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1. Introduction

Suppose that (X, )nen is a strictly stationary sequence of random variables
with marginal distribution function F'. We assume that this sequence has an
extremal index 6 € (0,1], that is, for each 7 > 0, there exists a sequence of
levels (y,(7))nen such that lim,, o nF (u, (7)) = 7 and

lim Pr(Mn < un(T)) =e 07,

n—oo
where ' = 1 — F and M,, = max{Xj,..., X,,}. The extremal index can be
interpreted in a number of ways, the most common one being the reciprocal
of the mean cluster size in the limiting point process of exceedance times over
high thresholds. The probabilistic theory was worked out in Leadbetter [12],
Leadbetter et al. [14], O’Brien [16], Hsing et al. [10], Leadbetter and Rootzén
[15], and Leadbetter [13].

Our objective is to estimate 6 based on a finite stretch X;,..., X,, from the
time series. Inference about the extremal index parameter has been extensively
studied. The three more common approaches are the blocks method, the runs
method and the inter-exceedance times method. The two first methods iden-
tify clusters and construct estimates for 6 based on these clusters. For each
of these methods, there are two parameters which determine the clusters and
consequently the estimates of #: a threshold and a cluster identification scheme
parameter. The third method is based on inter-exceedance times and obviates
the need for a cluster identification scheme parameter. Some references on esti-
mation of the extremal index using these three approaches are Hsing [8], Hsing
[9], Smith and Weissman [18], Weissman and Novak [20], Ferro and Segers [6],
Laurini and Tawn [11] and Robert [17] among others.

In this paper we focus on the blocks method. Traditionally, it consists of
partitioning the n observations into consecutive blocks of a certain length, say
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r. In each block, the number of exceedances over a certain high threshold are
counted, and the blocks estimator is then defined as the reciprocal of the average
number of exceedances per block among blocks with at least one exceedance.
Blocks estimators are usually constructed by using disjoint blocks, for in that
case the blocks can be assumed to be approximately independent.

The main novelty in this paper is our proposal to use sliding rather than dis-
joint blocks, that is, to slide a window of length r through the sample, yielding
n —r + 1 blocks rather than just n/r disjoint blocks. Surprisingly, this sim-
ple modification leads to a more efficient estimator with a smaller asymptotic
variance. Moreover we provide estimators of the asymptotic variances of the
estimators, which permits the construction of confidence intervals and the se-
lection of variance-minimizing thresholds. We also provide a way to estimate
and correct for the asymptotic bias of the estimators.

In contrast to most previous papers but in accordance with Robert [17], we
assume that thresholds and block sizes are such that the expected number of
excesses per block converges to a positive constant. In practice, the threshold
is chosen as a large order statistic. However, mathematical treatment of such
random thresholds requires complicated empirical process techniques.

The content of the paper is organized as follows. In Section 2 we introduce
the blocks estimators for the extremal index. In Section 3 we consider asymp-
totic variances and covariances of the mean number of excesses per block and
the empirical distribution functions of disjoint and sliding block maxima. We
establish consistency and asymptotic normality of our estimators in Section 4.
We discuss how to estimate and minimize their asymptotic variance in Section 5
and how to reduce their bias in Section 6. In Section 7, we investigate the fi-
nite sample behavior of the estimators on simulated data and we provide a case
study. Proofs are spelled out in the appendices.

2. The estimators

For positive integer r, put

log F-(u)
7 (u) '
(2.1)
It follows from the definition of the extremal index that 6 = lim,_, 6, (u,)
where u, = u,.(7). The estimators of 6 to be proposed are based upon empirical
analogues of the functions F,. and 7,.
For integer 0 < s < 7, put M, = maxsci<, X;. Note that M, = M.
The distribution function F). of the block maximum M, can be estimated using
maxima of k := |n/r] disjoint blocks or using maxima of n—r+1 sliding blocks:

Fr(u) == Pr(M, < u), 7 (u) i=rF(u) and 0-(u) :=

k n—r
. 1 f 1
Fb(w) = 1 3 I (Mmaypir S u)y () i= —— 0 3 T (Misir <),
=1 =0
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One may wonder why the use of sliding rather than disjoint blocks should make
a difference. After all, the n — r 4+ 1 blocks in the definition of Fslr(u) are
overlapping and hence strongly dependent, even in the iid case. Nevertheless,
we will show in Proposition 3.1 below that the asymptotic variance of Fslr(u)

is typically smaller than the one of FSJT(U)

Writing
1 k T 1 rk
7A-n,r(u) = E Z ZI(XT(j71)+’L' > u) - E ZI(Xl > u) (22)
j=1i=1 i=1

the disjoint and the sliding blocks estimators of the extremal index can now be
defined as follows:

. log 4 () - log F3, (u)
eg{r(u) = _Wa enl,r(u) = _W

As above, the sliding version will turn out to be more efficient than the disjoint
one, see Corollary 4.3.

The estimators require the choice of two tuning parameters: the threshold
u and the block size r. If u is equal to the |k7|-th largest order statistic of
X1,...,X,, the disjoint blocks estimator is the same as éﬁ)l in Robert [17]. As
mentioned in Section 1, the mathematical treatment of such random thresholds
is intricate and requires empirical process techniques. For the sake of simplicity,
the threshold sequence (u,),cy will be assumed to be deterministic. Comparing
our Corollary 4.3 with Robert [17, Corollary 4.2], it follows that this simplifying
assumption does not make any difference asymptotically.

3. Asymptotic variances and covariances

The disjoint and sliding blocks estimators for # are functions of F,‘;lfr (u), Fslr(u),
and 7y, »(u). We shall need to find the asymptotic variances and covariances of
the latter three estimators. Most importantly, we will show that FgJT(u)—Fslr(u)
has a non-negligible asymptotic variance and is asymptotically uncorrelated with
Fslr(u) As a result, the sliding blocks estimator for F,.(u) is the most efficient
convex combination of the disjoint and sliding blocks estimators for F.(u). The
proofs of the results in this section can be found in Appendix A.

The maximal correlation coefficients of the process (X, )nen relative to the
threshold w are defined by

Pni(u) == max sup | corr (&, m)|.
t=1,..,n—l E€Ly(Fr,(u))

NEL2(Frt1,n(u))

Here F,p(u) is the o-field generated by the events {X; < u} for i € {a,...,b},
and Lo(F) is the space of F-measurable square-integrable random variables.
Obviously, the random variables & and 7 in the definition of p, ;(u) should
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have positive variance. For comparisons with other mixing coefficients, see e.g.
Bradley [2]. Here we just wish to note that

i) 2 ) = x| swp [ PH(ANB) = Pe(A)Pr(B).
AR 1,t(u
B€.7:t+l,n(u)

The coefficients «,,; underlie the condition called A(u,) in Hsing et al. [10]
and are themselves greater than the coefficients introduced in Leadbetter [12]
yielding Leadbetter’s D(u,,) condition. Since the upper bounds we will impose
on py, will trivially imply the same upper bounds on a, ;, the results in Hsing
et al. [10] become available to us as well.

Let 7, and [,, be positive integer sequences such that, as n — oo,

I, = o(ry), rn = o(n) and Z pni(ur,) = o(ry). (3.1)
1=l

Note that the assumptions imply Y ;" pni(ur,) = o(r,) and that the final
assumption is implied by kppn .1, (ur, ) — 0 as n — oo, where k, = [n/ry].

Proposition 3.1. Let (X, )nen be stationary “with extremal index 6 and let
(ur)ren be a sequence of thresholds such that rF(u,) — 7 € (0,00) as r — oo.
If (3.1) holds, then, as n — oo, denoting « := 0T,

kpvar(ES (u,,)) — e “(1—e @), (3.2)

kn var(ﬁ',i{rn (ur,)) — 2o 'e*(1—(1+a) @), (3.3)
kn cov(ﬁﬁ{m (ur., ), FY (ur,)) — 207'e*(1—(1+a) ).

n,ry

By Proposition 3.1, we can write Fgﬁrn (up,) = Fs{rn (ur,) + €n, the random
term &, having mean zero, being asymptotically uncorrelated with FS{H (ur, ),
and having non-negligible asymptotic variance. As a consequence, the sliding
blocks estimator of the distribution function of the block maximum is more effi-
cient than the disjoint blocks estimator. The two asymptotic variance functions
as well as their ratio are shown in Figure 1. Observe that the relative efficiency
of the disjoint versus the sliding blocks estimator is decreasing in a. For a — 0,
the clusters of exceedances become very sparse, and the two estimators are
asymptotically equivalent.

In order to get the asymptotic covariances between 7, ,, (ur, ) in (2.2) with the
disjoint and sliding blocks estimators for F,.(u), a somewhat stronger condition
on the maximal correlation coefficients is needed:

anyl(urn) = o(rl/?), n — oo. (3.4)
=1

Proposition 3.2. If in addition to the conditions of Proposition 3.1 also (3.4)
holds, then as n — oo,

K cov (BD. (un, ), Faur, (un,)) } a
— —Te .

kn, cov(ﬁ'ﬁ{rn (tr, )y Ty (U, ))
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Disjoint versus Sliding Blocks Disjoint versus Sliding: Asymptotic Relative Efficiency
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F1c 1. Left: Asymptotic variance functions of disjoint and sliding blocks estimators of Fy(u),
see Proposition 3.1. Right: Asymptotic relative efficiency of disjoint versus sliding blocks
estimators of Fr(u).

Finally, in order to find the asymptotic variance of 7, ., (u,, ), another addi-
tional assumption is needed: there exists a positive integer sequence (s, );en and
a probability distribution (7;);en on the positive integers such that as n — oo

L, = o(sn), Sn = 0o(rn), Pt (Ur,) = 0(sp/n) (3.5)
as well as, writing Ny(u) = Y7, I(X; > u),

Pr{N,, (u,,) =j | Ms, > uy, } — m; forall jeN,

0o - 3.6
E[N2 (u,) | My, > ur,] = 352, 27 < o0, (3.6)

The distribution (7;);en is called the cluster size distribution; it describes the
limiting probability distribution of the number of threshold excesses within the
block X, ..., X,  given that there is at least one such excess. The second part
of (3.6) is a uniform integrability condition ensuring that the first two moments
of the finite-sample cluster size distribution converge to the proper limits. Note
that Pr(M,, > u,,) < s, Pr(X1 > u,,) — 0 as n — oo while

s Pr(X1 > uyp,)

Do - N N, T M T .':971-

Under the above conditions, the asymptotic distribution of N, (u,,) is com-
pound Poisson [10, Theorem 5.1]:

Ny, (ur,) SN =3¢ (3.7)

=1

where v is a Poisson(07) random variable and ((;)ien is a sequence of positive
independent and identically distributed integer-valued random variables from
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the cluster size distribution, independent of v. Note that E(C1) = >_,5, jm)j =
6~1. Moreover,

E(N) =T, var(N) = aZjQWj. (3.8)

Proposition 3.3. If in addition to the conditions of Proposition 3.1 also (3.5)~
(3.6) hold, then as n — oo,

ky var (%, (ur,)) — var(N) = a Zj27rj.
j=1

4. Weak consistency and asymptotic normality

The main result of this paper is the joint asymptotic normality of the disjoint
and sliding blocks estimators for 6 in Corollary 4.3. The proofs of the results in
this section can be found in Appendix B. Write

mp ::ijwj, p € {1,2}.

i1
Recall that m; = 6~1.

Theorem 4.1. Let (X,,)nen be stationary with extremal indez 6 and let (Ur)reN
be a sequence of thresholds such that rF(u,) — 7 € (0,00) as r — oo. If
conditions (3.1), (3.5) and (3.6) hold, then as n — oo

08 (up, )20 and 0 (up,) 0.

n7TTL n7rn

In order to get asymptotic normality of the estimators, we will need an ad-
ditional technical assumption: there exists a constant p with p > 1 such that as
n — oo,

E[N:"(ur,)] = O(1). (4.1)

We first state joint asymptotic normality of Fgﬁr(u), Fslr(u), and 7, (u).
Joint asymptotic normality of éng(u) and éfllr(u) then follows by the delta-
method.

Theorem 4.2. Let (X,,)nen be stationary with extremal index 6 and let (ur)reN
be a sequence of thresholds such that rF(u,) — 7 € (0,00) as r — oo. If
conditions (3.1), (3.4), (3.5)—(3.6) and (4.1) hold, then

ES, (ur,) = Fr, (up,)
Vka | B2 (ur,) = Fyp, (ur,) 4, N0, )

Tn,rn (wr,) = 7o, (wr,)
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where ¥ = (0;)?

is symmetric and, writing o = 70,

1,7=1
o1 = e “(l—e %),
0929 = 012 = 20[71670‘(1 - (1 + Ol)eia)a
031 =032 = -—Te
033 — QMnay.

Recall ,(u) in (2.1). In order to control the bias of the extremal index es-
timators, assume that the block sizes are sufficiently large so that as n — oo,

Or, (ur,) — 0 = 0(1/\/kn). (4.2)
The asymptotic variance of the extremal index estimators will depend on 6, T,

and the squared coefficient of variation ¢? of the cluster size distribution (7;);en:

2

2. mo —my

C -— 72.
my

Corollary 4.3. Under the conditions of Theorem 4.2 and (4.2), as n — oo,

- (0,% (ur, ) — 9) <N, V)

éle,rn (uTn) -0

where V' = (vij)?jzl is symmetric and

62 6%c?
v = ﬁ(ea—l—a)—l- —
62 a? 6%c?
1)22:’012:2— e —1—a— — + .
1% 2 o

The asymptotic variance of the disjoint blocks estimator corresponds with
the one for the same estimator but at a random threshold (order statistic) in
Robert [17, Corollary 4.2]. It is worth noting that ves < v11. As a result, the
sliding blocks estimator is more efficient than its disjoint version. Even more, the
most efficient convex combination of the disjoint and sliding blocks estimators
is the sliding blocks estimator itself.

5. Estimating and minimizing the asymptotic variance
For a fixed ¢2 > 0, the asymptotic variance functions of /&y, (6,,.,, /0 — 1),

(5.1)

a (e —1—a)+a disjoint blocks,
0<a— _3 2 19 o
2a (eo‘ —1l—a- 0‘7) 4+ a~"c®, sliding blocks,

are convex and possess unique global minima. These minima and the values of «
for which they are attained can be computed numerically, see Figure 2. Hence,
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Disjoint versus Sliding: Minimal Asymptotic Variance Disjoint versus Sliding: Optimal alpha
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Fi1c 2. Minima (left) and minimizers (right) of the asymptotic variance functions in (5.1) of
the disjoint and sliding blocks estimators for 6.

given an estimate of c?, we can estimate the respective optimal values for a,
divide by an estimate of 6, and thus obtain estimates of the optimal 7 to be
used for the disjoint or sliding blocks estimators. Given such estimates, we can
for a given threshold u estimate the asymptotically optimal block lengths r and
vice versa.

The missing element in this procedure is an estimate of ¢?. Knowledge of
c? is also needed when one wants to construct asymptotic confidence intervals
for 6 based on Corollary 4.3 or estimate the asymptotic bias of the extremal
index estimators in Section 6 below. In addition, the quantity ¢? is interesting
in its own right as a measure of dispersion of the cluster size distribution (7;);en.
Since the mean cluster size is equal to m; = 0~ !, for which consistent estimators
are available, we can focus here on estimating the cluster-size variance ms —m?
or the second moment ms.

A first possible strategy to estimate the cluster-size variance is to partition the
threshold exceedances into clusters and estimate the cluster size variance by its
empirical counterpart. However, this is difficult for two reasons: (a) the rareness
of the clusters, and (b) the uncertainty on how to group the observed excesses
into clusters. For nonparametric estimators of the cluster-size distribution, we
refer to Ferro [5] and Robert [17].

On the other hand, we can remain in the spirit of the paper and propose
a sliding blocks estimator. Recall N, (u) = >°'_, I(X; > u) and its compound
Poisson limit N in (3.7). Put ¢2(u) := var(N,(u)). Under an appropriate uni-
form integrability condition, we have by (3.8), as r — oo,

o2 (uy) = var(Ny(u,)) — var(N) = ams.

Recall Ngp(u) == >, i<, I(Xi > u). For a threshold u and a block size r, we
define
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B 1 n—r
0 e

~92 L — o 2
Un,r(u) T n — 27" +1 ZO [ 1+T n,T(U’)) .

We set the denominator equal to n—2r+1 in order to reduce the bias of 67 ,.(u)
from O(1/k) to O(1/k?) in case (X, )nen is iid.

The sliding blocks estimator for ¢ = ma/m? —1 = 0*my—1 = fvar(N)/7—1
then becomes

e p(u) ==

52 —1.
72”77«(111) Un,r(u)

We derive the consistency of ¢ (u) under a condition on the fourth moment of
N, (u):
E[N (u,)] = O(1), r — 00. (5.2)

At the price of a longer proof involving a characteristic function argument,
condition (4.1) on the moment of order 2p (with 1 < p < 2) would be sufficient
as well.

Proposition 5.1. If (3.1), (3.5)(3.6), (4.1) and (5.2) hold, then

R p
Gy (tr,) = €2,

The proof of Proposition 5.1 is given in Appendix C.

6. Reducing the bias

Recall 6, (u) as in (2.1) and let 6, ,.(u) denote either the disjoint or the sliding
blocks estimator. The bias of 6, ,(u) can be decomposed into two parts:

E[énr(u)] —0= (E[énr(u)] - or(u)) =+ (or(u) - 9)-

The component 6,(u) — 6 is inherent to the process (X, )nen itself. For the
three examples below it holds that if (u, ).y is such that rF(u,) = O(1) then
Or(ur) —0 =0(1/r) as r — 0.

The presence of the component E[f, .(u)] — 6,(u) stems from the fact that
the mean of a function of a random vector is in general unequal to this function
applied to the mean of the random vector. By a second-order Taylor expansion,
it follows that

o g var(Fu(w) cov(Fp(w), Fn.r(w)
E[on,r( )] 97«( ) ~ 2E2 [Fn,r(u)] E[%n,r(u)] E[Fn,r(u)] E2 [%n,r(u)]
10gE[Fn7r(u)]

TP var (75, (u)).
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By the above expansion and Propositions 3.1 and 3.2, we obtain, as n — oo,

. pai = 0(2a) 7 e® — 1) + a~16c3,
kn E on T T - or T =
(Blfn.r (e, ) o (r)) = a {,usl = 0a2(e* — 1 —a) + a0,

(6.1)

for the disjoint and the sliding blocks estimator, respectively. Note that 0 <
Hs1 < pugj. If in addition

0., (uy,) — 0 =0(1/ky) (6.2)

then it follows that, as n — oo,
kn (E[én,r(urn)] - 9) — M.

Just like the asymptotic variances in Corollary 4.3, the asymptotic biases of
the disjoint and sliding blocks estimators in (6.1) are functions of 6, o = 67, and
c?. Given consistent estimators of these three quantities, we can estimate p and
then correct the extremal index estimators by subtracting /i/k. Observe that this
procedure has to do with the O(1/k) asymptotics of the estimators only, whereas
minimization of the asymptotic variance affects the O(1/vk) asymptotics.

Note that condition (6.2) is slightly stronger than (4.2). In case 6, (u,, )—0 =
o(1/ry), as in the three examples below, (6.2) is equivalent to k, = o(ry,), that
is, n'/2 = o(r,). In contrast, for condition (4.2), the requirement is only that
kn = o(r2), that is, n'/® = o(r,,).

Example 6.1 (IID sequence). Let (X, )nen be a sequence of independent
random variables with a common, continuous distribution function F. Then

0 =1 and

(6 (uy) — 1) —>g, r — 00.

Example 6.2 (Max Auto-Regressive Process). Let (W, ),en be a sequence
of independent, unit-Fréchet distributed random variables. For 0 < 6 < 1, let
X1 = W1/0 and X,, = max{(1 — 6)X,,—1; Wy}, n > 2. The extremal index of
the sequence is equal to 6 and

7 (0-(uy) — 0) —>%9+(1—9), r — 00.

Example 6.3 (Moving Maximum Process). Let (W, )nen be a sequence
of independent, unit-Fréchet distributed random variables. Let X; = 2W; and
X, = max(W,,_1, W,,). The extremal index of the sequence is equal to § = 1/2
and

r(0r(uy) — 0) — = r — 00.
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7. Numerical examples
7.1. Simulation study

Our procedure for estimating the extremal index with the sliding blocks esti-
mator can be summarised in the following steps; a similar procedure is followed
for disjoint blocks.

Choose a block size 7.

Set k= |n/r| and 7 = 1.

Set u equal to the |k7|-th largest order statistic of the data.

Compute the point estimate § = éfllr(u) and set ¢ = &, (u).

Set f1 equal to ug evaluated at 6 = é, c=¢and a = fr.

Compute the bias-corrected point estimate 6 — i/k.

Estimate the variance of 6 by evaluating v at 6 = é, c=¢and a =07
Set & equal to the value of o that minimizes voo when 6 = 6 and ¢ = é.
Repeat steps 2-5 for the optimal value of 7 = &/ 0.

PN W= o

It is worth noting that this procedure gives recommendations concerning the
choice of the threshold u but not concerning the choice of the block size r.
In Section 5, we discuss the variance-minimizing choice of 7 and thus of the
threshold. Optimal choice of the two parameters » and u simultaneously would
require more information on the bias of the estimators, which in turn depends
on the speed of convergence in the relation 6, (u,,, ) — 6. Unfortunately, except
for some special cases or heuristic calculations (see the examples given in the
previous section), no general theory is known for this rate of convergence. The
situation is quite different from the one of the extreme-value index, for which
the theory of second-order regular variation provides models for the bias, which
in turn leads to methods of bias reduction and optimal threshold choice, see e.g.
Gomes and Oliveira [7].

The finite sample properties of the disjoint and sliding blocks estimators
for the extremal index are now compared in a simulation study. Sequences
of length n = 10000 are simulated from Max Auto-Regressive processes with
6 = 0.25,0.5,0.75 and 1. For each sequence the estimators éng(u) and éfllr(u)
are computed for five block sizes and two thresholds. The block size is r =
25,50, 100, 200 or 400. The threshold w is the | k7]-th largest order statistic and
is defined by either a default value of 7 = 1 or the estimate of the optimal value
of 7 described in Section 5. The initial estimates of c? and 6 required in the lat-
ter case are based on the threshold when 7 = 1. Monte Carlo approximations to
the properties of the estimators are computed from 10 000 simulated sequences.

Figure 3 shows the biases and standard errors of the estimators. (Recall that
the mean squared error is the sum of the squared bias and squared standard
error.) Biases tend to be positive and smallest at intermediate block sizes while
variances increase with block size. Sliding blocks always yield lower standard
errors than disjoint blocks. There is also evidence that sliding blocks yield larger
biases than disjoint blocks when r is small and smaller biases when 7 is large.
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Fic 3. Monte Carlo approzimations to the biases (left) and standard errors (right) of the dis-
joint (dashed) and sliding (solid) blocks estimators for the extremal index with default (thin)
and optimal (thick) choices for T plotted against block size r on a logarithmic scale. Results
are also shown for the intervals (dotted) and mazimum-likelihood (dot-dashed) estimators
evaluated at the thresholds obtained from the default choice for T. Data are simulated from
Maz Auto-Regressive processes with @ = 0.25, 0.5, 0.75 and 1 (top to bottom).
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Fic 4. Monte Carlo approzimations to the biases of the bias-corrected disjoint (dashed) and
sliding (solid) blocks estimators for the extremal index with default (thin) and optimal (thick)
choices for T plotted against block size r on a logarithmic scale. Results are also shown for the
intervals (dotted) and mazimum-likelihood (dot-dashed) estimators evaluated at the thresholds
obtained from the default choice for T. Data are simulated from Maxz Auto-Regressive processes
with 0 = 0.25 (top-left), 0.5 (bottom-left), 0.75 (top-right) and 1 (bottom-right).

Optimizing 7 tends to yield lower variances than the default 7 = 1, but also
larger biases when 6 < 1. This is explained by the fact that the estimated values
for the optimal 7 tend to exceed 1 except when 6§ = 1. Example 6.2 suggests
that increasing 7 increases the bias.

Figure 3 also shows results for the intervals estimator of Ferro and Segers [6]
and the maximum-likelihood estimator of Stiveges [19] both evaluated at thresh-
olds defined by the default value of 7 = 1. For these estimators biases increase
with block size and are near zero for at least one block size. Among estimators
evaluated at the same thresholds the intervals estimator almost always has the
highest standard error and the maximum-likelihood estimator always has the
lowest standard error.

The effect on the blocks estimators of the bias correction described in Sec-
tion 6 is shown in Figure 4. There is little improvement for small block sizes but
biases are reduced significantly and stabilized for larger block sizes, enabling the
blocks estimators to compete with the intervals and maximum-likelihood estima-
tors in terms of bias. The impact on the standard errors is negligible (not shown).

The positive biases of 93, (u) and 65, (u) can lead to poor coverage proper-
ties (not shown) of confidence intervals for # based on the asymptotic Normal
distribution of Section 4. Lower and upper confidence limits tend to be too high
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Fi1c 5. Monte Carlo approzimations to the biases (left) and standard errors (right) of the dis-
joint (dashed) and sliding (solid) blocks estimators for the extremal index with default (thin)
and optimal (thick) choices for T plotted against block size r on a logarithmic scale. Results
are also shown for the intervals (dotted) and mazimum-likelihood (dot-dashed) estimators
evaluated at the thresholds obtained from the default choice for T. Data are simulated from
Doubly Stochastic processes with 8 = 0.25, 0.5 and 0.75 (top to bottom).

when 7 is small but coverage improves when r is large. Coverage is also affected
by underestimation of standard errors when 6 < 1 (not shown).

These simulations were repeated for the doubly stochastic process of Smith
and Weissman [18] and for ARCH(1) processes; see de Haan et al. [3] and Em-
brechts et al. [4, Chapter 8]. Figure 5 shows that the performances of the blocks
and intervals estimators for the doubly stochastic process are very similar to
those reported above for the Max Auto-Regressive process. The maximum-
likelihood estimator, however, has a large, positive bias because the doubly
stochastic process does not satisfy the mixing condition D) that is required
for this estimator to be appropriate [19]. Results for ARCH(1) processes (not
shown) were similar to those for the doubly stochastic processes but the im-
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F1G 6. Daily log returns of the FTSE100 index from 25 December 1968 to 12 November 2001.

provement in variance afforded by sliding blocks was less clear. Qualitatively
similar results were found when the simulations were repeated with n = 1000
and r = 5, 10, 20, 40 or 80.

7.2. Case study

The extremal index is now estimated for a financial time series: daily log re-
turns of the FTSE100 index between 25 December 1968 and 12 November 2001.
This series was analysed previously by Laurini and Tawn [11] and is plotted in
Figure 6; the data were kindly passed on by Jonathan Tawn. Clusters of large,
negative returns can be financially damaging so estimates of the extremal index
for the negated series are plotted against block size in Figure 7. Two sliding
blocks estimators are compared: both employ the bias correction but one uses
the default value 7 = 1 while the other uses estimated optimal values 7 = Topt.
Thresholds are the |k7|-th largest order statistics so that the proportion of
data exceeding the threshold for block size r is 7/r. The lower horizontal axis
in Figure 7 is therefore a transformation of the threshold used when 7 =1, and
coincides with the scale used by Laurini and Tawn [11]. The upper horizontal
axis represents the same transformation of the threshold when 7 = 7. These
latter thresholds are lower because 7,5t ~ 5 for all but the smallest block sizes.

The point estimates from the two sliding blocks estimators are similar and
both stabilize near § = 1/3. Estimates from the intervals estimator of Ferro and
Segers [6] are also shown and differ slightly but are consistent with an extremal
index of one-third once sampling variation is taken into account. However, these
values are approximately half those obtained by Laurini and Tawn [11] with a
two-thresholds estimator. The confidence intervals for the blocks estimates in
Figure 7 are computed using the estimated standard errors for the sliding blocks
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Fi1c 7. Sliding blocks estimates (solid) of the extremal index for the negative daily log returns
plotted against block size r on a log-log scale. The estimates use default (1 = 1; thin) and
optimal (T = Topt; thick) choices for . Shading indicates pointwise 90% confidence intervals
based on the asymptotic Normal approximation for the sliding blocks estimates. Intervals
estimates (dotted) of the extremal index based on the threshold obtained when T = 1 are
also shown with equal-tailed, pointwise, basic bootstrap 90% confidence intervals obtained
using the resampling procedure proposed by Ferro and Segers [6]. The top awis represents

—logo[—1og(1 — Fopt /7)].

estimators with no bias correction. The confidence intervals when 7 = 7,5 are
often much narrower than when 7 = 1 owing to the lower thresholds mentioned
above.

Appendix A: Proofs for Section 3
A.1. Proof of Proposition 3.1

Asymptotic variance of F,‘}frn (ur,). By stationarity,

var(Fd (u)) = %Fr(u){l — Fo(u)}
+ k_22 Z Z {Pr(M—1yrir < u, M(j_1yrjr < u) — F2(u)}
1<i<j<k
= R~ R+ D, @) - F)
k—1
+ k_22 Z(k — s){Pr(Mo,» < u, Mgy (s41)r < u) — F2(u)}.

s=2
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70 —2760

By definition of the extremal index, Fy. (u,,) — e 7% and Fo, (ur,) — €

as n — oo. Hence (3.2) will follow if we can show that

ko —

1 ko

k_ Z k — S {PI‘ MO Tn < urn;Msrn,(erl)rn < urn) - Fr2n (urn)} —0
s=2

as n — 00. But since the maximal correlation coefficient p,, ;(u) is decreasing in
l, the left-hand of the previous display is bounded in absolute value by

En—1
Z Pn, (s=1)ry, urn \ anl urn
n
By hypothesis, this converges to zero as n — oc. O

Asymptotic variance of Fs{rn (ur,). By stationarity,

1

Var(FS{T(U)) = m

Fr(u){l = Fr(u)}

S cov(I(Miir < u), I(Mjj4r) < ).

_|_
(TL—T+1 oi<j<n—r

The sum on the right-hand side of the previous display can be written as

2
———= Y (n—r+1—s)cov(I(Mo, <u), [(My 1, <u))
(n—r+1)* =

_or 1 Tl(l_;yaﬂ«(w—ﬂ(uﬁ}

n—r—|—1TS: n—r+1

2r 1

n—r S
— 1l I(My,, < )IMSS r < .
+n—T+1Ts_r+l( n—T"'l)COV(( 0, u> ( s+ ’LL))

By dominated convergence, as n — oo,

= Z (1 _ %) {Foir, (ur,) — Fy, (ur,)?}

Tn = rn+ 1
—76
N / (67(u+1)70 _ 67279) du = 67701_76 _ 67279.
70
Hence (3.3) will follow if we can show that, as n — oo,

R S
— Y (1= ————) cov(I(Mo,r, <up,),I(Mssyr, <ur,)) — 0.
Tn A n—r,+1

But this follows from the assumption that r ;' > | ppi(ur,) — 0 as n — oco.
O
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Asymptotic covariance of N, (uy,) and F5', (u,,). We have

k cov (FSJT(U), FZIT(U))
= cov(I(My,, < u), FSI () + cov (I (M- < w), FZIT(U))

k—1n—r

b S 10 < 0100 < ).

1=2 j=0
The first two terms on the right-hand side are bounded by {var(ﬁ's{r(u)) }1/ 2; in
view of (3.3), they will not contribute to the limit. The final term on the right-
hand side of the previous display can be decomposed into two pieces, I + I say,
according to whether (i — 2)r < j < ir or not. For the first term, the union of
the intervals of integers {(i — 1)r +1,...,ir} and {j +1,...,5 +r} is again an
interval of integers; by stationarity,

2r—1
k—2
I = —— jgo cov(I(My2r < u), I(M; jpr < u))
2r 1

n_T+1TZ{ (2r—j)vi(u — F2(u)}.

Adding the subscript n to indicate the dependence on n, we get

2 _
1 _ (0%
lim I, = / (e*{(27u)Vu}a _ 6720‘) du = 2(€a € . 62(1)'
0

n—o00 «

The second term can be bounded as follows

n

20k — 2)
n< —-: n
1] < 2520 patw)

=1

Since 7, Y7, pni(ur,) — 0 by assumption, we get I1,, — 0 as n — oco. O

A.2. Proof of Proposition 3.2

Asymptotic covariance of Fﬁl}'rn (ur,) and Tp r, (ur,). We have

kcov (B (u), Fnr(u)) = Zcov (Mi—1yrir <), I(X; < w)).

1=15=1
We split the sum into two pieces, I+ II say, according to whether (i—1)r < j < r
or not. By stationarity, the first term is equal to

T

I==Y cov(I(My, <u),I(X; <j)) = —r{l = F(u)} F.(u). (A1)

Jj=1
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Adding subscripts n to indicate the dependence on n, we get I, —» —1e™ ¢

n — 00. The second term, I, can be bounded in absolute value as follows:

as

[l < 2{V&I‘(I(M07T < u)) V&I‘(I(Xl < u))}1/2 an,l(u)
=1

< 2€{1=F)}'?Y " pua(w). (A-2)
=1

Assumptions (3.1) and (3.4) now imply that II,, — 0 as n — oo. O

Asymptotic covariance of F2, (u,,) and 7.y, (u,, ). This time, we have

n,rn

ke cov(ES (u), #n,r(u)) = 1 Z > cov(I(Miir <), I(X; <u)).

We split the sum into two pieces, I + II say, according to whether ¢ < j <i+7r
or not. The first term, I is the same as in (A.1) and so gives rise to the same
limit. The second term, II, admits the same bounds as in (A.2) and hence is
asymptotically negligible. O

A.3. Proof of Proposition 3.3
Recall Ng(u) = >°7_, I(X; > u). We have

kvar (7, (u)) = % var (N (u)).

For integer 0 < a < b, put Ny p(u) := Za<l<b I(X; > u), the sum being zero if
a =b. Fix integer 1 <1 < s < n and write m := |rk/s]. We have

Nrke, (tr,,) = Z Ni-1)smisn—tn (Ur,) + Z Nis, i, is, (tr,)

1=1 1=1
+ Nmnsn,rnkn (urn) = An + Bn + Cn

By the Cauchy-Schwarz inequality, it is sufficient to show that, as n — oo,
(1/ky) var(A,) — ama, (1/ky,) var(B,) — 0, (1/ky) var(Cy,) — 0.

Before we treat these three terms, it is useful to note that the assumptions imply
that

var(N, (ur,)) = o(s, Pr(Xy1 > u,,)), n — oo, (A.3)
which in turns implies
(1/kn)my, var (N, (ur,,)) — 0, n — oo. (A.4)

[Proof of (A.3): var(Ny, (ur,)) < E[N? (ur,)] < 80 Pr(X1 > u,, ) E[N? (ur,) |
Ms, > u,, ] and the final expectation tends to zero by uniform integrability
and Pr{N; (u,,) > 0 | Ms, > u,,} < l,Pr(Xy > wu,, )/ Pr(Ms, > uy, ) ~
(In/8n)071 — 0.]
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The term A,,. By stationarity, (1/ky) var(4,) = I, + II,, with
L, == (1/ky)my var(Ny, _1,, (ur,)),
I = 2(1/ky) > > cov(Ni—1ys,isn—tn U, ) NG-1)s,jsn—t, (Ur,)).-

1<i<jsm

We first treat I,,. We have

var(Ne, (ur,.))
=E[N? (ur,) | My, > up, ] Pr(Ms, > uy,) — {s, Pr(X1 > u,, )}
Since my, ~ n/s, and Pr(Ms, > u,, ) ~ s, Pr(Xy > u,, )0 as n — oo, we find
(1/kn)my, var(Ns, (ur,)) — 0rma, n — 00.

Since N, (ur,) = Ns,—1, (ur,) + Ns, —1, s, (Ur,) and since N _; 5 (u,, ) and
N, (ur, ) have the same distribution, the previous display and (A.4) imply that
I, — 0tms as n — oo.

Next we treat II,,. We have

I, < 2(1/kn)m? var(Ns, 1, (ur,)) pni, (r,).

In view of what we obtained for I, and since mppn i, (ur,) — 0, we conclude
that II,, — 0 as n — oo.

The term B,,. By stationarity

(1/kn) var(B)
< (1/ky)mp var(Ny, (uy,)) +2(1/kn)m? var (N, (ur,)) i, (r,).
By (A.4) and since mppn 1, (ur,) — 0, we obtain that (1/k,)var(B,) — 0 as

n — Q.

The term C,. By stationarity,

(1/kp)var(Crn) = (1/kn )Var(Nn,mnsn (urn))
< (U/kn)EING 6, (wr,)] < (1/kn) EINZ (ur,)]
(1/k,) Pr(Mg, > urn)E[an(urn) | Ms,, > uy, ].

By assumption, the limit as n — oo is zero. O

Appendix B: Proofs for Section 4
B.1. Proof of Theorem /.1

By Propositions 3.1 and 3.3 in combination with Tchebychev’s inequality, it is
not difficult to see that as n — oo,

\ES. (ur,) = Fp (ue)| +ES, (ur,) = Fr ()| + [P, () = 7, (us, )| 25 0.

'n.
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By definition of the extremal index, F,, (u,,) — ¢ %" and 7, (u,,) — 7 as n —

o0. The result follows by continuity of (z,y) — —log(z)/y on (0,00) x (0, 00).
O

B.2. Proof of Theorem 4.2
Write Zn = (Zn,la Zn72, Znyg)T with

Zny = k(B8 (ur,) = Fp (), Zng = V(o (Ur,) = 7, (un,)),
Zno = ko (FS, (ur,) = Fr (uy,))-

By the Cramér-Wold device, it is sufficient to show that for @ = (a1, az,a3) " €
R3,

alsz =+ CLQZHQ =+ Q3Zn73 i) N(O, CLTZCL), n — oQ.
Note that
k k
1 & g I S x
Zn 1= ;iJT Zn 3 = 1, )
Vkn i=1 o Vkn i=1
Lpo =
,2 n—r, + 1 Z t,rn?
where for i € {1,...,k} and t € {0,...,n —r},
I =I(M_1yir <up) = Fr(un), Nip= Y (I(X;>u,)—F(u)),

t=(i—1)r+1
I = I(Myyir < up) — Fr(ug).

The idea of the proof is as follows: By clipping out certain terms in the defini-
tions of Z,, ;, the latter can be viewed upon as sums of approximately indepen-
dent random variables. Asymptotic normality then follows from the Lindeberg-
Feller central limit theorem for triangular arrays.

Let k* € {1,...,k — 1}. Construct a partition of {1,...,k} into subsets of
size k*, with two adjacent such subsets separated by a singleton. The number
of subsets of size k* that can be formed in this way is ¢ = [(k +1)/(k* +1)].
We have

QL ¢ A
VI S M Ml
' 5=1i=(-D(k*+1)+1

9 .
g j(k*+1),ry \/_ Z I_ldyJTn

i=q(k*+1)
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Let k* = k! be such that k} — oo but k% = o(k,) as n — oo. The final
two terms on the right-hand side of the previous display are negligible as their
variances tend to zero: the variance of the second term on the right-hand side
is of the order

. 2 — 7
0 (Z—" var(1), ) + 2% pu.r, (ur, ) var(]ijrn)> = o(1),

where we used ¢, = o(ky,), var(fffrn) = 0(1), and
Prra (Ur,) = 0(1/ky) (B.1)

[Proof of (B.1): by (3.5) pnr, (ur,) < pni, (Ur,) = 0(sn/n) and s, = o(ry)];
similarly, the variance of the third term is of the order

Ky oo (k) 0\ _
0 2k_ var(l}’, )+ 2k—pn’r" (ur, ) var(Ly’, ) | = o(1).

As a consequence,

j(kr+1)—1

1 & i
Zn1 = NG Z > I +o,(1). (B.2)

" =1 i=( 1) (k1)1
In a completely similar way, just replacing I_ldjr by N;., we can also show that

an J(kp+1)—1

Zn3g = \/Z— Z Z Nir, +0p(1); (B.3)

" j=li=(-1) (k3 +1)+1

a crucial element here is that var(Ny ,.,) = O(1), which follows from (4.1).

Next, construct a partition {1,...,n} into k blocks of size r and in case
kr < n a final block of length n — kr. Form subsamples by taking unions over
k* consecutive blocks of size r, two consecutive subsamples being separated by
a single block of size r. The number of subsamples that can formed in this way
is again ¢ = |[(k +1)/(k* + 1)], the jth subsample being

GE*+1)—1
Sjkrr = U {i—Dr+1,...,ir}
i=(—1)(k*+1)+1
={G-DE +)r+1,..., 5"+ r—r}

In the definition of the sliding-blocks estimator, retain only those t € {0,...,n—
r} such that the (sliding) block {¢t 4+ 1,...,t+ r} is contained entirely in one of
the subsamples S i+ . In other words, discard those ¢ such that {¢t+1,...,t+r}
has a nonempty intersection with one of the ¢ — 1 blocks of size r separating
two consecutive subsamples or with the remaining part of the sample after the
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final subsample Sg i« . The values of ¢ to be retained are then given as follows:
for j € {1,...,q},

{t+1,...,t+r} CSjp-rifandonlyif (j —1)(K*+ 1)r <t <j(k* + 1)r —2.

We find
iy g jE*+1)r—2r
sl 7sl
D D Z > L
t=0 J=1t=(G—-1)(k*+1)r
q 1 J(k*+1)r—1 \/_ n—r
_ k _

Z > i+~ > I
j=1t=j(k*+1)r—2r+1 n t=q(k*+1)r—2r+1

Again, let k* =k be such that k) — oo and k) = o(ky) as n — co. Asymp-
totically, the variances of the final two sums tend to zero: the variance of the
second sum on the right-hand side is of the order

kn 2 2\ dn q721 . .
0 _Q{Qn + @GP, (Ur )t | = O =+ 0, (ur,) | = o(1);

and since the number of terms in the third sum on the right-hand side is not
larger than 2k*r, the variance of that sum is of the order

kn k*
0 (ﬁ&zﬁ%) =0 (E) =o(1).

gn  J(kn+1)rn—2r,

Zno = Z > I +o,(1). (B.4)

n—Tn
J lt=(j—1)(kx+1)rn

As a consequence,

Equations (B.2), (B.3) and (B.4) can be summarised as

v e {l,2,3},

with for j € {1,...,qn},

j(ky+1)—1
é.n,j,l =V Qn/kn Z ISJ?«")
i=({G-1)(ks+1)+1
(k) +1)r, —2r,
qnkn

T Z I

t=(j—1) (k5 +1)rn
j(kr+1)—1

gn,j,B =V Qn/kn Z ]\_]i,rn-

i=(j—1) (ks +1)+1

§n,j,2
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As a consequence,
1 &
a1Zpy +a2Zn 2+ a3y 3 = —— Z &n,j +0p(1)
vV dn =1

with &, ; = a1&n,j1 + a2én,j2 + a3én, j3. Note that &, ;. is measurable with
respect to the o-field generated by the events {X; < w,} with ¢ ranging over
the jth subsample S; i+ r,. Since these subsamples are separated by at least
one block of size r, and since pyp r, (ur,) = 0(1/kyn) = 0(1/¢n), a characteristic-
function argument shows that the asymptotic distribution of ¢, 1/2 Zj—ll &n,jis
the same as if the variables &, 1, ..., &n,q, Were independent.

We apply the Lindeberg-Feller central limit theorem with Lyapounov’s condi-
tion. By Propositions 3.1, 3.2 and 3.3 applied for sample size n* = k*r together
with the fact that g, /k, ~ 1/k% and gn,kn/(n — 7, + 1)% ~ 1/(r2k}), we have

var(&,.1) — a' Ya, n — 00.

Lyapounov’s condition finally requires that there exists § > 0 such that

dn

(\/q—n)zw

We will show that Lyapounov’s condition holds for 2+ ¢§ = p with p as in (4.1).

For p1 > 1, integer m > 1 and real numbers ci, .. ., ¢y, we have | > 1" ;| <
m+—E 3" el (proof by Jensen’s inequality). As a consequence, it is sufficient
to show that for v € {1, 2, 3},

B[] =0,  n— oo

q;J/QEH&n,LvPJFJ] — 0, n — 0.

Above we have chosen k¥ in such a way that kX — oo and k¥ = o(k,) as
n — 00. Now we reinforce the latter requirement to

s
kl'=o0 (kﬁ“*‘”) ; n — oo. (B.5)

Then for v = 2, since |I}.| < 1, we simply have

246
— — nkn k
a; 5/2 E[|§n,1,v|2+5] -0 (Qn 5/2 (\/qn ) (knr)2+5>

n ko 2446 o 1+6
Lo (BT o (B
kT ko
For v € {1, 3}, we have to proceed a little differently. Let ¢; » be equal to I_ldjr if
v=1and Nim if v = 3. Then
2+6]

—~

1).

_ _ kx
dn 5/2 E[|§n,1,v|2+6] =dqn 6/2(‘]n/kn)1+6/2 E [’Ziilci,rn
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dn * Kk
< W(kn)”“E [Zizlléi,rnl““

qn(k;)2+6
= e E[|¢1r 2]
Now E[|¢1.,|?%°] = O(1); for v = 1 this is obvious and for v = 3 this follows
by condition (4.1). Again, requirement (B.5) on k7 ensures that the right-hand
side of the previous display is o(1) as n — oo. O

Appendix C: Proof of Proposition 5.1

In view of Theorem 4.1 and the continuous mapping theorem, we only need to
show that 62 ,. (u,) is weakly consistent for var(N). It is not difficult to see
that, as n — oo,

Ny, (Ur, ) = T, (Ur,) + 010(1) =7, (Ur,) + O;D(U-

Define
1 n—r 9
~2 o . _
Onr(U) 1= g ;(Nl,m«(u) 7 (u))”.
Then as n — oo,
9 n—2r,+1_, = 2

(ur,) = (Nn,rn (Ur,) = T, (urn)) = O;D(U-

6n,rn (uTn) - n—ry+ 1 ™Tn
Hence we can proceed with &7 ,.(u) rather than with 67 .(u). By stationarity
and the fact that E[N,(u)] = rF(u) = 7,(u,.), we have

E[oy, ,(u)] = var(N(u)) = o7 (u).

By uniform integrability, the moment condition (4.1) implies 02(u,) — ams as
r — oo [1, Corollary p.338]. Hence we only need to show that var (a2 . (ur,)) —
0 as n — oo.

Put &, := {N;itr, (Ur,) — 7, (ur, ) }2. Then

n—rn

2, () ==+ 1) Y G,
1=0

and thus, writing x,, := var(&,.;),

V&I‘(E’iyrn (ur, ))

1 n—rp 2
RRCErE SR IR R res I D) DRt

i=0 oi<js<n—ry
n—r
Kn 2 "

= —in 1- n,05Sn,s)-
n—rn+1+(n—rn+1)2 ;(n et 8) coV{En.0,n.s)
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The first term on the right-hand side converges to zero as n — oo since Kk, =
O(1) by (5.2). The second term can be written as a sum I, + II,, according to
whether s < r, or not. The first term can be bounded by

2
|In| < n Kp — 0, n — oo.

n—r,+1

The second term is

n

2
[In| < P — R > pnalur,),
" I=1

which, in view of (3.1), converges as n — oo to zero as well. O
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