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ASYMPTOTIC THEORY OF SEMIPARAMETRIC Z-ESTIMATORS
FOR STOCHASTIC PROCESSES WITH APPLICATIONS TO
ERGODIC DIFFUSIONS AND TIME SERIES

BY YOICHI NISHIYAMA
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This paper generalizes a part of the theory of Z-estimation which has
been developed mainly in the context of modern empirical processes to the
case of stochastic processes, typically, semimartingales. We present a general
theorem to derive the asymptotic behavior of the solution to an estimating
equation 6 ~~ W, (0, 71\") = 0 with an abstract nuisance parameter 2 when the
compensator of W, is random. As its application, we consider the estimation
problem in an ergodic diffusion process model where the drift coefficient
contains an unknown, finite-dimensional parameter 6 and the diffusion co-
efficient is indexed by a nuisance parameter # from an infinite-dimensional
space. An example for the nuisance parameter space is a class of smooth func-
tions. We establish the asymptotic normality and efficiency of a Z-estimator
for the drift coefficient. As another application, we present a similar result
also in an ergodic time series model.

1. Introduction. Let us begin with stating our motivating example; the details
are presented in Section 4. Consider the one-dimensional ergodic diffusion process
X on I = (I,r) € R which is a solution to the stochastic differential equation
(SDE) given by

t t
(1) X,:Xo—i-/ S(XS;G)ds+/ o (Xy; h) dW;,
0 0

where s ~» W; is a standard Brownian motion. Here, we consider a d-dimensional
parametric family {S(-;0);6 € ®} for the drift coefficient indexed by a com-
pact subset ® of R?, and a possibly infinite-dimensional “parametric” fam-
ily {0%(-; h); h € H} for the diffusion coefficient indexed by a (general) totally
bounded metric space (H, dg). We denote by (6, hg) the true value of (8, h). Our
aim is to estimate 6y when the model is perturbed by the unknown nuisance pa-
rameter h. As for the parameter /g, we construct a dg-consistent estimator ﬁn
We prove that the Z-estimator 6,, which is a solution to an estimating equation
v, (0, En) = 0, is asymptotically normal and efficient. [We follow van der Vaart
and Wellner (1996) for the terminology “Z-estimator.”]

Received January 2009.

AMS 2000 subject classifications. Primary 62F12; secondary 62M05, 62M10.

Key words and phrases. Estimating function, nuisance parameter, metric entropy, asymptotic ef-
ficiency, ergodic diffusion, discrete observation.

3555


http://www.imstat.org/aos/
http://dx.doi.org/10.1214/09-AOS693
http://www.imstat.org
http://www.ams.org/msc/

3556 Y. NISHIYAMA

There exist a lot of works which treat the estimation problem for the drift coef-
ficient. It is well known that when the process X = (X;);¢[0,00) 1 Observed con-
tinuously on the time interval [0, T'], the diffusion coefficient may be assumed to
be known without loss of generality. (So, we may put & = hg.) In such cases, the
asymptotic normality and efficiency of the maximum likelihood estimator (MLE)
Or for 6y, as T — 00, has been already established. See, for ‘example, Kutoyants
(2004). The MLE 07 is a solution to the estimating equation £7 () = 0 with

() = - fT S(X1:6) [dX, — S(X,: 6)dt]
"UTTh 2Kk nEE

where § denotes the derivative of S with respect to 6. On the other hand, when the
process X = (X;)¢[0,00) is Observed only at discrete time points {0 =) < ] <

.- < 11}, the diffusion coefficient has to be estimated, too. Florens-Zmirou (1989),
Yoshida (1992) and Kessler (1997), among others, considered such situations when
H is a finite-dimensional parameter space, and proved the asymptotic efficiency
of some estimators 5,1 for 6p. Our result does not include these works as special
cases, because we assume a condition, which is theoretically strong but practically
reasonable, that

Ap= max [t! —t" |=0o(t")™") and " — oo,
1<i<n
which is almost the same as the assumption nAf, — 0. For example, Kessler’s
(1997) assumption nA}; — 0 for a given p > 2 is weaker than ours. Another dif-
ference is that the preceding works derive not only the consistency of the finite-
dimensional estimator %, but also its asymptotic distribution, while we prove only
the dy-consistency. However, our work is the first attempt to propose an asymp-
totically efficient estimator 6, for 6y when the nuisance parameter /& belongs to an
infinite-dimensional space (H, dy). Here, by “asymptotically efficient” we mean
that the rescaled residual /7 (8, — 6o) has the same asymptotic distribution as the
continuous observation case, with 4 = hg being known, which has been shown to
be optimal in the framework of local asymptotic normality theory.
We approach this problem by using the approximation of £7(9) given by

S(Xyn 1 0) o
v, (9 h) = p Zm[xﬁ' _th.’L] _S(th?ﬂl,g)m _fi_1|],

where hg has been replaced by the unknown parameter 4. Its “compensator” is
3,6, h Sty d
v, 0,h)=— 7/SX,9 r—SXpn ;0! _],
CND IZZ Z(thh)[ (X3 60) X 5O — 1]

in the sense that the difference ¥, (0, h) — \I/,, (0, h) is the terminal variable of a
martingale. The key points are to show the weak convergence of the rescaled ran-
dom fields (0, h) ~~ r, (W, (0, h) — ¥V, (0, h)) for some constant r, tending to oo,
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and to show the differentiability of (8, h) ~~ \TJ,, (6, h) around (6p, ho). Roughly
speaking, our main result asserts that if we assume /& — o2 (-; k) is Lipschitz con-
tinuous with respect to dy, that the metric entropy condition is satisfied,

1
/ J9IogN(H,dy,¢e)de < 00,
0

where N(H,dy, ¢) is e-covering number of H with respect to dy, and that we
have a dy-consistent estimator h,, for hg, then we can derive the asymptotic dis-
tribution of ry, (é;, — 6p). The consistency of ﬁn should be established separately.

This approach is based on a new theory for general Z-estimators with infinite-
dimensional nuisance parameters presented in Section 2, although its proof is just
an adaptation of that of Chapter 3.3 of van der Vaart and Wellner (1996) who
considered the case where the compensator W, is neither random nor depending
on n. Hopefully, this extension considerably enlarges the application fields of van
der Vaart and Wellner’s theory to various stochastic process models. Indeed, we
also present a result for time series in Section 5, which is briefly introduced below.
Kosorok’s (2008) new book does not seem to cover our examples.

In Section 5, we will consider an ergodic time series model of the form

Xi=8Xi—1,...,. Xi—p;) +o0(Xi—1,..., Xi—g: Dw;,

where E[w;|%;_1] =0 and E[wizlfF,-_l] = 1. Here, 6 is an estimated parameter
which belongs to a compact subset of R¢, while % is a nuisance parameter from
a totally bounded metric space (H, dg). In the same way as the diffusion process
case, we present a general result to derive the asymptotic normality (and efficiency
in some cases) of a Z-estimator for 6y. Although there are vast literatures in time
series analysis [see, e.g., Taniguchi and Kakizawa (2000)] apparently, our result is
new.

The crucial point of our approach is how to show the weak convergence of
the random fields (0, h) ~ r, (¥, (0, h) — \T!n (6, h)). For this purpose, we use
the general weak convergence theory for ¢*°-valued martingales established by
Nishiyama (1996, 1997, 1999, 2000a, 2000b, 2007). The theory is a good mar-
riage between the martingale theory which has a long history [see, e.g., Jacod and
Shiryaev (1987)] and the modern theory of empirical processes [see, e.g., van der
Vaart and Wellner (1996)].

The organization of the paper is as follows. In Section 2, we present a gen-
eral theory for Z-estimation with infinite-dimensional nuisance parameter. In Sec-
tion 3, we prepare a uniform law of large numbers for random fields with abstract
parameter, which is often used in the course of our work. The results for the er-
godic diffusion process models are presented in Section 4, while those for the
ergodic time series models are given in Section 5.

We refer to van der Vaart and Wellner (1996) for the weak convergence theory
in £°°(T)-space, where £°°(T) is the space of bounded functions on a set 7. We
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denote by C,(T) the space of functions on 7" which are continuous with respect to
the metric p. We equip both spaces with the uniform metric. Given a probability
measure P, we denote by P* the corresponding outer probability; see van der Vaart
and Wellner (1996) for the stochastic convergence theory which does not assume

. d . .
the measurability. We denote by % and 5 the convergence in (outer) probability
and the weak convergence. The limit notation mean in principle that we take the
limit as n — o0o. The Euclidean metric on R? is denoted by || - ||

2. General theory for semiparametric Z-estimation. Let two sets ® and H
be given. Let

U,:Ox H—>R? and ¥,:0 x H—> R?

be random maps. The latter should be a random “compensator” of the former,
and in the i.i.d. case it is not random and not depending on n. Compare the above
setting with that in Chapter 3.3 of van der Vaart and Wellner (1996) where W, = .

We present a way to derive the asymptotic behaviour of the estimator 6, for
the parameter 6 € © of interest, with help of the estimator Ty, for the nuisance
parameter i1 € H, which are solutions to the estimating equation

W, B, ) 0.
Here, the true values 6y € ® and hg € H are supposed to satisfy
U, (60, ho) ~ 0.

The following theorem extends a special case of Theorem 3.3.1 of van der Vaart
and Wellner (1996). See also Theorem 5.21 of van der Vaart (1998).

THEOREM 2.1. Let ® be a subset of R4 with the Euclidean metric || - ||. Let
(H,dy) be a semimetric space. Let V,,:® x H — R4 and lTJn:(@ x H—> R4
be random maps defined on a probability space (2, 1, Py). (We do not assume
any measurability.) Suppose that there exist a sequence of constants rp 1 00, some
fixed point (0o, ho) and an invertible matrix Vg, , which satisfy the following (i)
and (i1).

(1) There exists a neighborhood U C ® x H of (89, ho) such that
(W, — )% 2 i),

where almost all paths (0, h) ~ Z (8, h) are continuous with respectto p = || - || V
dy. R
(ii) For given random sequence (6, h,), it holds that

By O, hn) — 0 (00, ho) — Vg, On — 00) = 0px(ry " + 18 — o))
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and that
180 — O0ll v dpg (n, ho) = 0pr (1), W@y, hn) = 0pr(ry 1),
B, (00, ho) = opx(ry ).
Then it holds that

~ d _
Fn(On — 60) > =V 0 Z B0, ho).

To prove the above theorem, we need the following lemma, which is a slight
generalization of Lemma 19.24 of van der Vaart (1998).

LEMMA 2.2. Let (T, p) be a semimetric space. Suppose that Z, 4 Z in
£2°(T) and that almost all paths of Z are continuous with respect to p. If T -valued
random sequence 1, satisfies p(t,,to) =0 px(1) for some nonrandom 1y € T, then

Zn(tw) = Zn(t0) = 0pz(1).

PROOF. Let us equip the space £°°(T) x T with the metric || - |7 + p, where
I - |7 denotes the uniform metric on £°°(T'). Define the function g : £*°(T) x T —
R by g(z,t) = z(t) — z(#p). Then for any z € C,(T) and ¢ € T, the function g
is continuous at (z, t). Indeed, if (z,, ;) — (z,t), then ||z, — z||lr — 0, and thus
Zn(ty) = z(ty) + 0o(1) — z(t), while z,,(to) — z(tp) is trivial.

By assumption, we have (Zn, 1) —d> (Z,tp) in £2°(T) x T [see, e.g., Theo-
rem 18.10(v) of van der Vaart (1998)]. Since almost all paths of Z belong to
C,(T), by the continuous mapping theorem,

~, d
Zn(tn) — Zn(t0) = §(Zn, 1) — 8(Z, 10) = Z(t0) — Z(10) =0.
The proof is finished. [J

PROOF OF THEOREM 2.1.  Applying Lemma 2.2 to the £°°(U)-valued random
element Z,, = r, (¥, — ¥,), we have

Pn(Wn @ n) — W @, ) — rn (W (B0, ho) — Wy (60, ho)) = opr (1).
Since 1, Wy, (O, hy) = 0py (1), we have
Pn (B G, ) — Wy (60, ho)) = —1 ¥y (B, ho) + 0ps (1).
By the assumption (ii), it holds that
) PnVao.ho@n — 00) = —ra W (00, ho) + 0p: (1 41416, — 60])).
Now, since
FullBn = B0ll < 11V o 17 1| V.o @ — 60
<O0p, (D +o0p:(1+1408, —60l) by (2),
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it holds that r,, ||§’;1 — 6ol = Opx(1). Inserting this to (2), we have

TnVaouho@n — 00) = —rn Wy (60, ho) + 0pz(1)
= —rn (W (B0, ho) — Uy (B0, ho)) + 0pz (1)
4 —Z (6o, ho),
which implies the conclusion. [J
In Theorem 2.1, both “||§,, — tpll = opx(1)” and “dH(ﬁn,ho) = opx(1)” are

assumed. Under some conditions, the former automatically follows from the latter,
as it is seen in the following theorem.

THEOREM 2.3. Let (®,do) and (H,dy) be two semimetric spaces. Let
U, :0 x H— R be a random map defined on a probability space (2, F,, Py).
(We do not assume any measurability.) Let ¥:0© x H — R? be a nonrandom
function. Suppose that

sup | Wp(0,h) — WO, )| =opx(1).
6.h)e®x H

Suppose also that for some (6y, hg) € ® x H

inf  [W@O.ho)| >0  Ve>O0,
0:de(0,00)>¢

and h ~ (o, h) is continuous ar ho uniformly in 0. Then jior any random se-
quence (On, hy) such that Wy (0,, hy) = opx(1) and that dy (hy, ho) = opx(1), it
holds that de (0, 60) = opx(1).

PROOF. Observe that
1% @, ) | < 1% B, ) — W By o) |+ 190 B, o) |

< sup W (0, h) — W, (0, h) || + W, (B, )|

= opx(1).

Now, for every ¢ > 0, there exist §, n > 0 such that ||\ (@, h)|| > n for every 0 with
de(0,00) > ¢ and every h with dg (h, ho) < §. Thus, the event {dg (5,,, 6p) > €} is
contained in the event {|W B,, i) || > n}U{dg (hn, ho) > 8}. The outer probability
of the latter event converges to 0. [J

3. Uniform law of large numbers. In this section, we give a uniform law of
large numbers for ergodic processes, under a smoothness assumption. The proof is
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standard, so it is omitted. [See, e.g., Theorem 2.4.1 of van der Vaart and Wellner
(1996) for the idea, or see Nishiyama (2009).]

THEOREM 3.1. Let (E, &) be a measurable space. Let ® be a set which is
totally bounded with respect to the semimetric p. Let a family {f(-;0);60 € O}
of measurable functions on E be given. Suppose that there exists a measurable
function K such that

3) 1f(x;0) = f(x;0) < K(x)p(6,0)  V0,0"€®.

(1) Suppose that the E-valued random process {X};c[0,00) is ergodic with the
invariant law [, that is, for any |i-integrable function g

1 T
” fo e(Xydi /E g()n(dx).

Ifall f(-;0) and K are p-integrable, then

1 T
;fo f(xt;mdt—/Ef(x;em(dx)

sup
0O

=op+(1).

(i1) Suppose that the E-valued random process {X;}i=12,... is ergodic with the

invariant law ., that is, for any [-integrable function g,

yeee

13 Ny
;;mx,)»/b,g(xm(dx).

Ifall f(-;0) and K are p-integrable, then

1 n
S0 - [ foxiu)

i

sup :Op*(l).

6e®

REMARK. The smoothness assumption (3) can be replaced by “bracketing.”
See Theorem 2.4.1 of van der Vaart and Wellner (1996).

4. Ergodic diffusion processes.

4.1. Regularity conditions. Let us consider the diffusion process model in-
troduced in the first paragraph of Section 1. We shall list up some conditions.
We suppose that there exists a parametric family of d-dimensional vector-valued
functions {S(-; #); 6 € ®} on I which satisfies the following conditions. Typically,
they may be considered to be the derivatives of S(-; ) with respect to 6, that is,
$(;0) = (55:S(30), ..., 59-5(:;0))7. The function A appearing in Al and A3
may be chosen to be common without loss of generality.
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Al. © is a compact subset of RY. There exists a measurable function A on I
such that at the true 6y € ©,
S(x;0) — S(x; 60) = S(x; 60)" (0 — 60) + A(x)e(x; 6, 6p),
where sup, ., |€(x; 0, 6p)| = o(]|0 — 6pl|) as 6 — 6.
A2. There exists a constant K > 0 such that

sup |S(x; 0) — S(x";0)| < K|x — x|;
0e®

sup [|5(x: 0) — $(x:0)|) < K |x —x'];
6e®

sup |62 (x; h) —o?(x’; )| < K|x — x|
heH

A3. There exists a measurable function A on [ such that

sup [S(x; 0)] < A(x);
6e®

sup [|S(x; )| < A(x);
0e®

¢ := inf inf o2(x; h) > 0;
heH xel

1SGx; 0) = S(x; O)|| < A6 —6'| V6,0 € ©;
lo2(x; h) — o2(x: )| < A(x)dy(h, k') Vh,h' € H.

Ad. sup,cg E(A(X)8 + | X, < o0.

AS. The process X = (X;)re[0,00) 1S ergodic. We denote by p the invariant
measure under the true (6o, ko), and we assume that it satisfies [, A(X)?(1 +
lxDu(dx) < oo.

A6. The matrix
$(x; 00)8(x; 60)"

o2(x; ho)

160, ho) = f[ w(dx)

is invertible.
A’7. The metric entropy condition for (H, dg) is satisfied:

1
f J9IogN(H,dy,e)de < 0.
0

A8. Forevery ¢ > 0,

[ S 15 60) = S0 Oluta)| > .

o2(x; ho)

m
0:116—6p|>e

REMARK. The last assumption in A2 implies that o2 (x; hg) < C(1 + |x]) for
a constant C > 0.
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To close this subsection, let us discuss the possibility of the choice of the nui-
sance parameter space (H, dg).

EXAMPLE 1 (Parametric model). When (H,dp) is a compact subset of a
finite-dimensional Euclidean space, the metric entropy condition A7 is indeed sat-
isfied. So the main restriction is the Lipschitz continuity of 4 — o2(-; k) in A3.
This situation is more general than that in Yoshida (1992) and Kessler (1997),
although, as announced in Section 1, our result does not include theirs.

EXAMPLE 2 (The class of smooth functions). Let us consider the parame-
trization o (x; h) = h(x) where h is an element of the class H = C§,(I) defined
below. We equip the function space H with the uniform metric || - ||oo for which
the last requirement in A3 is always fulfilled. To check A7, first we consider the
case where [ is a bounded subset of R, and next we give some remarks for the
general case.

We take the material below from Section 2.7.1 of van der Vaart and Wellner
(1996). Let I be a bounded, convex subset of R?. (In the current example of one-
dimensional diffusions, we are considering the case ¢ = 1, but for the generality
we set g to be a general positive integer; see Section 5.) Let « > 0 and M > 0
be given, and let o be the greatest integer smaller than «. For any vector k =
(k1, ..., kg) of g integers, we define

ak.
ki kg’
axl AR BXQ

where k. = Ziqzl k;. We denote by C§; (1) the class of functions defined on / such
that

<M,

D*h(x) — D*h
max sup | DFh(x)| + max sup | ® Wl
k<a x k=a x,y [x —yl*«

where the sumprema are taken over all x, y in the interior of I/ with x # y. Then
there exists a constant K > 0 depending only on « and ¢, such that

(M q/a
log N(C% (1), [ - llsos €) < KA(I >(;) ,

where A (1) is the Lebesgue measure of the set {x: |[x— /|| < 1}. Hence, the metric
entropy condition A7 is satisfied if ¢/(2«) < 1, and therefore our theory works.

When I = R?, we shall restrict out attention, for example, to the following class
H of functions on RY. Let Iy be a bounded, convex subset of R?, and we suppose
that the restriction of & € H to Iy belongs to Cps(lp) and that

4) sup |h(x) —h'(x)| < L sup |h(x) — h'(x)| Vh,h' € H,

xeRY xely
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for a constant L > 0. Then both the last condition of A3 and A7 are satisfied. The
condition (4) is satisfied if we assume, for example, either of the following:

(i) h is known on I§;
(ii)) when g = 1 and Iy = [lg, 0], each & is constant on (—o00,lg] and on
[ro0, 00).

Although the examples (i) and (ii) might look restrictive, it should be noted that
in practice we can choose an arbitrary large /.

Another way to deal with the unbounded case / = R? is to consider the para-
metrization

o (x; h) = h(u(x)), h € Cy (o),

where [ being a bounded, convex subset of RY and u:RY — Iy is a fixed func-
tion. If ¢’/(2a) < 1, then both the last requirement in A3 and the metric entropy
condition A7 are satisfied for the uniform metric dg = || - || co-

Instead of C§; (1), another possibility of the choice of H which satisfies the
metric entropy condition for the uniform metric is the Sobolev class; see Exam-
ple 19.10 of van der Vaart (1998).

4.2. Results. As announced in Section 1, we propose to use the estimating
function

1L S 5 60)

v, (0, h) = t_”Zm[X[i" — X — S(X,;til;@)lfln — 141,
noj=1 iy
whose compensator is
- 1 & S 50) 1t
U,60,h) =— ——1[/ S(X;,00)dt — S(Xyn 5 0) |t — 1t }
n (60, h) r::ZaZ(Xt,.n_l;h) " (X1, 60) Xep 3O — 1]

i=l

Then we have the following two lemmas.

LEMMA 4.1.  Assume A, — 0 and t;) — 0. Equip the space © x H with the
metric p = || - || V dyu. Under A1-AS and A7, [/t (¥, — W,) converges weakly in
C,(® x H) to a zero-mean Gaussian process Z with the covariance

o Sx; )8 (x; )7
£20.026' 1) = |

In particular, the random variable Z 6y, ho) is distributed with N (0, I (6y, ho)).

o2 (x; ho)p(dx).

LEMMA 4.2. Assume A, = 0((t,§‘)_1) and t;) — 0o. Under A1-A6, for any
random sequence (6, h;) such that ||6,, — 0| vV dg (hy,, ho) = op=(1), it holds that

Wy, (0, hn) — U, (B0, ho) — (—1 (80, 70)) (O — 60) = 0p+ ()12 + (16, — 60ol).
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Combining these lemmas with Theorem 2.1, and noting also \Tln (8o, ho) =

Op(A,l/ 2) which will be proved by using Lemma 4.5 below, we can conclude
the following theorem.

THEOREM 4.3. Assume Ay =o((t))” Yy and t) — 00. Under A1-AT, for any
random sequence (0,,, i, n), such that

16, — 6ol = 0ps(1),  dy(hn, ho) = o0p<(1)
and
W,y (B, ) = 0p ((EH ™12,

the estimator 0, is asymptotically normal and efficient:

i@, — 00) 5 N (0. 10, ho) ™).

When A8 is also satisfied, the assumption “||§,, — 0ol = o0p=(1)” is automatically
satisfied.

In the above theorem, the only assumption which we cannot check in the course
of computing the data is the consistency “dy (ﬁn, hg) = opx(1),” because it in-
volves the true value kg of the unknown parameter # € H. When {62(;h); h e H)
is a class of functions o2(-; h) = h(-) where H is a class of smooth functions, one
may think that a kernel estimator is a candidate for Tu. As stated above, in view of
the Lipschitz condition of & — o2(-; h) (the last condition in A3), it is convenient
to consider the consistency with respect to the uniform metric. However, to show
the consistency of the kernel estimator with respect to the uniform metric is a task.
Generally speaking, showing the consistency for infinite-dimensional parameter
is not a trivial problem, which should be solved by independent articles. See, for
example, Hoffmann (2001). Below, we give a general way to show the consistency
of a least square estimator.

THEOREM 4.4. Assume A, — 0 and t]] — oco. Assume A2—-AS5 and A7. Sup-
pose that

2 2
h) — h dx)>0 Ve>0
e dig h())>g/ |02 (x: h) — 0% (x:; ho) P p(dx) > e >

is satisfied. If the random element hn satisfies A, (hn) < infreg A, (h) + opx(1)
where

X X 2
| T A | 2
2
— 0 (Xli’llvh) |tln_tln_]|v

e7‘\3rl(h) = m Z

n =1

then it holds that dH(hn, ho) =op+(1).

|6t — 1 |
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4.3. Proofs. Before the proofs, we state a lemma which is well known.

LEMMA 4.5. Let X be a solution to the SDE (1) for (8, h) = (89, ho). Assume
|t =t <1

(1) For any k > 2, there exists a constant Cy > 0, depending only on k, such
that

E sup |X;—Xp |° < Crsup E{IS(Xs; 60)| + |o (X3 ho) Y — 1112

telt .1 seR
. k)2
=: Dyt — 1" /2,

provided the right-hand side is finite.
(i1) For any k > 2 and any measurable function f, g, it holds that

sup  E(1X; — Xpn 2] f (Xpn DIIg(X0)])

telet it

i—1°%

< (Delt! — 14|92 sup(E| £ (XM sup(Elg (XD V2,
SE seR
provided the right-hand side is finite.

PROOF. The assertion (i) is well known. (Use Holder’s inequality
and Burkholder-Davis—Gundy’s inequality for f;}, 1 |S(Xs;6p)|ds and
SUPses | 11] | ]f.nil o (Xs; hg) dWs]|.) The assertion (ii) follows from Holder’s in-

equality and (i). O

During the proofs, we write

S(x; 0)
o2(x;h)’

Y (x;0,h) =

which is a d-dimensional vector-valued function. For each component ) (x; 6,
h) (j=1,...,d), it holds that

[y D0, ) — w50, h)

_18V00) = SV 0)

= 2(x: h
(5) ot : 1
S0 (- -
+|$ (X’Q)“GZ(X;h) o(x's h)
1 Ax) /
S{_+ : }K|x—x|
C
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and that
[ D (x;0, ) — P (x; 07, 1)
_ 1890 0) = $Ux: 0]
- o2(x; h)

1 1
o2(x;h)  oZ(x; k)

+8V @09

© ISD(x;0) — SD(x: 00 - lo2(x; h) — o2(x; )|
< — =+ 8D (x5 0| —
A A(x)?
{20 RO Ko — 01 v i),

PROOF OF LEMMA 4.1.  We apply Theorem 3.4.2 of Nishiyama (2000b) [or,
see Theorem 3.3 of van der Vaart and van Zanten (2005)] to the terminals M n.6,h

of the continuous martingales ¢ ~~ M," 9. given by

MmO ZW(XI’H 0, h)/ o (Xs; ho) dWs.

M

For the finite-dimensional convergence, it is sufficient to show the convergence of
predictable covariation. This is done as follows.

(Mn,é),h’ M}’l,@’,h’)[ﬂ

LSy 0.y 0 h)T/t" o2 (X, ho) ds
”z 1 i—1
1 I 1 . N\NT 2
=t—nf0 W (X3 0, Y (Xe: 6/, W) 02(Xo: ho)di +0p(1)
(7) "
2 f (e 0, )y (s 0, 1) T o (x; ho)a(dox)
1
R CHINER AN
1 o2(x; h)o2(x; )
— 1@, ho)  if (0. 1) = (@', h') = (60, ho)-

o2 (x; ho)p(dx)

Here, to show (7), we have used the bound (5) and Lemma 4.5(ii) twice.

To establish Nishiyama’s condition [ME], let us observe the following fact to
check the metric entropy condition for the product space ® x H.

In general, if (D, d) and (E, e) are two semimetric spaces, then the covering
number of the product space D x E with respect to the maximum semimetric
dVe,namely N(D x E,d Ve, z¢),is bounded by N(D,d,e)- N(E,e,¢). To see
this claim, let B;, i =1,..., N(D,d, ¢) be an g-covering of D, and let Cj, j =
l,...,N(E,e,¢) be an e-covering of E. Then the diameters of the sets B; x C; C
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D x E with respect to d V e are smaller than &, thus these sets form an e-covering
of D x E. The claim has been proved. Consequently, the metric entropy condition

1
/ \/logN(D X E,dVe,g)de < o0
0

1s satisfied if

1 1
f J9ogN(D,d,e)de <oo and / J91og N(E, e, e)de < oco.
0 0

Now, since ® is compact with respect to the Euclidean metric, the metric en-
tropy condition for ® is satisfied. So, with A7 in hands, the metric entropy condi-
tion for the product space ® x H is satisfied, and it remains only to show that the
quadratic modulus is bounded in probability; that is, the claim that each compo-
nent of the matrix

wp MO My
®. h);e(e/ wy (10 — 0"l v d(h, h"))?

is bounded in probability. In view of (6), the absolute value of each component of
this matrix is bounded by

NN

”lll

AXpr ) |A(Xf;gl)|2 i
2

o2(Xy; ho) ds.

c

The expectation of this random valuable is bounded by

AXp ) IAX e DI
sup | E + 5 -sup/ Ea*(X; ho),
N

i c c
which is O (1) by A4. Thus, the quadratic modulus is bounded in probability. [

PROOF OF LEMMA 4.2. It follows from Lemma 4.5 that uniformly in 6, A,

B, (8, h) — Uy (6o, ho)

LSy om f [S(X,: 60) — S(X3 0)1dt + Op(AY2)

”tl

= /0 (X2 0. WIS(X1: 60) — S(X,: 0)]dt + Op(AY).

The remainder term of this approximation is actually op ((#}) ™ 172y Furthermore, it
holds for any (possibly random) sequence (6,, h,) converging in outer probability
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to (6o, ho) that

4
o o WX O ) [S(Xi3 60) = S(Xi3 O] dr

1 .
- t—n/O W (X, O, ) S(Xe: 60T dt B0 — 6) + 0+ (16 — 601l)
Lo . .
@®) = /0 (X1 80, ho)S(X: 60) dt (6 — 6) + 0+ (16 — o)

= /1 W (x5 00, ho)S(x; 00)T 1L(dx) (B — ) + 0p (|16, — 6ol

= —1(6o, ho)(On — 60) + op=([16n — bol])-
To prove (8) in the above computation, use (6) to show that for every j,k =
1,...,d
1 [t . | .
O XSO b0 de = o [T DX 0, o) SV Xy 0 di
0 0

n
tl’l n

1 (AX)  IAX)PY .
_! { 2 czt }|S(k)(X,;90)|dt-||9n—90||VdH(hn’h0)

o c
= 0p(1)-0p+(1)
= op+(1).

The proof is complete. [

PROOF OF THEOREM 4.3. By Lemma 4.5, it is easy to see that \Tln (8o, ho) =
Op(A,l/z) = oP((t;‘)_l/z). So the main assertion follows from Theorem 2.1
with help from Lemmas 4.1 and 4.2. On the other hand, since it follows from
Lemma 4.5(ii) and Theorem 3.1(i) that supy j, W, (0, h) — W (0, h)|| = op+(1),
where

[ Bwh o
‘I’(G,h)—/laz(x;h)[S(x,Qo) S(x; 0)lp(dx),

the assertion that the consistency “||§,, — Op|| = op+(1)” automatically follows
from A8 is immediate from Theorem 2.3. [

PROOF OF THEOREM 4.4. Put

l n
My = =3 10 (X s ) = 0 (X s ho) P = 12,

noj=1

M(h) = /1 102(x: ) — o2 (x: ho) 2 (dx).
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Let us apply Corollary 3.2.3 of van der Vaart and Wellner (1996) to the above
M,, and M for the given 71\,[ which is the solution of A, (71\,1) < infpey A, (h) +
op+(1). By Lemma 4.5@i1) and Theorem 3.1(i), it is not difficult to see that
supyey IMp(h) — M(h)| = opx(1), so it is sufficient to show that Mn(iz\n) =

OP*(I).
Observe that
2
|Xz” Xt | 2
S — o (Xyp | 1 — 1y
n e — 1| il b
noj=1 i i—1
|Xt‘n B Xt‘n 1|2 2 2 n n
= — e — — 0 (Xyn s ho)| |t — 4]
n n i1 i i—1
tr’z1, g =l !
n |an th 1|2 2
+—n —n—a (X, ' s ho)
o=\ =

X (07 (X 5 ho) — o> (Xpr s ) =1y

+— Z 0% (Xyn 3 ho) — o> Xpn s PL =1y
” i=1
Let us prove that the supremum with respect to /4 of the absolute value of the
second term on the right-hand side converges in outer probability to zero [say, the
claim (a)].
Since we have from It6’s formula that

iy
Xy — Xy P =2 / (X — Xy )S(Xs: 60) ds

t' t
+2 [ 7 (X = Xy o (X ho)dWy +f o2(Xy: ho)ds,
7y LA
it is sufficient to show that Cy , =o0p (1), sup,cy |C2,n(h)| =0p+(1) and C3, =
op (1), where

Cln:

* )S(Xs5 60)ds|A(Xyn ),

Conth) = / Xy — Xp )0 (X5 ho) dW, (02X 5 ho) — 02 (Xop 3 b)),

”zl

can——Zf 0% (X3 ho) — 0>(Xy : ho) | dsA (X ).

”tl

By using Lemma 4.5(11), we easily have ECy ,; — 0 and EC3 , — 0. On the other
hand, by using Theorem 3.4.2 of Nishiyama (2000b), it holds that C» ,, converges
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weakly to zero in Cy,, (H) (recall the argument in the proof of Lemma 4.1). There-
fore, we have sup, .y |C2,,(h)| = 0p=(1).

Hence, the claim (a) is true, and we have that A, (ﬁn) <infeg A, (h) +op=(1)
implies that M, (ﬁn) = op=(1). The proof is finished. [J

5. Ergodic time series.

5.1. Model and regularity conditions. Let us consider the time series model
given by
Xi =8SXiot, o, Xig;0) + 8 (Xit, ., Xigys Ywi.

By putting ¢ = ¢ v ¢» and changing the domains of the functions S and &, without
loss of generality, we can write

Xi =85X;;0) +oX;; hw,

where X; = (X;_1,..., Xi—4) and S(-; 0) and o (-; h) are some measurable func-
tions on R?. For simplicity, we assume that the initial values (Xo, ..., X1_4) =
(x0, ..., X1—¢) are fixed.

As for the noise {w;}, we consider the following two cases:

CASE G (Gaussian). {w;} are independently, identically distributed with
N (0, 1).

CASE M (Martingale). E[w;|#;—1] =0 and E[wizlﬁ_l] = 1 almost surely,
where ¥, =o{X;:j <i}.

Clearly, the Case G is a special case of the Case M. When we do not especially
declare the restriction to the Case G, we consider the Case M in principle.

Let us list up some conditions which have the same fashion as those in Sec-
tion 4.1. We suppose that there exists a parametric family of d-dimensional vector-
valued functions {S( ;0); 0 € ®} on RY which satisfies the following conditions.
Typically, they may be considered to be the derivatives of S(-; #) with respect to 8,
that is, S( 0) = (39 S(;0),..., 69 S(;0))T. The function A appearing in B1
and B2 may be chosen to be common without loss of generality.

Bl. ©® is a compact subset of R¢. There exists a measurable function A on RY
such that at the true 6y € ©,

S(x; 0) — S(x; 6p) = S(x; 60)T (6 — o) + A(X)e(x; 6, 6p),

where supy pq [€(X; 6, 00)| = o(]|0 — 6pl|) as 0 — 6.
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B2. There exists a measurable function A on RY such that

sup [S(x; 0)| < A(x);
0e®

sup [|S(x; 0)|| < A(x);
fe®

2 . . 2
s ho) < AX), := inf inf i h 0;
T SAW. e nf o k) >

IS(x:0) = Sx: )| < A0 — 0] V6.6'€®;
lo2(x; h) — o 2(x; W) < AX)dy(h,h')  Vh,h € H.

B3. The process {X;};=12,... is ergodic under the true (8, ko) in the sense that
for ¢’ = q and g + 1 there exists the invariant measure i, such that for every
g-integrable function f

1 p
- § f(Xi—lv'“’Xi—q/)_)/ /f(xla-"sxq’)uq’(dxl'”dxq’)‘
i R?

We also assume that

/R A(X)° 14 (dx) < 00,

/ onl+A(x1,...,xq)}4uq+1(dxodx1 -++dxg) < 00.
Ra+1

B4. The matrix

S(x; 60) S (x; 6p)”
o 2(x; ho)

160, ho) = /R q g (d%)

is invertible.
B5. The metric entropy condition for (H, dy) is satisfied:

1
/ J91ogN(H,dy,¢e)de < 0.
0

B6. For every € > 0,

S(x; 0
[, a5 60) = S5 Ol @) = 0.

7 02(x; ho)

mn
6:110—6p|l>¢

See the end of Section 4.1 for the discussion of the choice of (H, dy).

5.2. Results. Inorder to explain the idea of our estimating function, let us first
consider the Case G. We denote by P, , the distribution of {Xi, ..., X,} under
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6 =6p +n""?u and h = hg, where u € R?. By an easy computation, the log-
likelihood ratio is given by

logdP (X1,...,Xn)
d Py
J— - 1
N _; 202(X;: ho)
® x {1X; — SXi5 00 +n 2w |* — |1 X; — SXi5 60)1%)
= Anu — Buus
where

n
1
Apu=) ————{Xi — SX;i; 0)HSXis 60 +n~2u) — S(X;: 6
n,u ot Uz(Xi;h()){ i (Xi; Op)HS(X;; 600 +n u) (Xi;60))

and
" 1

—————{SXi: 6 +nPu) — S(X;; 60))>.
; 202(Xi3ho)

Bn,u =

Under the above regularity conditions, we have

4

Ani > N, uT 100, hoyw) and By, > Lu 1(60, ho)u.

So it follows from the theory of the local asymptotic normality that the distrib-
ution of the asymptotically efficient bound in the Case G when hg is known is
N (0, I (6o, ho)_l ). That is, if we obtain an estimator §n such that \/n (gn —6p) —d>
N (0, I (6o, ho)~ "), itis asymptotically efficient in the sense of the local asymptotic
minimax theorem. [See, e.g., Chapter 3.11 of van der Vaart and Wellner (1996).]
If the parameter & is unknown, then the estimation problem for 8 becomes more
difficult. So if we have an estimator which asymptotically behaves as stated above,
then we may say that it is asymptotically efficient with the nuisance parameter /.
This argument is not true in the Case M where the log-likelihood does not equal
the formula (9), but we propose to use it for deriving an estimating equation which
yields the same asymptotic distribution as the Case G.

Not only in the Case G but also in the case M, differentiating (9) formally,
and replacing the true A by the unknown parameter /2, we propose the estimating
function

S(Xi; 9)

Y01 = Z 2 Xm

— S(X;: 6)).

Its compensator is

S(X;; 0
B0, h) = Zﬁ(axi;w ~ 5(X;:0)).
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Thus, it holds that

1 $(Xi; 0)

(W, (6, h) — 3,60, b)) = [Z 2%y i how,

which is the summation of a C,(® x H)-valued martingale difference array where
p =1l Vdg.By using Jain-Marcus’ central limit theorem for martingales given
by Nishiyama (1996, 2000a, 2000b), we have the following lemma which plays a
key role in our approach.

LEMMA 5.1. Under B1-B3 and B3, the sequence of random fields /n(¥, —
V,), with parameter (0, h), converges weakly in C,(® x H) to a zero-mean
Gaussian random field Z with the covariance
S(x; 0)8(x; )T
o2(x; h)o?(x; h')
In particular, the random variable Z (0y, ho) is distributed with N (0, I (6, ho)).

EZ@©O,hZ©® T =/Rq o2 (x; ho) g (dx).

Another lemma which is necessary to apply Theorem 2.1 is the following.

LEMMA 5.2. Under B1-B4, for any random sequence (6,,hy,) such that
16, — 6oll v dg (hy, ho) = op=(1), it holds that

By (0, hn) — W, (B0, ho) — (—1 (80, 1)) B — 60) = 0p+ (|61 — B0 ).

Noting also that ¥, (6o, ho) = 0, we can apply Theorem 2.1 to conclude the
following theorem.

THEOREM 5.3. Under B1-B5, for any random sequence (gn, 7;") such that
16s — 60l = 0p=(1).  dp(hy ho) =o0p=(1) and Wy @p, hn) = 0p+(n~'/?),
the estimator 0y is asymptotically normal.:

V@ — 60) > N (0. 160 ho) ™).

In particular, in the Case G, the estimator O, is asymptotically efficient. When B6
is also satisfied, the assumption “||6,, — 0o|| = opx(1)” is automatically satisfied.

By the same reason as in Section 4, it is necessary to develop a procedure to con-
struct a consistent estimator 4, for the nuisance parameter & € H. The following
theorem gives us an answer.
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THEOREM 5.4. Assume B2, B3 and B5.
(First step: initial estimator for 6y.) Suppose the identifiability condition

inf S(x:0) — S(x: 00121 (d 0 Ve =0
9:“911190”>8‘/Rq| (X’ ) (X’ 0)| Mq( X)> >

is satisfied. If a random sequence 9”LS satisfies A, (QnLS) <infypep A, (0)+op=(1),
where

An(0) = — Dx — S(X;;0)1%,
i=1

then it holds that ||0F5 — 6y = op=(1).
(Second step: consistent estimator for hg.) Suppose the identifiability condition

o 2(x; h) — 02(x: ho) Pg(@) >0 Ve >0
hidﬂ%g,ho)xs,&q lo°(x; h) — a”(x; ho) /'Lq( X) > &>

is satisfied. Merely by a technical reason, assume that there exists a constant
L4 > 0 such that E[w?ljfi_l] < L4 almost surely for all i. Using 9,{‘3 as above,
we define

1 n
Bu(h) =~ 3 |1Xi = SXi: 6,) —o? (Xi: ).

Ifa randgm sequence iz\,, satisfies By, (ﬁn) <infyecy By (h) + op+(1), then it holds
that dyg (h,,, ho) = op+(1).

5.3. Proofs.

PROOF OF LEMMA 5.1. To show the finite-dimensional convergence is easy.
Notice that

S(x; 0) B S(x; 0"
o2(x;h) o2(x;h)

_ 18xi6) — S(xi 0]
o2(x; h)

2
(X) 100’ + A(X)

1 1

S(x;; 6’ —
+ S )oz(x;h) o2(x; 1)

(10)

dp(h, i)

2
s{Ai") LA }(ne 0/l v i (h, I)).

The assertion follows from Proposition 4.5 of Nishiyama (2000a). [Or, see
Nishiyama (1996) which is easier to read.] 0
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PROOF OF LEMMA 5.2. Notice that W, (6, ho) = 0. For any (possibly ran-
dom) sequence (6,, h;,) converging in outer probability to (6p, o), it holds that

®n<en,h ) — W, (6o, o)

S(X;; 0,
Z 2((X h)) [S(Xi; 60) — S(Xi; 6n)]

S(X;; 6,
(11) = Z 2((Xl,hj)S(Xi;90)(90_9n)+0P*(||9n_90”)

S(X;; 6
B Z 2((X }?))S(Xi;go)(eo_Qn)—}—()p*(H@n—90”)

= —1(90, ho)(0n — 00) + 0p+ (110, — 6oll)-

To show (11) above, do the same argument as the proof of Lemma 4.2 using (10)
instead of (6). [

PROOF OF THEOREM 5.3. The assertions follow from Theorems 2.1 and 2.3
by using also Lemmas 5.1 and 5.2, and Theorem 3.1(ii), respectively. [

PROOF OF THEOREM 5.4. To prove the first step, we will apply Corollary
3.2.3 of van der Vaart and Wellner (1996). We can write A, (0) =711, + 12,,(0) +
T3,,(6) where

Tip=— DX — S(Xi: 60) I,
i=1

n

1
To.n(0) = — > _(S(Xi; 00) — S(Xi: )0 (Xi ho)wi,
i=1

1 n
Tsn(®) =~ > 1S(Xi; 60) = S(Xi: 0)%.
=1

The term 77 , converges in probability to a constant C;. On the other hand, by us-
ing Proposition 4.5 of Nishiyama (2000a), we have that ./nT> , converges weakly
in C(O) to a tight law, thus, supy g |72,,(0)| converges in outer probability to zero.
Finally, by Theorem 3.1, it holds that supy g |73,,(0) — T3(8)| = op=(1) where

T3(6) = fR 1505 fy) — S(x: )P (dx).

Hence, we have sup, g |#4,(0) — (C1 + T3(0))| = op+(1), and van der Vaart and
Wellner’s (1996) consistency theorem yields the assertion of the first step.
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To prove the second step, we shall apply Corollary 3.2.3 of van der Vaart and
Wellner (1996) again. Let us first see that sup, g |B,(h) — B, (h)| = opx(1)
where

~ 1
By =~ 3 |IXi = SKizb0) — o> Kz ).
i=1

Now, notice that

1% — SCXi: 655)> — 02X b)|* = |1Xi — S(Xi: 60) 1 — 02 (Xis )|

n

<[I1X; = SX;i; 02 4+ |1X; — S(Xi; 60)|* — 20%(X;; )|

n

x |1X; — SXi5 655) 12 — 1X; — S(Xi; 60) 7|

n

<[I1X; = S(Xi; 02 4+ 1X; — S(Xi; 60))* — 20%(X;; )|

»Yn
x [2X; — S(Xi: 655) — S(X;: 6p)|
x |S(X;i; 655) — S(Xi; 60)

n

< L(X;, X165 — 6],

where L(xq, x1,...,%q) = Cllxo| + A(x1, ...,xq)|4 for a constant C. Given any
& > 0 choose M > 0 such that [pg1 L(x0, X1, - - -, Xg) 1L (xg.x1.....x0) > M} Hg+1(d X0,
dxy,...,dxg) < e. Then we can write

~ 1 & .
sup | B, (h) = Bn ()| < M1 = Ooll + — 3 L(Xi, X) 1{1.0x; x> ) diam(©).
heH i=1
The second term of the right-hand side converges to a positive constant which
is smaller than ¢ - diam(®). Since the choice of ¢ > 0 is arbitrary, we have
SUPpe gy |Bn(h) — Bu(h)| =o0p=(1).
Now, we can write 8B, (h) =T1 , + T2, (h) + T3 ,(h), where

2

1 n
Tin =~ |1Xi = SXi; 60)* = o> (Xi: ho)
i=1

Ton(h) = % Y 02X, ho)(w} — 1) (0*(X;, ho) — 0> (Xis 1)),

i=I

l n
Tsn(h) = =3 1o (X5 ho) — o (Xi; W),
i=l
The term 77, converges in probability to a constant C; by assumption. By
Jain—-Marcus’ CLT for martingale difference arrays, it is easy to show that
sup,cp |T2,,(h)| = op+(1) (here, we use the technical assumption that E[w?l?i_l]
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is bounded). Finally, by Theorem 3.1, it holds that sup,cg |13, (h) — T3(h)| =
op+(1) where

T3(h) = /R 102 o) — 0 x5 1)1 (%),

Consequently, we have sup;, g |8, (h) — (C1 + T3(h))| = op+(1). Therefore, the
claim of the second step follows form van der Vaart and Wellner’s (1996) consis-
tency theorem. [J

Acknowledgments. 1 thank the Associate Editor and the referees for their
careful reading and the advice to present a sharper version of the moment con-
ditions.
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