zgy = Agl/ 2 U)Xy have uniformly
bounded eighth moments and are independent to each other. If both (2.1) and (2.3)
hold, then cgl Sp.da — I, almost surely as d — oo.

The (strong) e-condition holds for quite general settings. The strong e-condition
combined with the e-condition holds under:

(a) Null case: All eigenvalues are the same.

(b) Mild spiked model: The first m eigenvalues are moderately larger than the
others, for example, A1 g =---=Apg=C1-d* and App10 = =Agad =
Cp, wherem <d, o <1and Cy,Cy > 0.

The ¢-condition fails when:

(c) Singular case: Only the first few eigenvalues are nonzero.

(d) Exponential decrease: A; 4 = ¢~ for some ¢ > 1.

(e) Sharp spiked model: The first m eigenvalues are much larger than the others.
One example is the same as (b), but « > 1.

The polynomially decreasing case, A; 4 =i ~?, is interesting because it depends
on the power §:

(f-1) The strong e-condition holds when 0 < 8 < %.

(f-2) The e-condition holds, but the strong e-condition fails when % <p=<l.
(f-3) The e-condition fails when 8 > 1.

Another family of examples that includes all three cases is the spiked model
with the number of spikes increasing, for example, A1 4 =--- = Ayg = C1 - d*
and Apyy19 =+ =XAgq = Cp, where m = ld?],0< B<TlandCy,Cy>0:

(g-1) The strong e-condition holds when 0 < 2o + 8 < %

(g-2) The e-condition holds but the strong e-condition fails when % <2a+p8 <?2.
(g-3) The e-condition fails when 2« + 8 > 2.

3. Geometric representation of HDLSS data. Suppose X ~ Ny (0, Iy).
When the dimension d is small, most of the mass of the data lies near origin.
However, with a large d, Hall, Marron and Neeman [8] showed that Euclidean
distance of X to the origin is described as

3.1) IX|| = vd + 0,(Vd).
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Moreover, the distance between two samples is also rather deterministic, that is,
(3.2) X1 — Xall = v2d + 0,(Vd).

These results can be derived by the law of large numbers. Hall, Marron and Nee-
man [8] generalized those results under the assumptions that d -1 Zfllear(X HN—1
and {X;} is p-mixing.

Application of part (1) of Theorem 1 generalizes these results. Let X1 (4, X2, )
be two samples that satisfy the assumptions of Theorem 1 part (1). Assume without
loss of generality that limg_, o d -1 Z?Zl Ai.g = 1. The scaled squared distance
between two data points is

d d d
I1X1.@) — X2l ) T2 7
7 = Zki,dzil + Z)Li,dziz - ZZ)»i,dZilziz,
2i=1rid i=1 i=1 i=1
where )N\,-,d = dei"; . Note that by (1.1), the first two terms are diagonal elements
i=1"id

of cng p.q in Theorem 1 and the third term is an off-diagonal element. Since

ctj] Sp.a = In, we have (3.2). (3.1) is derived similarly.

REMARK. If limy_ood ™} Zf: 1 Ai,a = 1, then the conclusion (2.4) of Theo-
rem 1 part (1) holds if and only if the representations (3.1) and (3.2) hold under
the same assumptions in the theorem.

In this representation, the p-mixing assumption plays a very important role. The
following example, due to John Kent, shows that some type of mixing condition is
important.

EXAMPLE 3.1 (Strong dependency via a scale mixture of Gaussian). Let X =
Y1U—+0oY,(1—-U),where Y1, Y5 are two independent N; (0, 1) random variables,
U =0 or 1 with probability % and independent of Y1, Y>, and o > 1. Then,

d'2 4+ 0,(1), w.p. 1,

X|| =
X od'?+0,(1),  wp.3.

Thus, (3.1) does not hold. Note that since Cov(X) = 1+202 1;, the e-condition

holds and the variables are uncorrelated. However, there is strong dependency,

ie., Cov(e, 23 = (425) 2 Covx?. x3) = (1252 for all i # j which implies
that p(m) > ¢ for some ¢ > 0, for all m. Thus, the p-mixing condition does not
hold for all permutation. Note that, however, under Gaussian assumption, given

any covariance matrix ¥, Z = £~ /2 X has independent components.

Note that in the case X = (X1, ..., Xg) is a sequence of i.i.d. random variables,
the results (3.1) and (3.2) can be considerably strengthened to || X || = Vd+0 p(1),

and [| X1 — X3|| = +/2d + O,(1). The following example shows that strong results
are beyond the reach of reasonable assumption.
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EXAMPLE 3.2 (Varying sphericity). Let X ~ N;(0, ¥£4), where X; = diag(d?,
1,...,1)anda € (0, 1). Define Z = E;UZX. Then the components of Z, z;’s, are
independent standard Gaussian random variables. We get || X || 2= d“z% + Zid:z zl.z.
Now for 0 <o < 3,d " V2(|X|>—d) = N (0, 1) and for } <o < 1,d~*(||X||* —
d)= z%, where = denotes convergence in distribution. Thus, by the delta-method,
we get

Vd+0,(1), if0<a<i,
1 X1l = a—1/2 o1
Vd+ 0, ), if J <a <l

In both cases, the representation (3.1) holds.

4. Consistency and strong inconsistency of PC directions. In this section,
conditions for consistency or strong inconsistency of the sample PC direction
vectors are investigated in the general setting of Section 1.1. The generic eigen-
structure of the covariance matrix that we assume is the following. For a fixed
number «, we assume the first « eigenvalues are much larger than others. (The
precise meaning of large will be addressed shortly.) The rest of eigenvalues are as-
sumed to satisfy the e-condition, which is very broad in the range of sphericity. We
begin with the case k = 1 and generalize the result for ¥ > 1 in two distinct ways.
The main theorem (Theorem 2) contains and combines those previous results and
also embraces various cases according to the magnitude of the first k eigenvalues.
We also investigate the sufficient conditions for a stronger result, that is, almost
sure convergence, which involves use of the strong e-condition.

4.1. Criteria for consistency or strong inconsistency of the first PC direction.
Consider the simplest case that only the first PC direction of S is of interest. Sec-
tion 3 gives some preliminary indication of this. As an illustration, consider a
spiked model as in Example 3.2 but now let @ > 1. Let {u;} be the set of eigenvec-
tors of X; and V;_; be the subspace of all eigenvectors except the first one. Then
the projection of X onto u; has a norm || Proj,, X|| = [ X:] = Op(d"‘/z). The pro-
jection of X onto V;_1 has a norm Jd + op(\/c_l) by (3.1). Thus, when o > 1, if
we scale the whole data space R? by dividing by d%/2, then Proj v,_, X becomes
negligible compared to Proj,, X (see Figure 2). Thus, for a large d, ¥4 ~ Auiu)
and the variation of X is mostly along u. Therefore, the sample eigenvector cor-
responding to the largest eigenvalue, i, will be similar to u.

To generalize this, suppose the ¢, condition holds. The following proposition
states that under the general setting in Section 1.1, the first sample eigenvector i
converges to its population counterpart #; (consistency) or tends to be perpendic-
ular to u (strong inconsistency) according to the magnitude of the first eigenvalue
A1, while all the other sample eigenvectors are strongly inconsistent regardless of
the magnitude A1.
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Uy

da/2

d”Q

FIG. 2. Projection of a d-dimensional random variable X onto uy and Vg_y. If @ > 1, then the
subspace V;j_1 becomes negligible compared to uy when d — oo.

PROPOSITION 1.  Forafixedn,let g =UgAqU),d=n+1,n+2,..., bea
sequence of covariance matrices. Let X 4y be a d x n data matrix from a d-variate

distribution with mean zero and covariance matrix X4. Let Sg = Udf\d U 0/1 be the
sample covariance matrix estimated from X ) for each d. Assume the following:

(a) The components of Zq) = A;l/ U X (a) have uniformly bounded fourth
moments and are p-mixing for some permutation.

Foran a; >0,

(b) Zla’f’ — ¢y for some c1 > 0.
(¢) The g3-condition holds and Zldzz ria=0(d).

If a1 > 1, then the first sample eigenvector is consistent and the others are strongly
inconsistent in the sense that

Angle(ﬁl,ul)LO as d — oo,
~ Y .
Angle(ui,ui)LE asd —>ooVi=2,...,n.
If a1 € (0, 1), then all sample eigenvectors are strongly inconsistent, i.e.,

Angle(ﬁi,ul—)—p>% asd — ocoVi=1,...,n.

Note that the gap between consistency and strong inconsistency is very thin, i.e.,
if we avoid o1 = 1, then we have either consistency or strong inconsistency. Thus
in the HDLSS context, asymptotic behavior of PC directions is mostly captured by
consistency and strong inconsistency. Now it makes sense to say A is much larger
than the others when o1 > 1, which results in consistency. Also note thatif oy < 1,
then the g-condition holds, which is in fact the condition for Theorem 1.
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4.2. Generalizations. In this section, we generalize Proposition 1 to the case
that multiple eigenvalues are much larger than the others. This leads to two differ-
ent types of result.

First is the case that the first p eigenvectors are each consistent. Consider a co-
variance structure with multiple spikes, that is, p eigenvalues, p > 1, which are
much larger than the others. In order to have consistency of the first p eigenvec-
tors, we require that each of p eigenvalues has a distinct order of magnitude, for
example, A1 4 = d?, Add = d? and sum of the rest is order of d.

PROPOSITION 2. For a fixed n, let X4, X(a), and Sq be as before. Assume
(a) of Proposition 1. Let ay > ay > --- > ap > 1 for some p < n. Suppose the
following conditions hold.

(b) 24— ¢; for some c; >0Vi=1,...,p.
(c) The &, 1-condition holds and Z?=p+1 Aig=0().

Then, the first p sample eigenvectors are consistent and the others are strongly
inconsistent in the sense that

Angle(fij, u;)) =0  asd—>ooVi=1,...,p,

Angle(ﬁi,ui)—p>% asd—>ooVi=p+1,...,n.

Consider now a distribution having a covariance structure with multiple spikes
as before. Let £ be the number of spikes. An interesting phenomenon hap-
pens when the first k eigenvalues are of the same order of magnitude, that is,
limg_s o0 %Z = ¢ > 1 for some constant c. Then the first k£ sample eigenvectors
are neither consistent nor strongly inconsistent. However, all of those random di-
rections converge to the subspace spanned by the first k population eigenvectors.
Essentially, when eigenvalues are of the same order, the eigen-directions can not
be separated but are subspace consistent with the proper subspace.

PROPOSITION 3.  For a fixed n, let ¥4, X (), and Sq be as before. Assume (a)
of Proposition 1. Let a1 > 1 and k < n. Suppose the following conditions hold:

(b) % —> ¢j forsomec; >0Vi=1,... k.
(c) The ex41-condition holds and ¥°4_, | hi.a = O(d).

Then the first k sample eigenvectors are subspace-consistent with the subspace
spanned by the first k population eigenvectors, and the others are strongly incon-
sistent in the sense that

Angle(i;, span{uy, ..., ug}) 2,0 asd —ooVi=1,...,k,

Angle(ﬁi,ui)L% asd —>ooVi=k+1,...,n.
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4.3. Main theorem. Propositions 1-3 are combined and generalized in the
main theorem. Consider p groups of eigenvalues, which grow at the same rate
within each group as in Proposition 3. Each group has a finite number of eigenval-
ues and the number of eigenvalues in all groups, «, does not exceed n. Also similar
to Proposition 2, let the orders of magnitude of the p groups be different to each
other. We require that the &, 1-condition holds. The following theorem states that
a sample eigenvector of a group converges to the subspace of population eigenvec-
tors of the group.

THEOREM 2 (Main theorem). For a fixed n, let X4, X 4y, and Sq be as before.

Assume (a) of Proposition 1. Let ay, ..., o) be such that ay > ap > - > o > 1
forsome p <n.Letky, ..., k,benonnegative integers such that Z;):l kj =Kk <n.
Letko=0and kyy1 =d — k. Let Jy, ..., Jpy1 be sets of indices such that
-1 -1 -1
T={1+> ki, 2+ > kj,...oki+Y kjt,  I=1...p+L
Jj=0 Jj=0 j=0

Suppose the following conditions hold:

(b) % — ¢j for some c; > 0,Vie J;,¥Vl=1,...,p.
(¢c) The &,y1-condition holds and ZiEJpH Aid=0(@).

Then the sample eigenvectors whose label is in the group J;, forl =1, ..., p, are
subspace-consistent with the space spanned by the population eigenvectors whose
labels are in J; and the others are strongly inconsistent in the sense that

(4.1) Angle(d;, spanfu;:j € Jj}) =>0  asd—>ooVieJ,Vi=1,...,p,
and
4.2) Angle(ﬁi,ui)—p>% asd —ocoVi=«k+1,...,n.

REMARK. If the cardinality of J;, k;, is 1, then (4.1) implies #; is consistent
fori € J;.

REMARK. The strongly inconsistent eigenvectors whose labels are in Jj, 4
can be considered to be subspace-consistent. Let I'; be the subspace spanned
by the population eigenvectors whose labels are in J,; for each d, ie. I'y =
span{u;:j € Jpy1} =span{u, 41, ...,uq}. Then

Angle(#; 4, Tg) 50 as d — oo

foralli € Jp1.
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Note that the formulation of the theorem is similar to the spiked covariance
model but much more general. The uniform assumption on the underlying eigen-
values, that is, A; = 1 for all i > «, is relaxed to the e-condition. We also have cata-
logued a large collection of specific results according to the various sizes of spikes.

These results are now illustrated for some classes of covariance matrices that
are of special interest. These covariance matrices are easily represented in factor

form, that is, in terms of Fy; =X [1/ 2,

EXAMPLE 4.1. Consider a series of covariance matrices {X4}q. Let Xy =
FyF), where Fy; is a d x d symmetric matrix such that

L pa - pa
Fy=(—pa)la+pata=|" _l R
S pPd
pd o pa 1
where J; is the d x d matrix of ones and p; € (0, 1) depends on d. The eigenvalues
of Xjare Ay g =(dpg+1— ,Od)z, Mig==ka=0- ,Od)z. Note that this is

a simple and natural probabilistic mechanism that generates eigenvalues where the
first is order of magnitude larger than the rest (our fundamental assumption). The
first eigenvector is u| = ﬁ(l, 1,...,1), while {us,...,uy} are any orthogonal
sets of direction vectors perpendicular to u. Note that Zfzz Aig=d( — ,od)2 =
O(d) and the e>-condition holds. Let X4 ~ Ny (0, £4). By Theorem 2, if p; €
(0, 1) is a fixed constant or decreases to 0 slowly so that p; > d ~1/2_ then the first
PC direction # is consistent. Else if ps decreases to 0 so quickly that p; < d -172
then # is strongly inconsistent. In both cases, all the other sample PC directions
are strongly inconsistent.

EXAMPLE 4.2. Consider now a 2d x 2d covariance matrix g = F; F 6/1, where
F4 is a block diagonal matrix, such that

_( Fia o0
Fd_( o Fm)’

where F g = (1—p1,0)la+p1,aJa and F> g = (1 —02,4) 14+ p2,aJa. Suppose 0 <
p2.4 < pr.a < 1. Note that Ay g = (dp1,a + 1 — p1,a)* , Aa.a = (dp2,.a + 1 — p2.a)?
and the &3-condition holds. Let X275 ~ N2g (0, X4). Application of Theorem 2 for
various conditions on p1 4, p2,4 is summarized as follows. Denote, for two non-
increasing sequences W4, vg € (0, 1), ug > vg for vg = o(ug) and pug > vy for
limg— 0o ’:—;’ =ce[l,o0):

1. p1.a> p2.a> d~'/?: Both @iy, iiy consistent.

2. pr.a > p2.a>d~'/?: Both iy, ii» subspace-consistent to span{u1, u>}.

3. pra>d"Y?> pr 4:ii consistent, i strongly inconsistent.

4. d=Y2> p| 4> p2.q4: Both iy, iy strongly inconsistent.



PCA CONSISTENCY IN HDLSS CONTEXT 4117

4.4. Corollaries to the main theorem. The result can be extended for special
cases.

First of all, consider constructing X (4) from Z; by X 4) = UdA;/ 2Zd where Z;
is a truncated set from an infinite sequence of independent random variables with
mean zero and variance 1. This assumption makes it possible to have convergence
in the almost sure sense. This is mainly because the triangular array {Zy; )}i a
becomes the single sequence {Z1;};.

COROLLARY 1. Suppose all the assumptions in Theorem 2, with the assump-
tion (a) replaced by the following:

(@) The components of Z 4y = A;l/ U X (@) have uniformly bounded eighth mo-
ments and are independent to each other. Let Zy; (q) = Zy; forall i, d.

If the strong e, 1-condition (2.3) holds, then the mode of convergence of (4.1) and
(4.2) is almost sure.

Second, consider the case that both d, n tend to infinity. Under the setting of
Theorem 2, we can separate PC directions better when the eigenvalues are distinct.
When d — oo, we have subspace consistency of i; with the proper subspace,
which includes u;. Now letting n — oo makes it possible for i; to be consistent.

COROLLARY 2. Let ¥4, X(g) and Sq be as before. Under the assumptions
(a), (b) and (c) in Theorem 2, assume further for (b) that the first k eigenvalues are
distinct, that is, ¢c; > cj fori > jandi, j€ Jyforl =1, ..., p. Then for all i <,

(4.3) Angle(@i, uj) >0  asd — 0o, n — o0,

where the limits are applied successively.
If the assumption (a) is replaced by the assumption (a') of Corollary 1, then the
mode of convergence of (4.3) is almost sure.

This corollary can be viewed as the case when d, n tend to infinity together, but
d increases at a much faster rate than n, that is, d > n. When n also increases in
the particular setting of the corollary, the sample eigenvectors, which were only
subspace-consistent in the d — oo case, tend to be distinguishable and each of the
eigenvectors is consistent. We conjecture that the inconsistent sample eigenvalues
are still strongly inconsistent when d, n — oo and d > n.

4.5. Limiting distributions of corresponding eigenvalues. The study of asymp-
totic behavior of the sample eigenvalues is an important part in the proof of Theo-
rem 2, and also could be of independent interest. The following lemma states that
the large sample eigenvalues increase at the same speed as their population coun-
terpart and the relatively small eigenvalues tend to be of order of d as d tends to
infinity. Let ¢; (A) denote the ith largest eigenvalue of the symmetric matrix A and

@i.1(A) = @i+ (A) where i* =i — "\ k;.
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LEMMA 1. Ifthe assumptions of Theorem 2 hold, and let Z; be a k; x n matrix
from blocks of Z as defined in (5.2), then

ri/dY = n; asd—>ooifie JVl=1,...,p
ii/di>K asd —ocoifi=«k+1,...,n,

where each n; is a random variable whose support is (0, 00) almost surely and
indeed n; = @;. g(n_IC1 2Z Z Cl/z) for each i € J;, where C; = diag{c;: j € Jj}
and K =1limg_, oo (dn)~ Zze]

1 ld-

If the data matrix X (4 is Gaussian, then the first « sample eigenvalues converge
in distribution to some quantities, which have known distributions.

COROLLARY 3. Under all the assumptions of Theorem 2, assume further that
Xy ~ Na(0, 2y) for each d. Then, fori € J;,l=1,...,p,

A

Ai
% == @ii(n~ Wk, (n, Cp) as d — oo,

where Wy, (n, C;) denotes a k; x k; random matrix distributed as the Wishart dis-

tribution with degree of freedom n and covariance Cj.
If kj = 1 for some [, then fori € J;

L

2= Xn as d — oo,

)\.l' n
where X,% denotes a random variable distributed as the X2 distribution with degree
of freedom n.

This generalizes the results in Section 4.2 of Ahn et al. [1].
5. Proofs.

5.1. Proof of Theorem 1. First, we give the proof of part (1). By (1.1), the
mth diagonal entry of nSp can be expressed as Zl 1A lem 4 Where z;, 4 is the

(i, m)th entry of the matrix Z). Define the relative eigenvalues Xi d as A; 4=

rid
Zd| i,d 1

Then the Y;’s are p-mixing, E(Y;) =0 and E(Yl.z) < B for all i for some B < o0.
Let p(m) = sup|corr(Y;, Yit,m)| where the sup is over all i. We shall use the fol-
lowing lemma.

. Let 74 denote the given permutation for each d and let ¥; = an Gym.d —

LEMMA 2.  For any permutation w},

d
lim » X wi(i),dp () =

d— o0
i=1
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PROOF. For any § > 0, since lim;_, o, p(i) = 0, we can choose N such
that p(i) < §/2 for all i > N. Since hmd_,ooz 1)‘ Hi)d = =0, we get
limg_, o0 lel knd(l)’d = 0. Thus, we can choose dj satisfying lel )Lnd (i)d < g

for all d > dy. With the fact Zle ii,d =1 for all d and p(i) < 1, we get for all
d > dy,

d N d
Yty =) Axriyap @+ Y Arii.ap) <9
=l i=l i=N+1

Now let 7, ! be the inverse permutation of m;. Then by Lemma 2 and the ¢-
condition, there exists a permutation 7 such that

2
(Z’\ iy ) Zsz‘odEYzJFzZA RO Z i (.aBYiY

i=1 j=i+1

d d
<Y AaB+2 Z Z 1(jr.ap(j)B2 =0,
i=1 i=1

as d — oo. Then Chebyshev’s inequality gives us, for any 7 > 0,

d 7 2
P[ % }SE(Z":MW(DAY')
i=1

72
as d — oo. Thus, we conclude that the diagonal elements of nSp converge to 1 in
probability.
The off-diagonal elements of nSp can be expressed as Zf: 1 Ai,dZimZil- Similar
arguments to those used in the diagonal case, together with the fact that z;,, and
z;; are independent, gives that

— 0,

2
idZlim — 1 >7

d d

d
E(Zii,dZimZil> Z d+22)wd dox 27 G).dP 2(j—i) =0,
i=1

i=1 i=1 j=i+1

as d — oo. Thus, by Chebyshev’s inequality, the off-diagonal elements of nSp
converge to 0 in probability.

Now, we give the proof for part (2). We begin with the mth diagonal entry of
nSp, Zf-l: 1 )»i,dZ,'Zm- Note that since Zf;ll Xi,d — 0 by the e-condition, we assume
k=1in (2. 3) without loss of generality.

LetY; = z — 1. Note that the Y;’s are independent, E(Y;) =0 and E(Y4) <B
for all i for some B < 0o0. Now

d 4 d
(5.1 E(in,dyi) =E Y AidkjarkariaYiY;Yii.
j= i,jk,i=1
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Note that terms in the sum of the form EY;Y;Y;Y;, EYiij Y, and EYi3 Yjare 0
if i, j, k, [ are distinct. The only terms that do not vanish are those of the form
EY4 EY; 2Y 2 both of which are bounded by B. Note that kz ¢ S are nonneg-
ative, and hence the sum of squares is less than the square of sum, we have
Zl: )\i < (Zl d)z Also note that by the strong e-condition, Z 1)‘1 4=
(de)~ ! = o(d*l/Z). Thus, (5.1) is bounded as

d 4 4
E(in,dy,-) <N ilB+ > AghigB
i=1 i=1 i=j#k=I
d 2 4 d 2
72 T2
< (in’d) B+ (2) (in,d> B
i=1 i=1
=od™h

Then Chebyshev’s inequality gives us, for any 7 > 0,

d ~
P{
i=1

Summing over d gives > 5> | P[] Z;jzl Xi,dzizm — 1] > 7] < o¢ and by the Borel-
Cantelli lemma, we conclude that a diagonal element Zle ki,dziz/- converges to 1
almost surely.

The off-diagonal elements of nSp can be expressed as Zld:l AidZimzil. Using
similar arguments to those used in the diagonal case, we have

gl

d
> hidzimzil
i=1

2
i, d3im — 1| > =
La%im 4 4

T} B Aa¥t _od™h

74 - 4

. T] _BEL Aazmzn*t _od Y

and again by the Borel-Cantelli lemma, the off-diagonal elements converge to 0
almost surely.

5.2. Proofs of Lemma 1 and Theorem 2. The proof of Theorem 2 is divided
in two parts. Since eigenvectors are associated to eigenvalues, at first, we focus
on asymptotic behavior of sample eigenvalues (Section 5.2.1) and then investigate
consistency or strong inconsistency of sample eigenvectors (Section 5.2.2).

5.2.1. Proof of Lemma 1. The proof relies heavily on the following lemma.
Recall that ¢ (A) denotes the kth largest eigenvalue of A.
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LEMMA 3 (Weyl’s inequality). If A, B are m x m real symmetric matrices,
then forallk=1,...,m,

@r(A) + ¢m(B) @i (A) + ¢1(B),

@r+1(A) + Om—1(B) < oA+ B) < Yr—1(A) + ¥2(B),

om(A) + i (B) 01(A) + i (B).

This inequality is discussed in Rao [17] and its use on asymptotic studies of
eigenvalues of a random matrix appeared in Eaton and Tyler [6].

Since S and its dual Sp share nonzero eigenvalues, one of the main ideas of
the proof is working with Sp. By our decomposition (1.1), nSp = Z'AZ. We also
write Z and A as block matrices such that

Zl Al 0 . e O
Z» 0O Ay --- (0]
(5.2) Z= . , A= . . . )
Zpsr 0 0 - App
where Z; is a k; x n matrix foreach/ =1, ..., p+1and Aj(= Ay q) isak; x k; di-
agonal matrix foreach/ =1, ..., p+ 1 and O denotes a matrix where all elements
are zeros. Now, we can write
p+1
(5.3) nSp=2'AZ=Y_Z|\Z.
=1
While Z; depends ond =1, ..., 0o, this dependence is not explicitly shown (e.g.,

by subscript) for simplicity of notation.
Note that Theorem 1 implies that when the last term in equation (5.3) is divided
by d, it converges to an identity matrix, namely,

(5.4) d='Z) (Ap1Zp1 =5 nK - Iy,

where K € (0, o0) is such that (dn)_lziejﬁl Ai g — K. Moreover, dividing by
d®! gives us
p
nd=*Sp=d " Z\MZi+d" Y ZINZi+d T 2 A p Zpy.
=2

By the assumption (b), the first term on the right-hand side converges to Z{ Ci1Z4
where C; is the ki x kj diagonal matrix such that Cy = diag{c;; j € J1} and the
other terms tend to a zero matrix. Thus, we get

nd~“'Sp = Z1C1Z; as d — oo.
Note that the nonzero eigenvalues of Z]CZ; are the same as the nonzero eigen-

values of C 11 / 2Z 1 Z’l C 11 /2 which is a k; x k; random matrix with full rank almost
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surely. Since @;(A) is a continuous function of the entries of A (see e.g., Kato
[13]), we have fori € Jq,
(p,'(nd_o”SD):>(pi(Z/1C1Z1) asd — oo
1/2 1/2
= ¢i(C*7,Z|C|").

Thus, we conclude that for the sample eigenvalues in the group Ji, )t,-/d‘)‘1 =

@i (d~*' Sp) converges in distribution to ¢; (n_1C11/221 Z’l Cll/z) fori e J;.
Let us focus on eigenvalues whose indices are in the group Ja, ..., J,. Suppose

we have A; = Op(d*)foralli e Jj, forj=1,...,1 —1.Pickany i € J;. We will
provide upper and lower bounds on Ai by Weyl’s inequality (Lemma 3). Dividing
both sides of (5.3) by d*, we get

[—1 p+1
nd “Sp=d~*" Y Z'N;Zj+d Y ZiA;Z;
j=1 j=l

and apply Weyl’s inequality for the upper bound,

-1
¢i(nd™"Sp) = Presiin <d_al 2. Z}Aij>
| st

p+1
(5.5) +(ﬂiiz.lj;ll k; (d_“l X; Z}Aij)
j=

p+l
— - "N T
Jj=l
Note that the first term vanishes since the rank of d = le;ll Z;A jZ;j is at most

le_:ll k. Also note that the matrix in the upper bound (5.5) converges to a simple

form
p+1 p+l1
d*“li‘;z;Ajzj = dYZINZ +d XI:IZ}Aij
j= J=l+

= Z,C1Z as d — oo,

where C; is the k; x k; diagonal matrix such that C; = diag{c;; j € Ji}.
In order to have a lower bound of A;, Weyl’s inequality is applied to the expres-
sion
l p+1
d™ Y ZiN;Zj+d™ Y ZiAN;Zj =nd %S,
j=1 j=l+1
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so that
[ p+1
(5.6) o (d_"” > z;.Ajz]-> + ¢n (d‘“l > z;AJ-Zj) <¢i(nd~*Sp).
j=1 j=l+1

It turns out that the first term of the left-hand side is not easy to manage, so we
again use Weyl’s inequality to get

-1
.y (d—“l > Z;Ajzj)
j=1
(5.7 1
— / — /
< @; (d o 2:1 ZjAij> + ‘pl—i+2’,-;1, kj(_d alZlAlZl),

j:

where the left-hand side is O since the rank of the matrlx inside is at most Zl Lk kj.

Note that since d~% ZlAlZl and d~ "”Al/2
we get

717, A ? share nonzero elgenvalues

1/2

172

= Po—it14Y 1k( d™ A, s ZiZ|A /)
(5-8) 12 1/2
—¢;_yi-1 (A AN 2170

_(pi—zlj_:ll k; (d“ ZlAlZl).

Here, we use the fact that for any m x m real symmetric matrix A, ¢;(A) =
—Om—i+1(—A) foralli=1,...,m

Combining (5.6)—(5.8) gives the lower bound

p+1
(5.9 ¢i—Z§;11 K (d™ ZZ/AIZI) + ¢n (d—a; Z Z;.Aij> < @;i(nd~*Sp).
j=l+1

Note that the matrix inside of the first term of the lower bound (5.9) converges
to Zl/ C;Z; in distribution. The second term converges to 0 since the matrix inside
converges to a Zero matrix.

The difference between the upper and lower bounds of ¢; (nd~* Sp) converges
to 0 since

p+l1
— / —i /
s (T B 20) v iz o
=
as d — oo. This is because ¢ is a continuous function and the difference between

the two matrices converges to zero matrix. Therefore, ¢; (nd~* Sp) converges to
the upper or lower bound as d — oo.
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Now since both upper and lower bound of ¢; (nd ~* Sp) converge in distribution
to same quantity, we have
¢i(nd~Sp) = ¢yl kj(zgclz,) as d — oo.
(5.10) '

. 12 o 1)2
= (pi—zlj_:llkj(cl 21Z,C;'7).

Thus, by induction, we have the scaled ith sample eigenvalue Ai /d* converges in

distribution to @ _yoi-1 kl(n_ICll/zZlZl/Cll/z) forie J;,1=1,..., p, as desired.
j=1%j

Now, let us focus on the rest of the sample eigenvalues ):i, i=«x+1,...,n. For
any i, again by Weyl’s upper bound inequality, we get

14
0i(nd~'Sp) < @i d ™ Z}y | Ap1 Zps1) + Gt (d—‘ Y ZiA jzj>
j=1

= @i d™' Z) A pi1 Zpi),

where the second term on the right-hand side vanishes since the matrix inside is of
rank at most «. Also for lower bound, we have

p
i(nd~"'Sp) = ¢i(d ™" Z, A pi1Zps1) + o (d—l Y ZiA jzj)
j=1

= @i d™ ' Z) A p1 Zpy1),

where the second term vanishes since ¥ < n. Thus, we have complete bounds for
i (nd=1Sp) such that

0id™'Z)  Apr1Zp1) @i(nd ™' Sp) @i (d7' 20 A pi1 Zpi1)

foralli =« +1, ..., n. However, by (5.4), the matrix in both bounds converges to
nK - I, in probability. Thus, lower and upper bounds of ¢; (d~'Sp) converge to K
in probability for i =« + 1, ..., n, which completes the proof.

5.2.2. Proof of Theorem 2. We begin by defining a standardized version of the
sample covariance matrix, not to be confused with the dual Sp, as
S=A"12u'sun~1/?
(5.11) =A"2U(OADYUA?
= A"V2PAP AT,
where P =U'U = {uﬁt j}ij = {pijlij. Note that elements of P are inner products

between population eigenvectors and sample eigenvectors. Since S is standardized,
we have by S=n"1XX and X =UA'/?Z,

(5.12) S=n"1z7.
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Note that the angle between two directions can be formulated as an inner prod-
uct of the two direction vectors. Thus, we will investigate the behavior of the inner
product matrix P as d — oo, by showing that

(5.13) Y51 asd— oo
JEJ

foralli € J;,I=1,..., pand

(5.14) P’ 250 as d — 0o

foralli=«x+1,...,n.

Suppose for now we have the result of (5.13) and (5.14). Then for any i € Jj,

l=1,...,p,

Angle(it;, spanfu ; : j € Ji})

by (5.13) and fori =« +1,...,n,

Angle(it;, u;)

by (5.14), as desired.

~ . ~
Mi[PrOJspan{uj:jeJl} Uil
”ﬁl ”2 . ” [Projspan{uj:je‘][} ﬁl]”Z
(X jeq, ii)u ) )
latill2 - 3 je g yitidu jll2
~ N2
Zjejl (u’jui) )
(8 ey @17

)

= arccos(|uji;|)

arccos(|piil)

p
—

(SR

as d — oo,

Therefore, it is~en0ugh to show (5.13) and (5.14). We begin with taking jth
diagonal entry of S, 5;;, from (5.11) and (5.12),

n
A | 2 o —1_
SJJ—)\,J- Z)»,pji—n ZJZ]‘,

i=1

where z; denotes the jth row vector of Z. Since

(5.15)

=17 2

-1 /
ZjZJ"
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A

2 J
7= 0i(3)

l

we have at most

foralli=1,...,n, j=1,...,d. Note that by Lemma 1, we have for i € Jj,,
jeJ,wherel<li <bh <p+1,
Aj 0,(d*27%) iflhb<p
5.16 2=0 (—’) =177 ’ =0
.10 Pii PA% Op(d' ), ifh=p+1,

so that pjz.l. % 0as d — oo in both cases.
Note that the inner product matrix P is also a unitary matrix. The norm of the

ith column vector of P must be 1 for all d, i.e. 2?21 p?i = 1. Thus, (5.13) is
equivalent to 31, g p?i 25 0asd — oo.

Now for any i € Ji,
2 2 2
Y. pi= ) Pt ) P
Jje{l,....d}\J1 J€LU--UJ)p JE€JIp+1

Since the first term on the right-hand side is a finite sum of quantities converging
to 0, it converges to 0 almost surely as d tends to infinity. By (5.15), we have an
upper bound for the second term,

~ A
2 _ -1 24
2 Pii= 2 ki hipjiz
JE€Jp+1 J€Jp+1 !
-1, .79 . n d 2 .
- ZjerH” 2jZihj i _ D k=1 et %y i
- d ii nd )A»i’

where the z; ;’s are the entries of a row random vector z;. Note that by applying

Theorem 1 with ¥; = diag{A(1, ..., Aq}, we have Z‘;:K_H Z?,k)‘j/d 2 lasd —
00. Also by Lemma 1, the upper bound converges to 0 in probability. Thus, we get

> sz_i_P)O as d — 0o,

which is equivalent to

(5.17) Yoph Sl asd— o
JeN
Let us focus on the group J2, ..., Jp. Forany [ =2, ..., p, suppose we have
ZjEJmp?i L lasd—ocoforalliedy, m=1,...,1— 1. Note that it implies

that forany j € J,,m=1,...,1 —1,

(5.18) > ph-50 asd—> oo,
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since
d
> X PEE 2P b -y 1=0,
jedmic{l,...d\Jn jedmi=1 j€Imicdy j€dm i€y
as d — oo.

Now, pick i € J;. We have
2 2 2 2
2. Phi= 2 Pt ) Pt 2 P
Je{l, ... d\J; jeqU-UJ_ jedis1U--UJ, jedpt1
Note that the first term is bounded as
-1 »
2 2 2
Y A=Y ¥ =X y( T )20
jeJiU---UJi_ ieJ; je1U---UJ_1 m=1jeJ, ie{l,....d\Jn

by (5.18). The second term also converges to 0 by (5.16). The last term is also
bounded as

as d — oo which implies that
Z p?i 21 asd — oo.
JeJd

Thus, by induction, (5.13) is proved.

Fori=K+1,...,n,wehaveki_1kipi2i§n*1

ziZ;, and so
pii <5 n ™ izl = 0,05 M),
which implies (5.14) by the assumption (c¢) and Lemma 1, and the proof is com-

pleted.

5.3. Proof of Corollary 1. The proof follows the same lines as the proof of
Theorem 2, with convergence in probability replaced by almost sure convergence.

5.4. Proof of Corollary 2. From the proof of Theorem 2, write the inner prod-
uct matrix P of (5.11) as a block matrix such that

Py - Py P pt1

Ppi Ppp Pp p+1
Pp+1,1 Pp+1,p Pp+1,p+1
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where each P;; is a k; x kj random matrix. In the proof of Theorem 2, we have
shown that P;;, i =1,..., p, tends to be a unitary matrix and P;;, i # j, tends
to be a zero matrix as d — oo. Likewise, A and A can be blocked similarly as
A =diag{A;:i=1,...,p+ 1} and A = dlag{Al i=1,...,p+1}L

Now, pick [ € {1, ..., p} The [th block diagonal of S, S”, is expressed as Sll =
ZPH 1/ZPIJA Plel 12 Since Pij — 0,i # j, we get

: 12, 2 12, P
1S — A, / PyAPjA, P20

as d — oo, where || - ||r is the Frobenius norm of matrices defined by ||A||r =
(Zl N A2 1/2‘

Note that by (5.12), 5'11 can be replaced by n1z Zl/ We alsohave d "% A; — C
by the assumption (b) and d O”Al LS diag{o(n— 1C1/221 ZlCI/z)} by (5.10). Thus,
we get

1/2

_ —1/2 . — —1/2
In='2,z) — ¢;'* Py diaglp(n ="} * 21 ZjC} ) Phc P L5 0

as d — oo.
Also note that since n_lZIZl/ — Iy, almost surely as n — oo, we get
_ICI/ZZ ZlCl/2 — (C; and dlag{(p(n_ICI/ZZ ZlCl/z)} — C; almost surely
as n — o0o. Using the fact that the Frobenius norm is unitarily invariant and
IAB|r < ||Allr||B| r for any square matrices A and B, we get

| P, C1 Py — Cill F
. _ 1/2 2
< ||P,,C1 Py — diaglo(n='C}*2,Z,C! ) F + 0, (1)
. _ 1/2
= |IC; — Py diaglp(n™"'C}"*2,Z]C}HV P F + 0, (1)

_ 1/2 1 1/2
5.19)  <|n~'c/?z1z)c!”* - Py diagle(n='C}*212;C V) P E + 0, (1)

1/2 _
<1, % 1" z12;

—1/2

— ;"2 pydiaglp(n='C}*22)C) 0 P)CT P N E + 0, (1)

250 asd,n — oo.

Note that in order to have (5.19), P; must converge to diag{#+1, +1, ..., +1}
since diagonal entries of C; are distinct and a spectral decomposition is unique up

to sign changes. Let [ = 1 for simplicity. Now for any m =2, ..., ky, p,zn1 20
since
ki
IP{,C1P1 = Cill} =Y (c1 —¢)*pF) = (c1 — em)* Py
j=1
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This leads to p%] £ 1 as d,n — oo. By induction, pl.zl~ L2 1 foralliec Ji, =

1,..., p. Therefore, Angle(it;, u;) = arccos(| p;;|) 2 0as d,n — oo.
If the assumptions of Corollary 1 also hold, then every convergence in the proof
is replaced by almost sure convergence, which completes the proof.

5.5. Proof of Corollary 3. With Gaussian assumption, noticing Cll/ 2Zl X
Zl’ C ll/ SR Wi, (n, C;) gives the first result. When k; = 1, the assumption (b) and

that C,"*Z,Z)C}"* ~ ¢; x* imply that

asd — oo.

&: A .cid“l:)(_,%
Ai c;d% Ai n
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