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GIBBSIANNESS AND NON-GIBBSIANNESS IN DIVIDE
AND COLOR MODELS

BY ANDRAS BALINT
VU University Amsterdam

For parameters p € [0, 1] and g > O such that the Fortuin—Kasteleyn
(FK) random-cluster measure CDZ for Z4 with parameters p and g is unique,
the g-divide and color [DaC(q)] model on Z4 is defined as follows. First, we

draw a bond configuration with distribution dDZ . Then, to each (FK) cluster
(i.e., to every vertex in the FK cluster), 1ndependently for different FK clus-
ters, we assign a spin value from the set {1, 2, ..., s} in such a way that spin
i has probability a;.

In this paper, we prove that the resulting measure on spin configurations is
a Gibbs measure for small values of p and is not a Gibbs measure for large p,
except in the special case of ¢ € {2,3,...},a1 =ap =---=ag =1/q, when
the DaC(g) model coincides with the g-state Potts model.

1. Introduction. The random-cluster representations of various models have
played an important role in the study of physical systems and phase transitions.
They provide a different viewpoint for physical models and many problems in
the Ising and Potts models can indeed be solved by using their random-cluster
representations (see, e.g., [10, 11, 15]).

For 8 > 0 and an integer ¢ > 2, a spin configuration in the g-state Potts model
at inverse temperature B can be obtained as follows. Draw a bond configuration
according to a random-cluster measure with parameters p = 1 — e~2# and ¢ (for
definitions, see Section 2), then assign to each vertex a spin value from the set
{1,2,...,q} in such a way that all spins have equal probability and that vertices
that are connected in the bond configuration get the same spin. If the spin is chosen
from a set {1, 2, ..., s} with an integer 1 < s < ¢ and the probability of spin i is
ki /q with positive integers ki, k2, ..., kg such that 3 7_, k; = ¢, then we get the
so-called fuzzy Potts model [18, 25]. Recent papers (see [1, 2, 9, 12, 16, 17, 21])
have shown that generalizations of the above constructions with different values of
q and s, as well as more general rules of spin assignment, are also of interest. From
a mathematical viewpoint, such models are natural examples of a dependent site
percolation model with a simple definition but nontrivial behavior. The study of
such models may also lead to a better understanding of models of primary physical
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importance, as was the case in [2], where an informative, new perspective on the
high temperature Ising model on the triangular lattice was given.

The model treated here is defined as follows. Let G = (V, £) be a (finite or
infinite) locally finite graph. Fix parameters p € [0, 1], g > 0 in such a way that
there exists exactly one random-cluster measure for G with parameters p and q.
We denote this measure by CIng Also, fix an integer s > 2 and a,a,...,ds €
(0,1) such that >}, a; = 1, and define the single-spin space S = {1, 2 ., S}
and the state space Q6 = QS x Q§ with Q¢ = S and QF = {0, 1}°. Let Y be

a random bond conﬁguration taking values in Qg with distribution <I>g’ q- Given

Y = n for some n € QY, we construct a random Qg—valued spin configuration
X by assigning spin i € S with probability a; to each connected component in 1
(i.e., the same spin i to each vertex in the component), independently for different
components We write IP’p 0.(@1,020.0mn05) for the joint distribution of (X, Y) on Q¢
and u% @1 s for the marginal of IP’p 4.(a1.an.....as) ON Qg This definition is a
slight generalization of the fractional fuzzy Potts model defined in [16], page 1156
(see also [1], Section 1.2). However, we shall call this model the g-divide and
color [DaC(q)] model to emphasize that we look at it as a generalization of the
model introduced in [17] by Higgstrom [which is the DaC(1) model in the present
terminology], rather than of the fuzzy Potts model of [18, 25].

Let us now consider the (hypercubic) lattice with vertex set Z¢ and edge set £¢
with edges between vertices at Euclidean distance 1. With an abuse of notation,

we shall denote this graph by Z¢ and the sets Q%d, Q%d and Q7% by Qp, Q¢
and €2, respectively. The present work is focused on the Gibbs properties and k-

Markovianness of the measure M%ﬁq,(al, dntty) in d > 2 dimensions. Since the
cases p =0 and p =1 are trivial, we henceforth assume that p € (0, 1). We only
give results for ¢ > 1 since much more is known about random-cluster measures
with ¢ > 1 than with ¢ < 1.

We shall prove that, except in the special case of g =s and a; =ar =--- = a;
[when the DaC(g) model coincides with the g-state Potts model on Z¢ at inverse

temperature 8 = —1/2log(1 — p)] the DaC(g) model is not k-Markovian for
any k. For large values of p, u” .4 @1.a0 s is not even quasilocal and is therefore

not a Gibbs measure, again with the exception of the Potts case. This shows that
the Gibbsianness of the Potts model at low temperatures is very sensitive with re-
spect to perturbations in the assignment of the spin probabilities; even the smallest
change makes the model nonquasilocal. By demonstrating the special role of the
q-state Potts Gibbs measure among DaC(g) models, our result supports the view
expressed in [5, 6] that, especially at low temperatures, Gibbsianness of measures
is the exception rather than the rule. For a related general result, see [20], where
Israel proved that in the set of all translation invariant measures, Gibbsianness is
exceptional in a topological sense. However, if p is small enough, then Gibbsian-
ness does hold. The proof of this fact uses the idea that at small values of p [which
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correspond to high temperatures in the (fuzzy) Potts model], the DaC(q) model is
close in spirit to independent site percolation on Z<.

These results are in line with those in [18] (see also [25] and [19]) concerning
the fuzzy Potts model and, in some cases, essentially the same proofs work in the
current, more general situation. Therefore, in some instances, only a sketch of the
proof is given and the reader is referred to [18] for the details. Note, however,
that such similarities are not immediate from the definitions of the models. More
importantly, in the DaC(g) model, a distinction must be made between the case
when a; > 1/q for all i and when there exists some j with a; < 1/q. In the former
(of which the fuzzy Potts model is a special case), a rather complete picture can be
givgn, whereas in the latter, there is an interval in p where we do not know whether

Z . .
W (arag....as) 18 2 Gibbs measure.

Finally, we give a sufficient (but not necessary) condition for the almost sure
quasilocality of u%fiq’( ar.ar.....a,) And, as an application, we obtain this weak form
of Gibbsianness in the two-dimensional case for a large range of parameters. Some
intuition underlying our main results will be described after Remark 3.8.

2. Definitions and main results.

2.1. Random-cluster measures. In this section, we recall the definition of
Fortuin—Kasteleyn (FK) random-cluster measures and those properties of these
measures that will be important throughout the rest of the paper. For the proofs
and much more on random-cluster measures, see, for example, [14].

DEFINITION 2.1. For a finite graph G = (V, £) and parameters p € [0, 1] and
q > 0, the random-cluster measure CDI(,;’ ¢ 1s the measure on Qg which assigns to a

bond configuration 7 € Qg the probability

G g () 1=n(e)
(1) ®p ) =[] P00 =p)"",
P.q ec&

where k(1) is the number of connected components in the graph with vertex set }V
and edge set {e € £:n(e) = 1} (we call such components FK clusters throughout,
edges with state 1 open and edges with state 0 closed), and Z [(,; 4 18 the appropriate
normalizing factor.

This definition is not suitable for infinite graphs. In that case, we shall require
that certain conditional probabilities are the same as in the finite case. The relevant
definition, given below, will formally contain conditioning on an event with proba-
bility 0, which should be understood as conditioning on the appropriate o -algebra.
We shall frequently use this simplification in order to keep the notation as simple
as possible.
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A graph is called locally finite if every vertex has a bounded degree. We shall
denote bond configurations throughout by 5 and ¢. For the restriction of a bond
configuration 7 to an edge set H, we write g . For vertices v and w, we denote the
edge between v and w by (v, w). The following definition is taken from [18] and
its equivalence with a more common definition (where arbitrary finite edge sets
and not only single edges are considered) is stated, for example, in Lemma 6.18
of [11].

DEFINITION 2.2. For an infinite, locally finite graph G = (V, £) and parame-
ters p € [0, 1], ¢ > 0, a measure ¢ on Qg is called a random-cluster measure for
G with parameters p and q if, for each edge e = (x, y) € £ and edge configuration
¢ €10, 14\ outside e, we have that

. ¢
b f b
s(neQS @ =1 1{neQC nam=c)=1" » nrey

_ otherwise,
p+0—p)g

where x <£> y denotes that there exists a path of edges between x and y in which
every edge has ¢-value 1.

It is not difficult to prove that one gets the same conditional probabilities for
random-cluster measures on finite graphs, so Definition 2.2 is a reasonable exten-
sion of Definition 2.1 to infinite graphs.

It is not clear from the definition that such measures exist. However, for Z¢ and
g > 1, two random-cluster measures can be constructed as follows. For a vertex
set H C 79, let 9H denote the vertex boundary of the set, that is, 0H = {v €
7\ H:3w € H such that (v, w) € £}. Define, for n € {1,2, ...}, the set A, =
{—n,...,n}¥ and the graph G, = (V,, &,) with vertex set V, = A, U dA, and
edge set &, = {e € £ both endvertices of e are in V,}. Forn € {1,2, ...}, let W,
be the event that all edges with both endvertices in d A, are open and let <I>g,"él be
the measure CDIC);,”q conditioned on W,,. Then both CDg q and (I)G ! converge weakly

as n — oo; we denote the limiting measures by CDZ 0 and CID% ql, respectively.

<I>Z 0 is called the free, and CI>Z ! the wired, random- cluster measure for Z¢ with
parameters p and ¢g. These measures are indeed random-cluster measures in the
sense of Definition 2.2, moreover, they are extremal among such measures in the
following sense.

A natural partial order on the set Q2p = {0, 1}5d of edge configurations is given
by defining ' > n for n, n’ € Qp if, forall e € £4, 1’ (e) > n(e). We call a function
f:Qp — Rincreasing if n’ > n implies that f(n") > f(n). For probability mea-
sures ¢, ¢’ on Qp, we say that ¢’ is stochastically larger than ¢ if, for all bounded
increasing measurable functions f:Qp — R, we have that

f F)dg' () = / £ d ).
QD QD
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For later purposes, we remark that by Strassen’s theorem [28], this is equivalent
to the existence of an appropriate coupling of the measures ¢’ and ¢, that is, the
existence of a probability measure Q on Qp x Qp such that the marginals of Q
on the first and second coordinates are ¢’ and ¢, respectively, and Q({(n', n) €
QpxQp:n'=nh =1

It is well known that @%i’éo is the stochastically smallest, and CID%ZI the stochas-
tically largest, random-cluster measure for Z¢ with parameters p and ¢. Therefore,
there exists a unique random-cluster measure for Z¢ with parameters p and g if
and only if

d d
2) % 0= 1.
This is the case for any fixed g > 1, except (possibly) for at most countably many
values of p. It is widely believed that for any ¢ > 1, there is at most one excep-
tional p, which can only be the critical value p.(q,d) = sup{p: CID%?L}O({n eQp:0
is in an infinite FK cluster in n}) = 0}, where 0 denotes the origin in Z4 . 1t is not

difficult to show that the choice of CD%flq’O in the definition is not crucial. That is,
for any random-cluster measure ¢ for Z¢ with parameters p and ¢, we have that
:Ov lfp<pc(qu)’
>0, ifp> pelg,d).
For the rest of the paper, we will assume, without further mention, that the para-
meters d, p, g for the DaC(g) model on Z¢ are always chosen in such a way that
(2) holds, and we will denote the unique random-cluster measure by QD%Z.

¢({n € Qp :0is in an infinite FK cluster in n}) {

Another important feature of the random-cluster measures CIJ%EO and <I>%flél
with ¢ > 1 is that they satisfy the FKG inequality for increasing events [8] (an
event A C Qp is called increasing if its indicator function is increasing, that is, if
n € A and ' > n implies that o’ € A). This, in particular, means that for d > 2,
p €[0,1], g > 1, any edge set E C &, configuration ¢ € {0, I}E on E and in-
creasing events A1, A» C Qp, we have, letting B = {n € Qp:ng = ¢}, that

d d d
3) % V(A N Ay | B) = @7 (A1 | BYDT 0(As | B).

Finally, for our main result, we also need to consider the critical value in half-
spaces. Let HT = H;l" denote the subset of Z¢ which consists of those vertices
whose first coordinate is strictly positive, let E C £ denote the set of edges that are
incident to at least one vertex in Z¢ \'H* and denote the vertex (1, 0,0, ...,0) € 74
by u1. Also, consider the event A+ = {n € Qp :u; is in an infinite open path in n
which is contained in HT}. For ¢ > 1, we define pi (g,d) =sup{p: (D%jléo(AH+ |
{neQp:n;=0}) =0}

Using (3), it is easy to see that pZ{ (g.d) > pc(q,d). Equality of the two critical
values for ¢ = 1 was proven by Barsky, Grimmett and Newman [3], for g =2
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by Bodineau [4] and for very large values of g, it follows from the Pirogov—Sinai
theory (see the last paragraph of Section 2.3 in [4]). For general g > 1, equality has
been conjectured [4, 18, 27, 29] but no definite result has been established thus far.

However, an upper bound pc (q d) < oot d):](—‘ild)pc

the fact that for g > 1, <I> O conditioned on {n € Qp 7 7 = 0} is stochastically
larger on &d \ E than Q>p/(p+(1 Pl and the fact that p,. H,d) = p.(1,d). Note

that p.(1, d) is the critical value for Bernoulli bond percolation on 74 1t is well
known (see, e.g., [13]) that foralld > 2,0 < p.(1,d) < 1. This implies that the
above upper bound for p;. H(q,d) is nontrivial.

T can easily be given, using

2.2. Main results. Before stating the main results, let us give the relevant def-
L . . o 7d o
initions. In this section, u denotes a probability measure on Q¢ = S* . Spin con-
figurations will be denoted throughout by &, o and «, and the restriction of a spin
configuration £ to a vertex set W by &y . For a set W C Z¢ and a spin configura-
tion o € SW on W, we define Ky ={6 €Qc:éw =0} Weshalluse ACC B to
denote that “A is a finite subset of B” throughout. We denote the graph theoretic
distance on Z¢ by dist and define the distance between a vertex v € Z? to a vertex
set H C 74 by dist(v, H) = min{dist(v, w):w € H}. For k € {1,2,...}, let ot H
denote the k-neighborhood of H, that is, oy H = {v € 74:1 < dist(H, v) < k}.
Note that 0 H = 0H.

We usually want to view the DaC(g) model as a dependent spin model on Z<, in
which the only role of the edge configuration is to introduce the dependence. One
of the first questions which naturally arises concerning a spin model is whether the
finite energy property of [26] holds. This turns out to be the case; moreover, we
can even prove a stronger form of it, called uniform nonnullness. The proofs of all
statements in this section will be given in Section 4.

DEFINITION 2.3. u is called uniformly nonnull if there exists an ¢ > 0 such
that forallve Z9, me Sand o € SZd\{”} we have that

WKy | Kzay) = €

PROPOSITION 2.4. Foralld €{1,2,. } q > 1, p €[0,1) and arbitrary val-

ues of the other parameters, the measure D (@1rnds) is uniformly nonnull.

.....

The concept of k-Markovianness is concerned with the following question: con-
ditioning on a spin configuration outside a set W, do vertices farther than k£ from
W have any influence on the spin configuration in W?

DEFINITION 2.5. Fork €{1,2,...}, niscalled k-Markovian if, forall W CC
78 ke SV ando,0’ € SZ\W guch that TuWw = oékW, we have that

WKy | K S ) = (K Sy | K0, 0.
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A weaker notion is that of quasilocality, where the above conditional probabili-
ties do not need to be equal for any k; the only requirement is that their difference
tends to 0 as k — oo. Due to the compactness of SZ% in the product topology, this
amounts to the following definition.

DEFINITION 2.6. u is called quasilocal if, for all W cc Z4, k € SV and
o€ SZd\W, we have that

lim  sup |(K | Kgayy) — (Kl | Ko )] =0.
k— o0 o' eZI\W \W \W

/ —
o w =90 W

If the above equation holds for p-almost all o € SZd\W, then w is called almost
surely quasilocal.

Finally, we need to say what we mean by Gibbsianness. Instead of the usual
definition with absolutely summable interaction potentials (see, e.g., [6, 10]), we
shall use a well-known characterization (see [6], Theorem 2.12), namely that w is
a Gibbs measure if and only if it is quasilocal and uniformly nonnull.

We are now ready to state our main result concerning k-Markovianness and
Gibbsianness of the DaC(g) model. The cases p = 0,1 are trivial, so we as-

sume that p € (0, 1). For fixed ¢, s and ay, ..., as, recall that S = {1,2,...,s}
and define S1,, = {i € S:a; = 1/q}. The case § = S/, is well understood since
S = 81,4 implies that s =g and a; = a» = - - - = ay, in which case the procedure

defining the DaC(g) model gives the random-cluster representation of the Potts

for the g-state Potts model on Z¢ [at inverse temperature g = —1/2log(1 — p)].
It follows immediately from the standard definition of Potts Gibbs measures
with a Hamiltonian (see, e.g., [11] for the definition) that all such measures are

Markovian (i.e., 1-Markovian). For an alternative proof of the Markovianness of
,ud%flq,(l/q,l/q ..... 1/q)" S€€ Remark 3.8. If § # Sy 4, let £ € S be an (for concreteness,

the smallest) index such that ag = min{a; :i € S\ Sy/4}.

THEOREM 2.7. Assume that d > 2, q > 1 and S # S1,4. We then have the
following.

1. For any values of p,ay,...,as € (0,1), the measure ,Ud%flq’(al’was) is not k-
Markovian for any k € {1,2,...}.
2. Ifay > 1/q, then:

(b) for p > pz,{(qag, d), it is not quasilocal.
3. Ifag < 1/q, then:
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; pe(l,d)gag 74 . . ]
(a) ifp< e d)qar 1 —pe(Td)? then Ko ar,...as) S quasilocal; whereas,

) if p> pc(1,d), it is not.

Combining Theorem 2.7 with Theorem 2.4 and the characterization of Gibbs
measures mentioned earlier, we arrive at the following result.

COROLLARY 2.8. For § = 81/, and in cases 2(a) and 3(a) of Theorem 2.7,

.....

.....

To demonstrate the fundamental difference between the g-state Potts model and
other DaC(g) models, let us consider the case with s = ¢ — 1 and a; = a» =
e =ag = qITI. Intuitively, for very large values of ¢, the difference between
this scenario and the case where S = §j/, should vanish. Nevertheless, while

“%ﬁiq,(l/q,l/q ..... 1/q) is a Gibbs measure for any p and g, Corollary 2.8 gives that

there exists a constant ¢ = c(d) € (0, 1) such that for all ¢ € {3,4,...} and p > c,

.....

contradict Theorem 2.9 in [24], which implies that any sufficiently fine local coarse
graining preserves the Gibbs property of the g-state Potts model. Note, however,
that an arbitrarily fine coarse graining is available only when the local state space
is continuous, which is not the case here.

The question of whether quasilocality is “seriously” violated in cases where
a,) 18 not a Gibbs measure (i.e., whether “bad” configurations are ex-
ceptional or they actually occur) is related to that of percolation by the following
statement, which is a generalization of Proposition 3.7 in [17].

PROPOSITION 2.9. Consider the event E, = {§ € Q¢ : & contains an infinite
connected component of equal spins}. If the parameters p € [0,1], g > 1, s €
{2,3,...} and ay,...,as € (0, 1) of the DaC(qg) model are chosen in such a way
that

d
“) Ko a1y (Eoc) =0,

a5) satisfies almost sure quasilocality.

.....

It is easy to see that (4) is not a necessary condition for almost sure quasilocal-
ity. For instance, one can take d > 2, ¢ > 1, p=0, s =2 and an a; < 1 which is
greater than the critical value for Bernoulli site percolation on Z¢. Then, although
(4) fails, MOZZ,( an.a) is Markovian (and therefore obviously almost surely quasilo-

cal). Despite this, Proposition 2.9 is not useless. We shall demonstrate this below
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by giving an application in the two-dimensional case. Higgstrom’s results in Sec-
tion 3 of [16] imply that for d =2, ¢ > 2 and p < p.(q,d), if a; < 1/2 for all
i € S, then (4) holds. Using the main result in [21], this can be extended to d =2,
g > 1 and p < p.(q, d) with the same proof. Combining this with Proposition 2.9,
we obtain almost sure quasilocality when d = 2 for these parameters.

COROLLARY 2.10. Ifg>1,p < pc(q,2) and a; < 1/2 for all i € S, then
ZZ

W ar....ap) 'S almost surely quasilocal.

3. Useful tools. Here, we collect the lemmas needed for the proofs of the
results in Section 2.2. The statements of the most important ones, Lemma 3.3 and
Corollary 3.7, are proved for finite graphs first, then a limit is taken. We will have
an appropriate limiting procedure only for ¢ > 1 and this is the reason why we
need to restrict our attention to this case in all our results. Throughout this section
and the next, we will use the following notation. For a set W C Z¢ and a spin
configuration o € S on W, we define Cy =1{(,n) € Q:&w =o}. Analogously,
for E c £4 and a bond configuration ¢ € {0, 1}£ on E, we define D% ={(,n) €
Q:ing=¢}

For fixed parameters s € {2,3,...}, p, a1, a2, ...,as; and g > 1, the measure
a,) CaN be obtained as a limit as follows. Let Gn = (Vy, &,) be as in Sec-
tion 2.1. Cons1der the DaC(g) model on G,, with the given parameters as defined

in the Introductlon The corresponding sequence of measures Pp 0 (@1as) then

converges to pz’ ) as n — 00, in the sense that probabilities of cylinder

P.q,(at,....as
sets converge. Note that ¢ > 1 is needed to ensure the convergence of d>l(,;,"q to the
(unique) random-cluster measure <I>% g5 see Section 2.1.

The next two lemmas, which give the conditional edge distribution in the
DaC(g) model given any spin configuration, are of crucial importance for the
rest of this paper. The statements (and the proofs) are analogs of Proposition 5.1
and Theorem 6.2 in [18]. For a graph G = (V, £) (where V and £ are finite or
V=74 €= Ed) and a spin configuration o € QY. we define, for all i € S, the
vertex sets V7! = {v € V:o(v) =i}, edge sets £7 = {e = (x,y):x,y € Vo),
ETdIt — £\ (Ui, £% and graphs G%! = (Vi £9°1).

LEMMA 3.1. Let G = (V,E&) be a finite graph. Fix parameters p € [0, 1],
qg>0,s€{2,3,...},a1,a2,...,a; € (0, 1) suchthatz _1a; = 1 and an arbitrary
spin conﬁgumtlon o € SY, and define the event A = {(&, 1) € QU :£ =c}. We then
have have that:

(a) foralle e E79T PG (&) eQ%n(e)=0}]A)=1;
(b) forallie S, mdependently for different values of i, on the set {0, l}ga'i, the

conditional distribution of IP’p 4. (@1,as) given A is the random-cluster measure
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PROOF. Statement (a) is immediate from the definition of the model. Now, let
ne QG be such that 5(e) = 0 for all e € £7%. Denote by k% (1) the number of
connected components in 7 that have spin i in o and note that k(n) =} ;_, k” L.
Using this observation, (1) and a rearrangement of the factors, we obtain that

S .
P((o,m) = ®S () [Jaf
i=1

(1 . p)lga,diffl s (o
= [T((@a™ T] 9= '),

i=1 ecEoi

where we have written P for P9

1, (@1snts) and | - | for cardinality. It follows that

S
G GUl
P aran (@M 1 A =TT @ (1gei)
i=1

|E9 dltfl 5 GC'l
—P) l_[l 1 p qa;

since the factor is constant in 1 and, thus, it must be 1 to give

G G
patpg, (@, as)(g)

a probability measure. This proves statement (b). [

REMARK 3.2. Let o € S¥ and A C QU be as in Lemma 3.1. The fact that
random-cluster measures factorize on disconnected graphs provides a simple way

of drawing a random bond configuration Y with distribution P¢ ., (@1 ts) given A.

First, set Y (e) =0 for all e € £~ diff Then choose any component C = (V¢, ) in
the graph (V, £ \ €79 Note that C is a maximal monochromatic component in
G (with respect to o'); suppose that for all v € V¢, o (v) =i. Then, independently

of everything else, draw Y¢. according to the random-cluster measure o¢ p.qai- Re-

peat this procedure with a new component in (V, £ \ £%4f) until there are no
more such components. Lemma 3.1 and the observation at the beginning of this
paragraph ensure that we get the correct (conditional) distribution.

By using Lemma 3.1 and the limiting procedure for P one obtains

P.q,(ai,...,as)’
analogous statements for Z¢ in the case g > 1.

LEMMA 3.3. Fix parameters d, p, g > 1, s, (a1, as, ..., as) of the DaC(q)
model on Z¢ and a spin configuration o € Qc. The conditional distribution of P =

ay) 8iven C 7a then assigns value 0 to all edges in £ 4 gnd is a random-

cluster measure for G with parameters p and qa; on E%1, independently for
each i. Moreover, for each edge e € £°* and almost every edge configuration ¢ €

{0, l}gd\{e}, we have that
p if x i’ y
Dt 1 ’

P({€.m) e Q:n(e) =1} CF4 N Dy, ) = P therwise.
p+ (1 —p)qga;
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PROOF SKETCH. Unless the edge configuration ¢ € {0, 1}5d\{e} is special, in
the sense that it contains at least two infinite FK clusters or there exists an edge
f € %\ {e} such that changing the state of f in ¢ would create at least two infinite
FK clusters, we see, after a certain stage of the limiting construction described at

the beginning of this section, whether or not x s y occurs; therefore, an equality
corresponding to the “moreover” part of Lemma 3.3 can be verified by Lemma 3.1
for all further stages of the limiting construction. Since the aforementioned special
edge configurations have QDZ 1.g-measure 0, we are done. For the details, see the
proof of Theorem 6.2 in [18]. [

The next lemma, which is a more general form of Lemma 7.3 in [18], and which
can be proven in the same way, shows that, given edge and spin configurations of
a certain type [such as the ones that we shall use in the proof of Theorem 2.7
parts 1, 2(b), and 3(b); see Figure 2 before Lemma 4.1], the “price of changing
a spin” depends only on the existence or nonexistence of connections in the edge
configuration. Since it appears somewhat specialized and will not be used until
Section 4, the reader might choose to skip it for now.

LEMMA 3.4. Fixparametersd >2,q > 1,p €[0,1),s and (a1, as, ..., as) of
the DaC(q) model and let i, j € S be dlﬁ‘erent spin values. There then exist posmve
constants clj =c J(p q,a;,a;j) and 02 = czj(p q,ai,aj) suchthat for any v €
74 with nearest nelghbors Ui, us, ..., uzq and the edges between v and u; denoted
bye; (i €{l1,2,...,2d}), we have, for all o € SZ\) and ¢ € {0, 1}5[1\{‘/’1762 """ e2d}

satisfying:

1. c(uy)=oy)=iandows)=o(u4)=---=0(uz) = j, and
2. notwo of us, u4, ..., uzq are connected in ¢,
that
74 ..
P ... an (€] (v} | Chayy N Dsd\{el, Len)) _ { c’l’], ifu & u,
74 ¢ - i,j .
Py as)(c | CZd\{ } Dé'd\{el,...,ezd}) S otherwise.

i,j i,j
The exact values of ¢, ! and czj are

i _ P?aai +2p(1 = pgai + (1 = p)*(qa)? ai ( (1 - p)ga; )2"‘2
‘ (1= p)*(qai)? aj \p+(l-pqa;
and
i _ PP +2p( = p)gai+ (1 = pPga)’ ai < (1 - p)ga; >2d‘2
? (1= p)*(qa;)? aj \p+(-pqa;
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and this shows that
cil’j > c;’j ifand only if gqa; > 1,
cll’J = c;’J ifand only if qa; =1,
' J

cll’j < c;’ ifand only if qa; < 1.

Lemma 3.4 will play a role in proving parts 1, 2(b), and 3(b) of Theorem 2.7.
For the proof of parts 2(a) and 3(a), we will need Lemma 3.10, which is preceded
by a few definitions and another lemma. The next definition is motivated by Corol-

lary 3.7.

DEFINITION 3.5. We call an edge set E = {ey,e2,...,er} a barrier if re-
moving ey, e2, ..., e (but not their endvertices) separates the graph Z4 into two
or more disjoint connected subgraphs. Note that exactly one of the resulting sub-
graphs is infinite; we call this the exterior of E and denote it by ext(E). We de-
note the vertex set of ext(E) by Vexyr) and the edge set of ext(E) by Eex(k).
We call the union of the finite subgraphs the interior of E and denote it by
int(E). We use Vinyr) and Einyk) to denote its vertex and edge set, respectively.
E ={e1,er,...,e} is called a closed barrier in a configuration (§,7n) € Q if £
is a barrier and n(e;) = 0 holds for all i € {1,2,...,k} and it is called a qguasi-
closed barrier if, for all edges e = (x, y) € E such that n(e) = 1, it holds that

E(x) =&(y) € S1y4-

For a vertex set W C Z4, we define the edge boundary AW of W by AW =
{(x,y) €E%:x e W,y € Z¢ \ W}. Note that the edge boundary of a union of finite
spin clusters is a closed barrier and that all closed barriers are quasi-closed.

According to Lemma 3.3, the states of edges in spin i clusters where a; = 1/¢g
are chosen independently of everything else, hence they should play no role in
issues of dependence. We prove a formal statement concerning this in the following
lemma and in Corollary 3.7, we show a way to make use of this feature of the
model. For an event A, we denote the indicator random variable of A by I4.

LEMMA 3.6. Let G = (V, ) be a finite graph, let Vi, V) CV be a partition
of V and, for i € {1,2}, define edge sets E; = {e € E£: both endvertices of e are
in V;} and graphs G; = (V;, E;). Also, define the edge set B = {e € £ : e has one
endvertex in V| and one in V»}, a subset BY C B and, fori e {1,2}, W; as the
set of endvertices of edges in B\ B° that are in V;; see Figure 1. Fix parameters
p.q >0,s, (a1,as,...,as) of the DaC(q) model on G and a spin configuration

o€ SIVZUWZ such that for all e = (x,y) € B\ B°, we have that o (x) = o (y).

Considering the events C(B,o) = {(§,n) € QG:nBo =0,é5wuw, =0}, K| =
(€. m € QO Ew, =ow,), K2 =1{(§, 1) € QF2:&w, = ow,)} and Z(B%) = (n €
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F1G. 1. lllustration of the situation considered in Lemma 3.6. The circles represent the vertices in
V1 and the squares represent the vertices in V. The union of the dotted and dashed edges makes
up B, with the dotted ones being in By. Accordingly, the black circles represent the vertices in Wy
and the black squares represent the vertices in Wy.

{0, I}B0 .1 =0}, we have, for each (£, 1) € QO that
PS  aran...an (€ 1) | C(B, o)
=PpC! (G ) | K1) x PS2
=T p.g.@@.a.....a5) SV TE 1 pq.(ar,a

xIzp0mpo) [ p"@0—p)' 1.
ecB\BY

o (EvyomEy) | K2)

.....

This implies, in particular, the conditional independence given C (B, o) of the ran-
dom configurations on G| and on G,.

PROOF. Let us fix (&, n) € Q6. Note that

Ics,oy (&, n) =1k, vy, ne)k, Evy, 1E)IZ(By) (1B,)-

Hence, if (¢, 1) ¢ C(B, o), then we have that both sides of the equation that we
want to prove are 0; thus, for all such configurations, we indeed have equality of
the two sides. Therefore, let us assume that (¢, 7n) € C(B, o). Define the event
A={k,¢) € QO there is no edge e = (x, y) € E with £(e) =1 and k (x) # k (¥)}
and denote the analogously defined subsets of Q€' and Q¢2 by A; and A,, re-
spectively. Since (§, ) € C(B, o), we have that

]IA(gs 77) = ]IAl (%-Vp nEl)HA2<$V2’ ’7E2)

Therefore, if (§, 1) ¢ A, we have 0 on both sides of the desired equation in Lem-
ma 3.6, by the definition of the model, so let us assume that (§, ) € A.

Now, denote by 7 the total number of FK clusters in 5. For alli € §, j € {1, 2},
denote the number of FK clusters in 7 that contain a vertex in V; with spin i in §
but no vertex in W; by n’J For each i € S, denote the number of FK clusters in n

that contain a vertex in Wi U W, with spin i in £ by ng. Throughout this proof, we
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shall omit the subscripts of the joint measures in the DaC(q) models; for example,

. G G . o, .
we write P¥ for the measure Pp’q’(al’az ’’’’’ a5)" Since (§,n) e C(B,o)NA, itimme-

diately follows from the definition of PC and the definition (1) of random-cluster
measures that

& e =g (T - ) ([T

P9 “ee& i=1

Note that £ = E; U E; U B U (B \ BY). Since (£,71) € C(B,o) N A, we have
that [],co p"@ (1 — p)!' =1 = (1 — p)1B°l where | - | denotes cardinality, and
n=Y)i_,n} +n5+ n%. Furthermore, it is the case that

K R R R B . .
l_[(qal)nll +n’2+n’3 — l_[(qal)nll +n’2
i=1 i=1
since for all i ¢ Sy/,,, we have né = 0, whereas for all i € §j/,, we have

ga; = 1, so the factor ]_[le(qa,-)"g is indeed 1. Using these observations, we
can factorize the expression in (5). Indeed, denoting by ¢ the quantity (1 —

p)'BO|/(ZIC,iq]IDG(C(B, 0))) which does not depend on (£, n), we have that

PC((&, 1))
o _ s, )
FP(EmICEB.9) =56 B.0)
_ c|: 1_[ p”(e)(l _ p)l—fi(e) n(qal)nll]
eckEy =l
x [ [1 70— p)'=ne H("“")né}
eckEy =l
x [ [T r9a- P)l_n(e)]
ecB\ By

The last part of the proof, that is, showing that the expressions between
the first and second pairs of square brackets are c1PC1 (Gv,,nE) | K1) and
czIP’GZ((éEVZ, nE,) | K2), respectively, where ¢; and c¢; are constants (i.e., they do
not depend on £ or n) will be easy. It is sufficient to show the first of these since the
second one then follows by relabeling V| and V. Let n4 denote the total number
of FK clusters in ng, and, for each i € S, let n‘5 denote the number of FK clusters
in ng, that contain a vertex in Wy with spin i in &y, . Since (§,7) € C(B,0) N A,
we have that ng =)}, n’i + ng. Similarly as in the paragraph after (5), we have
nk=0foralli¢ S/, and ga; =1 foralli € Sy4, s0

s X . B .
[T@an™*"s = ](qa".
i=1 i=1
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Denoting Zg,'qIP’Gl (K1) by ¢y, the above observations imply that

PG1 JME,
O (&, np,) | K1) = bV MEL)

PG1(K1)
s i i
= q_M H p”(e)(l _ p)l—n(e) Ha’?l"'"S
c i
ecE| i=1
s ,
——pra »' 1 Tl qan™.
e€E1 i=1

Finally, observe that none of ¢, ¢y, c» depend on (£, n), hence the product ccyc>
must be equal to 1 to make PS(-|C(B,0)) a probability measure. This observa-
tion completes the proof of Lemma 3.6. [

Lemma 3.6, combined with the limiting procedure for Pp 4, (@1, s
following result, which shows why quasi-closed barriers are useful.

yields the

COROLLARY 3.7. Fix parameters d, p, g > 1, s and (a1, az, ..., as) of the

DaC(g) model on Z%. Let (X, Y) be a random configuration in Q with distribution
Zd
p.q.(at,....as)’

C(B), (Xvyp)s Yeum) and (Xvpy> Yeoun)) are conditionally independent. In

B a barrier and C(B) the event that B is quasi-closed. Then, given

particular, for a set H C Z% and a spin configuration o € S, we have that the
conditional distribution of (Xyy, s Y& ) given C(B) and {(§,n) € Q:6p =

i B
.4 @1ssts) conditioned on {(€, n) € Q"B) . SEHWip) = THWip) )

REMARK 3.8. As a first apphcatlon of Corollary 3.7, we give a proof of the

Markovianness of the measure p” R R R that does not use the connec-

.....

tion between the DaC(g) and Potts models. Fix a finite subset W of Z¢. For any
spin configuration o € SZ\W outside W, we have that the edge set B={e € £ :¢
has one end-vertex in 0W and one in 9o, W \ dW} is a quasi-closed barrier since,
for each edge e = (x, y) € B, it is either the case that: o(x) # o(y) and, there-
fore, e is closed; or, o (x) = o (y) € S1/4 since § = S§y/,. Therefore, we have, by
Corollary 3.7, that for any spin configurations o, o’ € SZ\W with o4y = 0aw, the
conditional distributions P%jlq,(l/q,l/q,..‘,l/q) given K‘Z’d\w and P%fzq,(l/q,l/q,...,l/q)

given KJ are the same in SYin® x {0, 1}€in®) . The statement follows.

Zd \W

Corollary 3.7 enables us to describe some of the intuition behind our main re-
sults. Roughly speaking, quasilocality means that, conditioning on a spin config-
uration o € SZ\H outside a set H , the spin distribution in H does not depend
on spins very far away from H. Corollary 3.7 shows that this is the case if H is
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surrounded by a quasi-closed barrier. In particular, the presence of such a quasi-
closed barrier is automatic if § = Sy, as was noted in Remark 3.8. It is also easy
to see that if there is no percolation in ¢ in any spin (i.e., there exists no infinite
connected component of equal spins), then there exists a closed barrier surround-
ing H, namely the edge boundary of the (finite) union of H and the spin clusters
in o that contain at least one vertex in d H. This reasoning will be used in the proof
of Proposition 2.9.

However, if there exists an infinite spin i cluster C in o withi € §'\ S}/, that
contains a vertex in d H, then it cannot be decided whether or not a quasi-closed
barrier surrounding H exists just by looking at the spin configuration; one also
needs to check the edge configuration in C. Clearly, if we see an infinite open edge
component in C that contains a vertex in d H, then there is no quasi-closed barrier
that surrounds H U d H. Since, by Lemma 3.3, the conditional edge distribution in
the spin i cluster C is a random-cluster measure with parameters p and ga;, the
question is whether such measures percolate.

Now, recall the definition of £ € S which was given immediately before The-
orem 2.7 and consider the case when a; > 1/g. Note that the condition p <
pc(qag, d), which appears in part 2(a) of Theorem 2.7, ensures that there is no
infinite edge cluster in any spin j cluster where j € S\ Sy/4, by the defini-
tion of ¢ and using the well-known fact (see, e.g., [14]) that if g; > ¢», then
pc(q1,d) > pc(ga,d). In Section 4, we will show that for all such p, there ex-
ists a quasi-closed barrier surrounding H given any spin configuration ¢ € S Z\H
with arbitrarily high probability and, hence, quasilocality holds.

This argument suggests that the best candidate for a spin configuration in which
spins arbitrarily far away from H still have a significant influence on the spin
distribution in H (thereby implying nonquasilocality) are those with an infinite
spin £ cluster, and that quasilocality might fail for all p > p.(gay, d). We have not
managed to prove this, but we get very close by proving nonquasilocality for all
p > pZ{ (gag, d) in Section 4. Indeed, this is equivalent to the full statement under
the widely accepted conjecture that for random-cluster measures, the critical value
and the half-space critical value coincide.

The case where a; < 1/g is more problematic, mainly because the random-
cluster measures with parameters p and ga, then do not have the property of pos-
itive association; in fact, it is easy to see that for such random-cluster measures,
the conditional probability given in Definition 2.2 is nonincreasing in ¢. Since, for
ag > 1/q, positive association plays a role both in proving quasilocality for small
p and in proving nonquasilocality for large p, without it, we must resort to com-
paring the conditional edge configuration given a spin configuration to Bernoulli
bond percolation. This, however, yields worse upper (resp., lower) bounds for the
quasilocality (resp., nonquasilocality) regime, leaving a gap between the bounds.

The following definition will help us to localise quasi-closed barriers.
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DEFINITION 3.9. Let (X,Y) be an SZd x {0, 1}5(I—Va1ued random pair with
distribution IP’p 0. (@1rmas)” Given that (X, Y) = (&, n) for some (&, n) € €2, let Ye

{0, 1}5 be defined by setting, for each e = (x, y) € &,

0, if&(x) =&(y) € S1/4»
Y(e) { (e), otherwise.
‘We write P2 g @1rnds) for the induced joint distribution of (X, Y, Y ) on Q= SZd X

[0, 1}¢ x {0, 1}¢°.

The next lemma, which is a generalization of Lemma 9.5 in [18], compares the
conditional distribution of ¥ given a spin configuration and Y outside a finite edge
set F to a random-cluster measure for Z¢ with parameters p and gay in the case
where a; > 1/q, and the conditional distribution of ¥ given a spin configuration
and Y outside a finite edge set F' to Bernoulli bond percolation with parameter
m in the case where ay < 1/q.

LEMMA 3.10. Suppose that q > 1 and S # Sy1,4. For any spin configu-
ration o € SZd, edge set F CC &4 and edge configurations ¢, ¢’ € {0, 1}5d\F
such that t' > ¢, defining A = {(,n,7) € Q:& =0, Nea\p = ¢} and A" ={n €
Qp :nga\p = ¢}, we have the following:

1. ifa¢ > 1/q and ¢ is a random-cluster measure for Z¢ with parameters p and
qayg, then the condlnonal distribution of ¢ gzven A’ is stochastically larger than

the marginal on Y of pze ap) 8iven A;

p.q,@ai,...,
2. if ag < 1/q, then the conditional distribution of the product measure

741
q)p/(er(lfp)qaz),l

d . ~
P%q (@r....ap) 8iven A.

given A’ is stochastically larger than the marginal on Y of

PROOF. We first prove part 1. By Holley’s theorem on stochastic domination
(see [11], Theorem 4.8), it is sufficient to prove that for all a € {0, 1}, e = (x, y) €
F. g, 85 €10, 137\ such that ¢ > &, if we define By = {1 € Qp :np\(e} = Lo}
and B ={(¢&,n,n) € Q: np\ = s}, then we have that

(6) ¢({n€Qp:inle) > a}| A'N By)

is greater than or equal to

(7) B2 oy ((E D) €Q:i(e) 2a) | AN By).

This is obvious for a = 0. For a = 1, using the notation (11; 1) for an edge con-
figuration which agrees with 1 on £\ F and with 1, on F \ {e}, we have, by
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Definition 2.2 of random-cluster measures, that (6) equals

. (§/§§g)
D, ifx <y,
p N (eH 99
_ ifx &y
p+ U —p)gae

For (7), we first need to check what the spins of the endvertices x, y of e are in 0.
Indeed, if o (x) # o (y) oro(x) =0 (y) € S1/4, then (7) = 0 by Definition 3.9. Let
us assume that o (x) = o (y) = j ¢ S1/4 and denote the maximal monochromatic
component (with respect to o) in the graph Z¢ which contains x by G,. By Lem-
ma 3.3, the conditional distribution of Y given o is a random-cluster measure on
G with parameters p and ga;. Moreover, since j ¢ Sj/,, we have that Y and Y
agree on G . Keeping these observations in mind, it follows that (7) equals

0, if 0(x) # 0 (y) or o/ (x) =0 (y) € S1/4.
P, if o (x) = 0 (y) ¢ S1/g and x 7y,

p . . (¢:¢5)
_—, ifo(x)=0(y)=j ¢ S1/ and x " y.
p+(1—pga; a

Since, due to the assumption a; > 1/¢g, we have that
p>— P
p+ 1 —p)qa;
for all j € S and, by the definition of a,, we have that
14 - p

p+{A—p)gac— p+(—pqa;
for all j € S\ S1/4, we obtain the desired result by noting that x (;“;gg) y implies

that x %8 y.

Part 2 can also be proven by a direct application of Holley’s theorem, noting
that, due to the definition of £ and the assumption ga,; < 1, we have

p

{ L)
———————— > maxyp,max —— O
p+(—p)gas~

ies p+ (1 = p)qa;
Although the set F' had to be finite in Lemma 3.10 so that we could use Holley’s

theorem in the proof, it will not be difficult to deduce an analogous statement
corresponding to F = £9; see below.

COROLLARY 3.11. Suppose that ¢ > 1 and S # Sy,4, and let o € SZ* be

an arbitrary spin configuration. Defining A= {(E,n,7) € Q:& =0}, we have the
following:
1. if ap > 1/q, then the wired random-cluster measure CD% q}l is stochastically

larger than the marginal on Y Of]Pp 0. (@1
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2. ifay < 1/q, then the product measure oL | is stochastically larger

p/(p+(1 p)qae),
than the marginal on 'Y ofIP’p 4. @1

PROOF. We only give the proof of part 1 since part 2 can be proven anal-
ogously. Assume that a; > 1/g and let ¢ be a random-cluster measure for Z¢
with parameters p and gay. Forn € {1,2,...}, let &, and W,, be as in Section 2.1
and define ¢, as ¢ conditioned on W, N {n € Qp:nga\g, = 1}. It follows from

Lemma 3.10 that for each n, ¢, is stochastically larger than the marginal on Y of

]f”%dq @ given A. On the other hand, ¢, coincides on &, with ¢1?,nq’c}z (which

is deﬁned in Section 2.1), so it converges to CI>Z .qa; 8 N —> 00. Since stochastic
domination is preserved under weak limits, this observation completes the proof.

O

Note that if Sj/, = &, then Y can be replaced by Y in part 1 of Lemma 3.10 and

Corollary 3.11. Also, since Y < Y by definition, we could write Y instead of Y in
part 2.

4. Proofs of the main results. After all of the preparation in Section 3, we are
now ready to prove our main results. The proof of Proposition 2.4 is not difficult.
In fact, one can use the same idea as is used in the proof of Lemma 5.6 in [17],
namely that any vertex can be isolated (i.e., incident to closed edges only) in the
edge configuration (given any spin configuration) with probability bounded away
from 0, in which case it can be assigned any spin in S, independently of everything
else. A formal proof proceeds as follows.

PROOF OF PROPOSITION 2.4. FixveZi meSando € SZd\{v}, and recall
the definition for W C Z¢ of the event K w C ¢ at the beginning of Section 2.2
and of the analogous event Cy, C 2 at the beginning of Section 3. Denote by E,
the event that all 2d edges incident to v are closed. We have that

z4 z4
) W@ ) Koy | K7\ (1) Z P g a1 (CTy | €y N E)
X Pp q.(ai,.. as)(E | CZd\ v})
Obviously (or as a special case of Corollary 3.7), we have that the first term on the

right-hand side of (8) is a,, since, given E,, v is assigned a spin independently of
everything else.

On the other hand,
z4 ,
[Pp q,(ai,..., (E | Czd\{ } Z]P)p g.(@i,.., E | CZd\{v C{U})
beS
z4
X IP)P q,(ay,..., ag) (C{U | CZd\{u})
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Now, whatever value b € S takes, the full spin configuration is given in the first
factor on the right-hand side, so we can apply Lemma 3.3. Under any random-
cluster measure with parameters p and g > 0, the probability of E, is bounded
away from 0: a lower bound for § > 1 is (1 — p)??, while for § < 1 itis (1 —
)??. Since the parameter § here equals ga;, for some b, we get the lower

p+(1 P)q
bound

p 2d
min{(l _ X, (1 _ . ) }
p+ (1 — p)gmin;esa;

b (ata) € | Ca\pyy) for

p.q.(ai,..., )(E | CZd\{v ).
Combining this with (8) and the remark thereafter, we have that

D 2d
&= (mina,-)(min{l —p, 1= - ])
ies p+ (1 — p)gminiega;

is a lower bound for M%flq,(al,...,as)([{{mv} | K‘Z’d\{v}). Since ¢ does not depend on v,
m or o and is positive for any values of p € [0,1), ¢ > 1 and ay,...,a; € (0, 1),

for the first factor, which is uniform in 5. As the IP’

b € S sum to 1, we get the same bound for pZ’

d . .
we conclude that u% 7. (@r,.as) 18 uniformly nonnull for such parameters. [J

The proof of Theorem 2.7 consists of many parts. For the proof of parts 1, 2(b)
and 3(b), we use a counterexample that is very similar to the one given in [17, 18]
(see also [7, 22, 23]), defined below. Following the definition, we give Lemma 4.1,
after which it will not be difficult to prove parts 1, 2(b) and 3(b). Finally, we prove
parts 2(a) and 3(a). From this point on, we assume that § # Sy /4. First, recall the
definitions of A, and £ from Sections 2.1 and 2.2, respectively. Fix an arbitrary

spin m € S such that m # £ and define an auxiliary spin configuration o* € Y by

setting, for each x = (x1, x2,...,xq) € 74,
m, if x; =0, [xa + |x3| + -+ |xgl =1
0" (x) = or x; = —1, |xz| + [x3] + -+ + |xg] > 1,
£, otherwise,

and for k € {1,2, ...}, spin configurations o©-¢, g% ¢ SZ0) (see Figure 2) by

d
O_k,ﬁ(x):{g* forx eZ \Ak,
o*(x)

otherwise,
and
k,m m for x € Agy1 \ Ay,
o""M(x) = .
(x) {ak’e(x) otherwise.

Denote the two nearest neighbors of 0 in Z? with o*-spin £ by u; = (1,0,
.,0) and uy = (—1,0,0,...,0), the other nearest neighbors by u3, ua,
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Leee eeeee mmmmmmmmm
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FIG. 2. Restriction ofa3'£ (to the left) and a3m (to the right) to A4 \ {0} in two dimensions. For
all x € 72\ Ay, 034 (x) = 3" (x) = £.

.,upg and for i € {1,2,...,2d}, the edges between 0 and u; by e;. Most of
the work needed for the proof of parts 1, 2(b) and 3(b) of Theorem 2.7 is contained
in the following lemma.

LEMMA 4.1. Fix parameters d > 2, q > 1, p and ay,az, ...,as; € (0,1) of
the DaC(q) model on 74 in such a way that S # Si /q- Considering the events
A ={(§,n) € Q2 there exists an open path in Nea\(e, ¢, ... e,y between uy and us}
and O™ = {(&,n) € Q:£(0) € {£, m}}, we have the following:

1. if, for a fixed k € {1, 2, ...}, we have that

P2

p.q.(ay,..., (Aloemmc

Sivo) > O,

then M;qu, (@r....a,) 'S not k-Markovian;
2. if there exists y > 0 such that, for all k € {1, 2, ...},

IP)Z

e,
(@t oap (A1 OO Czd\{()}) =Y

ay) IS not quasilocal.

.....

PROOF. In order to 51mp11fy notation, in this proof, we denote IP’p 0.(@1as)

by P, CZd\{O} by L = LF and Czd\ 0 by M = M*. The first step in the proof is to
derive, for all k € {1, 2, ...}, mequahty (10). Consider the expression

9) IP(Cloy | L) —P(Cfyy | M)].
Note that we have

P(Cfyy | L) =P(Clo, | 0" NL)P(O“™ | L)



1630 A. BALINT

and similarly for M. Using this, we obtain, via basic algebra [i.e., first subtracting,
then adding a dummy term IP’(C{@O} | 0™ N M)P(O%™ | L) in (9) between the
absolute values and finally using the fact that |a — b| > |a| — |b|], that (9) is greater
than or equal to

IP(Cfyy | O“" N L) —P(Cly, | O“™ N M)|P(O“™ | L)
—|P(O“™ | L) = P(O"™ | M)|P(Cjy, | O“™ N M).
Since P(O%™ | L) = ]P’(C{eo} | L) + IP’(C?(’)} | L), we have, by uniform nonnullness

(i.e., Proposition 2.4), that there exists § > 0 such that, uniformly in &, [P(O™ |
L)| > §. Using this observation, noting that IP’(C{ZO} | O™ N\ M) < 1, that P(O®™ |

L) = ]P’(C{ZO} | L) + IP’(CE’(’)} | L) (and similarly for M) and applying the triangle
inequality yields that (9) is greater than or equal to

IP(Cloy | O™ N L) —P(Clyy | O°" N M)|5
—[P(Cloy | L) = P(Cigy | M)
—[P(Cfoy | L) = P(Coy | M)|.
After a rearrangement of the terms, this gives that
) 2[P(Clgy | L) = P(Cfyy | M)| + [P(CJgy | L) — P(Clgy | M)|
> 8[P(Clgy | 0“" NL) —P(Cfyy | 0" N M)|.

From now on, we will be working on bounding the right-hand side of (10) from
below. Elementary calculations and an application of Lemma 3.4 withi = ¢, j =m
and v = 0 show that

P(Cloy | 0™ N LN A)

P(Clyy | O“" NLNA)
~ P(Clgy 1 0O5m N LN A)

P(Cigy | O“™ NLNA)

=c™(1=P(Clyy | 0™ N LN A))

and therefore

,m
¢ e, __4
(11) P(C{0}|0 "NLNA)= Tm .
e +1
By similar considerations, we obtain that
C@,m
(12) P(Cloy | O“" NLNAS) =2

cﬁ’m +1



GIBBSIANNESS AND NON-GIBBSIANNESS IN DaC(g) MODELS 1631

and that
Cﬁ,m
(13)  P(Cloy | 0" N M) =P(Cp, | 0" N M N A°) =2
o, +1
Using (11) and (12), we get that
CZ,m
P(Cjoy | 0" NL) = ——1—PA| 0" NL)
Cl’m +1
l,m
+ 2P| 0" N L)
"+ 1
(14)
£,m l,m O,m
_ 9 ( TR >
S S BN LTS L |

xP(A| 0" NL).
Applying (14) and (13) in (10) yields that, for any k, we have that

2[P(Cloy | LX) = P(Cloy | M) + [P(CJyy | LY) = P(CJgy | MY)]
(15) l,m t,m
=5l 2 __IpajotmnLh.
cl’m +1 cz’m +1

Since a; # 1/q by definition, we have that cf’m # cg’m. This implies that the
first two factors on the right-hand side of (15) are positive constants, neither of

which depends on k. Now, suppose that ,u%dq’(al ds) is k-Markovian for some k.

In that case, the left-hand side of (15) is O since alli’f\ 0= of\’k”\’{o}, therefore P(A |

.....

quasilocal, then the limit of the left-hand side of (15) is 0 as k — oo, which cannot
be the case if P(A | O%™ N L*) is bounded away from 0, uniformly in k. This
concludes the proof of part 2. [J

PROOF OF THEOREM 2.7, PARTS 1, 2(b) AND 3(b). For this proof, recall
the notion of an increasing event on 2p (see Section 2.1). Letd > 2,4 > 1 and p,
a,as,...,as € (0, 1) be arbitrary parameters of the DaC(g) model on Z4 in such a
way that § # S/, and let %t A and O%™ be as in Lemma 4.1. For k € {1,2,...},
define the edge sets EF = {e € £ ¢ is incident to 0 or to some v € Z¢ \ {0} with
okt(v) = m}. For a parameter p € (0, 1) and each k € {1, 2, ...}, we define an
inhomogeneous bond percolation measure Pj ; on £2p which assigns value 0 to
all e € E4* and, independently to each e € £\ E4*, value 1 with probability p
and 0 with probability 1 — p. It follows from Lemma 3.3 and Definition 2.2 that the

d . k.t
Z ) given otmnce

marginal on Y of the conditional distribution P° g (@1t Zd\(0)
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is stochastically larger than Pj ; with p = m if gag > 1, and with p = p
if gag < 1. Therefore, denoting the projection of A on Qp by Ap (note that Ap C
Qp is increasing), we have, for any k, that

(16) pZ’ (Alo%"n CZd\{0 ) > P;1(Ap).

p.q,(ap,...,as)

Since min{m, p} > 0 forall p € (0, 1), we obviously have, for any fixed

ke{l,2,...}, that P;;(Ap) > 0. This proves non-k-Markovianness of the mea-

Zd

SWE Ly q.(ar,...,

For the proof of part 2(b), recall the definition of the vertices u1, us € 74 and
edges e1, e, ...,ex4 € &d (immediately before Lemma 4.1), and the fact that H™
denotes the set of vertices in Z¢ whose first coordinate is strictly positive. Define
H~ as the set of vertices in Z¢ whose first coordinate is strictly negative. Consider
the events A+ = {n € Qp:3 an infinite open path in ny+ which contains u1},
Ay~ = {n € Q2p:3 an infinite open path in ny- which contains us}, U = {n €
Qp: there is at most one infinite open cluster in Ngd\( } and note that
A+ NAy-NU C Ap.

Now, assume that a; > 1/g. This implies that ga; > 1 and hence the free

4,y according to (16) and part 1 of Lemma 4.1.

e1,e2,....24}

random-cluster measure QJ% qg , exists and is the stochastically smallest random-

cluster measure for Z¢ with parameters p and gag (see Section 2.1). Let us denote

by CIJ,({C) the measure d>;Z7 qg conditioned on the event {n € Qp:ngax = 0}. Due

to the aforementioned extremality of CI>% qg , With respect to stochastic ordering,

Lemma 3.3 implies that the marginal on Y of the measure pZ’
tioned on O%™ N CZ
that

p.q.(ay,....as) condi-

Zd\ 0 is stochastically larger than CID(C) Therefore, we have

Zd\ )
a7

> d),(f)(AH+ NAy-NU).
Under the measure CD% qg ,» the event U has probability 1 and the event one con-
ditions on to obtain CD,({C) has positive probability, so it follows that CIJI(CC)(U )y=1.
Hence, we have that

D (Agr N Ay NU) = D (Aggr N Ago)
(18)
> &7 (A )P (Ap-),

by (3), since Ay+ and Ay are increasing events.
Recalling from Section 2.1 that E C £ is the set of edges that are incident to at
least one vertex in Z? \ H*, we have, again by the FKG inequality, that

(19) O (Apr) = DL (Aygr | (n € Qpinz =0)).
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Similarly, defining the half-space H="! as the set of vertices in 74 whose first
coordinate is at least —1 and denoting by E’ the set of edges in £ that are incident
to a vertex in H="1 \ {u2}, we have, by the FKG inequality, that

O (Ay-) = D20 (Ay- | {n e Qpinz =0)
_ p

p+ 1 —p)gae

Here, we have also used the facts that, conditioning on {n € Qp:n = 0}, Ay~
can occur only if the edge between u; and (—2,0, ..., 0) is open (which has con-
ditional probability m by Definition 2.2) and that the states of edges
incident to u; are conditionally independent of the event that (—2,0,...,0) is
in an infinite open edge component in the corresponding half—space It follows
from (19), (20) and the definition of p/ (qag d) that for all p > p; (qae d), both
CD(C)(AH+) and CD(C)(AHJ are bounded away from 0, uniformly in k. Therefore,

by (17) and (18), PZ* wAlotmncg

(20)
p qag(ATﬁ [{neQp: ng =0}).

p.q.(ay,. Zd\{o ) is bounded away from O for

such values of p, which 1mphes nonquasilocality of /,L .
Lemma 4.1. This concludes the proof of part 2(b).

In the case where a¢ < 1/¢, as remarked above, (16) holds with p = p. On the
other hand, if p > p.(1,d), then p > p.(1,d) and, hence, by Lemma 8.2 in [18]
[whose proof is based on a computation similar to (17) and (18)], we have

by part 2 of

yeensls)?

kli)nolo P@k(AD) > 0.

By this, (16) and part 2 of Lemma 4.1, it follows that ,u?z,flq’(al ..... a5) is not quasilo-
cal, proving part 3(b). O '

Our proof of part 2(a) of Theorem 2.7, that is, quasilocality of M%qu’( al
for small p when a;, > 1/g, will be a straightforward generalization of the proof
of part (i) of Theorem 4.4 in [18]. Although slightly more care is required when
ag < 1/q, a similar argument will also work in that case. Therefore, we will be
able to provide a proof below which deals with both cases simultaneously.

PROOF OF THEOREM 2.7, PARTS 2(a) AND 3(a). For the proof, recall the
definitions of ¥ and $ (Definition 3.9), and, for a set W C Z4 and a spin config-
uration « € SV, recall the definition of K w (Section 2.2) and define the anal-
ogous event Ck, = {&E,n,1n) € Q:SW = k}. Fix parameters d > 2, ¢ > 1 and
ap,a,...,as € (0,1) of the DaC(g) model on 74, and p in such a way that
p < pe(qap, d) ifay > 1/q, and p < pc(lvdl)’;g‘(ﬂqj‘g(l’d) if ay < 1/q. Fix an arbi-
trary W cC Z%, k € S" and & > 0. We shall show the existence of N = N (g, W)

. d . .
such that for all n > N, if 0,0’ € SZ\W are spin configurations that agree on
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Ap \ W, then

Zd Zd /
2D Wy KW 1 K G ) = 1 g @y .ocar) K | K )]

is less than or equal to ¢.
In order to find such an N, we consider a “dominating measure” @dom
on Qp: we define pdom = ®Z%1 in the case where ar > 1/q and ¢dom =

p.qa
z4 .
q)p/dw(lfp)qaz),l in the case where a; < 1/¢g. By Corollary 3.11,

chastically larger than the conditional distribution of the modified random edge

configuration Y given any spin configuration. Note that the parameters are chosen

in such a way that ¢9°™-a_s. there exists no infinite open edge cluster [for the case
pc.d)ga p

ag < 1/q, note that p < ensures that ST pyga < pc(1,4d)].

o P = piTd)qag+1-pc(1.d)
Therefore, it is possible to choose an N so large that

(22) PP (AW < dAN)) <o,

oM is sto-

where {0W < 0An} = {n € Qp: there exists a path between 0 W and d Ay along

which all edges are open in n}. Fix an arbitrary n > N and let 0,0’ € SZ\W be
two arbitrary spin configurations such that oa ,\w = J//\n\w- An informal overview
of the proof that (21) < ¢ is as follows.

Let ¥ (resp., Y’) be the modified random edge configuration when the spin
configuration o (resp., o’) is given. We would like to show that Y and Y’ can be
coupled in such a way that there exists a barrier B with a high enough (at least
1 — ¢) probability so that: (a) Y = Y} = 0; (b) B separates W and dA,. By
the definition of ¥, a barrier B satisfying (a) is a quasi-closed barrier in the case
where the spin configuration o is given. Therefore, if B also satisfies (b), then, by
Corollary 3.7, the spin configuration in W does not depend on 074\, C Oext(B)-
Clearly, the same argument holds for o’. Since we have that Gll\n\W = OA,\W» WE
see that finding a barrier B that satisfies (a) and (b) ensures that the conditional
spin distribution in W is the same, given either of o or o’. Therefore, finding such
a barrier with probability at least 1 — ¢ yields that (21) <e.

In order to find such a barrier, we will couple Y and Y’ together with an auxiliary
random edge configuration Y 9°™ with distribution ¢9°™. We will show below how
one can repeatedly use Lemma 3.10 to simultaneously construct Y, Y’ and ydom
with the correct distributions in such a way that YoM > Y and Y™ > ¥’ hold
at all stages of the construction. By the choice of N in (22), we will find, with
probability 1 — &, a barrier B satisfying (b) with ¥ g“m = (. The point is that since
ydom > Y and ydom > Y’ , this implies that (a) also holds for B, so we are done. It
is important to add that our construction will find an appropriate barrier B when
such a barrier exists by assigning Y-, Y/~ and Y9%M_yalues only to edges in B U
Eext(B)- Therefore, although Y and Y/ may take different values on such edges,

the conditional spin distributions given o and the explored part of Y, respectively,
given o’ and the explored part of Y’ are indeed the same in W C Viny(p).
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The formal implementation of this idea proceeds via essentially the same cou-
pling as used in [18], but we give it now for the sake of completeness. We will
define below a probability measure Q on 2 x Q2 x Qp thatis a coupling of:

(1) an Q2-valued random triple (X, Y, Y) with distribution PZ° 0.0 (@1snats) condi-
tioned on CZd\W’
(ii) an 2-valued random triple (X', Y’, Y’) with distribution IP’p g.(ar.....as) SON-

ditioned on CZd\W’

(iii) an Qp-valued random edge configuration Y dom (ith distribution ¢dom,

It then follows from the coupling inequality (Proposition 4.2 in [11]) that (21) <
Q(Xw # X'). Hence, showing that Q(Xw = X7;,) > 1 — & would complete the
proof. We deﬁne Q in three stages, as follows.

I. Recall that &, is the set of edges with both endvertices in A, U dA,. It
follows from Corollary 3.11 and Strassen’s theorem (see Section 2.1) that the set
O = {u: u is a coupling of (i), (ii) and (iii) satisfying that M(Ygd\g <vyd gd\ €, and
Yéd\ €, <Y gf,’{“g ) = 1} of probability measures on €2 x € x €p is nonempty. We
will choose Q from this set and will specify in stages II and III which element of
0O we pick.

II. Fix an arbitrary deterministic ordering of &, and let (U, :e € &,) be a col-
lection of independent random variables with uniform distribution on the interval
[0, 1]. The following algorithm will determine Y Y " and Y9°™ on a subset of &,
given that they are known in £ \ &,, by drawing Y-, ¥'- and Y°™_values for one
edge at a time, as follows.

1. Let e € &, be the first edge in the previously fixed deterministic ordering which
has not been selected in any previous step of the algorithm and is incident to
some vertex in d A, or some previously selected edge f with Ydom( ) =1.

2. Let us denote by P(©) the probability measure PZ

CZd \W
conditioned on C2

FURCID conditioned on

and what we have seen thus far of Y, by P the measure IP% 0. (@1as)

Zd\w and what we have seen thus far of ¥’ and by ¢© the

measure ¢9°™ conditioned on what we have seen thus far of Y9°™. We define

Do) = { 1, ifU,<POF(e)=1),

otherwise,
analogously,
P(e) = { 1,  ifU, <PYY'(e)=1),
0, otherwise,
and, finally,

ydom () — { 1, if U, < ¢©(Ydom(e) = 1),
0, otherwise.
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Note that if we had Y™ > ¥ and Y9°™ > ¥’ before step 2 of the algorithm
(which is p-a.s. the case for any u € Q before the beginning of this algorithm),
then Lemma 3.10 implies that these inequalities are preserved by step 2.

3. If determining Y9°™(e) in step 2 creates either an open path in Y9°™ between
dA, and OW or a barrier B such that W U9W C Vi) C A, and Yg"m =0,
then we stop the algorithm; otherwise, we go back to step 1.

Note that this algorithm terminates at the latest once all edges in ext(AW) have
been selected and that it does not select any edge in AW or in int(AW).

III. If the algorithm in stage II ends by finding an open path in Y9°™ between
dA, and 9W, then we draw the rest of (X, Y, ¥), (X', Y’, ¥’) and ydom arbitrarily
with the correct conditional distributions, given what we have seen of them thus
far. This will possibly give that Xy # X/, but that is not a problem since, by
inequality (22), this case occurs with probability at most ¢ and, otherwise, we will
always be able to ensure that Xy = X7,

Indeed, let as assume that the above algorithm found a barrier B such that
W UOW C Vinyp) C Ay and Ygom = 0. Since the inequalities Y™ > Y and
ydom > V’ were retained throughout the whole algorithm (as remarked in step 2),
it follows from Yg"m = 0 that B is closed in ¥ and Y’ as well. Since B is a
barrier which is closed in Y, it is a quasi-closed barrier in (X, Y). Therefore,
Corollary 3.7 implies that the conditional distribution of (X, Y) on int(B), given

X zd\w =0 and what we have seen of I?, is IP’?;B()QI .... a5) conditioned on {(¢,n) €

QB £y, B \W = OV g\ W} By similar considerations, the conditional distrib-

: ! v/ : / ./ 51 s int(B)
ution of (X', Y'), given XZd\W = ¢’ and what we have seen of Y’, is Pp,q,(m ..... a5)

conditioned on {(&,7n) € Qint(B) Vi) \W = a\’;im(B)\W}. Since Vinp) C A, and

o O _ / / O/
OANW = Op \w> We can take (Xvi ) Yeim)» Yann) = Xvm0 Yo Yo

in our coupling. This already implies that Xy = X /W since W C Vinys), so the
coupling can be completed by drawing the rest of (X, Y, ¥), (X', Y’, ¥’) and ydom
arbitrarily with the correct conditional distributions.

These considerations yield that with a coupling Q of (i), (ii) and (iii), as spec-
ified in stages I, II and III we have that Q(Xw = X %;V) > 1 — &, which concludes
the proof as noted above. [J

The proof of Proposition 2.9 is an easier application of the concept that the
existence of a (quasi-)closed barrier “blocks the information from outside.” Since
the proof is virtually the same as the proof of Proposition 3.7 in [17], that is, the
analogous statement for the DaC(1) model, we will just sketch it for the reader’s
convenience.

. d
PROOF SKETCH OF PROPOSITION 2.9. Fix W ¢ Z¢ and o € SZ"\W such that
none of the spins in o percolate. By the assumption (4), this is true for almost
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every spin configuration. Let W’ C Z¢ \ W be the union of all spin components
in o074,y that intersect the vertex boundary dW. Since there is no infinite spin
component in o, we have that W' is a finite set, hence the edge boundary B =
A(W U W) is a closed barrier. Therefore, it follows from Lemma 3.7 that the

conditional distribution of ,u% g.@ray) Ziven K7 nt(B) ..ay) conditioned

_ 20w 1S Kp.g.(ar..
on {£ € QP gy = oy,
Now, recall the definition of 9, W, the n-neighborhood of W, from Section 2.2.
If k is so large that W' C 01 W,and o’ € SZ\W is such that Ua/kW = oy, w, then it

. .. C d
is clear, by the same argument, that the conditional distribution of M% 0.(@1as)
int(B) int(B) ,

Zd\w IS Wp.g.ai.. e
oW = O’W/, the above condltlons are the same, therefore, for any x € § W we have

that

given K 4,y conditioned on {& € Q¢ = oy,}. Since

d
| (K% | KS,

Psq,(at,....as) Zd\W) “p q.(ay,... s)(KW | K

zd\w)| =0

This proves almost sure quasilocality of ;L% 0. (@1 rnas)” U
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