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Abstract. We study the hydrodynamic limit for some conservative particle systems with degenerate rates, namely with nearest
neighbor exchange rates which vanish for certain configurations. These models belong to the class of kinetically constrained lattice
gases (KCLG) which have been introduced and intensively studied in physical literature as simple models for the liquid/glass
transition. Due to the degeneracy of rates there exist blocked configurations which do not evolve under the dynamics and in
general the hyperplanes of configurations with a fixed number of particles can be decomposed into different irreducible sets. As a
consequence, both the Entropy and Relative Entropy method cannot be straightforwardly applied to prove the hydrodynamic limit
of KCLG. In particular, some care should be put when proving the One and Two-block Lemmas which guarantee local convergence
to equilibrium. We show that, for initial profiles smooth enough and bounded away from zero and one, the macroscopic density
profile for our KCLG evolves under the diffusive time scaling according to the porous medium equation. Then we prove the same
result for more general profiles for a slightly perturbed dynamics obtained by adding jumps of the Symmetric Simple Exclusion.
The role of the latter is to remove the degeneracy of rates and at the same time they are properly slowed down in order not to
change the macroscopic behavior. The equilibrium fluctuations and the magnitude of the spectral gap for this perturbed model are
also obtained.

Résumé. On étudie la limite hydrodynamique de systémes de particules évoluant selon une dynamique de Kawasaki dont le taux
de saut est nul si la configuration ne satisfait pas a des contraintes locales particulieres. Ces modéles appartiennent a la classe
de modéles avec contraintes cinétiques qui ont été introduits et etudiés en physique pour modéliser la transition liquide/verre. La
présence de ces contraintes entraine 1’existence de configurations gelées. En particulier, les hyperplans de configurations avec un
nombre fixé de particules peuvent etre decomposés en plusieurs composantes irréductibles. Par conséquent, les méthodes usuelles
de I’Entropie et de I’Entropie Relative ne peuvent étre utilisées pour établir la limite hydrodynamique. On démontre dans cet
article que sous une échelle diffusive la densité évolue selon une équation des milieux poreux pour des profils de densité initiaux
strictement positifs et réguliers, le méme résultat est démontré pour des conditions initiales plus générales pour la dynamique
superposée a une dynamique d’exclusion simple symmétrique sous-diffusive.

MSC: 60K35.

Keywords: Hydrodynamic limit; Porous medium equation; Spectral gap; Degenerate rates.

IThe first author wants to express her gratitude to F.C.T. (Portugal) for supporting her Phd with the grant /SFRH/BD/11406/2002.
2The third author thanks IMPA for hospitality and CNPq for supporting this work via the grant Pronex E-26/151.943/2004.
3wWe acknowledge the support of the French Ministry of Education through the ANR BLANQ7-2184264 grant.


http://www.imstat.org/aihp
http://www.imstat.org/aihp
http://dx.doi.org/10.1214/09-AIHP210
mailto:patg@impa.br
mailto:landim@impa.br
mailto:ctoninel@ccr.jussieu.fr

888 P. Gongalves, C. Landim and C. Toninelli
1. Introduction

The purpose of this article is twofold. On the one hand we want to define a conservative interacting particle system
whose macroscopic density profiles evolve according to (1.1), namely to obtain a microscopic derivation of the porous
medium equation. On the other hand we wish to establish the hydrodynamic limit for kinetically constrained lattice
gases (KCLG), a class of particle systems with exclusion constraints which have been introduced and analyzed in
physical literature since the late 1980’s (see for a review [6,8] and references therein). Indeed, as we shall explain, the
standard methods cannot be straightforwardly applied to KCLG due to the degeneracy of nearest neighbor exchange
rates.
The porous medium equation is a partial differential equation of the form

{atp(t,u):Apm(t,u), (1.1)

0(0,-) = po(-),

where A = Z]ijd 83}, and m € N\ {1}. This can be rewritten in the divergence form as d;p(t,u) = V(D (p(t,u))

V(p(t,u))) with diffusion coefficient D(p(t,u)) = m,om_l(t, u). Note that D(p) goes to zero as p — 0, thus the
equation looses its parabolic character.

One of the most important properties of (1.1) is that its solutions can be compactly supported at each fixed time or,
in physical terms, that is has a finite speed of propagation. This is in strong contrast with the solutions of the classical
heat equation. A nonnegative solution of the heat equation is always positive on its domain. A second observation is
that the solutions of Eq. (1.1) can be continuous on the domain of definition without being smooth at the boundary.
The existence of this kind of solutions is a direct consequence of the degeneracy of D(p) as p — 0. For a reference on
the mathematical properties of the porous medium equation we refer to [9] and references therein. We also recall that
such equation is relevant in different contexts in physical literature beyond the original motivation of describing the
density of an ideal gas flowing isothermally through an homogeneous porous medium (corresponding to the choice
m=2).

A microscopic derivation of the porous medium equation has been already obtained in [2] by considering a model
in which the occupation number is a continuous variable. Here we study instead models with discrete occupation
variables: our microscopic dynamics are given by stochastic lattice gases with hard core exclusion, namely systems of
interacting particles on the d-dimensional discrete torus ’]I“fv with the constraint that on each site there can be at most
one particle. A configuration is therefore defined by giving for each site x € ']I‘?V the occupation variable, n(x) € {0, 1},
which stands for empty or occupied sites, respectively. Evolution is then given by a continuous time Markov process
during which the jump of a particle from a site x to a nearest neighbor site y occurs at rate c(x, y, ). The choice
c(x,y,n) =1 corresponds to the Symmetric Simple Exclusion process (SSEP) and, as is very well known, leads to
the heat equation under diffusive re-scaling of time, namely D(p) = 1. In order to slow down the low density dynamics
and obtain a diffusion coefficient which degenerates for p — 0, we impose a local constraint (in addition to hard core
exclusion) that must be satisfied to allow a particle jump. This constraint is imposed at the level of rates: for any
nearest neighbor couple (x, y) we fix the exchange rate c(x, y, n) to be zero if  does not satisfy a local constraint.
The latter corresponds to requiring a minimal number of occupied sites in a proper neighborhood of (x, y). Since the
typical number of particles in a given region is monotone with p, D(p) will decrease as p is decreased. At the same
time the rates are chosen in order to satisfy the detailed balance condition with respect to Bernoulli product measure
at any density (as for SSEP), namely the constraints do not add further interactions beyond hard core exclusion.

The above properties of the rates imply that our models belong to the class of kinetically constrained lattice gases
(KCLG) (see [1,6,8] and references therein), which are used in physical literature to model liquid/glass and more
general jamming transitions. In this context, the constraints are devised to mimic the fact that the motion of a particle
in a dense medium (e.g. a molecule in a low temperature liquid) can be inhibited by the geometrical constraints
induced by the surrounding particles. Therefore the role of particles and vacancy is usually inverted with respect to
our convention: in physical literature vacancies rather than particles are needed to facilitate motion, namely c(x, y, 1)
is zero if there is not a minimal number of empty sites around (x, y).

According to the standard classification of physical literature, all the models we consider belong to the class of
noncooperative KCLG. This means that the rates are such that it is possible to construct a proper finite group of
particles, the mobile cluster, which has the following properties. There exists (at least one) allowed (i.e. with strictly
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positive rates) sequence of nearest neighbor jumps which allows to shift the mobile cluster to any other position.
Furthermore, this allowed path should be deterministic, i.e. independent on the value of the occupation variables on
the remaining sites. Finally, the jump of any other particle to a neighboring site should be allowed when the mobile
cluster is brought in a proper position in its vicinity. Therefore a configuration containing the mobile cluster can
be connected to any other one with the same property by an allowed path. This, very loosely speaking, means that
noncooperative KCLG should behave like a re-scaled SSEP with the mobile clusters playing the role of single particles
for SSEP. Thus their diffusion coefficient is expected to degenerate to zero as power law with p for p — 0, i.e. when
the density of mobile clusters goes to zero (and the coefficient in the power law should depend on the size of the
minimal mobile cluster).

Here we provide the first derivation of the hydrodynamic limit for a noncooperative KCLG. As we will explain,
in our proof the noncooperative property will play a key role since we will use it to construct paths which allow to
perform particle exchanges. The use of similar path arguments for KCLG had already been exploited in [1], were the
scaling with the lattice size of the spectral gap and log Sobolev constant for noncooperative models in contact with
particle reservoirs at the boundary were derived. A similar case in which the diffusion coefficient does not vanish has
already been studied in [7]. Finally, we stress that all along our proofs of hydrodynamics (both for the Entropy and
Relative Entropy method) we use an additional property of the rates: the fact that they are of gradient type. A natural
development of our work would be to generalize the present results to noncooperative KCLG and/or to nongradient
rates.

An outline of the paper follows. In Section 2 we introduce some notation, define our models and state the main
results. The models we consider are either truly KCLG or perturbed models in which we add proper jumps of SSEP
to remove the degeneracy of the exchange rates. In Section 3 the proof of the hydrodynamic limit via the Relative
Entropy method for the KCLG is presented. The proof of the hydrodynamic limit for the perturbed models via the
Entropy method is described in Section 4. The proof of a Replacement Lemma needed for the Entropy method is
postponed to the Section 5. Finally, in Section 6, we study the spectral gap for both the unperturbed and perturbed
dynamics.

2. Statement of results

The models we consider are continuous time Markov processes 17, with space state XXI/ = {0, I}TIIIV, where T?\, =
{0,1,..., N —1}9 is the discrete d-dimensional torus. Let  denote a configuration in Xf\’,, X asitein T?\, and n(x) =1
if there is a particle at site x, otherwise n(x) = 0. The elementary moves which occur during evolution correspond
to jump of particles among nearest neighbors, x and y, occurring at a rate c(x, y,n) which depends both on the
couple (x, y) and on the value of the configuration 7 in a finite neighborhood of x and y. Furthermore these rates are
symmetric with respect of an x—y exchange c(x, y, n) = c(y, x, 1) and are translation invariant. More precisely the
dynamics is defined by means of an infinitesimal generator acting on local functions f : x 1‘{, — R as

LeHm= Y ey, (1 —nm)(f0™) = fm), 2.1)

x,yeTj{,
lx—yl=1

where |x — y| = leiid |x; — y;| is the sum norm in R¢ and
n(z) ifz#x,y,
(@) =1n0) ifz=x, (2.2)
nx) ifz=y.
In the sequel we consider the rates

cx,x+ej,n)=nl—ej)+nlx+2e,)), (2.3)

where {e;, j =1, ..., d} denotes the canonical basis of R? and we will prove all the theorems for this choice. This, as
we will prove, leads in the hydrodynamic limit to the porous medium equation (1.1) for m = 2. Also, we can provide
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for any other m a proper choice of the rates such that all proofs can be readily extended leading in the diffusive re-
scaling to the porous medium equation with the correspondent m. For instance in the case m = 3, the jump rates to be
considered are

cx,x+ej,n)=nlx—ej)n(x+2e;)+nlx —2e;)n(x —e;) +nx +2e;)n(x + 3e;).

Note that both the above choices of the jump rates have the property of defining a gradient system, namely one for
which the instantaneous current between the sites 0 and ¢;:

Wo,e; (m) = c(0, e, ) {n(0)(1 = n(e;)) —nle;)(1—n(0))}

can be rewritten as a function minus its translation. This property will be a key ingredient when deriving the hy-
drodynamic limit. Also, both the models are noncooperative in any dimension according to the definition given in
the Introduction. Consider for example the rates (2.3) in one dimension. A possible choice for the mobile cluster
is given by two particles at distance at most two. Let us describe the deterministic sequence of allowed moves (i.e.
with strictly positive exchange rate) which we should perform to shift of one step to the right the mobile cluster
when n(x) = n(x + e1) = 1, i.e. to transform 5 into n’ with n'(x +e1) =n'(x +2e1) =1, n'(x) = n(x + 2ey)
and 7/(z) = n(z) for z ¢ (x,x + e1, x + 2e;). First we make the move n — p*+e1*+2¢1 which is allowed since
c(x +e1,x +2e1,n) = n(x) = 1. Then we perform the move n*+¢1-¥+2¢1 s (p¥tenx+2enyx.xter — ' which is also
allowed, since c(x, x + ey, p*erx+2ery > prternx+2er(x 4 201y = y(x 4+ e;) = 1. The case in which the particles are
instead at distance two, n(x) = n(x + 2e1) = 1, can be treated analogously. The second property which characterizes
noncooperative models can also be readily checked: if we are given any two neighboring sites, (y, y + e1), the ex-
change of their occupation variables can be performed if we bring the mobile group of two particles in (y —2e1, y —ey)
since c(y, y +e1, n) > n(y — ey). It is then possible to verify that any two configurations 5 and n’ with the same num-
ber of particles, Y n(x) =Y _ n'(x), and both containing at least two particles at distance at most two can be connected
one to another via a sequence of allowed jumps.

Let v, be the Bernoulli product measure in Xl‘f,, with « € (0, 1). Since c(x,y,n) =c(y,x,n) Vx,y € T4 , the
measures v, are reversible for this process Ve, as for SSEP. Due to the degeneracy of the rates other invariant measures
arise naturally. For example in the one-dimensional setting any configuration »n such that the distance between all the
positions of two consecutive occupied sites is bigger than two has all the exchange rates equal to zero. Therefore it is
a blocked configuration and a Dirac measure supported on it is an invariant measure for this process.

Let Xy« denote the hyperplane of configurations with k particles, namely

Ing= {nexﬁ: > n<x>=k}, (2.4)

d
xeTy

which is invariant under the dynamics. We say that O is an irreducible component of Xy j if for every n, £ € O
it is possible to go from 7 to £ by a sequence of allowed jumps. For SSEP, the hyperplanes X'y g are irreducible
components for any choice of k and N. In the presence of constraints, a more complicated decomposition in general
arises. For example in d = 1 with the rates (2.3), the above observation on blocked configurations and on the nonco-
operative character of the model, leads to the following irreducible decomposition for the hyperplanes. If k > N/3,
X'y k is irreducible. Instead, if k < N/3, Xy i is reducible and decomposable into the irreducible component which
contains all configurations with at least one couple of particles at distance at most two plus many irreducible sets each
containing a single blocked configuration. The irreducible decomposition in dimension d > 1 is more complicated.
In this case the model is still noncooperative and a possible mobile cluster is given by a d-dimensional hypercube of
particles of linear size 2. For any choice of the spatial dimension d, it is possible to identify a constant C(d) < oo
such that the hyperplane Xy ; is irreducible for k > C(d)(N/3)?, while it is reducible in several components for
k<Cd)(N/ 3)d . In this case we have: (i) the irreducible component which contain configurations with at least one
d-dimensional hypercube of particles of linear size two plus all configurations that can be connected to these; (ii) ir-
reducible components which contain single (blocked) configuration; (iii) other irreducible components which contain
neither blocked configurations nor any configuration belonging to (i). An example of irreducible set of the third kind
for the rates (2.3) in d = 2 is for example the one that contains all configurations which have two particles at distance
smaller or equal to two on a given line and are completely empty on the remaining lines.
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In order to investigate the hydrodynamic limit, we need to settle some notation. Let T denote the d-dimensional
torus. This will be the “macroscopic” space whose points are denoted with the letter u, v and correspond to [u N], [vN]
in the discrete “microscopic” space T,f,. For a given configuration n we define the empirical measure =" as the positive
measure on T¢ which gives to each particle a mass 1/N¢, namely

1
a1, duy = <7 Ym0 (du), 2.5)
xeT%
where §,, denotes the Dirac measure at . Then we consider the time evolution of this measure defined by
1
¥ () = g D7 M ()8 (), (2.6)
XGT%

where as usual 7, is the process at time ¢ which is generated by £p when the configuration at time zero is 7.
Fix now, an initial profile pg : T4 — [0, 1] and denote by ™) ~N>1 a sequence of probability measures on xl‘f,.

Definition 1. A sequence (™) N>1 1s associated to pg, if for every continuous function H : T¢ — R and for every
6>0

1
NgrgwuN[n:‘ﬁ ZT H(%)n(x)—AdH(u>po<u)du
xXe

> 8:| =0. 2.7

Note that the first term corresponds to the integral of H w.r.t. 7'V, thus the above definition corresponds to asking
that the sequence 7 (1, du) converges in probability to po(u) du. Our goal consists in showing that, if at time t = 0
the empirical measures are associated to some initial profile pg, at the macroscopic time ¢ (i.e. the microscopic time
tN?) they are associated to a profile p, which is the solution of the hydrodynamic equation (1.1). In other words we
wish to prove that JTZN converges in probability to p(z, u) du.

Fix ¢ > 0 and let po:T¢ — [0, 1] be a profile of class C>T#(T¢). By Theorem A2.4.1 of [4], Eq. (1.1) admits a
solution that we denote by p(z, -) which is of class C! 526 (R, x T9).

Here we also have to impose a bound condition on the initial profile, as the existence of a strictly positive constant
8o such that

YueT¢ 8y<pou)<1—3p. (2.8)
Let vg(’) 0 be the product measure in X,‘\J, such that:
v o {m () =1} = po(x/N).

For two measures w and v in x ,‘f, denote by H (1/v) the relative entropy of u with respect to v, defined by:

H(uw/v) =sup{/fdu—1ogfef dv}, (2.9)
f
where the supreme is carried over all continuous functions.

Theorem 2.1. Let po: T — [0, 1] be a initial profile of class C*+¢(T¢) that satisfies condition (2.8). Let (MN)Nzl
be a sequence of probability measures on Xf\i, such that:

H(u" /ol ) =0o(N?). (2.10)
Then, for each t > 0

7N (du) e o(t, u)du
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in probability, where p(t, u) is a smooth solution of Eq. (1.1).

The porous medium equation (1.1) presents an interesting behavior for profiles which vanish in some region of their
domain. The previous method does not give us information in this situation since in order to apply it the initial profile
has to satisfy condition (2.8). When these conditions are not verified, another possibility to derive the hydrodynamic
limit is to use the Entropy method which is due to Guo, Papanicolau and Varadhan [3]. However the latter strongly
relies on the ergodicity of the Markov process restricted to an hyperplane which, as we discussed above, does not hold
for the process generated by £ p. One way to overcome this problem is to perturb slightly the dynamics in such a way
that the frozen states are destroyed, ergodicity is restored and the macroscopic hydrodynamic behavior still evolves
according to (1.1). More precisely we consider a Markov process with generator given by

LY =Lp+N'72Ls, (2.11)

where 0 < 8 < 2, Lp was introduced in (2.1) and Ly is the generator of the SSEP, which acts on local functions
f: Xf{; — R as

1
LshHm= 3 -1 =) (f (™) = ),

x,ye?l“}{,
lx—yl=1

where n*>Y was defined in (2.2). Since the Bernoulli product measures v, are invariant for both the processes generated
by Lp and by Lg, they are also invariant for the perturbed process generated by EQ’ . Thanks to the restriction 0 <

0 < 2, the generator of SSEP is slowed down and the Markov process generated by £p and Eév will have the same
hydrodynamic limit. Furthermore, since on any configuration each nearest neighbor exchange rate is strictly positive,
the Markov process generated by Lg’ is ergodic on each hyperplane with fixed particle number and we can apply the
Entropy method to derive its hydrodynamic limit.

For a probability measure @ on X]”\i,, denote by ]P’Z’N =P, the probability measure on the space D([0, T'], Xj‘\l,),

induced by the Markov process with generator ££)V speeded up by N? and with initial measure y; and by E, the
expectation with respect to P,
We start by introducing the definition of weak solutions of Eq. (1.1).

Definition 2. Fix a bounded profile py:T? — R. A bounded function p:[0,T] x T¢ — R is a weak solution of
Eq. (1.1) if for every function H :[0, T] x T¢ — R of class C1-%([0, T] x T%)

T
/ dt/d du{p(l,u)B,H(l,u)—}—(p(t,u))2 3 a,i,H(t,u)}
0 T

1<i<d
+/ po(u)H(O,u)duz/ p(T,u)H(T,u)du. 2.12)
Td Td

The Entropy method requires the uniqueness of a weak solution of the hydrodynamic equation. This is a conse-
quence of Theorem A2.4.4 of [4] together with the fact that there is no more than a particle per site.

Theorem 2.2. Let py:T¢ — [0, 1] and (u™) N>1 be a sequence of probability measures on xf, associated to the
profile py. Then, for every t > 0, for every continuous function H : T — R and for every § > 0,

aN(du) — p(t,u)du
N—+o00
in probability, where p(t, u) is the unique weak solution of Eq. (1.1).

Once we have established the Law of Large Numbers for the empirical measure for the process with generator Eév ,
the next step is to obtain the Central Limit Theorem starting from the invariant measure v,,.
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For each z > 0 (resp. z < 0) define h;: T¢ - R by h,(u) = V2cos(2mz - u) (resp. hy(u) = V2sin(2nz - u)) and
let ho = 1. Here - denotes the inner product of R?. 1t is well known that the set {h;,z € Zd} is an orthonormal basis
of L>(T¢). In this space consider the operator 2 = 1 — A. A simple computation shows that 2k, = y,h, where
y: = 1+4mz.

For a positive integer k, denote by 7 the space obtained as the completion of C*°(T%) endowed with the inner
product defined by (f, g)x = (f, £2%g). Let H_; denote the dual of ; with respect to the inner product of L>(T%).

Recall the definition of the empirical measure in (2.6) where 7; denotes the Markov process with generator 8,
with 0 < 6 < 2. As we want to investigate the fluctuations of this measure, fix p > 0 and denote by YN the density
fluctuation field acting on smooth functions H as

YNH) = NMZ ( )n,Nz(x) p)- (2.13)

xer

Fix a positive integer k > 3 and denote by D([0, T'], H_) (resp. C([0, T], H_x)) the space of H_; functions,
that are right continuous with left limits (resp. continuous), endowed with the uniform weak topology. Denote by
Oy the probability measure on D ([0, T], H_x) induced by YN and vp; and by Q be the probability measure on
C([0, T], H—i) corresponding to the stationary generalized Ornstein—Uhlenbeck process with mean 0 and covariance
given by

Var(v,. 1(0)) / / { (u —”)2}
Eq[Y:(H)Y,(G)] = TR0 =5 Je dvH (u)G(v) exp 80 —s)p

for every 0 <s <t and H, G in Hy. Here H and G are periodic functions equal to H, G in T4, 1t is not hard to
show that the sequence of measures (Qy)y converges weakly to the probability measure Q. The proof of this result
is very close to the one presented for the Zero-Range process in [4] and for this reason we have omitted it. We note
that, since the proof of the Boltzmann—Gibbs principle in [4] relies on the ergodicity of the Markov process, we can
use the ergodic properties of the generator Lg to obtain the result. We also remark that if one considers the process 7;
with generator £p, we obtain in the limit the same Ornstein—Uhlenbeck process as described above. We only stress
that, in this case, we derive the Boltzmann—Gibbs principle in a similar way as we do in the proof of the One block
estimate via the Relative Entropy method.

Finally, in Section 6 we investigate the spectral gap for the process in finite volume for d = 1. Our aim is to study
the dependence on the size of the system of the spectral gap of the process. This, as is very well known, scales as 1/N?
for SSEP on all hyperplanes X' i, uniformly in k. For our models, due to presence of constraints, the uniformity in £
is certainly lost, see Remark 6.2.

In order to illustrate our spectral gap results we need to introduce a few additional notation. Fix an integer N and
denote by Ay the box of size N, Ay ={1,2,..., N} and by xn the configuration space yy = {0, l}N. In order to
define the generator on xy we could use definition (2.1) with the sum restricted to x, y € Ay. However, some care
should be put when defining the jump rate for sites close to the boundary of Ay, since c(x, y, n) as defined in (2.3)
depend not only on the configuration on x and y but also on their neighboring sites which can be outside Ay. We
denote by d Ay the boundary set including all sites which do not belong to Ay and are nearest neighbor to at least one
sitein Ay, 0Ay ={x €Z:x ¢ An,d(x, Ay) = 1}, where as usual the distance between a point x and the set Ay is
the infimum of the distances between y € Ay and x. A possible way to define the finite volume generator is to imagine
that the configuration in the boundary set is frozen to a reference configuration, o, and to define the finite volume rates
as ¢(x,y,n) =c(x,y,n-o) where c are the rates in (2.3) and 7 - o € {0, 1}]4¥+194n1 i5 the configuration equal to
n(x) on sites x € Ay and to o (x) on x € d Ay. In the following we make the choice o(x) =0 in x € d Ay and we
denote by Lp 4, and ng Ay the Markov processes with this choice corresponding to (2.1) and (2.11). For sake of
clarity, we explicitly write the second one

(LY ay = > (cC,x+1Ln)+ N2 (1 =@+ D)(f () = fo)

xeAN\{1,N—1}

+ Y (cx =1L+ NT)n@) (1 —nx = D)(f(r") = £()

xeAN\{2,N}
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+(n13) + N2 (n(1) = @) (£ (1™2) = £ )
+ (N =2+ N2 (g(N = 1) = n(N) (£ (¥ "N) = ). (2.14)

where c(x, y, n) and n*Y were defined in (2.3) and (2.2), respectively.

Let, with a slight abuse of notation, X' x denote again the hyperplanes with k particles, namely those in (2.4) but
with the sum running over Ay . For each k, the Markov process generated by Ee Ay 18 irreducible on X'y . The same
holds for the process generated by Lp 4, but only for k > N /3. This can be again proved by using the fact that the
model is noncooperative with two particles at distance at most two being a mobile cluster. In both cases the unique
invariant measure is the uniform measure, vy k.

For a generator £ with invariant measure 1, denote by Ay (L) its spectral gap, defined by

De(fium)

AN(L) = inf —————
N reL?(u Var(f, )

where © » (f, u) denotes the Dirichlet form defined by

Defiw)y= | —fLfp(dn). (2.15)

XN
In the following we will also use the shortened notation © p(f, i), Dy (f, u) and Dg(f, u) to denote the Dirichlet
form with generator Lp 4, , £Q{ Ay and Lg 4, , respectively. Let p = k/N. We obtain that:

Proposition 2.3. Fix k > N /3. For the Markov process with generator Lp 4, , there exists a constant C that does not
depend on N nor k such that

b—-1/3)

)»N(E(IXAN) >AN(Lpay) =C N2

Proposition 2.4. Fix k < N /3. For the Markov process with generator Eév Ane where 0 = 1, there exists a constant C
that does not depend on N nor k such that:

2

)"N(‘CéV,AN) > CW

3. The relative entropy method

In this section, we prove Theorem 2.1. Let pq: T¢ - [0,1] be a profile of class C Zte (T9) that satisfies the bound
condition (2.8) and let (1/V)y be a sequence of probability measures on Xf\l/ that satisfies (2.10). Fix a time ¢ > 0.

Denote by SIN P the semigroup associated to the generator £p speeded up by N2 and by /LZN the distribution of the
process at time ¢. Denote by vll)v([_‘) the product measure with slowly varying parameter associated to the profile p (¢, -):

Vo m ) =1} =p@, x/N).
It is well known (see Chapter 6 of [4]) that in order to prove the Theorem 2.1 it is enough to show:

Theorem 3.1. Let py:T? — R be an initial profile of class C*t¢(T?) that satisfies the bound condition (2.8) and
(/,LN)Nzl a sequence of probability measures in X,d\, that satisfies the condition (2.10). Then, for every t > 0

(1! vp,)) =o(N),

where p(t,u) is a smooth solution of (1.1).
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Proof. Fix « € (0, 1) and an invariant measure v, . Let

N d[’)v(t) dulN N, N
v, = W’ In@) = dvy ’ HN(I)ZH(MI /vp(lw))’

Since the measures ":)V(t N and vy are product, it is very simple to obtain an expression for w,"’ :

v o) = —exp{ > n(x)m,x/N)},

l e’]l“,{,
where
—jog( LU =)
At,u) = log<a(1 — p(t, u))>’

and Z! is a renormalizing constant.
In order to prove the result, we are going to show that

Hy(t) <o(N7) + / Hy (s)ds

for some y > 0, and apply Gronwall inequality to conclude.
There is a celebrated estimate for the entropy production due to Yau [10]:

N2£* N
0 Hy (1) < / {W —dlog " (U)}fN(f)(TI)Va (dn),
t

where L7, is the adjoint operator of Lp in L2(vy).
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3.1

Here and in the sequel, for a local function f we use the notation f (p) = Ey,[f(n)]. By simple computations

together with the One-block estimate in Lemma 3.2 we can rewrite (1/f,N (n))_1 {N 2L Pl/ftN (n) — 9 1//tN (n)} as

d
Yo D d M x /N0 ) = k(o x/N)) =1 (o, x/N)) [ () = p (1, x/N)]}

xET;jV Jj=1

+y Z 8, 10, x/N))* {2 (1 () = &(p (1. x/N)) = & (p (. x/N)) [0 @) — p(t.x/N)]}.

xer Jj=1
plus a term of order o(N 4y, where
hj(m) =n)n(e;) +nO)n(—e;) —n(—ejinle;),
1 2
gj(m = 5¢(0.¢j, m(n(0) —n(e;))

and

1
"(x)_(21+1)d Z ().

—x|<l

(3.2)

(3.3)

34

Repeating standard arguments of the Relative Entropy method, the result follows. We refer the reader to Chapter 6

of [4] for details.

O
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3.1. One-block estimate

The main difficulty in the derivation of the One-block estimate is the fact that, as already discussed, the process is
not ergodic on hyperplanes with a fixed particle number. In order to overcome this problem, we separate the set of
configurations into two sets: the irreducible component that contains all configuration with at least one d-dimensional
hypercube of particles of linear size 2 (and all the configurations that can be connected to them) and the remaining
configurations. In the first case the standard proof is easily adapted, while for the second case we will use as a key
ingredient the fact that this set has small measure with respect to U;I)V(t,-)'

Now we introduce some notation. Given a positive function f let

Dp(f, ) :==Dp (V[ 1), (3.5)

where D p(f, u) was defined in (2.15). Dp(f, ) will also be called Dirichlet form associated to the generator Lp
and a measure p in X/(</~ We denote by f,N’P the Radon—Nikodym density of uV-* (1) = % fot ulN SSN P ds with respect
to vy. Finally, we let 7,1 be the configuration translated of x, i.e. (t,n)(y) = n(y + x) and we denote by 7, f the
translation of a function f,i.e. (t, f)(n) = f(zxn). The following lemma holds.

Lemma 3.2 (One-block estimate). Choose € > 0. Then for every local function  there exists yy > 0 s.1.: there exists
Lo < 00 s.t. for any £ > £ there exists No(£) s.t. for any N > Ny it holds

1 1 t
/ N 2 TV vt =~ fo Hy(s)ds +e,
xGT%
where
1 -
Vi) = ’m Z Ty (n) — W(ﬂl(O))‘ (3.6)
lyl=<l

and with ' (0) as defined in (3.4).

Proof. Fix x € Tjiv and denote by Q, ; the set of configurations in the box of center x and radius / containing at least
one d-dimensional hypercube of linear size 2 which is completely filled:

Qx,z={771 Yo [In@= 1},

yeCy z€Qy

where Q) ={z:z; —y; €{0,1}Vie{l,...,d}}and C} ={y:[y—x| <[, Oy C T‘I{,}. We denote by & the irreducible
set which contains Q, ; (and all configurations that can be connected via an allowed path to one in £) and we split the
integral that appears in the statement of the lemma into

1
/W > T Vi 10, (0 T ()ve(dn) (3.7)
XET%
1
+/W Z rxVw(Tl)I{Q;‘,}(n)ﬂN’P(n)va(dn). (3.8)
XET%

Note that the probability of the ergodic set £ converges rapidly to one with /, indeed the following holds:
d\ 4
Ve =1—(1-55)", (3.9)

where we used the fact that the initial profile is bounded away from zero, namely p(s,u) > 8y Yu € T¢. Since
H(V /vy) = O(N?) and the entropy decreases with time, it holds that H ( f,N ’P) = O(N?). This implies that the
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Dirichlet form of f,N P is bounded above by CN d=2 For the term (3.7), since we are restricting on an irreducible set,
we can repeat the standard arguments of the One-block estimate and conclude:

tmswplimswp sup [ 0 37 Vi o)) S =
l—+400 N—>+00 Dp(f,1y)<CN4-2 N xeTd,

We now deal with the term (3.8) and, to keep notation simple, we drop the integral with respect to time. The entropy
inequality allows to bound it above by

HuN /N - 1
LA dlog/exp v D w Vi (g () vy dn)
yN yN Td x,l 5

xeTy

for every y > 0. The first term on last expression is Hy (s)/y N%. On the other hand, since Vi, 1s bounded and by
Holder inequality, the second term of last expression can be bounded by

41 d N
Ndy(21 + 1)d Zd IOg/exp{y(Zl +1) CI{Q;_[}(n)}Vp(S,.)(dn)
xeT

1
Ny 2l + 1)4 XZT:([ Og(Up(s,.)(Qx ,)(exp{y( I+1) } ) n )

N

siNdy(le)d(exp{ y @+ 1c) —1)(1- 82"

where the inequality was derived by using the upper bound on vlljv(s ) (Q;) ;) which follows from (3.9) and the inequality
log(x 4+ 1) < x. The desired result now follows provided that yy is s.t. for y < yy it holds 24y + log(1 — Bgd) <0.0

4. The entropy method

Now, we prove Theorem 2.2. The strategy of the proof is the same as given for the Zero-Range process in [4]. The
main step is the derivation of the One-block and the Two-blocks estimate, which are presented in Section 5.

Fix a time T > 0. Let M, be the space of finite positive measures on T¢ endowed with the weak topology.
Consider a sequence of probability measures (Qn)n>1 on D([0, T], M) corresponding to the Markov process 7"
as defined in (2.6), starting from u™ .

First we prove that Qy is a tight sequence. Then we prove the uniqueness of a limit point, by showing that the
limit points of Qy are concentrated on trajectories of measures absolutely continuous with respect to the Lebesgue
measure, equal to pog(«) du at the initial time and whose density is concentrated on weak solutions of the hydrodynamic
equation (1.1). By the uniqueness of these solutions we conclude that ntN has a unique limit point, concentrated on
the trajectory with density p (¢, u), where p (¢, u) is the weak solution of Eq. (1.1).

We divide the proof in several steps, to make the exposition clearer. Fix a smooth function H : T? — R. Recall the
definition of the empirical measure in (2.6) and let

)= 7 3 (5 o,

xer

where here (and in the following) with a slight abuse of notation 7, stands for 72,, namely the microscopic configu-
ration at the macroscopic time . By Lemma A1.5.1 of [4]

MzN’HZ(”tN7H (m', H /NZ'C@ ', H)ds
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is a martingale with respect to the filtration F; = o (55, s <), whose quadratic variation is given by

t 1 d 2
/0 57 2 Z(aNH(%)) g} (n) ds, 4.1)

xeTd, j=1

() () )]

gj-v(n) =g;i(m+ ®0O) - 77(ej))2N9’2 and g;(n) as defined in (3.3).
By elementary computations we can rewrite the integral part of the martingale as

t 1 d
/0 ~a 3 Zaﬁy(%)thy(ns)ds, 4.2)

xe’]I“f\, Jj=1

where

n(5) = n(5 ) e (5) (3]

and hy () =h;(m) + N?~21(0) and h; (n) as defined in (3.2).

4.1. Relative compactness
Following the same arguments as for the Zero-Range in [4] it is easy to show that (Q )y is tight.
4.2. Uniqueness of limit points

At first we note that all limit points Q of (Qy)y are concentrated on absolutely continuous measures with respect to
the Lebesgue measure since there is at most one particle per site. The limit points are equal to pg(u) du at the initial
time by the hypothesis of (1/V)y being associated to the profile pg. But, in order to prove that the limit points are
concentrated on weak solutions of Eq. (1.1), we need to write the integral part of the martingale (4.2) as a function of
the empirical measure. This is the main difficulty in the proof of an hydrodynamical limit for a gradient system and
we state it as a lemma:

Lemma 4.1 (Replacement lemma). For every § > 0 and every local function v

e—>0 N—4o0

T
. . 1
lim suphmsup}P’uN |:/(; Na Z T Ven,y (ns) ds > 8] =0,
Td
where V) y was defined in (3.6).
We postpone the proof to the following section in order to make the exposition more clear. To keep notation simple,

in the previous statement and hereafter we write e N for [¢ N], it’s integer part.
Lemma 4.1 means that

t 1 ~
[0 Na > ZH<s, %){txh/(ns)—h(ni’v(x})}ds

vanishes in probability as N — 400 and then as ¢ — 0, for every continuous function H. This is the replacement that
permits to close the integral part of the martingale in terms of the empirical measure. For details we refer the reader
to Chapter 5 of [4].
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5. Replacement lemma

This section is devoted to the proof of Lemma 4.1. Before introducing the proof we give some fundamental inequalities
that are used in the sequel.

Fix a density « and an invariant measure vy, as reference. Let (11/V)y be a sequence of probability measures on X/{I,
and denote by SV the semigroup associated to the generator L:g’ . Denote by £ the density of u¥ SN
Vo- As the process is evolving on a torus we have that

with respect to

H(u" /ve) < C@)NY,

and since the entropy decreases with time we obtain that H (u S,N / Vév ) < C(a)N?, see Proposition A1.9.2 of [4].
Denote by (Eg] )* the adjoint operator of Egl in L?(vg). Since the process is reversible with respect to vy, ftN satisfies
the following equality:

afer = Nz(‘cév)*ftN = NzﬁévftN
_ duV
Tl
For f: X,’\i, — R, recall the definition of the Dirichlet form D(f, vy) = D(J/f, Vo) and D(f, vy ) defined in (2.15).
Since there exists a constant C, such that Hy( fON )<CN it can be proved that for all ¢ > O (see [4], Section 5.2),

that
1 t 1 t CNd—2
HN<—/ fsNds> <CN?, DQ(—/ fsNds,va> < ) 5.1
tJo t Jo 2t

The proof of the Replacement lemma relies on the well-known One-block and Two-blocks estimates. At first we
reduce the dynamical problem, since the function depends on a trajectory, to a static one using the estimates obtained
above. For that, we need to introduce some notation.

Let 1V (T') be the Cesaro mean of N SV, namely:

with initial condition fON

1 T
wN(T) = —/ uhsy dr
T Jo

and f%v the Radon—Nikodym density of u” (T) with respect to v, . Recall that in the beginning of this section we have

obtained estimates for the entropy and the Dirichlet form of ﬁv . As a consequence, to prove the Replacement lemma
it is enough to show that

. . 1
lim sup lim sup sup / N Z T Ven,y () f(Mve (dn) =0, 5.2)

d—2
e—>0 N—>+00 Dy(f,vy)<CN xe?l‘ﬁ{,

for every C < oo. This is a consequence of the following two results:

Lemma 5.1 (One-block estimate). For every finite constant C,

. . 1
lim sup lim sup sup /—d E T Vi, () f (Mve(dn) =0,
l—>+00 N—>+00 Dg(f,vy)<CN4—2 N veTd

N

where V) y was defined in (3.6).

Lemma 5.2 (Two-blocks estimate). For every finite constant C,

1
lim sup lim sup lim sup sup sup / — E |171 (x+y) — nSN(x)|f(n)va (dn) =0. (5.3)
I>+400  £>0 N—>+00 Dy(fivg)<CNi-2lyl<eNJ N )
N
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5.1. One-block estimate

Since in this case we are considering the perturbed process Llév , we can use the One-block estimate for the SSEP
speeded up by N, which is enough to conclude the One-block estimate for the perturbed process, the idea to proceed
is the following. By the definition of the Dirichlet form (2.15) and the generator Eé,v :

Do (f, ve) = Dp(f, va) + N’ 2 Ds(f,va), (5.4)

where Dp (resp. Dg) denotes the Dirichlet form as defined in (3.5). Since the Dirichlet form is always positive, and
we are restricted to densities f for which Dg(f, vy) < CN 4=2 it holds that:

Ds(f,va) < N> Dy(f,vq) < CNI72.

Following the same arguments as for the Zero-Range in Section 5 of [4], it is not hard to show that the modified
One-block estimate

o 1
lim sup lim sup sup /—d Z T Vi, (1) f (M) ve (dn) =0
I=>+00 N—>+00 Dg(fv)<CNd—0J N ceTd

N

holds for the SSEP. The main difference between the proofs, comes from the bounds on the Dirichlet forms. Having
the bound Ds(f, v,) < CN d=2 it provides the estimate Dé( fi,va) <C/N 2 where /1 1s the conditional expectation of
f with respect to o -algebra generated by {n(x), |x| <[}, while the bound Dg(f, vy) <CN d=0 provides the estimate
DIS( fi,ve) <C/N 9. which is enough to conclude the standard proof of the One-block estimate, since 6 > 0.

5.2. Two-blocks estimate

In order to show (5.3) it is enough to prove that

1
lim sup lim sup lim sup sup Sup / Nd Z In' ) =0’ (x + )| f ()va(dm) = 0.
[=>+00 £=>+00 N—+00 Dy(f,u4) <CN4-22l<|y|<eN N xeTY
N

We can write this integral as
/ |1 ©) — ' (1] (myve (dm),

where f denotes the average of all space translations of f.

In this case, we are able to separate the integral over configurations with small density of particles from the ones
with high density. The first case is easily treated. For remaining, since we are taking configurations with high density
of particles, we are able to construct a coupled process, in which each marginal evolves according to the SSEP and
they are connected by jumps of £p. The main difference between the proof for the Zero-Range process in [4] comes
from the estimate in the Dirichlet form of this process, which in this case we are able to show that is bounded by
C(d, )&’ and is enough to conclude. We divide the proof in several steps, in order to make the exposition clearer.

5.2.1. Cut off of small densities
At first we note that if we restrict last integral to the small density set

.QO,yZ{UIZU(X)S2d+l}ﬁ{n: Z n(x)szd“},

|x|=<l [x—yl<l

it is bounded above by %, which vanishes as [ — +o00. So, in fact we just have to consider the integral over the
complementary set §24 .
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5.2.2. Reduction to microscopic cubes

Here we need to introduce some notation. Fix a positive integer [ and a site x, denote by A;(x) the box centered at x
with radius /. Let x>/ denote the configuration space {0, 1} x {0, 1}© £ = (£, &) the configurations of x>
and by vé’l the product measure v, restricted to x>. Denote by fy.1 the conditional expectation of f* with respect to
the o -algebra generated by {1(z), z € A;(0, y)}, where

A0, y) = A1(0) U Ar(y).

Since, 7' (0) and 7' (y) depend on 1(x), for x € A;(0, ), we are able to replace f by ny and rewrite our desired limit
as

lim sup lim sup lim sup sup sup / |£1(0) — E5(0)| fy.1(E)v2' (dg) = 0.
I—>+00 &0 N—+400 Dy(f,vg)<CNI—22l<|y|<2eN 96}

5.2.3. Estimates on the Dirichlet form

At first we need to introduce some notation since we are working in the space £2; v Recall from (2.15) the definition
of the Dirichlet form of f. Since the Bernoulli product measures are homogeneous, we can define the Dirichlet form
of f as:

Dy(fve)= Y I (f:va),
x,ze']TId\,

[x—z|=1

where
I? (fove) =1L (fove) + NP7215 (f.va),
1t = [ ezl £0) = VT v 55)
XN
and

5.0 = [ /1) = VT vatan.
AN

By the definition of f and since the Dirichlet form is convex, this implies that Dy ( f ,Va) < Do (f, vy).

The main step in the proof, consists in obtaining an upper bound for the Dirichlet form of f}l from the upper
bound of the Dirichlet form of £, in such a way that we can use the ergodic properties of the Markov process. The
idea is to obtain a limit density with Dirichlet form in A;(0, y) equal to 0, and then by using the irreducibility we
can decompose that density along the hyperplanes. As the boxes A;(0) and A;(y) have no communication, we cannot
define the Dirichlet form in A;(0, y) as the sum of the Dirichlet forms in A;(0) and in A;(y), we must add a term that
connects both boxes. Define on positive densities f : x2! — R,

Dy (fova!) = Igo(Fva) + Yo L(Fva)+ Yo LA, (5.6)
x,2eN1(0) x,2€N1(0)
lx—z|=1 [x—z|=1
where

L (fvgh) = / VIEE8) - VG ] v s dg).
2

I (fovh) = / e e -ViE, £) 02! (dg1, d).
o
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We still have to define the term that connects both boxes, namely I(l) oS5 v2:). Notice that £2 , = $24 U 27, where
0= {77 e {0, MO Z n(x) <24+ 1}
xen;(0)
and
2y = {'7 € {0, )N, Z nx) <29+ 1}.
Xen(y)

Then we define

Ioo(fve') = fg WrE™ 8 - Vre e e e

+ /Q WrE™.87) = VT® v @ de).

where él.o’i =§; &+ 9y and 9y is the configuration with one particle at site O and in the rest empty.

This Dirichlet form corresponds to a particle system on A;(0) x A;(0), where the marginal processes evolve as
SSEP and where particles can jump from the origin of one marginal process to the origin of the other and vice-versa,
according to the jumps of the generator £p. Using Schwarz inequality and the definition of fy, 1, we have that:

Li(F 2,1 N 2,l(F 2,1 S r
[x,z(f)"l’ Vo ) = Ix,z(f’ VO‘) and Ix,z(f%l’ Vo ) = Ix+y,z+y(f’ Va)'

Then, by equality (5.5) and the estimate on the Dirichlet form of f, it holds that Dg( f ,Vg) <CN d=0 \which together
with [/N < ¢, implies that:

221 + )" "2UDs(f, va)
1,1 2,1 2,1 2,1 o
. La(fh)+ Y B = v

x,2eA1(0) x,2eN1(0)

lx—z|=1 lx—z|=1

<C(d,HN7’. (5.7

In last expression C(d, 1) is a constant that depends on d and /. In what follows it may vary from line to line.
It remains to obtain an upper bound for I(l) o(fy.1). By using Schwarz inequality and the definition of fy ;, we get

150(Fotva") < EGL(F2va) + EGo(F va), (5.8)

where

Egy(fova) 1= fg [ F@0) = FanPratn),
0

ER(Fove) = | [JF0®) = Fa] vean).
»Y Q¢

Lemma 5.3. Let f be a density such that Dy (f, ve) < CN9=% and let y € T4 :21 < |y| <2eN. Then fori = 1,2,
EN (f ve) < C(d, De?
O’y » o) = ’ .

Proof. We give the proof in the case i = 1, the other case can be proved by a similar argument. The idea consists in
expressing the exchange 7% by means of allowed nearest neighbor exchanges 1***! of the generator Eév . Since the
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Fig. 1. Moving in the direction e .
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Fig. 2. Moving in the direction e;.

integral is restricted to .Qg we have for certain 29 + 1 particles in A;(0). We discuss for definiteness the path in the
case 11(0) = 1, n(y) = 0, the other possibility can be treated analogously. In order to bring the particle from O to y we
first move 2¢ of the particles in A;(0) close to 0 by means of the jumps that corresponds to L. Then we arrange them
in order to form a d-dimensional hypercube of linear size 2, which is a mobile cluster. Now we can shift this cluster
plus the particle originally in O in each of the d directions by using only the jumps in £p and we bring them close to
y. In Figs 1 and 2 we show as an example the path which allows to shift in the e; and e, direction the mobile 2 x 2
square of particles (black circles) plus the particle originally in O (grey circle).

Then we drop particle that was originally in O in site y and bring back the mobile cluster alone to A;(0) again using
moves in L p. Finally, using the jumps of Lg, we put them in their initial positions.

Note that the above path is uniquely defined only after choosing the 2¢ particles in the box A;(0) which are used
to form the mobile cluster and whose existence in guaranteed by the fact that the integral is restricted to £2. This will
bring an entropy factor which corresponds to the number of possible initial positions for the 2¢ particles, which is

bounded by / a2
Once for a given 7 the initial position of the 2¢ particles which will be used to form the mobile cluster is fixed,
namely xi, ..., xpa, we let 7,0,T,0y_1---71(n) be the sequence of nearest neighboring exchanges that represents

the above described path. We can therefore rewrite, for any function g, the square difference g™y —g(n)* as a
telescopic sum:

[¢(n*™) — ]’ [Zg (Tk [[= (n)) -2 (]_[ T (n))]z,

i=1

where %Y denotes the number of steps of the path which is less than C(d)(I + eN).
Now we separate the part of the path in which the moves are performed via jumps in Lg from the one that can be
performed by using £ p and, by using the elementary inequality (x + y)? < 2x? + 2y?, we bound last expression by

[C(Xd%lg<fkl_[fz(n)> —g(]_[ f;(n))T + [ C%Vs g(fk]:ljfi('?)> —g(];]:!l Ti(ﬁ)):|2~

k=C(d)I+1

Note that in the previous expression we had to take into account the number of steps in the paths, which is order / for
the terms involving moves of Lg and of order Ne¢ for those using £ p, thanks to our choice of the path. Also note that
the term on the left-hand side of last expression, refers to all the jumps inside the box of size /: when bringing the 2¢
particles together and when putting them in their initial position.

We now apply the above inequality with the choice g = \/7 and use again the Cauchy—Schwarz inequality on each
single term and the fact that the rates of £p (2.3) are bounded from below by 1 thanks to our choice of the path for all
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the terms in the second telescopic sum. This leads to the bound

E(l)),ly(fv vy) < C(d)! Z / . Lay=x...., Ayd =Xy} Z[\/ f(ﬂei) -y f('?)]zva(dﬂ)

aren(0) 0

uzdékl(o)
~ =/ = = 2
+CdNe Y /Cl{alle ,,,,, apg=x,a) @[/ F (%) = F )] v (dn),
aren(0) 90 &
PITINIO)

where {e;}; denotes the bonds that we use inside A;(0) when taking the 2d particles whose initial positions are
X1, ..., X4, close to the particle at the site 0, by the jumps of the exclusion process, while ¢; corresponds to the bonds
used by the generator £ p when performing the rest of the path and c(e;, n) denotes the corresponding jump rate. Since
d
ld2

there are chances for the initial positions xp, ..., X4, we can bound last expression by:

d - d -
C+Dc@r > IS (Fov) (DT C@eN D I (o).
x,x+1en;(0) x,x+1en;(0)

By the equality (5.5) and the bound on the Dirichlet form of f, it holds that:

_ C _
V.X'ET?V: I)ix+1(f,vo()§m, I£x+l(f5va)§mﬂ
which together with / < ¢ N, ends the proof. O

By the definition of the Dirichlet form Dg’l( £, vﬁ*l ) in (5.6), together with (5.7) and the previous lemma, we can
restrict to densities f that satisfy

Dy (f,v2!) < cd, e’

So, to conclude the proof of the Two-blocks estimate it is enough to show that

lim sup lim sup sup / ‘ |§11(0) - 55(0)|f(§)v§’l(dé) =0,

[—+400 -0 Dg'[(f,ué”)SC(l)se Qé,y

where the supreme is carried over densities with respect to vg*l. Note that the parameter ¢ is appearing only on the
bound of the Dirichlet form. The proof now follows the same lines as in the case of the Zero-Range process in [4], by
starting to decompose the Dirichlet form along the hyperplanes and applying the equivalence of ensembles. For the
detailed strategy see Section 5.5 of [4].

6. Spectral gap

In this section we analyze the magnitude of the spectral gap for the one-dimensional generators on finite boxes, Lp, 4,
and Lg{ Ay which have been defined in Section 2. Note that the results below on the scaling of the spectral gap with
the lattice size have not been used in the previous sections to derive the hydrodynamic limit. This was possible thanks
to the fact that we were considering a gradient choice of the rates. The following analysis of the spectral gap can be
regarded as a first step towards the analysis of the non gradient version of our models, e.g. for the choice

1 ifnp(x —ej)+nx+2e)>1,

clrxtejm = {0 otherwise
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which is a nongradient version with the same kinetic constraints as our original choice (2.3), namely ¢’ (x, x +¢;, 1) =
0if and only if c(x, x +¢;, ) =0.

For simplicity in the following we drop Ay from our notation. The main ingredient of our proofs will be a com-
parison with the spectral gap A(Lrg) for the long range exclusion process and the use of path arguments. Let us
start by recalling the definition of £ g and the result in [5] for its spectral gap. The action of £ g on local functions
f: XNy — Ris given by

1

Lo = Y (1 =nW)(f (™) = ), 6.1)
X, YEAN

where n*7 as defined in (2.2).

Consider the Dirichlet form ®y r associated to L g, with respect to the uniform measure vy g, given explicitly by:
1 2
Dur(fwe) =5 2. (F (™) = £ ) vk (dn). (6.2)
X,yEAN Ik

Quastel in [5], obtained that

Var(f, vv k) <DLr(f, vv.k)s (6.3)

by computing precisely the eigenvalues of the generator L g.
In the next section we will prove the following result:

Proposition 6.1. Fix k > N /3. There exists a constant C not depending on N nor k such that:

Cp
p—1/3

Drr(fivn i) < N2Dp(f, vn i)

This, together with Eq. (6.3) leads immediately to

Cp
p—1/3

Var(f, vy i) < N?Dp(f, vn p)- (6.4)

Proof of Proposition 2.3. The second inequality is an immediate consequence of (6.4) and of the variational char-
acterization of the spectral gap. The first inequality follows from the fact that for any function f it holds that
Dp(f,vni) <Dy(f, vy k) since the rates of our model are upper bounded by the unconstrained rates of SSEP.  [J

The case p = % < % is more demanding. Since the hyperplanes X'y  are no longer irreducible for £p, the corre-
sponding spectral gap is zero. A natural issue is determining the magnitude of the spectral gap for £p on the restricted
irreducible set of configurations with k particles and at least one couple of particles at distance at most two. In this
case the invariant measure is no longer the same one as for the long range jumps and the comparison with the latter
process is no more useful. Instead, we will here consider for k/N < 1/3 the spectral gap for the modified generator
ﬁg’ which, thanks to the addition of the exclusion part, is ergodic on the hyperplanes X'y ; for any k and reversible
with respect to vy . In Section 6.2 we show that:

Proposition 6.2. Fix k < N/3. Then for every f € LZ(UN,;{) there exists a constant C not depending on N nor k such
that:

C C
DLr(fivNi) < ?N@s(f, VN k) + ;NZ’DP(f, UN k)-
As an immediate consequence for 6 = 1 we get

C
Var(f, vy x) < ENZ%(JQ UN ) (6.5)
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Proof of Proposition 2.4. The results is an immediate consequence of (6.5) and the variational characterization of
the spectral gap. O

6.1. Proof of Proposition 6.1

The idea is to express each exchange n*Y of L1 g by means of a sequence of allowed jumps of £p. The Dirichlet
form associated to Lp is given explicitly by

1
Or(fn0=5 X [ ey (F(r) = o) vwatan.

x,yEAN Z‘N.k

lx—yl|=1

where c(x, y,n) and n*Y were defined on (2.3) and (2.2), respectively. Consider for example the case x < y and
n(x) =1, n(y) = 0. The restriction p > % guarantees that there exists a couple of sites (a, b) both in Ay such
that n(a) = n(b) =1 and |a — b| < 2. Once the couple has been chosen we shift it close to sites x —2,x — 1. We
have thus reached a configuration with n(x —2) = n(x — 1) = n(x) = 1, and we now shift the three particles to
(y —3,y—2,y —1). The allowed path which performs the shift of one step to the right is the composition of the
following three basic steps: n — n; = >t ny — o = nf_l’x and mp — )3 = ng_z’x_l. When after a proper
number of one step shifts we reach the configuration n, with n(y —3) =n(y —2) =n(y — 1) =1, we can perform
the exchange 1, — 1,41 = 1;) ~1Y which corresponds to dropping the particle at y. Then we make a similar backward
path, this time shifting the two particles plus the vacancy until bringing the vacancy in x and finally we bring back the
two particles to their original position (a, b).

As we did for Lemma 5.3, we have to take into account the entropic term corresponding to the possible initial
positions of the couple of particles (a, b). Some care is required at this point, since using the rough bound N for
this original position would lead to an additional factor N in the inequality among Dirichlet forms. Let us start by
presenting a lower bound for the number of couples of particles at distance at most two.

Lower bound for the number of couples for k > N /3

Fix a configuration n € Xy . Let B be the set of sites which are occupied and such that for each of them there is a
particle at distance at most two, B={x:n(x) =1,n(x+ 1) +n(x — 1) +n(x +2)+n(x —2) > 1}. Let also .4 denote
the remaining occupied sites A = {x:n(x) =1, x € Ay \ B}. The following holds:

k=|A|+ 18],
N =3(JAl = 1)+ 1+ 18],

where for a set S, |S| denotes the cardinality of the set. The minimum number of couples of particles at distance at
most two and such that there are not common sites among different couples is |B|/2, see e.g. Fig. 3 in which there are
8 neighboring particles but just 4 couples. This, together with the above established relations among k, N, |B|, gives
the following lower bound for the number of couples

3
> n@nG+ D +n@ni+2)> Bl/2> L= N/3=2/3). (6.6)
ZGAN

Introducing this term in the Dirichlet form of the long range exclusion (6.2) we bound it by:

2
2 X
NE >3 Y Y u@uG+D(£r) = £a) vna. 6.7)

x,yeAN neXy rz€AN I=1

- = - -
® o e o o o o o

Fig. 3. Ergodic couples.
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Let us now consider a term in the sum above

n@nGe+D(f(r) = ra)’

and let x — (z + 1) =n and y — x = m. By using the construction sketched above for a the possible path which
connects 7 to %Y via allowed elementary exchanges, it is possible to define a sequence 7; for 1 <i < ;" with
y2? =5(m — 1) +4(n — 1) + 2 with the following properties: 1, = 7, n,xy =n"" and Vi there exists x; € Ay
such that n; = nf(ll) FOF and e(x (i), x(i) + 1, mi_1) > 0, namely the exchanges are permitted for the generator £ p.

Therefore we can rewrite each 1(z)n(z + 1) (f (75) — f(1))? as the telescopic sum:
—

V, 2
n@nGE+D(f (™) = F0) = n@n + l)( > flm) - f(nn_1)> .

i=1

By using this equality together with c(x (i), x(i) + 1, n;—1) > 0, the fact that the size of the path yj’y is of O(N) and
applying Cauchy—Schwarz inequality we can finally bound (6.7) from above by:

Z > ZZn(z)n(zH)Zc(zan) F%) = £a0) ow i),

X, yEAN n€XN kz€AN [=1

where ¢; = {i, i + 1} denotes one bond that we have used when performing the path that takes the particle from x to
y using the couple at the sites z and z + 1 and C is a constant independent on N and k£ which may vary from line to
line. Estimating over all x and y € Ay, last expression is bounded above by

2
N|B| Z Z ”(Z)ZC()‘ x+Ln) f( xx+1) - f(’?)) VN k(7).
neEXN kZ€EAN
By the estimate (6.6) and since the number of particles is &, last expression is bounded above by

Cp
p—1/3

N2Dp(f, vn k)

6.2. Proof of Proposition 6.2

Now, fix an integer k such that p = % < % In this case, we are going to show that

C C
DLr(fivN k) < ;N@S(f, VN k) + ;N2©P(ﬁ UN.K)s (6.8)

which is enough to conclude. As before, the idea consists in expressing a path from x to y using the admissible jumps
of L.

Fgr this choice of £ we are no more guaranteed that there exist two particles at distance at most two, which was a key
ingredient to construct the path in the high density regime. The idea will be to make use of the simple exclusion jumps
to construct such mobile clusters and then proceed as before in a similar way as we did in the proof of Lemma 5.3.

Fix a distance j and denote by B; the set of particles at distance at most j, B; = {x: n(x) =1,3 e (—j, -1 U
(1, j) s.t. n(x +1) = 1} and by A; the remaining particles. Then, the following holds:

k= |.Aj|+|Bj|,
NZ(j+1)(|Aj|—1)+1+|Bj|.

This inequality is obtained in the same manner as before considering that now the minimum distance that the A;-
particles have to be is j + 1.
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As before, the minimum number of couples that one can have is |B;|/2. By simple computations we obtain the
lower bound

IBil _ j+1 N J
ZZn(z)n(z+l)>—_ 57 (k_j—i-l_j—i-l)' (6.9)

z€AN [=1

Introducing this inequality in the Dirichlet form of the long range exclusion (6.2), we bound it from above by:

N|B| > X ZZn@n(zH) FO) = 10D on k).

X, yeAN neXn rzeAn I=1

For each configuration n and each choice x, y, z and /, we can now construct a path which first bring together the two
particles in z and z + [ by using the jumps of the simple exclusion and then uses this mobile cluster to perform the
exchange of occupation variables in x and y, as in the proof of Lemma 5.3. Here Lg, also denotes the generator of the
Symmetric Simple Exclusion process restricted to the box Ay, given on local functions by

1
LsHm= D 01 =nM)(f (™) = F).

X, yEAN
lx—y|=1

Since the jumps of the exclusion are used just to put the neighboring particles at a distance equal to two, the size
of the path for this process is O(j). With this purpose, write f(n*Y) — f(n) as a telescopic sum, use the elementary
inequality (x 4+ y)? < 2x? 4 2y? and then the Cauchy—Schwarz inequality to bound last expression by:

EE: > 2 ZE:"(Z)"(Z'%I)ZEI — FD) oni(m) (6.10)

X, yeEAN neXn yzeAn I=1

NEI 2 2 ZZn(z)n(z+z)Zc<zz+1n> £ = £aD) on i), ©.11)

X, yEAN neXy y zeAn I=1

where e; denotes the bonds that we have used when bringing the neighboring particles at a distance equal to two,
while e; = {i,i 4 1} denotes the bonds we have used when performing the remaining part of the path that takes the
particle from x to y. Note, that there is a factor j multiplying the first expression which comes from the size of the
path for the jumps of the exclusion, while for the other process the size of the path is of O(N).

First we deal with the jumps that concerns Lp. As before, we bound (6.11) from above by

CjN?3
N|Bj|

>y n(z)Zc(x X+ L) (F () = £an) ow e,

NeEX N k ZEAN
and since n € X'y x, we obtain the bound:
Cjp
p—1/j
Now, we bound (6.10), by

72
]C\;]|[15’v| Z Z Z”(Z)Z le f('?))ZVN,k(n).

neXy ik z€AN =1

N?Dp(f, vnp)-

Since the number of particles is k, we can bound last expression by:

Cj’p

———NDs(f, .
o=1/) sC(fsvn k)
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Reorganizing these facts together we obtain that:

Cj?
DLr(fivN k) < ]—p.N@S(f, VN k) +
(p—=1/j)

Cjp

N2Dp(f, vn i)
p—1/j

Optimizing over j, (6.8) follows.

Remark 6.1. For sake of simplicity we have presented the spectral gap results only in the one-dimensional setting.
By a proper modification of the path arguments and an accurate estimate on the minimal number of mobile clusters it
is possible to obtain for d > 1 an analogous result as the one in Proposition 2.3 if the density p = k/N is such that
k> C(d)(N/3)".

Remark 6.2. Taking for instance the density fluctuation field as defined in (2.13) and the reference measure the
Bernoulli product measure v, by simple computations we obtain that

Var(VN (H),v,) = p(1 — p) | H]]3,

while the Dirichlet form corresponding to Lp equals to:

1
D (), vp) = 7021 = )| ]

So, if we consider H, such that |H |3 = || H'|3, then:

N2
Var(VY (H), v,) = 753;)(32,1"(11), vp),

P

which implies that the spectral gap An(Lp, ay) < ek This is in agreement with the bound that we have obtained in
(6.8), when considering the spectral gap with respect to the uniform measure.
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