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Abstract. The aim of this paper is to study the long-term behavior of a class of self-interacting diffusion processes on R?. These
are solutions to SDEs with a drift term depending on the actual position of the process and its normalized occupation measure fi;.
These processes have so far been studied on compact spaces by Benaim, Ledoux and Raimond, using stochastic approximation
methods. We extend these methods to RY, assuming a confinement potential satisfying some conditions. These hypotheses on the
confinement potential are required since in general the process can be transient, and is thus very difficult to analyze. Finally, we
illustrate our study with an example on R2.

Résumé. Le but de cet article est d’étudier le comportement asymptotique d’une classe de processus en auto-interaction sur RY,
Ces processus de diffusion s’écrivent comme solution d’E.D.S. dont le terme de dérive dépend a la fois de la position actuelle du
processus et de sa mesure empirique pr. Jusqu’a présent, Benaim, Ledoux et Raimond ont mené I’étude de ce type de diffusions
sur des espaces compacts, via des méthodes d’approximation stochastique. Nous étendons ces techniques a RY, en supposant
I’existence d’un potentiel de confinement (vérifiant certaines conditions). Nous avons besoin de ces hypotheses sur le potentiel de
confinement, car, en général, un tel processus peut étre transient. Nous concluons cet article par un exemple sur R2.
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1. Introduction

This paper addresses the long-term behavior of a class of “self-interacting diffusion” processes (X;,t > 0) living
on R?. These processes are time-continuous and non-Markov. They are solutions to a kind of diffusion SDEs, whose
drift term depends on the whole past of the path through the occupation measure of the process. Due to their non-
Markovianity, they often exhibit an interesting ergodic behavior.

1.1. Previous results on self-interacting diffusions
Time-continuous self-interacting processes, also named “reinforced processes,” have already been studied in many

contexts. Under the name of “Brownian polymers”, Durrett and Rogers [10] first introduced them as a possible math-
ematical model for the evolution of a growing polymer. They are solutions of SDEs of the form

t
dX, — dB, +dr/ ds £(X; — Xy,
0

where (B;; t > 0) is a standard Brownian motion on RY and f is a given function. As the process (X;; t > 0) evolves
in an environment changing with its past trajectory, this SDE defines a self-interacting diffusion, either self-repelling
or self-attracting, depending on f.
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Another modelisation, with dependence on the normalized occupation measure (i, ¢ > 0), has been considered by
Benaim et al. [5]. They introduced a process living in a compact smooth connected Riemannian manifold M without
boundary:

N
dX, =Y Fi(X,) o dB —f Ve W (Xe. y)s (dy) de, (1.1)
i=1 M
where W is a (smooth) interaction potential, (Bl, ..., BN) is a standard Brownian motion on R" and the symbol o

stands for the Stratonovich stochastic integration. The family of smooth vector fields (F;)|<;<y comes from the Hor-
mander “sum of squares” decomposition of the Laplace—Beltrami operator A = ZlN: 1 Fl.z. The normalized occupation
(or empirical) measure u; is defined by

r 1 !
= dx. ds, 1.2
Mt r+tM+r~|—t/(.) X, ds (1.2)

where p is an initial probability measure and r is a positive weight. In the compact-space case, they showed that the
asymptotic behavior of u; can be related to the analysis of some deterministic dynamical flow defined on the space
of the Borel probability measures. They went further in this study in [6] and gave sufficient conditions for the a.s.
convergence of the empirical measure. When the interaction is symmetric, then p, converges a.s. to a local minimum
of a nonlinear free energy functional (each local minimum having a positive probability to be chosen). All these results
are summarized in a recent survey of Pemantle [18].

The present paper follows the same lead and extends the results of Benaim et al. [5] in the non-compact setting.
We present all results in the Euclidean space R? for the sake of simplicity, but they can be extended to the case of
a complete connected Riemannian manifold M without boundary with no further difficulty than the use of notations
and a bit of geometry. One needs in particular to involve the Ricci curvature in the assumptions and work on the space
M\ cut(o), where cut(o) is the cut locus of o (which has zero Lebesgue-measure).

1.2. Statement of the problem

Here we set the main definitions. Consider a confinement potential V : R¢ — R and an interaction potential W : RY x
R¢ — R, . For any bounded Borel measure 1, we consider the “convoled” function

Wxpw:RI SR, Wxp(x) :=/ W (x, y)u(dy). (1.3)
R4
Our main object of interest is the self-interacting diffusion solution to

dX; =dB; — (VV (X)) + VW x (X)) dt,
dpr = (Bx, — 1) 75, (1.4)
Xo=x, o =M,

where (B;) is a d-dimensional Brownian motion. Our goal is to study the long-term behavior of (u;,# > 0). Let us
recall that the main difference with the work [5] is that the state space is R? and hence is not compact anymore.
However, we are able to extend the results obtained in the compact case: the behavior of w; is closely related to the
behavior of a deterministic flow. We will also give some sufficient conditions on the interaction potential in order to
prove ergodic results for X.

Before stating the theorems proved in this paper, let us briefly describe the main results obtained so far on self-
interacting diffusions in non-compact spaces. They concern the model of Durrett and Rogers, and can be classified
in three categories. First, when f is real, non-negative and compactly supported, Cranston and Mountford [8] have
solved a (partially proved) conjecture of Durrett and Rogers and shown that X; /¢ converges a.s. Second, the attracting
interaction on R (i.e. xf(x) <0 for all x € R) has been studied in the constant case by Cranston and Le Jan [7] and
its generalization by Raimond [19] for the case f(x) = —ax/||x||, or by Herrmann and Roynette [11] for a local
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interaction. Under some conditions, it is proved that X; converges a.s., whereas for a non-local interaction, it does not
in general (but the paths are a.s. bounded for f(x) = —sign(x)1|x|>¢). The third category concerns a non-integrable
repulsive f on R (i.e. xf(x) > 0 for all x € R) studied by Mountford and Tarres [17] and solving a conjecture of
Durrett and Rogers. They have proved that for f(x) = x/(1 + |x|'™#), with 0 < B < 1, there exists a positive ¢ such
that with probability 1/2, the symmetric process r~>/+#) X, converges to c.

These previous works have in common that the drift may overcome the noise, so that the randomness of the process
is “controlled”. To illustrate that, let us mention, for the same model of Durrett and Rogers, the case of a compactly
supported repulsive function, also conjectured in [10], which is still unsolved.

Conjecture 1 ([10]). Suppose that f:R — R is an odd function, of compact support. Then X, /t converges a.s. to 0.

Coming back to our process of interest, the role of the confinement potential is to similarly “control” the drift term
of the diffusion. Indeed, for the process (1.4) with V = 0, the interaction potential is in general not strong enough for
the process to be recurrent, and the behavior is then very difficult to analyze. In particular, it is hard to predict the
relative importance of the drift term in the evolution.

1.2.1. Technical assumptions on the potentials
First, we denote the Euclidian scalar product by (-, -) and by (H) the following set of hypotheses:

() (regularity and positivity) V € C*(R?), W e C?(R? x RY and V > 1, W > 0;
(ii) (growth) there exists C > 0 such that for all x, y € R?

|VV(x) = VV()| = C(Ix =y A1) (V) + V(D) (1.5)

(iii) (domination) there exists k > 1 such that for all x, y € RY,

W, y) <k(V)+ V() and |[VEWE, )|+ |ViWx, y)| <k (V) + W(x,y)), (1.6)
2

im sup (LY@ T2V, VW y) (w7

x| =00\ cRd Vx)+ Wi(x,y)

(iv) (curvature) there exist «,a > 0,5 > 1 and M € R such that for all x, y, & € RY,
(x, VV(X) + Vi W(x, ) = alx|® —a and ((V2V(x) + VEW(x, ) &) > MIE%. (1.8)

Remark 1.1.

(1) The most important conditions are the domination and the curvature.

(2) The growth condition (1.5) on V ensures that there exists a > 0 such that for all x € RY,
AV (x) <aV(x). (1.9)

(3) The positivity and domination conditions on the interaction potential are not so hard to be satisfied, since the
self-interacting process will be invariant by the gauge transform W (x,y) — W(x, y) + ¢ (y) for any function ¢ that
does not grow faster than V.

1.2.2. Results
We can now describe the behavior of ;.

Theorem 1.2. Suppose (H). For any probability measure i on R, let IT(w) := e 2VTW*) /7 (), where Z (1) is
the normalization constant:

(1) Py, pu-a.s., the w-limit set (i.e., the accumulation points) of (ju;, t > 0) is weakly compact, invariant by the flow
generated by (o = I1(u) — w and admits no other (sub-)attractor than itself.
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(2) If W is symmetric, then Py ;. ,-a.s., the w-limit set of (14;,t > 0) is a connected subset of the set of fixed points
of the application > IT(1).

Even if the model studied could at a first glance seem restrictive (because of V), the drift term competes with the
Brownian motion. The evolution is non-trivial and strongly depends on the drift.

Theorem 1.3. Consider the diffusion (1.4) on R?, with V (x) = V(|x|) and W (x, y) = (x, Ry), where R is the rotation
matrix of angle 6. For p > 0, define the probability measure y (dp) := e =2V ®) dp/Z. Then one of the following holds:

(1) If V is such that [;° p*y(dp)cos® > —1, then a.s. p, — y (weakly);
(2) Else, we get two different cases:

(a) if 0 = m, then there exists a random measure Lo such that a.s. Ly — oo (Weakly),
(b) if 0 # w, then u; circles around.

1.3. Outline of contents

As mentioned earlier, the main difficulty here stems from the non-compactness of the state space. The way to get
around it is first to introduce, in Section 2, the V-norm (also named “dual weighted norm’), compatible with non-
bounded functions, controlled by V. The family of measures (u,, t > 0) will then prove being (uniformly) bounded
(for ¢ large enough) for the dual V-norm in Section 5.1. Second, the dynamical system involved induces only a
local semiflow and not necessarily a global one. The last important property is the following. Consider the Feller
diffusion X*, corresponding to the SDE (1.4) where u; is fixed to w. Its fundamental kernel (i.e. the inverse of the
infinitesimal generator) is denoted by Q. In order to study the ergodicity (in the limit-quotient sense) of X, one has
to find a (uniform in p) upper bound for the operator Q,,. More precisely, we will prove the ultracontractivity of the
semigroup in Section 4.1.1.

The organization of this paper is as follows. In the next section, we introduce some notations and prove the existence
and uniqueness of X. Section 3 is devoted to the presentation of the main results and is divided in three parts. First,
we recall the former results and ideas of Benaim et al. [5]. Then, we state the tightness of (u;); and introduce the
uniform estimates on the Feller semigroup. We finally end by describing the behavior of w;. Section 4 prepares
the proofs of the main results by computing some useful estimates. First, we study in details the family of Markov
semigroups, corresponding to X*, for which we prove the uniform ultracontractivity property and the regularity of
the operators A, and Q. After that, we analyze, in Section 4.2, the deterministic semiflow associated to the self-
interacting diffusion and show its local existence. The proofs of the main results are given in Section 5, which heavily
relies on the spectral analysis of Section 4.1. We first show the tightness of (u,);. Then, Section 5.2 deals with the
approximation of the normalized occupation measure (i, t > 0) by a deterministic semiflow. In Section 5.3, we prove
Theorem 1.2. Finally, Section 6 is devoted to the illustration in dimension d = 2 and the proof of Theorem 1.3.

2. Preliminaries and tools
2.1. Some useful spaces and results
In all the following, (£2, F, (F;);, P) will be a filtered probability space satisfying the usual conditions.

2.1.1. Spaces and topology
We begin to introduce the weighted supremum norm (or V-norm)

1flly = sup L)

xeR4 Vi(x) ’

@2.1)

and the space of continuous V-bounded functions

CORY V) = {f € CO(RY): [Ifllv < oo} (2.2)
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Similarly let CK(R?; V) := CK(R?) N CORY; V) for all k > 1.
We denote by M (RRY) the space of signed (bounded) Borel measures on R? and by P(R?) its subspace of proba-
bility measures. We will need the following measure space:

MR V) = {ueM(Rd);/Rd V)luldy) <oo}, (23)

where || is the variation of w: || ;== u™ 4+ ™~ with (u™, u™) the Hahn—Jordan decomposition of . This space will
enable us to always check the integrability of V (and of W and its derivatives thanks to the domination condition (1.6))
with respect to the measures to be considered. For example, it contains the measure

y(dx) :=e 2V @ dx. (2.4)

We endow M (R?; V) with the following dual weighted supremum norm (or dual V -norm) defined by

/ pdu
R4

This norm naturally arises in the approach of ergodic results for time-continuous Markov processes by Meyn and
Tweedie [16]. It makes M(R?; V) a Banach space. Since we will mainly consider probability measures in the fol-
lowing, we set P(R?; V) := M(R?Y; V) N P(R?). The strong topology on P(R?; V) is the trace topology of the one
defined on M(R?; V). It makes P(R4; V) a complete metric space.

In order to study the dynamical system in Section 4.2, we need to endow the space P(R?; V) with two different
topologies. When nothing else is stated, we will consider that it is equipped with the strong topology defined by the
dual weighted supremum norm || - ||y. But, as the reader will notice, we will frequently need to switch from the strong
topology to the weak topology of convergence of measures. We adopt here a non-standard definition compatible with
possibly unbounded functions (yet dominated by V). For any sequence of probability measures (u,,n > 1) and any
probability measure p (all belonging to P(R?; V)), we define the weak convergence as

Iy = sup , e M(RYL V). (2.5)

peCORY; V); llpllv <1

i itandontyit [ pdi, — [ odu voec(®%v). 26)
R R

We point out that our definition of the weak convergence is stronger than the usual one. We recall that P(R%; V),
equipped with the weak topology, is a metrizable space. Since C°(R¢; V) is separable, we exhibit a sequence (fi)x
dense in { f € CO(R?; V); || flly <1}, and set for all 4, v € P(R?; V):

d(u,v) =327 u(fo) — v (o). @7

k=1

Then the weak topology is the metric topology generated by d.
Finally, for any 8 > 1, we introduce the subspace

Pp(RY: V) o= {MeP(Rd;V);fRdV(y)u(dy)iﬂ}- (2.8)

Proposition 2.1. Let § > 1. The set Pg (R4; V) is a weakly compact subset of P(R%; V).
Proof. Straightforward. O
2.1.2. Preliminary results

Through this paper, we will use (many times) some easy results. First, to illustrate the need of the space M(R?; V),
we state
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Lemma 2.2. For any u € M(R?; V), the function W % u belongs to C*(R%; V) and

(W s (0] < 2l ellv V ().
There exists D > 0 such that for all u € M(Rd; V),

AV + W p(x)| < D(V(x) + W pn(x)). (2.9)
Proof. It results from the growth (1.5) and domination (1.6) conditions. O

Corollary 2.3. Let B > 1. For € Pg(RY; V), we get
2= [ IOy z e [ 2V 0yanz [ Oy, 2.10)
R4 R4 R4

The following function will also prove being very useful, as a Lyapunov function
Eu(x):=V(x)+ W= pux). (2.11)
Lemma 2.4. Let § > 1. Forany u € Pg (R4; V), we have the following upper bound:
Eu(x) <3kpV(x). (2.12)
Proof. It follows from the domination (1.6) condition. [l

For any probability measure pu € P[RE; V), let (X f‘ ,t > 0) be the Feller diffusion defined by the SDE
dX; =dB; — (VV(X{') + VW u(X}))dt,  X§ =x. (2.13)

Suppose that X* a.s. never explodes. We denote by (P/*; ¢ > 0) the associated Markov semigroup. Its infinitesimal
generator is then the differential operator A,, defined on C*° R?) by

Auf :=%Af—(VV+VW*,u,Vf). (2.14)

We emphasize that X* is a positive-recurrent (reversible) diffusion. Denote by I7(u) € PR V) its unique invariant
probability measure:

—2Wku(x)

T () (dx) := =

—F—y(dx), 2.15
700 y (dx) (2.15)

where Z(u) := fR,, e_zw*“(x)y(dx) < 400 is the normalization constant.
Proposition 2.5. The diffusion X!* a.s. never explodes.

Proof. It is enough to check with It6’s formula and (2.9) that £, defined in (2.11), is a Lyapunov function: A&, <
DE&,,. As a by-product we get the naive estimate

EE, (X)) < Eu(x)e". (2.16)
O

The classical ergodic (limit-quotient) theorem is true for X*: a.s. we have, for all f € co (Rd; V),
t

lim L F(XB)ds =) f =:/dfd1'1(u). (2.17)
R

t—oot Jo
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To end this part, for any u € PR V), let L2(IT(w)) be the Lebesgue space of Borel square-integrable functions

with respect to the measure I7(w). We remark that this space depends on u, but we will consider mainly the subspace
CO(R?; V) c L*>(I1(1v)). We denote the inner product on this space by

(fi @)= /Rd f(x)g(e) I () (dx)

and || - [|2,,. is the associated norm. We introduce two operators: Q,, (sometimes called the “fundamental kernel” as
in Kontoyiannis and Meyn [12]) is the solution to Poisson’s equation, that is the “inverse” of A, defined for any
function f € C*°(R?; V) by

Ouf = /OOO(P,“f—H(u)f)dt (2.18)
and K, is the orthogonal projector defined by

Kuf = f—Tuf. (2.19)
These operators are linked together by the Poisson equation: V f € C*°(R?; V),

Apo Qu(f)=0QuoAu(f)=—K.f.
Remark 2.6. The existence of Q, f comes from the uniform spectral gap obtained in Corollary 3.4.
2.2. The self-interacting diffusion

We recall the self-interacting diffusion considered here:

dr

dX; =dB; — (VV(X;) + VW x u,(X,)) dr, Xo=x,
dpe = Ox, — ) 737 Ho= .

Proposition 2.7. For any x € R, JTRS PR V) and r > 0, there exists a unique global strong solution (X, s,
t>0).

Proof. Let us introduce the increasing sequence of stopping times, 7o = 0, and

t
T, ::inf{tzrn_l;é'm(X,)+/ |V€MA_(XS)|2ds>n}.
0

In order to show that the solution never explodes, we use again the Lyapunov functional (x, u) — &, (x) defined in
(2.11). As the process (¢, x) = &, (x) is of class C? (in the space variable) and is a C 1 -semi-martingale (in the time
variable), the generalized It6 formula (or Itd—Ventzell formula, see [13]), applied to (¢, x) = &,,,, (x) implies

tATH

AT, ATy
5l/vt/\rn (Xt/\fn) = gﬂ (.X) + /(; (Vgl/vc (XS)’ dBé) - A ‘Vgﬂs (XS)‘ZdS

1 tATy AT, ds
+= / AE, (Xy)ds + / (W(Xy, Xg) — W s 5 (X)) . (2.20)
2 0 0 r+s

We note that fOMT” (VE&,,(Xs),dBy) is a true martingale. Letting k = a 4 2k /r + D, we then get, similarly to (2.9),

t
E€,.. (Xons,) < Eux) +klog(1 +1) / EE,,.. (Xsne,)ds.
0
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So, Gronwall’s lemma leads to the same kind of estimate as for X*:

EV(Xirr,) SEEy, .. Xing,) < gﬂ(x)ektlog(l-i-t).

tATh

As lim|y|— o0 V (x) = 00, the process (X;,t > 0) does not explode in a finite time and there exists a global strong
solution. 0

3. Main results
3.1. Former tools and general idea

We remind how Benaim et al. [5] handled the asymptotic behavior of i, in a compact space. Indeed, we sketch here
the general idea and explain why the tools introduced in Section 2 arise quite naturally.

First, suppose that the empirical measure appearing in the drift is “frozen” to some fixed measure . We obtain
the Feller diffusion X*, for which there exists a spectral gap. The associated semigroup (P/*; ¢ > 0) is exponentially
V -uniformly ergodic:

|Pl =G f|, <colifllve™ ™, fec® (R V). 3.1)

To get, as a by-product, the almost sure convergence of the empirical measure of X* (as defined in (2.17)), a standard
technique is to consider the operator Q, defined by (2.18). Then, it is enough to apply It6’s formula to Q,, f (X ¥y and
divide both members by ¢ to get the desired result. Indeed, one has

t t
0, f(XL) = Quf (o) + [0 (VOuf(XL), dBy) + /0 Ao 0 f(X1)ds.

Thanks to some easy bounds on the semigroup (P/*), one proves that the martingale term is negligible compared to
and then, one recognizes the last term since A, 0 Q, f =1I(w) f — f.

Now when u; changes in time, we still can write a convenient extended form of 1t6’s formula, which let appear
the time derivative of Q,, f, but we need to improve the remainder of the argument. Intuitively, as for stochastic
approximation processes, one expects the trajectories of i, to approximate the trajectories of a deterministic semiflow.
This very last remark conveyed to Benaim et al. [5] the idea to compare the asymptotic evolution of (u;; ¢t > 0) with
a semiflow.

Definition 3.1. A continuous function £ : R, — P(R?; V) is an asymptotic pseudotrajectory (or asymptotic pseudo-
orbit) for the semiflow @ if forall T > 0,

lim  sup d(&+s, 5(5)) =0. (3.2

t——+00 0<s<T

The notion of asymptotic pseudotrajectory has been introduced by Benaim and Hirsch [4]. It is particularly use-
ful to analyze the long-term behavior of stochastic processes, considered as approximations of solutions of ordinary
differential equation (the “ODE method”). In Section 5, we prove that the empirical measure is an asymptotic pseudo-
trajectory for the semiflow @ induced by I7(u) — u.

3.2. New tools: Tightness and ultracontractivity

The paper of Benaim et al. [5] crucially relies on the compactness of the manifold where the diffusion lives. It readily
implies that the measure y, is close to IT(u;). On the contrary, if the state space is R? and V =0, then X will escape
from any compact set. Indeed, the confinement potential V forces the process (u;, ¢ > 0) to remain in a (weakly)

compact space of measures, for ¢ large, and X is then positive-recurrent.

Theorem 3.2. Py, ,-a.s., B :=sup{[ V dus;t >0} < +o0.
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The proof is postponed to Section 5 and we emphasize that 8 is a random variable.

We also need some precise bounds on the family of semigroups (P, ¢ > 0) where u € P[RY; V). A priori, it is
not obvious that the semigroup (P/*) admits a (uniform) spectral gap. Indeed, we will prove a stronger result: (P/*) is
uniformly bounded as an operator from L?(IT (1)) to L. Section 4.1 will be devoted to those uniform properties. In
the following, define || Pt““f||OO 1= €SSUp, cRd |P,“f(x)|.

Proposition 3.3. The family of semigroups (P/,t >0, € P(R?; V) is uniformly ultracontractive: there exists
¢ > 0 independent of yu such that for all 1 >t > 0 and u € P(R?; V), we have

P
m <exp (Ct—é/(S—l)). 5
FeC® R V)\{0} ||f||2,[L

The proof is postponed to Section 4.1.

Corollary 3.4. The family of measures (IT(w), u € P(R?; V) satisfies a uniform (in 1) logarithmic Sobolev inequal-
ity and admits a uniform spectral gap. So, there exists C > 0, independent of v, such that for all f € C*(R%; V), for
allt > 0:

| PF K ), < e MK f N2

Proof. When a semigroup is ultracontractive, then it is hypercontractive. As being hypercontractive is equivalent
to satisfy a logarithmic Sobolev inequality, we conclude (see, for instance, Bakry [1]). The given inequality is a
consequence of the logarithmic Sobolev one. ]

3.3. The w-limit set
First, let us define an w-limit set:

Definition 3.5. For every continuous function & : R4 — P(Rd; V), the w-limit set of §, denoted by w (§;,t > 0), is the
set of limits of weak convergent sequences &(ty), ty 1 00, that is

ot >0):=( (It 00)), (3.4)

t>0
where &([t, 00)) stands for the closure of £([t, 00)) according to the weak topology.

Let ®: R, x P(RY; V) — P(R?; V) be the semiflow generated by

t
D () =e'u+e’ fo e I(Ds())ds,  Po(p) = p. (3.5)

We will prove the local existence of the semiflow in Section 4.2, and for W symmetric or bounded, we will show
it never explodes. In other cases, we will assume the global existence of the semiflow. Section 5 is devoted to the
study of u;. Indeed, the time-changed process () (and not ;) is an asymptotic pseudotrajectory for @, where
h:R; — Ry is defined by

h(t):=r(e" —1). (3.6)

This deterministic time-change 4 comes from the normalization of the occupation measure ;. The factor (r 4 1)~!
disappears while considering

d
g e = 8Xpey — Hh(t)-
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Theorem 3.6. Under Py , ., the function t v+ [y is almost surely an asymptotic pseudotrajectory for the semi-
flow @.

The proof is given in Section 5. This result enables us to describe the w-limit set of (u;,t > 0):

Corollary 3.7. Py , ,-a.s., o(u;,t > 0) is weakly compact, invariant by @ and the flow restricted to w(ji,t = 0)
contains no attractor (other than itself). The convex hull of the image of Il contains w(u;,t > 0).

In some cases, we state and prove a more precise description of w (i, t > 0) in Section 5.

Theorem 3.8. Assume that W is symmetric. Then, Py ;. ,,-a.s., o (u;,t > 0) is a connected subset of the fixed points
of I.

Corollary 3.9. Suppose that W is symmetric. If I1 admits only finitely many fixed points, then Py ;. ,-a.s., (is; t > 0)
converges to one of them.

4. Estimates on the semigroups and dynamical system
4.1. The family of semigroups

In this part, we exhibit the ultracontractivity (implying the existence of a spectral gap) for the family of semigroups
(P!, uw e P(R?; v)). Since we consider these semigroups altogether for all the measures . € PR V), we will prove
that the constants involved are uniform in p. The need for ultracontractivity will impose some kind of boundedness
on the convolution term in the SDE that cannot be easily removed. Finally, we compute several estimates preparing
Section 5.

4.1.1. Uniform ultracontractivity

The notion of ultracontractivity and its relation to the analysis of Markov semigroups were first studied by Davies and
Simon [9] and recently by Rockner and Wang [20] for more general diffusions. To prove that the family of semigroups
(P,“ ,1>0,une P(Rd; V)) is uniformly ultracontractive, we will rely on the following result of Rockner and Wang:

Lemma 4.1 ([20], Corollary 2.5). Let (P;,t > 0) be a Markov semigroup, with infinitesimal generator A := %A —
(VU, V), and V*U > —K with K > 0. Assume that there exists a continuous increasing map x : Ry — R\ {0} such
that:

(1) lim, o 2

(2) the mapping g, (r) :=ryx(mlogr) is convex on [1, 00) for any m > 0,
(3) Alx|> <b— x(|x|?) for some b > 0.

=00,

__dr
rx(mlogr)

If, moreover, x(r) = er, with x > 0,8 > 1, then there exists ¢ = c(b, x) > 0 such that for all t € (0, 1],
su 4 1P flloo <ex (Ct—é/(S—l))
Precominio) 7, = €XP .

Then P, admits a unique invariant probability measure. If fzoo < 0o, m > 0, then Py is ultracontractive.

Proof of Proposition 3.3. First, we prove that there exist ¢y, ¢, independent of x such that | P/ f (x)| < etk
forall t € (0, 1). Let M be the constant involved in the curvature condition (1.8) and denote m; := ﬁ By Wang

[24], Lemma 2.1, it appears that for all x, y € Rd,

[Pl F )| < P F2(y) exp {mylx — y2).
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As My(p) := e 2VIW /7, where Z1 1= [, |

have that f‘y|<1 e~ P (n)(dy) > e~ So, we get

e 2(VHWx() dy  is an invariant measure for the process X*, we

/ e—rntlx—y\znl (w)(dy) > e—2mt(IXI2+l)'
R4
It remains to choose f € C*° (R?; V) such that IT; () f =1 to conclude that
[Pl fOofem2m D < | P f o / e T () (dy) < 1.
R4

Now, we apply Lemma 4.1 with U := V + W % i to show that each (P/*);>¢ is ultracontractive. Indeed, the curvature
condition (1.8) implies that there exist a, b > 0 such that for any pu € P[RE; V),

AplxP=d —2(x, VV(x) + VW % u(x)) < b — alx|?.
As x (r) = r® with 8 > 1, the constant ¢ is uniform in . O

We are now able to derive some useful bounds on the operator Q. As we need these bounds being uniform (in 1),
and depending on x only through V (x), the ultracontractivity is essential.

Proposition 4.2. For all &€ > 0, there exists a positive constant K (¢) such that for all p € Pg R4 V), xeRY, fe
CO(R?; V):

|Qu )| < (eV)+K@)Iflv. (4.1)

Proof. Let #y € (0, 1] (we will choose it precisely later). We have

o0 fo o0
\Q,J(x)\f/o \Pt’“‘(K,,Lf)(x)}dr=fo !P,"(Kﬂfxx)]dw/ | Pl (K, f)(x)] dr.
0]

We begin to work with the second right-hand term. Using the composition property of the semigroup, the uniform
ultracontractivity and uniform spectral gap, we have

o0 o0
—§/(6—1 _
/ | P (K, f)(0)] dr < exp (cty ¢ ))/0 e C K, fllap
fo

As K, is an orthogonal projector, || K, fll2,u < I fll2,0 < (f V2dIT(w)'?|| f|lv, and we get

oo 1/2
—8/(8—1
/ | P (K Y00 dr < ClLFlly exp (et ))</ v dnw)) :
Ip
We now have to work with the first right-hand term. We get
[P < If Iy PV < IFIVEEL(XT) < Eu)e [ fllv.

By Proposition 5.1, we get that f; EE,, (X4") ds = O() and so, we choose #o small enough such that [’ EE,, (X4)ds <
& to conclude. O

Proposition 4.3. For all ¢ > 0, there exists K1(¢) > 0 such that for all u € Pg (Rd; V), x e R, fec® (Rd; V), we
have Q. f € C'(R?) and

VO f@)| < (V) + K1)l fllv. 4.2)
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Proof. We introduce the operator Fz“ () =V 24+ (V, V2V +Wxu)Vf). Using the curvature condition (1.8),
the I»-criterion (FZM (HH=M\Vf |2), due to Bakry and Emery [2], is satisfied and implies (see Ledoux [14], p. 22)

VP (K, ) < C| A KWV e (R V). Ve > 0. (4.3)

Q2Mt _

Indeed, the previous inequality, together with the ultracontractivity, shows

0 7 e 1/4
/ VP! (K ) 0] dr <20, e )llfllv(/ V4d17(u)) .
fo -

Finally, one concludes by using again Proposition 5.1. ]

4.1.2. Regularity with respect to the measure |4

We endow the space P(Rd; V) with a structure of infinite-dimensional differentiable manifold. This structure is
used only for differentiating functions defined on P(Rd; V), which is also needed in the study of the semiflow in
Section 4.2.

For any u € P(RY; V) we consider the set C¥ (n) (k> 1) of (germs of) curves defined on some neighborhood of
zero (—e, &) with values in P(R?; V), passing through p at time zero and that are of class C¥ when they are considered
as functions with values in the Banach space M@®R4; V). Now we say that a function ¢: P(R?; V) — R is of class
Ck if for any u € P(R?; V) and any curve f e CK(u) the real function ¢ o f is of class C. This enables to define
the differential of such a function ¢. For any 1 the tangent space at i to P(R?; V) can be identified with the space
Mo(R?; V) of zero-mass measures in M (R9; V), that is v(R?) = 0. The differential is then the linear operator

d
Do(n)-v= a¢(#+tv) . veMo(RY V). (4.4)
=0

The same definition applies to functions with values in a Banach space or even in P(R?; V). As an example, the maps
> W u(x) (for any point x) and I7T (applying Lebesgue’s theorem) are C*°.

First, consider the Banach space B of bounded linear operators from C (R4 V) C Lz(y), endowed with the norm
N2t =1 fll2, + 1Au fll2,., to the same space equipped with the standard quadratic norm. We endow B with
the operator norm. Then, A,, obviously belongs to the closed subset of B consisting in operators A such that A1 = 0.

Proposition 4.4. The mappings u+— A, and pu+— K, are C*. For any function f € C* (R4; V), the application
w> Qu f is C* for the strong topology and the differentials are (for any j € PRE; V), v e Mo(R?; V)):

DALf) - v=—(VW =%, V[),
D(K, f)-v=—(DI(w) v)(f),
DQuf)-v= (DH(M) : V)(Q;Lf) + O, (VW xv, VO, f).

Proof. Consider measures 1 € P(R%; V). As > W % p and IT are C*, there is nothing to prove in case of A,
or K. To look at Q,,, we need to consider the resolvent operator of P,“ :

o0
R = / e MPldr=0—A,)"" Va>0. (4.5)
0
For A > 0, we define the approximation of Q,,,
oo
0,1 = f e MPrK, A=K, (b — Ay (4.6)
0

As wr— K, and > A, are C*°, the map u — Q, (1) f is C* by composition.
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The uniform spectral gap shows the existence of C, C; > 0 such that

[Qusf = 0urfly = /0 (1= )| P/ Kuf |y de <2CUf v /0 e € dr.

Hence the convergence of O, (A) towards Q,, is uniform with respect to (. As a by-product, i = Q,, f is continuous.
The differential of Q,(}) is

DO\ -v= (DK, -v)A— A '+ K, (h—A) N (DAL V) — AL

Replacing DK, and DA, by their expressions, we will prove that each right-hand side term of the equality converges
uniformly. For the first one, as (DIT(uw) - v)((A — AM)_l =DM w) - v)(K, (A — AM)_l f), we have uniformly

Jim (DI () - v) (= A~ f) = (DI () - v)(Qp -

To prove the convergence of the second term, remark that
Ky =AD" IW v, V(A=A ) = Q) (VW 1, VO, (M) f).
It remains now to show that VQ,, (1) f converges (uniformly in 1) to VQ,, f. By definition of Q,, (1), we find
o0
VO, £ - V.01 = [T [V(RIK|(1 - ar

We use the inequality (4.3) to prove that this family of differentials converges uniformly with respect to u; so
wi— Q, f is actually C! with the stated differential. (]

Remark 4.5. Looking at the differential D(Q,, f), we see that it is itself a C! function of v, so by induction one proves
that p+— Q, f is C* and also that . +— Pl fisC™.

Corollary 4.6. For every f € C®(R%; V), we have the uniform inequality
[(DQy - V)(H®)| < (V) + Ko@)l flIvIviv.
Proof. We casily get the inequality

(DO - M(H@)| = [(DITW) - v)(Qu )|+ [Qu(VW 5 v(x), VO, f ()]
If we consider the second right-hand term, we find (using Cauchy’s inequality)
|0 (VW % v(x), VO, f(0))] < (eVE) + K@) [ (YW v, VO, f)] v
<V +K' @) flviviv.

We work now with the other member of the inequality:
(DT () - v)(Quf) 52/|Q,Lf(X)|‘W*v(X)—/W*vdﬂ(u)‘ﬂ(u)(dx)
< CIIfIIvIIVIIv/Vz(X)H(,u)(dX) =C'lIflviviy. 0

4.2. The dynamical system

Define the semiflow @ : R x ’P(Rd; V)— P(Rd; V) by

t
D(w)y=e"p+e”’ /0 ' I(Ds(w))ds,  Po(u) = p. 4.7
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4.2.1. Existence of the semiflow

We first prove the local existence of the semiflow and then give sufficient conditions on the potentials for non-
explosion. To show the local existence of a solution, since P(R?; V) is not a vector space, we will proceed directly
by approximation. The following lemma is helpful in order to find a good security cylinder.

Lemma 4.7. For any B > 1, the application I1 restricted to Pg (R4; V) is bounded and Lipschitz.

Proof. By equation (2.10), we have the following bound for I7(u):

-1
Hmmuvs(f e—“ﬂ”x)y(dx)) [ vwran=cp. 48)
R4 R4

Remind, that IT is C> on P(R?; V) equipped with the strong topology. Its differential (at i) is the continuous linear
operator DIT (i) : Mo(R4; V) — Mo(R%; V) defined by

DIT(u) - v(dx) := —2<W *v(x) — /ﬂéd W V(y)U(M)(dy)>17(M)(dx). (4.9)
Fix v € Mo(R?; V). Lemma 2.2 implies that
||D17(M) : V”V <41+ Cp)lvilv /Rd V2(x) T (1) (dx).

For i € Pg (Rd ; V), the computation used for the bound of I7(w) enables to control the last integral, hence we get a
bound (call it C ;3) on the differential and I7 is Lipschitz as stated. O

Proposition 4.8. For all u € PR V), the Eq. (4.7) admits a local solution. This defines a C*° semiflow @ for the
strong topology.

Proof. Let u belong to P(R?; V) and choose B > 2||u|lv (so that p € Pp (R4; V)). We introduce the classic Picard
approximation scheme

O ._
lu’l =M,
{ n™ =ty + IN es_’l'[(uy’*l)) ds.
We set ¢ small enough such that ||u|ly + (1 —e™®)Cg < B and 8C//3 < 1 where both constants were defined in

Lemma 4.7. Then, for all n, u;") is defined and belongs to Pg (R4; V), which makes [0, £) x Pp (Rd ; V) a good
security cylinder. We have, for r < ¢,

+1) - ) )
I = ™y = (1= ) Chsup i = ],
<&
Now the series with general term sup,_, || u§"+]) - uﬁ”)llv converges and thus the sequence of functions u® is

Cauchy for the topology of uniform convergence. Since P(R?; V) is complete, we have successfully built a solution
on [0, €). As the map [T is C* for the strong topology, every Picard approximation p Mt(”) is C*° by induction, and
it is enough to take the limit uniformly in © on Pg (R?; V) to conclude that the semiflow is smooth. (]

Definition 4.9. A subset A of P(R%; V) is positively invariant (negatively invariant, invariant) for @ provided
@, (A) CA(ACD(A), D,(A)=A)forallt > 0.

For a symmetric W, we introduce the free energy (up to a multiplicative constant) for any . € P(R?; V) absolutely
continuous with respect to Lebesgue’s measure:

d
F(w) 2=/ 10g(—M) le-/ W(x, y)u(dx)u(dy), (4.10)
Rd dy R xRY
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and F(u) = 4oo if u has a singular part with respect to Lebesgue. This functional is the sum of an entropy and
an interacting energy term. Under some convexity, the competition between them implies the existence of a unique
minimizer for F (see [23]).

Proposition 4.10. Whenever that W is either symmetric or uniformly bounded in the second variable (W (x,y) <
kV(x)), the semiflow @ does not explode.

Proof. Suppose that W (x, y) is bounded in y: W(x, y) < «V (x). Mimicking the proof of Lemma 4.7, we show that
IT is globally bounded (call C the upper bound). This means that @; () remains in the space P¢ (R4; V), so it cannot
explode.

Let us now assume that W is symmetric. We point out that the free energy F is not a Lyapunov function for the
semiflow @ because, in general, the measure @, () is not absolutely continuous with respect to Lebesgue’s measure
and so, F(®;(u)) = oo. Consider the Lyapunov function Z(u) := F(I1(w)), which can be viewed as F restricted
to absolutely continuous probability measures, is a C* function for the strong topology. We compute (thanks to the
symmetry of W) for v e Mo(R%; V)

DF(u)-v= / [log<d—'u(x)> +2W % ;L(x)] dv(x). “4.11)
RY dy

But I7 is C* and its differential is given by (4.9). Computing the differential of Z (1) by composition, we obtain

DI(M)-v:—4/d(W*H(,u)—W*u)(W*v—/dW*vd]'[(u))dﬂ(,u).
R R

We choose v = IT(n) — p and get

1d 2
@) == [ wswram+ ([ wevann) <o
4 dt R4 R4

So, for all ¢ > 0, the sets {u; Z() < c} are positively invariant. As they are (weakly) compact, the semiflow cannot
explode. (]

We have defined the smooth dynamical system @, with respect to the strong topology. But, in order to study the
asymptotic behavior of (u;,t > 0), it is technically easier to work with the weak topology. Therefore, we will also
consider the semiflow @ with the weak topology:

Proposition 4.11. @ induces a continuous semiflow with respect to the weak topology.

Proof. Since u+— W * u(x) is readily weakly continuous (by the domination condition again), I7 is weakly contin-
uous. Now, going back to the Picard approximation scheme, it results that p — ;Li") is weakly continuous for every n

and ¢. Passing to the limit, we conclude. O

4.2.2. The free energy
We show how the free energy functional F helps to find the fixed points of I7. From now on, we restrict ourselves to
the set of absolutely continuous measures.

Lemma 4.12. Suppose that W is symmetric. Then the fixed points of Il are the minima of F.
Proof. Equation (4.11) readily implies that DF(u) -v =0 for all v € Mo(R4: V) if and only if u = IT(u). So, the

fixed points of IT are the critical points of F. Indeed, F is a C* functional, with second differential D*F (). Let
V1, va € Mo(R?: V). We have:

D>*F(w) - (v, 1) = / v V() )y (x) dx + 2 / / W (x, y)vi(dx)va(dy) > 0.
R4 R4 JRA
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It then implies that © = I7(w) is a minimum for F. O

Corollary 4.13. Suppose that W is symmetric and for all y € R, the function x — V (x)+ W (x, y) is strictly convex.
Then, F admits a unique minimizer |L~ and this probability measure |1, satisfies lim;_, oo @; (1) = hoo-

Proof. Under strict convexity, McCann [15] has proved that F admits a unique critical point (too, Which is a unique
global minimum and also the unique fixed point of /7. ([

Proposition 4.14. Whenever that W is either symmetric or bounded in the second variable, then the set {u €
PR, V), M () = p} is a nonempty compact (for the weak topology) subset of P(R4; V).

Proof. Suppose first that W is bounded in y: W(x, y) <« V(x) andlet 8 := %
(weakly) continuously the compact convex space Pg (R?; V) into itself. The Leray—Schauder fixed point theorem then
ensures that the set {i € Pg (R4, V); IT(w) = p} is nonempty.

Suppose now that W is symmetric. We use again the free energy Z = F o IT. Let m := inf{Z(u); u € PRE; V).
There exists a sequence of probability measures (u,,) absolutely continuous with respect to Lebesgue’s measure such
that m <Z(w,) <m 4+ 1/n. As for any ¢ > 0, the set {u; Z(n) < c} is compact, we extract a subsequence ()
converging (weakly) to too. As > W x u and p +— I1(u) are continuous, u — Z(u) is also weakly continuous

and s0 Z (o) = m. Lemma 4.12 permits to conclude. O

.By Lemma 4.7, IT maps

5. Behavior of the occupation measure
5.1. Tightness of (s, t > 0)
Thanks to the potential V, we manage to obtain a weak form of compactness for the empirical measure, the tightness.

Proof of Theorem 3.2. Set ¢ () := fot V(X;)ds. All we need to prove is that ¢ () = O(¢) a.s. We use again the
Lyapunov functional £, (x) = V(x) + W * pu(x) and remind It6’s formula (2.20) for £, (X;). Moreover, Eq. (1.7)
implies that for all ¢ > 0, there exists n > 0 such that for any |x| > n, we have that V(x) + W(x, y) < e(IVV ()12 +
2(VV(x), Vi W(x,¥))). So, for all ¢ > 0, there exists k, such that £, (x) < ke 4+ ¢|VE, (x)|2. On one hand, if
fooo IVE,, (X5)|?ds < oo a.s., then the strong LLN for martingales asserts that fooo (V& (Xs), dBy) converges a.s.
to M« and the proof is then similar to the following. (Indeed the ergodic theorem implies that this case does not
happen). On the other, if fooo IVEL, (X,)|>ds = oo a.s., then a.s. there exists T (w) such that for all # > T, we have

fot (VE4,(Xy),dBy) < % fé IVEL, (X5)|2ds. So, we get the a.s. inequality for ¢ (random) large enough:

t 1 2 t
/ ’VSM(XS)]zds§28M(x)+/ ASMS(XS)ds—i——f W (X, X,)ds.
0 0 rJo

The domination condition (1.6) leads to W (X, Xs) <2k V (X,) <2k (ks + &|VE,, (X,)|%). Moreover, it also im-
plies:

AE,, < DE,, < D(ke +¢|VE, (X))

So, putting all the pieces together, we get
t
(1-(D+ 4/</r)e)/ |VE,, (XS)|2ds <2&,(x)+ (D + 4k /r)ket.
0
It remains to choose & = (D + 4« /r)~! /2 and then we obtain the desired inequality: for some C > 0,

t
¢(t)§/ £, (Xs)ds < C(1+1).
0
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We finally conclude that 8(w) := sup{u,(V);t >0} < +00 ass. O
Proposition 5.1. For all n € N, we have that [y Ey ,,,,(V"(Xy))ds = O(t).

Proof. We drop the subscripts x, r, i in the following. We prove the result for the Lyapunov function &, (x) instead
of V. For n = 1, it suffices to adapt the previous proof to show that for all # > 0

t t 2 t
/ E|V6’M(XS)|2ds§€u(x)+/ EAEMS(XS)ds—I——/ EW (Xy, X,)ds.
0 0 rJo

The result follows.
We conclude the general case n > 1 by induction. Indeed, we have for all € > 0:

ENx) <keEL () + €E17 ) |VEL ).

Moreover, by Itd’s formula, we also find for all s < ¢ that

t
/ EE! 1 (X,)|VE, (Xu)|* du

N

I 2k n ! n—2 2
< / T B, (X dut (n = 1) / EEL (X)) |VEu, (Xu)| du

t i t K _— u
+k /S EE" (X,)du + /S r—i——uE(g““ (X.) fo E,LU(XU)dv) du.

Young’s inequality: x"’ly < ”n;lxn + %y”, with x = Eﬁ;l(Xu) and y =&, (X,), yields to the existence of o, A > 0
such that

du u
+u/0 EE" (X,)dv.

t t t
/ EE! " (X,)|VE, (Xu) | du Sa/ EﬁZu(Xu)du—l—A/

r

We thus obtain:

t
/Y ESZu (Xy,)du

t t t d u
ng/ ]EEZI(Xu)du+e<a/ EE” (Xu)du+A/ —“/ EE" (Xv)dv)
s u s u s r_'_u 0 v

t du u
<k(t— EE" (X,)dv.
<k( S)+/S r+u/0 1, (Xv) dv

Let x(t) := fot Eé‘l'jx (X;)ds. Solving the preceding inequality boil down to solve x < M + x/(r + t). The solution
satisfies x(#) = O(¢) and we finally conclude. O

Corollary 5.2. Forall n € N, we have that Ey . ,,(V"(X;)) = O(t).
5.2. Asymptotic behavior

Define the family of measures {&; ;44; t >0, s > 0} by

t+s
criesi= [ (x — M) du. 5.1)
t

This family will be essential for proving that ¢ > () is an asymptotic pseudotrajectory for @.
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Proposition 5.3. Forall T >0andall f € COO(Rd; V), we have Py ;. ,,-a.s

lim sup | +sf|=
[—)OOO<S<T

Proof. First, we need the uniform estimates on the family of semigroups (P/*) proved in Section 4.1. Let f €
C>®(R?; V). We begin to rewrite

h(t+s) du
r‘&"t,z‘JnJCZ/ Ap, 0 Qu, f :
s h(t) H H r+u

We consider the C2-valued process (7, x) = Q. f(x), which is of class C?andaC 1-semimartingale. Indeed, it

is easy to see that # > 1ty is a.s. a bounded variation process with values in M(@R?; V) (since Proposition 4.3
shows that u — Q, f is also C!, the claim follows by composition). So, we apply the generalized It formula to
(t,x) > h(t)™! Oy, f (x) and decompose &; ;1 in four parts:

1 2 3 4
€t,t+sf = 8t( t)+sf + 8t(,t)+sf + gt(,t)+sf + et(,t)Jrs
with

1
(1) _
&, t+sf - _l’l([ +S) Q/Lh([+:)f(X/’l(l+A)) + —

h(t+s)
2
81( l)—‘rS = _/ QlfLuf( u)

h(t+s)
(3)
81 l+éf /() _Qﬂu
h(t

( Qﬂh(r) FXnay),

(+)2’

) f
1,145 h(tﬂ) - M),

where M,f is the local martingale Mtf =/, VO - +u
Before controlling each term separately, we remlnd the estimates of Propositions 4.2 and 4.3: Ve > 0, f €
C¥R; V),

| Qi S Xn)| < 1 F1lv (eV (X)) + K (8)),
IV Oy f Xn)| < N flv (eV(Xniry) + K1 (e)).

We also remind that fé V(Xs)ds =O(¢) a.s. and fé EV(X)ds = O(¢). Now, we are able to find for all £ > 0:

|s,(’1,)+sf| < h@O 7 (| Qs f Xnt+5)| + | Crne £ X))
<h@ N FIv(e(V Xnaas) + VXn@y) + Ke),

and so lim,_mosupOSssT|8,(,1,)ﬂf| < e¢|lfllv as. As the latter is true for all ¢ > 0, we deduce that a.s.

lim; - 0oSUPg<s<7 |8,(’1,) s f | vanishes. Similarly, with & = 1, there exists C3 such that

h(t+s) d Gl fI h(t+s)
@ < V(X,) +K)—ot < u/ V(X,)d
\8t,t+sf|_/hm (VO + K)oty = St [ vona

2 _
and so supofszIEI(,;)+sf| <Ch) 7' fllv as.
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By Markov’s inequality and using the bound on the differential of Q,, given in Corollary 4.6, we get:

h(+T) d
P( sup e, f|=8) <8 2[ E|(DQ,., i) (N (Xu) '~
0<s<T h(t)

C h(+T) 6 du
—2|fllvf) E(V (Xu))m.

As forall e > 0 and n € N we have fot EV™(X,)ds = O(t), there exists C3 > 0 such that

p( sup. [ef ,+sf|>8)<—h(t) NI
0<s<

Since the quadratic variation of }{(IH) h(t) is bounded by || f||2 f:ég“LT) (eV(X,) + Ki(e))? d“)z , Burkholder—

Davis—Gundy’s inequality (BDG) implies

4 Cy _
Pora( sup [y f|28) < S IF 1R 52
s€[0,7T]
It only remains to prove that a.s.

zlﬂro‘ooiuf ]et t-‘rYf} = lim sup ‘Et v | =0

First, for all £ > 0, we have by Doob’s inequality together with BDG’s inequality that

Poru( sup sup [ef, /] = )_52||f||V sup h()” = 2||fllvh(n)1

n<t<n+1s€[0,T] n<t<n+1

Since the series ), h(n)~! converges, we conclude by Borel-Cantelli’s lemma that a.s.

lim sup sup |e f]=0
n— o0
n=<t<n+10=<s<T

The same argument for |e, . +S S| permits to conclude. g

Lemma 5.4. Ifforall T > 0,all f €C*® (Rd; V), we have

lim sup |ers+5f1=0 a.s.,
f*)OOO<S<T

then the time-changed process, given by R, — P(R%; V), 1 Wh(t) 1S a.s. an asymptotic pseudotrajectory for @ (for
the weak topology of measures).

Proof. The family (u,,t > 0) is a.s. tight and by Prokhorov’s theorem (because P(Rd; V) is a Polish space), it
is equivalent to the relative compactness of (i, ¢ > 0). Benaim [3], Theorem 3.2, asserts that a continuous map
v:Ry — P(RY; V) is an asymptotic pseudotrajectory for the semiflow @ if and only if v is (weakly) uniformly
continuous and every limit point of {v(f 4 -); # > 0} is an orbit of @. We first show that j ) is uniformly continuous.
By definition of i, we have

t+s
[n+s) f — tne) f] S/ (Inay 1+ | f X)) du
t

As asymptotically u; € Pg (R4; V) a.s., we get for all 7 large enough

lnrs) f — r 1 <2Bsl fllv. (5.3)
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We put these estimates in (2.7) and the uniform continuity follows. As a.s. ;) belongs to a compact set (for ¢
large enough), Ascoli’s theorem implies that there exist an increasing sequence (f,), and [t € P(R?: V) such that
(Kn(,+s)» S = 0) converges weakly to (fis, s > 0). Then, we have wp«,+5) = Una,) + 6,.t0+s + f,i"ﬂ(ﬂ(uh(u)) —
Wh@y) du. As iy, +.) converges weakly to fi and &, ;,+. goes to 0, the limit [ satisfies (4.7).

Suppose that 15, is not an asymptotic pseudotrajectory for @. It means that:

aT > 0,3gp > 0, 3¢, 1 00, s, € [0, T'] such that d(uh(tnﬂn), D, (/Lh(,n))) > g9.

It implies, denoting by s the limit of s, and fi the limit of rip(s,), that d(fis, @ (1)) > &9, which contradicts that i is
an orbit of &. O

Remark 5.5. Combine Proposition 5.3 with Lemma 5.4 to deduce Theorem 3.6: Py ;. ,-a.s., the function t — ) is
an asymptotic pseudotrajectory for @.

5.3. Back to the dynamical system: A global attractor for the semiflow

As explained in Section 4.2, we will consider from now on the semiflow @ with the weak topology. A good candidate
to be an attractor of the semiflow is the w-limit set of (u;),

o, t = 0) = ({1 s = 1) (5.4)

t>0

which is (a.s.) weakly compact, since it is contained in Pg (R4; V) as.
We introduce here a crucial set to analyse the dynamical system @. Let

Im(IT) := {IT(); n € P(RY; V), (5.5)
and denote its convex hull by Ig(ﬁ).

Proposition 5.6. IE(\H) is a positively invariant set for the semiflow @ and contains every negatively invariant
bounded subset of P(R?; V).

Proof. By Jensen’s inequality applied to the convex combination @;(u) =e ' + e’ f(; e’ IT(®d;(wn))ds and to the
convex map u — dy (i, Iﬁﬁ)), we show, for every € P(R?; V) and every ¢ > 0, that

dy (@, (). Im(IT)) < e~"dy (. Im(IT)), (5.6)

where dy (1, X) :=inf{||x — v|v; v € X}. So, for any negatively invariant bounded subset A of PR V), we get for
allt > 0:dy (A, Im(IT)) <dy(D;(A), Im(IT)) <e~'dy (A, Im(T)). O

Now, we need to recall a short list of important definitions coming from the theory of Dynamical Systems.

Definition 5.7. (a) A subset A of P(RY; V) is an attracting set (respectively attractor) for ® provided:

(1) A is nonempty, weakly compact and positively invariant (respectively invariant) and
(2) A has a neighborhood N'C P(R?; V) such that d(®; (), A) — 0 as t — +oo uniformly in u € N.

(b) The basin of attraction of an attractor K C A for ®|A = (D;|A); is the positively invariant open set (in A)
comprising all points whose orbits are asymptotically in K :

B(K, ®|A) := {u € 4; lim d(@:(n), K) = o}.

(c) A global attracting set (respectively global attractor) is an attracting set (respectively attractor) whose basin
is the whole space PRY; V).
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(d) An attractor-free set is a nonempty compact invariant set A such that ®@|A has no attractor except A itself.

Our aim is now to describe the limit set of ; and find a global attracting set for @. The natural candidate is the set
w(ue, t > 0). First, we describe it dynamically.

Theorem 5.8. The w-limit set of {;,t > 0} is Py ;. ,-almost surely an attractor-free set of .
Proof. It results from Theorem 3.6 and [4]. U

Corollary 5.9. P, ., (lim;_, oo| X;| = +00) = 1.

Proof. Let A be a open subset of R4 such that y(A) > 0. Since the measure y is diffusive, for all v € Ig(ﬁ) N
o (s, t > 0), there exist m, M > 0 such that my <v < My. If we consider a sequence (v, ,n > 0) in PPRY; V),

the limits of its convergent subsequences will belong to IE(\H) Nw (e, t > 0), because w (i, t > 0) is a.s. an attractor-
free set of @. Thus, there exists a subsequence (v,”k) such that a.s. Vi, converges (weakly) to v: for any smooth
function ¢ of compact support, we have that v;, (¢) converges to v(¢). If we consider a function ¢ such that ¢(x) =1
forx € A and ¢(x) =0 for x ¢ B, A C B, we find that v(¢) > v(A) > 0. Thus

v(B) = limsup v;(¢) > liminf v, (¢) > v(A) > my (A).

So, fé" dx,(A)ds is asymptotically equivalent to ¢,my (A), which in turn gives fooo dx,(A)ds = oo a.s. Then, for all
K >0, [;°8x,(R?\ Bk)ds = 0o as., where B is the closed ball of radius K. Finally,

oo
]P)H / 1 Xs|>K dS=OO}>=].
xru(ﬂ{ | Lixizx) -

K

Second, we consider the (nonempty) set IE(E) Nw(ue,t=>0).
Theorem 5.10. The set Ig(ﬁ) Nw(us, t = 0) is a.s. a global attracting set for @.

Proof. We begin to notice that Ig(ﬁ) N w(u, t > 0) is weakly compact a.s. and by definition, it is also posi-
tively invariant. Let € w(us,t > 0). Since w(u;, t > 0) is an attractor-free set for @, for all s > 0, we have

D,(un) € w(us,t = 0). By Proposition 5.6, we know that lims_wod(qﬁs(,u),lﬁ(ﬁ)) = 0 (uniformly in p). So,
d(Ds(w), (s, t = 0) NIm(IT)) converges to O uniformly in w. Using again Jensen’s inequality, we show that the
basin of attraction of @ is the whole space. (Il

Corollary 5.11. w(us,t > 0) is a.s. a subset ofI@.

Proof. As w(u;,t > 0) is attractor-free, Theorem 5.10 implies that w (u;, t > 0) is the only attractor of @ restricted
to this set. So, Im(IT) Nw (s, t > 0) = w (s, t > 0). O

When W is symmetric, we can give a better description of @ (u;, t > 0). Let begin with the following:
Theorem 5.12 (Tromba [22]). Let B be a C*° Banach manifold, F a C* vector field on B and T:8B — R a C*

function. Assume that:

(1) DI(w) =0ifand only if F(u) =0;
(2) F~Y(0) is compact;
(3) for each n € F~1(0), DI(w) is a Fredholm operator.

Then Z(F~1(0)) has an empty interior.
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Proposition 5.13 ([3], Proposition 6.4). Let A be a compact invariant set for a semiflow @ on a metric space E.
Assume that there exists a continuous function V : E — R such that:

(D) V(@:(x)) < V(x) forx € E\Aandt > 0;
2) V(@;(x))=V(x) forx e Aandt > 0.

If V has an empty interior, then every attractor-free set A for @ is contained in A. Furthermore, ) restricted to A is
constant.

Proof of Theorem 3.8. The fixed points of /7 form a nonempty compact subset of P(R?; V) thanks to Proposi-
tion 4.14. Let F () := I1 () — . We already know that F —10) is compact for the weak topology. If we show that
Z(F~1(0)) has an empty interior, then the result is a consequence of Proposition 5.13 with the Lyapunov function
T =Foll. Let ue F~'(0) and prove that DF (1) is a Fredholm operator. Let v € Pp (R?: V). By Lemma 2.2, there
exists a constant C(f) such that |DF(u) - v]y < C(B)||v]lv. So, the set {DF(u) - v; ||v|ly < 1} is a.s. bounded. For
X,y € RY, we get

|DF (1) - v(x) — DF () - v(y)| < 2|W % v ()T (1) (x) — W v(0) T () ()]
+2 / W v dT )| (TG00 — TG )]

<M[|[V(x) = V)| + |n@) — n()]
Fllelly (Ix = 1+ W, ) = W)

So, the map DF(p) - v(||v]ly < 1) is equicontinuous and by Ascoli’s theorem, we conclude that the preceding set is
relatively compact in CO(R¢; V) and thus the operator DF (1) is compact. Moreover, it is self-adjoint. It follows from
the spectral theory of compact self-adjoint operators that DF has at most countably many real eigenvalues and the set
of nonzero eigenvalues is either finite or can be ordered as |A1| > |[A2| > --- > 0 with lim,— oA, = 0. So, by Tromba,
Z(F~1(0)) has an empty interior. (Il

6. Illustration in dimension d =2

When W is not symmetric, it can happen that no Lyapunov function exists and that the w-limit set is a non-trivial
orbit. Suppose for instance that (for d =2) W(x,y) = (x, Ry) where R is a rotation matrix and V(x) = V(|x|) >
a|x|4 + b|x|2 + 1 (with a, b > 1). Note, that the measure y (dx) = e~ 2V dx/Z is invariant by rotation. Then, one
expects, depending on R and V, that either the unique invariant set for the semiflow is {y} and so a.s. u, converges
to y; or a.s. u, converges to a random measure, related to the critical points of the free energy; or w(u;, t > 0) is
a periodic orbit related to y. Remark that, equivalently considering W (x, y) + %(b|x|2 + |y|?/b) or W, the set of

conditions (H) is satisfied. Denote p := ((1))

Lemma 6.1 ([5], Lemma 4.6). For all continuous ¢ :R — R, for all y € S! we have
fRzW(x’ M) = ¢(&. p))]y(do) = /R ¢((x, 1) (x = (x, )y)y (dx) =0.

Proof. For all y € S!, there exists g € O(2) such that y = gp. We show the first equality by a change of variable
in the integral (because V(x) = V(|x|)). Define ¢ (y) := /Rz o((x,y)(x — (x,y)y)y(dx). We have (¢(y),y) =0
and the rotation-invariance of y implies for the antisymmetry matrix j, that ¢ (p) = j¢(p). So, ¢(p) = 0 and thus
d(y)=0. U

For any p € P(R?; V), define its mean by i := /Rz xu(dx). Let the probability measure
e—2(x,RV)
Z()

(1)(dx) = y (dx). (6.1)
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Here, IT(it) = IT(w). If we let IT() := [po xIT()(dx), then &, () is readily the semiflow

t
By () =e i +e! /0 ST (Do) ds,  do(w) = i 62)

Lemma 6.2. Let m = pv with p > 0 and v € S'. Then, we get

ﬁ(m):/ xﬁ(m)(dx):—lilog / e 2PV (dx) | Ru.
R2 2dp R2

Proof. It follows from differentiating the function « + log ( fRZ e 2%(v) (dx)) and Lemma 6.1. O

Let m = pv be the solution to i = IT(m) — m, with p = |m| and v € S'. Then, Lemma 6.2 implies that v = 0. If
we let @ = 2p, then « satisfies the one-dimensional ODE

¢=J(@)=—a+20 log</ e_“(x’Rp)y(dx)). (6.3)
R2

H()
H(a)

The problem expressed in polar coordinates becomes J (o) = —a (1 — 2 ), where

00 27
H(o) :=/0 d,oy(p)/o dve P oSV,

00 27w
H(a) ::/0 dp y(p)p2/0 dv sin? ve POV,

Remark 6.3. The function t — fozn e~ 1V dy is the Bessel function Io(t).

6.1. The case R=—1d

Here, W is a symmetric function.

Proposition 6.4. Iffooo 02y (p)dp < 1, then 0 is the unique equilibrium of (6.3) and 0 is stable. Its basin of attraction
? I%;f'ooo 0%y (p)dp > 1, then 0 is linearly unstable and there is another stable equilibrium o, whose basin of attrac-

L 20
tion ISR+.

Proof. Remark, that J is C*°. A computation yields to

JPD() =2

HY@)  HOH'(2) 4H”(a) H' () 2_12 H (0)\*
H(a) H(a) H(a) (H(a)) <H(a>)'

The point is to determine the sign of J©). This function corresponds to (twice) the kurtosis of the projection on
the first coordinate of a random variable X (expressed in polar coordinates) having the law y. As the graph of the
symmetric part of the density function cuts exactly twice the graph of the corresponding Gaussian variable (with same
mean and variance), the kurtosis of X is negative: J® (@) <0 fora >0and J® (0) =0. So, for all @ > 0, we have
J" (o) < J"”(0) = 0. Similarly, we find

J'(@)<J(0)=-1 +f0 Py (p) dp.

So, if J/(0) <0, then J decreases and, as J(0) = 0, the first result follows. Else J/(0) > 0. As J’ is monotonic
and limg_0J'(a) = —1, by continuity of J’, there exists ag > 0 such that J'(ag) = 0. Moreover, we have
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limy—, o0 J () = —o0. Finally, there exists a positive solution to J(«) = 0 if and only if fooo p%y(p)dp > 1. In that
case, 0 is unstable and there exists a stable equilibrium. O

The next result shows that we can reduce the problem in studying the semiflow generated by (6.2) and then deduce
the same (asymptotic) statements for u.
Lemma 6.5 ([5], Proposition 3.9-Corollary 3.10).

(1) Let L C Pg (Rd; V) be an attractor-free set for @ and A C Pg (Rd; V) an attractor for @, with basin of
attraction B(A). If L N\ B(A) #£ &, then L C A.

(2) Let (E,d) be a metric space, @ : E x R — E a semiflow on E and G : Pp (R4; V) — E a continuous function.
Assume that G o @, = @, o G. Then, almost surely G(w(u;,t > 0)) is attractor-free for ®.

We can now state and prove the following:

Theorem 6.6. Consider the self-interacting diffusion on R?, where W (x, y) = —(x, y). Then, we have two different
cases:

(D) If [{Cdpy(p)p® < 1, then a.s. jt; = y;
2) Iffooo dp v (p)p? > 1, then there exists a random variable v € S' such that a.s. |1, 5 Ue, with

ar(x,v)

oo (dx) = y(dx),

1

H _
@) =0.

where a1 is the unique positive solution to J (o) = —a + 2

Proof. Let G:Pg(R?; V) — R? be the mapping defined by G(i) = jz. By Lemma 6.5, the limit set of fi, is a.s.
attractor-free for @. If fOOO dpy(p)p? <1, then 0 is a global attractor for the semiflow generated by @. So, each
attractor-free set of @ reduces to 0, and a.s. ji; — 0 and w(u;, t > 0) C G~1(0). The definitions of /7(jx) and J imply
that G~1(0) is invariant for @ and, as I1(Pt]G-1(0) (1)) =y, we have

P10y =e(n—y)+y.

So, y is a global attractor for @|;-1y and each attractor-free set reduces to y. By Theorem 5.8, we conclude that
o(ur, t>0)={y}. -
Suppose now that 0 is unstable for 7T — Id. For all f € C>*(R?; V), it holds

d d
—uneyf ==ty f T p) [+ —&rrvs| S
dr ds $=0

If we consider the projection map P;(x) = x;, then 0;ftn() = ﬁ(/lh(,)) — [n@)) + n: where n; is the random vec-
tor n; = %8,,,+S|s:0(P1, P))T. As 0 is an unstable linear equilibrium for I —1d, by Tarres [21] we get that
P(lim;— o fn(s) = 0) = 0. Using Theorem 3.6, we obtain that lim;_, o0 SUPg<s<7 | An(r+s) — b, (in(r))| = 0. Denote by
o1 the unique positive solution to —« + 271/((;")) =0 and consider the @-invariant set A := {m = pv; p = 0‘2—‘, veSh.
By Lemma 6.5, the limit set of i) is attractor-free, so w(fip (), t > 0) either reiduces to {0}, oris included in A. But,
as P(lim;— oo flnry = 0) =0, it is a.s. a subset of A. Finally, as v = 0, we have @;|4 = Id|4 and so, fi;() is a Cauchy
sequence in A. Then, there exists v € S! such that

tl_l)% |ty — a1v] =0.

To conclude, on one side, w(u;,t > 0) is an attractor-free set for @lG—l(alv) and on the other side, the semiflow
P|G-1(a,v) admits pu5, as a global attractor. This leads to (uy, 1 > 0) = pg,. g
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6.2. When R is a rotation

cos 0 sinf

We assume that R is the rotation matrix R = (_ §inf cosd ), with 0 <6 < 27t. We emphasize that (unless 6 =0, T) W

is not a symmetric function. We state and prove a more precise version of Theorem 1.3.

Theorem 6.7. Consider the self-interacting diffusion on R* associated with W (x, y) = (x, Ry). Then one of the
following holds:

(1) If V is such that fooo ,023/(,0) dp (cos®) > —1, then a.s. (i, = v
(2) If V is such that fooo 0%y (p)dp (cos@) < —1, then:

(a) if O = =, then there exists a random variable v € S' such that a.s. ju; it W with pi (dx) = %}my(dx),
where a is the unique positive solution to —a + 2 Z’((g)) =0,
(b) if 6 # m, then w(us,t = 0) = {v(8),0 <§ < 2xn} a.s., where v(§) = Te 1f0 CS/,LOO ds, with Ty =
2n(tan®) ! and Mgf is the unique positive solution to —a + 2 cos 6 Z/((O‘f)) =0.
Proof. Let v = gp with g € O(2) and m = av/2. We remind the equations
H’ 2 H
a=—ua—2 (@) V=—— (a)((Rv,v)v—Rv).
H(a) o H(a)
By definition of R and v = (_Cglsn:) a simple computation yields to
. 2H'(a) . 2H'(a) .
o0=—o— cosb; o=— sinf. (6.4)
H(x) aH(a)
H (a)

We recall that > 0 for o > 0. By Proposition 6.4, we have a bifurcation: if cos6 fo y(dp)p? > 1, then the set
{((r a);a=0}i 1s a global attractlng set for the semiflow generated by (6.4) and so a.s. u; — y. Let g be such that
=0. If cosO fo y(d,o),o <1, then A := {(0,®); @« = g} is a global attracting set. On A, the dynamics is given

by

2H'(ap)

——————sinf =tan6.
ag H(ag)

By Theorem 6.6, there exists a random variable oq such that a.s.
. _ [e22]
lim |, — —v(ttand 4 0p)| = 0. (6.5)
t—00 2

At that point, we know the dynamics on the set A. But, we need to study the system defined on M (R?; V) x R? by
m=—m+ (m); v =—v+I1(m).

By Lemma 6.5, o (i, t > 9) x A is attractor-free for the preceding semiflow restricted to P(Rz; V) x R2. The dy-
namics on w(us, t > 0) x A is given by

6 =tané; i):—v+f(o)=—v+ugf. (6.6)

As the set w(u;,t > 0) x A is (weakly) compact and invariant in P(RZ; V) x R2, we conclude similarly to [5],
Theorem 4.11. (Il
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