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We present a new class of interacting Markov chain Monte Carlo algo-
rithms for solving numerically discrete-time measure-valued equations. The
associated stochastic processes belong to the class of self-interacting Markov
chains. In contrast to traditional Markov chains, their time evolutions depend
on the occupation measure of their past values. This general methodology
allows us to provide a natural way to sample from a sequence of target prob-
ability measures of increasing complexity. We develop an original theoretical
analysis to analyze the behavior of these iterative algorithms which relies on
measure-valued processes and semigroup techniques. We establish a variety
of convergence results including exponential estimates and a uniform con-
vergence theorem with respect to the number of target distributions. We also
illustrate these algorithms in the context of Feynman—Kac distribution flows.

1. Introduction.

1.1. Nonlinear measure-valued processes. Let (S OF S(l))lzo be a sequence
of measurable spaces. For every [ > 0 we denote by P(S®) the set of prob-
ability measures on S). Suppose we have a sequence of probability measures
7D e P(S®) where 7@ is known and we have for [ > 1 the following nonlinear
measure-valued equations

(1.1) 70 =77V

for some mappings ®; : P(S~1) — P(5D). Except in some particular situations,
these measure-valued equations do not admit an analytic solution.

Being able to solve these equations numerically has numerous applications in
nonlinear filtering, global optimization, Bayesian statistics and physics as it would
allow us to approximate any sequence of fixed “target” probability distributions
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(). For example, in a nonlinear filtering framework 7 ) corresponds to the
posterior distribution of the state of an unobserved dynamic model at time / given
the observations collected from time O to time /. In an optimization framework,
7D could correspond to a sequence of annealed versions of a distribution 7 that
we are interested in maximizing. In both cases, ®; is a Feynman—Kac transforma-
tion [5].

In recent years, there has been considerable interest in the development of inter-
acting particle interpretations of measure-valued equations of the form (1.1) which
we briefly review here.

1.2. Interacting particle methods. The central idea of interacting particle

methods is to construct a Markov chain X = (Xg))15 p<N taking values in

the product spaces (S®)VN so that the empirical measure 71([) =% Zp 1 X(l)

approximates =) as N 4 oco. In the simpler version, we construct inductively
x0 = (Xg)hg p<nN by sampling N independent random variables with common

law @;( ](\571)). The rationale behind this is that the resulting particle measure 1(\5)

should be a good approximation of () as long as 71,(\5_1)
of 7=V More formally, X) is an (S®)N -valued Markov chain with elementary

transitions given by the following formula:

is a good approximation

1.2y P((xP, ... xD)edx|xV) = H(I)l( > Sy n)(dxp)

1<g=<N

where dx = d(x1,...,xy) =dx| X --- X dxy stands for an infinitesimal neigh-
borhood of a point in the product space (S©)V.

For Feynman—Kac transformations, these interacting particle models have been
extensively studied and they are sometimes referred to as sequential Monte Carlo
methods, particle filters and population Monte Carlo methods; see [5, 8] for a
review of the literature. In this context, the convergence analysis of these particle
algorithms is now well understood. A variety of theoretical results are available,
including sharp propagations of chaos properties, fluctuations and large deviations
theorems, as well as uniform convergence results with respect to the level index /.

These interacting particle methods suffer from two serious limitations. First,
when the mapping &, is complex, it may be impossible to generate independent
draws from it. Second, it is typically impossible to determine beforehand the num-
ber of particles necessary to achieve a fixed precision for a given application and
users usually have to perform multiple runs for an increasing number of particles
until stabilization of the Monte Carlo estimates is observed. Markov chain Monte
Carlo (MCMC) methods appear as a natural way to solve these two problems [12].
However, standard MCMC methods do not apply in this context as we have a
sequence of target distributions defined on different spaces and the normalizing
constants of these distributions are typically unknown.
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1.3. Self-interacting Markov chains. We propose here a new class of interact-
ing MCMC methods (i-MCMC) to solve these nonlinear measure-valued equations
numerically. These i-MCMC methods can be described as adaptive and dynamic
simulation algorithms which take advantage of the information carried by the past
history to increase the quality of the next sequence of samples. Moreover, in con-
trast to interacting particle methods, these stochastic algorithms can increase the
precision and performance of the numerical approximations iteratively.

The origins of i-MCMC methods can be traced back to a pair of articles [6, 7]
presented by the first author in collaboration with Laurent Miclo. These studies
are concerned with biology-inspired self-interacting Markov chain (SIMC) mod-
els with applications to genetic type algorithms involving a competition between
a reinforcement mechanism and a potential function [6, 7]. These ideas have been
extended to the MCMC methodology in the joint articles of the authors with
Christophe Andrieu and Ajay Jasra [1], as well as in the more recent article of
the authors with Anthony Brockwell [4]. Related ideas have also appeared in com-
putational chemistry [10] and statistics [9].

In the present article, we design a new general class of i-MCMC methods.
Roughly speaking, these algorithms proceed as follows. At level / = 0 we run
an MCMC algorithm to obtain a chain X = (X ,(,0))”20 targeting 7 (). Note that
here the “time” index n corresponds to the number of iterations of the i-MCMC
algorithm. We use the occupation measure of the chain X© at time n judiciously
to design a second MCMC algorithm to generate X M = (X,(,l))nzo at level 1 tar-
geting 71 which is typically more complex than 7). More precisely, the ele-
mentary transition X ,(ll) ~ X ,(TIJZ] of the chain X at time n depends on the occu-

pation measure of (X ©) , X 50), X ,(,0) ). Similarly we use the empirical measure
of XU=D atlevel I — 1 to “feed” an MCMC algorithm generating X ) targeting
7 atlevel I. These i-MCMC samplers are SIMC in reference to the fact that the
complete Markov chain YZ =X ;gl))()glgm associated with a fixed series of m lev-
els evolves with elementary transitions X, ~ X, -1 that depend on the occupation

measure of the whole system Y?J from time O up to time 7.

From the pure mathematical point of view, the convergence analysis of SIMC is
essentially based on the study of the stability properties of sophisticated Markov
chains with elementary transitions depending in a nonlinear way on the occupa-
tion measure of the chains. Hence the theoretical analysis of SIMC is much more
involved than the one of traditional Markov chains. It also differs significantly
from interacting particle methods developed in [5]. Besides the introduction of
a new methodology, our main contribution is a refined theoretical analysis based
on measure-valued processes and semigroup methods to analyze their asymptotic
behavior as the time index n tends to infinity.

The rest of the paper is organized as follows:

The main notation used in this work are introduced in a brief preliminary Sec-
tion 1.4. The i-MCMC methodology is detailed formally in Section 1.5. The main
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results of the article are presented in Section 1.6. Several examples of i-MCMC
methods are provided in Section 2. This section also provides a discussion on how
to combine interacting particle methods with i-MCMC methods. Section 3 is con-
cerned with the asymptotic behavior of an abstract class of time inhomogeneous
Markov chains. In Section 3.2, we present a preliminary resolvent analysis to esti-
mate the regularity properties of Poisson operator and invariant measure type map-
pings. In Section 3.3, we apply these results to study the law of large numbers and
the concentration properties of time inhomogeneous Markov chains. In Section 4
we discuss the regularity properties of a sequence of time averaged semigroups
on distribution flow state spaces. The asymptotic analysis of i-MCMC methods
is discussed in Section 5. The strong law of large numbers is presented in Sec-
tion 5.2. We also provide an IL,-mean error bound for the occupation measures of
the i-MCMC algorithms at each level /. In Section 5.3, we discuss the long time
behavior of these stochastic models in terms of the exponential stability properties
of a time averaged type semigroup associated with the sequence of target mea-
sures. We prove a uniform convergence theorem with respect to the level index /.
The asymptotic analysis of the occupation measures associated with the complete
self-interacting model on a fixed series of levels is discussed in Section 6. The L,.-
mean error bounds and the concentration analysis are presented, respectively, in
Sections 6.1 and in 6.2. The final section, Section 7, is concerned with contraction
properties of time averaged Feynman—Kac distribution flows.

1.4. Notation and conventions. For the convenience of the reader we have col-
lected some of the main notation used in the article. We also recall some regularity
properties of integral operators used further in the article.

We denote, respectively, by M(E), Mo(E), P(E) and B(E), the set of all finite
signed measures on some measurable space (E, £), the convex subset of measures
with null mass, the set of all probability measures, and the Banach space of all
bounded and measurable functions f on E. We equip B(E) with the uniform norm
| f1l =sup,cglf(x)]. We also denote by By (E) C B(E) the unit ball of functions
f € B(E) with || f|| <1, and by Osc(E), the convex set of £-measurable func-
tions f with oscillations less than one; that is,

osc(f)=supf{|f(x) — f(W|;x,ye E} <1.

We let w(f) = [ n(dx) f (x) be the Lebesgue integral of a function f € B(E), with
respect to a measure u € M(E). We slightly abuse the notation and sometimes
denote by w(A) = u(14) the measure of a measurable subset A € £.

Let M (x,dy) be a kernel from a measurable space (E, £) into a measurable
space (F, F) of the bounded integral operator f +— M (f) from B(F) into B(E)
such that the functions

M(f)x) = /F M(x.dy) f(y) €R
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are £-measurable and bounded, for any f € B(F). Such a kernel also gener-
ates a dual operator u > uM from M(E) into M(F) defined by (uM)(f) :=

n(M(f)).
We denote by | M || := suprBI(F)HM(f)H the norm of the operator f — M(f)

and we equip the Banach space M (E) with the corresponding total variation norm
lwll = sup rep, gyl (f)I. Using this slightly abusive notation, we have

M| :=sup sup |5:M(f)|=suplldcM],
xeE feB(F) x€eE

where §, stands for the Dirac measure at the point x € E. We recall that the norm
of any kernel M with null mass M (1) = O satisfies

IM||= sup [[M(H)II=2 sup [M()].
feBI(F) fe0scy (F)

When M has a constant mass, that is, M (1)(x) = M (1)(y) for any (x, y) € E?,
the operator u — uM maps Mo(E) into Mo(F). In this situation, we let (M)
be the Dobrushin coefficient of a kernel M defined by the following formula:

B(M) :=sup{osc(M(f)); f € Osc1(F)}.
By construction, we have M (f)/B(M) € Osci(E) as soon as (M) # 0, so that

luM||=2 sup |uM()I<BM)2 sup |u(f)l
f€0sc|(F) fe€0sci(E)

= [[uM]| < B(M)||pll.

Using the fact that ||6, — 8|l =2 for x # y and

16xM —S5,M||
BM)= sup  sup [(6xM —8,M)(f)|= sup ———
f€0sci(F) (x,y)eE? (x,y)eE2 16 — 5y |
luMll
< sup
ueMo(E) il
we prove that
IluM| 1
p(M) = =z 6xM — 6y M|l
peMo(E) il 2 (xr.y)eE2

18 also the norm of the kernel
nweMoE) = uMe My(F).
That is, we have

BM) = sup ([[uM]/l|lD.
neMo(E)
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More generally, for every kernel K from a measurable space (E’, £’) into an mea-
surable space (E, £), with null mass K (1) = 0, we have

KM = sup |[(6xK)M| < B(M) sup |6 K)| — (KM <=BM)[K].
X€E’ x€eE’

Unless otherwise stated, we use the letter C to denote a universal constant whose
value may vary from line to line. Finally, we shall use the conventions ), = 0 and

[lz=1.

1.5. Interacting Markov chain Monte Carlo methods. We describe here the
i-MCMC methodology to numerically solve (1.1). We consider a Markov transi-
tion M@ from S© into itself and a collection of Markov transitions M g ) from
S® into itself, indexed by the parameter / > 0 and the set of probability measures
nePS (=1 We further assume that the invariant measure of each operator M, ,(Ll )
is given by ®;(u); that is, we have

Vi=0VueP(s'D) (M) =di(w).

For [ = 0, we use the convention ®¢(x ") = 7@ and M,SO) = MO For

every [ < m, we denote by n € P(S?) the image measure of a measure 7 €
P To<i<m S ) on the Ith level space ). We also fix a sequence of probability
measures vx on S® | with k > 0.

We let X© .= (X’(10) )n=0 be a Markov chain on S ©) with initial distribution
vo and Markov transitions M O For every k > 1, given a realization of the chain
X*=D .= (x%=D), o, the kth level chain X\’ is a Markov chain with initial dis-
tribution v and with random Markov transitions M r(;]((k)” , depending on the current

occupation measures n,(f_l) of the chain at level (k — 1); that is, we have
(1.3) P(xY), e dx|x® D, x®) = M;’gg,l) (XX, dx)
with
1 o
n,(lk_l) = 1 pX_:OSX;k—l).

The rationale behind this is that the kth level chain X ,(lk) behaves asymptotically as
a Markov chain with time homogeneous transitions M,(,k(z—u aslongasn, ’'isa

good approximation of 7 k=1,

In the special case where M,&k) (xk, ) = ®r (1), the kth level chain (X,(,k))nzl

is a collection of conditionally independent random variables with distributions
(k—=1)

(®r(n,—; ' Nn=1; that is, we have
1
Py

Z CSX((]kl)) (dxp),

n
(14 P((x®,.. xP)edxx® D) =T] <I>k<
p=1 =q<p
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where dx =d(x1,...,x,) =dx| X --- X dx, stands for an infinitesimal neighbor-
hood of a generic path sequence (x1, ..., x,) € (S®)".

We end this section with a SIMC interpretation of the stochastic algorithm dis-
cussed above. We consider the product space

Ep =89 x...x s

and we let (K ,(]m)),,ep(Em) be the collection of Markov transitions from E,, into
itself given by

(15 Vai=GO M eE,  KMdy)= [] M;’(ﬁ_l)(xl,dyl),

0<I<m

where dy :=dy® x --- x dy™ stands for for an infinitesimal neighborhood of a
generic point y := (yo, .., y" e E,, and n(l) e P(SD) stands for the image
measure of a measure 1 € P(E,,) on the [th level space SO, with m > 1. In other
words, ") is the /th marginal of the measure 7. In this notation, we can readily
check that

X" = (xO L xm)

is an E,,-valued SIMC with elementary transitions defined by

— ~m J— 1 n
m X (m) m c1 —
(1.6)  P(Xypy €dylFy ) =K (X, dy)  with bl = e pZoSYT’

where ]—",17 " stands for the filtration generated by x".

1.6. Statement of some results. We further assume that the mappings ®;:
PSSy — P(SD) satisfy the following regularity condition for any / > 1 and
any pair of measures (u, v) € 73(5(1—1))2

VI >0,Vf eB(s)
(1.7)

I[P () = Pr(WI()] < / [ = vI@ITi(f, dg)
for some kernel I'; from B(S?) into B(S*~V), with
[, TiFd9lgl <A and A <o,
B(sU=D)

We also suppose that there exist some integer n; > 0 and some constant ¢; such
that we have

(1.8)  |MP—MP| <clip—vll and bn):= sup B(MP)") <L
peP(SU-D)
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This pair of abstract regularity conditions are rather standard. The first one (1.7)
is a natural Lipschitz property on the weakly continuous integral mappings

VEeB(SP)  ueP(SUY) - &) (f) eR.

Roughly speaking, this weak Lipschitz property simply expresses the fact that
@;(w)(f) only depends on integrals of functions with respect to the reference
measure . This condition is clearly satisfied for linear Markov semigroups
®;(u) = nK; associated with some Markov transition K;. We shall discuss this
condition in the context of nonlinear Feynman—Kac type semigroups (2.1) in Sec-
tion 2.1.

In the special case where M, l(f ) !,y = @, (), the second condition (1.8) is triv-
ially met for n; = 1 with b;(n;) = 0. In this particular situation, the first Lipschitz
property of the mapping ®; () takes the following form:

[P () = (W) < crllpe — vl
For more general models, condition (1.8) expresses the fact that the Markov transi-

tions M, g ) are strongly continuous and they satisfy Dobrushin’s mixing condition,
uniformly with respect to ;. We shall discuss this regularity condition in the con-
text of Metropolis—Hastings type algorithms (2.7) in Section 2.2.

Under the conditions (1.8), for every n € P(E,), the invariant measure

W g m) (n) e P(E,) of K ,gm) defined in (1.5) is given by the tensor product measure
n

We observe that the tensor product measure
(1.10) 7l .= 70 g .. g™

is a fixed point of the mapping W om 11 € P(E,) — o (1) € P(EL).
n n
Using this notation, our main results are basically as follows.

THEOREM 1.1. Foranyr >1,m > 1, and any function f € B(E,,) we have

sup /R E([7"(f) = 7"™(f)]") < oo.
n>1
Under some additional regularity conditions, we have the exponential inequality

1 12
vVt >0 limsup — log P(|[7l™ — 7™ ()| > 1) < ——-

n—oo N 23%

for some finite constant o, < 00 as well as the following uniform convergence
estimate:

supsupn®/ZE(|n{ (fi) — 7w P (fo]") < 00
k>0n>1

for some parameter o € (0, 1] and for any collection of functions (fi)k>0 €

[Tz Bi(S®).
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We end this introduction with a series of comments and open research questions.

First, the mean error bounds and the exponential estimates presented above sug-
gest the existence of Gaussian fluctuations of the occupation measures ﬁL’"] around
their limiting value 77", with a fluctuation rate /7. We have recently studied these
fluctuations in [2, 3].

It might be surprising that the decays to equilibrium presented in Theorem 1.1
differ from the three types of decays exhibited in [6, 7]. To understand the main
differences between these classes of interacting processes, we recall that the de-
cay rate to equilibrium often depends on the contraction coefficient of the invari-
ant measure mapping associated with a given self-interacting model. In our con-
text, these mappings are not necessarily contractive. Nevertheless, we shall see in
Section 6 that the semigroup associated with these mappings becomes essentially
constant after a sufficiently large number of iterations. In this respect, the self-
interacting models discussed in the present article are more regular than the ones
analyzed in [6, 7].

The uniform convergence estimate with respect to the number of levels depends
on the stability properties of a time averaged semigroup associated with the map-
pings @;. The contraction properties of this new class of nonlinear semigroups are
studied in Section 7 in the context of Feynman—Kac models. We show that the sta-
bility properties of the reference Feynman—Kac semigroups can be transferred to
study the associated time averaged models. In more general situations this question
remains open.

2. Motivating applications.
2.1. Feynman—Kac models. The main example of mappings ®; considered

here are the Feynman—Kac transformations given below:

VI>0,Y(u, f)e (79(5(1)) % B(S(I—H)))

D1 (W) (f) = (G Li+1(f)/ (G,

where G is a positive potential function on S, and L;;; stands for a Markov
transition from S into SU*D. In this situation, the solution of the measure-
valued equation (1.1) is given by the normalized Feynman—Kac distribution flow
described below:

20 =y OO ity O =E(r0) [T Gero).

0<k<l

@2.1)

where (Y;);>0 stands for a Markov chain taking values in the state spaces (S(l))lzo,
with initial distribution 7© and Markov transitions (L1);>1. These probabilistic
models arise in a very wide variety of applications including nonlinear filtering and
rare event analysis as well the spectral analysis of Schroedinger type operators and
directed polymer analysis [5]. We also underline that the unnormalized measures
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v are expressed in terms of integrals on path spaces and we recall that ¥ ) can
be expressed in terms of the sequence of measures (n(k))0§k<l with the following
formulae:

(2.2) vy =0 T] »®Go).

0<k<l
To check this assertion, we simply observe that
y N =n0 <y
and we have the key multiplicative formula
yOM=yPG) =7 G xy )

= yPm =[] »WGp.
0<k<l

(2.3)

Thus the i-MCMC methodology allows us to estimate the normalizing constants
y D (1) by replacing the measures 7*) by their approximations in (2.3). These
models are quite flexible. For instance, the reference Markov chain may represent
the paths from the origin up to the current time / of an auxiliary chain Y/ taking
Values in some state spaces E; ’ with some Markov transitions (L1)1>1 and potentials
(G1)1>1, that is, we have

(2.4) Y=, ....Y) e SV :=(E)x--- x E))
and
Li(yi-1,d5) =8y ..y @dF0s - V- Lij_y, 47D,

2.5) _
Gi(y) = Gi(y)-

2.2. Interacting Markov chain Monte Carlo methods for Feynman—Kac models.
In the Feynman—Kac context and assuming we are working on path spaces (2.4),
we can propose the following two i-MCMC algorithms to approximate 77 "), The
first one simply consists of sampling directly X E,k) =(X ;,(0), X ;51), X gk)) from
the right-hand side product of the formula (1.4) which takes here the following
form:

(k=1)
( 3 Syt 1)) ®)= Y Gr1(Xg )

k—1
p0<f1<P 0<g<p ZO§m<p Gk—l(Xl(n ))

Le(X5D, dxh),

where dx,(,k) = dx;,(o) X

- X dx;(k) . We see that X g}k) is sampled according to two
separate genetic type mechanisms. First, we randomly select one state X ék_l) at

level (k — 1) with a probability proportional to its potential value Gy_1(X ék_l) ).
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Second, we randomly evolve from this state according to the mutation transi-
tion Lg. This i-MCMC model can be interpreted as a spatial branching and inter-
acting process. In this interpretation, the kth chain tends to duplicate individuals
with large potential values, at the expense of individuals with low potential values.
The selected offspring randomly evolve from the state space S«~1 to the state
space S® at the next level.

For the Feynman—Kac transformations (2.1), we proved in [5] that the condition
(1.8) ensuring convergence of the algorithm is satisfied with ¢; = ,B(Zl) /€1-1(G)
as soon as the potential functions satisfy the following condition:

(G) For any | > 0, the potential functions G; are bounded above and bounded
away from zero, so that
Gi(x)

a(G) =iz €O D

We can also propose the following alternative i-MCMC algorithm to approxi-

mate 7)) which relies on using a transition kernel M l(j ) different from D;(). We
introduce the following kernel from S~ into E [

(2.6) Ri((xs -, x)_)sdx]) = Li(x]_y, dx))Gi—1(x]_)).

In this scenario, it is sensible to propose to use for M,(Ll) in the i-MCMC algo-
rithm the following Markov kernel on the product space S’ indexed by the set of
measures € P(SU™D)

MY (x,dy) = (10 ® K)(dy)(1 Ari(x, y))
2.7
(1= [, (ARG ) K@) ). d)

where K; is a Markov transition from S¢~1 into El/ and for every (u,v) and
(w,2) € SV x E)
d(Ki(u,-) ® Ri(w,-))

(2.3) ri((u,v), (w, z)) := AR ) ® K (w. '))(v,z),

where we assume that
Ki(u, )® Rj(w, ) <R (u,) @ Ki(w,-).

It can be checked that the kernel M l(f ) is nothing but a Metropolis—Hastings kernel
of proposal distribution ¢ ® K; and invariant distribution ®;(w).
We can also easily establish that for any measures (u, v) € P(S (=1)y2

|MD — MP| <2)pu—v|
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so that the first condition on the left-hand side of (1.8) is satisfied. Under the addi-
tional assumption that for any (u, v) € (S¢-D x El/)
dPl (l/t ) )
dKi(u,-)
it follows from [11], Theorem 2.1, that

) =G

BMPD)y <1 —ch

from which we conclude that the second condition on the right-hand side of (1.8)
is met with n; = 1 and by (n;) = (1 — C;° V).

2.3. Interacting particle and Markov chain Monte Carlo methods. As men-
tioned in the Introduction, in contrast to interacting particle methods presented in
Section 1.2, we emphasize that the precision parameter n of i-MCMC models is
not fixed but increases at every time step. There exist several ways to combine an
interacting particle method with an i-MCMC method.

For instance, suppose we are given a realization of an interacting particle al-

gorithm X® = (X E,l) )i<p<N With a precision parameter N. One natural way to
initialize the i-MCMC model is to start with a collection of initial random states
X (()l) sampled according to the N-particle approximation measures

N

! 1
v =711(V) = v Z(Sxi“)'
i=1

Another strategy is to use the N-particle approximation measures 7 1(\5) in the evo-
lution of the i-MCMC model. In other words, we interpret the series of samples
X i(l), 1 <i <N, as the first N iterations of the i-MCMC model at level /. More

formally, this strategy simply substitutes the current occupation measure n,gk_l) of
(N, k—1)

the chain at level (k — 1) in (1.3) by the occupation measure 7, of the whole
sequence of random variables at level (k — 1) defined by
Wh-—1y _ L e N (k=1)
" Ntnt1m Ntnt1 N

The convergence analysis of these two natural combinations of an interacting
particle method and i-MCMC method can be conducted easily using the techniques
developed in this article.

3. Time inhomogeneous Markov chains.

3.1. Description of the models. We consider a collection of Markov transi-
tions K, on some measurable space (E, £) indexed by the set of probability mea-
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sures € P(F) on some possibly different measurable space (F, F). We further
assume that for any pair of measures (1, ) € P(F)? and some integer g > 0 we
have
(3.1 IKy — Kpll <clln—pull and  b(ng):= sup B(K;°) <1.

neP(E)
We associate with the collection of transitions K, an E-valued inhomogeneous
random process X,, with elementary transitions defined by

P(Xn41 €dx|Xo, ..., Xy) =K, (Xp, dx),

where 1, is a sequence of possibly random distributions on F' that only depends
on the random sequence (Xj, ..., X,). More precisely, i, is a measurable random
variable with respect to the o-field generated by the random states X, from the
origin p = 0, up to the current time horizon p = n. We further assume that the
variations of the flow w, are controlled by some sequence of random variables
g(n) in the sense that

Vn >0 lnr1 — pnll < en).

We let €(n) be the mean variation of the distribution flow (. ,)o<p<n; that is, we
have

_ 1 &
g(n) = mpz=og(p).

For SIMC, we have F = E and the measure u, coincides with the occupation
measures of the chain up to the current time #. In this particular situation, we have

( ) = = 1 E ( ) =<
32 . ) — en .
Mn Nn 1 Xp = )
T'his implies that
< 1 2 .
8(”) = 1 og (” )

Under assumption (3.1), every elementary transition K, (x, dy) admits an invari-
ant measure

w(un) Ky, = w(un) € P(E).

For sufficiently small variations €(n) of the distribution flow u,, we expect that
the occupation measures 7, have the same asymptotic behavior as the mean values
@y () of the instantaneous invariant measures w (i) from time p = 0 up to the
current time p = n. That is, for large values of the time horizon n, we have in some
sense

n

1
(3.3) Nn = @p () = w1 o(Up).
p=0
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3.2. A resolvent analysis. We recall that assumption (3.1) ensures that K, has
a unique invariant measure for any n € P(F)

oMKy =w() € P(E)
and the pair of sums given by
(3.4) a(n) =) B(K))ell,oo) and Y [K)—aomI(f)
n>0 n>0

are absolutely convergent for any f € B(E). The main simplification of these con-
ditions comes from the fact that the resolvent operator

Py f€BE) —  Py(f):=) [K) —omI(f) € B(E)
n>0
is a well-defined solution of the Poisson equation
{ (Ky —1d) Py = (0(n) —1d),
w(n)P,=0.

The reader should not be misled by the notation P,. In this context, P, is not a
Markov transition kernel. We have used the letter P in reference to the solution of
the Poisson equation.

PROPOSITION 3.1. For any n € P(F), P, is a bounded integral operator on
B(E) and we have

no
IPyll/2) v B(Py) = ee(n) = =A™

PROOF. The fact that 8(P,) < a(n) is readily deduced from the following
decomposition:

Py(f)(x) = Py(f)() = D KN () x) = K (HH D]
n>0

Indeed, using this decomposition we find that osc(P,(f)) < 3,0 osc(K,’;( ).
Recalling that osc(K;;(f)) < ﬁ(K,’;) osc( f), we conclude that

ose(Py () =| L BED|ose(r) = BP0 BKY.

n>0 n>0
In much the same way, we use the fact that
P =Y / (K] (F)x) — KD (dy)
n>0

to check that
1Py (O < ZOSC(K,’;(J’))

n>0
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and

1Py < [Z ﬁ(Ki})} osc(f) = Pyl <2 BKD).
n>0 n>0

o

To prove that a(n) <

, we use the decomposition

~ 1-B(K,)
pno—1 no—1
ai =3 BKN=3" 3 BKD=3 3 BTV,
nz0 p=1n=(p—ng p>1r=0

Since we have
B(K PPty < g(K(P=Dm)g(K ) < BRI PDB(K)) < (K0P~

we conclude that a(n) < ng szo ﬁ(K,’;O)l’ = The end of the proof of

ng
1-B(Ky")’
the proposition is now complete. [

PROPOSITION 3.2.  For any pair of measures (1, ) € P(F)?, we have

(3.5) lo®m) — o)l < 8ny(n, w)lin — wll
and
| Py — Pyll < a(m)2ca (i) + 8uy(m, p)1lIn — wll

for some finite constant 8,,(n, i) such that

cn
(3.6) B (1, 1) < 0

1— (BK") ABKLY))

PROOF. The proof of the first assertion is based on the following decomposi-
tion:

o) —o(p) =om(K;* — K;°) +[o®) —o(W)]K .
Using the fact that
() — o (WIKC N < BK )]l — o)l
we find that

BT e -Gl = 1—

K" — KM
BT gy e E — Kl

On the other hand, we have
llox () (K — K1) < [|K0 — K™l (p)]| = I|K0 — K]
Using the decomposition

no—1

—(p+1

Kpo— K=" KI(Ky,— KK~ @P+h
p=0
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we find that
no—1
1Ko — Kol < D [ KE (K, — K )Kpo- Y.
p=0

For any 0 < p <ngp we have
|Kf(Ky = K K™D < KR Ky = Kull | K0~ 0]
<Ky — Kpull <clin — ull
from which we conclude that
KT — K1) < cnolln — ull = oK} — K| < englly — ull.

The proof of (3.5) is now a direct consequence of (3.7).
The proof of the second assertion is based on the following decomposition:

Py, — P, =P, (Ky,— K, )Py +[w(p) —o)]P,.
To check this formula, we first use the fact that K, P, = P, K, to prove that
Pu(K, —1d) = (K, —Id) P, = (w(n) —1d).
This yields
P (K, —1d)P, = (w(n) —1d) P,.

Using the Poisson equation and using the fact that P, (1) = 0 we also have the
decomposition

P (K, —1d) P, = Py(w(n) —1d) = —P,,.
Combining these two formulae, we conclude that
Pu(Ky — K Py =[Py — Pyl — [w(pn) —wm)]Py.
It follows that
1Py = Pull = 1 Pu(Ky — Kp) Pyll + [l () — (] Pyll.

The term on the right-hand side is easily estimated. Indeed, under our assumptions
we readily find that

[l () —oM1Pyll < B(Py)llw(n) —o(w)ll
=amllo) — ol < a3, (n, wlin — w1l
On the other hand, we have
I Pu(Ky — K Pyll < BRI Pu(Ky — Kol < B(P)IPulll Ky — Kl
from which we conclude that
| Pu(Ky — Ky Pyll < 2ca()a(mlin — .

The end of the proof is now clear. [
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3.3. L,-inequalities and concentration analysis. First, we examine some of
the consequences of the pair of regularity conditions presented in (3.1). The second
condition ensures that the functions «(n) and §,,(n, u) introduced in (3.4) and
(3.6) are uniformly bounded; that is, we have

(3.8) 1<a(ng):= sup a(n) < ——
neP(F) 1— b( 0)
and
cng
(3.9 d(nog):= sup  Gy(n, ) <
(1 )EP(F)? 1 = b(no)

We recall that w, () is defined in (3.3). We are now in a position to state and prove
the main result of this section.

THEOREM 3.3. Foranyn >0, f € Bi(E) and r > 1 we have the estimate
no )2[ 1
1—b(no)) LV/n+1

for some finite constant e(r) < oo whose value only depends on the parameter r.
In addition, for any & € (0, 1) and any time horizon n > 1, the probability that

[n — @n 1)

1o 2l0g (2/3) 4no 1
Sl—b(no)[\/ et +(1+C)(1—b(0)>[() +1H

is greater than (1 — §) [where c is the constant introduced in (3.1)].

E(1nn — @ 1) < e(r>( 4 cE(E(n)’)”’}

COROLLARY 3.4. For the SIMC associated with the occupation measure dis-
tribution flow (3.2), we have for any n > 0, f € B{(E) and any r > 1

2
Vi FIE(| [0y — @a 1IN < e(r) (1 + c)(#)
— b(no)

for some finite constant e(r) < 0o whose value only depends on the parameter r.
In addition, for any & € (0, 1) and any time horizon n > 1, the probability that

2 2/ 2
[[nn — @ (W) < (1 _Z?n0)> ,/n+1[\/10g(2/6)+2(1+c)]

is greater than (1 — §).

PROOF OF THEOREM 3.3. First, we examine some consequences of the regu-
larity conditions presented in (3.1) on the resolvent function P, introduced in (3.4).
Using Propositions 3.1 and 3.2 we find the following uniform estimates:

sup ((1P41/2) v B(Py) < — 2
nePF 1 —b(ng)
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and

2
no
3.10 P,— P,|| <3¢c| —— —nll.
(3.10) I1Py — Pyl < c(l_bmo)) =l

In addition, using Proposition 3.2 again we find that the invariant measure mapping

o is uniform Lipschitz in the sense that

o) =0l < = ol = pll
For any n > 0 and any function f € B (FE), we set
Li(f) =+ Dy — @ (W1 = Y L (Xp) — o) (]
p=0
Using the Poisson equation, we have
[ld — ()] = (d = K, ) Py,
From this formula, we find the decomposition
Lf(Xp) —w(up)(f)]
(3.11) = Pu, () (Xp) = Kpu, (P, (f))(Xp)
=[P, (/) (Xp) = Pu, ()X prD)] + AMps1(f)
with the increments
AMyi1(f) = [Pu, ()X ps1) = Ky, (P, (F)(X )]
of the martingale M,,1(f) defined by

n+l1 n+1
M1 (f) =) AMu(f) =Y [Pu, ,(F)(Xp) = Ky, (P, ()X p-D].
p=1 p=1

For n = 0, we set Mo(f) = 0. The first term in the right-hand side of (3.11) can
also be rewritten in the following form:

P/J,p(f)(Xp) - P/Lp(f)(Xp‘l'l)
=[P, (H(Xp) = Py, (X pt1)]
+ [Pyt (X pr1) — P, (HXp1D]

This yields the decomposition
n
S 1P, () (Xp) = Py (/)X ps )]
p=0

= [Ppuo(f)(X0) = Pp,y () (Xns )]+ Ly 1(f)
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with the random sequence

Lu1(f) =Y [Puppy = Pu, ()X pr).

p=0

In summary, we have established the following decomposition:
5i(f) = Mu1(f) + Lo 1 (f) + [Puo(f)(X0) = Py () (X 1]
We estimate each term separately. First, using (3.10) we prove that

4no

| Py (f)(X0) = Py (F)(Xng )] < || Py 0H4-HPﬁmH||f'fjj55;5-

In much the same way, using (3.10) we obtain

n
||Ln+1||sZHPMPH—PMpns%( T )) Znupﬂ ol

p=0
3¢ +1>( "0 )2—< )
=3c(n — ) ().
1 — b(np)
From these two estimates, we conclude that
no 4ny
1 — b(ng) 1 —b(ng)

To estimate the martingale term, we recall that the unpredictable quadratic varia-
tion process [M (f), M(f)], of the martingale M,,(f) is the cumulated sum of the
square of its increments from the origin up to the current time; that is, we have

2
(3.12)  L(N)l = IMn+1(f)|+3c(n+1)< > g(n) +

[M(f), M(H)la:= D (AMy())*.

p=1

The main simplification of our regularity conditions comes from the fact that the
increments |AM ,( f)| are uniformly bounded. More precisely, we have the almost
sure estimates

IAM 1 ()] = 1Py (D)X pi) = Ky (P, (X))
- ' 1Py (DX pit) = Py (DK, (X )
< [1PL, (DX p40) = Py (DK, (X )

from which we conclude that

|AMP+1(f)|SOSC(PMp(f))S,B(PMp)S%.
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By definition of the quadratic variation process [M (f), M (f)],, this implies that

2
(M), M(f)], < (#O(no)) n.

The end of the proof is now a direct consequence of the Burkholder—Davis—Gundy
inequality for martingales. For any r > 1, there exists some finite constant e(r)
whose value only depends on r, and such that for any n

E( max (M) < eEAM) MDY < e(r) s —/n.
l<p=n b( 0)

Combining this estimate with (3.12), we find that

b( )) [V(n+1) +cn+ DEEmHY]

with again some finite constant e(r) whose values may vary from line to line, but
only depends on r. Recalling the definition of I,,( f), we conclude that

(L, <e<r>(

= b(no))z[\/(anl) + cE(g(n)r)l/r]_

This ends the proof of the first assertion. To prove the concentration estimates, we
use the fact that

E(Ilnn — @a(1(NHINY" < e(r)( "

_ M1 () no 3cng  _ 4
0 =@, = D 2 1 2]

from which we deduce the rather crude upper bound

[ — @ (]I

| Mp+1(f)] 2n9  \? 1
< ﬁ +(1 +C)(T(no)> |:8(l’l) \J ﬁ]

The Chernov—Hoeffding exponential inequality states that for every martingale M,
with My = 0 and uniformly bounded increments sup,|AM, | < a, we have

(3.13)

P(|M,| > tn) < 2¢7"°/%

In our context, we have proved that sup, |AM, (f)| <no/(1 — b(ngp)), from which
we conclude that

_ 2ny r 1
P(1m =001 = 1+ 0 +0 (7Y e v ——])

< Zexp< (n+ 1)—<m) >

no

We conclude the proof of the theorem by choosing t = I_Z(()no) V/ Zlong ﬁ/ ) O
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4. Distribution flows models. In this section, we have collected the definition
of a series of semigroups on distribution flow spaces. We also take the opportunity
to describe some of their regularity properties we shall use in the further develop-
ments of the article.

We equip the sets of distribution flows P (S®)N with the uniform total variation
distance defined by

Y, w € (PSOYN = wll == suplin, — wnll.

n>0

We extend a given integral operator 1 € P(S®) — uL € P(S¢*D) into a map-
ping

n=nz0 € P(SO) > pL=(aL)uzo € P(SUTV)".
Sometimes, we slightly abuse the notation and we denote by v instead of (v),>0
the constant distribution flow equal to a given measure v € P(S®).

4.1. Time averaged semigroups. We associate with the mappings ®; intro-

duced in (1.1) the mappings

oD e B 0w = (@D m),.o € P(SO)"
defined by the coordinate mappings

Vn e P(S(l_l))N, vn >0 @fll)(n) = D;(ny).
We denote by
d*D — e® o eh—1D

with 0 <[ < k, the semigroup associated with the mappings ®). We also consider
the time averaged transformations

0 eP(STNY s 0@ = (,0m),n0 € PSY)Y

defined by the coordinate mappings

n

1
vpePSE) vnz=0 8,00 :=—Y o?
neP( ), ¥n > n () P » ()

p=0
_ b Z ®1(n,) € P(SD).
n—+1 o P

For [ = 0, we use the convention ®y(n,) = 7O for any 0 < p < n, so that

. . . . -0
with some abusive but obvious notation CD( )(n) =7© represents the constant

sequence (7©),>0 such that 70 =70,
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We also denote &0 : P(SC—)N . P(§®HN with 0 < < k, the semigroup
associated with the mappings @) and defined by

kD .—Fh s FE D . oD

We use the convention %! = Id, the identity operator, for [ > k.

4.2. Integral operators. We associate with the kernel 'y from B(S®) into
B(S*—D) introduced in (1.7) the kernel T® from (N x B(S%®)) into the set (N x
B(S*=D)) defined by

w T®(n, £),d(p, g)) == T(n,dp) x Tx(f,dg)

1 n
ith X(n,dp) := —— 6,(dp).
wi (n,dp) ”+1¢12:%) ¢(dp)

The semigroup T @) (0 <1 <1p) associated with the integral operators TO is
defined by

T . f(lz)F(IZ_l) LT

For [} = I, = 0, we use the convention T %9 = T© = for the null measure on
(N x B(S©)). Also observe that

Th) — ywh=h+1 o T

where the semigroups > and I'1,.1,,0 <11 <15 associated with the pair of integral
operators X and I'; are

sh=ygyh-t=xh=ls and Iy =T, 1T,

We use the convention %0 = 1Id.
We end this section with a technical lemma relating the regularity properties
(1.7) of the mappings ®; to the regularity properties of the semigroups ®*-).

LEMMA 4.1. For any 0 <11 <1, n > 0, any flow of measures n, u €
P(SU=NN and any function f € B(S®™) we have

[®U210 () — DL ()] (f)|

< 7y — upl(@)IT((n, £),d(p, 8)).

/<Nx8<s<ll—‘>>>

PROOF. Notice that we have T":) = T®_ We also observe that T2/ js a
kernel from (N x B(5%))) into (N x B,(S?1=1)). We prove the lemma by induc-
tion on the parameter k = [, — /1. The result is clearly true for k = 0. Indeed, by
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(1.7) we find that for any [ > 0
_ _ 1 n
L) — L] (f)] < i S @i (np) = Br(ep) 1)
p=0

1 n
n+ Z_/l;’(s(l—l))l[np_Mp](g)|r(f,dg)

(it

=

Rewritten in terms of T”), we have proved that

B — 3D ](F)] < /

_ ()
(NxB(SU-Dy) |[77p Mp](g)u—‘ ((n, f),d(p, g)).

This ends the proof of the result for k = 0. Now, suppose we have proved that

[@0210 () — @2 ()] (9)| < f Ilng — ngl(MIT R ((p, g),d(q. h))

for any pair of integers /1 < I, with [; — [} = k for some k > 1. In this case, for any
[ < k and any function f € B(SY*D), we have

‘[6’(1[4-1,1—/()(77) _6’(1[-‘!-1,[—/()(“)](][)}

and therefore
|[5£ll+1,1—k)(n) _ ULk W]
< [I[@E 00 ~ B9 ] @[F D (@, /). d(p. ).
Under our induction hypothesis, this implies that
’[Er(ll-kl,l—k)(n) _ 621-%1,1—]{) (M)](f)|

< / Ing — g 1()] / D, £), d(p, TP ((p. g, d(g. 1)

- / g — gl (TR ((n, 1), d(q. ).

Letting /1 = (I — k) and I» = (I + 1), we have proved that for any /; < I, with
bhb-—lL=0(k+1)

[[@%210 () — LD ()]()] < / Iy — 1pl(@) T ((n, ), d(p, &)

This ends the proof of the lemma. [J
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4.3. Path space semigroups. To simplify the presentation, we fix a time hori-
zon m > 1 and write w instead of w K™ the invariant measure mapping defined

in (1.9). We also write E instead of E,,
We extend the mapping w on P(E) to P(E)N by setting

@i =Mnz0 €PE) > () = (@a(M)nz0 € P(E)"
with the coordinate mappings w;, defined by
wa() =) =7 ® 1 (1) @ -+ ® P (0" V).

For every [ < m, we recall that n( ) stands for the image measure on S of a given
measure 7, € P(E,;). We also consider the mappings

@i eP(E)! = @)= @n(m)nz0 € P(E)"
defined by the coordinate mappings
¥ = (1)u=0 € P(E)", ¥n = 0

n

1 1 "
wy(n) : _? p(n):mlgw(rlp)-

LEMMA 4.2. For any 1 <k <m and any flow of measures 1 € P(E)N, we
have
m—k
k() =7+ @ ® cD(i—i—k,i—i—l)(n(i))‘
i=0
For k=m + 1, we have

vpe P(E)N o™t () =xM.

PROOF. We use a simple induction on the parameter k. The result is clearly
true for k = 1. Suppose we have proved the result at some rank k. In this case we
have

m—k

F ) =7 @ o 1 (0 ?) @ Q) Pighiv1 (@)
i=1

m—k

=t @0 @ Q) by (19")
i=1

m—(k+1)

=7® @ Pirwrn.in(n®).
i=0

This ends the proof of the lemma. [
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LEMMA 4.3. Forany 1 <k <m and any n = (1,)n>0 € P(E)N, we have

1 n m—k ) e o .
—k _ —[k—1] (i+k) (FU+E=1),i+1) (i)

= — T (o} (o} .
a)n(n) n+1 p:O|: ® g p ( (77 ))

Fork =m + 1, we have

vneP(E)Y @t () ==,

PROOF. We use a simple induction on the parameter k. The result is clearly
true for k = 1. Indeed, we have in this case

1 n m—1 ) )
= — —[k—1] dUFD (DY) |
0= 1 [ @ o)

‘We also observe that

. oa - -
o) = == > P ) =3,00 ") = am? =3, ").
p=0

Suppose we have proved the result at some rank k. In this case, we have

1 n m—k . o o .
Ek(ﬁ(n)) — Z |:ﬁ[k] ® ® q)g-l—k)(q)(l-‘r(k 1),1)(,7(1 1))):|

nt+l1 = i—1

from which we conclude that

1 n m—(k+1) . o . )
E’H—l(ﬂ) — . Z |:f[k] ® ® Cbg+(k+1))(¢(’+kv’+l)(n(l))):|.
=0 i=0

This ends the proof of the lemma. [J
5. Asymptotic analysis.

5.1. Introduction. This section is concerned with the asymptotic behavior of
i-MCMC models as the time index n tends to infinity.

The strong law of large numbers is discussed in Section 5.2. We present nonas-
ymptotic L.-inequalities that allow us to quantify the convergence of the occupa-

tion measures n,(lk) = ﬁ Z’;ZO 1) x® of i-MCMC models toward the solution 7z ®
P

of the measure-valued equation (1.1).

Section 5.3 is concerned with uniform convergence results with respect to the
level index k. We examine this important question in terms of the stability proper-
ties of the time averaged semigroups introduced in Section 4.1. We present nonas-
ymptotic LL,-inequalities for a series of i-MCMC models that do not depend on
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the number of levels. These estimates are probably the most important in prac-
tice since they allow us to quantify the running time of a i-MCMC to achieve a
given precision independently of the time horizon of the limiting measure-valued
equation (1.1).

Our approach is based on an original combination of nonlinear semigroup tech-
niques with the asymptotic analysis of time inhomogeneous Markov chains de-
veloped in Section 3. The following technical lemma presents a more or less well-
known generalized Minkowski integral inequality which will be used in our proofs.

LEMMA 5.1 (Generalized Minkowski integral inequality). For any pair of
bounded positive measures |11 and o on some measurable spaces (E1, E1) and
(E2, &), any bounded measurable function ¢ on the product space (E1 x E3) any

p =1, we have
pql/p
[ [ ) ]
E;

1/p
st(/E Isﬂ(m,xz)l”m(dm)) Ja(dx2).

fE o(x1, x2)p2(dx)

PROOF. Without loss of generality, we suppose that ¢ is a nonnegative func-
tion. For p = 1, the lemma is a direct consequence of Fubini’s theorem. Let us
assume that p > 1, and let p’ be such that # + % = 1. First, we notice that the
functions

1/p
o= [ g paln) and gy = (/E |¢<x1,x2)|f’m(dx1))
2 1

are measurable for every p > 1. In this notation, we need to prove that 141 (go‘lu y/r <
m2(¢p). It is also convenient to consider the function

Y (x1, x2) = @(x1, x2) /b (x2) /P

We use the convention ¥ (x1, x2) =0, for every x; € E as long as ¢, (x2) = 0. We
observe that

1/p ,
/ Vo) pidn) ) =¢p2)/¢p()! 7 =¢p) 7.
Ej
By construction, we have

o1(x1) = fE ¥ (x1, 128 () VP 1a(dxa)

1/p Uy
5[/E w<x1,x2)l’m(dxz)] X 12 (@p)P
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from which we conclude that

11 @P) < sa(dp)?'" x [ [ W(Xl,xz)pﬂl(dxl)ﬂz(dxz)}
2

= 12(p)"'7 X 12(bp) = 12(p)”
The end of the proof is now clear. [

5.2. Strong law of large numbers. This section is mainly concerned with the
proof of the following IL,-inequalities for the occupation measure of an i-MCMC
model at a given level.

THEOREM 5.2. Under the regularity conditions (1.7) and (1.8), we have for
any k > 0, any function f € B1(S®) and anyn >0 and r > 1

o Vo + DE(|[n0 — 2 ®1HNH)"

2
<e(r)Z(1 +Cl)<w> l_[ 2A,‘.

I+1<i<k

PROOF. We prove the theorem by induction on the parameter k. First, we ob-
serve that the estimate (5.1) is true for k = 0. Indeed, by Corollary 3.4 we have
that

2
JaTDE([® — @)D" < eyt + co>(”—°)

1 — bo(no)
for some finite constant e(r) < co whose value only depends on the parameter r.
We further suppose that the estimate (5.1) is true at rank (k — 1). To prove that it
is also true at rank k, we use the decomposition

52 [ =79 = [0 = O )]+ [B0 (1) B (V)]

For every k > 0, given a realization of the chain X k=D .—(x ;,k_l) )p=0 the kth

1ev%1 chain X,Sk) behaves as a Markov chain with random Markov transitions
M (134) dependent on the current occupation measure of the chain at level (k — 1).
T

Therefore, using Corollary 3.4 again we notice that

2
Y DE([ =30 (0% NN = et + e ()

for some finite constant e(r) < oo whose values only depends on the parameter r.
Using the decomposition (5.2) and Lemma 4.1, we obtain

[ = 2 ®]()]
<[P =P H* ]|

+ 1 =2 TG, . d(p, )
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For every function f € B (S(l)), andanyn >0,k>0,r > 1, we set
1 .
J,fk)(f) =/n+ 1E(|[n,§k) — n(k)](f)|r) /" and j®=sup sup Jn(k)(f).
n>1 f:|flI<1

By the generalized Minkowski integral inequality presented in Lemma 5.1, we find
that

2
JRF) <e(r)(1+ Ck)(%)

AR el IO, 1), d(p, 9)).

1
Vp+1
Since we have

1 1 " 1 2

—3(n,dqg) = <

/I-\M/q—i—l( 9) n—l—lg)\/q—l—l Vn+1

(5.3)

we conclude that

2
IO < e(r) (1 + ck)( +2% sup f IgIIT(f. dg)

ng )
1 — by(ng)

and therefore

2
i < eyt +an ) +i% VA

ni
1 — by (ng)

Under the induction hypothesis, we have

k—1 2
F(k—1) m )
j 2Ak§€(”)Z(l+C1)(7> T 24
1=0 L=bi)/ i

and therefore

(k) 1 ng 2
/ _e(r)[( +Ck)(1—bk(”k)>

k—1

+Z(1+cz)<w> I1 2A,~]

I+1<i<k
Saen(—2—) [T 2a
= )| ———— ;.
1=0 L=bi()/) ik

This ends the proof of the theorem. [J
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5.3. A uniform convergence theorem. This section focuses on the behavior
of an i-MCMC model associated with a large number of levels. We establish an
uniform convergence theorem under the assumption that the time averaged semi-
group ®* introduced in Section 4.1 is exponentially stable; that is, there exist
some positive constants A1, Ap > 0 and an integer ko such that for every [ > 0,
n, e PSD)N and any k > ko we have

(54) }{6(l+k’l+l)(n) _ 6(l+k,l+1)(u) || < )\'le*)»zk‘
We also assume that the parameters (bg, ck, ng, Ag) are chosen so that
2
5.5 A= sup[(l + ck)(n7k> ] <oo and B:=2supAj; < oo.
k>0 1 — b (ng) k>1

For the Feynman—Kac transformations (2.1), we give in Section 7 sufficient condi-
tions on G; and L;4 1 ensuring (5.4) is satisfied. If (5.4) and (5.5) are both satisfied,
we have the following uniform convergence result:

THEOREM 5.3. If B =1, then we have for any r > 1, any parameter n such
that (n + 1) > e2*2kotD) and for any (f))i=0 € [ ;>0 Oscy(SD)

O _ ) m1/r e(r) ( ( 10g(n+1)) x)
gE(I[nn 7O = (a1 =)+ me).

If B > 1, then we have for any r > 1, any n such that (n + 1) > ¢?*2tlog B)tko+1)
and for any (f1)i=0 € [1j=0 Osc1(SD).

supE(|[n — =D))< e(r)[A—B + Al]L
1>0 " - B—1 (n+1)/2

. o A2
with o 1= GatlogB)-

PROOF. First, we notice that we have the following estimate from (5.1) and
(5.5) for any k£ > 0:

Bk-H -1

(5.6) Vi + DE([n =2 )fl)"" < er)A=———
For B =1, we use the convention % =k.

We have the following decomposition:

m(ll—l-k) _ ”(l—l-k) — [77;(11+k) _ 6(1+k,l+l)n (n(l))]

57 + [6,(11+k,l+1)(n(1)) _6n(l+k,l+1)(”(l))]

' Itk o S

_ Z [q>’(11+k,z+l)(n(z)) _ cpn(l+k,t+1)(cb(z)(n(lfl)))]
i=l+1

+ [5’(11+k,l+1)(n(l)) o 5’(11+k,l+1)(n,(1))]‘



622 P. DEL MORAL AND A. DOUCET

Recall that we use the convention ®1-2) = Id for I; < I,, so that
=l ik — 6(l+k,i+l)(n(i)) — Pk I+k+2) (n(l—i—k)) = p+h)
n n n °
Using Lemma 4.1, we find that
|[5(lz,11+1)(n(11)) — 5n(lz,ll)(5(11)(n(11—1)))](ﬁ2)|
n
< / [ng? = @50 (=)@ [T D (@, £ir), d(p, 2)).
By the generalized Minkowski integral inequality, this implies that
E(‘[6(12,11+1)(n(11)) _ 6(12,11+1)(6(11)(,7(11—1)))]0012)”’)l/r
n n

< / E(|[n — W (1=D)](g)[") /" TR0 (@, fi,), d(p. o).
Using Corollary 3.4, we find that
E(|[5,(112,l1+1)(,7(11)) _ 5’(112,11“)(5(11)(n(ll—l)))](ﬁ2)|r)1/r

ny, 2
<e(r)(1+ cm(i))

1— bll (n[1
<[ L e, dp) x [ 180041 ).
{0,...n) /(p+ 1) ’
By (5.3) and
f Tt (fin dg)ligl < Acsllfinl with Ay < [ Ar < B+ < oo,
I<i<k

we conclude that
/—(n T I)E(|[$’(112,11+1)(n(11)) _ 6,(112,11—1-1)(6(11)(77(11—1)))]0012)|r)1/r
<e(r)AB|| fi,I.

Using the decomposition (5.7), we prove that for every fi4x € B1(S¢*t9) and any
k > ko

A BF—1
sup E(|[nU+5) _ 5 1+ YT 2 oy 4 oetak
sup (][, [V <o) gy 1
Finally, by (5.6), we conclude that for every k > kg
1 A Bkl _q B
supE(| [ — 7 V1 (]")"" < e(r) + e Rk,

>0 Jn+1 B-—1

For B =1, we have

supE(|[n® — 2P| <e(rA kA D L ek,

1>0 vn+1
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In this situation, we choose the parameters &, n such that

log (n + I)J -k
2\p =10

Notice that k(n) is the largest integer k satisfying

k<8t ( : <e"‘2").

k=k(n):= {

207 Jn+1
Since (k(n) +1) > logé%l), we have
e
oAk o ,—ha(log (1+1)/(2h2) _
o vn+1

from which we conclude that

(k(l’l) + 1) — A2k ( 1 log (I’l + 1) A
A———F + A1 2 ")§7<A(1+7>+)\62).
! NoES !

vn+1 200
For B > 1, we choose the parameters k, n such that
1 1
k= k(n) := {MJ > ko.
2(Ay +log B)
Notice that k(n) is the largest integer k such that
log (n + 1) ( B*  _ e_xzk>
~ 2(A2 +1og B) Jn+1
Since (k(n) +1) > %, we have
Bk —ak( Ao~ 1)/l e
< g~ Mk o A2 ,—A2(log (n+1))/(2(A2+Hlog B)) _
Jn+1 7 - (n+ 1)2/2
with o := (Kzﬁﬁ’ from which we conclude that
A BKm+l_ AB et AB 1
—f—)xle_)”zk(n) < |: +)\.1] — .
Jn+1 B-1 “LB-1 n+D*2 B—-1yn+1

This ends the proof of the theorem. [J

6. Path space models. In the previous section, we have established I,.-mean
error bounds and exponential estimates quantifying the convergence of the occupa-
tion measures n,gk) toward the solutions n,gk) of the measure-valued equation (1.1).
We show here that it is also possible to establish such results to quantify the con-
vergence of the path-space occupation measures ﬁL’”] introduced in (1.6) toward

the tensor product measure 7™ defined in (1.10).
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6.1. L,-mean error bounds. Our main result is the following theorem:

THEOREM 6.1. Forevery f € B(E,,), we have

sup v/ E(|[7i"! — 7] (£)[") " < o0,

n>1

PROOF. To simplify the presentation, we fix a time horizon m > 1 and write

 instead of @ ), the invariant measure mapping defined in (1.9). We also write
n

E instead of E,;, and 7, instead of ﬁL’”]. In this notation, (ﬁ(l)) represents the se-

quence of occupation measures ﬁf,l) = ”1? ZZ:O sy € P(S D) of the i-MCMC
P

model on the /th level space S©.
Using the fact that @"*! (1) = 71", we obtain the following decomposition for
any n € P(E)N

6.1) n—7m =3"[a () —a ).
k=0

In the above-displayed formula, 7" = (ﬁ,[{"])neN € P(E)N stands for the con-
stant sequence of measures ﬂl’"] =7 for any n € N.

Using Proposition 4.3, the kth iterate @* of the mapping @ can be rewritten for
any n € P(E)Y in the following form:

n

A e g (1)< <))
p=0

wﬁ(’?) = m

Here the mappings

" N
1%-m) ‘ue H p(S(i))N — H(k’m)(ﬂ) — (Hfzk’m)('u’))nzo c (®p(5(i))>

0<i<m i=k
are defined for any n > 0 by
m—k . m—k .
i=0 i=0
with for any (,u(l))oflfm € [lo<i<m P(SOYN and any0<i<m—k

Hf,k’m)’(i)((ﬂ(l))l) — ¢i+k(5§li+(k—l),i+l)(M(i))) c P(S(i+k)).

We emphasize that IT f,k’m) (u) only depends on the flow of measures (M(Z))Osl <m—k»
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and
@y ()

1 . k k+1 )

= 7 L E e ()]

p=0

1 n m—(k+1) . ) . -

— i Z |:ﬁ[k_1] ® 7T(k) ® ® q)i+k+1(cbg+k’l+2)(q)(l+l)(77(l))))i|

p=0 i=0
1
=- - 1 Z|:7T [k—1] Q ® Dy q)(t—i—(k D, 1+1)(q)(l)( (i— 1))))]

with the convention 5(0)(77(_1))) =7 for i =0. This implies that for any 0 <
k<m

n

> (@00 1),)]

n—l—lp A

ot =

and therefore

@k () — @k ()
(6.2) = S g S ((n®),) = oS (@@ D))
n—+1 220

Moving one step further, we introduce the decomposition

n%m () — mem (v)

-1
Z { (® H(k’m)’(i>(l)))

i=0
(6.3)

® [l_[(k’m)’(j)(,u,) _ H(k’m)’(j)(v)]
m—k
® ( 0% n“‘""*““m)}
i=j+1

for any i = (u)o<j<m and v = (VPD)g<j<n € [To<i<m P(SDNN with the flow of
signed measures

Hflk’m)’(j)(,u) _ H,gk’m)’(j)(l))
— [¢j+k(6§lj+(k_l)’j+l)(M(j))) _ ¢j+k(5’(1j+(k—l),j+1)(v(j)))]'
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For every f € B(SUT9), we find that
[P ) = IE D )] ()]

(6.4) < / [(@UHE=D-5+D (1,0

_ (Efi”(k’l)’”‘)(v(-j)))](g)|f‘j+k(f, dg).
We let F' "/ be the sigma field given by
Fil=o(XP:0<p<n0<l<ml#)).

Combining the generalized Minkowski integral inequality presented in Lemma 5.1
with the inequality (5.8), we prove that

B[O (@ 0)) - e O (@ @I 1)
= [E((@ = E0)

— (@I @D N1 X il f.d)
e(r)

< 7 ABFK .
SN = £l

Notice that the decomposition (6.3) can be rewritten for any f € B([]/L; S Dy in
the following form:

[T1%™ () — TE™ ()] (f)
(6.5)

m—k
_ Z [Hilk,m),(J)(M) _ Hilk,m),(J)(v)](Rr(lk,m),(J)(M’ v)(f))
j=0

with the integral operators R,(lk’m)’(j)(,u, v) : BT, SOy > B(SUHR)Y) given be-
low

RE™ D (1, v) () Gotr )
= / F Xk ey Xk (= 1) Xt s Xk jb s - - -5 Xm)
j—1 ‘ m—k '
X (1‘[ H,Skvm“”(v)) (dxi k) X ( [1 Hflk’m)’(l)(ﬂ)(dxi—kk))-
i=0 i=j+1
Using the fact that the pair of measures

j—1 —k
®H’(lk,m),(i)((g(l)(77(1—1)))1) and & H’(lk,m),(i)((n(l))l)
i=0 i=j+1
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only depend on the distribution flow (a(i)(n(i_l)))0§i5j_1 and (n(i))j+1§i§m_k,
we find that the random functions
f(k,m),(j) — R(k,m),(j)(( (l)) (q)(l)( (- 1))) )(f) c B(S(j+k))
n * n

do not depend on the distribution flows ) and "~ This shows that f, tkm). ()

are measurable with respect to F,"" /. From previous calculations (and again using
the generalized Minkowski integral inequality presented in Lemma 5.1) we find
that

E(’[H(k,m),(j)((ﬁ(l)) ) — H(k m), (j)((q)(l)( (- 1))) )](fék,m),(j))‘r|]:,11n,j)1/r

/1‘ FEMD) | gg)
x E(}[(¢(j+(k—1),j+l)(ﬁ(j)))
(cI>(J+<k 1), J+1>(q>(1)( (j— 1))))](g)|’|f31,j)1/’

- e(r)
T n+1

We conclude that for any f € B([[r<j<m Sy

E(|[m (0®),) = e (@@ @) )1
e(r)
Vn+1

Using (6.5), it is now easily checked that for every f € B(E)
e(r)
Vn+1

ABY|| 1.

<(m—k+1) ABM|| £

E([@ @) — @ @11 < m — k+1)——==AB| £1I.

Finally, by (6.1) we conclude that

e(r)
Vn+1

This ends the proof of the theorem. [J

E(|[7, — 7™ ()" < ——=—==Allfll Z( —k+1)B*.

6.2. Concentration analysis. This section is mainly concerned with exponen-
tial bounds for the deviations of the occupation measures n,[1 ] around the limiting
tensor product measure 7", We restrict our attention to models satisfying the

Lipschitz type condition (1.7) for some kernel I'y with uniformly finite support

sup  Card(Supp(T'k(f, -))) < o0.
feB(s®)

To simplify the presentation, we fix a parameter m > 1, and sometimes we write
7, instead of n[’"] We shall also use the letters ¢;, i > 1 to denote some finite
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constants whose values may vary from line to line but do not depend on the time
parameter n.
The main result of this section is the following concentration theorem:

THEOREM 6.2. There exists a finite constant ¢, < 00 such that for any f €
Bi(Ey) andt >0

2
hmsup—log]P’(][ Iml _7m(£)] > 1) < _

n—oo N 20 2
The proof of this theorem is based on two technical lemmas.

LEMMA 6.3. We let M = (My)n>1 be a random process such that the follow-
ing exponential inequality is satisfied for some positive constants a, b > 0 and for
anyt>0andn > 1

P(|M,| > t/n) <ae "

We consider the collection of random processes M*®) = (Mﬁ,k))nz 1 defined for any
n > 0 and k > 0 by the following formula:

1
MY, =+ 1)/2"(n,dp>mMp+1,

where T is the semigroup associated to the operator . defined in (4.1). For every
k>0,n>1,andt > 0 we have the exponential inequalities:

P([MP| > 1/n) < anke 12

PROOF. We prove the lemma by induction on the parameter k. For k = 0, we

have M ;il := M, 41 so that the exponential estimate holds true with a(0) = a and

b(0) = b. Suppose we have proved the result at rank k. Using the fact that

k+1 1
MY =+ 1)/2’““(:1 Ap) g My

1
=(n+1)/E(n,a’p)m((p+1)/Zk(p,dq)qu+1)

we prove the recursion formula

k+1 k
MED =@ +1)/z(n dp)—M;J)r]

On the other hand, we have

7 k+1) 77K
1 M 1 MY,

n+1
2 it 2" /Z(" A S T
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and
11 Z 1
VPFT 2Un+1<Jp+I1

p=0

1
Es/n + I/E(n,dp)

Z p+1 1

dt
2\/1’1 +1 p \/lT
Under the induction hypothesis, we have forany 0 < p <n

P(IMY),| = 1y/p+1) <a(n+ DFe 77,
This implies that

=1.

P IM’(!:FID <PE0<p<n:M¥ >tﬁ

(2 Nraie ) o1 >0/ +1)
<a(m+ 1)(n + Dke /2"

from which we conclude that

P(MTD > 1v/n+ 1) <a(n+ DfHe b2,

This ends the proof of the lemma. [

LEMMA 6.4. For every l| < [y, there exists some nonincreasing function
N:tel0,00) +— N(t)€]0,00)
such that for every n > N (t) and any function f € Bi(S%2)) we have
P(v/n + 1|[@020+D (7Y — Gl (@ GO -D))] ()] > 1)

< (e1(n+ 1) exp (=ear® /57,

Before getting into the details of the proof of this lemma, it is interesting to
mention a direct consequence of the above exponential estimates. First, we observe
that N(t+/n + 1) < N(¢) so that for any ¢ > 0 and n > N(¢) we have

[p(|[5’(112,11+1)(ﬁ(11)) q)(lz ll)(q)(ll)( (- 1)))](f)| > 1)
< (c1n 4+ 1) 2 exp(—catn + 1)e2/c2™),
Using the decomposition

k
0 =7 = Y [EED () BV (@01
=0
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we prove the following inclusion of events:
" ==l > 1)
€ (30 <1 < k:| [BED () = B, G @O ()] ()] > 1/ + D).

By Lemma 6.4 we can find a sufficiently large integer N (¢) that may depend on
the parameter k and such that for every n > N (t)

P(|[ =7 ®1(H)] > 1)
-y ( [@&HD HO) — ED (@D (DN ()| > >
k+1

0<I<k
<(k+ 1)(01(71 + 1))ke—(n+1)tzcz/((k+1)2c’3<)_

This clearly implies the existence of some finite constant o3 < oo such that

2

. 1 t
limsup — log P(|[70 — 7z ®](f)] > 1) < -
n—oo N ZO'k

PROOF OF LEMMA 6.4. Using Lemma 4.1, we find that
|[6,(112’11+1)(ﬁ(11)) cp(lz 11)(q>(11)( (h— 1)))](f)|

< [I8 =BG @IF D o, £, dp, )
Arguing as in (3.13), we find that for any g € B(SY"), we have

MVl log(p+2)
6.6 (1) (I)(ll) (l1—1)
(6.6) 7, (@ )](®)] < P +ci ) lgll

with a sub-Gaussian process M,El' ) (g) satisfying the following exponential inequal-
ity for any # > 0 and any time parameter n > 1:

P(M (9)| = 1/m) < 2exp (—eat?/l1g]P).

We notice that

1 (log (p +2))" (log(n+2))k S
n+22 p+2 - n+2 Zp—l—z

p=0

< (log (n +2)F & /1’+21
B p

—dt
n—+2 =0 +1 t

_ (log(n+ 2))k+!
- n+2 '
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This implies that

2
/E(n’dp)log(p-i-% S2(10g(n+2)) .
p+2 n+2

More generally for any k > 0, we have that

/Ek(n dp) log(p +2) <ok (log (n + 2))k+1
’ p+2 - n+2

from which we prove that
f log (p +2)
p+2

(log (n + 2))2=In+1
<26 ST [ el (f.dg)

-ty Q08 (1 + 2) BT ( A')
n+2 '

IgIIThHD (n, ), d(p, g))

(6.7)
<2

li<i<l

c- _1yy (log (n +2)) =10+
n+2 :

For any g € B(S")) we set

Mm@
([ 1) 1,—1 | p+1(g)|
MU ) = [ 07100 dp) =220

Using Lemma 6.3, we prove that
P(M, 117 (8) > 1) <200+ D exp(—caln + D /[T g ).
We observe that
1
[ M @ITE D ). d . ) = [T @ de.

In addition, using (6.6) and (6.7) we find that

‘[5’(112,11+1)(ﬁ(11)) D, (I, ll)(q)(ll)( (i — 1)))](f)|
(6.8)

(1,1
< [ MR @Fi1(F,d) + e,

with

(-1y) (log (n 4 2)) =+

e _
1.5, () == c1c3 )
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Using the inclusion of events
M(h,lz) r d
n+1 (g) lz,lrl—l(f’ g) >1

C {3g € Supp(Ts, 1,41 (S, -)) such that MUV (g) > tligll/(Appy+1))
we find that

B[ MU @ i (fde) = 1)

< S+ 1 (HPMIY P (@) > tligll/ (A 1y 41)).
Finally, under our assumptions we have
St +1(f) = Card(Supp(I's, 1, +1(f, )

< JI  sup Card(Supp(Tk(f. ) <c{>
L+1<k<l, feBES®)

from which we check that
IP’( [T @i de) > ;)

< (esn + 1) 7" exp(—co(n + Dr2 /> ™).
Using (6.8), we conclude that
IP’( [6,(112’11+1)(ﬁ(11)) q>(12 11)(q>(11)( (- D))](f){ >t +811,lz(n))

< (es(n + 1) exp(—co(n + Dr?/ci>~).
To take the final step, we observe that

P /m+1 1}[6,(112’11“)(5(11)) (D(lz 11)(@(11)( (- 1)))](f)| >t +/n+le 1, (1))

§P<|[6,(,lz’ll+l)(ﬁ(ll)) cp(lz ll)(q)(ll)( (= 1)))](f)|

> \/r% + 811,12(11)).
We also notice that for any ¢ > 0 we can find some nonincreasing function N ()
such that
Vn>N(@t)  ~ntle,,0n) <t
This implies that for any n > N (¢) we have

P( /n + 1|[5’(112,11+1)(ﬁ(l1)) (D(lz ll)(q)(ll)( (h— 1)))](f)| > 21)
<(cs(n+ 1))(12_ll)exp( cet /c(l2 ll))
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The end of the proof is now straightforward. [
We are now in position to prove Theorem 6.2.
PROOF OF THEOREM 6.2. We use the same notation as we used in the proof
of Theorem 6.1. Using (6.4) we find that
[T ) = IE D )] ()] > 1
= 3g € Supp(Tj 44 (f, )): |[[(@YTHD/HD ()
— (@Y TEDIED WD) ()] > tligll/ Ak

Therefore, using Lemma 6.4 we can find a nonincreasing function N (¢) (that may
depend on the parameter k), such that for every n > N(¢) and any f € B;(S (+hk)y
we have

P(v/n + 1[0 () — 1m-D )] )] > 1)

)(k—l) (k— 1))

<(ci(n+1) exp(—cat?/c§

In much the same way, by the decomposition (6.5) we find the following assertion:
[T () = T )] ()] > ¢
= 30<j < m—k:|[IE D) - D )]
x (RYEM I () ()] > 1/(m —k + 1),

Since R,(,k’m)’(j)(,u, v) maps Bi([T/Z; S®Y into By (SYT9) we have for every pa-
rameter n > N ()

P(Vn + 1[I (7)) = mE (@O @) )]H] > 1)
< (m—k+D)(c10n+ 1) exp(—cat®/((m — k + DY),

In summary, we have proved that there exists some nonincreasing function N (¢)
that may depend on the parameter m such that for any 0 < k <m, any f € B (E),
and any n > N(¢) we have

P(vn +1|[7* e (- (?),) - ™ (@ @ =D))NH] > 1)
< (ca(n +1))" exp(—cst?/c).

Let (U,),>1 be a collection of [0, 1]-valued random variables such that for any ¢
there exists some nonincreasing function N (), so that for n > N (r)
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for some integer @ > 1 and some pair of positive constants (a, b). In this situation,
we can find a nonincreasing function N’(¢) and a pair of positive constants (a’, b’)
such that

n
Vn > N'(t)P (Z Up > «/ﬁt) <a/notle 1
p=1
To prove this claim, we simply use the fact that for any n > N(¢) we have
N (t) 1 1 &1

Z p= Jn fp¥(;)f(fU) and Zﬁp:1ﬁ§1

This yields that for any n > N (¢)

1 n ( ) n
IP’(— Y Up>t+ —> < Y P(/pU,>1)2).
=t E -
We let N'(1) be the smallest integer n such that N (¢)/+/n < t. Recalling that N (r)
is a nondecreasing function, we find that for any s > ¢

N@)/vn<t = N()/J/n<N@®)/J/n<t<s = N(s)//n<s.

This implies that N'(s) < N'(¢). Thus, we have constructed a nonincreasing func-
tion N'(¢) such that for any n > N’(¢)

1
<\/_ Z U, > 2t> <an® e_tzb/4.

This ends the proof of the assertion with (a’, ) = (a, b/2*). Applying this prop-
erty to the decomposition (6.2), we can find a nonincreasing function N (¢) such
that forany n > N(¢) andany 0 <k <m

P(vn+ 1[@f () — @ 1) > 1) < (er(n+ 1) exp(—car®/clh).

The end of the proof of the theorem is now a direct consequence of the decompo-
sition (6.1). [

7. Feynman-Kac semigroups. In Section 5.3, we established a uniform con-
vergence theorem under the assumption that the time averaged semigroup &
introduced in Section 4.1 is exponentially stable; that is, it satisfies (5.4). In this
section, we study the mappings ® %! associated with the Feynman—Kac transfor-
mations discussed in (7.2). We provide necessary conditions ensuring that (5.4) is
satisfied in this case.
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7.1. Description of the models. To precisely describe these mappings we need
a few definitions.

DEFINITION 7.1. We denote by \IJZG the Boltzman—Gibbs transformation as-

sociated with a positive potential function G on S, and defined for any f €
B(S?) by the following formula:

VE ) (f) = 1p(GF)/np(G).
We let Q; be the integral operator from B(S") into B(SY~1) given by
(7.1) VfEB(S(l)) 0:1(f) :=G_1 X Ll(f)EB(S(l_l)).

By definition of the mappings ®; given in (2.1), it is easy to check that

6(1)(,]) A ONIeY) (L
(7.2)

— 1 n
with Va > 002Dy = —— " w@ Wy .
n+142

DEFINITION 7.2. We let ®%)) be the semigroup associated with the Feyn-
man—Kac transformations ®; discussed in (7.2), and we denote by

Ork=0101+1- Ok

the semigroup associated with the integral operator Q; introduced in (7.1).

PROPOSITION 7.3. Forany [ <k we have that

01.k(f)
Qrx(1)’

and the mapping W& from P(SY="NN into itself given below:

(7.3) SED oy =WED P with Pi(f) =

TED = GO Hik o Gh=1.)
=WOHik o gO-Hik—1 o ... o yO-Hu with Hy . = Q@ .
Ork—1(1)

For | = k, we use the conventions W*—1.D) = Wﬁ’l’l) =_Id and Qpx-1(1) =
Qri-1(1) =1, so that Hyj = Q1 (1) = Qi (1) and WD =g ®-2(D),

PROOF. We prove the proposition by induction on the parameter m = (k — [).
For k =1, we clearly have

Qi(f)
Qi(D)

Pri(f)= =Li(f)
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and
gh b, 5(1)(,]) — 3(1,1)(,7)13171‘

Suppose we have proved formula (7.3) for some m = (k — [) > 0. To check the
resultatlevelm +1=(k—1[)+ 1= ((k+ 1) — ), we first observe that

5(k+1)(5(k,l)(,7)) — W(k‘Fl)stH(])(E(k,l)(n))Pk_'_l k1
For any u € P(S (k). we also have that

— 1 "
B0 ) By () = — Y LG

= 1p Qe (1)
so that
n (k)
k1), Q1 (1) (= (k. 1) 1 @, (M (Qr+1(S))
v, (@Y (M) Peg1,k+1 = —! -
I ngdﬁf"”(nkaﬂ(l))

Using the induction hypothesis, we find that
DD () (Qur1 () = TED P Qi1 ()]

We also have

1
PO () = Lekr D

P CH P
01.x(1) 1k+1() 1k+1 P11 (f)

from which we prove that

UED P (Que1 (PN =T ED [ Hy g1 P ()]
This clearly yields that

@5 Qi1 () _ Wy (D Hiert Prics1 ()
Qe (1) T D Hi ]

H J—
=0 W ) P ()

and therefore

n

—(k+1), Qs 1 (1) o 1 At g
R @) P = oy 2w (B 0) P ()
p=0

—(), H, -
=0, T @ED () Py ().
In summary, we have proved that

D) =D ) P ()
c T (1), H, —
with Uk+LD () = O Hik (TED ().
This ends the proof of the proposition. [J
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7.2. Contraction inequalities.

PROPOSITION 7.4. For anyl <k we have

1 _ _
B(PLY) =3 ;ug\\¢(k’l>(n> —d*D ().

PROOF. Using Proposition 7.3, we find that
[@“Pm) = dED | = [[F*D ) = TED ()] P
< B [TED () = TED ().
This implies that
sup [ @40 () — @E0 G0 <2B(PL).
On the other hand, if we chose the constant Dirac distribution flows n = (17,)n>0
and i1 = (Un)n=0 given by
Vn >0 =20y and w, =34,
for some x,y € § (=1 we also have that
DED(S) —@ED(Sy) =85 Py — 8y P
This implies that
sup [ S0 () SO ()] 2 supllds Pr — 8y PLiell =28 (PL).

This ends the proof of the proposition. [

Our next objective is to estimate the contraction coefficient S( P ;) in terms of
the mixing type properties of the semigroup L; x = L;L;—1 - - - Ly associated with
the Markov operators L;. We introduce the following regularity conditions.

(L)m There exists an integer m > 1 and a sequence (g;(L));>0 € (0, DY such
that

VI>0,¥x,y) e (SDVY  Lipiiem(e. ) > e1(L) Ligtiom (v, ).

It is well known that the above condition is satisfied for any aperiodic and irre-
ducible Markov chain on a finite space. Loosely speaking, for noncompact spaces
this condition is related to the tails of the transition distributions on the boundaries
of the state space. For instance, let us assume that S = R and L is the bi-Laplace
transition given by

LiGx. dy) = () e—cDl=Ai) g
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for some c¢(/) > 0 and some drift function A,, with bounded oscillations osc(4;) <
oo. In this case, it is readily checked that condition (L),, holds true for m = 1 with
the parameter

e1-1(L) =exp (—c(l) osc(A})).

Under the condition (G) presented on page 11 and the mixing condition (L),
stated above, we proved in [5] (see Corollary 4.3.3 on page 141) that we have for
anyk>m>1,and/ > 1

lk/m]—1
BP0 = [l (—gff),)  withe :=ef@) T[] e
i=0 I+1<k<Il+m

Several contraction inequalities can be deduced from these estimates, we refer to
Chapter 4 of the book [5]. To give a flavor of these results, we further assume that
(M), is satisfied with m = 1 and &(L) = inf; &;(L) > 0. In this case, we can check
that

B(Pipiin) < (1 —e(L)?).
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